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ON EXACT CONTROLLABILITY
FOR THE NAVIER-STOKES EQUATIONS

O0.YU. IMANUVILOV

ABSTRACT. We study the local exact controllability problem for the
Navier-Stokes equations that describe an incompressible fluid flow in
a bounded domain 2 with control distributed in a subdomain w C Q.
The result that we obtain in this paper is as follows. Suppose that
0(x) is a given steady-state solution of the Navier-Stokes equations.
Let vo(x) be a given initial condition and ||9(:) — ve|| < € where ¢ is
small enough. Then there exists a locally distributed control u, with
supp u C (0,7T) X w such that the solution v(¢, z) of the Navier-Stokes
equations:

dv—Av+ (v,V)v=Vp+u+f, dive =0, v|sqg =0, v|;=0 =00

coincides with #(x) at instant T, v(T, ) = 0(=).

1. INTRODUCTION

This paper is concerned with the local exact controllability of the Navier-
Stokes equations, defined on a bounded domain @ C R™ (n = 2,3) with
boundary 92 € C°°. More precisely, the problem under study is as follows.
Let us consider the nonstationary Navier-Stokes equations

dw(t,z) — Av(t,z)+ (v, V)v+ Vp= f(z) + xou in Q, dive=0, (1.1)
with initial and boundary conditions
vy =0, vl|i=0 = vo(x), (1.2)

where v(t,z) = (v1(t,2), ..., v,(t, z)) is the fluid velocity, p the pressure,
f(z) = (fi(2),.., fu(z)) a density of external forces, u(t,z) a control dis-
tributed in an arbitrary fixed subdomain w of the domain Q and y,, is the
characteristic function of the set w:

Xo(z) = {

1, forzew
0, foraze Q\w.

Let (9(z),p(z)) be a steady-state solution of the Navier-Stokes equations
A+ (B, V)0 +Vi= f(2)in Q divo=0, 0]ag =0 (1.3)
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98 O0.YU. IMANUVILOV
close enough to the initial condition
oo = 0lly1(q) < & (1.4)

where the parameter € is sufficiently small. We want to find a control u such
that for given T > 0, the following equality holds:

(T, z) = 0(z). (1.5)

We assume
ConDITION 1.1. The boundary 0Q = UK I'; € ¢, (I, nT; = {0} for
all i # j) where I'; is a n — 1-dimensional connected manifold of class C*.
For each T';, there exists a neighborhood %; C R™ and a diffeomorphism
n; € C(A;, R") such that n;(I';) = S7.*

The main result of this paper is the following Theorem.

THEOREM 1.2. Let vy € VI(Q) and pair (6,p) € (VHQ)NWL(Q)") x
W) is a given steady state solution of the Navier-Stokes equations (1.3)
such that supp v CC Q. Then for sufficiently small € there exists a solution
(v,p,u) € VEHQ) x L2(0,T; W3 () x (L*(Qu))"™ of problem (1.1), (1.2),
(1.4), (1.5).

To explain this result, let us assume that 0|sq = 0 and ¢ is an unstable
singular point of the dynamical system generated by equation (1.1) in the
phase space of solenoidal vector fields with adherence conditions on 9. Let
vg be an initial condition in a neighborhood of the function ¢. This work
shows that one can construct a locally distributed control such that the
trajectory goes out of point vy and reaches ¢ in finite time. In other words,
by means of the locally distributed control, one can suppress the generation
of turbulence. This result clarifies the question of the connection between
turbulence and controllability (see J.-L. Lions [26]).

The result we obtain in Theorem 1.2 is local. On the other hand, for the
linearized Navier-Stokes system, we can prove global zero-controllability, see
Theorem 4.3.

One important special case is the following controllability problem for the
Stokes system:

do(t,z) — Av(t,z) = Vp+ f(t,2) + xou, in Q, divev=0, (1.6)

vl =0, vli=o =vo(x), vli=7=0. (1.7)
We have
THEOREM 1.3. Let vg € V(Q), f € L*(0,T;V°(Q)) and there exists ¢ > 0
such that fQ |f|2emd9€dt < oo. Then there exists a solution (v, p,u) €
VE2(Q) x L2(0,T; WHQ)) x (L*(Qu))" to problem (1.6),(1.7).
This paper is organized as follows. To prove Theorem 1.2 we use a vari-

ant of the implicit function theorem. The only nontrivial condition to be
checked is to show that the derivative of the corresponding mapping at some

¥ S =0B,, B, ={z e R%[z| <r}
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ON EXACT CONTROLLABILITY FOR THE NAVIER-STOKES EQUATIONS 99

point is an epimorphism. In our case, this problem is equivalent to the zero
controllability of the linearization of the Navier-Stokes equations at point o.
(see problem (4.1)-(4.3).) Sections 2-4 are devoted to this problem. One of
the usual ways to solve the controllability problem for evolution equations
is to reduce it to an observability problem for the adjoint equation. Thus,
in section 2 we introduce a linear operator (see equation (2.1)) which after
the change t — —1 is formally adjoint to the derivative of the Navier-Stokes
equations at point ¥(z). The observability problem for this operator is solved
in three steps. First in Theorem 2.11, we get an appropriate estimate for
the pressure p. Then in Theorem 3.1, we obtain a Carleman estimate for
the velocity y of the fluid via a weighted L*-norm of the density of external
forces f and the pressure p. Moreover, for the pressure, by Theorem 2.11,
one can choose a weighted L? norm over (0,7’) x w. And finally in Theorem
3.6, we prove an estimate (not of Carleman type) for the velocity where p
and an initial condition are absent from the right-hand side. In section 4,
this observability estimate is converted into a controllability result in The-
orem 4.3. In section 5, all conditions for the implicit function theorem are
checked.

We close this section by mentioning some of the previous results regarding
our problems. The solvability of (1.1), (1.2),(1.5) was first proved in A.V.
Fursikov, O.Yu. Imanuvilov [12] in the case when (1.1) is Burgers’ equation.
For a control distributed in a domain w such that 0Q C @, this problem
was studied in the case of the Navier-Stokes equations and ¢ = 0 in A.V.
Fursikov, O.Yu. Imanuvilov [13] in dimension n = 2 and in A.V. Fursikov
[10] when n = 3. The case of the Navier-Stokes equations and © # 0 has been
studied in A.V. Fursikov, O.Yu. Imanuvilov [14], [17], O.Yu. Imanuvilov
[21] and for the Boussinesq system in [15] (see also [16]). On the other hand,
in pioneering works [3]-[5], J.-M. Coron proved the global approximate con-
trollability for the 2-D Euler equations and the 2-D Navier-Stokes equations
with slip boundary conditions. In [6], combining results on global approxi-
mate and local exact controllability results, J.-M. Coron and A.V. Fursikov
obtained the global exact controllability for the Navier-Stokes system on a
2-D manifold without boundary.

In [7], C. Fabre obtained an approximate controllability for “cut off”
Navier-Stokes equations.

2. ESTIMATE FOR THE PRESSURE

Let us consider the system

0
S = Ay+ B (y,0) + B*(8.y) = Vp+ [ in Q. (2.1)

divy = 07 y|89 = 07 y(07 $) = y0($)7 (22)

where Q C R™ is a bounded domain with 90Q2 C C'*°,Q = (0,7) x Q and the
operators B*(0,-), B*(,0) are defined by the formulas:

B0 = (g (0 g B 0,0) = =0 W)y (2)
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100 O0.YU. IMANUVILOV

Denote ¢, = (0,7) X w, ¥ = (0,7") x 09. Let v be the outward unit normal
to 0€. In this paper we use the following functional spaces. Recall that
VV;(Q)7 k> 0,1 < p < oo is the Sobolev space of functions with finite

norm
P
lullyr ey = (S /‘ala ) jo2t .. 9aon | da)ti,
lo|<k g
where o = (o, @, ..., ), o] = ap + -+ -+ ay,
Jw
WEHQ) = {w(t, 2)[w € L*(0, T; W3(Q)), —= € L*(0,T; LX(Q))},

V) = {v(2) = (vi,...,0,) € (W3 ()" dive =0, v]ag = 0},
VOQ) = {v(z) = (viy...,v,) € (L*(Q)"dive =0, (v,v)]|aq = 0},
VEHQ) = (VI
V(@) = {v(t,2) € WH(Q))"dive =0, v]og = 0},

L (Q,p) =A{v(t, z); /va dzdt < oo}.

We have

PROPOSITION 2.1. ([27]) Let Q be a bounded domain in R"™ with dQ € C*.
Then
(L2@)" = V(@& (V' ()"

where
(V@) = {v(z) = (v, va) € (L7(Q)"50=Vp,p € Wy (Q)}.
Here and below we assume that the pair (0, p) satisfies (1.3) and
(0,9) € (VHQ) WL (2)") x W3 (Q) suppd CC Q.
Let w CC € be an arbitrary fixed subdomain and 7; be the mapping from
Condition 1.1.
Without loss of generality we can assume that 7;(2;NQ) C B;. (Otherwise
we can make the change v — z/|z|%.)
Set 4; = n;'({z € R"[1 —¢ < |z| < 1}), where ¢ € (0,1). For all
sufficiently small ¢, the set ; is correctly defined and
U Ny = {0} foralli#j, 9 =T; U, (2.4)
where v; = 17 1(S7_.) and
@Usuppd) NU; = {0} Vi=1,..., K. (2.5)

Let G C R™ be a domain which satisfies the following condition:
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ON EXACT CONTROLLABILITY FOR THE NAVIER-STOKES EQUATIONS 101

CoNDITION 2.2. The domain G is diffeomorphic to the cylinder T' x [0, Ty],
where Ty > 0 is a number and I' C R” is a closed (n — 1)-dimensional
manifold of class C'°.

This condition implies immediately that 0G € C* and 0G = oy U oy,
where o; is a (n — 1)-dimensional connected manifold of class C'*.

Let w(z) be a harmonic function in G:

Aw =01in G, (2.6)
such that 9
w
- log — Y, 2
o, =0 (2.7

/ lw*do < (2M)?, / lw|*de < (2¢)%. (2.8)

Let §(z) € C(G) be a function satisfying the conditions
0<Cy <|Vl(z)| Ve € G; 0|, =0, 6],, =1. (2.9)

Then the set
ki ={z € G;0(z)=t}, t €]0,1] (2.10)

is a smooth manifold diffeomorphic to oy and oy. We have:

THEOREM 2.3.([28]) There exist a constant Cy > 0 and a function 6(z) €
_ 1
C™({), satisfying condition (2.9), such that for any function w € W2 (G)

for which (2.6)-(2.8) are satisfied

/ wdo < Collwl[35 D [0l < Ca(2e) D@0, (2.11)

where Ky is the manifold (2.10).
Obviously the domain $; satisfies Condition 2.2 for all i € {1,..., K}.

Denote by 6;(z) the function from Theorem 2.3 which corresponds to the
domain &;. Similar to (2.10) we set

ke(1) = {2 € Uy; 0;(x) = t}. (2.12)
For all » € (0,1) we introduce the auxiliary domains

O;(r)y=A{z; e hilr < b;(z) <1}, O(r)= UfilDi(r). (2.13)

Let wg € w be an arbitrary subdomain. We have:

LEMMA 2.4. There exists a function (z) € C*(Q) such that

P(a)=1—-60;(z) Ve e U, ¥(z) > 0in Q, |[Vip(z)] > 0Ve € Q\wy. (2.14)

Proof. First we construct an auxiliary function 3(x) € C*(Q) such that
Bx) =1—0;(x) Ve € i, B(z) > 0in Q. (2.15)
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102 O0.YU. IMANUVILOV

To do this, we consider the sequence of domains &; C R”, i = {1,..., K}
with the following properties

8ﬂ¢:FiU’~yi ECOO, U, Cﬂi,%‘ CCﬂi, ﬂ_zﬂﬂ_]I{@} fOI’i#j7

where ¥; is a connected (n — 1)-dimensional C'*® manifold. (For example we
can choose &; as &; = 07 ({z € R?|1 — & < |2] < 1}) for some £.)

Since by assumption v; is a C'* surface, one can extend the function 6;(z)
to a smooth function of C°(4l;) such that 6; = 0 in some neighborhood of
Vi

Set 5($)|1L =1—6;(z) and §=0in Q\ UL &,

Let u(x) € C§°(Q\ UK 1) be a nonnegative function such that

pe) >0 Ve e {zeQ\ UK [A) = 0).

Then the function §(z) = 3 + su satisfies (2.15) for all s > 0 sufficiently
large.

Now let us show that the function $(z) which satisfies (2.15) can be chosen
as a Morse function. Since by (2.9), (2.15)

IVB(z)| >0 Vae UK 4
there exists a sequence of domains iil C R” such that
8512 =1 U’%‘ € COO, U, C ﬂz C ﬂ“%‘ CC ﬁi, ﬂz ﬂﬂj = {@} for 17 75],

where 7; is a connected (n — 1)-dimensional C'*® manifold, and

IVB(z)| >0 Vo c UK ;.

Let p € C§°(Q\ UL, 4L;) such that

plz) =1Ve € Q\ Ufiliii, p(x) =0Ve € UE 8L,

For every ¢ > 0 there exists a Morse function 3. such that [|§—.(|c2q) <

et () = (1 - p(2))B(x) + p(2)Be(x). Obviously

Ye(z) =1—0;(x) Vo e iy,
and for all sufficiently small £ > 0
Pe(x) > 0in Q.

Let us show that for all small £, 9. is a Morse function. Actually, in
UK 4, function . has no critical points. In Q\ U{ilﬂi, 1. coincides with
the Morse function .. Short calculations give the inequality

[Vibe(2)| = [VB(2) = Vp(2) (B = B)(x) — p(x) (VB = VB:) (2)] >

C = 2lpllcray I8 = Bellca@my = € = 2ol or@yes
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ON EXACT CONTROLLABILITY FOR THE NAVIER-STOKES EQUATIONS 103

where C' > 0, z € UL il;.

Since for all sufficiently small £, the right-hand side of this inequality is
positive, the function 1. has no critical points in UfilﬂZ

Denote by M the set of critical points of the function .. Exactly in the

same way as it was done in [2], [20], one can construct a diffeomorphism
r: 1 — Q such that

riz) =2 VYoeUl i, r~"(M)Cw.

Thus, the function ¥ (z) = .(r(x)) satisfies all the conditions of our
lemma. a

We set
olt,2) = V(T 1), (2.16)

alt,x) = (X — N Wle@) (1 - 1)),
a(t) = alt,zo), B(t) = ¢lt, wo),

where A > 1, function ¢ from Lemma 2.4 and zo € 092. By (2.9), (2.14) the
functions @, @ are independent of the selection of zg € 992. Note that (2.9),
(2.14) imply the obvious inequality

(2.17)

0> alt,z) >a(t); etz) >3l Y,z eq.

Let us introduce a function £(t) € C'*°[0,7"] by the formula

() >0, te(0,T): ﬁ(t):{tl; fee((gTi:TF; (2.18)

In this section, our aim is to get an estimate for the function p using the
trace of p on JQ and the restriction of p on [0,T] X wy. To prove this
estimate, we need to recall some previous results on Carleman inequalities
for the Laplace operator.

Let us consider the analog of problem (2.6)-(2.8) in the domain ;:

Aw =0 in L, (2.19)
Jw
— | = 2.2
81/ Vi 07 ( 0)
Set
eA(l—T) 1
A=A()\) = max (2.21)
reldy 1—71

By (2.9), (2.14) there exists Ag > 1 such that

1
1+ AN (z) > M) YA > A, 2 € O(7),

e = (N > 14+ AN (z) > M) (2.22)

VA > Moya € o(%) \o(%).
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104 O0.YU. IMANUVILOV

We have:

LEMMA 2.5. Let the function w € W; (i) be a solution of problem (2.19),
(2.20). Then there exist § € (0,1) and X\ > 1 such that for A > A

s 2, 2 2s 2 288
_ w ((T t)t)2 dx < C / wl“e L"da—l—/ wl|“e“*°¥do),
<@ww4ﬁﬂ' () Tl [l )
(2.23)

where the domain O;(r) is defined in (2.13), i € {1,..., K}.

Proof. Set
/|w| do, (2¢)* /|w| do.

Let A > 1 and k(i) be the manifold defined by (2.12). Note that, by
(2.14)

AMl-7) A(z) _ 3 3
A= max R max e =l < Aett = AeM],,)T. (2.24)
7€[4:1] I—-71 v€D; (L) ¢($)

Using inequality (2.11), we obtain

/ |w|?e?54Y da <06/ / |w|?e 25A00=7) 4o 7

4

<0 [ et oli etz < & [ e tuli o
1
< Cg/ (e UM dr = 1. (2.25)
0
Short calculations give the equality
M? [ [eesA? ceth

Obviously, by (2.24) there exist 4 € (0,1) and A > 1 such that for all
A>A>1

A+1< AT +1<dmin M) -1 =6 — 1. (2.27)

rEYi

Let us consider two cases.

A) Let

s(A+1)

ce

— < 1. 2.2
< (2.25)

Thus In(=5; ) < 0 and
sA s(A+1)
—ln(€§w J=s— zn(“T) > s. (2.29)
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Inequalities (2.26), (2.28) and (2.29) imply

2
<M
- 2s

By this inequality and (2.25), keeping in mind that e*¥|5q = 1, we obtain

s/ |w|?e2 1+ 4% gg < 010/ |w|2e2sewda. (2.30)
D:(4) r;
B) Let
5@5(A+1)
>1
2

Then by (2.25), (2.27)

! 3
ESY : Ay
I < Cll/ 82625A6257d7_ < 01182625064 +1) < 012/ w2€25(56 l)do_7
0 Vi

where A > A > 1. From this inequality, increasing the parameter o€ (0,1)
if necessary, we obtain

s/ |w|?e2 1+ 4% gg < 013/ |w|2e2ssewda. (2.31)
(1) Vi
Inequalities (2.30), (2.31) after the change s — s/(¢t(T — ¢))? imply
(2.23). O
We have:

LEMMA 2.6. Let p € W; (U;) be a harmonic function in Y;. Then there
exists X > 1 such that for X\ > X there exists so(\) > 0 such that

(T~ 1)1 /D(%

o[ plesedas [ (VP 420 oz s,
3

[

(+A4)
|p|2625<<T—t>t>2 dax
)

(2.32)

for some § € (0,1).

Proof. Let § be defined in Lemma 2.5 and A be the maximum of the cor-
responding parameter from Lemma 2.5 and A from (2.22). We are looking
for a function p of the form: p = z; + 29,

. 82’1 8])
Az = i =V a5y = asa 2.
z1=01in 4, z|p, =0 i) = a1 (2.33)
and 3
. 29
AZQ =0in LLZ" Z2\; = Py 87_1)—(2) v = 07 (234)
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106 O0.YU. IMANUVILOV

where 7(7) is a unit outward normal to &l;. Note that

A

= T —n Vi={l,...,K}.

¥

Also by (2.22) there exists § € (5,1),8 > 3 such that

L+ Amax,ep, (1) ¥ (2) e B
@z < @onne =%

From this inequality, (2.14) and (2.33) we obtain

Vi®

(+4v)
2 255Lpd s 2 2Smd
/% |z1|%e o+ (T = 01)? /Di(l)|zl| e z

ap 2 '
<C / ( — ) 2% .
RN

4
Then, by Lemma 2.5, the function z; satisfies the estimate

1+AY
N
- O, (%

th 4

(2.35)

< s / D2 do + / 25 do)
o0 ~y

b

< 014(/ |P|2€2wd0+/ (|Z1|2 —|—p2)6255‘pd0). (2.36)
a0 -

[

By (2.35), (2.36) we have

_14AY
T Jogq 120 ™0
ilq

§015(/ |p|2e25‘pda—|—/ |Vp|*e**%%do) (2.37)
oQ Vi

< Cu( [ IpPeedo+ [ (Vo + 005 do).
5Q 5

[

Inequalities (2.35), (2.37) imply (2.32). a
Let us consider the Dirichlet boundary value problem for the Laplace
operator
Az(z) = f(x) r€Q, z|ag = 0. (2.38)
We have:

LEMMA 2.7. Let f(z) € L*(Q). There exists X > 1 such that for A\ > X,
there exists so(A) > 0 such that for any s > so the solution z(z) € Wi (Q)
of problem (2.38) satisfies the estimate

/ 1 zn:‘ 0z
o\ 5¢ 2 00z ;

S 016(/ f26250z dx _I_/ 83A4993Z2€25a d$)7
Q wo

2
+ s/\2c,o|Vz|2 + 53/\499322 €25 dx

(2.39)
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where Cy > 0 does not depend on s,t.

The Carleman inequality (2.39) can be proved in the same way as the
corresponding Carleman estimate for a parabolic equation in [20], [17]. Note
that for the case 99 C &y this estimate was proved in [19].

Now to continue estimating the pressure p, we have to use equations (2.1),
(2.2). Applying the operator div to both parts of equation (2.1) we obtain

Ap =div(B*(0,y) + B*(y,?)) in Q (2.40)

for a.e. t € [0,T7].
The following lemma gives an estimate of the L?-norm of the pressure p.

LEMMA 2.8. Let f € L*(0,T;VY(Q)) and p(t,-) € L*(Q) satisfies (2.40).
There exists X > 1 such that for all X > X, there exists so(\) such that

/ 82A2@2p2625a dx S CIO(A) (/ 82A2@2p2625a dx
Q wo

2
—I—/ s/\c,op2e25CY da—l—/ (|Vg| —I—S/\2c,o|y|2) e25adx) Vs> so(A),
aQ a \ sAp (2.41)

where the constant Cg is independent of s and t.

Proof. Let X be a maximum of the corresponding parameters from Lemma
2.6 and Lemma 2.7 and Ao from (2.22). Note that suppdiv(B*(0,y) +
B*(y,0)) C supp 0. By (2.5)

supp o0 NU; = {0} for all i € {1,...,K}.

So there exists a neighborhood of v;, a domain (; such that pis the harmonic
function in G; and UK | G; C Q\ UL, 0,(3) = {0}. Note also that

e

= T Vi={l,...,K}.

¥

Thus, by the properties of interior regularity of solutions of elliptic equations,
there exists a constant C' such that

K
Z/ |Vp|2e?*%do < C/ Ip|*e**¢dz, (2.42)
=1 ‘ Ui‘[{:lGi

where § € (0,1) is defined in Lemma 2.6.
By (2.13), (2.14)

1
lim min z) = lim max )= —.
e 0 2eD(3-2)\D(3) V@ e 0 2eD(3-2)\D(3) V@ 4
Thus, by (2.22), there exists g9 € (0, 155) such that
1+ A inf p(z) > sup e (2.43)

r€D(§-20)\O(F) 2€D(2—e0)\D(2)
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Again, using the property of interior regularity of harmonic functions, by
(2.43) we have

/ (IVp|? + p*)e**¢da
1 80 \D %—% )

(2.44)
2571+A¢
< C/ (T-0v*dy Vs> 1.
——80 \D %
Let p(z) be a function such that
3 .
pla) =1Ve € QNDO((1 —20)); p20in Q, plog_z.) =0.

Then by (2.40) the function z = pp satisfies the equation
Az =2(Vp,Vp)+pAp+pdiv(B*(0,y)+B*(y,0)) in Q, z|sq = 0. (2.45)
Note that
3 3 3
supp (2(Vp, Vp) +pAp) C O(1(1 = 0)) \ O (5 = ceo)-
Short calculations give the inequality:

|div(B™(0,y) + B (y, 0)) (t, 2)]

A | (2.46)
< C(IVo@)| + o) D (IVe(t, @) + [o(t, 2)]) in Q.
By (2.44), (2.46), (2.39) we obtain from (2.45)
82/ S02p2p2€25apdx S 82/ @2p2e25‘pd9€
Q Q\D(3(1—20))
1
< CON[ S (IVe + of)eseda
Q 5¥
2 9 9 9 1 9 2sAFAY
—I—/ s“p prerVdr + — pe (@-v07dx) Vs> so(A).
wo 5@ Jo(s-can0(3) (2.47)
On the other hand, by (2.32), (2.41) we have
82/ @2p2(625w+62 7((;+?>f>2)dx
oL
) (2.48)

< C(/ sc,op2e25‘pda—|—/ se|p|?e* P dz).
29 Ses
Since UL G C Q\O(3(1 —2¢)) and O(2 —29) \ O(2) C O(3) inequalities
(2.47), (2.48) imply (2.41). a
Now in right-hand side of (2.41), we have to estimate the integral on X
containing pressure p.
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LEMMA 2.9. Let p € L2(Q) satisfies (2.1), (2.2), and X\ > A, s > so()\)
where ;\, so(A) are defined in Lemma 2.8. Then the following estimate holds

/ shgp?e® ds
b

< (i3 (/ SEAEp?pt e dadt —I—/ s2A2 3 |y e dadt (2.49)
Qug Q

2
—I—/S/\@@
b

e5 dE—I—/ s\l f|2e*s dwdt),
81/ Q

where the constant C3 is independent of s.
Proof. Let us introduce a function (¢, ) by the formula

v

Avy(t,-)=01in Q, I

=p- ao/ pdo for a.e.t € (0,7), (2.50)
20 20

where ag = ([, 1 da)_l . Note that solutions of (2.50) satisfy the estimate

171l wi @ < Cullpllze(on) - (2.51)

Taking the scalar product of (2.1) with Vv in (L*(€2))™ and integrating by
parts we have

/p2daz—/ (g V'y)da—l—ao(/ pdo)?
o) o OV o)

(2.52)
" / (B*(6,9) + B(y. #) — f.Vy)da

Multiplying (2.52) by sA@e?*™(*) and integrating on the segment (0,7) we
obtain

/ shpp?e? @) gy = —/ s/\c,o(g L Vy)ero® gx
b

T
—I—S/\/ an(/ pdo)?e** W gt
0 o0

+ 5/\/ 2(B*(v,y) + B*(y,0) — f, V'y)e%a(t)dxdt
Q
< (s (/ sAe|(Vy, Vy)|e2s™®) dx
o
T —
-I-S/\/ E(/ pdo)2e?* W gt
+ s/\|/ (0,y) + B*(y,0) — f, V'y)e%a(t)dxdﬂ) .
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After estimating of functions B*(0,y), B*(y, 0), we deduce from (2.51) and
this inequality

/ SA@p2€2sa(t) d>
b

< Cis (/ S/\@‘?
b 14

_ A =
x| BTGP+ + 7)™ dwdt) + 5 [erremas
Q E

2 T
2570 gy 5/\/ 5(/ pdo)?e**dt  (2.53)
0 o0

2
Let us introduce the function v1 (¢, z) by formula

Inl _y
I |4a '

where a = [ o 1da/ [, 1de. Multiplying (2.1) bt V scalarly in (L*(Q))"
and integrating by parts for a.e. t € (0,7") we have

dy
da:—/ —,Vy1)do
/aap 89(8’/ %)

—|—/W0 apdx—l—/Q(B*(ﬁ,y)—l—B*(y,@)—f,V'yl)dx.

A'Yl (tv ) = UXwy

dy

Thus we obtain

2

o+ pdx|+/<|w|+|y|+|f|>dw)-
v wo Q

| 3deg| <Chir ((/89
(2.54)

Taking the scalar product of equation (2.1) with sAzye?*®® in (L(Q))"
and using Gronwall’s inequality, we have

/ sAp|Vy|2e?* %) dedt
Q

< Clg(/ 52/\2¢3|y|2e255(” dadt —I—/ s/\¢|f|2e2sa(t)dxdt) (2.55)
Q Q

SClg(/ 2N |yl Re dacdt—l—/ sAp|fIPe** dadt).
Q Q

By (2.53) - (2.55) we obtain (2.49). 0
The following lemma plays a decisive role in the estimation of the pressure.

LEMMA 2.10. Lety € L*(0,T;V%()) and p € L*(Q) satisfy (2.1), (2.2),

fe(LX@Q)™ A > A, s> so(A) where X, so(\) are defined in Lemma 2.8.
Then the following estimate holds

J. =
z (T =1)1)?

dv
P2 2
<C (/ P sagigqy 9.56
9\ o (@ - 01 (2.56)

s|y? sa | f]? sa
+/Q -0 d““*/Q (= d““) ’
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where the constant Chg is independent of s.
Proof. Set ul(t, w) = ye*® ()/((T t)t),q(t,x) = pe@ /(T = t)t),m =
(f — B*(y, %) — B*(0,y))e*®® /(T — t)t). Then the pair (u, ¢) satisfies the

equations

— —Au+I(t)u=Vg+min Q, (2.57)

divu =0, ulsg =0, u(0,z)=u(T,z)=0, (2.58)

where [(t) = —s=52 + 1 — (Tl_t). Obviously the estimate holds

s

1) < C20(N) T =no

s ‘ di(t)

(T—0p | ‘SC“(A)

Taking the scalar product of equation (2.57) with 2% + (V#, V)u in
(L*(Q))™ and integrating by parts with respect to variables z and ¢ we
have:

/( ’Zt b (Vb V)u) dadt

= [ UG+ (70 9 = (G (9

du du
S VeV — (Ve o

/ (9% 4 (V. Dl 4 (o, V(T V) + gdiv(V, V)

+ (((Ou = (V§, V)u, + (VY V)u) } dudt

+ (I({t)u — (V, V)u, +(v¢,v ) } dadt

- [Ge e vnds - [ g (V0. Vwds
x Ov’ )

(2.59)
Since u|sn = 0, we can rewrite equation divu = 0 on the boundary as
follows: (v, 5%) = 0. Thus

/2 q(v, (Vip, Viu) dX / q|V|(v, ) d¥ = 0. (2.60)

Also, by (2.9) and Lemma 2.4 v;(z) = =V (2)/|Vi(2)], so

2

- G (T T = (2.61)
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Taking into account (2.60), (2.61), we can deduce from (2.59)
/( O | (Vb V) dadt
"o

/{ (Ve V)

)

"1 0¢ 9|Vul? " 9% Juy du R0

— 20x, Ouy Iyl x;0x; 0x; Oz,

2

(Ve Ot

/{‘ (Ve V)u

n n 2

ta z_: dx0x; Ou; 2 x;0x; 0x; Oz, dt

+ (Vo V)u) b dadt +

2

ki

2

du

) o rr?
Al = (Ve V)i

+ (V4, V)u) Mdadt +

From this equality, taking into account that, by (2.14), mineaq |V (2)| > 0
we obtain the estimate:

2
dl
@ dX < (s (/ q2dxdt—|—/ (|Vu|2—|— (‘%‘ —|—1) |u|2—|—m2) dwdt) .
Q Q

|5
(2.62)

Multiplying equation (2.57) by u scalarly in (L*(2))", by Gronwall’s in-
equality, we have

/Q|Vu|2dwdt§023(/62|l(t)||u|2dacdt—|—/Q%e%a(ixdt) (2.63)

By (2.62), (2.63) and Lemma 2.4 we deduce

2

Qul” gy

b)) 81/
2 di 2
< Cyy g dzdt + — |+ L)+ 1) |u|” dedt (2.64)
P )

—I—/ — e dudt ) .

o (T —1)t)?

After returning in (2.64) to the variables y, p, f we get (2.56). 0

Now we can prove main theorem of this section:

THEOREM 2.11. Let y € L*(0,T;VY(Q)),p € L*(Q) satisfies (2.1), (2.2),
feL*0,T;VHQ), A > A, s> so(A) where A, so(A) are defined in Lemma
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2.8. Then the following estimate holds
/ 82A2@2p2625a drdt
Q

< (g (/ 32/\2992p2e25ad96dt—|—/ 2N |y e dadt (2.65)
Qug Q

Vy|®

g s/\2cpe25a davdt—l—/@s/\c,o|f|2e25cy dwdt) ,

where the constant Cyy is independent of s.

Proof. Inequalities (2.41), (2.49) imply that

/ 82 A2992p2€25a drdt
Q

o],

2
+/ ('Vy| +52A2@3|yl2) emdxdtir/ SA@Ifl%mdwdt)-
o Q

2

eZsoz d>

82A2@2p2625a d$dt—|—/ SAQO‘@
b)) 81/

sAZp

Note that
p(t,x)laa = (T = t)t) >

Then, estimating the normal derivative of the function y by (2.56), we have

/ 82 A2Q02p2€25a drdt
Q

o,

—I—/ s/\c,o|f|2e25adxdt—|—/ sc,op2e25a dxdt).
Q Q

2
82A2¢2p2625a dwdt—l—/ (|VA§| —|—s2/\2c,o3|y|2) 259 s i
Q \SATY

(2.66)
Hence, increasing the parameter s if necessary in (2.66), we obtain
(2.65). O

REMARK 2.12. In system (2.1), (2.2), the pressure p is defined up to an
arbitrary constant. In the next section we will fix it by setting

p(t,xo) =0 Ve (0,T)

for some g € wy.

3. CARLEMAN ESTIMATE FOR THE STOKES SYSTEM

In this section, our aim is to solve the observability problem for system
(2.1), (2.2). In other words, we would like to obtain an a priori estimate for
solutions of (2.1), (2.2) via function f and restriction of y on Q.
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Let wy be an arbitrary subdomain of 2 such that
Wy € w € w.

We start from the following theorem.

THEOREM 3.1. Let the pair (y,p) satisfy (2.1), (2.2), f € (L*(Q))™. Then
there exists a A > 1 such that for any A > X one can find so(\) such that
the following inequality holds

1 dy | u ‘ 0%y
—152] +
/Q sp \ |0t gzzl 0x;0x;

< (/ | f|*e* dﬂCdt—I—/ APy e dadt
Q

w1

2
+5A2 0| Vy P +s° AP [y|? | e dudt

—I—/ sF At ptes dwdt) Vs > s, (3.1)
Q

where the constant C is independent of s.

Proof. Let us denote w(t,z) = y(t,z)e*”, q(t,z) = p(t, x)e**.
By (2.14), (2.17) we have

w(T,-)=w(0,-)=0 in € wlse=0. (3.2)
We define the operator P by formula
Pw = €**(0; — A)e " w. (3.3)

The operator P can be written explicitly as follows:

Pw = aa—l: — Aw+ 25 Ap(Vip, Vw4 sA*¢| V| *w

— 2N Vb Pw 4+ sA A ow — sagw.
Let us introduce the operators L1, Lo as follows:
Li(w,q) = —Aw — N0 |V [Pw — Vg + sApV g, (3.4)

Jw
ot
It follows from (2.1), (2.2), (3.4), (3.5) that

Low = + 25X(V1h, V)w + 2502 0| V| *w. (3.5)
Ll(w7q)+L2w:fs in Q7 (36)

divw = sAp(Vy, w), (3.7)

where
fs=(f = B*(y,8) = B*(0,y))e* + soyw + s\ | Vi [*w — sApAgw.
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Taking the Ly-norm of both sides of (3.6), we obtain

1ellizzaye = 1eatw: ity + Ezollizz@ye g
+ 2(L1(w, q), Lyw)z2(g))n -

By (3.4) and (3.5) we have the following equality:

(L1(w, q), Law)(r2(q)» = (L1(w, q), 2sAp(VY, V)w)(12(q))n
(3.9)

Jw
+ (La(w, q), o 25X 0|V [*w) (L2(q)n = Ao + As.

Integrating by parts in the first term of right-hand side of (3.9) we obtain

Ap = (—Aw — 52 /\2992|V¢|2w — Vq+ sAoVq, 25Ap(VY, Vw) 12(gy)n

J J
/Q{Q%Mw V>w|2+2wz(w“ ol a¢)

=1

o0 OVw
+2WZ (W“Za@ g l) = SNV (Y, V]wf)

+ 252N p*q(V, (Vib, V)w) + 2s g div(o(Ve, V)w) } dxdt

—/225/\99(2 ,(Vb, V)w)ds /EQSAW(% (Vih, V)w)dx
(3.10)

Now let us transform some terms in (3.10).

2sAqdiv(p(Vi, V)w)
= 25N 0q(V, (Vi V)w) + 2500q div((Ve, V)w)
=250 0q(V, (Vi V)w)

"L 9% dw
+ 25 g g 8$8¢ 7z, (Vi, Vdivw)
Tj

t,7=1

=250 0q(V, (Vi V)w)
9% dw
+ 2sApq Z .0z, O, (VY, V(sAp(V, w)))

t,7=1

=25 pq(Ve, (Vib, V)w)

25\ - 82¢8 243 .2
+seoq§jagc8 “an, T2V (Ve w)

(3.11)

"o 9?
+ 25 N2 Z 89? 8$‘8¢$ w; 4 252N p*q(V, (Vib, V)w).
1 7 (UL 5
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Similar to (2.61)

/ 25/\99(2 (Ve V)w)dS /E 4. (3.12)

By virtue of (3.2), (3.7) we have

Bearing this equality in mind, we deduce that the last term in (3.10) equals
zero:

/228/\99(](1/7 (Vi, Viw)d¥ = /25/\99q|V¢|( w )dE_O (3.13)

Integrating by parts in equation (3.10) and taking into account equations
(3.11) - (3.13) we get

AOI/ {28/\299|(V¢ v)w|2+23A¢Z(thZZ;W a%)
Q Z "

— s/\2c,o|V¢| |Vw|2 — s/\c,oAQb|Vw|2 + 3s /\4993|V¢|4w2
"9
3y3 3 o 2 0 2 2 9
+5°X%p ;8( vl )|w| +4s* X% (Y, (Vih, V)w)

+ 25X 20q(Vi, (Vib, V)w)

Iy 0%
dx; 0x;0%;

7]—

9% dwy dw|?
-|-28/\cpq”2231 Fadr, 8$j}dacdt—|—/zs/\cp|v¢| ‘a_

+ 2522\ ———w; + 25’ X | VY (Vi w)

dX.

(3.14)

Let us now transform the second term in the right hand side of (3.9) keeping
(3.7) in mind

ESAIM: Cocv, May 1998, voL. 3, 97-131



ON EXACT CONTROLLABILITY FOR THE NAVIER-STOKES EQUATIONS

Jw
Ay = (L (w, q),ﬁ + 25/\299|V¢|2w)(L2(Q))n
19 2 L o2 9 28|w|2
— -2 Y —— ) dadi

. Ow Jw
—I—/Q (qdlvﬁ—l—s/\@q(vmﬁ)) dxdt

+/Q {QWMWPWW — 25" M* V|| w?

"/ Ow J

k=1

+ [ N div(el Vo) + 28X T (T, w) dade
Q
1 d?
= [ 3nm i S b + gse (T o)
012 o
J
+ 205\ (Vib, ) + 25N Gl Vi [Vl = 288X P Vo

— s/\2|w|2A(Lp|V¢|2)} dadt

117

+ [ {20003 S AV P 15T U (T 0) | da.
@ i=1

_ 8$z

Hence, by virtue of (3.8), (3.9), (3.14) and (3.15), we finally obtain

1 fsllfr2(0))n
= |1 L1 (w, ) I{rzi0n» + 12wllirzigy» + 2/@(28/\2@I(V¢,V)w|2
+ sA Q| Vo P [Vul* + s°Me? [V [Hw]?

- - 8101 8¢
+ QSAQOZ (VU)h 2 T%vaxz)

=1

"0 v
— 2, 333, 3\ % 2 0% o
SAPAY|Vw|” + s7 X ;:1 8QCZ(|V¢| 8QCZ)|w| ) dadt

2

+2/8/\99|V¢|‘8—w dX 42X +2X,,
b)) 81/

where

Xlz/ SN2 o V| o dudt,
Q

(3.15)

(3.16)

(3.17)
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and

Xy = / {qu/\c,o(VQb, Low) 4+ gsAp(Vip, w) 4+ 252A3¢2q|v¢|2(v¢, w)
Q

2
—|—28/\2qz:8 99|V¢| )wZ—I—QS /\2 2 Z 09 L%wj
7]_

= sA?|w]*A(|VY[?)

9% Ow;
2 7
+ 25X q(V1), (Vib, V)w) 4+ 2sApq ;:1 Teidw; O } dzdt. (3.18)

W can easily obtain the following estimate:

| Xo| < —||L2w|| 12(Q —I_CQ/ (" X202 % 4+ M Vw|? + 2 A1 |w|?) dadt.
Q (3.19)

To estimate X1, we observe that by definition (2.16) of the function ¢,

lpult,2)| < Calop(t,2) |2 Y(t,2) € Q,

where ('5 is some independent constant. Therefore
|.X1] < C4/ 2 A2 VP lw]? dadt. (3.20)
Q

We recall that by Lemma 2.4
IVip(z)| >8>0 VeeQ\wp.

Thus, there exists A> 1 independent on w such that for any A > A and
s>1

1
/ (zsw(w Vo) + LA VP Vel
[0,T]x(Q\wo)
8101 8¢
4 3 2
+ s NG|V w| ‘|‘25/\99Z (thZaxZ 8%) (3.21)

— sApAY|Vu|* + 7N p? Z%( ¢|2 )|w|2) dzdt > 0.
i=1 ¢

Combining (3.21) and (3.16), we deduce

[ L1 (w, ‘])||(2L2(Q))n‘|‘||L2w||(2L2(Q))
2

—I—/(8,\2@ﬂ2|Vw|2_|_33,\4993ﬁ4|w|2)dxdt—|—2/S/\|V¢|@‘Z—Z) dx
Q )

< 2| X0 |+ 21X0] + (| £llE2(g)) +Cs/ (sX @l Vuw|* + 57 M [w]?) dadt,

(3.22)
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for all A > A, s > 1. Let now A > X be fixed. By (3.19), (3.20), (3.22) there
exists s1(A) such that

1 1
110, 0) ooy + lEawliaaye + 5 [ (33008 Vo

2
dx

Jw
—|—s3/\434w2dxdt—|—2/s/\v ‘—
# o) [ svule |5 29

< ellfzz
+C6(/ (s/\2c,o|Vw|2—|—s3/\4c,o3|w|2)dxdt—|—/ P NP q? dudt)
Q

Quy

for all s > s1(A).
Let p € C§°(w1),p = 1 V& € wy. Taking the scalar product of (3.6) with
s\ ppw in (L*(Q))"™ and integrating by parts we have

/ s\ | Vwl|? dudt S&(/ S A3 w|? dadt
’ e (3.24)
+ HfSH%LQ(Q))n —|—/ 82/\2992(]2 dwdt).
Q

“o

The inequalities (3.23), (3.24) imply the estimate

1 1
110, 0) ooy + B2y +5 [ (3008 Ve

2

Jw

—|—s3/\434w2dxdt—|—2/s/\v —| dX
&3l [ savele |5 .

<N fsllfrz(q)s

+ Cg(/ 53/\4993|w|2dxdt —I—/ 52/\2992(]2 dxdt)

w1 Q
for all s > s5(A).
We observe that
o (t,2)| < Co(N)]e(t, )7 V¥ (tx) € Q.
Then the definition of the function fy implies
1.0 eay <o) [ (77 + 19 + o) dod
9 (3.26)

" /Q (X V[ f? + 52 6Pl ddt).

Then, estimating the term with f, in (3.25) by (3.26), we obtain (3.1). O
Combining the statements of Theorem 2.11 and Theorem 3.1 we obtain.
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COROLLARY 3.2. Let the pair (y,p) € V12(Q) x L*(0,T; W3(Q)) satisfy
(2.1), (2.2), f € L*(0,T;VY(Q)). Then there exists a X > 1 such that for
any A > X there exists so(A) such that the following inequality holds

/L@
o \se \ |0t

< Cho (/ (s* A2 p? + 82 MNPy |?) e dadt
Q

w1

2
+sX 20| Vy P +s° AP [y|? | e dudt

2 n
0%y
0,j=1

—I—/s/\c,o|f|2esadxdt) Vs > s9(A),
Q
(3.27)

where the constant Cg is independent of s.

Proof. Since all assumptions of Theorem 3.1 are fulfilled, there exists A1 such
that for every A > A;, there exists so()\) such that for s > so(A), A > A
inequality (3.1) holds. For A sufficiently large, we can estimate the last term
in (3.1) by the right part of inequality (2.65). Then, increasing magnitude
of the parameter \; and so()) if necessary, we get (3.27). a

REMARK 3.3. In particular, estimate (3.27) implies the e-controllability for
the system formally adjoint to (2.1), (2.2), as well as the unique continuation
property for the Navier-Stokes equations. Such results were obtained for the
Stokes system in [18] and for the Navier-Stokes equations in [8] under weak
regularity assumptions of the function o.

Let us consider the system of partial differential equations which is ob-
tained from (2.1), (2.2) by the change of variables ¢t — —t:

L = _% C Azt BY(2,0) 4+ BX(6,2) = Vg + fin Q. (3.28)

divz =0, zlag=0, =2(T,:)= z0, (3.29)

where the operators B*(0, ), B*(-, 0) are defined in (2.3). Short calculations
shows that L* is formally adjoint to the operator which is the linearization
of the Navier-Stokes equations at point ©.

Using the energy method, we can prove

LEMMA 3.4. Let z9 € VO(Q). Then the solutions of problem (3.28), (3.29)
satisfy the estimate

0z
ot

< C11(HZHL2(0,T/2;V1(Q)) + HfHLQ(O,T/%VO(Q)))'

+ |2l 22 (0,7/4:v2(0
L2(0,T/4;V () (/YD) (3.30)

Let us consider the boundary value problem for the stationary Stokes
system

Av=Vqg+g in Q, diveo =0, v|sq = 0. (3.31)

The following lemma is proved in [27].
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LEMMA 3.5. For any g € V1) there exists a unique solution v € V1(Q)
of problem (3.31) and this solution satisfies the estimate

lollvi) < Cullgllv-1g)- (3.32)
Let us introduce the function s by formula

(tya) = (= W@ ey (T - ),
R(t) = ggnelg K(t, z), R(t) = max k(t,z), (3.33)
where the function £(t) is defined in (2.18). The parameter X is such that
A> A,

where A is defined in Corollary 3.2 and

9 .
rgg&(m(t,x) <10 ggnelgm(t,x) vt €[0,T]. (3.34)
Note that 3
k(t,x) = as(t,z) V(t,z)e (ZT7 T) x Q.
We have:

THEOREM 3.6. Let the pair (z,q) € VV2(Q) x L*(0,T;W3(2)) satisfy
(3.28), (3.29), f € L*(0,T;VY(Q)). Then there exists § > 1 such that the
Sfollowing inequality holds

120, )2y + / (T — 02|26 dadt

¢ (3.35)

scm(/ |z|2el—%§%dxdt+/ |fI2et0 %% dadt).
Q

w

Proof. Let us introduce the functions r, ¢, f by formulas

r(t,z) :/Otz(w) dr, gt 2) :/o

Short calculations show that the pair (r, g) satisfies the equations

t

Q(Tvx)dTv f(t,w):/o f(T,w)dT.

L*r=Vg—2(0,)+ f in Q, (3.36)
divr =0, rlsq=0. (3.37)

Let us show that the function ¢ satisfies the estimate

19 2wy <Crs([2(0, )l p2(wyn + (1208 )l z2(w))n

. (3.38)
+ [Ir (& 22wy + 117 @) 2w,
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where ('13 is independent of ¢. Using the definition of the function r we can
rewrite equation (3.36) as follows

—Ar=Vg—2(0,)+ 2(t,) = B*(r, o) — B*(t,r) + f in Q. (3.39)

Note that the function ¢ in (3.39) is defined up to an arbitrary constant. To
fix it, we set
p(t,z0) =0Vt €[0,7]

for some z¢ € wg. This equality implies
g(t,zo) =0 Vte[0,T]. (3.40)
We are looking for functions r, ¢ in the form r = ry +r9, 9 = g1 + g2, Where

— Ary =Vg, —2(0,)) + 2(t, ) — B*(r,0) — B*(0,r) + f in w,

. (3.41)
divry =0, r]sw =0, g1(t,20) =0t € (0,T).

By Lemma 3.5, the unique solution of problem (3.41) exists and satisfies the
estimate

Irillveey + g1l 22wy SCralllz(05 )l 22wy + 12 )l 22wy

| (3.42)
+ 1 2wy + 11L& ) z2iw)n)-

By virtue of (3.39), (3.37), (3.41) the functions ry, g, should satisfy the
equations
Ary = Vgs in w, divry, = 0. (3.43)

Applying the Laplace operator A to this equation, we have A?ry = 0. Thus,
by (3.42) and well-known estimates for interior regularity of solutions of
elliptic equations (see [23]), we have:

Ir2 (2@ < Clir(t) = ri(dllz2(w))»
< Crs (1200, M r2qwpy» + 17 2wy + 12 2@y + 1z w)n)-

(3.44)
By (3.44) equality (3.43) implies the estimate
HVQQ (tv ')H(C(Jl))" SCIG(HZ(Ov ')H(LQ(W))TL + Hf‘(t7 ')H(Lz(w))n (3 45)
ISz @y + 120 ) z2gwyn)-
By (3.40), (3.41)
gg(t7$0) =0Vt € [07T]
Thus inequality (3.45) yields
g2 (8 M L2wry <Crr(l12(0, )l zawn» + 17 )l 22wy (3.46)

IS Mz + 12l zeens)-
This inequality and (3.42 ) imply (3.38).
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Applying the Carleman inequality (3.27) to equations (3.36) and (3.37),
we have:

1 , e
— +
(L a

S
¥ i,7=1

2

827‘ - ~
+ 5N Vr|? + 5207 M r)? | e dadt

8$Z‘8$]'

< 018(;\) (/ s A2 ot gt et dudt —I-/ 83;\4c,93|r|265CY dadt
Qu, Qu,

i /Q oA+ 1200, 2)P)e dwdt) ,
(3.47)

where s > s0()).

The parameter so(A) is defined in Corollary 3.2. Set 8 = so()). Using
the a priori estimate (3.30) for system (3.28), (3.29) in the right-hand side
of inequality (3.47), we can replace the function a by x, the function ¢ by

(T — ¢)~% and the constant C' by C'(s):

/Q (T — 02225 didt + [|2(0, ) 21

2

< 019(8)(/ J e’ dadt

Q. (T =)

-I-/ Le“dxdt —I—/ ! |12 dadt + {|2(0, ) |20y )

le (T — t)6 Q (T — t)2 ’ VO(Q) ’
(3.48)

where s > §. Using estimate (3.38), we can rewrite (3.48) as follows:
= el it 4400, o
< 020(/ (T — )~ C|r|?e*" dadt

b (3.49)

712 2 2
b [ UL D) e

w

1 £12 38k 2
i /Q Tl dedt + 1120, )l a))-
Note that by (3.34)

£12 2 2 £12
Q (T —1)° o (T —1)

< Carl [ P dode+ [ |oPetdaan),
Q

w

where C5; is an independent constant. By this inequality, we deduce from
(3.49

)
/|z|2(T—t)2e§"dacdt—|-HZ(O,-)H%N(Q)
Q (3.50)
< O / |2[2e 5% dudt + / PPt dadt + )12(0, ) B ogay)-
Q

w
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Let us finish the proof by contradiction. If the estimate (3.35) is not true,
then by (3.50) there exists a sequence (zg, gk, fx) such that

L2y = Vaqr + fr inQ, divzp =0, zxlan =0, ||2x(0,)||(z2@)» = 1,
(3.51)

fe— 0 in (L2(Q,e%§’%))”7 / |zk|2el_%§’% dedt — 0 as k — oo,

260, ) = 2(0,+) in L*(Q), 2, — z weakly in V'2((0,7 —¢) x Q) (3.52)

for all £ € (0,7). Passing to the limit in (3.51), taking into account (3.52)
we obtain

L*2=Vqin Q, divz=0, z|lsa=0, z|g, =0, (3.53)

12(0, )2y = 1. (3.54)
By (3.27), (3.53)

z=0,

but this is impossible by virtue of (3.54). The proof of the lemma is
complete. O

4. SOLVABILITY OF THE LINEAR CONTROLLABILITY PROBLEM

Let us consider the problem of exact controllability of the linearized Navier-
Stokes equations:
_ O

Ly =0~ Ay+B(y,0) + B(d,y) = Vp+ [ + xwu in Q, (4.1)

divy=0, ylsa=0, y(0,2)=uyo(x), (4.2)
y(T, x) =0, (4.3)

where the functions yo, f are given and u is a control from the space
(L*(Q.))™. Before studying the solvability of problem (4.1)-(4.3), let us
recall some existence theorems for boundary value problem (4.1), (4.2), as-
suming that » is a fixed function.

LEMMA 4.1. Let & € VHQ)N(WL ()™, Then for any f € L*(0,T;V°(Q)),
u € (L*(Q))", and yo € V1(Q) there exists a solution (y,p) € V13(Q) x
L%(Q) of problem (4.1), (4.2). Moreover this solution is unique in the space
C(0,T;VO(Q)) x L2(0,T;V~2(Q)) and satisfies the estimate

lyllviz(g) < Colllfllzz(0,7v0() + ullzz@uy» +lwollvi)).  (4.4)

Set
n(t,z) = —8k(t, x), (4.5)

where the function & is defined in (3.33), (3.34) and the parameter § from
Theorem 3.6. Since the function (¢, z) is negative, 5(t, z) is positive. More-
over limy_,7_¢ n(t, ) = +o0.
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We use below the following weight function:

e’

ot z) = (1 - Xw)m

+ Y- (4.6)

To formulate our results, we need to introduce some nonstandard functional
spaces

F(@Q,0) ={f € (L:(Q))"; 3 f1 € (L2(Q,0))",
3 fo € Ly(0,T;W(Q)) such that f = fi +V £}

The norm in F(Q,0) is defined by the relation

1 lr@.0 = linvfz (Al @.ens + IV 2 lina @)
=AY S
We are looking for solutions of the controllability problem in the following
space:

Y(Q)={y e V*(Q); Ly € F(Q,0),e ¥y e VI*(Q)}

with the norm
242
ull3 ) = EyllE .0 + €55yl g -

REMARK 4.2. The space of solutions Y (Q) depends, at least formally, on
the function 0. To construct a suitable Banach space of solutions of (4.1)-
(4.3) independent of ¢, we have to prove sharper estimates on the rate of
convergence of y(t,-) to zero near t = 1" than those we obtain below. This
is probably possible.

We have:

THEOREM 4.3. Let f € F(Q,0), yo € VI(Q). Then there exists a solution
of problem (4.1)-(4.3) (y,p,u) € Y(Q) x L*(0, T; W3(Q)) x (L*(Q.))™ which

satisfies the estimate

(v, 2, Wllvi@)x 20, w1 @) <22 @u) < Cilllvollvi) IS 1r.6)- (4.7)

Proof. We first assume that f € L*(Q,6) and f|, = 0. Let us consider the
extremal problem

2

1 1
Ty, u) = —/,ok|y|2 dxdt + §/mk|u|2dacdt — inf, (4.8)
Q Q

Ly=u+Vp+f in @, divy=0, 9‘2:07

(4.9)
y(0,2) = yo(x), y(T,2)=0,
where
—95R (1)(T—1)2 =2 éi(T—t)QQ _
) = TR e - { T e €,
ko e Q\G.
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Obviously the functions pg, my are bounded in ) for every k& > 0.

By Proposition 2.1 and Lemma 4.1, there exists an admissible element
to the problem (4.8), (4.9). So it is easy to prove (see [24], [25]) that the
problem (4.8)-(4.9) has a unique solution, which we denote by (g, @y) €
V12(Q) x (L(@Q))"

Thus, applying the Lagrange principle to problem (4.8) - (4.9) (see [1],
[9]), we obtain
Lijy = f‘l’ Vp + iy, in deivﬁk =0, @k‘z =0, @k(T7 ) =0, @k(07 ) = Yo,

(4.10)

L™z = Vi + pefe in Q, 2|y, =0, divz, =0, 2, = —mydy in Q,

(4.11)
where the operator L* defined in (3.28) is formally conjugate to the operator
L.

Since the function py depends only on the variable ¢, by Lemma 4.1 pr €

L*(0,7;V(9)). So we can apply estimate (3.35) to equation (4.11):

/(T )2 e Bdadt + |10, ) [Py

Q
(4.12)

< Oy /pie%g’%@kﬁdxdt—l— /e%§%|zk|2d9€dt
Q Qu

We observe that |pg(1)e™ ()| < 1 for all (t,2) € Q and |my(t, x)eT0 (1| <
1 for all (¢,2) € Q.. Actually,

98&(t) (T — t)* 9

- = GR(t
o7 -+ im0
__ 95 Rlllom i) o 1
= o o) e Naom T <Y

where the function £(t) is defined in (2.18). Keeping in mind these inequali-
ties and substituting zj by the right-hand side of (4.114) in the last integral
of equality (4.12) we have

/|zk (0,2)] dw—l—/|zk| )2etrdadt

< 03</,ok|@k|2dxdt+ /mk|ﬁk|2dxdt).
Q Qu

Taking the scalar product of (4.11;) with g in (L*(Q))™ and integrating
by parts with respect to ¢ and z, bearing in mind (4.10), after simplifications
we have

(4.13)

0= (L*zx = Var — pulr, Ir) (22(Q))"

= —/pk|@?k|2dﬂcdt—|— (2 L) (22(0))y» + (2600, ), 70, ) (£2(0))

Q
_ / prlinlPdedi— / il ddi+ / (f. 2 dedi(z1(0, ), yo) L2
Q Q Q
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Hence,
1
% (U W) 5/ prln|® + my|y|?) dedt
Q
(4.14)
1
=3 f7 zp)dadt + (25(0, ), yo) (£2(q))»
Note that
|/Q(f7 zp)dadt] < Cal| fll 2 (@.onn |(T = D)™ 24| L2(gy)n- (4.15)
By (4.13), (4.14), (4.15), we obtain
Ti(Grs e) < Cs(|[f1lp(g.60 + [yl 2@y )V Tr (i, )
Hence,
TGy @r) < CE(1 50,0 + 190l [Erz(0)0)- (4.16)

By virtue of (4.16),(4.4), we have a subsequence {(§y, @)}, such that
(Jr, k) — (y,u) weakly in -~ V2(Q) x (L*(Q)",
@p — 0 in (L2((0,T7) x (Q\w)))", (4.17)
Q

Qu

By (4.13), (4.17) it also follows from (4.11) that
lmeie|lvizio,r-sxa) < Crle)
for all € € (0,7"). Hence, without loss of generality, we can assume
Ug(t,z) — u(t, ) almost everywhere in Q. (4.18)

Using (4.17), we pass to the limit in (4.10) to obtain that the pair (y, u) is a
solution of problem (4.1)-(4.3). The relations (4.16), (4.17) and Lemma 4.1
imply the estimate

(v, p, u)||V1)2(Q)XLQ(O,T;W;(Q))X(LQ(QW))"

(4.19)
< Cs(llyollvia) + 1 fllFq.0)-

Furthermore, by (4.17), (4.18) and Fatou’s theorem (see [22 p. 307]), we
have:

9 sz 9 ex < . .
H(y7 U)H(LQ(Q@_ﬁSN))"X(LQ(QW,B_WSN))" g C(6 (4 20)

Now, to prove (4.7), we need only to estimate the norm of the function
e~ %%y in the space V1?(Q). Let us make the change in (4.1). Set j =
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y€—§§f<7ﬁ — pe_%g’%,g = (f - %§%y)6_%§’%,& — ue—%§%7g0 — yoe—%ék(o)‘
Note that by (4.19), (4.20)
l9llzz@n» + lallzz@ne < Crlllvollveia) + 1/ llr@.6)- (4.21)
We observe that the pair (g, p) satisfies the equation
Ly =Vp+ g+ xutinQ, (4.20)
divy =0, glag =0, 9(0,2) = go(). (4.22)

Thus (4.19)-(4.21) and a priori estimate (4.4) imply (4.7).

Now let f € F(Q,#0) be an arbitrary function. Then there exist functions
fi € (L*(Q,0)" and fo € L*(0,T; W1 (Q)) such that f = f; + V f5. Above
we proved that there exists a solution (y,p,u) of the exact controllability
problem (4.1)-(4.3) with initial datum (yo, (1 — x.)f1) which satisfies esti-
mate (4.7). Evidently (y,p+ f2,u+ X f1) is a solution of this problem for
the initial datum (yo, f). O

Note that the statement of Theorem 1.3 follows from Theorem 4.3.

5. PROOF OF THE MAIN THEOREM

Our next aim is to reduce the proof of Theorem 1.2 to the case of a linear
controllability problem. We are looking for a solution of problem (1.1)-(1.3)
of the form

v(t,z) = o(x) +y(t, z). (5.1)

The substitution of (5.1) into equations (1.1)-(1.3) and subtraction from
them of the same equation for ¢ yields

Ny, q,u) = dy(t, =) = Ay+B(0,y)+B(y, ) +B(y,y) = Vg—x,u = 0in Q,

(5.2)
divy =0, (5.3)
y(0,2) = vo(x) — 0(x), (5.4)

We will solve the problem (5.2)-(5.5) with the help of the following variant
of the implicit function theorem (see [1]).

THEOREM 5.1. (on a right inverse operator). Suppose that X, Z are Banach
spaces and

A: X =7

1s a continuously differentiable map. We assume that for zg € X, 20 € Z
the equality
A(aﬁo) = %0 (5-6)

holds and the derivative A'(xo) : X — Z of the map A at xq is an epimor-
phism. Then there exists € > 0 such that for any z € Z which satisfies the
condition

|z — 20llz < ¢
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there exists a solution © € X of the equation

A(z) = z.
In our case the space
X =Y(Q) x L*(0, T3 Wy(Q)) x (L*(Qu))" (4.7)
and
7 = F(Q,0) x VH{(Q). (5.8)

The operator A defined by formula
-A(yv%u) = (N(yv%u)vy(ov'))' (59)

We have :
LEMMA 5.2. Let 6 € VI(Q) (WL (Q)", then A € CH(X,Y).

Proof. 1t follows directly from the definitions of the spaces X, Z that the
operator

(Y, q,u) = (Owy(t, ) — Ay + B(d,y) + By, 0) — Vg — xuu,y(0,+)) : X — Z

is continuous and by virtue of linearity continuously differentiable. The
operator B is bilinear. So, to prove this theorem, it is sufficient to establish
the continuity of the bilinear operator

B1Y(Q) % Y(Q) — (I*Q.6))",
where the function § is defined in (4.6). Note that by (2.4), (3.33), (4.5)
n(t,x) < =8k(t,z) Y(t,z) € Q. (5.10)
Then (5.10) and simple transformations give the estimate

1B(y1, 92)l1{L2(0.0))»
2

|yi|2|;y]|2 / 2 2
< E 7(1 dt Vs |© dedt

w

SCQ / |y2 |Vy] —3/% drdt

i,7=1

< Cylle3? ylH%/w(Q)\’6_5%92\’%/1,2(@9)-

This inequality proves the theorem. O

Proof of Theorem 1.2. First, we apply the inverse operator theorem to
problem (5.2)-(5.5). Let A be defined by formulas (5.9), (5.2), and the spaces
X, Z defined in (5.7), (5.8). Set z9 = (0,0,0), zo = (0,0). Then equation
(5.6) obviously holds. By Lemma 5.2, A € C'(X,Z) and by Theorem 4.3,
ImA'(0) = Z. So all necessary conditions needed to apply the theorem on
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the inverse operator are fulfilled. Therefore there exists £ > 0 such that for
any initial data (5.4) satisfying the inequality

9ol < ¢

problem (5.2)-(5.5) has a solution (y,p,u) € X. Then the triple (y + 0,p+
P, u) is a solution of problem (1.1)-(1.3), (1.5). a
REMARK 5.3. If we assume that ¢ € (C*(Q))", supp® CC [0,7] x Q is
solution of the nonstationary Navier-Stokes system :

0io(t,z) — Av(t,2) + (0, V)0 +Vp= f(t,z) inQ, divo=0

and interchange inequality (1.4) on

?}(07 ) - UOHV1(Q) S €

the statement of Theorem 1.2 holds true. Some small changes have to be
done in the proof of Theorem 3.6.
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