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ON EXACT CONTROLLABILITY

FOR THE NAVIER�STOKES EQUATIONS

O�YU� IMANUVILOV

Abstract� We study the local exact controllability problem for the
Navier�Stokes equations that describe an incompressible �uid �ow in

a bounded domain � with control distributed in a subdomain � � ��
The result that we obtain in this paper is as follows� Suppose that

�v�x� is a given steady�state solution of the Navier�Stokes equations�

Let v��x� be a given initial condition and k�v��� � v�k � � where � is
small enough� Then there exists a locally distributed control u	 with

supp u � �
� T �� � such that the solution v�t� x� of the Navier�Stokes
equations�

�tv��v 
 �v�r�v � rp
 u
 f� divv � 
� vj�� � 
� vjt�� � v�

coincides with �v�x� at instant T 	 v�T� x� � �v�x��

�� Introduction

This paper is concerned with the local exact controllability of the Navier�
Stokes equations� de�ned on a bounded domain � � R

n �n � �� 	
 with
boundary �� � C�� More precisely� the problem under study is as follows�
Let us consider the nonstationary Navier�Stokes equations

�tv�t� x
��v�t� x
 
 �v�r
v 
rp � f�x
 
 ��u in �� div v � �� ����


with initial and boundary conditions

vj� � �� v jt�� � v��x
� ����


where v�t� x
 � �v��t� x
� ���� vn�t� x

 is the �uid velocity� p the pressure�
f�x
 � �f��x
� ��� fn�x

 a density of external forces� u�t� x
 a control dis�
tributed in an arbitrary �xed subdomain � of the domain � and �� is the
characteristic function of the set ��

���x
 �

�
�� for x � �

�� for x � � n ��

Let ��v�x
� �p�x

 be a steady�state solution of the Navier�Stokes equations

���v 
 ��v�r
�v 
r�p � f�x
 in �� div �v � �� �vj�� � � ���	
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�� O�YU� IMANUVILOV

close enough to the initial condition

kv� � �vkV ���� � �� ����


where the parameter � is su�ciently small� We want to �nd a control u such
that for given T � �� the following equality holds�

v�T� x
 � �v�x
� ����


We assume

Condition ���� The boundary �� � �Ki���i � C�� ��i � �j � f�g for
all i 	� j� where �i is a n � ��dimensional connected manifold of class C��
For each �i� there exists a neighborhood Ai � R

n and a di�eomorphism
	i � C��Ai�R

n
 such that 	i��i
 � Sn� ��

The main result of this paper is the following Theorem�

Theorem ���� Let v� � V ���
 and pair ��v� �p
 � �V ���

T
�W �

���


n
 


W �
� ��
 is a given steady state solution of the Navier�Stokes equations �	�
�

such that supp �v �� �� Then for su�ciently small � there exists a solution
�v� p� u
 � V ����Q
 
 L���� T �W �

� ��


 �L
��Q�



n of problem �	�	�� �	����
�	�
�� �	����

To explain this result� let us assume that �vj�� � � and �v is an unstable
singular point of the dynamical system generated by equation ����
 in the
phase space of solenoidal vector �elds with adherence conditions on ��� Let
v� be an initial condition in a neighborhood of the function �v� This work
shows that one can construct a locally distributed control such that the
trajectory goes out of point v� and reaches �v in �nite time� In other words�
by means of the locally distributed control� one can suppress the generation
of turbulence� This result clari�es the question of the connection between
turbulence and controllability �see J��L� Lions ����
�
The result we obtain in Theorem ��� is local� On the other hand� for the

linearized Navier�Stokes system� we can prove global zero�controllability� see
Theorem ��	�
One important special case is the following controllability problem for the

Stokes system�

�tv�t� x
��v�t� x
 � rp
 f�t� x
 
 ��u� in �� div v � �� ����


vj� � �� vjt�� � v��x
� vjt�T � �� ����


We have

Theorem ���� Let v� � V ���
� f � L���� T �V ���

 and there exists � � �

such that
R
Q jf j

�e
�

�T�t���� dxdt 
 �� Then there exists a solution �v� p� u
 �

V ����Q

 L���� T �W �
� ��


 �L

��Q�


n to problem �	�����	����

This paper is organized as follows� To prove Theorem ��� we use a vari�
ant of the implicit function theorem� The only nontrivial condition to be
checked is to show that the derivative of the corresponding mapping at some

� Snr � �Br� Br � fx � Rn� jxj 
 rg
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ON EXACT CONTROLLABILITY FOR THE NAVIER�STOKES EQUATIONS ��

point is an epimorphism� In our case� this problem is equivalent to the zero
controllability of the linearization of the Navier�Stokes equations at point �v�
�see problem ����
����	
�
 Sections ��� are devoted to this problem� One of
the usual ways to solve the controllability problem for evolution equations
is to reduce it to an observability problem for the adjoint equation� Thus�
in section � we introduce a linear operator �see equation ����

 which after
the change t
 �t is formally adjoint to the derivative of the Navier�Stokes
equations at point �v�x
� The observability problem for this operator is solved
in three steps� First in Theorem ����� we get an appropriate estimate for
the pressure p� Then in Theorem 	��� we obtain a Carleman estimate for
the velocity y of the �uid via a weighted L��norm of the density of external
forces f and the pressure p� Moreover� for the pressure� by Theorem �����
one can choose a weighted L� norm over ��� T 

�� And �nally in Theorem
	��� we prove an estimate �not of Carleman type
 for the velocity where p
and an initial condition are absent from the right�hand side� In section ��
this observability estimate is converted into a controllability result in The�
orem ��	� In section �� all conditions for the implicit function theorem are
checked�
We close this section by mentioning some of the previous results regarding

our problems� The solvability of ����
� ����
�����
 was �rst proved in A�V�
Fursikov� O�Yu� Imanuvilov ���� in the case when ����
 is Burgers� equation�
For a control distributed in a domain � such that �� � �� this problem
was studied in the case of the Navier�Stokes equations and �v � � in A�V�
Fursikov� O�Yu� Imanuvilov ��	� in dimension n � � and in A�V� Fursikov
���� when n � 	� The case of the Navier�Stokes equations and �v 	� � has been
studied in A�V� Fursikov� O�Yu� Imanuvilov ����� ����� O�Yu� Imanuvilov
���� and for the Boussinesq system in ���� �see also ����
� On the other hand�
in pioneering works �	������ J��M� Coron proved the global approximate con�
trollability for the ��D Euler equations and the ��D Navier�Stokes equations
with slip boundary conditions� In ���� combining results on global approxi�
mate and local exact controllability results� J��M� Coron and A�V� Fursikov
obtained the global exact controllability for the Navier�Stokes system on a
��D manifold without boundary�
In ���� C� Fabre obtained an approximate controllability for �cut o��

Navier�Stokes equations�

�� Estimate for the pressure

Let us consider the system

�y

�t
��y 
B��y� �v
 
 B���v� y
 � rp
 f in Q� ����


div y � �� yj�� � �� y��� x
 � y��x
� ����


where � � Rn is a bounded domain with �� � C�� Q � ��� T 

� and the
operators B���v� �
� B���� �v
 are de�ned by the formulas�

B��y� �v
 � ��y�
��v

�x�

� � � � � �y�

��v

�xn


� B���v� y
 � ���v�r
y� ���	
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��� O�YU� IMANUVILOV

Denote Q� � ��� T 

�� � ��� T 

��� Let � be the outward unit normal
to ��� In this paper we use the following functional spaces� Recall that
W k

p ��
� k � �� � � p 
 � is the Sobolev space of functions with �nite
norm

kukWk
p ���

� �
X
j�j�k

Z
�

����j�ju�x
 !�x��� � � � �x�nn

���p dx
��p�
where � � ���� ��� � � � � �n
 � j�j � �� 
 � � �
 �n�

W ����Q
 � fw�t� x
jw � L���� T �W �
� ��

�

�w

�t
� L���� T �L���

g�

V ���
 � fv�x
 � �v�� � � � � vn
 � �W �
� ��



n�div v � �� vj�� � �g�

V ���
 � fv�x
 � �v�� � � � � vn
 � �L���

n�div v � �� �v� �
j�� � �g�

V ����
 � �V ���

��

V ����Q
 � fv�t� x
 � �W ����Q

n�div v � �� vj�� � �g�

L��Q� 

 � fv�t� x
�

Z
Q


v�dxdt 
�g�

We have

Proposition ���� ������ Let � be a bounded domain in Rn with �� � C��
Then

�L���

n � V ���
� �V ���

��

where

�V ���

� � fv�x
 � �v�� � � � � vn
 � �L���

n� v � rp� p � W �
� ��
g�

Here and below we assume that the pair ��v� �p
 satis�es ���	
 and

��v� �p
 � �V ���

�
�W �

���


n

W �

� ��
 supp�v �� ��

Let � �� � be an arbitrary �xed subdomain and 	i be the mapping from
Condition ����
Without loss of generality we can assume that 	i�Ai��
 � B�� �Otherwise

we can make the change x
 x�jxj��

Set Ui � 	��i �fx � Rnj� � � 
 jxj 
 �g
� where � � ��� �
� For all

su�ciently small �� the set Ui is correctly de�ned and

Ui � Uj � f�g for all i 	� j� �Ui � �i � �i� ����


where �i � 	��i �Sn���
 and

�� � supp �v
 � Ui � f�g �i � �� � � � � K� ����


Let G � Rn be a domain which satis�es the following condition�
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ON EXACT CONTROLLABILITY FOR THE NAVIER�STOKES EQUATIONS ���

Condition ���� The domain G is di�eomorphic to the cylinder �
 ��� T���
where T� � � is a number and � � R

n is a closed �n � �
�dimensional
manifold of class C��

This condition implies immediately that �G � C� and �G � �� � ���
where �i is a �n� �
�dimensional connected manifold of class C��
Let w�x
 be a harmonic function in G�

�w � � in G� ����


such that
�w

��
j�� � �� ����
Z

��

jwj�d� � ��M
��

Z
��

jwj�d� � ���
�� ���"


Let ��x
 � C��G
 be a function satisfying the conditions

� 
 C� � jr��x
j �x � G� �j�� � �� �j�� � �� ���#


Then the set
�t � fx � G� ��x
 � tg� t � ��� �� �����


is a smooth manifold di�eomorphic to �� and ��� We have�

Theorem ���������� There exist a constant C� � � and a function ��x
 �

C��G
� satisfying condition ������ such that for any function w � W
�
�

� �G

for which ����������� are satis�edZ

	t

jwj�d� � C�kwk
����t�
L�����

kwk�tL����� � C����

����t���M
�t� �����


where �t is the manifold ���	���

Obviously the domain Ui satis�es Condition ��� for all i � f�� � � � � Kg�
Denote by �i�x
 the function from Theorem ��	 which corresponds to the
domain Ui� Similar to �����
 we set

�t�i
 � fx � Ui� �i�x
 � tg� �����


For all r � ��� �
 we introduce the auxiliary domains

Oi�r
 � fxi � Uijr 
 �i�x
 
 �g� O�r
 � �Ki��Oi�r
� ����	


Let w� b w be an arbitrary subdomain� We have�

Lemma ���� There exists a function ��x
 � C���
 such that

��x
 � �� �i�x
 �x � Ui� ��x
 � � in �� jr��x
j� � �x � � n ��� �����


Proof� First we construct an auxiliary function ��x
 � C���
 such that

��x
 � �� �i�x
 �x � Ui� ��x
 � � in �� �����
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��� O�YU� IMANUVILOV

To do this� we consider the sequence of domains $Ui � Rn� i � f�� � � � � Kg
with the following properties

�$Ui � �i � $�i � C�� Ui � $Ui� �i �� $Ui� $Ui � $Uj � f�g for i 	� j�

where $�i is a connected �n� �
�dimensional C� manifold� �For example we
can choose $Ui as $Ui � 	��i �fx � Rnj�� $� 
 jxj 
 �g
 for some $��

Since by assumption �i is a C

� surface� one can extend the function �i�x

to a smooth function of C��$Ui
 such that �i � � in some neighborhood of
$�i�
Set $��x
j 	Ui � �� �i�x
 and $� � � in � n �Ki��

$Ui�

Let ��x
 � C�� �� n �
K
i��Ui
 be a nonnegative function such that

��x
 � � �x � fx � � n �Ki��Uij
$��x
 � �g�

Then the function ��x
 � $� 
 s� satis�es �����
 for all s � � su�ciently
large�
Now let us show that the function ��x
 which satis�es �����
 can be chosen

as a Morse function� Since by ���#
� �����


jr��x
j � � �x � �Ki��Ui

there exists a sequence of domains $$Ui � Rn such that

� $$Ui � �i � $$�i � C�� Ui �
$$Ui � $Ui� �i ��

$$Ui�
$$Ui �

$$Uj � f�g for i 	� j�

where $$�i is a connected �n� �
�dimensional C
� manifold� and

jr��x
j � � �x � �Ki��
$$Ui�

Let 
 � C�� �� n �
K
i��Ui
 such that


�x
 � � �x � � n �Ki��
$$Ui� 
�x
 � � �x � �Ki��Ui�

For every � � � there exists a Morse function �� such that k����kC���� �
��
Set ���x
 � ��� 
�x

��x
 
 
�x
���x
� Obviously

���x
 � �� �i�x
 � x � Ui�

and for all su�ciently small � � �

���x
 � � in ��

Let us show that for all small �� �� is a Morse function� Actually� in

�Ki��Ui function �� has no critical points� In � n �
K
i��

$$Ui� �� coincides with
the Morse function ��� Short calculations give the inequality

jr���x
j � jr��x
�r
�x
�� � ��
�x
� 
�x
�r�� r��
�x
j �

C � �k
kC����k� � ��kC���� � C � �k
kC������
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where C � �� x � �ki��
$$Ui�

Since for all su�ciently small �� the right�hand side of this inequality is

positive� the function �� has no critical points in �Ki��
$$Ui�

Denote byM the set of critical points of the function ��� Exactly in the
same way as it was done in ���� ����� one can construct a di�eomorphism
r � �
 � such that

r�x
 � x �x � �Ki��Ui� r���M
 � ���

Thus� the function ��x
 � ���r�x

 satis�es all the conditions of our
lemma� tu
We set

��t� x
 � e
��x���t�T � t

�� �����


��t� x
 � �e
� � e

�jj�jj

C���
��t�T � t

��

��t
 � ��t� x�
� ��t
 � ��t� x�
�
�����


where � � �� function � from Lemma ��� and x� � ��� By ���#
� �����
 the
functions �� � are independent of the selection of x� � ��� Note that ���#
�
�����
 imply the obvious inequality

� � ��t� x
 � ��t
� ��t� x
 � ��t
 � �t� x
 � Q�

Let us introduce a function ��t
 � C���� T � by the formula

��t
 � �� t � ��� T 
� ��t
 �

�
�� t � ��� �



T 


t� t � ��


T� T 


� ����"


In this section� our aim is to get an estimate for the function p using the
trace of p on �� and the restriction of p on ��� T � 
 ��� To prove this
estimate� we need to recall some previous results on Carleman inequalities
for the Laplace operator�
Let us consider the analog of problem ����
����"
 in the domain Ui�

�w � � in Ui� ����#


�w

��
j�i � �� �����


Set

A � A��
 � max

���	 ��


e
���
� � �

�� �
� �����


By ���#
� �����
 there exists �� � � such that

� 
 A��
��x
� e
��x� �� � ��� x � O�
�

�

�

e
 � �e
��x�
j�i � � 
 A��
��x
� e
��x�

�� � ��� x � O�
�

�

 nO�

	

�

�

�����
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��	 O�YU� IMANUVILOV

We have�

Lemma ���� Let the function w � W
�
�

� �Ui
 be a solution of problem ���	���

������� Then there exist �� � ��� �
 and �� � � such that for � � ��

s

��T�t
t
�

Z
Oi�

�
	
�

jwj�e
�s ��A�

��T�t�t�� dx � C
�

Z
��

jwj�e�s�d�


Z
�i

jwj�e�s
���d�
�

����	

where the domain Oi�r
 is de�ned in ���	
�� i � f�� � � � � Kg�

Proof� Set

��M
� �

Z
�i

jwj�d�� ���
� �

Z
�i

jwj�d��

Let � � � and �
 �i
 be the manifold de�ned by �����
� Note that� by
�����


A � max

�� �	 ��


e
���
� � �

�� �
� max

x�Oi�
�
	 �

e
��x� � �

��x

� �e



	

 � ��e
�j�i




	 � �����


Using inequality �����
� we obtain

Z
Oi�

�
	 �

jwj�e�sA�dx � C�

Z �

�
	

Z
	�

jwj�e�sA���
�d�d�

� C�

Z �

�
	

kesAwk
����
�

L���i�
kwk�
L���i�d� � C�

Z �

�

kesAwk
����
�

L���i�
kwk�
L���i�d�

� C�

Z �

�

��esA
����
�M�
d� � I� �����


Short calculations give the equality

I �
M�

�

��
�esA

M

��

� �

�
�ln

�
�esA

M

�
� �����


Obviously� by �����
 there exist �� � ��� �
 and �� � � such that for all

� � �� � �

A 
 � � �e


	
 
 � � ��min

x��i
e
��x� � � � ��e
 � �� �����


Let us consider two cases�
A
 Let

�es�A���

M
� �� ����"


Thus ln��e
sA

M 
 � � and

�ln�
�esA

M

 � s � ln�

�es�A���

M

 � s� ����#
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Inequalities �����
� ����"
 and ����#
 imply

I �
M�

�s
�

By this inequality and �����
� keeping in mind that e
�j�� � �� we obtain

s

Z
Oi�

�
	 �

jwj�e�s���A��dx � C��

Z
�i

jwj�e�se
��

d�� ���	�


B
 Let

�es�A���

M
� ��

Then by �����
� �����


I � C��

Z �

�

��e�sAe�s
d� � C���
�e�s�
e



	
���� � C��

Z
�i

w�e�s�
��e�����d��

where � � �� � �� From this inequality� increasing the parameter �� � ��� �

if necessary� we obtain

s

Z
Oi�

�
	 �

jwj�e�s���A��dx � C��

Z
�i

jwj�e�s
��e��d�� ���	�


Inequalities ���	�
� ���	�
 after the change s 
 s��t�T � t

� imply
����	
� tu
We have�

Lemma ���� Let p � W
�
�

� �Ui
 be a harmonic function in Ui� Then there

exists �� � � such that for � � �� there exists s���
 � � such that

s

��T � t
t
�

Z
O� �	 �

jpj�e
�s ���A��

��T�t�t�� dx

� C
�Z

��

jpj�e�s�d� 


Z
�i

�jrpj� 
 p�
e�s��d�
	

�s � s���
�

���	�


for some � � ��� �
�

Proof� Let �� be de�ned in Lemma ��� and �� be the maximum of the cor�
responding parameter from Lemma ��� and �� from �����
� We are looking
for a function p of the form� p � z� 
 z��

�z� � � in Ui� z�j�i � ��
�z�
��n�i


j�i �
�p

��n�i

j�i ���		


and

�z� � � in Ui� z�j�i � p�
�z�
��n�i


j�i � �� ���	�
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where �n�i
 is a unit outward normal to Ui� Note that

�j�i �
e


��T � t
t
�
� i � f�� � � � � Kg�

Also by �����
 there exists � � ���� �
� � � �


such that

� 
Amaxx�Oi�
�
	
� ��x


��T � t
t
�

 �

e


��T � t
t
�
� ��j�i �

From this inequality� �����
 and ���		
 we obtainZ
�i

jz�j
�e�s��d� 


s

��T � t
t
�

Z
Oi�

�
	 �

jz�j
�e

�s
���A��

��T�t�t�� dx

� C��

Z
�i

�
�p

��n�i


��

e�s��dx�

���	�


Then� by Lemma ���� the function z� satis�es the estimate

s

��T � t
t
�

Z
Oi�

�
	 �

jz�j
�e

�s ��A�

��T�t�t�� dx

� C���

Z
��

jpj�e�s�d� 


Z
�i

jz�j
�e�s��d�


� C�
�

Z
��

jpj�e�s�d� 


Z
�i

�jz�j
� 
 p�
e�s��d�
� ���	�


By ���	�
� ���	�
 we have

s

��T � t
t
�

Z
Oi�

�
	 �

jz�j
�e

�s ��A�

��T�t�t�� dx

� C���

Z
��

jpj�e�s�d� 


Z
�i

jrpj�e�s��d�


� C���

Z
��

jpj�e�s�d� 


Z
�i

�jrpj� 
 p�
e�s��d�
�

���	�


Inequalities ���	�
� ���	�
 imply ���	�
� tu
Let us consider the Dirichlet boundary value problem for the Laplace

operator
�z�x
 � f�x
 x � �� zj�� � �� ���	"


We have�

Lemma ��	� Let f�x
 � L���
� There exists �� � � such that for � � ���
there exists s���
 � � such that for any s � s� the solution z�x
 � W �

� ��

of problem ���
�� satis�es the estimate

Z
�



� �

s�

nX
i�j��

���� ��z

�xi�xj

����
�


 s���jrzj� 
 s��
��z�

�
A e�s� dx

� C���

Z
�

f�e�s� dx


Z
��

s��
��z�e�s� dx
�

���	#
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where C� � � does not depend on s� t�

The Carleman inequality ���	#
 can be proved in the same way as the
corresponding Carleman estimate for a parabolic equation in ����� ����� Note
that for the case �� � �� this estimate was proved in ��#��
Now to continue estimating the pressure p� we have to use equations ����
�

����
� Applying the operator div to both parts of equation ����
 we obtain

�p � div�B���v� y
 
 B��y� �v

 in � �����


for a�e� t � ��� T ��
The following lemma gives an estimate of the L��norm of the pressure p�

Lemma ��
� Let f � L���� T �V ���

 and p�t� �
 � L���
 satis�es ���
���

There exists �� � � such that for all � � ��� there exists s���
 such thatZ
�

s�����p�e�s� dx � C����


�Z
��

s�����p�e�s� dx




Z
��

s��p�e�s� d� 


Z
�

�
jryj�

s���

 s���jyj�

�
e�s�dx

�
� s � s���
�

�����


where the constant C�� is independent of s and t�

Proof� Let �� be a maximum of the corresponding parameters from Lemma
��� and Lemma ��� and �� from �����
� Note that suppdiv�B���v� y
 

B��y� �v

 � supp �v� By ����


supp �v � Ui � f�g for all i � f�� � � � � Kg�

So there exists a neighborhood of �i� a domain Gi such that p is the harmonic
function in Gi and �Ki��Gi � � n �Ki��Oi�

�
� 
 � f�g� Note also that

�j�i �
e


��T � t
t
�
� i � f�� � � � � Kg�

Thus� by the properties of interior regularity of solutions of elliptic equations�
there exists a constant C such that

KX
i��

Z
�i

jrpj�e�s��d� � C

Z
�Ki��Gi

jpj�e�s�dx� �����


where � � ��� �
 is de�ned in Lemma ����
By ����	
� �����


lim
����

min
x�O� 


	���nO� 
	 �
��x
 � lim

����
max

x�O� 
	���nO� 
	 �
��x
 �

�

�
�

Thus� by �����
� there exists �� � ���
�
��� 
 such that

� 
 A inf
x�O�
	����nO� 
	 �

��x
 � sup
x�O� 
	����nO� 
	 �

e
�� ����	
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Again� using the property of interior regularity of harmonic functions� by
����	
 we have

Z
O� 


	
�������nO� 


	
� 


�
���

�jrpj� 
 p�
e�s�dx

� C

Z
O� 
	����nO� 


	
�

p�e
�s ��A�

��T�t�t�� dx �s � ��

�����


Let 
�x
 be a function such that


�x
 � � �x � � nO�
	

�
��� ��

� 
 � � in �� 
jO� 
	�



� ���

� ��

Then by �����
 the function z � 
p satis�es the equation

�z � ��r
�rp

p�


div�B���v� y

B��y� �v

 in �� zj�� � �� �����


Note that

supp ���r
�rp
 
 p�

 � O�
	

�
��� ��

 nO�

	

�
�
	

"
��
�

Short calculations give the inequality�

jdiv�B���v� y
 
B��y� �v

�t� x
j

� C�jr�v�x
j
 j�v�x
j
�jrv�t� x
j
 jv�t� x
j
 in Q�
�����


By �����
� �����
� ���	#
 we obtain from �����


s�
Z
�

��
�p�e�s�dx � s�
Z
�nO� 


	 �������

��p�e�s�dx

� C��
�

Z
�

�

s�
�jrvj� 
 jvj�
e�s�dx




Z
��

s���p�e�s�dx

�

s�

Z
O� 


	����nO� 
	 �

p�e
�s ��A�

��T�t�t�� dx
 �s � s���
�
�����


On the other hand� by ���	�
� �����
 we have

s�
Z
O� �	 �

��p��e�s� 
 e
�s ��A�

��T�t�t�� 
dx

� C�

Z
��

s�p�e�s�d� 


Z
�Ki��Gi

s�jpj�e�s�dx
�

����"


Since �Ki��Gi � � nO�
�

��� ��

 and O�

�

 � ��
 nO�

�

 
 � O�

�


 inequalities

�����
� ����"
 imply �����
� tu
Now in right�hand side of �����
� we have to estimate the integral on  

containing pressure p�
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Lemma ���� Let p � L��Q
 satis�es ���	�� ������ and � � ��� s � s���


where ��� s���
 are de�ned in Lemma ���� Then the following estimate holds

Z
�

s��p�e�s� d 

� C��


Z
Q��

s�����p�e�s�dxdt 


Z
Q

s�����jyj�e�s�dxdt




Z
�

s��

�����y��
����
�

e�s� d 


Z
Q

s��jf j�e�s� dxdt

�
�

����#


where the constant C�� is independent of s�

Proof� Let us introduce a function ��t� x
 by the formula

���t� �
 � � in ��
��

��

����
��

� p� a�

Z
��

pd� for a�e� t � ��� T 
� �����


where a� �
�R

�� � d�
	��

� Note that solutions of �����
 satisfy the estimate

k�k
W



�
� ���

� C�
kpkL������ �����


Taking the scalar product of ����
 with r� in �L���

n and integrating by
parts we have

Z
��

p�d� � �

Z
��

�
�y

��
�r�
d�
 a��

Z
��

pd�
�




Z
�

�B���v� y
 
 B��y� �v
� f�r�
dx�

�����


Multiplying �����
 by s��e�s��t� and integrating on the segment ��� T 
 we
obtain Z

�

s��p�e�s��t� d � �

Z
�

s���
�y

��
�r�
e�s��t� d 


 s�

Z T

�

�a��

Z
��

p d�
�e�s��t�dt


 s�

Z
Q

��B���v� y
 
 B��y� �v
� f�r�
e�s��t�dxdt

� C��

�Z
�

s��j�ry�r�
je�s��t� d 


 s�

Z T

�

��

Z
��

p d�
�e�s��t�dt


 s�j

Z
Q

��B���v� y
 
 B��y� �v
� f�r�
e�s��t�dxdtj

�
�
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After estimating of functions B���v� y
� B��y� �v
� we deduce from �����
 and
this inequalityZ

�

s��p�e�s��t� d 

� C��


Z
�

s��

�����y��
����
�

e�s��t� d 
 s�

Z T

�

��

Z
��

p d�
�e�s��t�dt


 s�

Z
Q

��jryj� 
 jyj� 
 jf j�
e�s��t� dxdt

�


s�

�

Z
�

�p�e�s��t�d �

����	


Let us introduce the function ���t� x
 by formula

����t� �
 � a��� �
���
��

����
��

� ��

where a �
R
��
�d��

R
��
�dx� Multiplying ����
 bt r�� scalarly in �L���

n

and integrating by parts for a�e� t � ��� T 
 we haveZ
��

p d� � �

Z
��

�
�y

��
�r��
d�




Z
��

apdx


Z
�

�B���v� y

B��y� �v
�f�r��
dx�

Thus we obtain

j

Z
��

p d�j � C��



�

Z
��

�����y��
����
�

d�

�
� 
 j

Z
��

pdxj


Z
�

�jryj
 jyj
 jf j
dx

�
�

�����

Taking the scalar product of equation ����
 with s��ye�s��t� in �L���

n

and using Gronwall�s inequality� we haveZ
Q

s��jryj�e�s��t� dxdt

� C���

Z
Q

s�����jyj�e�s��t� dxdt


Z
Q

s��jf j�e�s��t�dxdt


� C���

Z
Q

s�����jyj�e�s� dxdt


Z
Q

s��jf j�e�s�dxdt
�

�����


By ����	
 � �����
 we obtain ����#
� tu
The following lemma plays a decisive role in the estimation of the pressure�

Lemma ����� Let y � L���� T �V ���

 and p � L��Q
 satisfy ���	�� ������

f � �L��Q

n� � � ��� s � s���
 where ��� s���
 are de�ned in Lemma ����
Then the following estimate holdsZ

�

�

��T � t
t
�

�����y��
����
�

e�s� d 

� C��

�Z
Q

p�

��T � t
t
�
e�s�dxdt




Z
Q

sjyj�

��T � t
t
�
e�s�dxdt


Z
Q

jf j�

��T � t
t
�
e�s�dxdt

�
�

�����
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where the constant C�� is independent of s�

Proof� Set u�t� x
 � yes��t����T � t
t
� q�t� x
 � pes��t����T � t
t
� m �
�f � B��y� �v
� B���v� y

es��t����T � t
t
� Then the pair �u� q
 satis�es the
equations

�u

�t
��u
 l�t
u � rq 
m in Q� �����


div u � �� uj�� � �� u��� x
 � u�T� x
 � �� ����"


where l�t
 � �s���t��t 
 �
t �

�
�T�t� � Obviously the estimate holds

jl�t
j � C����

s

��T � t
t
�
�

����dl�t
dt

���� � C����

s

��T � t
t


�

Taking the scalar product of equation �����
 with �u
�t 
 �r��r
u in

�L��Q

n and integrating by parts with respect to variables x and t we
have�

Z
Q

�m�
�u

�t

 �r��r
u
 dxdt

�

Z
Q

�
j
�u

�t

 �r��r
uj�� ��u�

�u

�t

 �r��r
u



 �l�t
u� �r��r
u�
�u

�t

 �r��r
u
� �rq�

�u

�t

 �r��r
u


�
dxdt

�

Z
Q

�
j
�u

�t

 �r��r
uj�
 �ru�r��r��r
u


 qdiv��r��r
u



 �l�t
u� �r��r
u�
�u

�t

 �r��r
u


�
dxdt

�

Z
�

�
�u

��
� �r��r
u
d �

Z
�

q��� �r��r
u
d �

����#

Since uj�� � �� we can rewrite equation divu � � on the boundary as
follows� ��� �u�� 
 � �� Thus

Z
�

q��� �r��r
u
d � �

Z
�

qjr�j���
�u

��

 d � �� �����


Also� by ���#
 and Lemma ��� �i�x
 � �r��x
�jr��x
j� so

�

Z
�

�
�u

��
� �r��r
u
d �

Z
�

jr�j

�����u��
����
�

d � �����
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Taking into account �����
� �����
� we can deduce from ����#


Z
Q

�m�
�u

�t

 �r��r
u
 dxdt

�

Z
Q

� �����u�t 
 �r��r
u
����
�


 q

nX
k�i��

���

�xk�xi

�uk
�xi



nX

k��

�

�

��

�xk

�jruj�

�xk



nX
i�j�k��

���

�xj�xi

�uk
�xj

�uk
�xi

�
dl

dt
juj� �

l�t


�
��juj�

� ��r��r
u�
�u

�t

 �r��r
u


�
dxdt


Z
�

jr�j

�����u��
����
�

d 

�

Z
Q

� �����u�t 
 �r��r
u
����
�


 q

nX
k�i��

���

�xk�xi

�uk
�xi

�
��

�
jruj� 


nX
i�j�k��

���

�xj�xi

�uk
�xj

�uk
�xi

�
dl

dt
juj�

�
l�t


�
��juj� � ��r��r
u�

�u

�t

 �r��r
u


�
dxdt


�

�

Z
�

jr�j

�����u��
����
�

d �

From this equality� taking into account that� by �����
� minx��� jr��x
j � �
we obtain the estimate�

Z
�

�����u��
����
�

d � C��

�Z
Q

q�dxdt


Z
Q

�
jruj�


�����dldt
����
�

�
juj�
m�

�
dxdt

�
�

�����

Multiplying equation �����
 by u scalarly in �L���

n� by Gronwall�s in�
equality� we have

Z
Q

jruj� dxdt � C���

Z
Q

jl�t
jjuj� dxdt


Z
Q

jf j�

��T � t
t
�
e�s�dxdt
� ����	


By �����
� ����	
 and Lemma ��� we deduce

Z
�

�����u��
����
�

d 

� C�


�Z
Q

q�dxdt


Z
Q

�����dldt
����
 jl�t
j
 �

�
juj� dxdt




Z
Q

jf j�

��T � t
t
�
e�s�dxdt

�
�

�����


After returning in �����
 to the variables y� p� f we get �����
� tu
Now we can prove main theorem of this section�

Theorem ����� Let y � L���� T �V ���

� p � L��Q
 satis�es ���	�� ������

f � L���� T �V ���

� � � ��� s � s���
 where ��� s���
 are de�ned in Lemma
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���� Then the following estimate holdsZ
Q

s�����p�e�s� dxdt

� C��


Z
Q��

s�����p�e�s�dxdt


Z
Q

s�����jyj�e�s� dxdt




Z
Q

jryj�

s���
e�s� dxdt


Z
Q

s��jf j�e�s� dxdt

�
�

�����


where the constant C�
 is independent of s�

Proof� Inequalities �����
� ����#
 imply thatZ
Q

s�����p�e�s� dxdt

� C����



Z
Q��

s�����p�e�s� dxdt


Z
�

s��

�����y��
����
�

e�s� d 




Z
Q

�
jryj�

s���

 s�����jyj�

�
e�s�dxdt


Z
Q

s��jf j�e�s�dxdt

�
�

Note that
��t� x
j�� � ��T � t
t
���

Then� estimating the normal derivative of the function y by �����
� we haveZ
Q

s�����p�e�s� dxdt

� C����



Z
Q��

s�����p�e�s� dxdt


Z
Q

�
jryj�

s���

 s�����jyj�

�
e�s�dxdt




Z
Q

s��jf j�e�s�dxdt


Z
Q

s�p�e�s� dxdt

�
�

�����

Hence� increasing the parameter s if necessary in �����
� we obtain

�����
� tu

Remark ����� In system ����
� ����
� the pressure p is de�ned up to an
arbitrary constant� In the next section we will �x it by setting

p�t� x�
 � � � t � ��� T 


for some x� � ���

�� Carleman estimate for the Stokes system

In this section� our aim is to solve the observability problem for system
����
� ����
� In other words� we would like to obtain an a priori estimate for
solutions of ����
� ����
 via function f and restriction of y on Q� �
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Let �� be an arbitrary subdomain of � such that

�� b �� b ��

We start from the following theorem�

Theorem ���� Let the pair �y� p
 satisfy ���	�� ������ f � �L��Q

n� Then

there exists a �� � � such that for any � � �� one can �nd s���
 such that
the following inequality holds

Z
Q



� �

s�



������y�t

����
�



nX

i�j��

���� ��y

�xi�xj

����
�
�
A
s���jryj�
s��
��jyj�

�
A es�dxdt

� C�


Z
Q

jf j�es� dxdt


Z
Q��

s��
��jyj� es� dxdt




Z
Q

s�����p�es� dxdt

�
�s � s�� �	��


where the constant C� is independent of s�

Proof� Let us denote w�t� x
 � y�t� x
es�� q�t� x
 � p�t� x
es��
By �����
� �����
 we have

w�T� �
 � w��� �
 � � in �� wj�� � �� �	��


We de�ne the operator P by formula

Pw � es���t ��
e
�s�w� �	�	


The operator P can be written explicitly as follows�

Pw �
�w

�t
��w
 �s���r��r
w
 s���jr�j�w

� s�����jr�j�w 
 s����w� s�tw�

Let us introduce the operators L�� L� as follows�

L��w� q
 � ��w � s�����jr�j�w �rq 
 s��r�q� �	��


L�w �
�w

�t

 �s���r��r
w
 �s���jr�j�w� �	��


It follows from ����
� ����
� �	��
� �	��
 that

L��w� q
 
 L�w � fs in Q� �	��


divw � s���r��w
� �	��


where

fs � �f � B��y� �v
�B���v� y

es� 
 s�tw 
 s���jr�j�w � s����w�
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Taking the L��norm of both sides of �	��
� we obtain

jjfsjj
�
�L��Q��n � jjL��w� q
jj

�
�L��Q��n 
 jjL�wjj

�
�L��Q��n


 ��L��w� q
� L�w
�L��Q��n �
�	�"


By �	��
 and �	��
 we have the following equality�

�L��w� q
� L�w
�L��Q��n � �L��w� q
� �s���r��r
w
�L��Q��n


 �L��w� q
�
�w

�t

 �s���jr�j�w
�L��Q��n � A� 
 A��

�	�#


Integrating by parts in the �rst term of right�hand side of �	�#
 we obtain

A� � ���w� s�����jr�j�w � rq 
 s��r�q� �s���r��r
w
�L��Q��n

�

Z
Q

�
�s���j�r��r
wj�
 �s��

nX
l��



rwl�

nX
i��

�wl

�xi
r
��

�xi

�


 �s��
nX
l��



rwl�

nX
i��

��

�xi

�rwl

�xi

�
� s�����jr�j��r��rjwj�



 �s�����q�r�� �r��r
w

 �s�q div���r��r
w


�
dxdt

�

Z
�

�s���
�w

��
� �r��r
w
d �

Z
�

�s��q��� �r��r
w
d �

�	���

Now let us transform some terms in �	���
�

�s�q div���r��r
w


� �s���q�r�� �r��r
w

 �s��q div��r��r
w


� �s���q�r�� �r��r
w



 �s��q
nX

i�j��

���

�xi�xj

�wi

�xj

 �s��q�r��rdivw


� �s���q�r�� �r��r
w



 �s��q
nX

i�j��

���

�xi�xj

�wi

�xj

 �s��q�r��r�s���r��w




� �s���q�r�� �r��r
w



 �s��q
nX

i�j��

���

�xi�xj

�wi

�xj

 �s�����qjr�j��r��w



 �s�����q

nX
i�j��

��

�xi

���

�xi�xj
wj 
 �s

�����q�r�� �r��r
w
�

�	���
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Similar to �����


�

Z
�

�s���
�w

��
� �r��r
w
d �

Z
�

�s��jr�j

�����w��
����
�

d � �	���


By virtue of �	��
� �	��
 we have

���
�w

��


��
��
� ��

Bearing this equality in mind� we deduce that the last term in �	���
 equals
zero�

Z
�

�s��q��� �r��r
w
d � �

Z
�

�s��qjr�j���
�w

��

 d � �� �	��	


Integrating by parts in equation �	���
 and taking into account equations
�	���
 � �	��	
 we get

A� �

Z
Q

�
�s���j�r��r
wj�
 �s��

nX
l��



rwl�

nX
i��

�wl

�xi
r
��

�xi

�

� s���jr�j�jrwj� � s����jrwj�
 	s��
��jr�j
w�


 s�����
nX
i��

�

�xi

�
jr�j�

��

�xi

�
jwj� 
 �s�����q�r�� �r��r
w



 �s���q�r�� �r��r
w



 �s�����q

nX
i�j��

��

�xi

���

�xi�xj
wj 
 �s

�����qjr�j��r��w



 �s��q
nX

i�j��

���

�xi�xj

�wi

�xj

�
dxdt


Z
�

s��jr�j

�����w��
����
�

d �

�	���


Let us now transform the second term in the right hand side of �	�#
 keeping
�	��
 in mind
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A� � �L��w� q
�
�w

�t

 �s���jr�j�w
�L��Q��n

�

Z
Q

�
�

�

�

�t
jrwj� �

�

�
s�����jr�j�

�jwj�

�t

�
dxdt




Z
Q

�
q div

�w

�t

 s��q�r��

�w

�t



�
dxdt




Z
Q

�
�s���jr�j�jrwj� � �s��
��jr�j
jwj�


 �s��
nX

k��

�
�w

�xk
� w

�

�xk
��jr�j�


��
dxdt




Z
Q

��s��q div��jr�j�w
 
 q�s�����jr�j��r��w

dxdt

�

Z
Q

�
�

�
s���jr�j�

���

�t
jwj� 
 qs��t�r��w



 �qs���r��
�w

�t

 
 �s���jr�j�jrwj� � �s��
��jr�j
jwj�

� s��jwj����jr�j�


�
dxdt




Z
Q

�
�s��q

nX
i��

�

�xi
��jr�j�
wi 
 �s

�����qjr�j��r��w


�
dxdt�

�	���

Hence� by virtue of �	�"
� �	�#
� �	���
 and �	���
� we �nally obtain

kfsk
�
�L��Q��n

� kL��w� q
k
�
�L��Q��n 
 kL�wk

�
�L��Q��n 
 �

Z
Q

��s���j�r��r
wj�


 s���jr�j�jrwj� 
 s��
��jr�j
jwj�


 �s��
nX
l��



rwl�

nX
i��

�wl

�xi
r
��

�xi

�

� s����jrwj�
 s�����
nX
i��

�

�xi
�jr�j�

��

�xi

jwj�
 dxdt


 �

Z
�

s��jr�j

�����w��
����
�

d 
 �X� 
 �X��

�	���


where

X� �

Z
Q

s�����tjr�j
�jwj� dxdt� �	���
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and

X� �

Z
Q

�
q�s���r�� L�w
 
 qs��t�r��w

 �s

�����qjr�j��r��w



 �s��q
nX
i��

�

�xi
��jr�j�
wi 
 �s

�����q

nX
i�j��

��

�xi

���

�xi�xj
wj

� s��jwj����jr�j�



 �s���q�r�� �r��r
w

 �s��q
nX
i��

���

�xi�xj

�wi

�xj

�
dxdt� �	��"


W can easily obtain the following estimate�

jX�j �
�

�
jjL�wjj

�
�L��Q��n 
C�

Z
Q

�s�����q� 
 �
jrwj�
 s��
��jwj�
 dxdt�
�	��#


To estimate X�� we observe that by de�nition �����
 of the function ��

j�t�t� x
j � C�j��t� x
j


� ��t� x
 � Q�

where C� is some independent constant� Therefore

jX�j � C


Z
Q

s�����jr�j�jwj� dxdt� �	���


We recall that by Lemma ���

jr��x
j� � � � �x � � n ���

Thus� there exists �� � � independent on w such that for any � � �� and
s � �Z

���T 
	��n���

�
�s���j�r��rw
j�


�

�
s���jr�j�jrwj�



�

�
s��
��jr�j
jwj� 
 �s��

nX
l��



rwl�

nX
i��

�wl

�xi
r
��

�xi

�

� s����jrwj�
 s�����
nX
i��

�

�xi

�
jr�j�

��

�xi

�
jwj�

�
dxdt � ��

�	���


Combining �	���
 and �	���
� we deduce

jjL��w� q
jj
�
�L��Q��n
jjL�wjj

�
�L��Q��n




Z
Q

�s�����jrwj�
s��
���
jwj�
dxdt
 �

Z
�

s�jr�j�

�����w��
����
�

d 

� �jX�j
 �jX�j
 kfsk
�
�L��Q��n 
 C�

Z
Q��

�s���jrwj� 
 s��
��jwj�
dxdt�

�	���
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for all � � ��� s � �� Let now � � �� be �xed� By �	��#
� �	���
� �	���
 there
exists s���
 such that

jjL��w� q
jj
�
�L��Q��n 


�

�
jjL�wjj

�
�L��Q��n 


�

�

Z
Q

�s�����jrwj�


 s��
���
jwj�
 dxdt
 �

Z
�

s�jr�j�

�����w��
����
�

d 

� kfsk
�
�L��Q��n


 C��

Z
Q��

�s���jrwj� 
 s��
��jwj�
dxdt


Z
Q

s�����q� dxdt


�	��	


for all s � s���
�
Let 
 � C�� ���
� 
 � � �x � ��� Taking the scalar product of �	��
 with

s���
w in �L��Q

n and integrating by parts we have

Z
Q��

s���jrwj� dxdt �C�

�Z
Q��

s��
��jwj� dxdt


 kfsk
�
�L��Q��n 


Z
Q

s�����q� dxdt

�
�

�	���


The inequalities �	��	
� �	���
 imply the estimate

jjL��w� q
jj
�
�L��Q��n 


�

�
jjL�wjj

�
�L��Q��n 


�

�

Z
Q

�s�����jrwj�


 s��
���
jwj�
 dxdt
 �

Z
�

s�jr�j�

�����w��
����
�

d 

� kfsk
�
�L��Q��n


 C��

Z
Q��

s��
��jwj�dxdt


Z
Q

s�����q� dxdt


�	���


for all s � s���
�
We observe that

j�t�t� x
j � C���
j��t� x
j


� � �t� x
 � Q�

Then the de�nition of the function fs implies

kfsk
�
L��Q� �C����
�

Z
Q

�jf j� 
 jryj� 
 jyj�
e�s�dxdt




Z
Q

�s��
��jr�j
jwj� 
 s���jwj�
dxdt
�

�	���


Then� estimating the term with fs in �	���
 by �	���
� we obtain �	��
� tu
Combining the statements of Theorem ���� and Theorem 	�� we obtain�
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Corollary ���� Let the pair �y� p
 � V ����Q
 
 L���� T �W �
� ��

 satisfy

���	�� ������ f � L���� T �V ���

� Then there exists a �� � � such that for

any � � �� there exists s���
 such that the following inequality holds

Z
Q



� �

s�



������y�t

����
�



nX

i�j��

���� ��y

�xi�xj

����
�
�
A
s���jryj�
s��
��jyj�

�
A es�dxdt

� C��


Z
Q��

�s�����p� 
 s��
��jyj�
es� dxdt




Z
Q

s��jf j�es�dxdt

�
�s � s���
�

�	���

where the constant C�� is independent of s�

Proof� Since all assumptions of Theorem 	�� are ful�lled� there exists ��� such
that for every � � ���� there exists s���
 such that for s � s���
� � � ���
inequality �	��
 holds� For � su�ciently large� we can estimate the last term
in �	��
 by the right part of inequality �����
� Then� increasing magnitude

of the parameter ��� and s���
 if necessary� we get �	���
� tu

Remark ���� In particular� estimate �	���
 implies the ��controllability for
the system formally adjoint to ����
� ����
� as well as the unique continuation
property for the Navier�Stokes equations� Such results were obtained for the
Stokes system in ��"� and for the Navier�Stokes equations in �"� under weak
regularity assumptions of the function �v�
Let us consider the system of partial di�erential equations which is ob�

tained from ����
� ����
 by the change of variables t
 �t�

L�z � �
�z

�t
��z 
B��z� �v
 
 B���v� z
 � rq 
 f in Q� �	��"


div z � �� zj�� � �� z�T� �
 � z�� �	��#


where the operators B���v� �
� B���� �v
 are de�ned in ���	
� Short calculations
shows that L� is formally adjoint to the operator which is the linearization
of the Navier�Stokes equations at point �v�
Using the energy method� we can prove

Lemma ���� Let z� � V ���
� Then the solutions of problem �
����� �
����
satisfy the estimate�����z�t

����
L����T�
�V �����


 kzkL����T�
�V �����

� C���kzkL����T���V ����� 
 kfkL����T���V �����
�

�	�	�


Let us consider the boundary value problem for the stationary Stokes
system

�v � rq 
 g in �� div v � �� vj�� � �� �	�	�


The following lemma is proved in �����
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Lemma ���� For any g � V ����
 there exists a unique solution v � V ���

of problem �
�
	� and this solution satis�es the estimate

kvkV ���� � C��kgkV������ �	�	�


Let us introduce the function � by formula

��t� x
 � �e
	
� � e

	
�jj�jj
C���
����t
�T � t

��

���t
 � min
x��

��t� x
� $��t
 � max
x��

��t� x
� �	�		


where the function ��t
 is de�ned in ����"
� The parameter $� is such that

$� � ���

where �� is de�ned in Corollary 	�� and

max
x��

��t� x
 

#

��
min
x��

��t� x
 �t � ��� T �� �	�	�


Note that

��t� x
 � �	
�t� x
 � �t� x
 � �
	

�
T� T 

 ��

We have�

Theorem ���� Let the pair �z� q
 � V ����Q
 
 L���� T �W �
� ��

 satisfy

�
����� �
����� f � L���� T �V ���

� Then there exists �s � � such that the
following inequality holds

kz��� �
k�V ���� 


Z
Q

�T � t
�jzj�e�s	 dxdt

� C���

Z
Q�

jzj�e
�
�� �s�	 dxdt


Z
Q

jf j�e
�
�� �s�	 dxdt
�

�	�	�


Proof� Let us introduce the functions r� g� $f by formulas

r�t� x
 �

Z t

�

z��� x
 d�� g�t� x
 �

Z t

�

q��� x
 d�� $f�t� x
 �

Z t

�

f��� x
 d��

Short calculations show that the pair �r� g
 satis�es the equations

L�r � rg � z��� �
 
 $f in Q� �	�	�


div r � �� rj�� � �� �	�	�


Let us show that the function g satis�es the estimate

kg�t� �
kL����� �C���kz��� �
k�L�����n 
 kz�t� �
k�L�����n


 kr�t� �
k�L�����n 
 k $f�t� �
k�L�����n 
�
�	�	"


ESAIM� Cocv� May ����� vol� �� �	
���



��� O�YU� IMANUVILOV

where C�� is independent of t� Using the de�nition of the function r we can
rewrite equation �	�	�
 as follows

��r � rg � z��� �
 
 z�t� �
�B��r� �v
� B���v� r
 
 $f in �� �	�	#


Note that the function g in �	�	#
 is de�ned up to an arbitrary constant� To
�x it� we set

p�t� x�
 � � �t � ��� T �

for some x� � ��� This equality implies

g�t� x�
 � � �t � ��� T �� �	���


We are looking for functions r� g in the form r � r� 
 r�� g � g� 
 g�� where

��r� � rg� � z��� �
 
 z�t� �
� B��r� �v
� B���v� r
 
 $f in ��

div r� � �� r�j�� � �� g��t� x�
 � � t � ��� T 
�
�	���


By Lemma 	��� the unique solution of problem �	���
 exists and satis�es the
estimate

kr�kV ���� 
 kg�kL���� �C�
�kz��� �
k�L�����n 
 kz�t� �
k�L�����n


 kr�t� �
k�L�����n 
 k $f�t� �
k�L�����n
�
�	���


By virtue of �	�	#
� �	�	�
� �	���
 the functions r�� q� should satisfy the
equations

�r� � rg� in �� div r� � �� �	��	


Applying the Laplace operator � to this equation� we have ��r� � �� Thus�
by �	���
 and well�known estimates for interior regularity of solutions of
elliptic equations �see ��	�
� we have�

kr��t
k�C������n � Ckr�t
� r��t
k�L�����n

� C���kz��� �
k�L�����n 
 kr�t� �
k�L�����n 
 kz�t� �
k�L�����n 
 k $fk�L�����n
�
�	���


By �	���
 equality �	��	
 implies the estimate

krg��t� �
k�C�����n �C���kz��� �
k�L�����n 
 kr�t� �
k�L�����n


 k $f�t� �
k�L�����n 
 kz�t� �
k�L�����n 
�
�	���


By �	���
� �	���

g��t� x�
 � � � t � ��� T ��

Thus inequality �	���
 yields

kg��t� �
kL����� �C���kz��� �
k�L�����n 
 kr�t� �
k�L�����n


 k $f�t� �
k�L�����n 
 kz�t� �
k�L�����n
�
�	���


This inequality and �	��� 
 imply �	�	"
�
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Applying the Carleman inequality �	���
 to equations �	�	�
 and �	�	�
�
we have�Z

Q



� �

s�



�jzj� 
 nX

i�j��

���� ��r

�xi�xj

����
�
�
A
 s�$��jrrj� 
 s���$�
jrj�

�
A es� dxdt

� C���$�



Z
Q��

s�$����g�es� dxdt


Z
Q��

s�$�
��jrj�es� dxdt




Z
Q

s�$��j $f j� 
 jz��� x
j�
es� dxdt

�
�

�	���

where s � s��$�
�
The parameter s��$�
 is de�ned in Corollary 	��� Set �s � s��$�
� Using

the a priori estimate �	�	�
 for system �	��"
� �	��#
 in the right�hand side
of inequality �	���
� we can replace the function � by �� the function � by
�T � t
�� and the constant C by C�s
�Z

Q

�T � t
�jzj�es	 dxdt
 kz��� �
k�V ����

� C���s
�

Z
Q��

g�

�T � t


es	 dxdt




Z
Q��

jrj�

�T � t
�
es	dxdt


Z
Q

�

�T � t
�
j $f j�es	 dxdt
 kz��� �
k�V ����
�

�	��"

where s � �s� Using estimate �	�	"
� we can rewrite �	��"
 as follows�Z

Q

�T � t
�jzj�e�s	 dxdt
 kz��� �
k�V ����

� C���

Z
Q��

�T � t
��jrj�e�s		 dxdt




Z
Q�

�j $f j� 
 jzj� 
 jrj�


�T � t


e�s		 dxdt




Z
Q

�

�T � t
�
j $f j�e�s	 dxdt
 kz��� �
k�V ����
�

�	��#


Note that by �	�	�
Z
Q�

�j $f j� 
 jzj� 
 jrj�


�T � t
�
e�s		 dxdt


Z
Q

j $f j�

�T � t
�
e�s	 dxdt

� C���

Z
Q

jf j�e
�
�� �s�	 dxdt


Z
Q�

jzj�e
�
�� �s�	dxdt
�

where C�� is an independent constant� By this inequality� we deduce from
�	��#
Z

Q

jzj��T � t
�e�s	 dxdt
 kz��� �
k�V ����

� C���

Z
Q�

jzj�e
�
�� �s�	 dxdt


Z
Q

jf j�e
�
�� �s�	 dxdt
 kz��� �
k�V ����
�

�	���
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Let us �nish the proof by contradiction� If the estimate �	�	�
 is not true�
then by �	���
 there exists a sequence �zk� qk� fk
 such that

L�zk � rqk 
 fk inQ� div zk � �� zkj�� � �� kzk��� �
k�L�����n � ��
�	���


fk 
 � in �L��Q� e
�
��

�s�	

n�

Z
Q�

jzkj
�e

�
��

�s�	 dxdt
 � as k
 ��

zk��� �

 z��� �
 in L���
� zk 
 z weakly in V ������� T � �

 �
 �	���


for all � � ��� T 
� Passing to the limit in �	���
� taking into account �	���

we obtain

L�z � rq in Q� div z � �� zj�� � �� zjQ�
� �� �	��	


kz��� �
k�L�����n � �� �	���


By �	���
� �	��	

z � ��

but this is impossible by virtue of �	���
� The proof of the lemma is
complete� tu

�� Solvability of the linear controllability problem

Let us consider the problem of exact controllability of the linearized Navier�
Stokes equations�

Ly �
�y

�t
��y 
B�y� �v
 
 B��v� y
 � rp
 f 
 ��u in Q� ����


div y � �� yj�� � �� y��� x
 � y��x
� ����


y�T� x
 � �� ���	


where the functions y�� f are given and u is a control from the space
�L��Q�

n� Before studying the solvability of problem ����
����	
� let us
recall some existence theorems for boundary value problem ����
� ����
� as�
suming that u is a �xed function�

Lemma ���� Let �v � V ���
��W �
���



n� Then for any f � L���� T �V ���

�
u � �L��Q

n� and y� � V ���
 there exists a solution �y� p
 � V ����Q
 

L��Q
 of problem �
�	�� �
���� Moreover this solution is unique in the space
C��� T �V ���


 L���� T �V����

 and satis�es the estimate

kykV ����Q� � C��kfkL����T �V ����� 
 kuk�L��Q���n 
 ky�kV ����
� ����


Set
	�t� x
 � ��s��t� x
� ����


where the function � is de�ned in �	�		
� �	�	�
 and the parameter �s from
Theorem 	��� Since the function ��t� x
 is negative� 	�t� x
 is positive� More�
over limt�T�� 	�t� x
 � 
��
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We use below the following weight function�

��t� x
 � ��� ��

e�

�T � t
�

 �� � ����


To formulate our results� we need to introduce some nonstandard functional
spaces

F �Q� �
 � ff � �L��Q


n� � f� � �L��Q� �



n�

� f� � L���� T �W
�
� ��

 such that f � f� 
rf�g�

The norm in F �Q� �
 is de�ned by the relation

kfkF �Q��� � inf
f��rf�

f�f��rf�

�kf�k
�
�L��Q����n


 krf�k
�
�L��Q��n


����

We are looking for solutions of the controllability problem in the following
space�

Y �Q
 �
�
y � V ����Q
�Ly � F �Q� �
� e�

�

 �s�	y � V ����Q


�
with the norm

jjyjj�Y �Q� � jjLyjj�F �Q��� 
 ke
� �


 �s�	yk�V ����Q��

Remark ���� The space of solutions Y �Q
 depends� at least formally� on
the function �v� To construct a suitable Banach space of solutions of ����
�
���	
 independent of �v� we have to prove sharper estimates on the rate of
convergence of y�t� �
 to zero near t � T than those we obtain below� This
is probably possible�
We have�

Theorem ���� Let f � F �Q� �
� y� � V ���
� Then there exists a solution
of problem �
�	���
�
� �y� p� u
 � Y �Q

L���� T �W �

� ��


�L
��Q�

n which

satis�es the estimate

jj�y� p� u
jjY �Q�	L����T �W �
� ����	�L

��Q���n � C��jjy�jjV ����
jjf jjF �Q���
� ����


Proof� We �rst assume that f � L��Q� �
 and f j� � �� Let us consider the
extremal problem

Jk�y� u
 �
�

�

Z
Q


kjyj
� dxdt


�

�

Z
Q

mkjuj
�dxdt
 inf � ���"


Ly � u
rp
 f in Q� div y � �� y
��
�
� ��

y��� x
 � y��x
� y�T� x
 � ��
���#


where


k�t
 � e
���s�	�t��T�t��

���T�t��
k�� � mk�t� x
 �

�
e
��
��

�s�	�T�t��

�T�t��
k�� � x � ��

k� x � � n ��
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Obviously the functions 
k� mk are bounded in Q for every k � ��
By Proposition ��� and Lemma ���� there exists an admissible element

to the problem ���"
� ���#
� So it is easy to prove �see ����� ����
 that the
problem ���"
����#
 has a unique solution� which we denote by ��yk� �uk
 �
V ����Q

 �L��Q

n�
Thus� applying the Lagrange principle to problem ���"
 � ���#
 �see ����

�#�
� we obtain

L�yk � f 
rpk 
 �uk in Q�div �yk � �� �yk
��
�
� �� �yk�T� �
� �� �yk��� �
 � y��

�����

L�zk � rqk 
 
k�yk in Q� zk

��
�
� �� div zk � �� zk � �mk �uk in Q�

�����

where the operator L� de�ned in �	��"
 is formally conjugate to the operator
L�
Since the function 
k depends only on the variable t� by Lemma ��� 
k�yk �

L���� T �V ���

� So we can apply estimate �	�	�
 to equation �����
�Z
Q

�T � t
�e�s	jzkj
�dxdt
 kzk��� �
k

�
�L�����n

� C�



�Z

Q


�ke
�
�� �s�	j�ykj

�dxdt


Z
Q�

e
�
�� �s�	jzkj

�dxdt

�
A �

�����


We observe that j
k�t
e
�
�� �s�	�t�j � � for all �t� x
 � Q and jmk�t� x
e

�
�� �s�	�t�j �

� for all �t� x
 � Q�� Actually�

�
#�s���t
�T � t
�

���T � t 
 ��k
�


#

��
�s���t


� �
#

��

�s

��t

max
x��

�e
	
�k�k

C��� � e
	
��x�


�
�

�T � t
�
�

�

�T � t 
 ��k
�

�

 ��

where the function ��t
 is de�ned in ����"
� Keeping in mind these inequali�
ties and substituting zk by the right�hand side of �����

 in the last integral
of equality �����
 we haveZ

�

jzk��� x
j
�dx


Z
Q

jzkj
��T � t
�e�s	dxdt

� C��

Z
Q


kj�yk j
�dxdt


Z
Q�

mkj�ukj
�dxdt
�

����	


Taking the scalar product of ������
 with �yk in �L��Q

n and integrating
by parts with respect to t and x� bearing in mind �����
� after simpli�cations
we have

� � �L�zk �rqk � 
k�yk � �yk
�L��Q��n

� �

Z
Q


kj�yk j
�dxdt
 �zk� L�yk
�L��Q��n 
 �zk��� �
� �yk��� �

�L�����n

� �

Z
Q


kj�yk j
�dxdt�

Z
Q

mkj�ukj
�dxdt


Z
Q

�f� zk
dxdt
�zk��� �
� y�
�L�����n �
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Hence�

Jk��yk� �uk
 �
�

�

Z
Q

�

kj�ykj

� 
mk j�ukj
�
	
dxdt

�
�

�



�Z

Q

�f� zk
dxdt
 �zk��� �
� y�
�L�����n

�
A �

�����


Note that

j

Z
Q

�f� zk
dxdtj � C
kfk�L��Q����nk�T � t
e�s	��zkk�L��Q��n � �����


By ����	
� �����
� �����
� we obtain

Jk��yk� �uk
 � C��jjf jjF �Q��� 
 jjy�jj�L�����n

p
Jk��yk� �uk
�

Hence�
Jk��yk� �uk
 � C�

��jjf jj
�
F �Q��� 
 jjy�jj

�
�L�����n
� �����


By virtue of �����
�����
� we have a subsequence f��yk� �uk
g
�
k�� such that

��yk� �uk

 �y� u
 weakly in V ����Q

 �L��Q

n�

�uk 
 � in �L����� T 

 �� n �


n�Z
Q�

mkj�ukj
�dxdt


Z
Q


kj�yk j
�dxdt � C��

�����


By ����	
� �����
 it also follows from �����
 that

kmk�ukkV �������T���	�� � C���


for all � � ��� T 
� Hence� without loss of generality� we can assume

�uk�t� x

 u�t� x
 almost everywhere in Q�� ����"


Using �����
� we pass to the limit in �����
 to obtain that the pair �y� u
 is a
solution of problem ����
����	
� The relations �����
� �����
 and Lemma ���
imply the estimate

jj�y� p� u
jjV ����Q�	L����T �W �
� ����	�L

��Q���n

� C��jjy�jjV ���� 
 jjf jjF �Q���
�
����#


Furthermore� by �����
� ����"
 and Fatou�s theorem �see ��� p� 	���
� we
have�

k�y� u
k
�L��Q�e�

�
��

�s�	��n	�L��Q��e
�

�
��

�s�	��n
� C�� �����


Now� to prove ����
� we need only to estimate the norm of the function

e�
�

 �s�	y in the space V ����Q
� Let us make the change in ����
� Set $y �
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ye�
�


�s�	� $p � pe�

�


�s�	� g � �f � �

�
�s ��	
�t
y
e�

�


�s�	� $u � ue�

�


�s�	� $y� � y�e

� �


�s�	����

Note that by ����#
� �����


kgk�L��Q��n 
 k$uk�L��Q��n � C��ky�kV ���� 
 kfkF �Q���
� �����


We observe that the pair �$y� $p
 satis�es the equation

L$y � r$p
 g 
 ��$u in Q� �����


div $y � �� $yj�� � �� $y��� x
 � $y��x
� �����


Thus ����#
������
 and a priori estimate ����
 imply ����
�
Now let f � F �Q� �
 be an arbitrary function� Then there exist functions

f� � �L
��Q� �

n and f� � L���� T �W �

� ��

 such that f � f� 
rf�� Above
we proved that there exists a solution �y� p� u
 of the exact controllability
problem ����
����	
 with initial datum �y�� ��� ��
f�
 which satis�es esti�
mate ����
� Evidently �y� p
 f�� u
 ��f�
 is a solution of this problem for
the initial datum �y�� f
� tu
Note that the statement of Theorem ��	 follows from Theorem ��	�

�� Proof of the main theorem

Our next aim is to reduce the proof of Theorem ��� to the case of a linear
controllability problem� We are looking for a solution of problem ����
����	

of the form

v�t� x
 � �v�x
 
 y�t� x
� ����


The substitution of ����
 into equations ����
����	
 and subtraction from
them of the same equation for �v yields

N �y� q� u
 � �ty�t� x
��y
B��v� y

B�y� �v

B�y� y
�rq���u � � in ��
����


div y � �� ���	


y��� x
 � v��x
� �v�x
� ����


y�T� x
 � �� ����


We will solve the problem ����
�����
 with the help of the following variant
of the implicit function theorem �see ���
�

Theorem ���� �on a right inverse operator
� Suppose that X� Z are Banach
spaces and

A � X 
 Z

is a continuously di�erentiable map� We assume that for x� � X� z� � Z
the equality

A�x�
 � z� ����


holds and the derivative A
�x�
 � X 
 Z of the map A at x� is an epimor�
phism� Then there exists � � � such that for any z � Z which satis�es the
condition

kz � z�kZ 
 �
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there exists a solution x � X of the equation

A�x
 � z�

In our case the space

X � Y �Q

 L���� T �W �
� ��


 �L

��Q�


n ����


and
Z � F �Q� �

 V ���
� ���"


The operator A de�ned by formula

A�y� q� u
 � �N �y� q� u
� y��� �

� ���#


We have �

Lemma ���� Let �v � V ���

T
�W �

���


n� then A � C��X� Y 
�

Proof� It follows directly from the de�nitions of the spaces X�Z that the
operator

�y� q� u

 ��ty�t� x
��y 
 B��v� y
 
B�y� �v
� rq � ��u� y��� �

 � X 
 Z

is continuous and by virtue of linearity continuously di�erentiable� The
operator B is bilinear� So� to prove this theorem� it is su�cient to establish
the continuity of the bilinear operator

B � Y �Q

 Y �Q

 �L��Q� �

n�

where the function � is de�ned in ����
� Note that by ����
� �	�		
� ����


	�t� x
 � ��s���t� x
 � �t� x
 � Q� �����


Then �����
 and simple transformations give the estimate

kB�y�� y�
k
�
�L��Q����n

� C�

�X
i�j��

�

Z
QnQ�

jyij�jryj j�e�

�T � t
�
dxdt


Z
Q�

jyij
�jryjj

� dxdt


� C�

�X
i�j��

Z
Q

jyij
�jryj j

�

�T � t
�
e��s�	 dxdt

� C�ke
� 	


 �s�	y�k
�
V ����Q�ke

� 	

 �s�	y�k

�
V ����Q��

This inequality proves the theorem� tu

Proof of Theorem 	��� First� we apply the inverse operator theorem to
problem ����
�����
� Let A be de�ned by formulas ���#
� ����
� and the spaces
X�Z de�ned in ����
� ���"
� Set x� � ��� �� �
� z� � ��� �
� Then equation
����
 obviously holds� By Lemma ���� A � C��X�Z
 and by Theorem ��	�
ImA
��
 � Z� So all necessary conditions needed to apply the theorem on
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the inverse operator are ful�lled� Therefore there exists � � � such that for
any initial data ����
 satisfying the inequality

ky�k � �

problem ����
�����
 has a solution �y� p� u
 � X � Then the triple �y 
 �v� p

�p� u
 is a solution of problem ����
����	
� ����
� tu

Remark ���� If we assume that �v � �C��Q

n� supp �v �� ��� T � 
 � is
solution of the nonstationary Navier�Stokes system �

�t�v�t� x
���v�t� x
 
 ��v�r
 �v 
r�p � f�t� x
 in �� div �v � �

and interchange inequality ����
 on

k�v��� �
� v�kV ���� � �

the statement of Theorem ��� holds true� Some small changes have to be
done in the proof of Theorem 	���
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