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LINKS BETWEEN YOUNG MEASURES ASSOCIATED
TO CONSTRAINED SEQUENCES

ANCA-MARIA TOADER!

Abstract. We give necessary and sufficient conditions which characterize the Young measures
associated to two oscillating sequences of functions, u, on wi X ws and v, on ws satisfying the constraint

_ 1 3 i . . L . .
un(y) = o o Un(z,y)dz. Our study is motivated by nonlinear effects induced by homogenization.
Techniques based on equimeasurability and rearrangements are employed.
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1. INTRODUCTION

1
Given two sequences of functions, u, on wy Xw, and v, on ws such that the constraint v, (y) = ol / U (z,y)dz
w1 w1
holds, one wants to characterize the relationship between their associated Young measures.

Our main result (Th. 3.1) gives necessary and sufficient conditions for the above problem in terms of
distribution measures and decreasing rearrangements. It can be interpreted as follows: Young measures cap-
ture something of the oscillating behaviour of the sequence (u,) and the integration / un(z,y)dx destroyes

w1
part of the oscillations of u,,. We use Young measure techniques introduced by Ball, Tartar, Balder, Valadier.

Notions and results from Probability Theory are employed; particularly, the order relation < on the set of
positive measures due to Choquet and Loomis, and related results (see Cartier et al. [4] and Meyer [6]). The
corresponding preorder relation < on the set of nonnegative L' functions introduced by Hardy et al. is used,
as well as properties of doubly stochastic operators proved by Ryff.

Our study was motivated by more complex questions in relation with nonlocal effects induced by
homogenization.

Consider the degenerate elliptic equation studied by Amirat et al. in [1]:

a (an@,y)%i;(x,y)): F(.y) in 0, 1[x]0, 1]

un(0,4)= un(l,y) =0 on |0, 1].

(1.1)

By homogenization a nonlocal effect appears expressed in terms of a kernel. We introduce a parameter
(following an idea of Tartar [10]) by setting an(z,y) := a—(x,y)/(1 + vbn(z,y)) where 1/a, — 1/a_ for the
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weak * topology and b,, := a_/a, — 1. Then the above problem corresponds to the case v = 1. The solution
u,, writes in series of powers of v like uy, ~(z,y) = 0% (z,y) + vk (z,y)y + - +vE(z,y)7" + ... and the analysis
would be based on analyticity properties in the parameter «v. The kernel describing the nonlocal effect is the
weak limit of

) — bu(&,y) (. N — b (1
Knq(2,8,y) = T (b ) (/0 bn(x, y)dz — by( ,y)>. (1.2)

One would like to characterize the nature of kernels that may appear as weak limits of K,, 5 in (1.2), in order
to understand the constitutive laws of the homogenized materials. This is still an open problem.

We inscribe our contribution in the effort to characterize such kernels by solving the symplified problem
presented in the beginning.

In Section 2 we make a brief recall on notions to be employed: distribution measures, equimeasurability,
rearrangements, the relation <, Young measures.

Section 3 is dedicated to our main result: we state it and give its proof by making use of auxiliary results
contained in Section 4.

2. PRELIMINARY NOTIONS

To describe precisely the type of questions we are considering here, we begin by recalling a few facts about
distribution measures and equimeasurable functions. Let € be a bounded domain in R, denote by Ly the
Lebesgue measure on RY and by B(f2) the Borel o-field of Q. Let f :  — R, be a nonnegative, measurable
function; we represent by py its distribution measure defined by

u(B) == Ln(f~\(B)), ¥B € BRy).
We denote by f* the decreasing rearrangement of f given by:

f*(s) :==sup{t > 0: ps(Jt,00[) > s}

It is easily checked that f* is the unique (up to modifications on Lebesgue zero-measure sets) nonincreasing
function on [0, Ln(Q)[ such that f* and f have the same distribution measure py. Finally, we will say that
f,g > 0 are equimeasurable or, equivalently, that f is a rearrangement of g if they have the same distribution
measure. We will denote this equivalence relation by f ~ g.

Hardy et al. introduced (see [5]) the following preorder relation on the set of nonnegative functions in L (€2):
for f and g in LY(Q)

g<ﬁHAFMmﬁS/FU®W,

Q

for all convex, continuous functions F' : Ry — R. Observe that f < g and g < f is equivalent to f ~ g. We
recall from [5] the following property of the preorder relation between functions in L*°(2), in terms of decreasing
rearrangements

/g*(s)dsg/ f*(s)ds Vte[0,Ln(Q)],
0 0
LN ()

g < fiff (2.1)

Ln(Q)

/ g*(s)ds= / f*(s)ds.

0 0

Actually we shall only use functions which take values in a compact interval.
On the set of positive finite measures, the corresponding order relation was introduced by Choquet and, in

a different framework, by Loomis (see [4] and [6]).
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Definition 2.1. Two positive finite measures on ([a, 8], B([e, 8])), v and p, having the same total mass
(u((c, B)) = w([a, ) satisfy < v if and only if

/a " s(duz) < / Y s(ein(z).

for all continuous and convex functions ¢ : [a, 5] — R.

Remark 2.2. Given two positive functions such that g < f, their distribution measures py, and py satisfy
ttg < pg. Conversely, given two measures that satisfy ;1 < v, if g and f have the distribution measures ; and v
respectively, then g < f.

The “old” tool of Young measures has proven crucial for applications in asymptotic analysis. Young measures
techniques were developed by Tartar [9], Ball [3], Balder [2], Valadier [11], etc.

In the sequel we make a brief recall on Young measures following the notations and framework from [11].

We call Young measure any positive measure p on Q x S (S is a metrizable space) whose projection on 2 is
Ly. Let Y (2 x S) be the set of all Young measures on §2 x S.

We will not distinguish p from its disintegration (u.)zeco which is a measurable family of probabilities on S
such that for any ¢ : Q x S — R, p-integrable,

Yy = /Q /S 0 (2, €) dpa ()AL x (2).

QxS

For each measurable function a : 2 — S we associate a Young measure u,, with support in the graph of a,
defined by

() = [ ol Vo) = [ ol ae))da,
axs Q
for all positive Carathéodory integrands ¢ : Q x S — R.
On Y(Q2 x S) we consider the narrow topology, i.e., the weakest topology that makes continuous the maps

pe | ¢la Ndu(z, ),
QxS

for all bounded Carathéodory integrands ¢.

Remark 2.3. 1) The set of Young measures associated to a sequence of functions uniformly bounded
in L1(Q;R?) is relatively compact in Y(Q2 x R9).

2) If S is a metrizable compact space, then every set of Young measures associated to a sequence of measurable
functions a, : @ — S is relatively compact in V(2 x S).

Remark 2.4. 1) Given a uniformly bounded sequence (a,,) in L*(Q; R?), using Remark 2.3 1), we may assume
that, up to a subsequence of (a,), the sequence of their associated Young measures, narrow converges to some
p= (tz)zen € V(2 x Rd)'

2) For a sequence of functions a,, : § — S we say that p is the Young measure associated to the sequence
(ay), or, that (a,) gives rise to the Young measure p, if the Young measures associated to (a,) narrow converge
to u, i.e., for all bounded Carathéodory integrand ¢,

/Q 6@ an(@) do — [ élz,\) du(w, A).

QxS
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3. MAIN RESULT

Theorem 3.1 below was conjectured by Tartar in some discussions we had together, during his visits to
Lisbon, in December 1998.

Consider two domains w1 C RY and wy C RM and a compact interval [a, 8] in R. We may assume without
losing generality that |wi| = |wa| = 1.

Theorem 3.1. Given are the sequences u, : w1 X we — [a,f] and vy, : wy — [, 0] such that v,(y) =
fwl un(x,y)dx. Assume that the sequence (uy) gives rise to the Young measure v = (Vg y) (z,y)cw, xw, and that the
sequence (vy,) gives rise to the Young measure = (ly)yew,- One defines a function f : w1 X we x (0,1) — [a, ]
such that f(x,y,-) is nonincreasing and its distribution measure is vy 4, and similarly, a function g : wax(0,1) —
[a, 8] such that g(y,-) is nonincreasing and its distribution measure is pi,,. Then one has

/Ot gy, s)ds < /w1 /Ot f(z,y, s)dsdz, (3.1)

with equality for t = 1.

Conversely, if f and g satisfy the above inequality for all t € [0,1) and the corresponding equality for t =1,
then, denoting by vy, and p, the distribution measures of f(x,y, ) and g(y,-), respectively, there exists a
sequence U, : w1 X wa — [a, (] that gives rise to the Young measure v and the sequence defined by v, :=
J, un(z,y)dx gives rise to the Young measure fu.

The author presented a particular case of the above result (the Young measure v = (Vs y) (z,y)cw; xw, did not
depend on z: v, = vy) at the Equadiff99 conference held in Berlin.

Proof. For the direct implication let ¢ € [0, 1] arbitrarily fixed. Then by Lemma 4.5 there exists a subsequence

Un,, of v, and a sequence of characteristic functions x}, : wa — {0,1}, x} — ¢ such that

t
XiUn,, 4/ g(y, s)ds.
0

On the other hand, applying Lemma 4.5 with the corresponding subsequence (u,, ) and with the same number
t, we obtain that for any sequence of characteristic functions xy : wi X we — {0,1} such that xx — ¢, up to a
subsequence, we have that

t
weak h]ankunk §/ fx,y, s)ds, (3.2)
0

and in particular the above inequality holds for x}. Then

t
/ 9(y, s)ds = weak liinx}évnk = weak liinx}é/ Un,, (T, y)dx
0 w

1

t
= weak lim x}é(y)um(:ﬂ,y)dﬂsé/ /f(ﬂf,y,S)dsdr,
w1 0

w1

and the direct implication turns out, for ¢t € [0,1[. For ¢t =1, x} — 1 strongly and (3.2) holds with equality
which yields equality in (3.1).

Conversely, suppose that f and g satisfy (3.1) for ¢ € [0,1) and the corresponding equality for t = 1. We
construct a sequence u, giving rise to the Young measure v and such that the sequence v, := fwl Un(z,y)dx
gives rise to the Young measure p as follows: by property (2.1), (3.1) is equivalent to g(y,-) < fwl f(z,y,-)dx.
Applying Lemma 4.4 it turns out that there exists a positive measure 6 on [0, 1] x [0, 1] whose both projections
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are the Lebesgue measure and such that

gmwaféjm%mmww

Here 0; is the disintegration of § with respect to the Lebesgue measure. Define u : wy X wa X [0,1] x [0, 1] — [a, f]
by u(zx,y,s,t) = f(z,y, P¢(s)), where @, : [0,1] — [0, 1] has the distribution measure 6;. The existence of ¥, is
ensured by Remark 4.1. Then g writes

g(y,t):/Ol/wlf(:v,y,(bt(s))dmds:/ol/wl w(z,y, s, t)dzds. (3.3)

One takes u,(z,y) := u(x, y, [nz1], [ny1]) (here [z], with z € R, represents the fractional part of z and, by z1, we
represent the first component of ). By Riemann-Lebesgue theorem it turns out that u,, gives rise to the Young
measure v. By a similar argument, the sequence w,, defined by w,(y) := g(y, [ny1]) gives rise to the Young
measure 4. Having in mind the definition of the sequence v, (y) := fwl un(z,y)dz, it turns out that v, — w,
converges uniformly to 0, and since w, gives rise to the Young measure u, so does the sequence v,, and the
proof is complete. O

4. AUXILIARY RESULTS

Remark 4.1. Given a finite positive measure p on [«, 5], 1 : B([e, §]) — Ry, there exists a measurable function
f 110, u([er, B])] — e, B] that transports the Lebesgue measure on [0, u([cv, 8])] into w, i.e. p(B) = L1(f~1(B))
for all B in B([a, 8]). We can take for instance the nonincreasing function that is given by

f(@) == sup{t € [a, ] : p([t, B]) > x}-
The following two properties are to be used in the proof of Lemma 4.4.

Property 4.2. Consider a finite positive measure 6 on 2 x Q' with projo,0 = v. If the measure v is absolutely
continuous with respect to a positive measure 1, dv(y) = 7(y)dl(y) for a function 7 € L} ('), then 6 may be
disintegrated with respect to l according to the formula

df(z,y) = 6. (x)dl(y),

where 0} (x) = 7(y)0y(z) and (0,)yeqr is the disintegration of 0 with respect to v.

Let (©2,m) and (€', 1) be two measure spaces with the same total mass (m(Q2) = [(©') < +o00), m and I being
positive measures.

Property 4.3. If f : Q@ — R and g : ' — R are integrable functions such that f(x) < g(y) for all z € Q and
ye @, then [ flaydmiz) < [ gy
Q o

Lemma 4.4. Given two measurable functions v : Q — [a, 8] and v : Q' — [a, §] such that for all continuous
and convex functions ® : [, 0] — R, / O(v(y))dl(y) < / O (u(x))dm(z) holds. There exists then a positive
ol Q

measure 0, on QxQ', whose projections on Q and ' are m and 1, respectively, and such that [-almost everywhere
in Y

wmzﬁwmmux

where (0y)yeqr is the disintegration of 6 with respect to l.
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This result is a consequence of the results obtained by Ryfl'in [7] and [8] regarding equivalent characterizations,
in terms of doubly stochastic operators, for the preorder relation < between functions. Lemma 4.4 is also very
close to Cartier’s theorems stated in terms of dilatations (see Ths. 1 and 2 in [4] and Ths. 35 and 36 in [6],
p. 288). We shall give a direct (sketched) proof.

The proof is to be done in 3 steps.

Step 1.
Denote by © the set of positive measures 6 on  x €' such that the projections of 6 on Q and Q' are m and [,
respectively. © is a subset of the linear space of measures on Q x €. The set © is compact with respect to the
weak topology of measures.

Let us define for each 6 € © the function w(y) = [, u(z)df,(z) where (0,),cq is the disintegration of 6 with
respect to [. Note that the dependency of w on 6 is linear. Let us introduce the functional J : © — R,

J(0) = / (v w)di(y).

J depends on 6 through w, and, due to the lower semicontinuity of the norm in L?(Y), it turns
out that J is lower semicontinuous. Since © is compact, J attaines its minimum, s.e. there exists #° € ©
such that J(6°) = infgee J(0). Denote by wo(y) := [, u(x)d6°,(x) the function corresponding to §°. We shall
prove that wg = v.

Step 2.
69 has the following property: if A; and A are subsets of  such that

u(zy) < u(ze) for all 1 € Ay, 20 € Ag
and if B; and By are subsets of Q’ such that

v(y1) — wo(y1) < v(y2) —wo(y2) for all y; € By,y2 € Ba,

then, either §°(A; x By) = 0 or §%(Az x By) = 0. Otherwise, if 0°(A; x By) > 0 and §°(Ay x By) > 0 one can
increase 6° in the sets A; x By and Ay X By and decrease 6 in the sets A; x By and A, x By by maintaining the
same projections m and [ on © and €', respectively, and obtain a smaller value for J. Indeed, assuming that
6°(A; x By) > 0 and 6°(As x By) > 0 we can choose two measures on €2 x ', 82 and 6#?! such that suppf'? C
Ay X Ba, 012 < 0% |4, xB,, suppf?! C Ay x By, 0% < 0° |a,xp, and 0'2(A; x By) = 0?* (A3 x By) =+ > 0.

Denote 1 := projo0'? (suppus C A1), v2 := projog,0'? (suppre C Ba), pa := projo0?' (suppuz C Az),
vy = projo, 0% (suppr; C Bi). Note thalt 11 (A1) = va(B2) = pa(A4z) =11 (B1) =7.

Let us define 6! := %ul ® v, 022 = SH2 @ Vo and note that suppd'! C A; x By and suppf?2 C Ay x Bs.

Consider 6 := 69+t (911 — 012 — 92! 4 922). For t € [0, 1] the measure §' is positive since 2 < % and 02! <
69 on the disjoint sets A; x By and, respectively, A x By. Calculating the projection of 8% on  we have for every
A € B() that 0 (Ax Q) = O(Ax Q)+t (0" (Ax Q) —02(Ax Q) — 21 (Ax Q)+ 602 (Ax V)) =m(A)+
E (L (A () = 012(A x Bz) = 01 (A x Br) + Lpa(A)wa(@) ) = m(A)+¢ (L (A (Br) = pa(A) = pa(A)+
%/,LQ(A)VQ(BQ)) = m(A), that is proj,0" = m and by similar arguments we obtain also that projy 60 = .
Therefore ' € © for t € [0, 1].

Let us calculate J(6) in order to evaluate the derivative £.J(6") |;—o. Let us make first some remarks useful
to the computations. 62! < #° on Ay x B;, consequently, their projections satisfy v, < [ and therefore v;
is absolutely continuous with respect to I. According to Property 4.2 we can disintegrate 8'' and 62! with

respect to /. Similar arguments employed with the measure v permit us to conclude that 62 and 622 may be
disintegrated with respect to [. In the following, by (9;1), (9;2), (951) and (952), we denote the disintegrations
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with respect to [ of 811, 812, 62! and 6?2, respectively.

J(6) :/,(v(y) —/Qu(ac)d%(x))le(y)
= [ (v = wnt) ¢ ( [ o)}t - [ utwradipia)
- [war s [ u(x)dé§2<x>))2dz<y>.

Since in the above expression the integrand is a polynomial of degree 2 in ¢, we obtain that

EJ(% Ji=0 =2 / (@) —wo(y)) ( / u(w)db,’ (@) — Lu<x>d9é2<x>

- /Qu(:n)dé;l(x)Jr/Qu(:E)dG_;Q(:E)) dl(y)

= u(z)ov () — w26 512 (1
_2</ngl (x)dv(y)do™ (z,y) /QxQ/ (z)dv(y)d0*2 (z, y)
[ w@s e+ [ uwsie)).
QxQ/ QxQ

where dv(y) = v(y) — wo(y) and we had in mind the disintegration formulae for 1, 2, §2* and 6?? with
respect to [.

Let (A;') and (62') be the disintegrations of '' and 6! with respect to vy, which is the projection of both
on . Similarly, let (6,%) and (62%) be the disintegrations of '% and % with respect to 1. Then

GOV o =2 [ ovly) ( / 1 “ula)ds (@) = [ 2 u(w)cwil(w)) i (y)

v2 [ s (f i) - [ a)832(2) ) o).

Applying Property 4.3 in each point y € 31 With the function U on Ay and A, and the probability measures
%ul on A1 and 921 on Ag, we obtain that aly fAl > x)dp (z fA2 d021 (x) < 0. Similar arguments

lead to 8 f A, yu(@)dus(@) — [, u d912 (z) > 0. Wlth the above notations we have

d

EJ(W) li=0= 2 < . dv(y)a(y)dv(y) + 5v(y)ﬁ(y)va(y)> : (4.1)

B>

Note that the measures —a(y)dr; and B(y)dvs have the same mass. Indeed

f/ y)din (y // x)doZ (z)dvy (y // x)dp (z)dv (y)
B1 Bl AQ Bl Al

= [ @ity - [ u@at ) = [ u@dee - [ e
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and

| swanw = [ Zu@dum@ine) - [ u)is?)

A1><B2

:/A2 u(x)dug(x)—/ u(z)dp (z).

Ay

Now we can apply Property 4.3 with the function dv on B; and Bz, and with the measures —a(y)dvy on By
and [(y)dve on Bag, respectively, and from (4.1) we obtain that

d
EJ(Ht) |t=0< 0

which contradicts the fact that #° is a minimum for J.

Step 3.
Suppose that v(y) — wo(y) # 0 on a set of positive | measure. We show then that there exists a real number r
that satisfies:

/l(v(y) —r)4dl(y) > /Q(u(:n) —r)rdm(z),

which is in contradiction with the hypothesis since ®(A) := (A — )4 is a continuous convex function (by fy we
represent the positive part of the function f). The number r is constructed from the following considerations:

Define for all p € R the set Cp :={z € Q| u(x) > p} x {y € @ | v(y) —wo(y) < 0}. Note that if for some
p1 € R, 0°(C,,) = 0 then 6°(C,) = 0 for every p > pi, since C, C Cp,. Let po := inf{p € R | 6°(C,) = 0}.
Then 6°(Cp,) = 0 since Cp, may be written as Cp, := J,, Cp, for some sequence p,, \, py and having in mind
that 6°(Cp, ) = 0 for each n. For all p < pg, 0°(C,) > 0 and by Step 2 it turns out that 6°({z € Q | u(z) <
p} x{y € Q' | v(y) —wo(y) > 0}) = 0. Taking a sequence p,, /" py we get by employing the same arguments as
above, that 0°({z € Q | u(z) < po,v(y) — wo(y) > 0}) = 0.

Analogously, define for all ¢ € R the set Dy == {z € Q | u(z) < ¢} x {y € & | v(y) — wo(y) > 0}
and note that if for some ¢; € R, 0°(D,,) = 0, then 6°(D,) = 0 for every ¢ < ¢q; since D, C D,,. Let
qo :=sup{q € R | 6°(D,) = 0}. By similar arguments to the ones used above with C,,, 8°(D,,) = 0. Moreover,
using a sequence ¢, \, go we obtain also that 0°({z € Q | u(z) > g} x {y € @ | v(y) — wo(y) < 0}) = 0.

Note that pg < qo otherwise, consider s such that go < s < pg. Then 8°(C,) > 0 and 6°(D,) > 0 that is,
POz eQ|ulx)>stx{yeQ|v(ly) —wo(y) <0})>0and °({z € Q|u(z) <s}x{yeQ|vy)—wo(y) >
0}) > 0 which contradicts Step 2.

Consider now r = gy (any number between pg and gy may be taken). Let us evaluate

far - wnin@ = [ )= msdt’oi = [, 60 -0 @2

where for the last equality we had in mind the above deduced relation 0°({x € Q | u(z) > qo} x {y € ' |
v(y) —wo(y) < 0}) =0.

In order to evaluate [, (v(y) — qo)+dl(y) let us first make the following analysis:

In the set {y € @ | v(y) — wo(y) < 0}, since 0°(Cp,) = 0 ice. 0°({z € Q| u(z) >po} x {y € |v(y)
—wp(y) < 0}) = 0, and having in mind the definition wo := [, u(x)dd)(x), it turns out that wo(y) < po and
therefore v(y) < wo(y) < po < qo.

In the set {y € ' | v(y) — wo(y) = 0}, since °({z € Q | u(x) < po} x {y € & | v(y) = wo(y)}) =0
and 0°({z € Q | u(z) > qo} x {y € & | v(y) = wo(y)}) = 0 as subsets of {x € Q | u(z) < po} x {y € Q|
v(y) — wo(y) > 0} and respectively, {z € @ | u(z) > a0} x {y € ' | v(y) —wo(y) < 0}, we have that w € [po, go]
and in particular v(y) < go.
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In the set {y € ' | v(y) — wo(y) > 0}, since 6°(Dy,) = 0 we obtain that wo(y)

So the only points where (v — gg)+ does not vanish are {y € Q' | v(y) — wo(y)
v(y) > wo(y) = qo-

Now we can evaluate [, (v(y) — qo)+dl(y) as follows, where the first inequality occurs applying Property 4.3
with the functions v and wg on ' and with the same measure {:

qo and hence v(y) > qo.

>
> 0} and in this set we have

Lew—wraw= [ o) - > [ (o) — ao)el(y)

{ylv—wo>0}

- /{ R ( /Q u(x)ddd (z) — (Io> di(y)

- / (u(®) — g0)d6°(z, y) > / () - )df(zy). (43)
@x{ylv—wo>0} el

Then (4.2) and (4.3) yield the contradiction. O
The following lemma is the most important ingredient in the proof of Theorem 3.1. Tartar suggested the

statement below and the main idea of its proof as well.
The domain wsy in the sequel is as in Theorem 3.1.

Lemma 4.5. Given a sequence v, : wa — [, 3], assume that it gives rise to the Young measure ft = (py). One
defines a function g : we x (0,1) — [a, 8] such that g(y,-) is nonincreasing and its distribution measure is ji,.
Then, given 0 € [0, 1], for all sequences x, : wa — {0,1} such that x, — 6, up to a subsequence, we have that

0
weak lim x,,vr, S/ 9(y, s)ds. (4.4)
n 0

Moreover, there exists a sequence Xy, : wa — {0,1}, Xn — 0 such that, up to a subsequence
0
XnUn — / g(y, s)ds. (4.5)
0

Proof. Consider a real number 6 € [0, 1] arbitrarily fixed and consider a sequence of characteristic functions
Xn — 6. Denote by 7 the Young measure associated to the pair (vn,Xn). S0 T = (7y)yew, IS & measure
on [a, 3] x {0,1}, where 7, = 7} ® dy—0 + 7, ® dy=1. The projection of m, on {0,1} is (1 — #)do + 65, and
the projection of my on [a, 5] is p,. Therefore p, = 7@ + 7r§ and since 7T; and 7r§ are positive measures, it
5 is absolutely continuous with respect to u,. Then by Radon-Nikodym theorem we have that
dn2(v) = nydp,(v) where 7, is a positive function in L}Ly([a, B]) such that 0 < n, < 1 p,-almost everywhere
in [o, g].

The weak limit of x,, is 6 so ﬂ'i([a, B]) = 0. The weak limit of x,vy, is calculated as follows:

turns out that 7

0
XnUn — /dewy(x,v) = /X’Ud(ﬂ'; ®5x=0)+/XUd(7T§®5x=l) = /vdwi(v) :/ h(y, s)ds, (4.6)
0

where h : wa x (0,0) — [a, ] is a nonincreasing function whose distribution measure is 7. Consider h, for
instance, given by

h(y7s) = sup{x € [aaﬁ] : W;(]l’,ﬂ]) > S}'
Since for g one can take the following similar definition

9(y, ) == sup{x € [a, 8] : py (|, B]) > s},
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having in mind that 7r§ < py, one obtains that for all y € wa, h(y,s) < g(y, s), for £; almost every s €]0,0].
Thus f(;g h(y,s)ds < f(f g(y, s)ds and then (4.6) implies (4.4).

We prove in the sequel that the equality is reached, up to a subsequence, that is, there exists a sequence
Xk — 0 such that yivn, — foe g(y, s)ds, for a subsequence (vy, )i of (vy)n. Note that there exists ¢ € [, (] such
that py(le, 5]) < 6 < py([e, B]). Indeed, having in mind the definition of g, it is sufficient to take ¢ = g(y, 9).
Let us define

1, ifv>e,
ny(v) = e ifv= G,
0, ifv<e,

0 — 1y, A])
py({c})

following expression writes:

where v = if 1y ({c}) # 0 and v may be any number between 0 and 1 if p,({c}) = 0. Then the

[ en@iuy ) = /] ) + ey e

Denote by I the first term and by I1 the second term in the above sum. Let us calculate the £1-measure of the
set {s:g(y,s) > c}:

Li({s:9(y:s) >c})=/0 X{g<y,s>>c}(8)ds=/[ ; X{w>e (0)dpy (v) = py(Je, B])-

Since ¢(y, -) is nonincreasing it turns out that {s: g(y,s) > c} is the interval with extremities 0 and u,(]c, A]).
Hence for all s €]uy(Jc, £]), 6], we have that ¢g(y, s) = ¢ and then the first term I yields

Hy(]c,ﬁ])

1
I:‘/] 5 ’le,U'y(U)Z/ g(y,S)X{S:g(y,s)>C}(s)d5:/ g(y, s)ds.
S 0

0

If py({c}) # 0, the second term gives:
0 0
=0l =c[ as= [ gy
ty(le,B8) 1y (Je,B])

and consequently

0
I+II:/ g(y, s)ds.
0

If py({c}) =0 then py(Jc, 8]) = 6 = py([c, B]) and IT = 0 while

oy (1.68) 0
I:/ vduy(v):/ g(y,S)ds:/ 9(y, s)ds.
Jc.) 0 0

It remains now to show that there exists a sequence X, such that the pair (v,, Xn) gives rise to the Young
measure m, = 7@ ® do + 7r§ ® 01 with d’lTi = fydu, and dwi = (1 — 7y)dpy. This existence is ensured by the
following lemma applied with K = {0, 1}. O

Let © be a bounded open set in RV.

Lemma 4.6. Given v, a sequence vy : @ — [a, ] giving rise to the Young measure p and given a family of
probability measures (T ) (z,v)e0x[a,8 With support in K (K is a bounded subset of RP ), there erists a sequence
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(Xn)s Xn : Q — K such that for all continuous functions F : [, 3] x K — R we have, up to a subsequence:

F(vn, xn) — _ F(v,u)dmy . (u)dps (v),
[a,B]x K

that is the sequence (vn, Xn) gives rise to the Young measure 7.
The above result generalizes Theorem 5 in [9] (p. 147), and the proof uses analogous arguments.

Proof. Consider the following two sets:

M, ={m measure on Q x [a, 8] x K such that it is a narrow limit of Young measures

associated to (vn, x) where x :  — K is some measurable function}

and
My = {7 measure on  x [a, ] x K, 7 > 0,suppr C Q x [a, 8] x K, PIOjox[a,8™ = whe
We prove that equality M, = = M holds.
First step. We prove that M is convex.

Consider 7, 79, ..., mg € My. Then each 7; is the narrow limit of Young measures associated to pairs (v, x;)
that is, for all bounded Carathéodory integrands ¢,

/ oz, v, N)dmi(v, ) = lim ¢, v (), xi(2))-
[Oé,,B]XK m

We shall show that 7 := 2321 m;0; belongs to M, where 6; are real nonnegative numbers such that 2321 0;
= 1. By Theorem 3 in [9], there exist the following sequences of characteristic functions ;. : @ — {0,1}
such that Y7, ¢;n = 1 and ¢, — 6;. Consider x, := Y i ¢¥in(x)xi(z). Then ¢(z,vm(z), xn(x)) =

1, d(x,vm(x), xi(2))in(z) and passing to the limit first in m and then in n, one obtains that, for all
bounded Carathéodory integrands ¢,

n m

lim im (2, v (), X (2)) = /[ ECICROP VLR

and consequently m € M. .

Second step. We prove that conv(M;) = Mz. We know that in order to find the closed convex hull of M;
we need only to consider the affine continuous functions which are positive on M7 (by Hahn-Banach theorem).
But an affine continuous function on the space of measures on 2 x [a, §] x K has the following form

m — (m, Pg(z,v,\)) + 0
where ®( is continuous bounded and § € R. Such affine continuous function is positive on M if

<7T,(I)0(£L',’U,>\)> + 0 Z 0

for all m € M;. This is equivalent to

nngn/ o, vm (2), X (2))dz + 5 > 0 (@7)
Q
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for all x : @ — K. Define Wo(z,v) := inf, z{®o(7,v,\)}. Then ¥y is continuous bounded and therefore (4.7)
is equivalent to

hm/ Uo(z, v (x))dz + 6 > 0.
moJQ
Let ®g(x,v, ) = ¥o(x,v) + xo(x,v, A), with xo(x,v,A) > 0. So, we have that

conv(M 1) ={m measure that satisfies (r, Do) +§ > 0 for all ®; and J satisfyin
(M) ={ ying
Dy = Uy + xo, for some function xo > 0, and (¥g, u) + >0} -

Now it remains to prove that the above conditions characterize Ms.
1) Take ¥y =0 and § = 0. Then (7, xo) > 0 for all xo > 0. Therefore 7 > 0.
2) If xo = 0 in Q x [, 8] x K then xo > 0 and —xo > 0. Then (m, xo) > 0 and {(m, —xo) > 0 and hence
(m,x0) = 0, therefore suppm C Q x [, 8] x K.
3) Consider § = —(¥q, p) and xo = 0. Then (7, ¥g) + & > 0 for all continuous bounded function ¥y such
that 6 = —(¥o, u). So, (m, ¥o) > (1, ¥o). On the other hand (m, —¥y) — 6 > 0. Then (7, ¥g) > (i, ¥y).
Hence (7, ®9) = (i, Yo), and consequently projo(q, g7 = p-

From 1), 2) and 3) above it turns out that conv(M;) C Ma.

Conversely, let us prove that My C conv(M;). Consider 1 € M. Then (m, ®¢) + § > 0 since (m, ®g) =
(m,x0) + {7, Wo), (7, x0) > 0 and (m, ¥o) = (u, ¥o) > 0. Hence 7 € conv(M).

Thus we obtain the existence of a sequence Y, : {2 — K that satisfies

weak lim weak lim ¢(x, v, (x), Xm(2)) :/ oz, v, Ndm, (v, A),

for all bounded Carathéodory integrands ¢. One can extract then a diagonal subsequence ny such that:

weak lim ¢(x, vn, (), Xn, (z)) :/ oz, v, N)dry (v, N).
k [a,8]xK

O
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