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TOPOLOGICAL SENSITIVITY ANALYSIS
FOR TIME-DEPENDENT PROBLEMS

SAMUEL AMSTUTZ!, TAKEO TAKAHASHI? AND BORIS VEXLER?

Abstract. The topological sensitivity analysis consists in studying the behavior of a given shape
functional when the topology of the domain is perturbed, typically by the nucleation of a small hole.
This notion forms the basic ingredient of different topology optimization/reconstruction algorithms.
From the theoretical viewpoint, the expression of the topological sensitivity is well-established in many
situations where the governing p.d.e. system is of elliptic type. This paper focuses on the derivation of
such formulas for parabolic and hyperbolic problems. Different kinds of cost functionals are considered.
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INTRODUCTION

Consider a domain Q C R d = 2 or 3, and the solution uq of a system of partial differential equations
defined in 2. The topological sensitivity analysis aims at studying the asymptotic behavior of some shape
functional of interest j(2) = Jq(uq) with respect to an infinitesimal perturbation of the topology of €. This
concept was introduced in the field of shape optimization by Schumacher et al. [14,15,24] and was for the first
time mathematically justified in [16,25]. In these papers, the creation of holes inside the domain is considered.
Given a point g € 2, a domain w C R containing the origin and a small perforation w. = x¢ + cw, an
asymptotic expansion for € going to zero is obtained in the form:

JQN\©2) = 5(Q) = f(e)g(wo) + o(f(e))- (0.1)

In this expression, the function ¢ € RT — f(g) € R is smooth and goes to zero with e. The number g(x¢) is
commonly called topological gradient, or topological derivative, at the point xy. It gives an indication on the
sensitivity of the cost functional with respect to the nucleation of a small hole around zp. The map = — g(x)
forms the basis of different kinds of topology optimization algorithms. They mainly rely on the following
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principles. For certain problems, the interpretation in one iteration of some special features of this map, such
as peaks, can provide a sufficient information (see e.g. [7,9,10,18]). In an iterative procedure, the topological
gradient can serve as a descent direction for removing matter (see e.g. [16,17,22]). It can also be utilized within
a level-set-based algorithm (see e.g. [1,6,11]).

From the theoretical point of view, most efforts for deriving the expansion (0.1) have been so far focused
on problems associated with state equations of elliptic type, for which several generalizations of the above
notion have been proposed (e.g. creation of a crack [8], exterior topological derivative [20]). To the best of
our knowledge, [9] is the only publication where this issue is addressed for a time-dependent problem. But
the proof presented there is merely formal. For instance, convergence theorems for integrals of multivariate
functions are used without any checking of their applicability. In addition, a restricted class of cost functional
is considered. In another context but still related, one should mention the paper [3], which belongs to a series
of works dedicated to the reconstruction of inhomogeneities from boundary measurements (see e.g. [2,4] and
the references therein). In these works, asymptotic expansions of the state variable ug at the location of the
measurements or its integrals against special test functions are derived. Then techniques borrowed from signal
processing are used to recover some features of the unknown inclusions. In the frame of topology optimization,
one would like to be able to deal with general cost functionals, which makes the analysis quite different. In
particular, an adjoint method is generally appreciated for computational convenience.

The present paper investigates the topological sensitivity analysis of shape functionals for governing PDEs
of parabolic and hyperbolic types. For simplicity, the mathematical developments are presented for model
problems. The following heat and wave equations for an inclusion are considered:

OPu,
ot

Pe — div(a:AVu,) = F., p=1,2.

The coefficients p. and a. are positive and piecewise constant, with values inside the inclusion w. different
from those of the background medium. The right hand side F. should be smooth in w. and its complementary,
A denotes some symmetric positive definite matrix. Dirichlet boundary conditions on the external border of
and null initial conditions are prescribed. For these problems, a large class of cost functionals is treated. The
calculus of their sensitivity is performed by means of an adjoint state method, which, in addition to the practical
interest, enables to write the expansion (0.1) in a unified form. This setting allows for some straightforward
generalizations. First, the same results hold for other kinds of linear boundary conditions on 9 (e.g. of
Neumann or Robin type), since they play no role in the analysis except that of guaranteeing well-posedness
and regularity properties. Second, the formulas corresponding to a vector-valued state variable can be easily
inferred, provided that the expression of the first order polarization tensor (also called Pélya-Szego polarization
tensor, or virtual mass) is known. This notion is however well-documented (see e.g. [2,4]). Third, the case
where w;. is a hole with Neumann boundary condition can be obtained by taking in the final formulas p. and a.
to be zero inside w, and the associated polarization tensor. This statement is proved in [5] for elliptic problems.
Here, the proof, which is very similar, is omitted. We also point out that the interest of our result has already
been illustrated by promising numerical experiments [7,9]. Those concern nondestructive testing in elastic media
with acoustic waves and a least-square-type cost function. In [7], the expression of the topological gradient in
the time domain was formally deduced from the harmonic case through the Fourier transform. This formula,
identical to that found in [9], is retrieved as a particular case.

The rest of this article is organized as follows. In Section 1, we recall an abstract result which provides in
a general setting the structure of the topological asymptotic expansion. In Sections 2, 3 and 4, we present our
main result for the heat equation. Some examples of cost functionals are exhibited in Section 5. Sections 6
through 12 contain the proofs. Sections 13 through 17 are devoted to the wave equation, following the same
outline.
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1. A PRELIMINARY RESULT

Let X and Xy C X be two Banach spaces. For all parameter ¢ € [0,¢), €9 > 0, we consider a function
us € Xo solving a variational problem of the form

A (ue,v) = L.(v) YweX (1.1)

where A. : X x X — R, and L. : X — R are a bilinear form on X and a linear functional on X, respectively.
We also consider a functional J; : Xy — R and the associated reduced cost functional

je) = J:(ue) € R.
Suppose also that there exists a function f: R — R such that

lim f(£) = 0, (1.2)

e—0
and such that the following holds.
(1) There exist DJ-(uo) € X and 6J € R such that
js(us) = jO(UO) + <D\75(U0); Ue — u0>X6,X0 + f(E)(Sj + O(f(E)), (13)

when e goes to zero. Here X, denotes the dual space of Xy and (., '>X6,Xo is the corresponding duality
pairing. The notation DJ.(ug) has been used for the reader’s convenience since in most applications,
it coincides with the Fréchet derivative of 7. evaluated at ug.

(2) There exists v. € X solving the adjoint equation
Ac(p,ve) = —(DI:(w0), ©) x5,x0 Vo € Xo. (1.4)
(3) There exist 6.4, 6£ € R such that for & going to zero,
(As — Ao)(uo, v:) = f(£)0A + o(f(e)), (1.5)
(Le = Lo)(ve) = f(e)OL + o(f(e)). (1.6)

Proposition 1.1. Under the above assumptions, we have the following asymptotic expansion for ¢ tending to
Zero:

j(e) = j(0) = f(e) (JA — 6L+ 6T) + o(f(€)). (1.7)
For the proof, see [5].

Part 1. Topological sensitivity analysis for parabolic problems
2. SETTING OF THE PROBLEM

Let © be a bounded domain of R?, d = 2 or 3, with smooth (C*°) boundary 9Q. We consider a small
subdomain w. = xo + ew, where zo € Q and w C R? is a bounded domain containing the origin with smooth
and connected boundary Jw.

Let A be a symmetric positive definite matrix and let ag, a1, pg, p1 be some positive real numbers. For every
parameter € € [0, &), €9 small enough, we define the piecewise constant coefficients

_J on inw. [ p inwe
Qe = ap in Q\w; ’ Pe = po nQ\wz
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Given Fy, Fy € L?(0,T; H=(Q)), we also define the function

[ Fi inw: x (0,7),
T Fy in (Q\wg) x (0,7).

We consider the following heat equation:

Oue
pea—ti —div(aeAVu.) = F.  in Qx (0,7T),

us =0 on 002 x (0,7,
ue(-,0) =0 in Q.

The corresponding variational formulation for
X = L*(0,T; Hy(2)) N H'(0, T H(2)),

ue € Xo ={u € X,u(.,0) =0}
can be written as:

T ou T T
/ <pe—€,v> dt+/ ae(ug,v)dt:/ le(v)dt Yo e X.
0 ot H-1(Q),H}(Q) 0 0

Here, the bilinear form a. and the linear functional ¢, are defined by:
ac(u,v) = / a:AVu - Vo de,
Q

EE(U)z/FEde.
Q

Equation (2.2) can be identified with the generic form (1.1) by setting

T
Ac(u,v) :/ <p5@,v> +ac(u,v) | dt,
0 ot H=1(Q),H}(Q)

Lo(v) = /O )t

To apply the result of Section 1, we deal with a cost function of the form

](5) = je(ue) = /0 Jg(us)dt

where the functional J. : H} () — R satisfies the following assumptions:

J-(u) € LY0,T) Yu€ X, Ve €[0,e),

T
Je(ue) = Je(uo) +/ (DJe(uo), ue — o) -1 (0,3 (o) dt + e + o(e?),
0

‘75(’&0) = jo(’do) + Ed5j2 + O(Ed),
1D Je(uo) = DJo(uo) | L20.7:1-1 () = 0(e?),

(2.6)

(2.7)

(2.8)
(2.9)

with DJ.(ug(t)) € H=1(Q) for almost all ¢ € (0,7"). These assumptions will be checked for some typical cost

functionals in Section 5.
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Remarks 2.1.

(1) Like in Section 1, we use the notation DJ.(uo(-,t)) since in most applications, it coincides with the
Fréchet derivative of J. evaluated at ug(-,t).

(2) For simplicity, we do not consider the case where the cost functional .J. depends explicitly on time.
However, all the analysis could be easily adapted to this case.

We introduce the adjoint state v. € X defined by (1.4), i.e.,

T 9y T T
/ <p5—,v€> dt +/ ac(p,ve) dt = 7/ DJ.(ug)pdt Vo € Xo. (2.10)
0 ot H=1(9),H} (Q) 0 0

The strong formulation of the PDE associated with (2.10) reads

—ps% —div (OLEAV’UE) = *DJE(UO) in O x (OaT)v
ve =0 on 90 x (0,7, (2.11)
ve(-,T) =0 in Q.

3. REGULARITY ASSUMPTIONS

To enable the analysis, we make additional regularity assumptions, namely: there exist two neighborhoods Qg
and Q7 of xp such that

Fo € L*(0,T; H*(Qp)) N H(0, T; L*(r)), (3.1)
Fy € L*(0,T; Wh>=(QF)), (3.2)
DJo(ug) € L*(0,T; H*(Q2;)) N H*(0,T; L*(2y)). (3.3)

The condition (3.3) will be checked for the examples of cost functional presented in Section 5. The condi-
tions (3.1) and (3.2) are assumed throughout all this part of the paper. Then we get the following regularity
on the direct and adjoint solutions. The proof is given in Section 6.

Proposition 3.1. Assume that ug and vg solve (2.1) and (2.11), respectively, for € = 0 and that the regularity
assumptions (3.1), (3.3) hold. Then for all subdomains Qp CC Qp, Q; CC Q;, we have

ug € L*(0,T, HS(Qp)) N H3(0,T; L*(Qr)), (3.4)

vo € L2(0,T, H5(Q,)) N H3(0,T; L*(2)). (3.5)

For the sake of readability, we fix some subdomain 0 containing xo and such that QccQ P, Qcc Q 7, and we
remember in the sequel that

Fy, Fy € L0, T; W (Q)), (3.6)

w, v € L2(0, T, H5(Q)) N H?(0, T; L*(2)). (3.7)
In particular, by interpolation (see [19], Chap. 4, Prop. 2.3), it follows

up,vo € HY(0,T, H()).

The domains Qp, 27, 0 r and ﬁ] will only be distinguished when studying special cost functionals.
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4. MAIN RESULT

In order to state the main result, we first introduce the polarization matrix P, , € R¥™4 r € R*. It is
defined as follows:

(1) if r =1, then P, 1 = 0;
(2) otherwise, it has the entries

(P ,r)ig :/ pjz;ds (4.1)
ow

where x; is the 4 coordinate of the point 2 and the density p; associated with the i*" basis vector e;
of R? is the unique solution of the boundary integral equation

r+ 1 pi(x)

r—1 2 + /&u pi(y)AVE(z — y).n(z)ds(y) = Ae;.n(x) Vo € Ow. (4.2)

Here, E denotes the fundamental solution of the operator u — — div (AVu). We recall that the matrix P, , is
symmetric (see, e.g., [4]).

To apply the abstract result of Section 1, we first provide the following lemmas, which will be proved in
Sections 7 through 11.

Lemma 4.1. Assume that the bilinear form ae is defined by (2.3), that ug and ve solve (2.1) and (2.11),
respectively, that we have the regularity assumptions (3.1)—(3.3) and that (2.9) holds true. Then

T
/ (ae — ag)(ug,ve) dt = e da + o(e?), (4.3)
0
with
T
da = (67} / VUO(xo, t) . /Pwyﬂvvo(.ﬁo, t) dt.
0 @0

Lemma 4.2. Assume that ug and v. solve (2.1) and (2.11), respectively, that we have the regularity assump-
tions (3.1)~(3.3) and that (2.9) holds true. Then

T 8u0 d d
(pe — po)—, ve dt =€ dp+ o(e?), (4.4)
0 ot H-1(9), HY ()
with
T
ou
o= (o1 = pollel [ 52 (a0st) wolan. ).
0

Lemma 4.3. Assume that the linear functional £ is defined by (2.4) and that ug and ve solve (2.1) and (2.11),
respectively, that we have the regularity assumptions (3.1)~(3.3) and that (2.9) holds true. Then

/T (b — o) (ve) dt = €2 60 + o(e?), (4.5)
0

with
T
o = |w|/ (Fl(xo,t) — Fo(l'o,t)) ’Uo(l‘o,t) dt.
0

We are now in position to state the main result of this part.
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Theorem 4.1. Assume that the cost functional J satisfies (2.5)—(2.9). Suppose moreover that ug and vy
solve (2.1) and (2.11), respectively, for € = 0 and that the regularity assumptions (3.1)~(3.3) hold. Then we
have the following asymptotic expansion:

Ta T
) - i) =& [(m ~pollel [ R Ge0st) wnlan, 1)t +a0 | Voo, 0)- Py Veolan, 0
0 0 0
T
fIwI/ (Fi(zo,t) — Fy(z0,t)) vo(0,t) dt + 6Ty + 6T | +o(e?).  (4.6)
0

This theorem is a direct consequence of Proposition 1.1 combined with the above lemmas and the definitions

0A=0p+da, 0L=0L, 0T =0J1 + 0T,

T
(DI (o), ¥) x4.x0 :/O (DJe(uo(+1)), (1) -1 (), 12 () At

Remarks 4.1.

(1) The polarization matrix can be determined analytically in some cases. For instance, we have for the
Laplace operator (A is the identity matrix) and w = B(0, 1):

-1
Por = 2|w|:Jr 1 I, in 2D (disc),
Por = 3|w|r —! I in 3D (sphere)
w,r — r42 3 p )

where I, I3 denote the identity matrices in dimensions 2 and 3, respectively. For more details on
polarization matrices see, e.g., [2,4,5,21,23] and the references therein.

(2) Theorem 4.1 can be extended to some other situations. First, on the external boundary 92, we can
replace the Dirichlet condition by any kind of linear boundary condition guaranteeing well-posedness
of the direct and adjoint PDEs, like the Neumann or the Robin boundary condition. Second, the proof
can be easily adapted to other parabolic equations or systems like for instance the Stokes system.

(3) Theorem 4.1 remains valid in the case of a hole with Neumann condition on its boundary. The cor-
responding topological asymptotic expansion is given by (4.6) with p; = 0, oy = 0, F; = 0 and the
polarization matrix computed by solving (4.2) for r = 0 (see, e.g., [4,5] for more details).

In the next section we present some examples of cost functional J satisfying the assumptions of the theorem.

5. EXAMPLES OF COST FUNCTIONAL

The proofs of the following results are given in Section 12.

Theorem 5.1. Assume that J. € C2(L?(2),R) (in the sense of Fréchet) and satisfies, for all M >0,

SUP<M||D2JE(’U)||B(L2(Q)) <C(M), (5.1)

H'U”L2(Q)_
with a positive constant C(M) which does not depend on ¢ and with B(L*(Q2)) denoting the space of bilinear
forms on L%(9).

Then J. is well-defined on X and fulfills (2.7) with §J1 = 0.
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Corollary 5.1. The asymptotic expansion (4.6) holds true for the following cost functionals with the values of
0J1 and 6y given below.

(1) For the functional
J.(u) :/ i — ugl? do (5.2)
Q

with ug € L*(Q)NH*(B(xo, R)), R > 0, we have §J; = 0 and 6J> = 0. Note that the creation of a hole
with Neumann condition on its boundary cannot be considered for this functional, cf. Remark 4.1 (3).
(2) For the functional

Je(u) = / aelu — ugl? dz (5.3)
Q
with ug € L*(Q) N HY(B(zo, R)), R > 0, we have §J1 =0 and

T
0J2 = (aq — a0)|w|/ |uo(zo,t) — ud(m0)|2 dt.
0

We end this section by giving two other examples of cost functional which are not included in the setting of
Theorem 5.1.

Proposition 5.1. The asymptotic expansion (4.6) holds true for the following cost functionals.
(1) For the functional

Jo(u) = An(x)AV(u —uq).V(u—uq) dz (5.4)

where ug € L(0,T; H'(2)) and 7 is a smooth (C*) function whose support does not contain zg, we
have 671 = 0 and 67> = 0.

(2) If we replace in (2.1) the Dirichlet boundary condition on 92 by the Neumann boundary condition (for
instance), then it makes sense to consider the functional

T (u) = /OT /asz i — ual? ds dt (5.5)

where uy € L%(0,T; L?(09)). We have §7; = 0 and §J2 = 0.
The subsequent sections are devoted to the proofs of the results previously stated.
6. REGULARITY RESULTS

Proposition 3.1 is a straightforward application of the following lemma.

Lemma 6.1. Let Q CC Q, k be a positive integer, f € L2(0,T; H-1(Q))NL2(0,T; H*(Q)) N H*/2(0,T; L%(Q)),
g € L*(0,T; H/2(99)) and z be the solution of the system:

0z

Pogy div (g AVz) = f in Q2 x(0,T),
z=g¢g ondQx(0,T), (6.1)
z(,0)=0 in .
Then, for all subdomain Q2 CC f~2, we have
z e L20,T; H*2(Qy)) 0 H*2710,T; L2 (Q)). (6.2)

The same result holds if the Dirichlet boundary condition on 02 is replaced by a Neumann or Robin condition
of the form 22 + Xz = g, A€ R, g € L*(0,T; H~/2(09)).
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Proof. The difficulty comes from the fact that the so-called compatibility relations required to apply the standard
parabolic regularity theorems are not satisfied here. We will construct auxiliary functions for which those
relations hold. Our proof follows a bootstrapping argument.

(1)

We introduce a domain g such that €, CC Q¢ CC Q. Let 1o be a smooth function with

o =01in Q\ Q
no = 1 in Q.
We consider the function
20 = Toz-
It solves:
poaa— —div (g AVzy) = in Q x (0,7,
2g = 0 on 990 x (0,7T), (6.3)
z0(+,0) =0  in
with

fo=mnof —200AV19.Vz — nodiv(ag AVno)z. (6.4)

We are guaranteed the minimal regularity z € L2(0,T; H'(Q2)), from which we deduce that f, €
L?(0,T; L?(Q2)). Using [19], Chapter 4, Theorem 1.1, we derive that 2z € L?(0; T, H*(Q))NH' (0, T; L*(Q2)),
and consequently that

z € L*0,T; H*(Q0)) N H(0,T; L*(Q)).
Assume that, given an integer p € {0, ...,k — 1}, there exists a domain Q,, with Q; CC Q, CC fNZ, such
that
z € L*(0,T; HP*2(Q,)) N HP/**1(0,T; L*(9,)). (6.5)

If p+1 < k, we define a domain €2, such that Q CC Q,11 CC Q,. We introduce a smooth function
Np+1 satisfying

Np+1 =0 in Q\Q_pa

Mp+1 =110 Qppq,

and we define the function

Zp+1 = Tp+1%-

It solves
po% —div(agAVzpy1) = fpr1  in Q x (0,7,
Zpt1 =0 on 90 x (0,T), (6.6)
Zp41(-,0) =0 in Q,
with
Jpt1 = pt1f — 200AVNp41.V2 — pp1div(cg AVip41) 2. (6.7)
1

Using [19], Chapter 4, Proposition 2.3, we obtain that f,,1 € L2(0,T; HP+1(Q,))NH®+Y/2(0, T; L*(Q,)).
It follows (see [19], Chap. 4, Th. 5.3) that z,; € LQ(O,T;HP+3(QP))QH(P+')/2(O T;L?(9,)), and thus
that

2 € L0, T3 HP*3(Qy11)) 1 HIF/2(0,T5 10y 41).

Hence the relation (6.5) holds true at rank p + 1. The relation (6.2) is obtained by repeating this
procedure up to the rank p+ 1 = k. O
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7. AUXILIARY RESULTS ON ELLIPTIC PROBLEMS

We start by introducing a vector field H = (Hy, ..., Hy) " where the components H; are given as the solutions
of the system:

div (AVH;) = 0 in w,
div (AVH;) = 0 in R4\ @,
Hf -H = 0 on dw, (7.1)
o1 (AVH; -n)" —ag(AVH; -n)” = (a1 —ap)(An); on dw,
H, — 0 at oo.
In the above equations, n = (n1,...,n4)' denotes the outer unit normal of w and the superscripts + and —

indicate the traces of the restriction to w and to R%\ @, respectively.
The solution H; can be expressed by means of a single layer potential (see, e.g., [4,13]), namely, there exists
p; € H™'/2(0w) such that

| st =0, (72)
@) = [ pwBe - s, (73)
for all 2 € R%. To determine the density p;, we use the well-known formula (see, e.g., [4,13]):
+_ . pi=)
(AVH;(z) - n(2))™ = £ ==+ ) pi()(AVE(z — y) - n(z)) ds(y). (7.4)

Substituting these expressions into the fourth equation of (7.1) leads to the integral equation

pi(®)

(a1 + o) + (o1 — aO)/a pi(y)(AVH;(z) - n(x)) ds(y) = (a1 — ap)(An(z)); Vz € dw.

When a; # ap, the above equation is equivalent to (4.2) with r = Z—[l) When o = ag, we get p; = 0 and

H; = 0. In particular, the following lemma holds with the convention P, ; = 0.

Lemma 7.1. Let H = (Hy,...,Hy)" be the vector field defined as above and k € R?. Then we have
(o1 — ) /&U(AV(H k) -n)Tyds(y) = fozopw,%k + (a1 — ap)|w| Ak. (7.5)
Proof. Let I = (Iy,...,1;)T be the vector defined by
I :/a (AV(H - k) -n)tyds(y).
Then for each j € {1,...,d}, we have that

L=k [ (AVH )y dsty). (7.6)

Besides, from (7.4), we have the jump relation
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Combining (7.7) with the third equation of (7.1) brings
(Oéo - Oél)(AVHi : n)+ = oop; — (Oél - Oéo)(An)i.

Equation (7.6) together with the above equality yield

(o= a0ty = Y =0 [ pydsto) + (o =) | (A st

An integration by parts provides
|| (amy ) = ol
Gathering (7.9), (4.1) and (7.8) completes the proof.
For all ¢ € [0,&0) and for all x € R%, we define the vector field h. as

hgx):gf{(w_xo).

9

Then, we have the following properties. We refer to [5] for the proof.

437

Lemma 7.2. Let h. be the vector field defined as above and R be a positive number. Then, for € going to zero,

the following relations hold:

lhell2@) = o(e?),
IVhelr2@) = O(E?),

d

IVhell 2\ Baomy = O

8. ASYMPTOTIC BEHAVIOR OF THE DIRECT AND ADJOINT STATES

We introduce the function

o~

he(z,t) = —he(z) - Vug(zo,t) V(z,t) € RY x (0,T).

This function fulfills the following equations for all ¢ € (0,7):

div (AVh.(-,1)) =0 in w.,
div (AVh.(-,t)) =0 in (RY\ @),
hg_('vt) =ho(-t) on Jwe,
+ ~ —
o1 (AVhE( ,1) n) — Qg (AV (1) n) = —(a1 — ag) (AVyy(xo,t) - n) on Jwe,
he(-t) — 0 at co.

Furthermore, let us consider the function e. such that

Ve = 1 +ﬁ€+e€.

(7.10)
(7.11)
(7.12)

(8.1)

(8.2)

(8.3)

With the above notations, we have the following estimate whose proof is presented at the end of this section.

Lemma 8.1. The function e. defined as above satisfies

lleclloe 0.2 (0)) + lleell 20,1501 () = o(e¥/?).

(8.4)
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As a consequence of the above lemma and of Lemma 7.2 we have the following result.

Lemma 8.2. Let v. and vy be defined by (2.10). Consider a positive number R. Then, we have the following
relations

[ve = vollL=o.mr2y = o(e¥?), (8.5)
lve —vollL2(0,msm1 () = 0(e%?),
||V(’UE - UO)||L2(0,T;L2(Q\B(az07R))) == O(Ed/2)- (87)

We also have the corresponding result on the direct state. Indeed, it solves a similar PDE with a right hand
side whose variation also satisfies || Fz — Fop2(0.7.m-1(0)) = 0(¢%/?). This latter statement is a straightforward
consequence of (3.6).

Lemma 8.3. Let u. and ug be defined by (2.1). Consider a positive number R. Then, we have the following
relations

[ue = woll oo miz2)) = o(e¥?), (8.8)
lue — uollL20,m;m1 () = 0(e%?),
IV (e = wolll oo, p2@Bammy = ©E"): (8.10)

Proof of Lemma 8.1. Using (2.11) and (8.2) and the fact that h.(-,T) = 0, we easily check that e. solves

_plgt —ap div (AVe:) = Q1+ Q2+ Q3+ Q4 inw: x (0,T),
fpo— —ap div (AVe.) = Q1 + Q4 in (Q\@z) x (0,7),
e =eo on dw, x (0,T), (8.11)
ay (AVe. - n)+ —ag (AVe: -n)” = Qs on dwe x (0,T),
ee = —he on 09 x (0,7),
e(T)=0 in Q,

where

Q1= DJo(uo) — DJe(uo), Q2= (p1—po)—7- ot

Qs = (a1 — ao) div (AVw), Q1= pe—7r-,
and for all (z,t) € dw. x (0,T),
Qs(x,t) = —(a1 — ap) (A [Vuo(z,t) — Vug(zo,t)] - n).

In order to separate difficulties, we make the splitting

€e = €l + €2.¢
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with
Oe . .
—p1 a;’a —ay div (AVe1 ) = Q1+ Q2+ Qs+ Q4 inw. x (0,7T),
0
o ; —ap div (AVeyr.) = Q1 + Q4 in (Q\ @z) x (0,7),
efs =€, on dw. x (0,7T), (8.12)
ay (AVer ¢ - n)+ —ap(AVere-n)” =Qs on dw, x (0,7T),
e1e=0 on 002 x (0,7,
e1e(,T)=0 in 0,
and 9
—Pe e Qiv (e AVez ) =0 in Qx (0,7),

ot R
ez = —he on 00 x (0,7), (8.13)
e2(,T) =0 in Q.

We estimate e . by multiplying the first two equations of (8.12) by e; . and by integrating in space and time:

1 T T
_/ ps|el,5('7t0)|2 dx +/ / a:AVe; - Ve do dt < /
2 Q to JQ to

+ [1Q2Xw. | L2(t0, 151 (00)) + 1Q3Xw. | L2 (20,711 (02)) + ||Q4||L2(to,T;H1(Q))) levellzzto,rimp )y, (8.14)

Q5€1,s ds

Owe

dt + (annm(tmT;Hlm»

for almost all ¢y € [0,T]. Here, x.. stands for the characteristic function of the set we.
Using the Poincaré inequality and taking the supremum for ¢y € [0, 7], the above equation yields

Qse1,c ds

Owe

T
||€1,6||%°°(0,T;L2(Q)) + HeLEH%?(O,T;Hl(Q)) < C/O dt + C<||Q1||L2(0,T;H1(Q))

+ |Qaxw. 20,751 () + 1Q3Xw. | 20,7381 () + ||Q4||L2(O,T;H1(Q))) lerellze2(o,z;m1 () (8.15)

Here and in the sequel, C' is used to denote any constant (independent of ¢), that may change from place to
place. Using the regularity of Vuvy and the change of variables © = x¢ + €y, we obtain that

i

By the trace theorem and the change of variables y = e~ !(z — zp), it comes

QSel,s ds
Owe

r 1/2
dt < C=lJool] o o 1y o) (/ | lencte 0 ds) dt) L (836)

T T
[ lecen P dswyar<c [ (= enda + Ve, de
0 Ow 0

Hence, using the Sobolev inclusion H*(Q)) C L%(12) (since d = 2 or 3) and the Holder inequality, we obtain that

T T
L[ tercten P asty ae<c [ (el @ + Vel ) d

From (8.16) and the above equation, it follows
T

/ Qse1e ds
0

5d
g dt < Ce’s ||UO||L2(07T;W2,OO(Q))||61,E||L2(07T;H1(Q))' (817)
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Applying Lemma 7.2 leads to the following estimate on Q4:

1Qall 20,7311 2y < ClIVwo (o, M a0y l1hell g1 0y = o) Vvo(@o, )l e o.1)-
The Sobolev imbedding L/°(Q) ¢ H=(Q) (since d = 2 or 3) leads to the inequalities

8v0

Q2Xw. Iz 0,781 () < 1Q2Xw.lL2(0,7;L0/5(0)) < C HE gbd/6

L2(0,T5L°° (%))

and

1QsXw. | z20,7;m-1(2)) < CllQsXw. | L2(0,1:L6/5(2)) < Cllvoll 120, 7.w2. @) h/8,

From (2.9), we have that

1Qull 2075012y = 0(e%2).
Gathering (8.15), (8.17)—(8.21), we obtain that
Ed/2)

”el,EH%OO(O,T;L?(Q)) + ||€1,s||%2(o,T;H1(Q)) < o( llevellzzo,;m ()

which, combined with the Young inequality, provides

le1,ell Lo 0722 (0) + lerell Lz, a1 (@) = o(e¥/?).

(8.18)

(8.19)

(8.20)

(8.21)

(8.22)

In order to estimate ey ., we consider a smooth function 6 : @ — R such that § = 0 in B(zo,R) and § =1

on 0f). Then we set

The function ey . solves

—pe% — div (a:AVéy,) = —pe% — div (0 AVA.)  in Qx (0,7),
e =10 on 99 x (0,7),
E2:(T) =0 in Q.

By multiplying by €3 . and integrating by part, we obtain

Oh.
ot

n HE
L2(0,T:L7()

€2,ellLe0,m522(0)) + l€2ell20,7501 (0)) < C e‘

L2(0,T;H' ()
From (8.24), (8.26), (8.23) and (8.1), successively, it comes:

llezellz2(o, i)y + llezelleo.miz2)y < l€2.ellz2o,mm () + 1€2,6ll oo (0,1322(02))

+ ||}~le||L2(O,T;H1(Q)) + ||}~le||L°°(O,T;L2(Q))

IN

O (el 072200 + el 20,000

N

< Cl[Vuo(o, ')”HI(O,T) ”hEHHl(Q\B(QEmR)) :
Then using Lemma 7.2 we derive
lea,ell Lo o,1:02(0)) + lle2,ellL2(o.r;m () = 0(e%?).

Combining (8.22) and (8.27) yields (8.4).

(8.23)
(8.24)

(8.25)

(8.26)

(8.27)
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9. VARIATION OF THE BILINEAR FORM

This section is devoted to the proof of Lemma 4.1. We study the behavior of the following quantity:
T T
/ (ae — ap)(up, ve) dt = / / (o1 — ap)AVuyg - Vo dz dt.
0 0 We
Adopting the decomposition (8.3), we write
T T T N
/ (ae — ap)(ug,v:) dt = / / (a1 — ag)AVug - Vg de dt + / / (a1 — ag)AVug - Vh, dz dt
0 0 Jwe 0 Jwe
T
+ / / (a1 — ap)AVuyg - Ve dz dt.
0 We
We shall prove later that:
T N T
/ / (a1 — ap)AVug - Vhodzdt = sdao/ Vuo(zo,t) - P, 21 Vg (xo, ) dt
0 Juw. 0 0
T
— ew|(ag — ao)/ AVug(xo,t) - Voo(zo,t) dt + o(e?).
0
Besides, we deduce from (8.4) and the Cauchy-Schwarz inequality, that

T
/O / (a1 — a0) AV g - Vo dwdt = [Vto]| 0,71y (%),

and from the regularity of ug and vg, that

T T
/ / (o1 — ) AVug - Vg dz dt — e4|w] / (o1 — o) AVug (o, t) - Vg (zo,t) dt
0 We 0

< Ce™ Mol 2o wa.oe @) V0 2 0 w2, 1)

Gathering (9.2)—(9.5) leads to Lemma 4.1.
It remains to prove (9.3). We recall that

Eg(x,t) =—cH <:c €x0> - Vo (o, t).

Starting from the relation

T T
/ / (o1 — a9)AVug - Vhe do dt = / / (o1 — ) AV (ug(z, t) — uo(xo,t)) - Vhe(z,t) dz dt,
0 we 0 we

integrating by parts and using (8.2), we obtain

/ / (a1 — ) AVug - Vhe dz dt = / / (a1 — o) (uo (@, ) — ug(zo, t))(AVhe (2, t) - n)t ds(z) dt.
0 we 0 Owe

441

(9.1)

(9.2)

(9.5)
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Using the change of variables © = xg + €y, we proceed by

T A~
/ / (a1 — ap)AVug - Vhe de dt
0 We
= el (ay — ao)/O /6 (wo(xo + ey, t) — uo(xo, 1)) (AV(H (y) - Vug(zo,1)) - n)* ds(y) dt.

The regularity of ug leads to

T N T
/ / (1 —a)AVug-Vhe dzdt = —sd(al—ao)/ Vuo(:co,t)~/ (AV(H (y)-Vvo(zo,t))n) Ty ds(y) dt + o(e?).
0 We 0 16)

w

Finally, applying Lemma 7.1 yields (9.3).

10. VARIATION OF THE TERM INVOLVING THE TIME DERIVATIVE

This section is devoted to the proof of Lemma 4.2. First we have that

T T
ou ou
/ <(PE—P0)8—O7 Ue> dt:/ / (P1—P0)8—0 vedadt
0 t H=1(2),H(Q) 0 Ju. t

and thus, we can write

T T
ou ou
/ <(pe—Po)8—07 Ua> dt = e(p —Po)|w|/ a—o(Ioat) vo(wo,t) dt + 51 + 52,
0 t H-1(9),HL(Q) 0o Ot

where

T
ou
51:/ / (plfpo)a—to( Ugfvo)dl‘dt,
0 wWe

T
ou ou
Sy = / / (p1 — po) | S (@, t)vo (1) — > (w0, t)vo(zo, 1) | dzdt.
0 Ju. ot ot
It stems from the regularity assumptions on uy and vy that
|52| < CEd—HH“OHHI(O,T;WLOO(Q))||U0|‘L2(0,T;W1,oo(§))- (10-1)

Moreover, by using the Cauchy-Schwarz inequality in time and the Holder inequality in space together with the
imbedding H'(Q) C L%(Q), it comes

(11 < Ce™Elfuoll g 7.0y Ve = voll 20,7001 @)

Applying (8.6), it follows
51] = O(*/?), (10.2)

which completes the proof.
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11. VARIATION OF THE LINEAR FORM

/OT (le = Lo) (ve) dt = /OT /wa (Fy — Fy)v. dz dt.

We turn to the variation

We have that

/0 (be — L) (ve) dt = 5d|w|/0 (F1(zo,t) — Fo(zo,t)) vo(zo,t) dt + Ry + Ra, (11.1)

where

T
R1 = / / (F1 — Fo) (’UE — UO) dx dt,
0 We
T
R :/ / [(Fi(z,8) — Fo(w, £)) vo(a, ) — (Fy(20,1) — Fo(wo, 1)) vo(x0, )] da dt.
0 We
Using the regularity assumptions on Fy and Fj, we obtain that

|R2| < 05d+1(||F1||L2(0,T;W1,oe(§)) + ||F0||L2(07T;W1,oo(§z)))||UO||L2(0,T;W1,OC(§))' (11'2)

Besides, thanks to the Cauchy-Schwarz inequality, we have

|R1| < ng/Q(”Fl”L?(O,T;Loe(ﬁ)) + ||F0||L2(07T;Loo(§)))”vo - UE||L2(0,T;L2(§))'

Hence, by using (8.5), we derive
|R1| = o(?). (11.3)
Gathering (11.1), (11.2) and (11.3), we obtain Lemma 4.3.

12. VARIATION OF THE COST FUNCTIONAL

Proof of Theorem 5.1. First, since J. € C(L?(Q);R), and
X cc([o, T]; L*(9),
we have that for any v € X, J:(v) : [0,T] — R is a continuous function. Therefore,
T
o) = [ L) a

is well-defined.
Now, we check (2.7) with 63 = 0. We proceed by the Taylor formula:

Je(ue) — Je(uo) — /o (DJ:(uo(t)), ue(t) — uo(t)) g1 (), mp (o) dt

1 T
= 5/ D?J(we(£)) (ue(t) — uo(t), ue(t) — uo(t)) dt,
0
where we(t) € [ug(t), us(t)] for almost all ¢ € [0,T]. From Lemma 8.3, we have that

[ue(t) — uo(t)|| Lo (0,712 = 0(?), (12.1)



444 S. AMSTUTZ, T. TAKAHASHI AND B. VEXLER

and thus
[we (£) = wo(t)l| L= (0,720 = 0(e?).
Consequently, for some positive number M, we have

Hwa(t)||L2(Q) <M Vte [O,T]
From this bound together with (5.1), we derive that
D2 J- (we ()| 8(L2(0) < C(M) ¥t € [0, T,

which implies, by using (12.1),

T T
| P20 0) ) = wole) 0 (0) = wo(t)) at) < AN [ felt) = o) ey dt = ofe). O

Proof of Corollary 5.1.
(1) For the functional

Je (u) :/Q|u7ud|2 dz,

it is obvious that J. € C3(L%*(Q),R) and that (5.1) is satisfied, so that we can apply Theorem 5.1.
Therefore (2.7) holds true. Since in this case J. does not depend on ¢, relations (2.8) and (2.9) (with
dJ> = 0) hold true. The regularity condition (3.3) is also fulfilled since ug satisfies (3.4) and ug €
H*(B(z0, R)). Therefore we can apply Theorem 4.1 and we obtain the asymptotic expansion (4.6).

(2) For the functional
Je(u) = / aelu — ugl* dz,
Q

Theorem 5.1 can also be applied. Therefore (2.7) holds true. The condition (3.3) is fulfilled for the
same reasons as before. Next, we have

T(uo) — Jo(uo) = /0 / (o1 — ag)|uo(z, ) — ug(z)|? de dt.

From the regularity assumptions on ug and ug4, we have that

() — To(ug) = / Jwel (et — o)t (0, £) — wa(zo) 2 dt + O(+),

which implies (2.8). Finally, for any ¢ € L2(0,T; H}(S2)),

/ (DJe(uo(t)) — DJo(uo(t)), () g1 () H1 () dt = 2/ / (1 — ao)(uo(x,t) — ua(x))p(z,t) do dt.
0 0 we

From the Cauchy-Schwarz inequality, it comes

T
/O (DJ. (un(t)) — DJo(un(t)), 2(t)) 1.0y, 2 ) It

< C/OT < . luo(z,t) — ug(z)|? d:c) v </w lo(x,t))? dx>1/2 dt.
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Using the Sobolev embedding H'(Q) C L5(2) and the Holder inequality, we obtain

T T
[ DI-un(8) = Da(ua(®), (). At < C [ funlt) —walls ol @) o o .
0 0

Another application of the Cauchy-Schwarz inequality provides

T
/ (DJ(uo(t)) = DJo(uo(t)), o(£)) ir-1 (@), m1 () dt < C*3||ug — vall 20,7511 () 19| 220,737 ()
0
which leads to (2.9). The condition (3.3) can be checked in the same way as in the previous example. [

Proof of Proposition 5.1.
(1) For the functional

Jo(u) = /Qn(ac)AV(u —uq).V(u—uq) dz,

we easily see that J is well-defined on X and fulfills (2.8) with § 72 = 0. The condition (2.9) holds true
since J. does not depend on €. Next we consider the variation

T T
T (ue) — Je(uo) — /0 (DJe(uo), (ue — uo)) g1 (Q),m1 (o) dt| = /0 /Qn(m)AV(uE —u0).V(us —upg) da dt.

The above equation together with (8.10) yield 677 = 0. We now check (3.3). We have
DJ()(UO) = —2div (HAV(UO - Ud))

This function belongs to L?(0,T; H*(2;)) N H%(0,T; L*(2;)) for any Q; C B(zo, R).

(2) For the functional
T
gew) = [ [ - as
0o Jog

we easily check that 7. is well-defined on X and fulfills (2.8), (2.9) with § > = 0. We have that

T
= / / (ue — up)? da dt.
0o Joo

It follows from (8.8) and (8.10) that 671 = 0. The adjoint state vy satisfies a non-homogeneous Neumann
boundary condition with source term

T
js(us) - jE(UO) - / <DJ€(u0)a (UE - u0)>(H1(Q))/7H1(Q) de
0

g = Q(UO — ud).

The regularity vy € L2(0,T;HS(;)) N H3(0,T;L%Qy)), for some suitable Qj, stems from
Lemma 6.1. g
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Part 2. Topological sensitivity analysis for hyperbolic problems
13. SETTING OF THE PROBLEM

With the same notations as before, we consider now the wave equation:

0%u,

Pe—rm — div (e AVu.) = F. in Qx (0,7),
ot _ (13.1)
Ue = on 99 x (0,7T),
u(-,0) = 2 (-,0)=0 in Q.
The corresponding variational formulation for
X =C([0,T]; Hy () n ([0, T}; L*(2)) N ([0, TT; H~ (), (13.2)
ue € Xo = {u € X, u(.,0) = a;€(~,0) - 0}
reads
T 02, T T
/ <pa—2,v> dt+/ ae(Ue,v) dtz/ L(v)dt Yv e X, (13.3)
0 Ot [ g ). @) 0 0

with the bilinear form a. and the linear functional ¢, defined by (2.3) and (2.4). We write (13.3) in the general

form (1.1) by setting
T 2
A (u,v) :/ <p€a—g,v> +ac(u,v) | dt,
0 ot H=1(Q),HE ()

EE(U):/O le(v) dt.

We consider a cost functional of the form (2.5) satisfying (2.6), (2.7), (2.8) and such that

D Jo(uo) — DJ-(uo)llwr o1 () = 0(e¥?). (13.4)

The adjoint state v. € X defined by (1.4) solves:

T 82()0 T T
/ <p6—2a 'Ua> dt + / aa(‘%ve) dt = _/ DJ&(UO)(Pdt Vo € Xo. (13'5)
0 ot H-1(Q),HL(Q) 0 0

The associated strong formulation reads:

2
pg% — div (a:AVv.) = —DJ.(ug) in Q x (0,T),
ve =0 on 09 x (0,7T), (13.6)
ve(-,T) = a;ff(-,T):o in Q.

14. REGULARITY ASSUMPTIONS

For notational simplicity, we define the differential operator

A u e div (agAVu). (14.1)
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The needed regularity on the direct and adjoint solutions can be obtained from different sets of assumptions.
The following one is chosen merely as an example:

Fo € CO0.T (@) 0 () €0, 7] 14 (), (142)
Fy,AFy and A2FJO_V&nish on 092, (14.3)

Fy € L2(0,T;Wh>(B(xo, R))), R >0, (14.4)
Dia(uo) € CP(0. T LX) 1 () €(0.T]: H2 (), (14.5)
DJo(ug), ADJo(ug) and A2DJ;0(uO) vanish on 99). (14.6)

The conditions (14.2)—(14.4) are assumed throughout all this part of the paper, whereas the conditions (14.5)
and (14.6) will be checked later for some examples of cost functional. The following result is proved in Section 17.

Proposition 14.1. Assume that ug and vy solve (13.1) and (13.6), respectively, for e = 0, and that the
regularity assumptions (14.2)—(14.6) hold. Then

uo € CI([0,T; H9(Q))  Vj=0,..,7, (14.7)
uo, Aug and A%y vanish on 99, (14.8)
vo €CH[0, T; H™I(Q))  Vj=0,..,7, (14.9)
00, Avg and A2vg vanish on 99. (14.10)

15. MAIN RESULT

The following lemmas are proved in Section 17. The polarization matrix P «; involved in Lemma 15.1 is
o
identical to that defined in the first part (see Sect. 4).

Lemma 15.1. Assume that the bilinear form ac is defined by (2.3), that ug and ve solve (13.1) and (13.6),
respectively, that we have the regularity assumptions (14.2)~(14.6) and that (13.4) holds true.
Then we have

T
/ (ae — ag)(uo,ve) dt = € da + o(e?), (15.1)
0
with
T
oa = ao/ Vug(xo,t) - P, a1 Vug(zo, t) di.
0 1o

Lemma 15.2. Assume that ug and v solve (13.1) and (13.6), respectively, that we have the reqularity assump-

tions (14.2)~(14.6) and that (13.4) holds true.
Then, we have

g 9%uo d d
| (=5 dt = = 5p+ o(&"), (15.2)
0 H=1(Q),Hj(2)

with

8u0 81)0

T
op=—(p1 — w/—x,t—x,tdt.
p=—(p po)llO ¢ (20, 1) - (20,1)



448 S. AMSTUTZ, T. TAKAHASHI AND B. VEXLER

Lemma 15.3. Assume that the linear functional L. is defined by (2.4), that ug and v. solve (13.1) and (13.6),
respectively, that we have the regularity assumptions (14.2)~(14.6) and that (13.4) holds true.
Then, we have

/T (be — €o) (vo) dt = @ 64 4 o(e?), (15.3)
0
with

o = |w|/0 (Fl(xo,t) — Fo(l'o,t)) ’Uo(l‘o,t) dt.

As a consequence of Proposition 1.1 and the above lemmas, we obtain the following theorem.

Theorem 15.1. Assume that the cost functional J. satisfies (2.5)—(2.8) and (13.4). Suppose moreover that ug
and vy solve (13.1) and (13.6), respectively, for e = 0, and that the regularity assumptions (14.2)—(14.6) hold.
Then we have the following asymptotic expansion:

T
%(mo,t) %(mo,t) dt + ao/ Vug(xo,t) - P,, o1 Vug(zo, t) dt
0 @0

) - 3(0) = [ (o1 = )kl [ =

T
- le/O (Fi(zo,t) — Fo(xo,t)) vo(o, ) dt +6T1 + 6T | +o(e?). (15.4)

16. EXAMPLES OF COST FUNCTIONAL
We consider the same examples as in the first part. The proofs, which are similar, are omitted.
Theorem 16.1. Theorem 5.1 is valid with the current notations, i.e. X being defined by (13.2).

Corollary 16.1. The asymptotic expansion (15.4) holds true for the following cost functionals.
(1) For the functional

Je(u) :/Q|ufud|2 dx (16.1)

with
ug € H*(Q) and ug, Aug, N*ug vanishing on 09,

the operator A being defined by (14.1), we have §J1 = 0 and §Jo = 0. We recall that this functional
cannot be considered in the case of a hole.

(2) For the functional
Je(u) = / aelu — ugl? dz (16.2)
Q

with
Ug € H5(Q) and ug, Aug, N*ug vanishing on 09,
we have §J1 = 0 and

T
0J2 = (aq — a0)|w|/ |uo(zo,t) — ug(xo)| dt.
0

Proposition 16.1. The asymptotic expansion (15.4) holds true for the following cost functionals.
(1) For the functional

Je(u) = /Qn(:c)AV(u —uq).V(u—ugq) dz (16.3)
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where g, uq € C5([0,T]; H2(9)) N (;_, C7 ([0, T]; HT7(Q)),
A (ug — ug) vanishes on 9Q for j = 1,2,3, (16.4)

and 7 is a smooth (C*°) function whose support does not contain xg, we have 673 = 0 and 67> = 0.

(2) If we replace in (13.1) the Dirichlet boundary condition on 9Q by the Neumann boundary condition
(for instance), then we can consider the functional

T
Je(u) = /o n(t) /asz lu — ug|? ds dt (16.5)

where |0, ua € C*([0,T7; H‘l/Q(aﬂ))ﬂﬂ?ZQ C’([0,T]; H'/277(02)) and 7 is a smooth function whose
support is contained in [0,7"). Then we have 6J; = 0 and 672 = 0.

Remark 16.1. By virtue of Lemma 17.3, a sufficient condition for (16.4) to be fulfilled is

Fy € C3([0,T1; L)) N = €7 ([0, T1; ™9 (), (16.6)
AJFy vanishes on 92 for j =0, ..., 3, (16.7)

AJug vanishes on 99 for j =0, ..., 3.

Remark 16.2. In the second case, due to the different nature of the boundary condition, one has slightly
different regularity properties. Actually, Lemma 17.2 still holds true when an homogeneous Neumann boundary
condition is applied on 02, which straightforwardly leads to an analogon to Lemma 17.3. Therefore, the
required regularity on ug is guaranteed for instance if the conditions (16.6) and (16.7) are fulfilled. Concerning
the regularity of the adjoint state, i.e. to prove that (14.9) is satisfied with the assumptions made, one has
to deal with a nonhomogeneous Neumann boundary condition. This is done with the help of an adaptation
of Lemma 17.3 relying on a lifting of the boundary condition and a weakening of the compatibility conditions.
These latter ones can be written in a form involving values of the right hand side of the PDE together with its
space and time derivatives at the initial time only (the final time T for the adjoint equation). They are satisfied
by construction thanks to the cut-off function 7.

17. PROOFS

17.1. Preliminary lemmas
We first recall two classical results. Proofs can be found in [12].

Lemma 17.1. For 0 < e < &g (g0 sufficiently small), let Q. € WH1(0,T; H=1(Q)) and z. be the solution of

0%z, . .
paﬁ — div(a:AVz.) = Q- in Qx (0,T),
ze =0 on 92 x (0,T), (17.1)
2:(+,0) = ZE(~,O):O in €.

There exists a constant C > 0 such that, for all € € [0, &),

Izl |2
el Lo (0,155 () Bn

< C||Qcllwrao,r,m-1(02))-
Lo0(0,T;L2(Q))
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Lemma 17.2. Let Q € C*([0,T); L?(2)), 20 € H*() N H(Q), z1 € HY(Q), and z be the solution of

2
po%f/\z:@ in Qx (0,7),
z=0 ondQx(0,T),
z(-,0) = 29 in Q, (17.2)
0z .
E(-,O) =z in .

Then
z € C([0,T]; H*(2)) NC* ([0, TT; Hy(2)) N C*([0, T; L*(92)).

This latter result can be generalized as follows.

Lemma 17.3. Let p be a nonnegative integer and Q € C**2([0,T]; L*(Q)) N ﬂ?io CI([0,T); H?PH1=3(Q)) with
N Q vanishing on 09 for j =0, ..., p.

Let z be the solution of
0%z .
powaz:Q in Qx(0,7),
z2=0 on 90 x (0,T), (17.3)
z(-,0) = %(~,0):0 in €.
Then ' '
2 € CI([0,T); H*T379(Q))  Vj=0,...,2p+ 3,

ANz vanishes on 0 for j =0, ..., p.

Proof. We introduce the family of auxiliary functions

&z )
Wi = o i=0,....2p+ 1. (17.4)

Using (17.3) and (17.4), it can be checked that w; solves:

a2w, aJQ .
S
w; = on X ) ’
o o
Ow;

8t (ﬂO) - Bj+1 in Q)

with .
1— i ih anQ .
BQ’L:ZPS A k lw(o), ZZO,...,p,

k=0

1—1
ikl a2k+1Q .
Baiy1 = Zpg EpRL SRt (0), 1=0,...,p.
k=0

Lemma 17.2 yields
wapt1 € C([0,T); H?(2)) N C'([0,T]; Hy () NC?([0, T; L* (%)),
which implies by integration

wap € CH([0,TT; H*(2)) NC([0, T); Hy (2)) N C*([0, T]; L*(€2)).
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Furthermore, we have
0%PQ B 82w2p
R Te

~Awsy = € ¢((0,77; Hy (),

from which it follows that
way, € C([0,T); H3(Q)).
We then obtain by bootstrapping that

wy =z € CI([0,T); H#PT379(Q))  Vj=0,..,2p+ 3.
By exploiting the first equation of (17.5), one can prove that
j—1
X a2k

Nz = plws; — ZPOWA%I%IQ J=0,..,p.
k=0

Due to the hypotheses, the above function vanishes on 0€2. This completes the proof.
Proof of Proposition 14.1. It is an application of Lemma 17.3 with p = 2.

17.2. Main estimate

Let us consider the function e. such that
Ve = Vo +/f\l€ + e,

with he defined by (8.2).

Lemma 17.4. There holds
llecll o (0,750 () = 0(¥/?).

Proof. We easily check that e. solves

d%e. . .
P15 — o div (AVe) = Qi+ Qo+ Qa+ Qs inw. x (0,1),
D?%e. . .
poa—; —ap div (AVe.) = Q1 + Qq in (Q\ @) x (0,7),
el =e” on dw. x (0,7,
ay (AVe. - n)Jr —ap (AVe: -n)” = Qs on dwe x (0,T),
e = —he on 99 x (0,T),
ee( 1) = 2.1y — 0 in Q
£ b - 8t b - b
where
821)0

Q1= DJo(uo) — DJe(uwo), Q2= —(p1 — pO)W’

. 0%h.
Q3 = (1 — ag) div (AVvp), Q4= 7/75@7

and for all (z,t) € dw. x (0,T),
Qs(x,t) = —(a1 — ap) (A[Vog(x,t) — Vg (zo,t)] - n) .

Again we split
€e = €l + €2.¢

451

(17.6)

(17.7)
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with
a261,6 . .
PM—gp — N div (AVer:) = Q1+ Q2+ Qs + Qs in we x (0,7),
0%e . _
pogz= — 00 div (AVero) = Q1 +Qa in (Q\T0) x (0,7),
el =er, on dw. x (0,7,
ag (AVer . n)" — a1 (AVer . -n)” =Qs on dw. x (0,T),
e1e=0 on 09 x (0,7,
ero(1) = 22 (1) =g in 0,
and
8262,6 . .
Pe 12 — div (OzEAVeQ,E) =0 in Q x (O,T),
€2,c = —he on 9Q x (0,T),
Oe .
62,5(-,T):%(-,T):0 in Q.

We first estimate e; .. Lemma 17.1 provides

Oe
lle1,ell oo (0,131 (2)) + H alt’e

< CHQEHWU(O,T;H*I(Q))’
Lo (0,T;L2(Q))

with
Qe = Q1+ Qu+ (Q2 + Q3)Xw. + U5,
and for almost all ¢ € [0,7] and all ¢ € HJ(Q),

(@s( 1), o) r—1(),H1(Q) = g Qs(x,t)pdr.

We

Using (13.4), (14.9) and the estimate (7.10) on h., we obtain that

Q1 + Qallwrro.r,m-1(0)) = o(e%/?).
Furthermore, it results from (14.9) together with the inequality

IXw. l-1(0) < CllXw. || o5y < Ce™/6

that

|| (QQ + Q3)Xw5 ||W1’1(0,T;H*1(Q)) = O(ESd/G).
Finally, we find by similar arguments to the parabolic case that, for almost every t € [0, T],

1@ Dl < O™/ oo, Ol e,

9Qs

6’()0
W('vt)

S C€5d/6 W(,t)H

H-1(Q)

W2oo ()
It follows that

1Qslw1 0,7 m-1 () < Ce®Y6|volwra o.rw2 @)-
Gathering (17.10)—(17.14) yields

lle,ellLoe 0,101 () = o(sd/Q).

(17.8)

(17.9)

(17.10)

(17.11)

(17.12)

(17.13)

(17.14)
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We now estimate ez .. Let us consider again a smooth function 6 : @ — R such that § = 0 in B(zg, R) and
0 =1 on 01, and set

he(x,t) = he(z,t)0(z) and €2.c(z,t) = ea(m,t) + he(z,t).

The function € solves

825275 . ~ 827715 . 7 .
Pe o div (a:AVer ) = pgw — div (acAVh,) in Qx (0,7,
€ =0 on 9Q x (0,7), (17.15)
- Oe: .
e2.(-,T) = ;t’a (,T)=0 in Q.
Lemma 17.1 provides
82h.

lle2,ellLoe (0,517 () < C

g
W10, T;H=1(€2))

ot? WHL(0,T;H' (Q2))

Then, straightforward calculations lead to

1€2,clloe 0,137 () < C [ Vo (o, ')||W3’1(0,T) ”hEHHl(Q\B(m,R)) - O(Ed/2)'
Next,
lezellco.rm)y < llezell=ormr @) + Clihell oo (0.1, 11 0\ Bwo 7))
< O(Ed/2) + C'||Vvo (o, ')”Loc(o,T) ||hEHH1(Q\B(;CO,R))
< o(e??).

This latter inequality stems from the imbedding H3(0,7T) C L®(0,T) together with Lemma 7.2. This completes
the proof. 0

17.3. Estimates on the direct and adjoint state

As a consequence of Lemma 17.4, the estimates provided in Lemmas 8.2 and 8.3 remain valid in this context.

17.4. Proof of Theorem 15.1

We shall prove Lemmas 15.1, 15.2 and 15.3, which lead straightforwardly to the theorem. On the basis of
Lemma 17.4, Lemmas 15.1 and 15.3 can be proved following the same reasoning as in the first part. Therefore
we only present the proof of Lemma 15.2. We make the splitting:

T 82U0 d T 62’UO
/ (pe — pO)W’ Ve dt =e%(p1 — p0)|w|/ W(.ﬁo,t) vo(xo,t)dt + S1 + S2,  (17.16)
0 H=1(),H (@) 0

T 2
0*u
51:/ /(Pl*ﬁe)#(ve*vo)dxdt,
0 we

T o2 o2
5= / / (o1 — po) [aT%x,t)vo(m,t)aT?(xo,wvo(xo,t) dadt.
0 we
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From the regularity assumptions on ug and vy, it comes

S| < C€d+1”uO”Hz(O,T;leO"(Q))”UO”Lz(O,T;Wl’OO(Q))- (17.17)

Moreover, applying the Cauchy-Schwarz inequality in time and the Holder inequality in space together with the
imbedding H'(Q2) C L5(Q) yields

1S1| < CYug|| 20,751 () v — voll 200,78 (02)) -

In view of (8.6), we get that
1] = O(*"/?). (17.18)

The proof of Lemma 15.2 is completed by gathering (17.16)—(17.18) as well as integrating by parts.
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