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CUT LOCUS AND OPTIMAL SYNTHESIS IN THE SUB-RIEMANNIAN
PROBLEM ON THE GROUP OF MOTIONS OF A PLANE

YURI L. SACHKOV!

Abstract. The left-invariant sub-Riemannian problem on the group of motions (rototranslations)
of a plane SE(2) is considered. In the previous works [Moiseev and Sachkov, ESAIM: COCYV, DOI:
10.1051/cocv/2009004; Sachkov, ESAIM: COCV, DOI: 10.1051/cocv/2009031], extremal trajectories
were defined, their local and global optimality were studied. In this paper the global structure of
the exponential mapping is described. On this basis an explicit characterization of the cut locus and
Maxwell set is obtained. The optimal synthesis is constructed.
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1. INTRODUCTION

This work completes the study of the left-invariant sub-Riemannian problem on the group of motions of a
plane SE(2) = R? x SO(2) started in [7,10]. In visual geometric terms, this problem can be stated as follows:
given two unit vectors vg = (cos b, sinfy), v1 = (cos b1, sin ;) attached respectively at two given points (z, yo),
(z1,¥1) in the plane, one should find an optimal motion in the plane that transfers the vector vy to the vector vy,
see Figure 1. The vector can move forward or backward and rotate simultaneously. The required motion should
be optimal in the sense of minimal length in the space (x,y, 6), where 6 is the slope of the moving vector.

The corresponding optimal control problem reads as follows:

& =wuycosl, §=uising, 6=uo, (1.1)
q:(z,y,ﬂ)EM:Ri’ny;, u = (ur,uz) € R?, (1.2)
q(o) =4qo = (05070)5 Q(tl) =q1 = (Ilayhel)) (13)

t1
l:/ \/u? 4+ u3 dt — min, (1.4)
0
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Yy
q1 = (r1,y1,01)
qgo = (IO, Yo, 90)
e
FIGURE 1. Problem statement.
or, equivalently,
1 [
J = 5/ (u? + u3) dt — min. (1.5)
0

This problem has important relations to vision [4,8,9], robotics [6], and diffusion equation on SE(2) [2].

Notice that before this work a global description of the cut locus and optimal synthesis was known for
left-invariant sub-Riemannian problems on the following Lie groups only: the Heisenberg group (Vershik and
Gershkovich [11]), and SO(3), SU(2) =2 S3, SL(2) (Boscain and Rossi [3]).

First we recall the main results of the previous works [7,10]. In paper [7] the normal Hamiltonian system
of Pontryagin Maximum Principle was written in a triangular form in appropriate coordinates on cotangent
bundle T* M, so that its vertical subsystem takes the form of mathematical pendulum:

Y¥=r¢, ¢&=—sinvy, (7,¢) € C =2 (25]) x R, (1.6)
jc:sin%cosﬁ, y:sin%sin& 9-:fcos%~ (1.7)

The phase cylinder of pendulum (1.6) decomposes into invariant subsets according to values of the energy
E =c?/2 — cosy:

5
c=\Ja,

i=1
Ci={NNeC|Ee(-1,1)}, (1.8)
Co={NeC|FEe(l,+00)}, (1.9)
C;3={\eC|E=1, c+#0}, (1.10)
Cy={NeC|E=-1}={(y,¢) € C|v=2mn, ¢c=0}, (1.11)
Cs={\e€C|E=1, ¢c=0}={(y,¢) €C |vy=m+2mn, c=0}. (1.12)
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In the subsets C1, Ca, Cj elliptic coordinates (¢, k) that rectify the flow of the pendulum were introduced: ¢ is
the phase, and k a reparameterized energy of pendulum (1.6):

k= (E+1)/21n01UC3, kz\/Q/(E—f—l)lan

The Hamiltonian system (1.6), (1.7) was integrated in Jacobi’s functions [12]. The equation of pendulum (1.6)
has a discrete group of symmetries G = {Id,e,...,e"} = Zy X Zg X Zg generated by reflections in the axes of
coordinates 7, ¢, and translations (v, ¢) — (v+2m,c). Reflections &’ are symmetries of the exponential mapping

Exp: N=CxRy — M, Exp(\t) = ¢
The main result of work [7] is an upper bound on cut time
teut = sup{t; > 0| g is optimal for s € [0, 1]}

along extremal trajectories gs. It is based on the fact that a sub-Riemannian geodesic cannot be optimal after
a Maxwell point, i.e., a point where two distinct geodesics of equal sub-Riemannian length meet one another.
A natural idea is to look for Maxwell points corresponding to discrete symmetries of the exponential mapping.
For each extremal trajectory ¢, = Exp(),s), we described Maxwell times t7;(\), i = 1,...,7, n = 1,2,...,
corresponding to discrete symmetries €. The following upper bound was proved in work [7]:

tcut(A) § t(A)v A€ Ca (113)

where t(\) = min(¢; (X)) is the first Maxwell time corresponding to the group of symmetries G. We recall the
explicit definition of the function t(\) below in equations (2.1)—(2.5).

In work [10], the local optimality of sub-Riemannian geodesics was completely characterized. Extremal
trajectories corresponding to oscillating pendulum (i.e., to A € C7) do not have conjugate points, thus they are
locally optimal forever. In the case of rotating pendulum (A € Cs) the first conjugate time is bounded from
below and from above by the first Maxwell times t; and t;s respectively. For critical values of energy of the
pendulum, there are no conjugate points. As a consequence, the following bound was proved in Theorem 2.5 [10]:

) <M, aed. (1.14)

Also, in work [10] the global optimality of geodesics was studied. We constructed open dense domains in
preimage and image of exponential mapping and proved that the exponential mapping transform these strata
diffeomorphically. As a consequence, we showed that inequality (1.13) is in fact an equality.

In this work we obtain our further results for problem (1.1)-(1.5). We consider in detail the action of
the exponential mapping at the boundary of the 3-dimensional diffeomorphic domains. This boundary is
decomposed into smooth strata of dimension 2, 1, 0 so that restriction of exponential mapping to these strata is
a diffeomorphism (Sect. 2). These results provide a detailed description of the global structure of the exponential
mapping (Thm. 3.1). The optimal synthesis is constructed in Theorem 3.2.

In Theorems 3.4 and 3.5 we characterize the global structure of the Maxwell set (the set of points ¢; connected
by more than one optimal trajectory with the initial point ¢g), and the cut locus (the set of points where extremal
trajectories lose optimality). For each point of the Maxwell set there are exactly two optimal trajectories. The
cut locus has three connected components Cutfgc, Cut,,., and Cutgop. The initial point go is contained in
the closure of the local components Cutic, and is separated from the global component Cutglon,. The global
component admits a simple description:

Cutgiop = {¢ = (z,y,0) € M | 0 =7},
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while the local components are subsets of the Moebius strip:
Cuti, C {g = (2,y,0) € M | xcos(0/2) + ysin(0/2) = 0}

defined by some inequalities, see Theorem 3.5. Embedding of the cut locus in the solid torus is shown at
Figure 18.
In Section 4 we present explicit optimal solutions for special boundary conditions.

2. STRUCTURE OF EXPONENTIAL MAPPING AT THE BOUNDARY OF OPEN STRATA

We recall some more definitions and notation introduced in the previous works [7,10]. The function t :
C — (0,+00] on the phase cylinder of pendulum (251) x R, = C' = U?_, C; that evaluates the cut time along
sub-Riemannian geodesics Exp(A,t), t € C, is defined as follows:

AeCr =  t(\) =2K(k), (2.1)
AeCy = t(\) =2kpi(k), (2.2)
AeC; = t(\)=+oo, (2.3)
XeCy = t)=m, (2.4)
AeECs = t(\)=+oo, (2.5)

where pi(k) is the first positive root of the equation cnp (E(p) — p) — dnp snp = 0. Here and below we use
Jacobi’s functions cn, sn, dn, E, and the complete elliptic integral of the first kind K [12]. Further,

M = M\ {0},

N={(\t)eN[t<tN)},

N;=Ci xRy, i=1,...,5,

N ={(\t) € UL N; |t <t(\), snTcenT #0},

N' ={(\t) €U N; |t =t()\) or snTcnT = 0}UN4UN5,
N4:]V0N4,

M = {g € M| Ri(q)Rs(q)sin6 # 0},

M' = {q e M| Ri(q)R2(q)sin6 = 0},

where

0
> R2:$COS§ +ysin§-
Along with the coordinates (k, ¢, t), we use in the domains Ny, Na, N3 also the coordinates (k,p, 7):

Ry zycos§ — xsin

(M) ENTUN3 = 7= (2p+1)/2, p=1t/2,
(M) eNy = 1= 2p+1)/(2k), p=t/(2k).

In work [10] we proved that Exp : N — M is a diffeomorphism, and that Exp(N’) € M’. In this section we
describe the action of the exponential mapping

Exp:N':N\NHM':J\/Z\M.
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2.1. Decomposition of the set N’
Consider the following subsets of the set N':

New = {0\ 1) € N | £ = tV)}, (2.6)
Neonj = {(A\, 1) € Na | t =t(N), snT =0}, (2.7)
NMax: cut\Nconj; Nrest :NI\Ncut-

The meaning of the subscripts in Neut, Neonj, NMax, and Nyegt is the following: we will show that Exp(Neut)

is the cut locus, Exp(Nmax) is the first Maxwell set, Exp(Nconj) is the intersection of the cut locus with the

conjugate locus (caustic), and Exp(Nyest) has no special meaning in this problem (so it contains all the rest
strata), see Theorem 3.4. We have the following decompositions:

NZNHN’; Nl:NcutUNrest; Ncut:NMaXUNconja (28)

here and below we denote by LI the union of disjoint sets.

In order to study the structure of the exponential mapping at the set N’, we need a further decomposition
into subsets N/, i = 1,...,58, defined by Table 1.

Images of the projections

N/ Nn{t<t()\), snTcenT =0} — {p =0}, (k,7,p) — (k,T,0),
Nn{t=tN} —{p=0},  (k,7p) — (k10),

are shown respectively in Figures 2 and 3.
Table 1 provides a definition of the sets N/, e.g., the second column of this table means that

Ni={(\t)eN|XeC}, 7€ (0,K), p=K, ke (0,1)}.
Here we use the following decomposition of the sets C; into connected components:
Cy = Ul_,C4, Ci ={(v,c) € Cy | sgn(cos(v/2)) = (—=1)'}, i=0,1,
Cy=CfuCy, CFf ={(y,¢)eCy|sgnc==+1},
C3 = Uj_o(C37 U C5),
C3" = {(7,¢) € C3 | sgn(cos(7/2)) = (—1)', sgne = +1}, i=0,1,
C4:Ui=0017 Cé’i:{(VaC) eC |’)’:27TZ, CZO}, 1=0,1,
Cs =Ui_oCs,  Ci={(v,0)€C|y=m+2mi, c=0}, i=0,1.

Introduce the following index sets for numeration of the subsets N;:

I={1,...,58}, C={1,....34}, J=1{26,28,30,32}, (2.9)
R ={35,...,58}, X=C\J (2.10)
Notice that I = CUR, J C C.

Lemma 2.1.
(1) We have N; NN} =0 for any distinct i,j € I.
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TABLE 1. Definition of sets N/.

N N N N N N N NI N
S e e, o o ol ct cl
T [0, K) | (K.2K) | 2K,3K) | 3K, 4K) | (0,K) | (K,2K) | 2K,3K) | (3K, 4K)
» | K K K K K K K K
N | Ny Nig Niy Ni, Nis Niy Nis | Nis
A [ Ccy Ccy [ Cy Cy Cy Cy
7 | BK,4K) | (0,K) | (K,2K) | (2K,3K) | (—3K, —2K) | (—2K,—K) | (—K,0) | (0, K)
p pi pl pl pl pl pl pl pl

N{ | Niz | Nis [ Nig | Nog | Noy | Noy | Nog | Noy | Nog | Nog | Noz | Nog | Nag | N
NV ev v ey el et et er|or o (i e, [ ¢y
710 | K |2K|3K| 0 | K |2K | 3K |[3K | 0 | K | 2K | K | 2K
p | K | K | K| K| K|K|K][|K |p [p|p|pi|pi] p

Ni | Nay | Nip | Nis | Nig | Ngz | Nag | Nig | Nig | Niy | Niy
A Cy | CF Clo C? C? C? Cll Cll Cll Cll
T |-K| O 0 K 2K 3K 0 K 2K 3K
P p% p% (0,K) | (0, K) (OvK) (OvK) (OvK) (0,K) | (0, K) (O7K)

Ni | Ni Nig Nio Nso Ngi | Ngp | Nig | Ngy
A C§+ Cg_ C§+ C?}_ C;_ C';— C;_ C';—
T 0 0 0 0 3K 0 K 2K
p | (0,400) | (0,+00) | (0,+00) | (0,+00) | (0,p3) | (0,p1) | (0,p3) | (0,p])

Ni| Nis | Ngg | Nz | Nig
N G, | ¢ | o | ¢y

T K —2K -K 0
p | (0,p1) [ (0,p1) | (0,p1) | (0,p1)
N{ | Nig | Ngy | Nig | Nig | Nis Nig
A[cl el ol el [ ef Cl
t s 7w | (0,7) | (0,7) | (0,+00) | (0,+00)

(2) There are the following decompositions of subsets of the set N':

Newt = UiECNL'/a Nconj = UieJNL‘/v Nrest = UiERNiIa
thus
NMax:UiGXNi/v (211)
N = uieINi/- (2.12)

Proof. Both statements (1) and (2) follow directly from Table 1, definitions of the sets N, Nuax, Neut, Neonjs

Niest, and decompositions (2.8). O
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FIGURE 2. N/ N{t <t(\), sn7 cuT = 0}.
C
Vos Vg Vas Nig Vor Ny [Vas N1

Voo Nis Vio Nis  Na Ny V3o Ni
FIGURE 3. N/ Nn{t=t(\)}.
2.2. Exponential mapping of the sets Ni,, Nj,, Nis, Ni,

299

2.2.1. Ezxponential mapping of the set Njs
In order to describe the image Exp(V45), we will need the following function:
R1(0) = 2(artanh(sin(6/2)) — sin(6/2)),

0€0,7). (2.13)
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0
- = = - - — — — —
0 Ry
FIGURE 4. Plot of Ry = R%(6).
p 0
2 ¢
ng
m ma
2 g
my
ng Nis
g,
k
0 ny 1 T ms Rl
FIGURE 5. Domain NJ. FIGURE 6. Domain M.

It is obvious that R? € C*°[0,7), R?(0) = 0, R2(#) > 0 for 6 € (0,7), limg_.—o R3(#) = +o0, and

dR?
do

(0) = 0. (2.14)

A plot of the function R?(6) is given at Figure 4.
Define the following subset of the set M’, see Figures 6 and 14:

M ={qe M|0¢c (r2r), Ry € (0,Ri(27 —0)), Ry =0}.

Lemma 2.2. The mapping Exp : Njs — M} is a diffeomorphism of 2-dimensional manifolds.

To be more precise, we state that Exp(Ni;) = M4 and EXP|N§, is a diffeomorphism of the manifold N}
onto the manifold M. Below we will write such statements briefly as in Lemma 2.2.

Proof. Formulas (5.2)—(5.6) [7] imply that in the domain N4, we have the following:

sin(0/2) = snp, cos(0/2) = —cnp, (2.15)
Ry =2(p— E(p))/k, Ry = 0. (2.16)
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By Theorem 2.5 [10] (see (1.14)), the restriction Exp|y, is nondegenerate. Thus the set Exp(N3;) is an open
connected domain in the 2-dimensional manifold

S={qeM|0e(m2r), Ry >0, Ry =0}.
On the other hand, the set N is an open connected simply connected domain in the 2-dimensional manifold
T={v=MNt)eN,|7=0,pe (0,K), ke (0,1)}.
In the topology of T', we have

ONLs = Ul n;,

n={reN |t=0, p=0, ke|0,1]},
no={venN; |t=0, pel0,7/2], k =0},
ny={veN,|7=0, p=K(k), kel0,1)},
ng={veN; |7=0, pe0,+0), k=1]},

see Figure 5.
It follows from formulas (2.15) and (2.16) that

Exp(ni) =my ={qe M |0 =2r, Ry =0, Ry =0},
(ng) =mg={qe M |0 e [r2n], Ri =0, Ry =0},
EXp(?’l?,):7’713:{q€]\4|9:7‘1‘7 R1>O7 RQ:O},
(n4)

Exp(ng) =my ={q€ M |6 € [r,27], Ry = R} (27 — 0), Ry =0},

Exp(ne

moreover, 0Mjs = U!_;m;, see Figure 6.
Now we show that Exp(N4;) C M and Exp : Ni, — M} is a diffeomorphism.

(&) We show that Exp(V4;) N M5 # 0. Formulas (2.15) and (2.16) give the following asymptotics as k — 0:
0 =2m—2p+o(1), Ry =k(p/2 — (sin2p)/4) + o(k).

There exists (p, k) close to (w/2,0) such that the corresponding point (6, R;) is arbitrarily close to (0,0), with
6 >0, Ry > 0. Thus there exists v € N5 such that Exp(v) € Mj;.

(b) We show that Exp(N4;) # S. Formulas (2.15) and (2.16) yield the following chain:
0—2r—0 = snp—-0 = p—>0 = R —0.

Thus there exists ¢ € S\ Exp(V45).

(c) We prove that Exp(NNVY;) C M};. By contradiction, suppose that there exists a point ¢; € Exp(N45)\ Mjs.
Since the mapping Exp| ny, 18 nondegenerate, we can choose this point such that ¢ € Exp(NV35) \ cl(M5).

Choose any point gz € S\ cl(M}5). Connect the points g1, g2 by a continuous curve in S, and find at
this curve a point g3 € S\ Exp(N45), g3 ¢ cl(Mjs) such that there exists a converging sequence ¢" — g3,
q" = Exp(v™) € Exp(Nj;). Further, there exist a subsequence v € N, converging to a finite or infinite
limit. If v™ — © € Njg, then ¢3 = Exp(7) € int Exp(Nj;) by nondegeneracy of EXP|N§5’ a contradiction. If
V" — v € ONgs, then

q3 = Exp(v) € Exp(0N3;) = 0M35 C cl(Ms;),
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a contradiction. Finally, if ™ — oo, then at this sequence k"' — 1 — 0, p™ — oo, thus Ri(¢") — oo,
a contradiction.

Consequently, Exp(N4s) C M.

(d) The mapping Exp : Nj; — M} is a diffeomorphism since Exp| NI is nondegenerate and proper, and
Ni., M4y are connected and simply connected. O

2.2.2. Ezxponential mapping of the set N,
Define the following subset of M’, see Figure 14:

M, ={qe M|0¢c (r,2r), Ri = R}(21 —0), Ry =0}.

Lemma 2.3. The mapping Exp : Nj; — M}, is a diffeomorphism of 1-dimensional manifolds.
Proof. We pass to the limit £ — 1 — 0 in formulas (2.15) and (2.16) and obtain for v € Nj;:

sin(f/2) = tanhp, cos(0/2) = —1/coshp, R; =2(p—tanhp), Ry =0.

This coordinate representation shows that Exp : Nj, — M}, is a diffeomorphism. O

2.2.3. Ezxponential mapping of the set N

Before the study of Exp| NI postponed till the next subsection, we need to consider the set Njg contained

in the boundary of NZ,. In order to parameterize regularly the image Exp(Nig), we introduce the necessary
functions.

Recall that the function p = pi(k), k € [0, 1), is the first positive root of the function fi(p) = cnp (E(p)—p)—
dnp snp, see equation (5.12) and Corollary 5.1 [7]. Define the function

U%(k) = am(p}(k), k)v ke [Oa 1) (217)

Lemma 2.4.

(1) The number v = vi(k) is the first positive root of the function

hi(v, k) = E(v, k) — F(v,k) — V1 — k2sin®v tanw, ke [0,1).

(2) v{ € C*[0,1).

(3) vi(k) € (7/2,7) for k € (0,1); moreover, vi(0) = 7.

(4) The function vi(k) is strictly decreasing at the segment k € [0, 1).

(5) lim,_1_ovi(k) = /2, thus setting vi(1) = 7/2, we obtain vi € C[0,1].
(6) vi(k) =m — (7/2)k* + o(k?), k — +0.

Proof. (1) follows from (2.17) since p = p} is the first positive root of the function f1(p).
(2) follows since p} € C*°[0,1) by Lemma 5.3 [7].
(3) follows since p} € (K,2K) and p}(0) = , see Corollary 5.1 [7].
(4) We have for v € (7/2, x]:

% = —V1 —k2sin® v/ cos? v < 0,
0 hy k 2
W:—W(E(U,k)— 1 — k2sin“vtanv) < 0.

d’l)% - 8h1/8k
Thus o = =3 Jav

<0 for k €[0,1).
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FIGURE 7. Plot of v = v} (k). FIGURE 8. The curve I';.

(5) Monotonicity and boundedness of vi (k) imply that there exists a limit limg_.1_ovi(k) =¥ € [7/2, 7). If
v € (m/2,m), thenask —1—-0

o
hl(v%(k),k)ﬂ/ (| cost| — 1/|cost|) dt — /1 —sin® G tan s = oo,
0

which contradicts the identity hy(vi(k),k) =0, k € [0,1). Thus v = 7/2.
(6) As (k,v) — (0,7), we have hy (v, k) = v — 7+ (7/2)k* + o(k* + (v —7)?), thus vi (k) = 7 — (7/2)k? + o(k?),
k — +0. O

A plot of the function vi(k) is given in Figure 7.

Define the curve 'y € S ={qge M | 0§ € (0,7), Ry > 0, Ry =0} given parametrically as follows:
0 = 2arcsin(ksinvi (k)), (2.18)
R, = Q(F(U%(k’), k) - E(’U%(k), k))v k€ [07 1); (219)

see Figure 8.

Lemma 2.5.
(1) The function ksinvi(k) is strictly increasing as k € [0,1], thus the function 0 = 0(k), k € [0,1],
determined by (2.18) has an inverse function k = k}(0), 6 € [0, 7).
(2) ki € Clo, 7] N C>[0, ).
(3) The function ki(0) is strictly increasing as 0 € [0, 7.
(4) The curve I'y is a graph of the function
Ry =Ri(0), 0o,
Ry(0) = 2(F(vi(k), k) — E(vi(k),k)),  k=Fki(0). (2.20)
(5) R} € Cl0, 7] NC>(0, ).
(6) RI(6) = /7/2 0%/5 + o(6°/%), 6 — +0.
Proof. (1) As k € [0, 1], we have:

vi(k) L, vi(k) € [7/2,7],
sinvf (k) 1, ksinvi (k) 1, 2arcsin(kvi(k)) T .
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(2) follows from items (2) and (5) of Lemma 2.4.
(3) follows from item (1) of this lemma.

(4) follows from (2.18) and (2.19).

(5) follows from item (2) of this lemma.

(6) As k — +0, we have

vi(k) =7 — (1/2)k* + o(k?), sinvy (k) = (7/2)k* + o(k?),
and for the functions (2.18), (2.19)
0 = 7k* 4 o(k?), Ry = (7/2)k* + o(k?).
Thus as 8§ — 40, we have
ki(0) = ¥/0/m +0(V0),  RLNO) = I7m/2 6%/° 4+ 0(6*/?).
Define the following subset of M’, see Figure 14:
Mg ={qe M|0¢c (r,2r), Ri = Ri(2n —0), Ry = 0}.

Lemma 2.6. The mapping Exp : Ny, — Mg is a diffeomorphism of 1-dimensional manifolds.
Proof. For v € N, we obtain from formulas (5.7)-(5.12) [7]:

sin(0/2) = ksn p;(k) = ksinv](k),

cos(0/2) = —dnpi (k) = —y/1 — k2 sin® v} (k),
Ry = 2(py (k) — B(py(k))) = 2(F (vi (k), k) — E(v] (k). k),
Ry =0.

Thus Exp(Njs) = Mig. Moreover, the mapping Exp : Njg — Mg decomposes into the chain

Npg Sy Y g,

(¥) : kv (8 = 2arcsin(ksinvi (k)), R1 = 2(F(vi(k), k) — E(vi(k),k)), Ry =0),
(%) : (0, R, Ro) — (27 — 0, Ry, R).

)

*%
—

The mapping () is a diffeomorphism by Lemma 2.5. Thus Exp : N}, — M, is a diffeomorphism.

2.2.4. Ezxponential mapping of the set Ni,
Lemma 2.7.
(1) The functions R (), R3(0) defined in (2.20) and (2.13) satisfy the inequality

R3(0) < R1(0), 0 € (0,7).
(2) The mapping Exp : Nty — MY, is a diffeomorphism of 2-dimensional manifolds, where
My ={q€ M|0¢c (m2n), Ry € (R}(21 — 0), R{ (27 — 0)), Ry =0},

see Figure 14.
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™
ns
ng

™

2| N,
N4
k

0 n1 1

FIGURE 9. Domain N{,.

Proof. We have

%
27 48
Mg,
— U
M Iy = M/26
Y2 = M,
™ Ry

FiGure 10. Curves v and T's.

NE/>2 - {V € N2+ |T =0,ve (O,U%(k)), k€ (071)}a

where v = am(p, k). Thus

Ny,cT={veNS|r=0,ve(0,7], kecl0,1]},

and in the 2-dimensional topology of T’

/ 4
8N52 = U;—1 Ny,

nm={veNS|r=0,
ng ={ve NS |T=0,

={veNS|r=0,

ng={veN|r=0,

see Figure 9.

v=0, ke[oal]}a
v e [0,7], k=0},
v=ui(k), kel0,1]},
CAS [Oaﬁ/Q]a k:]-}a

By formulas (5.7)—(5.12) [7], the exponential mapping in the domain NY, reads as follows:

sin(0/2) = ksinwv, cos(0/2) = =V 1 — k2sin v,
R1 = Q(F(’U,ki) —E(’U,kﬁ)), Rg =0.
Thus
Exp(Nf,) c S={qe M |6 € (m27), Ri >0, Ry =0},
Exp(n1) = Exp(ng) = Py ={qg€ M |6 =2m, Ry =0, Ry =0},
Exp(nz) = Mg = T, [y = Mg,
Exp(ns) = M47 V2, V2 = My

305

By Theorem 2.5 [10] (see (1.14)), the mapping Exp|]\”2 is nondegenerate, thus Exp(N{,) is an open connected

domain in S, with 9 Exp(NZ,) C Exp(ONZ,)

=Ty U7

The curves I'; and 73 intersect one another at _the point Fy. We show that they have no other intersection
points. By contradiction, assume that the curves I'y and 73 have intersection points distinct from Py, then the

domain Exp(NZ,) is bounded by finite arcs of the curves I's and 7z, i.e.
P, # Py, such that 0Exp(NY,) = PyyeP1 U P2 Py

, there exists a point P, € 75 N g,

Then Exp(N!,) does not contain the curves s, I's.
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Ry =y Ry
M M, M= My Mj =My
Mg = Mj, MY, = M},
Mg M Re =2 Mg = M, M = Miy Mi; = ]Wz(:s
0 0 R
M, = M, Mig = My,
M, M, M} = M} M| = M}
FiGure 11. Decomposition FiGURE 12. Decomposition
of surface {6 = 0}. of surface {0 = 7}.

This is a contradiction to the diffeomorphic property of the mapping Exp : n3 = N, — I's = M, and
Exp : ng = Njz — 72 iMéb, see Lemmas 2.6 and 2.3 respectively. o
Consequently, 72 N 'y = Py, and the domain Exp(Vi,) is bounded by the curves 7z, I's.
dRi dR?
91 (0) = +o0, 01 (0) = 0 (see Lem. 2.5 and Eq. (2.14)) imply that R?(8) < R1(6) for
sufficiently small 6§ > 0. Further, the representations

The equalities

Ty =My, ={qe M|0¢c(r,2r), Ri = Ri(2r —0), Ry =0},
72:M47:{QGM|9€(7T,2’/T), RIZR%(Qﬁfo)v RQ:O}

imply the required inequality
Ri(0) < Ri(),  6€(0,7),
and the equality Exp(N{f,) = MY,.
Since the mapping Exp : Nf, — M/, is nondegenerate and proper, and the domains Ni,, M, are open,
connected, and simply connected, it follows that this mapping is a diffeomorphism. ]

The mutual disposition of the curves v, = M}, and I'y = Ml is shown in Figures 10 and 14.

2.3. Decomposition of the set M’

Now we have the functions R?(0) < R} () required for definition of the following decomposition:
M’ =UE M, (2.21)

where the subsets M/ are defined by Table 2. Notice that some of the sets M/ coincide between themselves,
unlike the sets N/, see (2.12). A precise definition of coinciding M/ is given below in Theorem 3.1, item (1).

The structure of decomposition (2.21) in the surfaces {§ = 0}, {6 = =}, {R1 = 0}, {Rs = 0} is shown
respectively in Figures 11, 12, 13 and 14.

NI

2.4. Exponential mapping of the sets INj,, N/ T8

4 4 4 4 / /
53’ N33’ N34’ N17’ N27’ Nl’ NlO
2.4.1. Ezxponential mapping of the set Ni

Lemma 2.8. The mapping Exp : N, — My is a diffeomorphism of 2-dimensional manifolds.
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0
21

M3 (M1 EN

Mig = My, ‘Més = M3y My, = M;,
m
Mig My Miy
M M
46 45 R,
0
FIGURE 13. Decomposition of surface { Ry = 0}.
4? 2m
Fg ]\/‘[é'T Afé5 FQ
3 M{q = M, ]VIQ%: Mi, M, = M, 2
V4 7r M m
Iy Mg M}, 2 I
Mj, = Mj,

M3; = My

FIGURE 14. Decomposition of surface { Ry = 0}.

Proof. By formulas (5.2)—(5.6) [7], exponential mapping in the domain N34 reads as follows:

sin(0/2) = /1 —k?snp/dup, cos(0/2) = —cnp/dnp,
Ry = 0, Ry = 72f2(pa k)/(kdnp)a

where fa(p,k) = k*cnp snp + dnp(p — E(p)) > 0 by Lemma 5.2 [7], thus Exp(Ng) C Mjg.

307
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TABLE 2. Definition of sets M.

A7 [ A = AL | W = M| M= ML ML = M| M= ih, | M, =
0 7r T 7r 7r (m,2m) (0,7)
Ry | (0,400) | (—00,0) | (=00,0) | (0,400) | (R{(27 —6),+00) | (—oc, —R{(H))
Ry | (—00,0) | (=00,0) | (0,4c0) | (0,+00) 0 0
M | Miy = Mj, Mis = M, Mi; = Mgy | Mig = My, | Mig = My,
0 (0,7) (m,2m) ™ T T
Ry | (Ri(0),+) | (oo, —Ri(2m —0)) | (0,+00) 0 (—00,0)
Rs 0 0 0 (—00,0) 0
M | Mgy = My, | Mys = My, Mg Mg Mg = Mg, | Ms, M3y
0 T 0 (7, 2m) (0,7) 0 (0,7) (m,2m)
R 0 (—o00,0) | RI27—0) | —RL@) | (0,+00) | B(0) | —R.(2r—0)
Ry | (0,+00) 0 0 0 0 0 0
M [ M = M, | i e W |
0 T (7, 2m) (m,2m) (m,2m) (m,2m) (0,7)
Ry 0 (0, R{(2m — 0)) 0 (—R%(2m —0),0) 0 (—R%(0),0)
Ry 0 0 (—00,0) 0 (0,400) 0
M| Mi My, Mip | Miy | My | Mis Mig Mz
0 (0,7) (0,7) (0,7) | (m,2m) | (0,7) 0 0 (m,2m)
| 0 |(OR@O)[ 0 0 0 0 0 | E@2r-0)
Ry | (—0,0) 0 (0,400) 0 0 (0,+0) | (—o0,0) 0
W M | e | M | i i
0 (,2m) (0,7) | (0,m) 0 (7, 27) 0
B [—RCn —0) | —R0) | FB0) | (—o0.0) | (B0r = 0), Rir —0)) | (—o0,0)
Ry 0 0 0 (—00,0) 0 (0, +00)
i i, i i i i
0 (0,7) 0 (0,7) 0 (m,2m)
Ry | (=Ri(6), —R%(0)) | (0,+00) | (R{(0), Bi(0)) | (0,+00) | (~Ri(27 —0), —R¥(27 — 0))
Ry 0 (—00,0) 0 (0,400) 0

In the topology of the manifold {R; = 0}, we have:

see Figure 15.

8Né6:U?:1niv

n={venN)|r=K,
ng={venNy|r=K,
ny={venNy|r=K,
ng={venNy|r=K,

p=0, ke[0,1]},
p€0,7/2], k =0},
p=K, ke[0,1)},
p € [0, +00), k =1},
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p
my 0
ml‘ 21
ns3
T
2 Ny Méﬁ ma
n9 NéG
k
0 ni 1 ms m Ry
FIGURE 15. Domain Ni,. FIGURE 16. Domain Mjg.
Further, we have Exp(n;) = m;, i = 1,...,4, where

my={q€ M |0=2r, R =0, Ry =0},

mo={qe M |0 € |m2r], Ry =0, Ry =0},

mB:{q€M|9:T(, Rlzo, R2€(70070]}7

mi = (g€ M|0=2n, By =0, Ry e (—o0,0])
see Figure 16.

The mapping Exp : Ni; — M, is nondegenerate and proper, the domains Nj4, M4, are open (in the
2-dimensional topology), connected and simply connected, thus it is a diffeomorphism. U

2.4.2. Ezxponential mapping of the set Niq

Lemma 2.9. The mapping Exp : Nis — Mty is a diffeomorphism of 2-dimensional manifolds.

Proof. The argument follows similarly to the proof of Lemma 2.8 via the following coordinate representation of
the exponential mapping in the domain N{:

6=0, Ri=-2/1-k(p—E(p)/dnp <0,  Ry=—2kfi(p,k)/dnp,

where f1(p,k) = ecnp (E(p) —p) — dnpsnp < 0 for p € (0,p}), see Corollary 5.1 [7]. O
2.4.3. Ezponential mapping of the set Nig

Lemma 2.10. The mapping Exp : Nig — Mg is a diffeomorphism of 1-dimensional manifolds.

Proof. By formulas (5.2)—(5.6) [7], we have in the set Nig:

O0=m,  Ri1=0, Ry=—(2/k)(K(k)— E(k)),
and the diffeomorphic property of Exp| NI, follows as usual from its nondegeneracy and properness, and topo-
logical properties of the sets Nig, M{g. O

2.4.4. Ezponential mapping of the sets Niy, Ni,
Lemma 2.11. The mappings Exp : Ni3 — Mjs and Exp : N}, — M}, are diffeomorphisms (bijections) of
0-dimensional manifolds.

Proof. Obvious. O
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2.4.5. Ezxponential mapping of the set N{,
Lemma 2.12. The mapping Exp : N{, — M is a diffeomorphism of 1-dimensional manifolds.

Proof. The statement follows as in the proof of Lemma 2.10 via the following coordinate representation of the
exponential mapping in the domain Nj.:

O=m, Ry=(2/k)(K(k) —Ek), Ry=0. O

2.4.6. Ezxponential mapping of the set N,
Lemma 2.13. The mapping Exp : N5, — M. is a diffeomorphism of 2-dimensional manifolds.

Proof. Formulas (5.7)—(5.12) [7] yield:
0=m, Ry =—-2v1—k2 (p—E(p))/dnp|p:p%(k), Ry =0.
Since 7 = K, then Lemma 2.4 [10] implies that the mapping Exp| Ny, is nondegenerate. Then the diffeomorphic

property of Exp : Nj, — M/, follows as usual. O

2.4.7. Ezxponential mapping of the set Nj
Lemma 2.14. The mapping Exp : Ni — Mj is a diffeomorphism of 2-dimensional manifolds.

Proof. Formulas (5.2)—(5.6) [7] yield:
0=m, Ry =2(K(k)— E(k))ent /(kdnT) > 0,
Ry = —2v/1—k2(K(k)— E(k))snt /(kdnT) <0,

and the statement follows as usual since the mapping Exp] NI is nondegenerate and proper. O

2.4.8. Ezponential mapping of the set N1,
Lemma 2.15. The mapping Exp : Ni, — M, is a diffeomorphism of 2-dimensional manifolds.

Proof. By formulas (5.7)—(5.12) [7] we get:

sin(0/2) = ksnpl ent /VA >0, cos(0/2) = —dnpl/VA <0,
Ri = 2(p—E(p))dnt /VA >0, Ry =0,
pP=p7

where A = 1 — k%sn? p sn? 7, and the statement follows by standard argument since Exp| NI, is nondegenerate
and proper. O

2.5. Action of the group of reflections in the preimage
and image of the exponential mapping

In order to extend the results of the preceding subsections to all 58 pairs (N/, M]), i € I, we describe the
action of the group of reflections G = {Id,e!,...,&"} on these sets.

Theorem 2.1. Tables 3,4, 5,9 and 6, 7, 8, 10 define diffeomorphisms between the corresponding manifolds N
and M.

Proof. Follows from definitions of the manifolds N/ and M/ (Sects. 2.1 and 2.3) and Propositions 4.3 and 4.4 [7]
describing action of the reflections £ € G in the image and preimage of the exponential mapping. Moreover, in
the coordinates (6, R1, R2) action of the reflections is described by Table 11. O
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: 1 4 5 / / / / !
TABLE 3. Action of €', €%, € on Ni5, Nj-, Niy, Ni-, Nig.

D | N5 | Niz | Nio | Niz | Ng
EI(D) N3z | Nig | Neg | Nig | Nio
54(D) Nig | Nig | Ngy | Nay | Nig
ES(D) Nix | Nso | Neg | Nag | Nig
TABLE 4. Action of €2, %, % on TABLE 5. Action of €!, €2, €2 on
Nf§67 N{S' NEI)37 Né?'
D | N3 | Nig D | N33 | Naz
i(D) Nis | Nag 5;(D) Ni7 | N3
e*(D) | Njg | N3o e“(D) | N3y | N3g
(D) | Ny | Nyy (D) | Nis | Nag

: 1 4 5 / / / / /
TABLE 6. Action of ', €%, ¢° on M35, My, Mi,, M{., M.

D | M35 | Myz | Mgy | M7 | Mg
(D) Mz, | Mg | Mgg | Mig | M3y
e'(D) | Mg | Myq | Mg, | M3, | Mg
(D) | My, Mg | Mg | M3s | Mg,

TABLE 7. Action of €2, €*, % on TABLE 8. Action of €!, €2, €2 on
Méf)‘? M{B' MEI)37 Mé7'
D | Mg | Mig D | Mgy | M,
5i(D) Mg | My 5;(D) Mg, | Mg,
e'(D) | Mjy | M3y e°(D) | Mg, | My
56(D) My | M3y 53(D) Mgs | Mg

2.6. The final result for exponential mapping of the sets IV/

Theorem 2.2. For any i € I, the mapping Exp : N/ — M/ is a diffeomorphism of manifolds of appropriate
dimension 2, 1, or 0.

Proof. For i € {35,47,26,52,36,53,18,17,27,1,10} the statement follows from Lemmas 2.2, 2.3, 2.6, 2.7, 2.8,
2.9, 2.10, 2.12, 2.13, 2.14 and 2.15 respectively.

For i € {33,34} the statement was proved in Lemma 2.11.

For all the rest i the statement follows from the above lemmas and Theorem 2.1 since the reflections € € G
are symmetries of the exponential mapping, see Proposition 4.5 [7]. (|

2.7. Reflections €* as permutations
In addition to the index sets I, C, J, R, X introduced in (2.9) and (2.10), we will need also the set

T={(i,j)eIxI|i<j M =DM}

7
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TABLE 9. Action of !, ..., €7 on TABLE 10. Action of €', ..., €7 on
N{aN{O' M{aM{O
D | Ni| Ny, D | My | Mj,
e'(D) | N3 [ Nis e'(D) | My | Mis
e*(D) | Ni | Ng e2(D) | My | Mg
(D) | N3 [ Nig (D) | My | Mis
e'(D) | Ni [ Ny, e'(D) | Mz | Mi,
(D) | Ng | N1, e°(D) | Mg | Miy
(D) | N§ | Ny (D) | Mg | My,
e"(D) | N7 [ N1y e'(D) | My | Mi,

TABLE 11. Action of !, ..., e" on M = {(Ry, Rs,0)}.

el g2 e3 et b 0 e’
Ri|—-Ri| R |-R1| —R: R, —Ry R,
Ry | Ry | —Ry | —Ro Ro Ro —Ry —Ry

0 0 0 0 2r—0 | 2n—0 |2 — 0 | 2w — 0

TABLE 12. Multiplication table in the group G.

elle2[e3 et e [ef]eT
et |Id | e3|e? | e |et |7 ]| &b
g2 Id[el [ef [e™ [t | e
g3 Id | 7|0 | ed | et
et Id [ el |2 ]&d
g Id | €3 | €2
€8 Id | &t
e’ 1d

From the definition of the sets M/ in Section 2.3 we obtain the explicit representation:

T ={(1,6), (2,5), (3,8), (4,7), (9,10), (11,12), (13,14), (15,16),
(17,23), (18,22), (19,21), (20,24), (25,27), (29,31), (33,34)}.

Notice that X ={ieI|3jel : (i,j) €T or (j,i) € T}.

Now we show that reflections ¥ € G permute elements in any pair (i,5) € 7.

We will need multiplication Table 12 in the group G, which follows from definitions of the reflections e
(Sect. 4 [7]). The lower diagonal entries of the table are not filled since G is Abelian.

k

Lemma 2.16. For any (i,j) € T there exists a reflection €* € G such that the following diagram is commutative:

ey Vi (1) 2o g,

Ik T

E Ex
N: B M (AF, ) > g
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Proof. From definitions of the sets N/ (Sect. 2.1) and the reflections ¥ (Sect. 4 [7]), Tables 3, 4, 5, 9, 12 and
Proposition 4.5 [7], we obtain the following indices k of required symmetries ¥ for pairs (i, 5) € T

(i,5) € {(1,6), (2,5), (3,8), (4,7), (17,23), (19,21)} = k=5,
(4,5) € {(9,10), (15,16), (11,12), (13,14), (25,27), (29,31)} = k=2,
(i,j) € {(33,34), (18,22), (20,24)} = k=4.

3. SOLUTION TO OPTIMAL CONTROL PROBLEM

In this section we present the final results of this study of the sub-Riemannian problem on SE(2).

3.1. Global structure of the exponential mapping
We say that a mapping F' : X — Y is double if any point y € Y has exactly two preimages:

VyeY Fﬁl(y)z{acl,xg}, T1 # To.

Theorem 3.1.
(1) There is the following decomposition of preimage of the exponential mapping Exp : N — M:

N" = Npax U Neonj U Nyest,
Nitax = Uiex Ny,
Nconj = l—|ieJ]Vilv
Nrest = Uier Ny,

and in the image of the exponential mapping:

M=MUM,

M =18 M,

MI = MMax U Mconj L Mrest;

Mtax = Uiex M,

MinM;#0,i<j = (ij)eT, {ij}cX,
i,j)eT = M =M,

Mconj = uiEJMiIv

Miesy = uiERMi/'

(2) In terms of these decompositions the exponential mapping Exp : N — M has the following structure:

Exp : D; — M; is a diffeomorphism ¥ i =1,...,8, (3.1)
Exp : N/ — M is a diffeomorphism ¥ i € I.
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Thus
Exp : N — M is a bijection, (3.3)
Exp : Nyax — Myax 18 a double mapping, (3.4)
Exp : Neonj — Mconj is a bijection, (3.5)
Exp : Niest — Myest 18 a bijection. (3.6)

(3) Any pomt q € M (¢ € Meonj, ¢ € Myest) has a unique preimage v = Exp '(q) for the mapping
Explg : N — M. Moreover, v € N (resp., v € Neonjs V € Nyest)-

(4) Any point ¢ € Myjax has ewactly two prezmages {V, V”} Exp ™~ '(q) for the mapping Explg : N — M.
Moreover, V', V" € Nypax and v = ¥ (') for some e € G.

The domains D; and M; were defined in Tables 1 and 2 [10].

Proof. Equalities in item (1) follow immediately from definitions of the corresponding decompositions.
(2) Property (3.1) was proved in Theorem 3.1 [10], and property (3.3) is its corollary, with account of item (1).
Property (3.2) was proved in Theorem 3.2, and properties (3.4)—(3.6) are its corollaries, with account of item (1).
(3) The statement follows from (3.3), (3.4), (3.5), (3.6), with account of item (1).
(4) The statement follows from (3.4), (3.5), (3.6), and Lemma 2.16. O

3.2. Optimal synthesis

Theorem 3.2. Let g€ M = M \ {qo}-

(1) Letge MU Meonj U Myest = J/W\\MMaX. Denote v = (\,t) = Exp_l(q) € JVUNCOH]' U Npest = N\NMaX.
Then qs = Exp(\, s), s € [0,t], is the unique optimal trajectory connecting qo with q. If g € MU Mest,
then t < t(\); if ¢ € Meonj, then t = t(\) = t{™ ().

(2) Let ¢ € Myjax. Denote {V/,1""} = Exp *(q) C Nyax, V' = (N, t) # V" = (\',t). Then there exist ex-
actly two distinct optimal trajectories connecting qo and q; namely, q. = Exp(N, s) and ¢/ = Exp()\’, s),
s €[0,t]. Moreover, t = t()\) < t®™(X).

(3) An optimal trajectory qs = Exp(\, s) is generated by the optimal controls

ui(s) =sin(vs/2),  ua(s) = —cos(7s/2),
where 75 is the solution to the equation of pendulum %5 = — sin~ys with the initial condition (vo,%0) = A.

Proof. For any point ¢q € M there exists an optimal trajectory ¢s = Exp(A,s), s € [0,t], v = (\,t) € N, such
that ¢ = ¢ and t < tey(\). By Theorem 5.4 [7], we have ¢ < t()), thus v € N.

(1) Ifqe MU Moonj U Myest, then by Theorem 3.1, there exists a unique v = (A, t) € N such that q = Exp(v),
moreover, v € N U Neonj U Nyess.  Consequently, ¢ = Exp(\,s), s € [0,], is a unique optimal trajectory
connecting gy with q.

The inequality ¢ < t(\) for v = (A, £) € N U Nyest, and the equality ¢ = t(\) = 5™ (A) for v € Neon;j follow
from definitions of the sets Jv, Nrest> Neonj-

(2) If ¢ € Myax, then the statement follows similarly to item (1) from Theorem 3.1 and definition of the
set NMax-

(3) The expressions for optimal controls were obtained in Section 2 [7]. O

It follows from the definition of cut time that for any A € C' and t € (0, tcut(A)), the trajectory ¢(s) = Exp(], s)
is optimal at the segment s € [0,¢]. For the case of finite tcut(\), we obtain a similar statement for ¢ = teut ().

Theorem 3.3. If teut(N) < 00, then the extremal trajectory Exp(\, s) is optimal for s € [0, teut(N)].
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Proof. Let teyt(A) = t(A) < 400, t.e., A € C1UCy UCy, and let ¢ = teu(A). Then (A, t) € Numax, and the
statement follows from item (2) of Theorem 3.2. O

3.3. Cut locus
Now we are able to describe globally the first Maxwell set

Max = {g € M | 3t > 0, 3 optimal trajectories qs # ¢, s € [0,t], such that ¢ = q;, = q}, (3.7)
the cut locus

Cut = {Exp(\,t) [ A € C, t =teu(N) ]}, (3.8)
and its intersection with caustic (the first conjugate locus)

Conj = {Exp(\,t) | A e C, t = t5°M(N\)}. (3.9)

Theorem 3.4.
(1) Max = Myax,
(2) Cut = Mcut;
(3) CutNConj = Mconj-

Proof. Ttems (1) and (2) follow from Theorem 3.2 and Corollary 3.3.

(3) Let ¢ € Mconj, and let g5 = Exp(A, s), s € [0, t(A)], be the optimal trajectory connecting go with ¢. Thus
there are no conjugate points at the interval (0,t())). By item (1) of Theorem 3.2, we have t5*™(\) = t()).
Thus Mcon; C Conj, and in view of item (2) of this theorem we get Mconj C Cut N Conj. Now we prove that
Cut N Conj C Mconj, i.€., Mcyt N Conj C Mconj-

Fix any point ¢ € Meys. Then g = Exp(\,t) for some (A, t) € Neyy = Nuax U Neonj- In order to complete
the proof, we assume that (\,t) € Nyax and show that ¢ ¢ Conj. Since (\,t) € Nyax, then t = t()\). We prove
that ¢ < £5°™(\).

If X € C, UCy, then t5°™(\) = +00 by Theorem 2.5 [10] (see (1.14)).

Let A € Cy. If sn7 =0, then (A, t) € Neonj, which is impossible since (A, t) € Nmax. And if sn7 # 0, then
t < t5°™()\) by Proposition 2.2 [10].

The inclusion Cut N Conj C Mcon; follows. O

Theorem 3.5. The cut locus has three connected components:

Cut = Cutglobl_ICutltcl_lCut;)C, (3.10)
Cutglor = {g € M | 0 = 7}, (3.11)
Cutf, ={¢e M |0¢c (—mm), Ra=0, Ry > Ri(|0])}, (3.12)
Cut..={ge M |0 e (—m7), Ro=0, R <—R}0])}, (3.13)

where the function R} is defined by equation (2.20). The initial point qo is contained in the closure of the
components Cutfgc, Cut, ., and is separated from the component Cutgiop.

Proof. By Theorems 3.4, 3.1 and Lemma 2.1, we have

Cut = Mcut = Exp(Ncut) = UiECMrL'/~
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FIGURE 17. Cut locus in rectifying coordinates (R, Rz, ).

Denote
Caiob = {1,...,8,17,...,24,33, 34},
. ={13,...,16,29,...,32},
Cro.=1{9,...,12,25,...,28}.
Then
UiECglobMi/ - CutglOb’ Uieclthil - Cutlﬁc’ UiEC;’CM'L{ - Cutl?)c’
and decomposition (3.10)—(3.13) follows.
The topological properties of Cutgiob, Cutic follow from equalities (3.10)—(3.13). O

The cut locus in rectifying coordinates (R1, Ra, #) is presented in Figure 17, notice that here the horizontal
planes # = 0 and 6 = 27 should be identified. Global embedding of the cut locus to the solid torus (diffeomorphic
image of the state space M = SE(2)) is shown in Figure 18.

The curve I' = Cut N Conj has the following asymptotics near the initial point gg:

Ry = RI(0) = /m/2 0*/3 4 0(6*/3), 0 -0, Ry=0,

see item (5) of Lemma 2.5. This agrees with the result on asymptotics of cut and conjugate loci for contact
sub-Riemannian structures in R? obtained by Agrachev [1] and by El-Alaoui et al. [5].
Ilustrations of cut points and the corresponding optimal trajectories are given in Figures 19-27.

4. EXPLICIT OPTIMAL SOLUTIONS FOR SPECIAL TERMINAL POINTS

In this section we describe optimal solutions for particular terminal points g1 = (21, y1, 61). Where applicable,
we interpret the optimal trajectories in terms of the corresponding optimal motion of a car in the plane.

For generic terminal points, we developed a software in computer system Mathematica [13] for numerical
evaluation of solutions to the problem.
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FicURE 18. Cut locus: global view.

4.1. :]31#0,3/1:0,01:0

In this case v € N5, and the optimal trajectory is
xy =tsgnxy, y. =0, 6;=0, te0,t1], t1=|x1],
the car moves uniformly forward or backward along a segment.

4.2. ¢1 =0, y1 =0, |01| € (0,7)

We have v € Ny, and the optimal solution is
zy =0, y,=0, 6, =1tsgnb, te[0,t1], t1=1041],
the car rotates uniformly around itself by the angle 6.

43. 1 =0,y1 =0,0, =

We have v € Ny, and there are two optimal solutions:
xt:O, yt:O7 Ht:it, tE[O,tl], ﬁlzﬂ',

the car rotates uniformly around itself clockwise or counterclockwise by the angle 7, see Figure 19.
4.4. :]31#0, y1:0, 01:71'

There are two optimal solutions:

xy = (sgnz)/k(t+ E(k) — BE(K +t,k)), y=(s/k)(vV1—-k*—dn(K +t,k)),
0y = ssgnwy(n/2 —am(K +t, k), s= =1, te0,t1], t =2K,

and k € (0,1) is the root of the equation
(2/k)(K (k) — E(k)) = [21],

see Figure 21.
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FIGURE 19. Cut point for A € Cy (optimal solu-
tions for 1 = y1 =0, 6; = 7).

FiGure 21. Cut point for A € Cf,

Figure 20. Cut point for A € symmetric case with cusp (optimal
(4, generic case (optimal solu- solutions for z; # 0, y1 = 0,
tions for 6, = 7). 0, =m).

4.5. :]31:0,3/1#0,01:71'

There are two optimal solutions:

ze = s(1 —dn(t, k))/k,  ye = (sgny1/k)(t — E(t, k),
0; = ssgnyy am(t, k), s=+1, te0,t1], t1 =2K,

and k € (0,1) is the root of the equation

(2/F)(K (k) = E(k)) = |y,

see Figure 22.
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FIGURE 22. Cut point for A € C7, symmetric case without cusp (optimal solutions for 1 = 0,
Y1 7& 0, 91 = 7T).

4.6. x1=0,y1750,01=0

There are two optimal solutions given by formulas for (a¢,ys, 6;) for the case A € Cy in Section 3.3 [7] for the
following values of parameters:

tef0ti], ti=2kpi(k),
with the function pi(k) defined in Lemma 5.3 [7],
sp=—sgnyi, Y ==xK(k) - pi(k),
and k € (0,1) is the root of the equation
2(pt(k) — B(pi(k), k)V/1 = k2/ du(pi (k). k)) = [y,

see Figure 23.
4.7. (x1,y1) #0, 601 =7

Introduce the polar coordinates x1 = p1cosxi, y1 = p1sinyxi. There are two optimal solutions given by
formulas for (x4, y:,0:) for the case A € Cy in Section 3.3 [7] for the following values of parameters:

te0,t], t=2K(k),

and k € (0,1) is the root of the equation
2(pi(k) — E(p1(k), k)V'1 — K2/ dn(p; (), k) = p1,
s1 = +1, o =51F(7/2 - x1,k),

see Figures 20-22. In the cases y; = 0 and z; = 0 we get respectively the cases considered in Sections 4.4
and 4.5.
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FIGURE 23.

Ficure 25. Cut point for
A € (4, special case with one

FicURE 24. Cut point for
A € (3, generic case.

cusp.
FicURE 26. Cut point for Ficure 27. Cut point for
A € (5 approaching conju- A € (5 coinciding with con-

gate point. jugate point.
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11 70,60, =0

There is a unique optimal solution given by formulas for (z¢, y, 6;) for the case A € Cy in Section 3.3 [7] for

the

ke

and

following values of parameters:
So = —sgnyi,
(0,1) and p € (0, pi (k)] are solutions to the system of equations

s(sgny1)2k f1(p, k)/ dn(p, k) = x1, s =41,
2(p — E(p)) V1 —k?/dn(p, k) = |y1],

te [Oatl]a tl :2kpa 1/):SK(k)7p
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