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UNIFORM STABILIZATION OF SOME DAMPED SECOND ORDER
EVOLUTION EQUATIONS WITH VANISHING SHORT MEMORY

Louis Tebou1

Abstract. We consider a damped abstract second order evolution equation with an additional van-
ishing damping of Kelvin–Voigt type. Unlike the earlier work by Zuazua and Ervedoza, we do not
assume the operator defining the main damping to be bounded. First, using a constructive frequency
domain method coupled with a decomposition of frequencies and the introduction of a new variable, we
show that if the limit system is exponentially stable, then this evolutionary system is uniformly − with
respect to the calibration parameter − exponentially stable. Afterwards, we prove uniform polynomial
and logarithmic decay estimates of the underlying semigroup provided such decay estimates hold for
the limit system. Finally, we discuss some applications of our results; in particular, the case of boundary
damping mechanisms is accounted for, which was not possible in the earlier work mentioned above.
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1. Introduction and statements of main results

Let H be a Hilbert space, and let A be an unbounded coercive operator on H with A = A∗. Denote (., .),
the scalar product on H , and |.|, the corresponding norm on H . Set V = D(A

1
2 ), and for every v ∈ V , set

||v|| = |A 1
2 v|. Denote by V ′ the topological dual space of V , and let B : V → V ′ be a nonnegative operator, viz.

〈Bv, v〉 ≥ 0 for all v in V , where 〈, 〉 denotes the duality product between V and V ′. Throughout the paper, it
is assumed that H is the pivot space, and that the embeddings D(A) ⊂ V ⊂ H ⊂ V ′ are compact and dense.

For each ε > 0, consider the following abstract second order evolution equation

yε,tt + Ayε + Byε,t + εAyε,t = 0, t ∈ R,

yε(0) = y0, yεt(0) = y1.
(1.1)

The associated limit system is
y,tt + Ay + By,t = 0, t ∈ R,

y(0) = y0, yt(0) = y1.
(1.2)
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If y0 ∈ V , and y1 ∈ H , the energy of (1.1) is given for every t ≥ 0 by

Eε(t) =
1
2
(|yε,t(t)|2 + |A 1

2 yε(t)|2), (1.3)

and it is a nonincreasing function of the time variable as

Eε(t) = Eε(s) −
∫ t

s

{〈Byε,t(r), yεt(r)〉 + ε|A 1
2 yε,t(r)|2} dr, ∀0 ≤ s < t < +∞. (1.4)

System (1.1) is motivated by the study of the uniform stabilization of the finite differences or traditional finite
element space discretization of the wave equation. Indeed, for such approximation schemes, the energy of the
damped wave equation does not decay uniformly with respect to the mesh size; for that to happen, a suitably
calibrated vanishing viscosity has to be introduced into the system, e.g. [15, 56, 57].

The main question that will be dealt with in this paper is the following: Given that the decay of the energy
of the limit system (1.2) is exponential, polynomial, or logarithmic, is the exponential/polynomial/logarithmic
decay of the energy Eε, as t → ∞, uniform with respect to ε? In other words, given ε0 > 0, do there exist
positive constants M and λ such that

Eε(t) ≤ Me−λtEε(0), ∀t ≥ 0, ∀0 < ε ≤ ε0, ∀(y0, y1) ∈ V × H, (1.5)

or

Eε(t) ≤
M ||(y0, y1)||2D(Aε)

(1 + t)λ
, ∀t ≥ 0, ∀0 < ε ≤ ε0, ∀(y0, y1) ∈ D(Aε), (1.6)

or

Eε(t) ≤
M ||(y0, y1)||2D(Aε)

[log(2 + t)]2
, ∀t ≥ 0, ∀0 < ε ≤ ε0, ∀(y0, y1) ∈ D(Aε), (1.7)

where D(Aε) is defined below.
This work was motivated by one of the questions tackled in [14]; indeed the authors of [14] consider, among

other things, (1.1) with B = C∗C, where C is a bounded operator, viz. C ∈ L(H). Assuming that the limit
system (1.2) is exponentially stable, using an appropriate decomposition of the solution along high and low
frequencies, and the fact that C is bounded, they prove (1.5). One may argue that the additional viscoelastic
damping makes the stabilization problem much easier, which is true for ε fixed, but then the decay rate is
not uniform with respect to ε, and overdamping may occur as shown in [14]. What makes the study of this
stabilization problem interesting is the requirement that the decay rate be uniform with respect to ε as ε goes
to zero. It is to be noted that in [14], the uniform energy decay estimate (1.5) critically relies on the following
two facts:

i) the limit system is exponentially stable;
ii) the damping operator C is bounded.

Consequently if one of those two facts fails, then the method developed in [14], and which is based on Proposi-
tion 1 in [19] that establishes an equivalence between observability and stabilization for second order evolution
equations with bounded damping operators, becomes inoperative; in particular, the case where the damping
operator B is unbounded is left as an open problem therein. It is the intent of the author of the present paper to
propose a solution to that open problem; the method that will be developed below to address that problem and
which is based on the resolvent estimates will enable us to deal not only with the case where the limit system
is exponentially stable, as in [14], but also to deal with situations where the limit system is polynomially or
logarithmically stable only; this may happen even for some bounded operators B, e.g. [16, 31, 37, 39, 42, 49, 54].
At this stage, it is worth mentioning that the present work as well as [14] are closely related to the earlier
works [56, 57] where the uniform stabilization of the finite differences space semi-discretization of the wave
equation is discussed; in those two papers, the addition of a well-calibrated viscoelastic damping is the key ele-
ment for the uniform exponential decay of the energy. Indeed, it is shown in [56,57] that without that additional
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damping, the discrete system fails to be uniformly exponentially stable. But as will be seen below, and as it was
already observed in [14], the presence of the viscoelastic damping in (1.1) makes the study of the stabilization
problem at hand more intricate; in fact, the authors of [14] had to rely on a judicious decomposition of the
solution along high and low frequencies in order to prove that the perturbed system is uniformly exponentially
stable. In the present work, where the decay estimates will be established through estimates of the resolvent
along the imaginary axis, we will decompose the axis into two portions; for the unbounded portion, the extra
viscoelastic damping will be enough to get the necessary estimates, while for the bounded portion, we will rely
on the introduction of a new variable and the fact that the limit resolvent satisfies the corresponding estimate.

Before stating our main results, we will recast (1.1) as a first-order system. To this end, introduce the Hilbert
space on the field C of complex numbers H = V × H , equipped with the norm

||(u, v)||21 .= ||(u, v)||2H = |A 1
2 u|2 + |v|2. (1.8)

Let Aε be the unbounded operator given by

Aε =
(

0 I
−A −B − εA

)
(1.9)

with:
D(Aε) =

{
(u, v) ∈ V × V ; A(u + εv) + Bv ∈ H

}
.

System (1.1) may now be recast as
Zεt = AεZε

Zε(0) =
(

y0

y1

)
.

(1.10)

We denote by A0 the unbounded limit operator with domain

D(A0) =
{
(u, v) ∈ V × V ; Au + Bv ∈ H

}
.

It will be assumed in the sequel that

∃λ0 > 0 : |u| ≤ λ0|A 1
2 u|, ∀u ∈ V, (1.11)

and

∃μ0 > 0 : 〈Bu, u〉 ≤ μ2
0||u||2, ∀u ∈ V. (1.12)

We can now state our main results:

Theorem 1.1. Let the operators A and B be given as above. Assume that the limit operator A0 generates a
C0 semigroup of contractions (S0(t))t≥0 on the Hilbert space H which is exponentially stable. Let ε0 > 0 be an
arbitrary constant. There exist positive constants M and λ, that eventually depend on λ0, μ0, and ε0 only, such
that the energy decay estimate (1.5) holds for every solution of (1.1).

Theorem 1.2. Let the operators A and B be given as above. Assume that the limit operator A0 satisfies
i� ⊂ ρ(A0), where ρ(A) denotes the resolvent of A. Suppose that A0 generates a C0 semigroup of contractions
(S0(t))t≥0 on the Hilbert space H, which is polynomially stable, viz., there are positive constants M0 and α0

such

||S0(t)Z0||H ≤ M0||Z0||D(A0)

(1 + t)α0
, ∀t ≥ 0, Z0 ∈ D(A0). (1.13)

Set ε0 = 1. There exist positive constants M and λ, that eventually depend on λ0 and μ0 only, such that the
energy decay estimate (1.6) holds for every solution of (1.1).
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Theorem 1.3. Let the operators A and B be given as above. Assume that A0 generates a C0 semigroup of
contractions (S0(t))t≥0 on the Hilbert space H. Suppose that there exists a positive constant C0 such that for
every λ ∈ C with �λ ∈ [− e−C0|�λ|

C0
, 0] and |λ| ≥ 1, one has the resolvent estimate

||(λI − A0)−1||L(H) ≤ C0eC0|�λ|. (1.14)

Set ε0 = 1. There exists a positive constant M , that eventually depends on λ0 and μ0 only, such that the energy
decay estimate (1.7) holds for every solution of (1.1).

Remark 1.4. It is known that when the resolvent estimate (1.14) holds, then the semigroup (S0(t))t≥0 is
logarithmically stable [16, 17, 31]; there exists a positive constant M0 such that for every positive integer k,

||S0(t)Z0||H ≤ M0||Z0||D(Ak
0 )

[log(2 + t)]k
, ∀t ≥ 0, Z0 ∈ D(Ak

0). (1.15)

The rest of this paper is organized as follows: in Section 2, we recall some important preliminary results relating
the energy decay estimates to resolvent estimates. Section 3 deals with the proofs of Theorems 1.1−1.3, while
in Section 4 we discuss several applications of our results and some final remarks.

2. Some technical lemmas

Lemma 2.1 [20, 44]. Let A be the generator of a bounded C0 semigroup (S(t))t≥0 on a Hilbert space H. Then
(S(t))t≥0 is exponentially stable if and only if:

i) i� ⊂ ρ(A), and
ii) sup{||(ib −A)−1||; b ∈ �} < ∞, where ρ(A) denotes the resolvent of A.

Lemma 2.2 [7]. Let A be the generator of a bounded C0 semigroup (S(t))t≥0 on a Hilbert space H such that
i� ⊂ ρ(A), where ρ(A) denotes the resolvent of A. Then (S(t))t≥0 is polynomially stable, viz., there are positive
constants M and α that are independent of the initial data such

||S(t)Z0||H ≤ M ||Z0||D(A)

(1 + t)
1
α

, ∀t ≥ 0, Z0 ∈ D(A). (2.1)

if and only if
∃C0 > 0 : ||(ib −A)−1||L(H) ≤ C0|b|α, ∀b ∈ � with |b| ≥ 1.

Weaker versions of Lemma 2.2 may be found in [5,6,35].

3. Proofs of Theorems 1.1, 1.2, and 1.3

As indicated in the introduction, the energy decay estimates will be derived from resolvent estimates. For that
derivation, we will rely on Lemma 2.1 for the case of Theorem 1.1 and Lemma 2.2 for the case of Theorem 1.2.
First, we shall prove that Aε generates a C0 semigroup of contractions (Sε(t))t≥0, then we shall show that
iR ⊂ ρ(Aε).
We have:

• the operator Aε is dissipative as:

� (AεZ, Z) = −ε|A 1
2 v|2 − 〈Bv, v〉 ≤ 0, ∀Z = (u, v) ∈ D(Aε).

• I − Aε is onto, by Lax–Milgram Lemma, (I denotes the identity operator).
Consequently, the operator Aε generates a C0 semigroup of contractions on H by Lumer−Phillips theorem [41];
note that D(Aε) = H, by [41], Theorem 4.6, page 16.
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We now observe that the operator Aε does not have a compact resolvent even though A0 might have one
as we will see in the examples that are discussed later on. This is due to the fact that the extra viscoelastic
damping has the same order as the principal operator A, thereby precluding the embedding of D(Aε) into H
to be compact. Next, we note that 0 ∈ ρ(Aε). Let b ∈ � with b �= 0, the assertion about the resolvent will be
established once we prove: i) Ker(ib −Aε) ={0} and ii) R(ib − Aε) = H, where Ker(B) stands for the kernel
of the operator B and R(B) stands for the range of B.

Proof of i). Let b be a nonzero real number and let Z = (u, v) ∈ D(Aε) with AεZ = ibZ, we shall prove that
Z = 0. The equation AεZ = ibZ easily yields � (AεZ, Z) = −ε|A 1

2 v|2 − 〈Bv, v〉 = 0; from which one derives
v = 0, thanks to (1.11), and then u = 0. Hence Z = 0.

Proof of ii). For this proof, we borrow some ideas from [36]. Let b be a nonzero real number, and let U = (f, g) ∈
H. We shall show that there exists Z = (u, v) ∈ D(Aε) such that ibZ −AεZ = U , which may be recast as:

ibu − v = f

ibv + A(u + εv) + Bv = g.
(3.1)

We may use the first equation in (3.1) to eliminate v in the second one, thereby getting

−b2u + (1 + ibε)Au + ibBu = g + ibf + εAf + Bf ∈ V ′. (3.2)

If we set Abε = (1 + ibε)A + ibB : V −→ V ′, then Lax–Milgram theorem shows that Abε is an isomorphism.
Further, one checks that A−1

bε is compact as A−1
bε (V ′) = V , and the embedding V ⊂ H is compact. We may

rewrite (3.2) as
u − b2A−1

bε u = A−1
bε (g + ibf + εAf + Bf). (3.3)

Thanks to the Fredholm alternative e.g. [8], Theorem VI.6, page 92, solving (3.3) in H amounts to showing
that the equation u − b2A−1

bε u = 0 has the unique solution u = 0, or equivalently that u = 0 is the unique
solution of the equation −b2u + (1 + ibε)Au + ibBu = 0. Taking the duality product V ′ − V of u and both
sides of the latter equation, we get: −b2|u|2 + (1 + ibε)|A 1

2 u|2 + ib 〈Bu, u〉 = 0, so that taking the imaginary
parts, and keeping in mind that b �= 0, one finds: ε|A 1

2 u|2 + 〈Bu, u〉 = 0; from which one derives u = 0, thanks
to (1.11). Hence ii) holds. Therefore, combining i), ii) and the closed graph theorem, one derives i� ⊂ ρ(Aε).
One may now invoke the stability theorem in [3] to conclude that the semigroup (Sε(t))t≥0 is strongly stable.
The Proofs of Theorems 1.1−1.3 that follow now will quantify that strong stability according to the stability
property satisfied by the limit system.

3.1. Proof of Theorem 1.1

According to Lemma 2.1, it remains to show that one has:

sup{||(ib −Aε)−1||L(H); b ∈ R} < ∞, ∀0 < ε ≤ ε0. (3.4)

To this end, let U = (f, g) ∈ H. We shall prove that there exists a constant C > 0 such that for every b ∈ �,

and every ε with 0 < ε ≤ ε0, if Z =
(

u
v

)
∈ D(Aε) satisfies

(ib −Aε)Z = U, (3.5)

then
||Z||H ≤ C||U ||H. (3.6)

Normally Z should depend on ε and b, but for simplicity sake, that dependence is omitted. Here and in the
sequel, C is a generic constant that may eventually depend on λ0, μ0, and ε0 only.
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Denoting by (., .)1, the inner product in H, and by ||.||1, the corresponding norm, as introduced in 3.59, we
derive from (3.5):

((ib −Aε)Z, Z)1 = (U, Z)1,

so that taking the real parts, we get

ε|A 1
2 v|2 + 〈Bv, v〉 ≤ ||U ||1||Z||1. (3.7)

Now (3.5) is equivalent to:
ibu − v = f

ibv + A(u + εv) + Bv = g.
(3.8)

It follows from the first equation in (3.8), and (3.7):

εb2|A 1
2 u|2 ≤ 2{ε|A 1

2 v|2 + ε|A 1
2 f |2} ≤ 2(||U ||1||Z||1 + ε0||U ||21). (3.9)

At this stage, we note that if εb2 > 1, then one derives from (3.9):

|A 1
2 u|2 ≤ 2(||U ||1||Z||1 + ε0||U ||21). (3.10)

Taking the inner product in H of v with both sides of the first equation in (3.8), it follows

|v|2 ≤ |(ibu, v)| + |(f, v)| ≤ |(ibu, v)| + C||U ||1||Z||1. (3.11)

Taking the duality product V ′ − V of u with both sides of the second equation in (3.8), we derive, thanks
to (3.10), (3.7), Cauchy−Schwarz inequality, and (1.12):

|(ibv, u)| ≤ |A 1
2 u|2 + ε|A 1

2 u||A 1
2 v| + | 〈Bv, u〉 | + |(g, u)|

≤ C
{
||U ||1||Z||1 + ||U ||21 + ||U || 321 ||Z|| 121 +

√
〈Bv, v〉

√
〈Bu, u〉

}
≤ C

{
||U ||1||Z||1 + ||U ||21 + ||U || 321 ||Z|| 121 + ||U || 121 ||Z|| 321

}
.

(3.12)

Reporting (3.12) in (3.11), we find

|v|2 ≤ C
{
||U ||1||Z||1 + ||U ||21 + ||U || 321 ||Z|| 121 + ||U || 121 ||Z|| 321

}
. (3.13)

Combining (3.10) and (3.13), we derive

||Z||21 ≤ C
{
||U ||1||Z||1 + ||U ||21 + ||U || 321 ||Z|| 121 + ||U || 121 ||Z|| 321

}
, (3.14)

so that using Young inequality, (3.6) easily follows from (3.14), provided that εb2 > 1. We now turn to the case
where εb2 ≤ 1. This case is a little bit trickier; first, we will have to make appropriate change of variables, then

use the resolvent assumption on the limit system to derive (3.6). To this end, set w = u + εv, Ẑ =
(

w
v

)
, and

Û =
(

f + ibεv
g

)
. We note that Ẑ lies in the domain of the limit operator D(A0), and Û ∈ H; the energy space

is the same for the perturbed and limit systems. With those notations, (3.8) becomes

ibw − v = f + ibεv

ibv + Aw + Bv = g,
(3.15)
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or equivalently
(ib −A0)Ẑ = Û . (3.16)

Thanks to the exponential stability assumption on the limit system, and Lemma 2.1, we know that there exists
a positive constant C such that for every real number b, one has ||(ib − A0)−1||L(H) ≤ C. Consequently, it
follows from (3.16):

||Ẑ||1 ≤ C||Û ||1. (3.17)

Now, one checks that
||Û ||21 = |A 1

2 (f + iεbv)|2 + |g|2
≤ 2|A 1

2 f |2 + ε2b2|A 1
2 v|2 + |g|2

≤ 2||U ||21 + 2ε|A 1
2 v|2, since εb2 ≤ 1

≤ C(||U ||21 + ||U ||1||Z||1),

(3.18)

and
||Z||21 = |A 1

2 u|2 + |v|2
≤ 2|A 1

2 w|2 + 2ε2|A 1
2 v|2 + |v|2

≤ 2||Ẑ||21 + 2ε0||U ||1||Z||1.
(3.19)

The combination of (3.17), (3.18) and (3.19) yields

||Z||21 ≤ C(||U ||21 + ||U ||1||Z||1), (3.20)

from which, one derives (3.6) with the help of Cauchy−Schwarz inequality. This completes the proof of (3.6),
and that of Theorem 1.1.

3.2. Proof of Theorem 1.2

First, we note that the assumptions on the limit operator A0, and Lemma 2.2 show that there are two positive
constants C0 and α = 1/α0 such that:

||(ib −A0)−1||L(H) ≤ C0|b|α, ∀b ∈ � with |b| ≥ 1. (3.21)

To prove Theorem 1.1, we distinguished two cases: the case εb2 > 1, and the case εb2 ≤ 1. One might be tempted
to use exactly the same two cases in the proof of Theorem 1.2, but then the decay rate would be much weaker
than that of the limit system. If one wants to get the same decay rate as in the limit system, then the threshold
must involve the exponent α found in (3.21). Let b ∈ � with |b| ≥ 1. Let U ∈ H and Z ∈ D(Aε) satisfy (3.5).
We shall prove that there exists a positive constant C such that

||Z||1 ≤ C|b|α||U ||1, ∀b ∈ � with |b| ≥ 1, ∀0 < ε ≤ 1. (3.22)

Case ε|b|2+α > 1. It follows from (3.9)

ε|b|2+α|A 1
2 u|2 ≤ 2|b|α{ε|A 1

2 v|2 + ε|A 1
2 f |2} ≤ 2|b|α(||U ||1||Z||1 + ||U ||21), (3.23)

from which one derives
|A 1

2 u|2 ≤ C|b|α(||U ||1||Z||1 + ||U ||21). (3.24)

Proceeding as in the proof of Theorem 1.1, one gets

|v|2 ≤ C|b|α(||U ||1||Z||1 + ||U ||21) + C||U || 121 ||Z|| 321 . (3.25)
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The combination of (3.24) and (3.25) yields

||Z||21 ≤ C|b|α(||U ||1||Z||1 + ||U ||21) + C||U || 121 ||Z|| 321 . (3.26)

Case ε|b|2+α ≤ 1. Let Û and Ẑ be given as in the proof of Theorem 1.1. Then Û and Ẑ satisfy (3.16), so that
using (3.21), we find

||Ẑ||1 ≤ C0|b|α||Û ||1. (3.27)

Thanks to (3.18) and (3.7), one has

||Û ||21 ≤ 2|A 1
2 f |2 + ε2b2|A 1

2 v|2 + |g|2
≤ 2||U ||21 + 2ε|b|2||U ||1||Z||1
≤ 2(||U ||21 + |b|−α||U ||1||Z||1), since ε|b|2+α ≤ 1.

(3.28)

Proceeding as in the proof of Theorem 1.1, and using (3.27) and (3.28), we get the estimate (keeping in mind
that |b| ≥ 1)

||Z||21 ≤ 2||Ẑ||21 + 2||U ||1||Z||1
≤ 2C2

0b2α||Û ||21 + 2||U ||1||Z||1
≤ 4C2

0b2α||U ||21 + (4C0 + 2)|b|α||U ||1||Z||1.
(3.29)

Combining (3.26) and (3.29), then applying the Cauchy−Schwarz inequality, one derives (3.22). Using
Lemma 2.2, we obtain the claimed energy estimate, which completes the proof of Theorem 1.2.

3.3. Proof of Theorem 1.3

Thanks to our resolvent hypothesis, we already know that there exists a positive constant C0 such that for
every λ ∈ C with �λ ∈ [− e−C0|�λ|

C0
, 0] and |λ| ≥ 1, one has the resolvent estimate

||(λI − A0)−1||L(H) ≤ C0eC0|�λ|. (3.30)

We shall find a positive constant K0 such that for every λ ∈ C with �λ ∈ [− e−K0|�λ|
K0

, 0] and |λ| ≥ 1, one has
the resolvent estimate

||(λI − Aε)−1||L(H) ≤ K0eK0|�λ|, ∀0 < ε ≤ 1. (3.31)

Once (3.31) is established, the claimed decay estimate follows as in the proof of Theorem 3 in [9]. So it remains
to prove (3.31). To this end, let U = (f, g) ∈ H, and let L0 > C0, with C0 as in (3.30). Let λ ∈ C with

�λ ∈ [−e−L0|�λ|

L0
, 0] and |λ| ≥ 1. (3.32)

As in the proof of Theorem 1.1 above, introduce Z = (u, v) ∈ D(Aε) such that

λZ −AεZ = U, (3.33)

which is equivalent to
λu − v = f

λv + A(u + εv) + Bv = g.
(3.34)

The inner product of Z with both sides of (3.33) yields

λ||Z||21 − (AεZ, Z)1 = (U, Z)1,
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so that taking the real parts, we derive

ε|A 1
2 v|2 + 〈Bv, v〉 ≤ ||U ||1||Z||1 + |�λ|||Z||21. (3.35)

Applying the operator A
1
2 to both sides of the first equation in (3.34), and using (3.35), we obtain

ε|λ|2|A 1
2 u|2 ≤ 2{ε|A 1

2 v|2 + ε|A 1
2 f |2} ≤ 2(||U ||1||Z||1 + |�λ|||Z||21 + ||U ||21). (3.36)

As in the proof of Theorem 1.1, we note that if ε|λ|2 > 1, then one derives from (3.36):

|A 1
2 u|2 ≤ 2(||U ||1||Z||1 + |�λ|||Z||21 + ||U ||21). (3.37)

Taking the inner product in H of v with both sides of the first equation in (3.34), it follows

|v|2 ≤ |(λu, v)| + |(f, v)| ≤ |(λu, v)| + C||U ||1||Z||1. (3.38)

Taking the duality product V ′ − V of u with both sides of the second equation in (3.34), we derive, thanks
to (3.37), (3.35), Cauchy−Schwarz inequality, and (1.12):

|(λv, u)| ≤ |A 1
2 u|2 + ε|A 1

2 u||A 1
2 v| + | 〈Bv, u〉 | + |(g, u)|

≤ 2|A 1
2 u|2 + ε|A 1

2 v|2 +
√
〈Bv, v〉

√
〈Bu, u〉+ C||U ||1||Z||1

≤ C
{||U ||1||Z||1 + ||U ||21

}
+ ||U || 121 ||Z|| 321 + (3|�λ| + |�λ| 12 )||Z||21.

(3.39)

Reporting (3.39) in (3.38), we find

|v|2 ≤ C
{||U ||1||Z||1 + ||U ||21

}
+ ||U || 121 ||Z|| 321 + (3|�λ| + |�λ| 12 )||Z||21. (3.40)

Combining (3.37) and (3.40), we derive

||Z||21 ≤ C
{||U ||1||Z||1 + ||U ||21

}
+ ||U || 121 ||Z|| 321 + (5|�λ| + |�λ| 12 )||Z||21. (3.41)

Choosing L0 large enough in (3.32), it follows that 5|�λ|+ |�λ| 12 ≤ 1/4; combining that with Young inequality,
one finds

||Z||21 ≤ C||U ||21. (3.42)

We got (3.42) by assuming ε|λ|2 > 1. We now investigate the case ε|λ|2 ≤ 1. Let w = u + εv, and f̌ = f + ελv,
and set Ž = (w, v) and Ǔ = (f̌ , g). One easily checks that Ž ∈ D(A0), and Ǔ ∈ H satisfy the equation

(λ −A0)Ž = Ǔ ,

so that using (3.30), one gets
||Ž||1 ≤ C0eC0|�λ|||Ǔ ||1. (3.59)

Now on the one hand, one has the estimate

||Ǔ ||21 ≤ 2|A 1
2 f |2 + ε2|λ|2|A 1

2 v|2 + |g|2
≤ 2||U ||21 + 2ε|λ|2||U ||1||Z||1 + 2ε|λ|2|�λ|||Z||21
≤ 2(||U ||21 + ||U ||1||Z||1 + |�λ|||Z||21), since ε|λ|2 ≤ 1.

(3.60)

On the other hand, one has, thanks to 3.59, the estimate

||Z||21 ≤ 2||Ž||21 + 2ε2|A 1
2 v|2

≤ 2C2
0e2C0|�λ|||Ǔ ||21 + 2||U ||1||Z||1 + 2|�λ|||Z||21.

(3.61)
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Accounting for (3.60) in (3.61), we find

||Z||21 ≤ 4C2
0e2C0|�λ|(||U ||21 + ||U ||1||Z||1 + |�λ|||Z||21)

+ 2||U ||1||Z||1 + 2|�λ|||Z||21.
(3.62)

Thanks to Young inequality, one derives the estimates

4C2
0e2C0|�λ|||U ||1||Z||1 ≤ 1

4
||Z||21 + 16C4

0e4C0|�λ|||U ||21· (3.63)

and
2||U ||1||Z||1 ≤ e2L0|�λ|||U ||21 + e−2L0|�λ|||Z||21. (3.64)

We also note that for large enough L0, one has the estimates

4e2C0|�λ||�λ| ≤ 1
16

, e−2L0|�λ| ≤ 1
16

, and 2|�λ| ≤ 1
16

· (3.65)

Reporting (3.63)–(3.65) in (3.62), we obtain, with some algebra

||Z||21 ≤ 16
9

(
20C4

0e4C0|�λ| + e2L0|�λ|
)
||U ||21. (3.66)

At this stage, we note that C0 is a large constant (cf. e.g. [9, 31]); this explains replacing C2
0e2C0|�λ| with

C4
0e4C0|�λ| to get 20C4

0e4C0|�λ|. Therefore, choosing L0 ≥ 8
√

10C2
0/3, it holds

||Z||21 ≤ L2
0e

2L0|�λ|||U ||21. (3.67)

Hence, it suffices to choose K0 = L0.

4. Applications

In this section we shall discuss some examples of application of our theorems. Throughout this section,
Ω denotes a bounded domain in �N with smooth enough boundary, subscripts following a comma stand for
differentiation, and we use the Einstein summation convention on repeated indices. Further, ∂i stands for ∂/∂xi,
|u|r denotes ||u||Lr(Ω) for 1 ≤ r ≤ +∞. We assume that the boundary Γ of Ω satisfies: Γ = Γc ∪ Γu, with
Γ̄c ∩ Γ̄u = ∅, where Γc stands for the controlled portion of Γ and meas(Γc) > 0, while Γu corresponds to the
uncontrolled portion, and meas(Γu) > 0, for simplification purposes.

4.1. The wave equation with boundary damping

Consider the damped wave equation:⎧⎪⎨
⎪⎩

u,tt − ∂i(bij(x)∂ju) = 0 in Ω × (0,∞)
bij(x)∂juνi + ut = 0 on Σc, u = 0 on Σu = ∂Ω × (0, T )

u(0) = u0; u,t(0) = u1 in Ω,

(4.1)

where here and in the sequel, ν denotes the unit vector pointing into the exterior of Ω, the coefficients (bij)i,j ,
satisfy:

bij ∈ C1(Ω̄); bij = bji, ∀i, j = 1, 2, . . . , N, (4.2)

and
∃a0 > 0 : bij(x)zizj ≥ a0zizi, ∀(x, z) ∈ Ω̄ × R

N . (4.3)
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If one sets V = {v ∈ H1(Ω); v = 0 on Γu}, then one can show that for (u0, u1) ∈ V × L2(Ω), one has
u ∈ C([0,∞); V ) ∩ C1([0,∞); L2(Ω)).

For every t ∈ [0, T ], set

E(t) =
1
2

∫
Ω

{|ut(x, t)|2 + (bij(x)∂ju(x, t)∂iu(x, t)} dx.

The energy E is a nonincreasing function of the time variable, as we have the dissipation law:

E(s) = E(t) +
∫ t

s

∫
Γc

|u,t(γ, t)|2 dγdr, ∀0 ≤ s < t < ∞. (4.4)

It is now well known that if the boundary of Ω is C∞, the coefficients bij ∈ C∞(Ω), and Γc satisfies the geometric
control condition of Bardos–Lebeau–Rauch [4]: there exists a time T > 0 such that every ray of geometric optics
meets Γc × (0, T ), then the energy E satisfies the exponential decay estimate:

E(t) ≤ Me−λtE(0), ∀t ≥ 0. (4.5)

Many other authors proved the exponential decay estimates under various conditions on the boundary of Ω,
the coefficients bij and the feedback control support Γc, e.g. [10, 13, 21, 22, 24, 25, 27, 29, 30, 37, 38, 45–48,59–61].

Now, consider the perturbed problem, with all parameters as above:⎧⎪⎪⎪⎨
⎪⎪⎪⎩

uε,tt − ∂i(bij(x)∂juε) − ε∂i(bij(x)∂juε,t) = 0 in Ω × (0,∞)
bij(x)∂j(uε + εuε,t)νi + uε,t = 0 on Σc = Γc × (0,∞),
uε = 0 on Σu = Γu × (0,∞)
uε(0) = u0; uε,t(0) = u1 in Ω.

(4.6)

We are going to apply Theorem 1.1 to System (4.6) to prove that its energy given by

Eε(t) =
1
2

∫
Ω

{|uε,t(x, t)|2 + (bij(x)∂juε(x, t)∂iuε(x, t)} dx,

and which satisfies, for all 0 ≤ s < t < ∞, the dissipation law

Eε(s) = Eε(t) +
∫ t

s

∫
Γc

|uε,t(γ, t)|2 dγdr + ε

∫ t

s

∫
Ω

bij(x)∂juε,t(x, t)∂iuεt(x, t) dxds, (4.7)

decays exponentially, uniformly with respect to the perturbation parameter ε. To this end, set H = L2(Ω),
V = {v ∈ H1(Ω); v = 0 on Γu}, Au = −∂i(bij∂ju) with D(A) = {u ∈ V ; Au ∈ H}, 〈Bu, v〉 =

∫
Γc

uv̄ dγ, for all
u, v ∈ V . Then according to the hypotheses on the coefficients, the operator A is coercive with A∗ = A. The
operator B is nonnegative, well-defined on V with values in the dual space V ′ thanks to Riesz representation
theorem. If we also set yε = uε, then (4.6) may be recast as the abstract equation (1.1). Further, it can be
shown that the operators A and B satisfy (1.11) and (1.12) respectively. Therefore, if Γc satisfies the Bardos–
Lebeau–Rauch geometric control condition (GCC), then the semigroup generated by the limit operator A0 is
exponentially stable thanks to (4.5) and Lemma 2.1; applying Theorem 1.1, one derives that the perturbed
energy Eε decays exponentially, uniformly with respect to the perturbation parameter ε, as the time variable t
goes to infinity. On a different note, it can be shown that A0 has a compact resolvent, e.g. [22], Lemmas 7.7,
7.8, but the perturbed operator Aε does not.

Now, if Γc does not satisfy (GCC), then the exponential decay (4.5) for the energy E fails. In this case, it
is known that for smoother initial data, and under certain conditions on Γc, polynomial decay estimates for
the energy E hold when Au = −Δu, [43], while logarithmic decay estimates for the energy E hold for any Γc

with a nonzero measure, e.g. [16,32]. In the former case, applying Theorem 1.2, one derives uniform polynomial
decay estimates for the energy Eε, and in the latter case, the application of Theorem 1.3 provides a uniform
logarithmic decay for the energy Eε.
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4.2. The elasticity equations with boundary damping

Consider the damped elasticity system⎧⎪⎨
⎪⎩

yi,tt − σij,j = 0 in Ω × (0,∞)
σijνj + yi,t = 0 on Γc × (0,∞) yi = 0 on Γu × (0,∞)

yi(0) = y0
i , yi,t(0) = y1

i , i = 1, 2, . . . , N,

(4.8)

where the elasticity stress tensor (σij) is given by

σij = σij(y) = aijklεkl

with (εkl) defined by

εkl = εkl(y) =
1
2
(yk,l + yl,k)

is the strain tensor. The aijkl are the elasticity coefficients. They satisfy the symmetry properties

aijkl = ajilk = aklij , ∀i, j, k, l.

Throughout the paper we assume that the aijkl depend on the space variable x but not on time, and that they
are continuously differentiable, and satisfy the ellipticity condition

∃a0 > 0 : aijkluijukl ≥ a0uijukl (4.9)

for all second order symmetric tensors (uij).
Under the above assumptions on the coefficients, and for all i, (y0

i , y1
i ) ∈ V × L2(Ω), it is well-known that

System (4.8) has a unique weak solution y ∈ C([0,∞); V N ) ∩ C1([0,∞); [L2(Ω)]N ).
Introduce the energy

E(t) =
1
2

∫
Ω

{|y,t(x, t)|2 + (σijεij)(x, t)} dx, ∀t ≥ 0. (4.10)

The energy E is a nonincreasing function of the time variable t and its derivative satisfies

E′(t) = −
∫

Γc

|y,t(γ, t)|2 dγ, ∀t ≥ 0. (4.11)

It is well-known that if Γc is an appropriate portion of the boundary, and some structural constraints are
imposed on the coefficients aijkl, then the energy E satisfies an exponential decay estimate of type (4.5),
e.g. [2, 23, 26, 37, 40, 48]. We shall now show that the perturbed system⎧⎪⎨

⎪⎩
yεi,tt − σij,j(yε) − εσij,j(yε,t) = 0 in Ω × (0,∞)
σij(yε + εyε,t)νj + yεi,t = 0 on Γc × (0,∞) yεi = 0 on Γu × (0,∞)
yεi(0) = y0

i , yεi,t(0) = y1
i , i = 1, 2, . . . , N,

(4.12)

where the elasticity stress tensor (σij) is now given by

σij(yε) = aijklεkl(yε),

is uniformly exponentially stable. To this end, set H = [L2(Ω)]N and V = {u ∈ [H1(Ω)]N ; u = 0 on Γu}. If we
set Au = −σij,j(u), with D(A) = {u ∈ V ; Au ∈ H}. Define the operator B by 〈Bu, v〉 =

∫
Γc

u · v̄ dΓ , then B is
nonnegative, well-defined according to Riesz representation theorem, and one can check that A and B satisfy
(1.11) and (1.12) respectively. Moreover (4.12) may be recast as (1.1). On the other hand, knowing that for an
appropriate portion of the boundary, the limit system is exponentially stable, it follows from Theorem 1.1 that
the perturbed system is uniformly, with respect to the perturbation parameter, exponentially stable.
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4.3. The Euler–Bernoulli equation with unbounded locally distributed damping

Let a ∈ L∞(Ω), be a nonnegative function satisfying:

∃a0 > 0 : a(x) ≥ a0, a.e. x ∈ ω, (4.13)

where ω is an appropriate open set contained in Ω.
Consider the following damped Euler–Bernoulli equation

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

w,tt + Δ2w − div(a∇w,t) = 0 in Ω × (0,∞)

w =
∂w

∂ν
= 0 on Γ × (0,∞)

w(0) = y0 in Ω

w,t(0) = y1 in Ω.

(4.14)

System (4.14) corresponds to the clamped plate equation with structural damping when a ≡ 1, and N = 2, [12].
Condition (4.13) ensures that the damping term −div(a∇w,t) is effective on the set ω.

Let {y0, y1} ∈ H2
0 (Ω) × L2(Ω). System (4.14) is then well-posed in the space H2

0 (Ω) × L2(Ω).
Introduce the energy

E(t) ≡ E(w; t) =
1
2

∫
Ω

{|w,t(x, t)|2 + |Δw(x, t)|2} dx, ∀t ≥ 0. (4.15)

The energy E is a nonincreasing function of the time variable t and we have for almost every t ≥ 0,

E′(t) = −
∫

Ω

a(x)|∇w,t(x, t)|2 dx. (4.16)

The decay estimates of the energy of plate equations with a locally distributed frictional damping of the
form ayt or ag(yt), for an appropriate nonlinear function g, are well-known, e.g. [1, 11, 18, 19, 34, 50, 52, 58, 62].
Concerning the system (4.14) with a locally distributed structural damping, it was recently shown in [55] that,
if ω satisfies the geometric constraint described in [22, 33] or [34], then its energy, given by (4.15), satisfies an
exponential decay estimate of type (4.5).

Introduce the perturbed system

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

wε,tt + Δ2wε − div(a∇wε,t) + εΔ2wε,t = 0 in Ω × (0,∞)

wε =
∂wε

∂ν
= 0 on Γ × (0,∞)

wε(0) = y0 in Ω

wε,t(0) = y1 in Ω.

(4.17)

If we set H = L2(Ω), V = H2
0 (Ω), A = Δ2 with clamped boundary conditions, 〈Bu, v〉 =

∫
Ω a(x)∇u · ∇v̄ dx,

for all u, v ∈ V . Then, the operator A is coercive with A∗ = A, and the operator B is nonnegative, well-defined
on V with values in the dual space V ′. If we also set yε = wε, then (4.17) may be recast as the abstract
equation (1.1). Further, it can be shown that the operators A and B satisfy (1.11) and (1.12) respectively. On
the other hand, we also know that the unbounded operator A0 associated with (4.14) generates an exponentially
stable semigroup [55]. The application of Theorem 1.1 shows that the perturbed energy Eε = E(wε; .) decays
exponentially, uniformly with respect to ε.
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4.4. Final remarks

1) Although the perturbation εAyε,t is more relevant physically, given its viscoelastic character, one could have,
from a purely mathematical viewpoint, used a more general operator Â having properties similar to those
of the operator A. But the operator Â should further be required that V = D(A

1
2 ) be densely embedded in

D(Â
1
2 ), so that A−1Âu lies in V for all u in D(Â

1
2 ); in particular that requirement is fulfilled by Â = Aα

for any α ≤ 1. If one were to use the perturbation εAα instead, the interesting values of α would be those in
the interval (0, 1]. Indeed, for α ≤ 0 the perturbation is either compact (α < 0), or it can be easily absorbed
by the energy.

2) It was noted in the introduction that overdamping may occur, meaning that the exponential decay does not
hold uniformly with respect to ε as ε goes to infinity. This fact was demonstrated in the case of a bounded
damping operator B in [14]. It can also be established in the case of an unbounded damping operator B.
For instance, if we choose B = A, which corresponds to the Kelvin–Voigt damping, then the operator A0 is
known to generate an analytic semigroup; so, it can be shown that the semigroup generated by the operator
Aε is also analytic; the proof of this fact just follows the same algorithm devised above in the proof of
the exponential decay of the semigroup. Now, we are going to show that a branch of the eigenvalues of
the operator Aε behaves so badly as ε → ∞ that exponential decay of the energy fails to be uniform as
ε → ∞. To this end, remember that the operator A is elliptic, self-adjoint, and has a compact resolvent;
therefore the spectrum of the operator A is discrete and we assume that it is given by the increasing sequence
{μ2

j ; μj > 0, j ≥ 1}. The jth eigenvalue λjε of the operator Aε (keep in mind that we have chosen B = A
here) satisfies the quadratic equation: λ2 + (1 + ε)μ2

jλ + μ2
j = 0. Consequently, one has:

λ±
jε =

(1 + ε)μ2
j

2

(
−1 ±

√
1 − 4

(1 + ε)2μ2
j

)
,

so that
λ+

jε ∼ − 1
1 + ε

, as (1 + ε)μj → ∞.

Therefore this branch of the spectrum of Aε approaches zero as ε → ∞, thereby precluding the uniform
exponential decay of the energy.

Acknowledgements. The author thanks the anonymous referees for their valuable comments, and suggestions that helped
to improve the presentation of this paper.
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245–258.

[20] F.L. Huang, Characteristic conditions for exponential stability of linear dynamical systems in Hilbert spaces. Annal. Differ.
Equ. 1 (1985) 43–56.

[21] V. Komornik, Rapid boundary stabilization of the wave equation. SIAM J. Control Optim. 29 (1991) 197–208.

[22] V. Komornik, Exact controllability and stabilization. The multiplier method, RAM. Masson and John Wiley, Paris (1994).

[23] V. Komornik and V. Boundary stabilization of isotropic elasticity systems. Control of partial differential equations and appli-
cations (Laredo, 1994), vol. 174. Lect. Notes Pure and Appl. Math. Dekker, New York (1996) 135–146.

[24] V. Komornik, Rapid boundary stabilization of linear distributed systems. SIAM J. Control Optim. 35 (1997) 1591–1613.

[25] V. Komornik and E. Zuazua, A direct method for the boundary stabilization of the wave equation. J. Math. Pures Appl. 69
(1990) 33–54.

[26] J. Lagnese, Boundary stabilization of linear elastodynamic systems. SIAM J. Control Opt. 21 (1983) 968–984.

[27] J. Lagnese, Decay of solutions of wave equations in a bounded region with boundary dissipation. J. Differ. Equ. 50 (1983)
163–182.

[28] J. Lagnese, Boundary Stabilization of Thin Plates, vol. 10. SIAM Stud. Appl. Math. Philadelphia, PA (1989).

[29] I. Lasiecka and D. Tataru, Uniform boundary stabilization of semilinear wave equations with nonlinear boundary damping.
Differ. Integral Equ. 6 (1993) 507–533.

[30] I. Lasiecka and R. Triggiani, Uniform stabilization of the wave equation with Dirichlet or Neumann feedback control without
geometrical conditions. Appl. Math. Optim. 25 (1992) 189–224.

[31] G. Lebeau, Equation des ondes amorties. Algebraic and geometric methods in mathematical physics (Kaciveli, 1993). Math.
Phys. Stud. Kluwer Acad. Publ., Dordrecht 19 (1996) 73–109.

[32] G. Lebeau and L. Robbiano, Stabilisation de l’équation des ondes par le bord. Duke Math. J. 86 (1997) 465–491.

[33] J.-L. Lions, Contrôlabilité exacte, Perturbations et Stabilisation des Systèmes Distribués, vol. 8 of RMA. Masson, Paris (1988).
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[51] L.R. Tcheugoué Tébou, Well-posedness and energy decay estimates for the damped wave equation with Lr localizing coefficient,
Commun. in P.D.E. 23 (1998) 1839–1855.
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