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LEAST GRADIENT FUNCTIONS IN METRIC RANDOM WALK
SPACES

WoJciECH GORNY! AND JOSE M. MAZON?*

Abstract. In this paper we study least gradient functions in metric random walk spaces, which
include as particular cases the least gradient functions on locally finite weighted connected graphs and
nonlocal least gradient functions on RY. Assuming that a Poincaré inequality is satisfied, we study
the Euler-Lagrange equation associated with the least gradient problem. We also prove the Poincaré
inequality in a few settings.
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1. INTRODUCTION AND PRELIMINARIES

A metric random walk space [X, d, m] is a Polish metric space (X, d) together with a family m = (my)zex
of probability measures that encode the jumps of a Markov chain. Important examples of metric random walk
spaces are: locally finite weighted connected graphs, finite Markov chains and [RY, d, m”] with d the Euclidean
distance and

T

ml(A) = / J(x —y)dLN (y)  for every Borel set A C RV |
A

where J : RN — [0, +-00[ is a measurable, nonnegative and radially symmetric function with fRN Jdx =1.

In the Euclidean space, least gradient problems are closely related to the study of minimal surfaces. They first
appeared in the pioneering work of Bombieri et al. [5], where the authors show that the boundaries of superlevel
sets of a function of least gradient are area-minimizing in the sense that the characteristic functions of those sets
are also functions of least gradient (see also [19] for stability results on functions of least gradient). Conversely,
Sternberg, Williams, and Ziemer proved in [25] (see also [26]) existence of a function of least gradient with a
given continuous trace by explicitly constructing each of its superlevel sets in such a way that they are area-
minimizing and reflect the boundary condition. Due to their important applications in conductivity imaging,
such problems (including anisotropic cases) have received extensive attention in the past decade (see for instance:
[7, 8, 11, 14, 21-23]). In particular, in [14] the authors give a formulation of the problem of Euler-Lagrange
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2 W. GORNY AND J.M. MAZON

type, where the structure of the solution is governed by a single divergence-measure vector field. We will utilise
a similar approach in the nonlocal setting.

To our knowledge, the only results on least gradient problems for nonlocal operators are to one obtained in
[13]. The aim of this paper is to study least gradient functions in the general setting of metric random walk
spaces. As a particular case, we obtain results in the nonlocal least gradient problem on graphs. Moreover, some
results obtained in this paper are new also in the context of nonlocality defined by a continous nonnegative
kernel on a Euclidean space.

The paper is organized as follows: in the first part of the paper, we provide the Euler-Lagrange formulation
associated with the least gradient problem in general metric random walk spaces. Under the assumption that
a nonlocal Poincaré type inequality is satified, we prove equivalence of the Euler-Lagrange equations with the
variational formulation and study some properties of solutions to the least gradient problem in this setting. In the
second part of the paper, we prove that such Poincaré inequality holds in many important examples of metric
random walk spaces, such as the e-step random walk in weighted Euclidean spaces or Carnot-Carathéodory
spaces and on locally finite graphs. Moreover, we show that if the space does not satisfy the Poincaré inequality,
then solutions in the Euler-Lagrange sense might not exist.

1.1. Metric random walk spaces

Let (X,d) be a Polish metric space equipped with its Borel o-algebra. A random walk m on X is a family
of probability measures m, on X, z € X, satisfying the two technical conditions: (i) the measures m, depend
measurably on the point € X, i.e., for any Borelian A of X and any Borelian B of R, the set {x € X
my(A) € B} is Borelian; (ii) each measure m, has finite first moment, i.e. for some (hence any) z € X, and for
any © € X one has [, d(z,y)dm,(y) < 400 (see [24]).

A metric random walk space [X,d,m] is a Polish metric space (X, d) with a random walk m.

Let [X,d, m] be a metric random walk space. A Radon measure v on X is invariant for the random walk
m = (mg) if

dv(z) = / _ m)dm (z),

that is, for any v-measurable set A, it holds that A is m.-measurable for v-almost all x € X, x — m,(A4) is
v-measurable, and

U(A)Z/sz(A)dV(l‘).

Hence, for any u € L*(X,v), it holds that u € L'(X,m,) for v-a.e. z € X, x> / u(y)dmg(y) is v-measurable,
X

J e = [ ([ utan.n) ave)

The measure v is said to be reversible if, moreover, a more detailed balance condition

and

dmg(y)dv(z) = dmy(x)dr(y)

holds true. Under suitable assumptions on the metric random walk space [X,d, m], such an invariant and
reversible measure v exists and is unique, as we will see below in the examples. Note that the reversibility
condition implies the invariance condition.

We will assume that the metric measure space (X, d,v) is o-finite.
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Example 1.1. (1) Consider (RY,d,£Y), with d the Euclidean distance and £V the Lebesgue measure. Let
J : RN — [0, +oo[ be a measurable, nonnegative and radially symmetric function verifying fRN J(z)dz =1. In
(RN, d, LN) we have the following random walk, starting at z,

x

ml(A) = / J(z —y)dLN(y) VA c RY Borelian.
A

Applying Fubini’s Theorem it is easy to see that the Lebesgue measure £V is an invariant and reversible measure
for this random walk. Hence, [X,d, m”] is a random walk space.
(2) Let K : X x X — R be a Markov kernel on a countable space X, i.e.

K(z,y) >0, Vo,yeX, > Ky =1 VzeX.
yeX

Then, for

mg (A) =Y K(,y),

yEA

[X,d,m®] is a metric random walk space for any metric d on X. Basic Markov chain theory guarantees the
existence of a unique stationary probability measure (also called steady state) m on X, that is,

Z m(z)=1 and 7(y)= Z w(z)K(x,y) Yy € X.

reX zeX

We say that 7 is reversible for K if the following detailed balance equation
K(z,y)m(r) = K(y, z)m(y)

holds true for z,y € X.

(3) Consider a locally finite weighted discrete graph G = (V(G), E(G)), where each edge (z,y) € E(G) (we
will write z ~ y if (2,y) € E(G)) has a positive weight wg, = wy, assigned. Suppose further that ws, = 0 if
(z,y) € E(G). The graph is equipped with the standard shortest path graph distance dg, that is, dg(z,y) is
the minimal number of edges connecting z and y. We will assume that any two points are connected, i.e., that
the graph is connected. For x € V(G) we define the weight at the vertex x as

dy = way = Z Way,

y~zT yeV(QG)

and the neighbourhood Ng(x) := {y € V(G) : x ~ y}. The graph is locally finite, i.e. the sets Ng(z) are
assumed to be finite. When all the weights are 1, d, coincides with the degree of the vertex x in a graph, that
is, the number of edges containing vertex x.

For each z € V(G) we define the following probability measure

mé = i Zwmyéy.

y~z



4 W. GORNY AND J.M. MAZON

We have that [V (G), dg, m®] is a metric random walk space. It is not difficult to see that the measure v defined
as

va(A):=> d,, ACV(G)

z€A

is an invariant and reversible measure for this random walk.

(4) From a metric measure space (X, d, ) we can obtain a metric random walk space with the so called e-step
random walk associated to p, as follows. Assume that balls in X have finite measure and that Supp(p) = X.
Given € > 0, the e-step random walk on X, starting at point x, consists in randomly jumping in the ball of
radius € around x, with probability proportional to y; namely

e . WEB(z,€)

T (B, e)

Note that, if pu(B(x,€)) = u(B(y,¢€)) for any x,y € X, then by Fubini-Tonelli theorem for any nonnegative
function g measurable with respect to p ® p we have

J ([ st amew) anto) = i | ( / (Iye)g(x,y)du(y)> e

R — . d d
/.L(B(J?,é)) L{XXg(zvy)X{(xy)EXxXd(T,y)<€}(xvy) /”L(y) N’(x)

e | ( / y g@,y)dﬂ(@) ) = [ ([ st ant<@) auto)

o  is an invariant and reversible measure for the metric random walk [ X, d, m*¢]. The condition that the balls
have the same measure is satisfied for instance on Euclidean spaces and Carnot groups, or more generally when
X is an Ahlfors regular metric measure space with u(B(z,€)) = Ce® with s > 0.

(5) Given a metric random walk space [X,d, m] with invariant and reversible measure v for m, and given a
v-measurable set Q@ C X with v(Q) > 0, if we define, for = € Q,

QA . :
m;, (A) = /Admz(y) + </X\Q dmﬂy)) d:(A) VA C Q Borelian,

we have that [Q, d, m%] is a metric random walk space and it easy to see ([17]) that vL ) is reversible for mf:.

In the case that © is a closed bounded subset of RYY, we obtain in this way the metric random walk [, d, m”}],
with m?? = (m”7)?, that is

ml(A) = / J(x —y)dy + (/ J(x — z)dz) dé, VA C Q Borelian.
A R7\Q

From now on, we will assume that [X,d, m] is a metric random walk space with an invariant and reversible
measure v.
Let us recall some of the results about the m-Perimeter and the m-Total Variation given in [18].
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1.2. m-Perimeter

In this context, the m-interaction between two v-measurable subsets A and B of X is defined as

L,.(A,B) = / / dm, (y)dv(z).
AJB
By the reversibility assumption on v with respect to m, we have
Lm(Av B) = Lm(-Bv A)
We define the concept of m-perimeter of a v-measurable subset £ C X as
Pa(B) = LB X\E) = [ [ dm,(y)av(a).
EJX\E
It is easy to see that
1
Pn(B) =5 XE(y) — Xp(x)|dme (y)dv(z).
x Jx
Moreover, if F/ is v-integrable, we have
P, (E)=v(E) —/ / dmy (y)dv(z).
EJE

Example 1.2. (1) Let [RY,d,m”] be the metric random walk space given in Example 1.1 (1) with invariant
measure £V . Then,

1
ParB) =5 [ [ ) - X))y,
RN JRN
which coincides with the concept of J-perimeter introduced in [15] (see also [16]). On the other hand,
1
PasalE) =5 [ [ Xel) = Xe(@)l e - )y
/o

Note that, in general, P,,s.2(E) # Pp,s(E).
Moreover, if LV (E) < oo,

Pia(E)=LN(E) - /E /E dm? (y)dx

:[ZN(E)—/E/EJ(QC—y)dydx—/E</RN\QJ(LE—Z)dz> dz.

Therefore,

P,io(E)= P, (F) 7/13 (/RN\Q J(x — z)dz) dz, VECQ.
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(2) In the particular case of a graph [V (G),dg, m€], given A, B C V(G), Cut(A, B) is defined as

Cut(A,B) = Y way = Lye(4,B),
r€A,yeB

and the perimeter of a set E C V(G) is given by

|OF| := Cut(E, E°) = Z Way-

zeE,ycV\E

Then, we have that
|OF| = P,,c(E) forall E C V(G).

1.3. m-Total Variation

Associated to the random walk m = (m,) and v, we define the space
BV, (X) = {u : X = R v-measurable : / / |u(y) — u(z)|dmy(y)dv(z) < oo}.
X Jx
We have L'(X,v) C BV,,(X). For u € BV,,(X), we define its m-total variation as
1
TVin(u) := 5 u(y) — u(z)|dm. (y)dv(z).
X Jx

Note that

P, (E) =TV, ,(Xg).

Recall the definition of the generalized product measure v ® m, (see, for instance, [2]), which is defined as the
measure in X X X given by

v@mg(U) = /X/XXU(:U,y)dmx(y)dl/(x) for U € B(X x X),

where one needs the map x — m,(E) to be v-measurable for any Borel set E € B(X). By the reversibility of

v, it holds that
/ v ®my) // (z,y)dm, (y)dv(z // (x, y)dmy(z)dv(y).
X><X

for every g € L*(X x X,v ® m,). Therefore, we can write

V) =5 [ [ lutw) = ul@)iaw o m)(ew).
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Example 1.3. Let [V(G),dg, m®] be the metric random walk given in Example 1.1 (3) with the invariant and
reversible measure vg. Then

Vo) =5 | " / (2)]dmC (y)dve (@)

1 / 1
=3 — | D luy) - w(@)wsy | dva(@)
2 v &=\ &) ’

> o X ) - uu,

zeV(Q) yeV(G)

l\D\»—t

IEV(G) er(G)

Note that T'V,,c(u) coincides with the anisotropic total variation defined in [6].
Let us now recall some properties of the m-total variation given in [18].

Proposition 1.4. If ¢ : R — R is Lipschitz continuous then, for every u € BV, (X), ¢(u) € BV,,(X) and

TVin(¢(u)) < [0l LipTVin (u)-

Proposition 1.5. TV, is conver and continuous in L*(X,v) and lower semi-continuous respect to the weak
convergence in LY(X,v), ¢ =1,2.

Let us remark that Proposition 1.5 still works even if the functions do not belong to L!(X,v), we only need
that (u, —u) — 0 in L (X, v).

As in the local and nonlocal case, we have the following coarea formula, given in Theorem 2.7 of [18], relating
the total variation of a function with the perimeter of its superlevel sets. While the result in [18] is stated for
u € L'(X,v), this assumption is never used, and the coarea formula holds for all u € BV,,(X).

Theorem 1.6 (Coarea formula). For any u € BV, (X), let Ex(u) :={x € X : u(x) > t}. Then,

+oo
TV (u) = / P (Ey(w)) dt.

For a function u : X — R we define its nonlocal gradient Vu : X x X — R as
Vu(z,y) = u(y) —u(r) Vz,yeX.
For a function z : X x X — R, its m-divergence div,,z : X — R is defined as

(diva)(0) 1= 5 [ (al,) = aly. ) ().
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For p > 1, we define the space
XP(X):= {z €EL®(X x X, v®@mg) : div,z € LP(X, I/)}

For u € BV,,(X) N L? (X,v) and z € X2 (X), 1 < p < oo, having in mind that v is reversible, we have the
following Green’s formula

i _ 1 u(z,y)z(z v ®@dmy,
[ @ ivz)@ve) = =5 [ Fue i o d,.

In the next result we characterize T'V,, and the m-perimeter using the m-divergence operator. Let us denote by
signg(r) the usual sign function and by sign(r) the multivalued sign function

1 if u(x) >0,
sign(u)(z) :==¢ -1 if u(z) <0,
[1,1] if u=0.

Proposition 1.7. Let 1 < p < oo. For u € BV,,(X) N LV (X,v), we have

TV (u) = sup {/X u(z)(div,z)(x)dv(z) @ z € XP(X), [|2]|e < 1}.

In particular, for any v-measurable set E C X, we have

P, (F) = sup {/E(divmz)(x)dl/(x) s z€ X (X), |zl < 1} .

Let us recall the concept of ergodicity (see, for example, [10]).

Definition 1.8. Let [X,d, m] be a metric random walk space with invariant finite measure v. A Borel set
B C X is said to be invariant with respect to the random walk m if m,(B) = 1 whenever z is in B.

The invariant finite measure v is said to be ergodic if v(B) = 0 or v(B) = v(X) for every invariant set B
with respect to the random walk m.

The following result was obtained in [17].

Theorem 1.9. Let [X,d, m] be a metric random walk with invariant finite measure v. Then, the following
assertions are equivalent:

(i) v is ergodic.
(i) If A,B C X are disjoint sets such that 0 < v(A),v(B) < v(X) and AU B = X, then L,,(A, B) # 0.

In particular, the Theorem above gives an important family of ergodic measures: on a length space, a doubling
measure v is ergodic with respect to the random walk m*¢. This is formalised in the following Corollary.

Corollary 1.10. Let [X,d,m"¢] be a metric random walk space, with a finite measure v which is invariant
with respect to the random walk m”¢. Suppose that X is a length space and that every ball in X has positive
v-measure. Then, v is ergodic.
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Proof. Let A, B be the sets in condition (ii) of Theorem 1.9. First, notice that there exists a ball B(zg,d) with
d < § such that

0 < v(AN B(x,9)), v(BN B(xg,0)) < v(B(xp,0)). (1.1)

Suppose to the contrary that there is no such ball. Then, for every point x € X we have either have x € A or
r € B, where

A={z e X :forevery § < % we have V(AN B(x,d)) = v(B(x,0))}

and

B={zeX:forevery § < Z we have v(B N B(x,)) = v(B(z,9))}.

Notice that since X is a length space, we have d(A, B) = 0; if not, i.e. d(A, B) > ¢ > 0, then the assumption that

X is a length space implies that there exists a point with positive distance to both A and B which contradicts
the fact that AU B = X. Now, take xg € A and Yo € B such that d(x0,%0) < g. Then, by definition of A we

have v(AN B(xo, 7)) = v(B(xo, §)); similarly, by definition of B we have v(BN B(yo, ) = v(B(yo, §)), which
yields a contradiction because A and B are disjoint. Hence, there exists a ball B(xq,d) with § < £ which satisfies
condition (1.1).

Now, we let B(zg,d) be such a ball and compute

_ /A /B dm” () du(z) > /A . /B dm?= () dv(x)

1
- /AmB(z 5) /B m X{y:d(w7y)<s}(y) dv(y) dv(z)

1
> ——dv(y)dv(z
/AﬁB(:co,é) /BmB(xo,a) v(B(z,¢)) W) du(z)

1 5 ) = v(AN B(xg,d)) v(B N B(xg,9))
& /AﬂB(zo,é) /BﬂB(rco,(S) v(B(zo,2¢)) dvy) dv(a) v(B(zo,2¢))

>0,

so condition (ii) in Theorem 1.9 is satisfied and the measure v is ergodic with respect to the random walk m*»
O

1.4. BV-functions in metric measure spaces

Let (X,d,v) be a metric measure space. For functions in L'(X,r) we have the concept of total variation
introduced by Miranda in [20] (see also [1]). To introduce this concept recall that for a function u : X — R, its
slope (also called local Lipschitz constant) is defined by

Ve () i=lim sup Wv
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with the convention that |Vu|(z) = 0 if x is an isolated point.
A function u € L'(X,v) is said to be a BV-function if there exist locally Lipschitz functions u, converging
to u in L'(X,v) and such that

sup/ [Vu, |dv(z) < co.
neNJ X

We shall denote the space of all BV-functions by BV (X, d,v). For u € BV (X, d,v) the total variation | Dul, on
an open set A C X is defined as:

|Dul,(A) := inf {hrginf/ |V, |(z)dv(z) @ u, € Lipioe(A), tup — win L*(A, 1/)} .
n o0 A

We say that a measure v on a metric space X is doubling, if there exists a constant Cy > 1 such that following
condition holds:

0 <v(B(z,2r)) < Cqv(B(z,r)) < 00

for all z € X and r > 0. The constant Cy is called the doubling constant of X. By iterating the doubling
condition, we see that a classical estimate holds (see for instance [9]):
Proposition 1.11. Lety € B(x, R) and set r € (0, R). Then

e (5)

for all s > 1ogy(Cy). The number log,(Cy) is called the homogenous dimension of X .

The metric measure space (X,d,v) is said to support a local 1-Poincaré inequality if there exist constants
¢ > 0 and A > 1 such that, for any u € Lip(X, d), the inequality

[ ) - useiv@ <o [ vul@in
B(z,r) B(x,\r)
holds, where

1
UB(z,r) ‘= V(B(W/B(z,r) u(y)dv(y).

We recall the following result proved in Theorem 2.22 of [18] (see also [12], Thm. 3.1), which links the total
variation defined above and the nonlocal total variation of the type presented in Example 1.1(4):

Theorem 1.12. Let (X,d,v) be a metric measure space with doubling measure v and supporting a local 1-
Poincaré inequality. Given u € LY(X,v), we have that u € BV (X,d,v) if and only if

1
liminf —TV,v.e (u) < 0.
e—=0 ¢

2. LEAST GRADIENT FUNCTIONS IN METRIC RANDOM WALK SPACES

From now on, we will assume that [X,d, m] is a metric random walk space with an invariant and reversible
measure v, with v(X) < oo.
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Given 2 C X a v-measurable set, we define its m-boundary as
O :={x e X\Q : m,(Q) > 0}.
We set ,,, := QU 9,,0.

2.1. Nonlocal least gradient problem

We will deal with Q@ C X such that 0 < v(Q) < v(X). Then, assuming that v is ergodic, by Theorem 1.9, we
have that

v(0mf2) > 0.

From now on we will assume that v is ergodic.
Given a function ¢ € L'(9,,9) we consider m-least gradient problem as the variational problem

min{TV;,(u) : u € BV,,(Q,), such that u = v — a.e. on 9, }. (2.1)

We may equivalently state the problem on the whole space X and not only on €2,,; suppose that instead of
defining the boundary condition only on 9,,2, we take 1) € L'(X,v) and we extend u to the whole space X by
setting u = ¢ v-a.e. on X\Q. Let us denote by TV, (u, A) the total variation of ul_ A in a Borel set A C X. By
the reversibility of v and the definition of 9,,{2, we have

TV, X) = TV (1, ) + /a ) /X o )~ @ ) @) + TV (5, X020,

hence the total variations of v on X and on §2,,, differ by a constant, so they have the same minimizers. Finally,
let us remark that the assumption that v(X) < oo is used a few times to simplify the proofs, but it is not
strictly necessary: for instance, we could instead assume that 0 < v(9,,92) < co and 1 has compact support in
X, so that we can restrict our considerations to a subset of X with finite measure. This would be the case for
instance for the random walk m” from Example 1.1(1).

Using the direct method of calculus of variation we have the following existence result.

Theorem 2.1. If ¢ € L*°(0,,2) the m-least gradient problem (2.1) has a solution.
Proof. Let

7 =nf{TV,,(u) : u€ BV,,(,), such that v = on 9,0},

and u,, € BV,,(Q,) a sequence of admissible functions such that TV, (u,) — 7. Firstly, we correct the functions
Uy, We set

191/ 0o if un(z) > (¢l
Un(z) = un(x) I un(x) € [—||9]loo, [[¥]lo0]
—N¥llee i un(z) < —[[¢)lo0-

By Proposition 1.4, we have TV, (u,) < TV, (u,,), hence the functions u,, are admissible. Moreover, the sequence
{un} is uniformly bounded, then by the Dunford-Pettis Theorem, we can assume, taking a subsequence if
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necessary, that u,, — u € BV,,(Q,) weakly in L'(X,v). Then, by Proposition 1.5, we have

TV (u) < liminf TV, (u,) = 7.

n—,oo

Finally, since u is the weak limit of the sequence {u,}, we have

liminf u, (z) < u(z) < limsupu,(z) v —a.e. x € Q.
n—oo n—00

Thus, u = ¥ v — a.e. on 9,,€2, so u is a solution of the m-least gradient problem (2.1). O

Now, we define m-least gradient functions and prove nonlocal analogues of Miranda’s Theorem, see [19],
and a theorem by Bombieri, de Giorgi and Giusti linking a m-least gradient function to the minimality of its
superlevel sets, see [5].

Definition 2.2. We say that v € BV,,(X) is a m-least gradient function on €, if for every g € BV,,(X) such
that g = 0 v-a.e. on X\ we have

TV (u) < TV (u+ g).
Proposition 2.3. Suppose that u, € BV,,(X) is a sequence of m-least gradient functions in 0 convergent in
LY(X,v) tou € BV,,(X). Then u is a function of m-least gradient in Q.

Proof. By Proposition 1.5, m-total variation is continuous with respect to convergence in L'(X,v). Fix g €
BV,,,(X) with support in 2. Hence

TV (1) TV (uy) < TV (un + g) = TV (u+ g),

hence u is a function of m-least gradient. |

Theorem 2.4. Suppose that u € BV, (X). Then u is a function of m-least gradient in Q if and only if Xg, ()
is a function of m-least gradient for all (equivalently - almost all) t € R.

Proof. Fix t € R and let uy = min(u, t) and us = v — u; = max(u — ¢,0). By the coarea formula, which may be
applied even if u ¢ L'(X,v), we have

+oo t

TV (1) = P (Ey(w))dt = /

— 00 — 00

“+oo
P (B, (w))dt + / Py (E,(u))dt

= TVm(ul) + TVm(UQ).

This implies that u; and us are functions of m-least gradient in Q. In fact, for any g € BV,,,(X) such that g =0
v-a.e. on X\, we have

TV (u1) + TV (u2) = TVi(u) < TV (u+ g) < TVin(u1 + g) + TV (us2),

hence u; is a function of m-least gradient. We make a similar argument for uy. Now, we set

1
Ue, = — min(e, max(u — t,0))
€
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and notice that by the above argument it is a function of m-least gradient (it is a rescaled minimum of us and
a constant).
Now, we prove that ue; — Xp, () in L'(X,v). Indeed,

/ |us,t — XEt(u)|dV = / ‘us,t — XEt(u)|dV + / |U57t — XE{(U)|dV
X X\Ee(u) Fe(w)\ oo (u)

+/ |u€,t - XEt(u)|dV = / |u6,t - XEt(u)|dVa
Eiye(u) Ei(u)\Et4e(u)

because the first and last integrals are equal to zero. But
/ e = Xl < V(B4 (1)\ (),
Ey(u)\ Bt e (u)

which goes to zero as € — 0, because E;(u) = {J,», Fr(u) and v(X) is finite. Hence, Proposition 2.3 implies
that Xg, () is a function of m-least gradient.
The implication in the other direction follows directly from the coarea formula. O

Let Q C RY be a bounded open set. In [14] it is proved that the Dirichlet problem for the 1-Laplacian
operator

_diV<D75) =0, inQ, (2.2)

, on 0f),

has a solution u € BV () for every h € L'(9€). The relaxed energy functional associated to problem (2.2) is
the functional @, : L%(Q) — (=00, +00] defined by

/ | Du| +/ lu —h|dHN" if u € BV(Q),
D (u) = Q a9 (2.3)

+o0 if ue L¥1(Q)\ BV(Q).

In [14] it is showed that the minimizer of the functional @, coincides with the solution of problem (2.2) and with

the function of least gradient on 2 that coincides with A on the boundary. A nonlocal version of the above first

statement was obtained in [13], more precisely for the random walk m”’ given in Example 1.1(1). We will see

now that using an adaptation of the method developed in [13], we can obtain similar results for general metric

random walk spaces. Although some of the proofs are similar, we will give them for the sake of completeness.
Given a function v € L1(9,,Q) and u € BV,,(Q2), we define the function

u(z) if zeQ
Uy () =
P(x) if €.

Consider the relaxed energy functional 7y : L'(Q,v) — [0, 400[ given by

Folw) = TVnlw) = 5 [ [ fus(s) = w (o)l dm. ()av (). (24)

m m
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This functional Jy is the nonlocal version of the energy functional @, defined by (2.3).
Since if v € BV, (), such that v =9 v —a.e. on 9,12, then (vjq)y = v, we have the following result.

Proposition 2.5. Given v € L'(0,,Q), For u € BV,,(Q), such that u =1 v — a.e. on 9,9, the following
are equivalent:

(i) w is a solution of the m-least gradient problem (2.1).
(ii) wq is a minimizer of Jy.

In [18], the authors study the m-1-Laplacian operator AT*, which formally is the operator

my(p) = [ L) —u@) .
Aftu(x) / g (y) — u(a)] W) forw e

Consider the nonlocal 1-Laplace problem with Dirichlet boundary condition :

—AT'u(z) =0, z€Q,
(2.5)
u(z) =¢(x), € Il

Definition 2.6. Let ¢ € L1(9,,Q). We say that u € BV, () is a solution to (2.5) if there exists g € L>(Q,, x
Q) with ||g|lee < 1 verifying

g(z,y) = —g(y,z) for (v ®dmg)-a.e (z,y) in Ly X U,y (2.6)
9(z,y) € sign(uy(y) —uy(z)) for (v @ dmy)-a.e (z,y) in Qy X Ay, (2.7)
and
—/ g(z,y)dm,(y) =0 for v —aex € Q. (2.8)
Qm

Definition 2.7. Let p > 1. We say that (m, ) satisfies a p-Poincaré Inequality in Q if there exists A > 0 such
that

A / fu()]? dv(z) < / / g (4) — (@) P dmg(y) dv(z) + /8 el dvly)

for all u € LP(Q,v) and ¢ € LP(0,,9).
We have the following result.

Theorem 2.8. Let 1) € L>(0,,Q). If (m,v) satisfies a p-Poincaré inequality in Q for allp > 1, then u € L*(£2)
is a solution to problem (2.5) if and only if it is a minimizer of the functional Jy given by the formula (2.4).

In fact, it is enough to assume that there exist solutions to (2.5); hence, we will start by proving the existence
of solutions to (2.5). We prove this existence result by taking limits as p goes to 1 in the following Dirichlet
problem

- / () ) — 11 )P (1) () — (@) () = 0, € 2,

Up = ¥, T € 0, .

(2.9)
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Theorem 2.9. Given ¢ € L*(0,,Q) and p > 1. If (m,v) satisfies a p-Poincaré inequality in ), then there
exists a solution u, of problem (2.9). Moreover,

l[uplloe < [[9]]oo - (2.10)

Proof. Let us consider the functional
1
Fp(u) := 2—/ / luy (y) — uy (2)|Pdmg (y)dv(z), w e LP(Q).
D Jo., S,

Set

and let {u,} be a minimizing sequence. Then,

6 = lim F,(u,) and K :=supF,(u,) < +oo.

n—00 neN

Since (m, v) satisfies a p-Poincaré inequality,

A o vy < [ o) — )l dma 3) dv(e) + | av)

m §2

()P dv(y) < 2pK + / ()P dv(y).

Om Q2

= 2pFp(un) +/

Om 2

Therefore, we obtain that
/ |tn ()P dv(z) < C VneN.
Q

Hence, up to a subsequence, we have
Up —up, in LP().
Furthermore, using the weak lower semi-continuity of the functional 7, we get

Fp(up) = ueiLr;f(Q)-Fp(“)-

Thus, given A > 0 and w € LP(Q) (we extend it to 9,,Q by zero), we have

Fp(up + Aw) — Fp(up)
A b

0<

or equivalently,

1 [(up)w(y) + Aw(y) = ((up)y () + Aw(@))[” — |(up)w(y) = (up)y (2)[?
ST

2 PA

dmg (y)dv(z).
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Now, since p > 1, we pass to the limit as A | 0 to deduce

1 _
05 [ [ 100000 = ()o@l 2 () 0) = Cap)(2) % (o) = () do (3) ().
Taking A\ < 0 and proceeding as above we obtain the reverse inequality. Consequently, we conclude that

0=5 | ] 10000 ~ )o@ )elo) — (el (1)~ () )

:_/Q /Q [(up) e (Y) — (up)y () P2 ((up) g (y) — (up)p(@))dmy (y)w(x)dv(z).

In particular, since w = 0 in 9,,2, it follows that

0=— /Q/Q [(up) () = up(@) P72 ((up) g (y) — up(@))dma (y)w(a)dv(z),

which shows that u, is a solution of (2.9). To finish let us see that (2.10) holds.
Set M := ||¢)||oo, multiply quation (2.9) by (u, — M)* and integrate over 2 to obtain

0= / / ) () — (1) ()72 (1)) — (tip)us () A () () — M) () (),
Qo Qo

or equivalently

X (((up)y — M) (y) = ((up)y — M)*(z)) dmg (y)dv(z).
In addition, since
lr —s|P72(r — s)(rt —sT) > |rt —sT|P,

it holds that
/Qm /Qm |((up) — M) T (y) — ((up)y — M)*(2)]" dmy (y)dv(z) < 0.
Then, using again the p-Poincaré inequality we get
/Q |(up — M) ™ (2)|P dv(z) = 0.

This shows that u, < M v-a.e. in §2 for any p > 1. Analogously, we can verify that u, > —M v-a.e. in 2. Thus
lluplloo < M for every p > 1. O

We are now ready to prove the existence of solutions to problem (2.5).
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Theorem 2.10. Given ¢ € L*(0,,Q). If (m,v) satisfies a p-Poincaré inequality in Q for all p > 1, then there
exists a solution to problem (2.5).

Proof. By Theorem 2.9, there exists a subsequence p,, — 1, still denoted by p, such that
u, —u weakly in L'(1)
and
[(p) o (1) = (up) g (@) P2 ((up) o (y) — (up)y(2)) = g(w,y)  weakly in L' (Qm x Qi)

The function g is L*>°-bounded by 1, satisfies

7/ g(z,y)dm,(y) =0 for v —aex €,
Qi

and, moreover, it is antisymmetric. In order to see that
9(x,y) € sign(uy (y) — uy(z)) for (v @ dmg)-ae (z,y) in Qpy X Qp,

since ||g||co < 1, we need to prove that

/Q / 9z, y) dma(y)uy (z) dv (@ /Q /Q luy (y) = uy(@)| dmy (y)dv (). (2.11)

In fact, it holds that

Om 2
Therefore,
lim — / / lup(y) — up(z)|P dmg(y)dv(x / / (z,y) dmg(y)y(z) dv(z)
p—12 OmQ
[ s dm @) duta),
Qi U
Then,

3 [ e wldmeave) <tmint [ ] ) - @ dm e

// (z,y) dma(y)uy(z) dv(z),
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so equation (2.11) holds. Hence, g satisfies all the conditions in Definition 2.6, so u is a solution to problem
(2.5). O

Proof of Theorem 2.8. Let u be a solution of problem (2.5). Then, there exists g € L™ (2, X Q) with ||g]lec < 1
verifying (2.6), (2.7) and (2.8).

Given w € L'(Q,v), multiplying (2.8) by w(z) — u(z), integrating, and having in mind (2.7) and the
antisymmetry of g, (2.6), we get

// 0, 1) dme () (wys () — uy(2))dv(z)
/ / 9, 1) [(w () — we (2)) — (s (9) — 19 (2))}dma (y)dv (z)

<3 L] ) —w@im e 5 [ ) - w@lams mar)
~ ) - }m

Therefore, u is a minimizer of Jy.

Assume now that v minimizes the functional J,;. Theorem 2.10 shows the existence of a solution @ of (2.5).
Namely, there exists ¢ : 2, X @, — R such that g € L=(Qy,, X ), lgllee < 1, 9(x,y) = —g(y, z) (v@dmy)-a.e
(x7y) in Qm X Qma

g(x,y) € sign(uy(y) — Uy (x)) (¥ @dmg) —ae (2,y) € U X O, (2.12)

and

7/ g(z,y)dmy(y) =0 v—aexz e (2.13)
Qm

Since v is a minimizer of Jy, we have
Tol@) — Tolw) =0
On the other hand, arguing as in the other implication, we obtain that
[ gt ama) ) - )
=5 | o IE0) ) (o) - vl ()b )
=5 ] | ) - m@lm. )
5 s - u)n )
=70@ 5 [ ] gt ) — v @)am ()

Therefore,

% /Q /Q 9(2, ) (uy(y) — uy(x))dm, (y / / |ty (y) = uy () |dme (y)dv(z).
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Hence,
g(z,y) € sign(uy(y) —uy(z)) (v@dmy)—ae (z,y) € Uy X Qy,

which jointly with (2.12) and (2.13) imply that « is a solution to problem (2.5). O

The proof of Theorem 2.8 sparks a natural question whether the solution to problem (2.5) is unique. It turns
out that uniqueness of solutions fails even in the simplest settings. Consider a graph G with three vertices and
two edges, namely V(G) = {—1,0,1} and E(G) = {(—1,0), (0,1)}, with weights of both edges equal to one. It is
endowed with graph distance and the measures vg and m© as described in Example 1.1(3). Take Q = {0} and
set ¥(z) = z. The solution is defined only on the single point {0} and whenever u(0) € [—1,1], u is a solution
to problem (2.5) with the function g(z,y) = sign,(y — x). A similar example can also be constructed in the
continuous case, see Example 3.1 of [13].

Also the vector field g is not uniquely defined. It can be easily seen if we take the space from the previous
paragraph and set 2 = {0} and ¢ = 0. Then, if we take u(0) = 0, we obtain a solution to problem (2.5) with
the function g(z,y) = 0. However, it is also a solution to problem (2.5) with the function g(z,y) = 0 and
g(x,y) = signy(y — x), so the choice of g is not unique. Nonetheless, let us stress that in the second part of the
proof of Theorem 2.8 we take a function g corresponding to a single solution and show that it works for all
solutions; in particular, a single function g determines the structure of all solutions to (2.5).

Theorem 2.11. Assume that (m,v) satisfies a p-Poincaré inequality in Q for all p > 1. Let ¢ € L>®(X\Q)
and u € BV, (X) such that u =1 v-a.e. on X\Q. Then, the following are equivalent:

(i) wjq is a minimizer of Jy.

(ii) wq is a solution of to problem (2.5).

(iii) w is a function of m-least gradient in €.

(iv) wq,, is a solution of the m-least gradient problem (2.1).

Proof. By Proposition 2.5 and Theorem 2.8, we already know that the conditions (i), (ii) and (iv) are equivalent.
(i) implies (iii): Let g € BV,,(X) such that g = 0 v-a.e. on X\Q. Then
TVin(u) = Ty(uje) < Ty(wa + gj0) = TV (u + g).

Therefore, u is a function of m-least gradient in €.
(iii) implies (i): Fixed v € BV, (£2), we have to see that Jy(u|q) < Jy(v). Now, if g := vy —u € BV,,(Qy,) and
g =0 v-a.e. on X\, we have

Ty (wja) = TVin(u) < TV (u + g) = TVin(vy) = Tp(v).

(]

Finally, we note that Theorem 1.12 implies that in the case of the random walk m"¢, if the boundary data
are regular enough, we have a uniform estimate on the nonlocal gradient on some subsequence (still denoted by

Ue).

Proposition 2.12. Let (X, d,v) be a metric measure space with doubling measure v and supporting a 1-Poincaré
inequality. Let ue € BV (X) be a sequence of solutions to the nonlocal least gradient problem on Q C X,
where 0 < v(Q) < v(X), for boundary data 1p € BV (X,d,v) N L>®(X,v). Let ¢ — 0. Then on a subsequence
(still denoted by ue) we have

/ ][ (1) () — () (@) di(y) dv(z) < Me.
X JB(z,e)
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Proof. Notice that the left hand side of the desired inequality is 2TV,,v.c (ue). As u. is a minimizer of the total
variation T'V,,v. with boundary data ¢, we have

2TVmu,5 (UE) S QTVmu,E (1/})

As ¢ € BV(X), by Theorem 1.12 on a subsequence (still denoted by ¢) for e sufficiently close to 0 we have
N
2T Vve (¥) < 4e -liminf =TV,,v.- (¢) = Me,
e—0 €

where M = 4liminf._o 2TV (¥). O

This uniform estimate, which holds as long as the boundary datum ¢ € L*(9,,2) admits a bounded extension
to BV (X, d,v), suggests that possibly the sequence u. converges on a subsequence; this is exactly what happens
in the case of the random walk m” from Example 1.1(1) and an analogue of Proposition 2.12 is a crucial estimate
in that proof, see [13]. This motivates the following Remark.

Remark 2.13. Let [RY,d,m”] be the metric random walk space of Example 1.1 (1) and assume also J(z) >
J(y) if |z| < |y|. Let Q be a smooth bounded domain in RY and ¢ € L>(8Q). In [13] it is proved that if we
take a function ¢ € W11(3,,s.Q) N L>(0,,.. Q) such that 1|sq = 1 and u, is a solution of the problem

—ATJeu(x) =0, ze,
u(z) = (), T € Opac 2,
for J.(z) := ELNJ (%) Then, up to a subsequence,
ue —u in LY(Q),

where u is a solution to (2.2) with h = .
In particular, if we take

J(z) = LN(Bl(O71))XB(O,1)($)7
then
J0) = T Xp0.0(®)
(B(0,€))
Hence,
mE e = m
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up to a subsequence,
ue — u in LY(Q),

where u is a solution to (2.2) with h = ).
Therefore, it is natural to pose the following problem: Let (X, d, i) be a metric measure space and let m/**
be the e-step random walk associated to u, that is,

e . HLB(z,¢€)
0 u(B(e)

Given f € L>(09,|DXgl,) we consider the functional 77 : L2(€, ) —] — 00, +00] defined by

| Dul,(2) +/ lu— f|d|DXgl, if we BV(Q,d,p)N L2(, ),
Ty = o

~+00 if ue L2(Q,p) \ BV(Q,d, p).
We define the (multivalued) operator —A; , := 97;.

Let f € L>(09, |DXgl,) such that there exists ¢ € W1 (e Q) N L (9pie.c Q), with 19 = f. It is natural
to ask the following question: are there metric measure spaces, for which if u. is a solution of the problem
AT u(z) =0, ze,

u(z) = ¥(x), T € O 2,
then up to a subsequence
ue —u in LY(Q,p),
where u is a solution to the problem
—Aqu(z) =0, ze€Q,
u(z) = f(x), x € 0N
In a forthcoming paper we will study this problem.

2.2. Nonlocal median value property

Let us introduce some notation for this subsection. Given a v-measurable function u : 2 — R, we decompose
the space X as

EY ={y € X 1 uy(y) > uy(z)}, E* ={y e X 1 uy(y) < uy(z)},

Ef ={y € X 1 uy(y) = uy(z)}.
As m,, is a probability measure, for any = € {2 we have

mw(Ej-) =+ mx(Ef) =+ mx(E(g)E) =1,
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so the following two conditions are equivalent:
o (BG) < ma(B2) — my(E2) < ma(EY) (2.14)
and
mg(EY UEY) >

and m,(EY UEY) > (2.15)

N
N

Definition 2.14. We say that a v-measurable function u : Q — R satisfies the m-median value property if
either of the conditions (2.14) or (2.15) is satisfied for v-a.e. x € Q.

In the next Theorem, we prove that solutions to (2.5) satisfy the nonlocal median value property. In the
other direction, it is not necessarily the case; examples to the contrary exist even in Fuclidean spaces, see for
instance ([13], Exam. 3.2). Nonetheless, a partial converse still holds.

Theorem 2.15. Suppose that u € BV,,(Q) is a solution to (2.5). Then it satisfies the m-median value property.
Moreover, if uw € BV,,(2) satisfies the m-median value property, then it satisfies Definition 2.6 except for
antisymmetry of the function g.

Proof. Suppose that u € BV;,(2) is a solution to (2.5). Take the antisymmetric function g € L>®(X x X)
associated to w given by Definition 2.6; in particular, for v-a.e. z € Q it satisfies

/ g(x,y)dm,(y) = 0.
X

We notice that for y € E7 we have g(z,y) = 1, for y € E* we have g(z,y) = —1, so

0= [ atwpam. )= [
v,

As ||g]lec <1, we reorder this equality and estimate

gz, y)dma(y) + / oz, y)dma(y)

x x
+ BZ

g y)dma (y) = ma(E%) — ma(E*) + / o(e, y)dma(y).

x x
0 0

mg(E2) = ma(EY) + /ET g(z,y)dmy(y) < my(EY) + ma(Ej)

and

mo(B) = molB) = [ gl n)dmas) < molB2) + mo(E).

We put these two estimates together and obtain (2.14), hence u satisfies the nonlocal mean value property.

In the other direction, it is sufficient to check that g(x,y) defined as

1 if wuy (y) > uy ()
glz,y) =9 0 ifuy(y) =uy(x)
-1 if qu(y) < uw(x)
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if m,(EF) =0 and as

1 if wy (y) > uy(z)
mg (E% m, EY .
-1 if uy(y) < uy(z)
if m,(EZ) > 0 satisfies Definition 2.6 except for g being antisymmetric. O

2.3. Nonlocal Poincaré inequality

In most of the results in Section 2.1 we have assumed that (m, v) satisfies a p-Poincaré inequality. Let us see
now examples of (m, ) satisfying a p-Poincaré inequality.

We assume the measure v to be ergodic, otherwise the Poincaré inequality cannot hold - lack of ergodicity
of ¥ means that in a certain measure-theoretic sense the space is not connected. We will consider examples of
metric random walk spaces as introduced in Example 1.1. Firstly, in (1), the random walk (m”, £V), where J is
a continuous radially symmetric function with compact support, satisfies a p-Poincaré inequality (see [3] or [4]).
Secondly, in (3), the random walk defined on a finite graph satisfies a p-Poincaré inequality, as we will see in
Corollary 2.21. Thirdly, in (4), the space (X, d, m"*¢) under some sensible topological assumptions on the space
X, satisfies a p-Poincaré inequality, as we will see in Proposition 2.16. Finally, we will see examples of infinite
graphs where the Poincaré inequality does not hold.

Proposition 2.16. Suppose that (X,d,v) is a length space and that Q has finite diameter and the measure
v is doubling. If the random walk m»¢ is invariant and reversible with respect to v, then (m**,v) satisfies a
p-Poincaré inequality in Q for any p > 1.

Proof. Let my = mk*, ¢ € LP(X,v) and we consider:

— 9,0, Blzz{er :d(x,Bo)gg}, Bg::{xEQ\Bl :d(x,Bl)gg},

j—1
3 .
BjZ{SCEQ\UBk Zd(iB,Bj_l)§2}, ]:1,2,

k=1
As Q is a length space with finite diameter, we have
1
JleN:v|Q\[JB;] =0
j=1

We have

// g () — w(@)|? dm (y) dv (e // i () — u(@) P dma () dv(@), G =1,...,1.

Now, by the reversibility of v, we have

/BJ_ /le luy (y) — w(@)|P dmg(y) dv(z)
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/ / D dm ) dvo) ~ [ / )l dona () do(e)
-/ ( dma(y >|u< arae - [ (f

J

I\D‘,_.

am, <x>) g ()P dv(y)

> / mo(Byn) (o) dvle) = [ g )l vty

-1

Now, let us see that m,(B;_1) is bounded from below for € B;. To this end, fix any « € B; and take the ball
B(z,e). As X is a length space, there exists a point y € B(xz,¢) such that B(y, ¢) C B(x,e) N Bj_;1. Then, as
v is doubling and y € B(z,¢), by Proposition 1.11 we have

s)) _ YB35 S

my(Bj_1) > my (B (y, 5 v(B(z,¢))

We note that this constant does not depend on €. Then
P ¢ P P
luy (y) — u(@)|P dma(y) dv(z) = o | - Ju(@)[”dv(z) - |uy ()7 dv(y).
Q Qm B]‘ Bj71
We rewrite the above inequality as

3 [, lrorave < [ [ ) —u@pang e - [ wmpao)

Therefore, since uy(y) = ¢¥(y) if y € By and Q = U;Zl Bj, we iterate the last inequality and get that there
exists A > 0 such that

3 @ @ < [ f noly) — (o)l dmey) dv) + /amﬂ|w<y>|pdu<y>.

Remark 2.17. In fact, instead of finite diameter of 2 we may assume finite width, which in the setting of
metric measure spaces is exactly the assumption that

O

Qc{re X :d(z,0,9) < M}

for some M < co. In this case we also have v(Q\ Ui’:l B;) =0 for some [ € N.

Remark 2.18. The assumptions that X is a length space and v is a doubling measure include the most
typical cases considered in the literature, such as weighted FEuclidean spaces, smooth manifolds and Carnot-
Carathéodory spaces. The assumption that m* ¢ is invariant and reversible with respect to v at a first glance
seems to be more restrictive: as specified in Example 1.1(4), it is satisfied for instance whenever all balls of the
same radius have the same size, e.g. on Euclidean spaces and Carnot groups. However, later we will be able to
consider invariant and reversible random walks which are not necessarily of the form m"#, see Corollary 2.20.
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In fact, we may prove the Poincaré inequality in many more settings than only for the random walk m2*°.
In order for the Poincaré inequality to hold, the measure m, has to be ”uniformly distributed around z”. In
the next few results, we present alternative sufficient conditions; the proofs are very similar and the key point
is the estimation of m,(B;_1) from below in a uniform way. In particular, we stress that the measure m, need
not be radially distributed nor concentrated around =z.

Proposition 2.19. Let [X,d,m] be a metric random walk space with an invariant and reversible measure v.
With assumptions on X, and v as in Proposition 2.16, suppose that m, is a uniformly distributed on an
annulus B(x,e)\B(z,0), i.e.

my = my°

ves . VLB e)\B(z,9))
v(B(z,e)\B(z,9))

Assume that § = §& with a,b € N. Then (m,v) satisfies a p-Poincaré inequality in Q0 for any p > 1.

The measure v is invariant and reversible with respect to the random walk m*%? for instance whenever
v(B(z,¢)) = v(B(y,¢)) for every x,y € X; notice that this is the same assumption that appears in Example
1.1(4) and the proof of invariance and reversibility of v runs along similar lines.

Proof. Similarly to the proof of Proposition 2.16, we set

B = {zGQ cd(z,0,2) < }, By = {IGQ\Bl :d(z, By) <

b

S
S

Jj—1
€ .
Bj::{xeﬂ\kL_JlBk :d(x,Bj_l)g%}, j=23,....

As Q has finite diameter (or width), we have

l
JleN:v[Q\|[JB;] =0

Jj=1

Furthermore, we extend the construction of B; back into 0,,€ (note that in particular By is defined differently
to the set in the proof of Prop. 2.16). We set

3

By = {a: € OS2 d(2,2) <

}, By = {xeamQ\Bo - d(z, By) < %}

j—1
€ .
B,j = {.”L'E@mﬂ\kL_JOBk :d(w7Bj+1)§4b}’ 7=12,....

Now, let 7 > 1 and suppose that z € B;. As for kK € N we have

(k—1)e ke
RS A . < =
w = d@ B = 3
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we set j' = j — 4a — 2 and see that there exists y € B(x,¢) such that

e -
B(v.15;) € (B.o)\B(@.3) N B
Hence, by Proposition 1.11 we have that

&)

B(y, % By, =
ma(By) = m, (Bly, =) = —2we1m) o MO0 ) 5 ¢,
160") = U(B(r,2)\Bw.0) ~ v(B(.9))
Hence, for any j = 1,...,l we may make a similar calculation as in the proof of Proposition 2.16 to obtain

// g (y) — u(@)|? dm () dv(a ///\uw — (@) dm, (y) dv(a)
25 [, [, w@ranm @ - [l dna)

= ( | dmx(y)> @l avie) = [ ([ amyo)lus )l avto)

2 55 [ meB P e [ s dviy)

J
Since my(Bj/) > C, we rewrite this inequality as

C p p p
3 [, P < [ o) - u@P ama) )+ [ )l )

We iterate this result and obtain the Poincaré inequality. (I

Corollary 2.20. Let [X,d, m] be a metric random walk space with an invariant and reversible measure v. With
assumptions on X, § and v as in Proposition 2.16, suppose that for some o > 0 we have my > am® or
mg > amb®%. Then the p-Poincaré inequality holds for any p > 1.

Proof. In the notation from the proof of Proposition 2.16, the only thing that we have to change in that proof
is the estimate of m,(B;_1) from below. Choose y € B(x,¢) as above, so that B(y, §) C B(x,e) N B;j_;. Then,
we have
£ v(B(y, 5))

)) = y 2

My (Bj—1) > My (B(y, %)) > ami® (B(y, E

We proceed similarly for m, > am;“’:"s. O

In particular, the Corollary above covers the case of random walks m: given by continuous radial weights .J
defined in Example 1.1(1). Moreover, provided that v(B(xz,¢)) = v(B(y,¢)) for all z,y € X, it also covers the
case of measures m”*? defined on annuli such that $¢Q.
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The next Corollary concerns the case of locally finite graphs.

Corollary 2.21. Suppose that G = (V(G), E(G)) is a locally finite graph and let (m$,vg) be defined as in
Ezample 1.1 (8). Let Q be a finite subgraph of V(G). Then (m%,vg) satisfies a p-Poincaré inequality in Q for
any p > 1.

Proof. We set Bj = {x € Q : dist(z, 0,,2) = j}, where dist denotes the graph distance. Then, as § is finite, a
finite number of B; covers the whole of Q and «; = inf,cp, m.(B;_1) is strictly positive: as any vertex from B;
has an edge leading to a point in B;_1; hence m,(B;_1) is strictly positive for any « € B;. As the minimisation
is over a finite set, o; > 0. Now, we proceed exactly as in the proof of Proposition 2.16. O

Unfortunately, ergodicity is too weak an assumption to obtain the Poincaré inequality. Our main issue with
the proof is whether we can define the sets B; in such a way that €2 is a finite union of B;’s and we have a
uniform bound on m,(B;_1) for z € B;. We present two examples to highlight this: in the first one, we define
a simple metric random walk of type (2) in Example 1.1. In a second, more involved example, we show that for
the case of metric random walk on graphs (as in type (3) in Example 1.1), if we drop finiteness of the subgraph
Q, the p-Poincaré inequality may no longer hold, even if we have Q = {z € Q : dist(z, 0,,Q) = 1}.

Example 2.22. Let X = NU{0}. We endow it with the following metric:
0 if m=mn;
dim,n)=< 1 ifm=0,n>0o0rm>0,n=0;
2 ifm,n >0 and m # n.

Set v({n}) = 27"; in particular, v(X) is finite. We define the following random walk m, on X:
e mo({n}) =47 for n > 1; me({0}) = 2.
e for n > 1 we have m,({0}) =27"; m,({n}) =1 —-2"; m,({k}) =0 for k # n with k > 1.
We check that v is invariant and reversible with respect to the random walk m,: as our measures are atomic,
it is sufficient to check the conditions for singletons. Firstly, we check that

/mm{o}du 1+22n 27" =1 =u({0}),

/X my({nHdv(z) =(1-2"")27"+47"-1=2""=v({n}),

hence v is invariant with respect to m,. Moreover, v is reversible:

/ / dmg (y)dv(x / / dmy (z)dv(y);
{n} J{n} {n} J{n}
/ / dmy(y)dv(z) =0if k,n > 1,k # n;
{k} J{n}

/{n} /{0} dmy,(y)dv(z) = 27"v(n) = 477
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/{0} /{n}dmy(x)dy(y) =47"y(0) =47"

Now, we can construct the example. Let @ = N. Then 9,,Q2 = {0}, the measure v is ergodic and we can go
from any two given subsets of positive measure in X (even between any two points) by making two jumps with
positive probability; we may say that the m-diameter diam,, (X) is finite and equals 2. Let us take 1) = 0. Then

/ |u(z)|dv(z ZZ_"|u

On the other hand, we have

// luy (y) — w(z)|dmg (y)dv(z Z|u 22727 Z4‘”|u(n)
QJa, n=1

Hence, a Poincaré inequality cannot hold, as we can see for instance from the sequences of the form
(1,27,47,...,27,0,0,0, ...).

The left hand side of the Poincaré inequality equals Ak; the right hand side equals Zizl 47" . 2" < 1. As we
let £ — oo, we see that the inequality fails.

Example 2.23. Let X = {2,3,4,...} x {—1,1}. For simplicity, we will denote k := (k, —1) and k = (k,1). We
see it as a graph with vertices in X and with the following edges:
e horizontally: from 3n to 3n + 1 with weight 27"; the same for 3n and 3n + 1;
e horizontally: from 3n + 1 to 3n + 2 with weight 4™™; the same for 3n + 1 and 3n + 2;
e horizontally: from 3n + 2 to 3n + 3 with weight 27"; the same for 3n + 2 and 3n + 3;
e vertically: from 3n to 3n with weight 8~
e vertically: from 3n 4+ 1 to 3n + 1 with weight 87"
e vertically: from 3n + 2 to 3n + 2 with weight 87".
We set v and m,, as for graphs. Then v(k) is the degree of the vertex k and we have

v(3n) =v(Bn) =ds, =27 " 427" £ 87",
v(Bn+1)=v@Bn+1)=ds,11=2""4+4""+8",

v(Bn+2) =v@Bn+2) =dgpyo=2""+4""+8".

Weset Q ={2,3,4,...} x {—1}; then 9,,Q = Nx {1}. We set ¢ = 0. Now, suppose that a g-Poincaré inequality
holds. Let us fix k > 1 and plug in u;, € L*(X,v) of the form

up(n) =0 forn <3k +1, ug(n) =1 forn >3k +2.

The Poincaré inequality on graphs is

MY dofu(@)] <Y D waylup(y) @)+ Y dyly(y)

zEQ TEQYEQ,, YEIM N
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hence for such uy the Poincaré inequality reads

LHS=X27F+47F487F)4 X Y 2244748 )+ (2" +27"4+87")
n=k+1

and

RHS =47 % 447k 87k 4 Z 8",
n=k+1

Hence
A\2F < LHS < RHS <3-47%

As we pass with k& — oo, we see that the Poincaré inequality cannot hold for any A > 0.

Of course, failure of the Poincaré inequality is due to the fact that m.(9,,€2) is unbounded from below.
Moreover, these examples also show that when proving the inequality, ergodicity of the random walk m is not
sufficient and we cannot work with sets of the form By = {z € @ : m;(9,,2) > ¢} or By = {x € Q: m;(0,2) >
0} in place of By = {z € Q : d(x,0,,Q?) < §}. This suggests that in order for the Poincaré inequality to hold
the random walk m has to bear some relation to the topology of the space.

Finally, we take on the question of necessity of Poincaré inequality for existence of solutions in the sense
of Definition 2.6. In the following Example, we show that if the set (2 does not support a nonlocal Poincaré
inequality, then there may be no solutions in the sense of Definition 2.6.

Example 2.24. Let us take the space X introduced in the previous Example and take €2 as above. Take
u € BV,,,(Q2) and suppose that it satisfies (2.5) in the sense of Definition 2.6 for some ¢ € L'(9,,9). Since the
measure v is discrete, all properties in Definition 2.6 are checked pointwise. Let us look at the property (2.8) at
all points in Q. Taking z = 3k + 1, we have

0=v(3k+1) [ g(3k+ Ly)dmaa(y) =2 g3k +1,38)
Qm

+47*g(3k + 1,3k +2) + 8 *g(3k + 1,3k + 1).
We rewrite this as
g(3k +1,3k) = —2F47%g(3k + 1,3k + 2) — 2"8 %g(3k + 1,3k + 1). (2.16)

Since ||g|loo < 1, for k > 1 we have that |g(3k + 1, 3k)| < 1. Hence, property (2.7) implies that u(3k+1) = u(3k).
Similarly, we take © = 3k — 1 (for k& > 2) and get

0=uv(3k— 1)/ g(3k — 1,9) dmay_1(y) = 27 FT1g(3k — 1, 3k)
Q

m

+4 " g(3k — 1,3k — 2) + 871 g(3k — 1,3k — 1).
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We rewrite this as
g(3k —1,3k) = —2F 14~k Flg(3k — 1,3k — 2) — 28718 FFlg(3k — 1,3k — 1). (2.17)

Since ||g|loc < 1, for k > 2 we have that |g(3k — 1, 3k)| < 1. Hence, property (2.7) implies that u(3k — 1) = u(3k).
Finally, we take z = 3k (for any k > 1) and get

0= u(3k) /Q 9(3k,y) dmay(y) = 275+ g(3k, 3k — 1)

m

+27%g(3k, 3k 4 1) + 8 **1g(3k, 3k).
We rewrite this as
g(3k, 3k — 1) = —2F"127Fg(3k, 3k + 1) — 2"~ 187 % ¢(3k, 3k). (2.18)
In particular, for £k =1 we have |¢g(3,2)] < 1, so u(2) = u(3). We will combine all these estimates by using the
antisymmetry of the function g. Specifically, we take equations (2.17) and (2.18) and notice that their left hand

sides are equal up to the change of the sign. Hence, we have

—ok= Iy =kl g3k — 1,3k — 2) — 2" 18 RT3k — 1,3k — 1) = g(3k — 1,3k)

= —g(3k,3k — 1) = 287127k g(3k, 3k + 1) + 2" 187 ¢(3k, 3k).
We divide by 2¥~1 and rearrange to obtain that
4 R g3k — 1,3k — 2) = —27Fg(3k, 3k + 1) — 8 g(3k,3k) — 8 "1 g(3k — 1,3k — 1).
Now, divide equation (2.16) by 27%. Using the antisymmetry of g, we plug it into the equation above. We obtain

478k — 1,3k —2) =4 %¢g(3k + 1,3k +2) + 8 *¢(3k + 1,3k + 1)

—8 %9 (3k, 3k) — 8 F1g(3k — 1,3k — 1),
which we then rearrange to

g(3k + 1,3k +2) = 4g(3k — 1,3k — 2) — 4*8 7% (g(3k + 1,3k + 1)

+9(3k,3k) + 8g(3k — 1,3k — 1)).

Assume that ¢g(3k — 1,3k — 2) = £1. Then, since [|g||cc < 1, for k& > 2 we have that |g(3k + 1,3k + 2)| >
4—10-4*87% > 2 contradiction with ||g[|cc < 1. Hence, for k > 2 we have u(3k — 1) = u(3k — 2).

We use all the obtained equalities to see that u is constant on ; for any k, we have u(3k — 1) = u(3k) =
u(3k + 1). For k > 2, we also have u(3k — 1) = u(3k — 2); but this covers all points of this form in €2, since for
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k = 1 there is no corresponding point in 2. Moreover, we can easily compute the value of this constant function.
Let us take in (2.8) the point z = 2. We obtain

0=1(2) / 9(2,y) dms(y) = 9(2.3) + 9(2.3).

m

Assume that ¢(2,2) = +1; then we have ¢g(2,3) = F1. Now, we take in (2.8) the point x = 3 (equivalently: we
put k£ =1 in the formula (2.18)) and by antisymmetry of g we obtain

1 1 = 5
contradiction. Hence, |g(2,2)| < 1, so property (2.7) implies that u = u(2) = u(2).
Finally, we see that this means that the nonlocal least gradient problem in the sense of Definition 2.6 has no
solution in Q. Assume that a solution u exists. By using the antisymmetry of g and taking property (2.8) at

points «x = 3k, 3k + 1,3k + 2 we get respectively

9(3k, 3k + 1) = 29(3k — 1,3k) — 4% g(3k, 3k);
g(3k + 1,3k +2) = 2%¢(3k,3k + 1) — 27 Fg(3k + 1,3k + 1);

g3k +2,3k +3) =2"%g(3k + 1,3k + 2) — 4 *g(3k + 2,3k + 2).

We iterate these results to obtain

9(3k + 2,3k + 3) = 29(3k — 1,3k) — 4% (g(3k, 3k) + g(3k + 1,3k + 1) + g(3k + 2,3k + 2))

and similar formulas for the other cases. Assume that g(3k + 2,3k 4 3) # 0 for some k; take N large enough so
that |g(3k + 2,3k + 3)| > 55—5. Then, by the iterative formula above, we have

k+N
(3% + 3N + 2,3k + 3N +3)[ > 2V |g(38k + 2,3k +3)| =3 Y 47" >4-1=3,
n=k+1

contradiction. Hence, for all k& we have g(3k + 2,3k + 3) = 0. We deal similarly with other cases and see that
g(n,n+ 1) = 0 for all n; by formulas (2.16)—(2.18), this in turn implies that for all n we have g(n,7) = 0. Hence,
by property (2.7), the function w, is constant in X. But the choice of ¢ was arbitrary; hence, for nonconstant
boundary data there are no solutions to the nonlocal least gradient problem in the sense of Definition 2.6.

In this Example, the reason that solutions did not exist is not only the failure of the Poincaré inequality,
but also the fact that the connections between {2 and 0,,Q2 have very low weights, so Q2 and 0,,() are effec-
tively disconnected if one tries to minimize the functional [, and the solution is forced to be constant. This
phenomenon does not appear in Example 2.22, where we can compute the solutions by hand. Moreover, we
extensively used antisymmetry of g; we point out that there exist minima of the functional 7, solutions in the
sense of functions of m-least gradient, and functions that satisfy the m-median value property. The thing that
fails is the Euler-Lagrange characterisation of these objects, for which we need a Poincaré inequality.
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