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EXISTENCE OF VARIATIONAL SOLUTIONS TO NONLOCAL
EVOLUTION EQUATIONS VIA CONVEX MINIMIZATION

HARSH PRASAD! AND VIVEK TEWARY?>*

Abstract. We prove existence of variational solutions for a class of nonlocal evolution equations
whose prototype is the double phase equation

|u(z, t) — uly, )"~ (u(@, t) — u(y, 1))

8tu+P.V. N ‘$7y|N+ps
u(a, t) —u(y, t)|**(u(z, t) — u(y,t))
+ a(z,y) o — g dy = 0.

The approach of minimization of parameter-dependent convex functionals over space-time trajecto-
ries requires only appropriate convexity and coercivity assumptions on the nonlocal operator. As the
parameter tends to zero, we recover variational solutions. Under further growth conditions, these vari-
ational solutions are global weak solutions. Further, this provides a direct minimization approach to
approximation of nonlocal evolution equations.
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1. INTRODUCTION
1.1. The problem

In [3], Bogelein et al. prove existence of variational solutions for parabolic systems of the form

Oy — div(De f(z,u, Du)) = 0 in Qo

u = up on I
where the convex function f : R x RY x RM" — R satisfies a growth condition from below, viz,
ClElP < flx, 2,6),
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2 H. PRASAD AND V. TEWARY

for a.e. z € Q, z € RY, ¢ € RV, The notation Q. stands for Q x (0, 00). In particular, no growth condition from
above is assumed. This is useful, for example, in the context of parabolic equations with p, ¢ growth conditions
for p < g, where weak solutions may not exist without imposing further conditions on the gap of p and ¢ [2]. In
this paper, we aim to extend the framework of variational solutions to parabolic fractional equations with time
independent initial and boundary data

DeH(z,y,u(z, t) —u
RN |z —y[N
u=ug on (RV\ Q) x (0,00) UQ x {0} (1.1)

dpu+ PV. W) 4y =0 0

where Q is an open bounded subset of RY, and Q. = Q x (0,00). The function H = H(z,y,£) satisfies the
following structure condition

H(z,y.6) > A ('5') (12)

[z —y|*
H is a Caratheodory function which is convex in the variable &. (1.3)

We assume 1 < p < o0, s € (0,1) and A > 0. These structure conditions admit a variety of problems with
non-standard growth such as
<

P q
o H(z,y, &)= ﬁs +a(z,y) | ), fora(z,y) >0for 1 <p <gandrse(01).
|z — yl |z -yl

¢ o) = (L) o (14 (),

|€| a+bsin(log log(ﬁ))
o H(.’,E,y,g) = <|$—y|s) .

In particular, we would like to emphasize that in the double phase case, we obtain existence of variational
solutions without any restrictions on the gap ¢ — p, exactly as in [3].

1.2. Background

There has been a great surge in the study of regularity theory of fractional p-Laplace equations and their
parabolic counterparts. However, a theory for parabolic fractional equations with non-standard growth, par-
ticularly with a double phase character, requires the development of an existence theory which can contend
with the unbalanced growth condition given the possibility of the appearance of Lavrentiev phenomenon. The
variational framework introduced in [3] seems to be the most suitable for this purpose.

The motivation for the notion of variational solutions in [3] came from [32] where a variational notion of
solutions was introduced for an evolutionary minimal surface equation. Variational notions are also useful in
the realm of stochastic partial differential equations, for example, see [38, 43].

Further, it is related to the De Giorgi conjectures on the construction of weak solutions to hyperbolic equations
as a limit of minimizers of certain functionals [21]. Some forms of these conjectures were proved in [45, 47].
Unlike De Giorgi conjecture, the present paper, as in [3], considers parabolic problems. A minimization problem
over trajectories in time is attached to the parabolic problem at hand. In particular, in the standard case, one

considers the functionals
-t 1 2 y7 t) ‘p
/ /, E§@M<hﬂt+/‘f // |x—mN“P da dy dt,
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for small € € (0,1], over a certain class of functions v : [0,7] x RV — R. This method is well-known in the
physics literature where it is called Weighted Dissipation Method.

It turns out that the Euler-Lagrange equation associated to the minimization problem is formally found to
be

vy, O (0@, 1) = v(y: 1) ,
|z —y|VHPe

t —
*8(9”’1) + 815’0 + P.V. / |U(CE, ) Y= 0.
RN

Hence, formally speaking, the parabolic problem and its solutions would be recovered in the limit as ¢ — 0.
However, since we will be considering nonlocal operators with nonstandard growth conditions, we cannot pass
to the Euler-Lagrange equation and we must stay at the level of minimization problems. This leads to the notion
of variational solutions for nonlocal evolutionary problems, see (1.5).

The regularity theory of p,q growth problems was started by Marcellini in a series of novel papers [33-36].
There is a large body of work dealing with problems of (p,g)-growth as well as other nonstandard growth
problems, for which we point to the surveys in [37, 39].

Coming back to the fractional p-Laplace equation, in the elliptic case, regularity theory of fractional p-Laplace
equations has been studied extensively. For example, local boundedness and Holder regularity in the framework
of De Giorgi-Nash-Moser theory was worked out in [20, 22]. Moreover, higher regularity in Sobolev spaces with
explicit integrability is obtained in [6]. On the other hand, explicit Holder regularity of the solutions is obtained
in [8]. Higher integrability by a nonlocal version of Gehring’s Lemma was proved in [29]. For equations of
nonstandard growth, the relevant works are [11, 14-18, 44]. For the case of linear equations, i.e., p = 2, we refer
to [12, 13, 19, 30].

In the case of parabolic counterparts of the fractional p-Laplace equations, local boundedness was proved
in [48]. Holder regularity has been proved in [1] followed by [31]. Explicit exponents in Holder regularity have
been obtained in [9].

We believe this is among the first works to deal with fractional evolutionary equations exhibiting unbalanced
growth. In the companion article [41], we prove local boundedness for parabolic minimizers of (p, ¢)-fractional
parabolic equations following [20]. In another article [25], existence of nonnegative variational solutions for
doubly nonlinear nonlocal parabolic equations is proved.

1.3. Definition

Definition 1.1. Let Q be an open bounded subset of RY and T € (0,00]. Suppose that H satisfies the
assumptions (1.2) and (1.3) and let the time-independent Cauchy-Dirichlet data ug satisfy

H —
up € WHP(RN), ujg € L*() and // (x’y’|;‘0_(x;|N W) 4y dy < oo. (1.4)
RN xRN

By a variational solution to (1.1) we mean a function u such u € LP(0, T; W*?(R™)) nC%(0,T; L*(Q)), u — ug €
LP(0, T; WP(2)) and

/OT/QatU(UU)dde/OT // H(z,y,v(@,t) —v@1) = @,y u@t) —u@ ) 4 4 q,

|z —y| ¥

RN xRN

> 2w = 0 Dla — 5 10— 060 e (15)

N | =

for all v € LP(0,T; W*P(RY)) and ;v € L?(0,T; Q) such that v — ug € LP(0,T; WP ().
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Remark 1.2. In our definition of variational solution, both the solution and the comparison map have to match

on Q° x (0,T) and since we have assumed that the data on Q° is in W*P(RY) we may cancel integrals of H
over ¢ x Q¢ on both sides to obtain the following equivalent form of the variational inequality:

\fff—y\ Iw—yl

1
+Até@ww—w+§mmm—uwmhm—§muﬂ—uuﬂﬁmn

where Cq = (¢ x Q°)°.

Remark 1.3. Let us also mention that in the double phase case i.e. when H is of the form

H(z,y.6) = (|x |_§|y|s)17 +a(z,y) (x |_£yr)q

the condition on initial data (1.4) is satisfied if ug € W*P(RY) N L?(Q) also satisfies:

/ |uo (@) — uo(y)| |uo () — uo(y)[*

w— g OV T

dzxdy < oc.
RN xRN
1.4. Main results
The following existence and uniqueness theorems are the main results of the paper.

Theorem 1.4. (Existence) Let ) be an open bounded subset of RN . Suppose that H satisfies the assump-
tions (1.2) and (1.3) and let the time-independent Cauchy-Dirichlet data ug satisfy (1.4). Then, there exists a
variational solution to (1.1) in the sense of (1.5).

Theorem 1.5. (Uniqueness) If £ — H(x,y,§) is strictly convex then there is at most one variational solution
in the sense of (1.5).

Theorem 1.6. Let Q be an open bounded subset of RY . Suppose that H satisfies the assumptions (1.2) and (1.3)
and let the time-independent Cauchy-Dirichlet data ug satisfy (1.4). Then,

e the variational solution w in the sense of (1.5) with T € (0,00], belongs to C*2([0,T]; L2(R2)). Further,
O € L*(Q7) and
e the following energy bounds are verified

T
/0 /Q|8tu(x7t)|2 dzdt <A, and (1.6)

/tz / Hmy’|x_) UW:) G dyt < A. (1.7)

to —t1 y|v

RN xRN
for 0 <t; <ty <T < oo, where A is a constant depending on initial data.

Remark 1.7. The restriction p >

N
T+ N is often seen as a natural lower bound on p since the proofs of
s
existence that use the monotone operator methods require it on account of the Sobolev embedding. The proof
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here which uses variational techniques from [3] avoids this lower bound to obtain existence in the full range
p € (1,00) exactly as achieved by [3] for local equations. In the paper [5], functionals with linear growth, that
is, corresponding to p = 1 are also considered by stability methods. It would be of interest to study the stability
method for the nonlocal operator.

2. PRELIMINARIES

2.1. Notations
We begin by collecting the standard notation that will be used throughout the paper:

We shall denote N to be the space dimension. We shall denote by z = (x,t) a point in RY x (0,7).

We shall alternately use aa—‘:, O.f, f’ to denote the time derivative of f.
Let Q be an open bounded domain in RY with boundary 99 and for 0 < T < oo, let Q7 == Q x (0,T).

Integration with respect to either space or time only will be denoted by a single integral whereas

integration on  x  or RV x RY will be denoted by a double integral / / .

2.2. Sobolev spaces

Let 1 < p < 0o, we denote by p’ = p/(p — 1) the conjugate exponent of p. Let 2 be an open subset of RN,
We define the Sobolev-Slobodekii space, which is the fractional analogue of Sobolev spaces.

WP(Q) = {¢ € LP(Q) : []wen(a) < 00}, s € (0,1),

where the seminorm [-]yys.» () is defined by

|z —y|Nes

QxQ

The space when endowed with the norm [|¢[|y..nq) = 1Vl 1oy + [lwer(@) becomes a Banach space. The
space W;P(§2) denotes the completion of the space of smooth compactly supported functions C2°(€2) in the
norm of WP (RY).

Let I be an interval and let V' be a separable, reflexive Banach space, endowed with a norm ||-||,,. We
denote by V* its topological dual space. Let v be a mapping such that for a.e. t € I, v(t) € V. If the function

t — [Jv(t)|l}, is measurable on I, then v is said to belong to the Banach space LP(I; V) if/ |o()]|5 dt < oo. It
I

is well known that the dual space LP(I;V)* can be characterized as L¥ (I; V*).

2.3. Mollification in time

Throughout the paper, we will use the following mollification in time. Let Q be an open subset of RY. For
T>0,veLYQr), vo € L*(Q) and h € (0,T], we define

[V]n(-,t) = e_%vo + %/0 e v(-, ) ds, (2.1)

for t € [0, T]. The convergence properties of mollified functions have been collected in Appendix A.



6 H. PRASAD AND V. TEWARY

2.4. Auxiliary results

We collect the following standard results which will be used in the course of the paper. We begin with a
general result on convex minimization.

Proposition 2.1. ([42], Thm. 2.3) Let X be a closed affine subset of a reflexive Banach space and let F : X —
(=00, 0]. Assume the following:

1. For all A € R, the sublevel set {x € X : Flu] < A} is sequentially weakly precompact, i.e., if for a sequence
(uj) C X, Flu;] < A, then u; has a weakly convergent subsequence.
2. For all sequences (uj) C X with u; — u in X -weak, it holds that

Flu] < liminf Flu;].

J—00

Then, the minimization problem
Minimize F[u] over all u e X

has a solution.
We will need the following general result on weak lower semicontinuity of functionals.

Proposition 2.2. ([10], Cor. 3.9) Let E be a Banach space. Assume that ¢ : E — (—00,00] is conver and
lower semicontinuous in the strong topology. Then ¢ is lower semicontinuous in the weak topology.

We have the following Sobolev-type inequality ([23], Thm. 6.5).

Theorem 2.3 ([23]). Let s € (0,1) and 1 <p < oo, sp < N and let K* = , then for any g € WP(RY),

we have

\g lg(@) =9I\ 4
gl e < _y|N+s,, z dy. (2.2)

RN xRN

We will require the compact embedding as follows.

Proposition 2.4. ([26], Prop. 2.1) Assume N >1,1<p<o0 and 0 < s <1. Let Q be a bounded extension
domain. When sp < N, the embedding W*P(Q) — L"(Q) is compact for r € [1,p.), and when sp > N, the same
embedding is compact for r € [1,00). The theorem also holds for Wi (Q) for any bounded domain in RN,

We also need a Poincaré inequality for Gagliardo seminorms.
Proposition 2.5. ([7], Lem. 2.4) Let 1 <p < oo, s € (0,1) and Q is an open and bounded set in R . Then,
for every u € W3*(2), it holds that
||u| |Z[),p(Q) S C(N7 5D, Q) [U]Z;Vs,p(]RN)

We end this subsection with the following result about parabolic Banach spaces.

Theorem 2.6. ([46], pp. 106, Prop. 1.2) Let the Banach space V be dense and continuously embedded in the
Hilbert space H ; identify H = H* so that V — H — V™. The Banach space W,(0,T) = {u € LP(0,T;V) : Qv €
LP(0,T;V*)} is contained in C([0,T]; H). Moreover, if u € W,(0,T), then |u(-)|3; is absolutely continuous on
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[0, 71,

%|u(t)|§l = 20;u(t)u(t) a.e. t € [0,T),

and there is a constant C such that

lulleqo.rm < Cllullw, 0.1y >t € Wp.
Moreover, if u,v € Wy(0,T), then (u(-) ,v(-))u is absolutely continuous on [0,T] and

d
a(u(t) () g = Oru(t)v(t) + dw(t)u(t), a.e. t €[0,T].
3. EXISTENCE OF VARIATIONAL SOLUTIONS

In this section, we will prove the existence of variational solutions to the following nonlocal evolution equation
with time independent initial-boundary data

Ou+Lu=0 in Qp
u = ug on (RM\ Q) x (0,7)UQ x {0}

where € is an open bounded subset of RY and Q7 = Q x (0,7). We recall that the operator L is a nonlocal
operator whose explicit structure is as follows.

DgH(xy Y, U(Qj? t) - u(y> t))

Lu(xz,t) = P.V.
(1) oo o~ gV

dy

where H = H(z,y,¢) : RY x RY x R — R is a measurable function satisfying (1.2) and (1.3). We recall the
assumptions on initial-boundary data. The initial-boundary ug : R™Y — R is assumed to be time independent
and ug € W*P(RY) N L?(Q). We further assume that

// H(x,y,uo(z) — uo(y)) dzdy < A < 00 (3.1)

2z —y|V

RN xRN
for some constant A > 0.

Finally, we recall our definition of solution to the equation (1.1). We denote by W () the following space of
functions

WeP(Q) ={g: RN - R:ge WP(RY), g—ug € WyP(Q)
We further define the space LP(0,T; W;'P(Q2)) as the space of functions
LP(0, T; Wik () ={9 € LP(0,T; W*P(RY)) : g — ug € LP(0,T; Wy (2))

and [Ju(-,7) —uo()||z2(0) = 0 as 7 — 0}. (3.2)

We repeat the definition of variational solutions.
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Definition 3.1. Let T € (0, 0c]. We say that a function
u € LP(0, T WP () N C([0, T]; L*(2))
is a variational solution to (1.1) if for any comparison function
v € LP(0,T; WiP(Q)) with v € L*(Q x (0,7))
the following variational inequality is verified:

H( H( t
/ / (@.y.u@.0) — uly.1) dxdydt</ [ e C0t0)y, g,
0 \m—y\ 0 |x—y|
RN xRN (3.3)

1 1
# [ w04 J 10 w0l § I T) e Dl

Remark 3.2. (Initial Data) Since the initial data ug is a valid comparison function and H > 0, The inequality
(3.3) with the admissible comparision function v(-,t) = ug(-) for all ¢ € (0,7) and (3.1) implies that for any
7>0

1
O§§Hu('77')—uo()||L2 <7A—=>0as7—>0+.

So variational solutions pick up the data at the initial time ¢ = 0 in the L? sense.

3.1. Lower bound for the functional

In this subsection, we derive a lower bound on the nonlinear and nonlocal operator by the use of Poincaré
inequality ([7], Lem. 2.4).

Note that for almost every time ¢ > 0, (u — ug) (-, t) € WP (2). Therefore, by Poincaré inequality (Prop. 2.5)
in the space W (Q2), we get for almost every ¢ € [0, T7,

[|u — “0||I[),p(g) < Clu— UO]’éVs,p(RN)
< C[UWV\ p@NY T C[UOWV\ P (RN)

H(z,y, ulx,t) — u(y. )
<c [ |x— y dwdy + Cluolyy @),

RN xRN
where we made use of (1.2). As a result, we obtain

[al[2 gy < = w0l + [ol12

H $ Y, y,t
<y // |JE_ y)|N ( )) drdy + 02Hu0||€[/s,p(RN), (3.4)
RN xRN

for some positive constants C, Cy. Once again, due to (1.2), we get

H(z,y, ,t

[allfy e vy < C // ) — uly )>dxdy+c2||u0\|€w,pw). (3.5)
SN Iw—yl

X
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3.2. Localization in time

We will show that the restriction of a variational solution to a smaller time interval is still a variational
solution i.e. if u is a variational solution in Q7 then wu is also a variational solution in €2, for any 0 < 7 < T.
We follow the arguments given in Section 2.4 of [4] except that the admissibility criteria for test functions and
passing to limits now require the mollification theorems as proved in Appendix A. We provide the proof below.

We begin by fixing a parameter 6 € (0,7) which we will send to zero. Let s be the following cutoff

T—1

§o(T) = Xjo,7—0)(t) + g X(r=6,7] (t).

For any comparison map v € LP(0,7; W5P(Q)), dyv € L*(Q,) with

// H(z,y,v(z,) —v(y,")) dzdy € L*(0,7)
RN xRN | 7

xz—ylN

(if it is not integrable then the variational inequality is satisfied trivially) we take

ve = &ov + (1 — &o)[uln

as a comparison map - here we extend &yv by 0 to Q0 and invoke Proposition A.1 and Lemma A.2 to obtain
the admissibility of vy as a comparison map. Therefore,

T
/ / HI’ , Y, U )N ( ,t)) d;z:dydtﬁ/ /atvg.(yefu)dxdt
|g;—y| 0 Q

\x *y\N
RNXRN

1 9 1 2
45 1000) — uolZs — SNl (T) —u(D)Zs (3:6)
Now, we deal with the first term on the right hand side (RHS). Observe that we can write

Ayvg - (vo — u) = Ep(v — [uln) - ([uln — ) + (v — [uln)?
+ (€001 + (1 — £p) Ot [uln) - (€o(v — [u]n) + [u]n — u).

As a result, we write the first term on the RHS as

/8tv9 vg —u)dxdt = // Ov(v —u) dxdt—i—/ O[u)pn ([u]p — u) da dt

% (0,7—0) Qx(r,T)
IIy
/ &péo(v — [u]p)* dzdt + / &p(v —[uln) - ([u]p — u) dz dt
(r—6,7) Qx(r—0,7)

111y 1Vy
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t [ @dw+ 1= o) (v () + uly — ) dod
Qx(r—0,7)

Vo

We have

lim Iy = / Opv(v — u) da dt.
010
Qx(0,7)

. . Tl _ 2
im0 =t [~ 50163) [0~ ) ot
Q
1

-1 /Q(v ~ [ula) (@, 7)? da.
lim IVp < [([u]n = u)(v = [uln) (- 7)1

lim Vy = 0.
010

In all, we get

limsup/ /5‘,419 vg — U do:dt</ /3tv v—1u dzdt+/ /& [u]lp — u) dedt
60—0+

—*Ilv( ) = [ula(m) 172 + I ([uln = w)(o = [uln) (7)l] 1 -

By convexity of H we have

/ H(z,y,vo(z, ) — vgly, ))dxdy< //ny’|(’) v(y, ))dxdy

Ix—y\N x—yN
RN xRN RN xRN

//nyv 7) [](yj))dwdyELl(TfeT)
E o

— y|N

RN xRN

when restricted to the interval (7 — 6, 7), which implies that

/ / H(z,y,vo(x,t) — voly ’t))dxdy—>0350¢0.

lz —y|N

]RN xRN
and hence

. H (x,y,vo(x,t) — vo(y, 1) / / H(z,y,v(x,t) — v(y,t))
1 d dy = dzd
5?8/ // |x—y|N v \x—yw T

RN xRN

H(z,y, [u]n(z,t) — [u]n(y,t))
/ / Iw—yIN drdy.

RN xRN
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Thus letting 8 — 0+ in the variational inequality (3.6) yields

H(a,y, (e, 1) = u(y, 1) ' “wpdrdit [ [ ouful(luln - wda
/ / \x—y|N dxdydtg/o /Qatv(v )d dt—l—/T /Qat[ o ([u]p — w) da dt
- ||U(T) - [U]h(T)H%z + ||([U]h —u)(v = [uln) ()] 12

H(z,y, [uln(z,t) = [uln(y, 1))
/ / Ix—yIN dody

RN xRN

45 100) — w22 — 5 Il (T) — (7). (37)

We note that

o Oifulp - ([ulp —u) <0 by Proposition A.1.
° [u ]h - u in L>=(0,T;L*(Q)) as h — 0+ by Lemma A.2. In particular, Hv(T)f[u]h(T)HZN —

[[o(r 7|72 and ||([ ]h—u)( (], )( ) o — 0 as h — 0+,
H(z,y, [uln(z,t) — [u]n(y, t) / / H(z,y,u(z,t) — uly,t))
| d dy dx dy by Th: A.3.
¢ f:,ILI(}/ / ‘:L*_y|N |ac—y\N T dy by eorem
RN xRN RN xRN

Dropping the non-positive terms involving O [u]p - ([u]p — ) and ||[u]p(T) — u(T)||ig, passing to the limit as
h — 0 in (3.7) and recalling that v was an arbitrary comparison map it follows that u is a variational solution
in Q..

3.3. Proof of Theorem 1.6

Proof. (Proof of Thm. 1.6) Let 7 € RN (0, 7], then w is a solution in the smaller time interval [0, 7] as shown
in Section 3.2. We use in (1.5) the test function v = [u]y,, we get, after dropping the L?(2) norm at time 7 and
noting that the L?(Q2) norm at time 0 is zero.

/ /&s ulp —u dxdt</ / H(z,y,[u rfﬂx—ty)lN[ uln(y,t) H(x,y,rgfaiz;i';u(y,t))dxdydt
/ // |: xy’|x_7y)|1v (ya))]h(t)_H(x,yaréllty)lgu(yyt)) dxdydt
RN xRN
= _h/o;NééN % [H(x’y,r;(x, ;J; il ))} . (t) de dy dt

/ ny,\zo—yw dxdy— // [ xy’|x_7y)N #(y:1)) h(T)dl‘dy

RN xRN RN xRN
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Now, using the identity —([u]n — u) = hd:[u]p on the left hand side (LHS) and using the lower bound (3.5), we
get the uniform estimate

H(
//& dxdt</ xy’ﬁoiy']v (y))d.%‘dy-i-CHUO”Ws,p(]RN)a (3.8)
RN xRN

so that dyu exists with d;u € L*(Q,) for all T € (0, T]. Moreover, the following quantitative estimate holds.

H(
//atu dxdt</ (@4, 40(@) —w0®)) 4 4y 4 Cllugllyemam). (3.9)

|2 —y\N
RN xRN

Next, let t1,ts be two positive numbers such that 0 < t; < to < T, then

/ 8t U dt

<|ta —t4] / |0ul® dz dt
t1 Q

lutz) = u(t)72 () = dz

it —nl / Hz, y’|”;°_ R — uo(y) da dy + Clluo|lwer@n) | - (3.10)
RN xRN
Therefore,
u(- )1 72q) < 2lluolF2q) + 2llut) = w(0)]|72(q)
2 2oy + 201 / Hz, y’l;‘o_ 5 0O qpdy + Clluglwergry |- (311)

RN xRN

As a consequence, u € CO’%([O,T]; L*(Q)) for all T € (0,T).
It remains to prove (1.7). For any 7 € (0,7] and for any v € LP(0, 7; WP(2)) with 0,0 € L*(0,7;9), the
following variational inequality holds

/ / H(z,y, |x—;|N (y’t))dxdydtg/OT/Qatu(U—“)dl‘dt

/ / H(z,y,v Ix— 28 =0W8) 4 aya. (3.12)

yN
RN xRN

t

to —
For t1,ty with 0 <t <ty < 7, define the cutoff function £(t) = &, +,(t) == X[o,4,(t) + ﬁX(tl,tz)(t) and
2 —t

choose v = u+ &, +,([u]n — u) as a companion map in the variational inequality (3.12). The function v is
admissible since u is admissible and the cutoff function &, ., is Lipschitz.
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With v as chosen and by using the convexity of H, we get

/ / ny,|x;N u(y, t)) dl‘dydtg/(JQ/th17t26t“([u]h_u)d$dt

/ =&ty t) / H y, z,t) —uly,t) dz dy dt

-yl
RN xRN
H
/ &t b // (@,y, [u )N [uln (v, 1)) dz dy dt
\:v —yl
RN xRN

</t2/ftlhatu([u]h—u)dxdt

RN xRN
ta
z,y, ) )"
N //{ ik _)N wWoDV ) dpdy at
0 |z —y| h
RN xRN

As a consequence, we have

0< t2§t1,t2 //[ (z,y,u ,)—U(yw))}h(t)_H(%%U(%t)—u(y,t))dxdydt

0 |z —y|V |z —y|V
RN xRN

ta
/0 /thl,tgatu([u]h —u)dzdt

< Otzgtm // 9 {H(”C’y’“("@")_“(y"))]h(t)dxdydt

|z —y| ¥
RN xRN

[2)
- h/ / ft1,t2 Oru0y [U]h dz dt

. Otzé}l,@ //{ (x,y,u 7)—u(y,-))] 0 dxddeh/ H@,y uo(@) — o) 4 4.

|z —y¥ II*yIN

- h/ /ftl,t23tuﬁt[U]h dx dt.
0o Ja

Rearranging the previous inequality, we get

t2 _ .
/ //{ (z,y, ulz, ) — uly,)) dxdydt</ H(e,y,uo(x) —uo®)) 4 o
tz—h . lx —y|V |$_y‘N

RN xRN

RN xRN

to
- / / §t17t26tu8t [u]h dx dt. (313)
0 Q
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Passing to the limit as  — 0 in (3.13) and using (3.9), we obtain

H( H( —
t1 |I - y| |z — y|
RN xRN RN xRN

+ Clluollwsr®ny, (3.14)

tg—tl

which completes the proof of Theorem 1.6. O

3.4. Convex minimization

Let T € (0, c0]. Define the reflexive Banach space
K= {ve LP(0,T; W*P(RN)) : ov € L*(0,T;Q)},
with norm
vl == vl Le(o,mimyy + [Vl Lo, mwsr @y Yy + 1000 L2 (07 -
Define a subclass K, of K as
Ky, i={v € LP(0,T; W3P()) : 9pv € L*(0,T;Q) },

where LP(0,T; WiP(§2)) is defined in (3.2).
For € € (0,1] we define the weighted energy

/ /Qe a|8tv|2da:dt+ / // @y, |a§—y)|N v(y.1) dx dy dt.

Let K, denote the subclass of K, with finite F.-energy, then K7  is non-empty since the time-independent

extension of ug satisfies
/ [ e M) ) g,
|z —y|N

RN xRN

T / H(z,y, uo(x) — uo(y))

1—675
|z —y[N

drdy < co.

RNXRN

We note that F; : Ky, — (—00, 0] satisfies the following properties on the subset K7,

e Strict convexity of F.: F. is strictly convex due to convexity of H in ¢ and the strict convexity of
Z | Z|2.

e Weak lower-semicontinuity of F.: In order to show weak lower-semicontinuity of F., we will make use
of Proposition 2.2, that is, we will show that F. is strongly lower semicontinuous and convex. Convexity
of F. was shown in the previous step. It remains to show that F. is strongly lower semicontinuous.

We begin by writing
t) — t
/ /e $|oo? dz dt + = / // (9, v(e, )Nv(y, ) dz dy dt
0 |z —yl
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= F1(v) + F>(v).

Let u; be strongly convergent to u in K.. Then w; € L'(0,T;%Q) defined by w;(t,z) := e*§|8tuj(x,t)|2
converges strongly in L' (0, T; ). Therefore, we obtain

On the other hand, u; converging strongly to u in K. also implies that the sequence w; € Lp(O,T;RN)
defined by w;(t,x) := eiﬁuj converges strongly to the function @ = e 7 u in LP(0,T;RY). As a result,
after multiplying by eﬁ, uj(t,z) = u(t,z) forae. t € (0,7) and x € RY, for a subsequence. By continuity
of H in the last variable, we have

H(:E,y,Uj(l',t) B uj(xat)) - H(x’yau(xvt) - u(y,t))

a.e.x,y € RN t € (0,00).
= yV = yV ’ o

Finally, by Fatou’s lemma,

H(x,y,u(z,t) —u(y,t
Fy(u) = = / // Y |x(—y)N 1) 4 ay at
RN xRN
< fhmmf/ // -t H@y, (@t — = () dody dt = liminf Fy(u;). (3.16)
E J—o0 |x—y| J—00
RN xRN

Combining (3.15) and (3.16), we get
Fe(u) = Fi(v) 4+ Fa(v)
< liminf Fy (u;) + liminf F5(u,)
j—o0 j—o0

< lim inf Fy (u;),
J]—0o0

where in the last inequality, we have used the super-additivity of liminf.

We want to prove that the functional F. has a minimizer in the class K, .
We begin by proving an estimate for elements of K7, in terms of their F.-energy and uo.
Let u € K, . Integrating (3.4) in time over (0,7), we obtain

H(z,y,u(z,t) — u(y,1))
HUHLP(OTRN) < Cl/ / |:L’— dxdy"i_C?THuOHng,p(RN)
RN

yIv
< Cl/
]RNXRN

/ H(z,y,u(z,t) — u(y,t))
Iw -
< C1F(u) + Co T oy (3.17)

y|N dxdy+CQT||u0||€VS,p(RN)
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Further

/ / S |33— )|N ) gy < F(u). (3.18)
RN xRN !

Combining (3.17) and (3.18), we obtain
Iull oo, mswer@yy) < CrF=(u) + Co T [[uol [y vy - (3.19)
Further, combining (3.19) with (1.6), we receive
lullx < l[ulloomwen@yy) + [0l L2 @r) < CrFe(u) + Co T [|uolfye.pgy- (3.20)
Now, we consider a minimizing sequence (u;) C K, . Then,

lim F.(u;) = inf F.(v) < Fc(u)

Jj—oo ’UEKE
EH
L[ ) )
RN xRN |z —yl
aH
e // @ —ww) )
RN xRN |z =yl
<(l-e %) (3.21)
As a consequence of (3.20) and (3.21), we obtain the uniform-in-j bound for the sequence u; in || - || x.

Therefore, due to the reflexivity of K, we can obtain a subsequence (still labelled with j) so that u; weakly
converges to some u. € K.

Before proving that u. is the desired minimizer, we need to prove that u. € K, . Since, the function sequence
u; belongs to K, , the sequence and hence its limit remains fixed for all (x,t) € Q° x (0,T). Hence, the limit
u, satisfies the boundary condition.

We also need to show that u. satisfies the initial condition in the L?-sense. For this purpose, we observe that

[uj(t2) = uj(t1)|72(0) < (t2 = t1)[10ui]l72(0y) (3.22)
< C(ta —t1) (3.23)

for any 0 < ¢; < ta <71 where the last inequality is due to the uniform bound in K for u;. Choosing t; = 0 and
to =t and integrating over (0, h) for some h > 0, we get

I I
= t) — uol|72(q) dt < liminf — (1) — u;(0)[| 72 dt
P ) = vl ar < tmint £ [ () = 0, 0) o

h
§C%/ tdt =0(h) - 0as h—0, (3.24)
0

which proves the condition.
Now, since F; is weakly lower semicontinuous, it holds that

F.(uc) <liminf F_(u;) = inf F.(v). (3.25)

j—o0 veEK 5



EXISTENCE OF VARIATIONAL SOLUTIONS TO NONLOCAL EVOLUTION EQUATIONS VIA CONVEX MINIMIZATION 17

This proves that u. is the desired minimizer. We record this as a lemma below.

Lemma 3.3. For any ¢ € (0,1], the functional F. admits a unique minimizer u. € K,

3.5. A reformulation of minimality condition

In this subsection we provide a reformulation of the minimality criteria for use in energy estimates below as
in Section 5.2 of [4]. We begin by fixing € € (0,1] and considering a test function ¢ € LP(0,T; W;*(€)) such
that 8t¢ € LZ(QT) and

/ / H JJ » Y ue +¢)( ) (ue+¢)(y>t)) dxdydt < 00 (3 26)
| | |

x—ylN
RN xRN

Let £ € WH*°(0,7),0< ¢ <1and 0 < § < e /¢ Put o(t) = e and
bes(2,t) = o (t)(x,t).
We assume that either ¢(0) = 0 or £(0) = 0 and set
Ve (@, t) = ue(z,t) + (23675(33, t).

Then ve s € LP(0,T; W3 (2)) and Opve s € L?(Qr). Further, by construction, Ve, 1S & convex combination of u.
and u + ¢ on every time slice; this together with (3.26) shows that F,(vcs) < oc. It follows that ve s € K .
Indeed, the convexity of H implies that

/ / H(z,y,ve(z,t) —ve(y ’t))dxdydt

|z —y|N
RN xRN
T _t H($>y7ue($7t) _uﬁ(y7t))
S/0 ot // (1= o(t) py— drdydt
RN xRN
/ // (2,9, (ue + @) (2, 1) — (uec + ¢)(y, 1)) dx dy dt
lz —y|NV
RN xRN
Hq;y,’u,el‘t) ( 7t))
/ / P dz dy dt
RN xRN
/ / H(z,y, (ue + @) (2, t) — (ue + 9)(y, 1)) dz dy dt
|z —y|N
RN xRN
< 0.

Next, we invoke the minimality of u. to get

F.(ue) < Fe(Ue,é) < 00
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which we rewrite using the convexity as above of H to get

T
/ // A,y ucz,t) —uly ) dxdydtg/ e*é/%5%(6%5@\2+5atueat(e%g¢)dxdt
0 Q

|z —y|N
RN xRN
Iw - y\N
RN xRN
We multiply the preceding estimate by €/ and let § — 0+ to get
H(
yl
RN xRN
Iw - y\
RN xRN
T T
—l—/ / EOpucgp dx dt + 6/ / &'0ucd + E0yu Opp dx dt (3.27)

0o Ja o Ja

We will use this reformulation in the next subsection.

3.6. Energy estimates

In this subsection, we will obtain uniform-in-¢ bounds for the minimizers u. of F. in K so that we may
obtain a subsequence that converges to a variational solution.

We begin by defining [uc], with initial data uo, then it holds that [uc]; € LP(0,T; Wi P(Q)) and Ofuc]n €
L*(Qr). Moreover, we have the identities

Buluselh = ~ (te — [ie]n),

Ofue]n(0) = - (u(0) — [uc]n(0)) = 0.

Also, notice that by Theorem A.3, it holds that

/ / H(x,y, (ue — hdyfuc]n)(z, );( e — hOy[ucln)(y, 1)) dz dy dt
|z =yl
RN xRN
H( t
Ifﬂ - yl
RN xRN
This motivates us to take ¢ := —hd,[uc];, as a test function in the reformulation (3.27). This yields the following

chain of arguments.

T
h/ /{(f + 85,)6,5’&5 . 8t[u5]h + 8£6t’u5 . 8tt [us]h} dCC dt
0 Q

M
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;ﬁﬂw/ H (e, [ueln (1) = [ueln(,0) = Hlw g uee,t) —uew) g,

|z —y|¥
RN xRN
2 [l J] [Hente ) ) Mt atst)
:—h/ RN[éNat[ xy’“Ti_zAN (y’t'))}h(t)dxdydt. (3.28)

Meanwhile

M= 5567&7-‘5 ' att [Us]h
= 5€8t[ua]h . 6tt[ue]h + Sgat(ua - [Ua]h) : att[ua]h
= 2601 Oufuclnl® + — € Oufucl — Dy

> gfat 19y [ue]n]? (3.29)

Combining (3.28) and (3.29) followed by dividing by h, we receive

T
/0 /{(5 + €")Oyuc - Oy[ucln + %gat |0 [ue]n]?} da dt
Q

e [[ o [Medn) St (draydi (330

RN xRN

Now, in (3.30), we choose £(t) = 1 to get

/OT !atue - O¢lue]p da dt
/OT // O {H(x,yﬂﬁ;(_y)vv E(y’))] ()dl’dydf*/ / Ay |0 [uc)n|” da dt

/ ny’uO w0®) 4 4y de - //[ (@, y, ue(w, ) — a(y,.))] (T) dar dy

|z — yIN [z =yl h
RN xRN RN xRN
3 3
+/*@M&@fw—/§MMMﬂFM
Q
H , —
/ (2.9 |;‘°_ e W) 4 qyat + Clluollwe@w)- (3.31)

RN xRN

where in the last inequality, we use the fact that d;[u.](0) = 0, we drop the negative term and we also use the
lower bound on the functional from (3.5). Now, passing to the limit as A — 0 by using Lemma A.2, we obtain
the following bound for O;u.:
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H(z,y,u Yy
/ / |8tu€| dx dt < / |1‘O— y|N ( )) CL’L' dy dt + C”uo”ws,p(RN). (332)
RN xRN

Further, by the same arguments as in the proof of Theorem 1.6 (see the inequalities (3.10) and (3.11)), we get

uniform bounds for u. in L*(Qr) as well as CO’%([O, T7; L*(Q)) that come along with the following estimates.
For t1,t3 two positive numbers such that 0 < t; < to < T, we have

lue( t2) = ue (s t1) [ 720 < |tz — ta]

H(
/ (z,y, uo(@ (y))dxdy+C’||ug||Ws,p(RN) . (3.33)

|z —yIN
RN xRN

Therefore,

H(z,y,uo(x) — uo(y))
|z —y[N

te o )20y < 2l l12 g + 21 /
RN xRN

dxdy—|—C’Hu0HWS,p(Rw) . (334)

Now, we want to establish uniform bounds for u. in the space LP(0,T; W*P (RN )). For this purpose, we will
to —t
choose £(t) = &ty (1) = X0, (t) + ; 2 ; X(t1,t2)(t) in the inequality (3.30) and integrate by parts the LHS and
2 — 11
the second term in the RHS to get

H(
/ / ftl t2 8}&“5 at us h dx dt < / x L2 U() U[)(y)) dz dy

|z — yIN
RN xRN
€T y7u8 ) 6(y7)):|
/ §t1,t2 RN[{ { E —y|N h(t) dz dy dt
T
+/ f{l,m(t)/ﬂ{;@[ue}hﬁ — e0yuy - 0t[u5]h} dz dt. (3.35)
0

Taking limits as h | 0, we get

H(
/ / £t1,t2 |8t’u,5|2d$ dt < / l‘ y,UO (y)) dz dy

Ix—yIN
RN xRN

b [ [f Hprend D) g, )0

lx —y|NV

RN xRN

T
[ [ o drdr (3.36)
o 7 Q2



EXISTENCE OF VARIATIONAL SOLUTIONS TO NONLOCAL EVOLUTION EQUATIONS VIA CONVEX MINIMIZATION 21

This gives
t2 H( t t H —
/ / x y7u6 CU )N E(y) )) dl’dydt§ (tg 7t1) / (-Tay,uo(-f)NUO(y)) dxdy
lz =yl |z —y|
RN xRN RN xRN

ta €
+/ / ~|0uc|? dz dt
t1

(39) H(x,y,u —u
z t2_t1+ / y‘xo_yw 0(y)) dz dy

]RN xRN

+ Ce [Ju || ws.r @)y, (3.37)

where C' is some generic constant. Now, using (3.5), we get

€ H(x,y,uo(x) — uo(y
luell L 0, 7;wsr@yyy < C1 (t2 —11+ 5) / ( |x0_( y)|N o)) dz dy
RN xRN
+ Cae||uol|ws.r@nys (3.38)

where again Cp,Cs are some generic constants. Hence, we have also obtained a uniform bound for u. in
LP(0,T; WP (RY)).

3.7. Weak limit of minimizers

In this subsection, we will give the proof of Theorem 1.4.

Proof. (Proof of Thm. 1.4)

The sequence (u.) is bounded in L?(Q7), CO’%([O T); L*(Q)) and in LP(0,T; W*P(RY)
derivatives (9yuc) is also bounded uniformly in L?(Qr). Therefore, there is u € L*(Q7) N C
LP(0,T; W*P(RYN)) with d;u € L?(Q7) such that

). The sequence of
2 ([0, T L*()) N

ue — u in L*(Qr) — weak,
us — u in LY(W2P) — weak,

Oyue — Opu in L (Qr) — weak.
Then, by weak lower semicontinuity in L?*(Qr), we have

T T
/ / |0pu)? d dt < liminf/ / |0yuc|? da dt
o Ja

‘“2/ H(z,y, uo(x) — uo(y))

Iw—yIN

dxdydt—i—CHuoHWs,p(RN). (3.39)

RN xRN

Similarly for 0 < t; < to < T, we have

//sz’|x_) (y’))dxdydt<hmmf/ / H(z,y, uc(z,t) - (yi))dxdydt (3.40)

ylv = y|¥
RN xRN RN xRN
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(337) H(z,y,u
< t2 4 _|_ / y‘xo_ 5 uo(y)) dz dy

]RN xRN

+ Clluollws» @)y

Finally,

ull Lowzr < hmimf [uel|Lpws» < C'1 752 —t + dz dy

/ H 'T y,UO (y))
|z — yIN
]RNXRN

+ Calluollwsr @),

where again C7,Cy are some generic constants.

Further, u(0) = uo holds in the L? sense due to uniform Hélder bound in Cg’%Li. Also, u(x,t)
allt € (0,7] and = € RNV \ Q.

(3.41)

(3.42)

= up(x) for

Therefore, it remains to prove that the weak limit u is, in fact, a variational solution. For this purpose, we

will choose a companion map v € LP(0,T; WP () with ;v € L*(Qr) and

// Hmy,|x_) VW) 4y dydt < oo,

N
RN xRN y|

Now, for a fixed 6 € (0, z), define

ift €10,0),
ift e[0,T —0),
(T —t) ifte[l—0,T).

€o(t)

D= D+

Fix ¢ and consider ¢ = v — u., then ¢ € LYWy with 0i¢ € L*(Qr). We will use ¢ and € = & in the

reformulated variational inequality (3.27).

/ | Herenis (y’t))dxdydtS/ (g [ Al D) g gy

lz —y|N 0

|z —y[V
RN xRN RN xRN

I.

T
§/ /fg@tu5~(v—u5)dxdt
0 Q

II.

g H(z,y,v(z,t) —v(y,t))

RN xRN

117

T
< e/ / Euc(v — ue) + EOpucdy (v — u.) dr dt.
0o Ja

1V,
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We need to pass to the limit as € — 0 in each of the labeled terms on the RHS. Observe that 177 is independent

of € so it remains fixed. Whereas, for I'V., due to the uniform bounds on d;u. and u,., the integral is bounded

so that the whole term goes to zero due to presence of € in the front, i.e., liﬁ]l IV, = 0. It remains to look at I,
13

and I1,.
Now, for 6 > ¢, we have

IE S/ // H(xayvlLE(x?t);uE(yat)) dxdydt
[0,0)U[T—0,T] J JRN xRN |z — yl

(3.11) H ,
e 29+ / (2, y‘;‘(’_ ks uo(y)) dz dy + Caelluo|lwr(am)
]RNXIRN
H(z,y,u — U
<10 // ymo_ o W) 4 dy + Cobluo ey, (3.43)
RN xRN

where C7 and Cs are some generic constants. As for I1., we have

T 1 /7
[Q:/)/fww~@—ugwﬁﬁ—f/(/@&W—uﬁdmﬂ
/ /fg@tv v—u)dedt + — / /|v—ug|2dxdt——/ /\v—u5|2dmdt (3.44)

where in the last equality we have integrated by parts in time.
We estimate the second term on the RHS of (3.44) using Minkowski’s inequality as

— —uPdadt < 47/,/} — uo|? dx dt 47/‘/ — u.|? dz dt
29/0 /Q|v ue|“dadt < (29 ; Q|11 ugl® da + 2 J, Q|u0 ue|® da

(3.33) 1 0 H(
< */ / |v—u0\2dxdt + / (,y, uo(w ~ uo(y)) dx dy + Cllug|ws.rrw)
20 Jo Jo Im—m

RN xRN

(3.45)

Hence by (3.44) and (3.45) along with weak convergence in L?, we can pass to the limit as ¢ — 0 to get

29

1
L ’ H(z,y,u
<29/0 _/Q|v—uo|2dxdt> + / Z/|m0_ 5 uo(y)) dedy + Clluollwes@s)

RN xRN

T
liminfll, < / / oo - (v —u)drdt — — / |v — uf? dz dt
€l0 0 Q T—-6

(3.46)
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Combining all these components

T —_—
/ Hiz,oulo) —ult) 4o g
0 |z — vy

RN xRN

H{(
< liminf/ / (9, e, 1) —ue(®:0)) 4, g 44
el0 |z —yl

RN xRN

g/OT/Qfgﬁtv~(vu)dxdt

T
+/0 §e(t) / H(x,y,v(x,t) —v(y,t)) dmdydt

anlen |z —y[N
X
H(z,y,u U
+ C10 / y|xo_ y)|N (%)) dz dy + Ca20|[uo || )
RN xRN
1 T
_Tg/ /|U—Uo|2dmdt
T—6 JQ
1 0 3 H(z. . wo(z) — uo(s)) 3
7/ /"U—U()|2dxdt + / J . dxdy'i_CHuOHW&p(RN)
20 Ja 73]

RN xRN
(3.47)

Now, we obtain the variational inequality for u when we pass to the limit as 8 — 0 where we use Lebesgue’s
differentiation theorem in ¢. This concludes the proof of Theorem 1.4.
O

4. UNIQUENESS OF VARIATIONAL SOLUTIONS

Let T € (0, 00]. In this section, we will show that a variational solution is unique provided that the function
& H(z,y,&) is strictly convex proving Theorem 1.5.

To this end, we suppose that ui,uy € LP(0,T; W*P(RY)) N C°([0,T]; L*(Q)) are two different variational
solutions. We add the two variational inequalities (1.5) corresponding to u; and wus, to obtain

‘ T
Z/ / H(x,y,u;(z, t)N ui(y,t)) dxdydt§2/ /aty(v—w)dxdt
lz —y| o Ja

H(z,y, t
" 2/ / o | — y)lN 2t dzdydt + [[v(-,0) — UOHiQ(Q) ) (4.1)
RN xRN

Us t u2. ‘We would

like to use w as a comparison function v, however the definition of variational solutions does not admit the
requisite regularity of d;w € L?(0,T; Q).

where we have dropped the negative term from the right hand side and we have defined w =
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To overcome this, we make use of v = [w]p with vg = ug. Then, by Lemma A.2, we get
[w], € LP(0, T; WP(RYN)) with 9;[w];, € L*(0,T;9)

and [w]p = up on (2° % (0,7)) U (2 x {0}).
Now, choosing v = [w], in (4.1), we get

Z/ / H(x,y,us(x,t) — (J))dxdydtg/T Oy (0 — w) dedt

|z —y[N 0 Jo
H t
+2/ / (z,y, [w | )lN[ wn(y, 1)) dodydt = 21, + 211, (4.2)
r—y
RN xRN
By Lemma A.2, we have
1 (T
Ih:”/ /l[w]hfwﬁdzé& (4.3)
hiJo Ja

For 11, by convexity, we have

el [ [ Hn b <[l :0) My it = [b ) 44,1 o,

|z —y[N
RN xRN

H(’Jj,y, [w}h(‘rat) _ [w]h(yat)) c

Therefore, | i~ L*0,T;RY x RM). As a result, by Theorem A.3, we get
r—y
T H (xy <u1+u22><x,t> _ <u1+u22><y,t>)
}llli%[]h :/0 // P dz dy dt. (4.4)

RN xRN

Combining (4.2), (4.2) and (4.4), we get by passing to the limit as h — 0,

H(z,y,u;(z,t) — u;(y,t))
Z/ / T dz dy dt (4.5)

(u1+wuz)(z,t) (u1+u2)(y,t))

<2/T // H<x’y’ 22 Az dy dt
X
— Jo |z —y|N Y

RN xRN

<Z/ / ny’“’“y)w i9:9) 40 qy ar (4.6)

In the last step, we have used strict convexity of H in £ which leads to the desired contradiction. This finishes
the proof of the uniqueness of variational solutions to (1.1).
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Remark 4.1. In the case of the nonlocal parabolic p-Laplace equation, the strict convexity is guaranteed by the
condition on the exponent, viz., p > 1, which we also assume for our nonlocal operator with nonstandard growth.
However, the condition on the exponent p > 1 is not sufficient to ensure strict convexity of the nonlocal operator
with nonstandard growth. For a two sided p-growth condition, strict convexity would be ensured provided the
nonlocal integrand is also known to be twice differentiable in £. However, the differentiability requirement on
the integrand can be weakened. In the local case, a classic paper that considers nonconvex integrands is [24].
Certain equivalent conditions for uniform convexity of the integrand in the local case are given in Proposition 2.2
of [24]. It would be of interest to consider corresponding results for integrands in the nonlocal case.

5. VARIATIONAL SOLUTIONS ARE PARABOLIC MINIMIZERS

A notion of parabolic Q-minimizers was introduced by Weiser in [49], which has been useful to study regularity
such as higher integrability [40] for parabolic equations, even in measure metric settings [28]. We define here
a notion of parabolic minimizer for nonlocal parabolic equations of the form (1.1) and prove that variational
solutions as in (1.5) are parabolic minimizers, although the converse might require additional time regularity.

Definition 5.1. Let T € (0,00]. A measurable function u : RY x (0,7) — R is called a parabolic minimizer
for the equation (1.1) if w € LP(0, T; W*P(RN)) and u — ug € LP(0,T; WP (12)), and the following minimality
condition holds:

/ /u@tqﬁdxdt—i—/ / ny’|x_y)|N “Wt) g dy

RN xRN

/ / H(z,y, (u+¢)(x,t) — (u+¢)(y’t))dxdydt
| )

x—yN

RN xRN

whenever ¢ € C5°(Q2 x (0,7))

Theorem 5.2. If u is a variational solution of (1.1) in the sense of 1.5, it is also a parabolic minimizer in the
sense of Definition 5.1.

Proof. Let T > 0 be fixed and ¢ € C5°(Qr). We would like to choose v = u + n¢ for small n € [0,1] as a
comparison function in (1.5) but this may not be admissible. We overcome this by mollification in time. Choose
v =vp = [u]p + n[é]n with up and ¢y = 0 respectively.

Now, observe that

/T/ﬁtv(vh—u)dxdt
0 Q
/ /@ h—u)dxdt+n/ /8t ¢]hdxdt+n/0T/Qat[¢]h([v]h—u)dxdt
=—7/ Q|[u]h—h\2—n/0 /Q[u]hat[¢]hdxdt

+77/ /at h—u>dxdt+n/u<T>[¢>]h<T>dx
< / / A4l (1l — ) dzrdt + 1 / [ (T) [ (T) dz

Q
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In the second equality, we have used Lemma A.2 and integration by parts. Plugging this in the minimality
condition, we get

RNXR
<n / / B4l (] — ) dzdt + 1 / [ (T) [¢]a(T) da
/ // H(x ,y,vrxac_zz']v vn(y,t)) dz dy dt — % (o — ) (-, T) |32 -

RN xRN

Dropping the non-positive term from the right hand side and passing to the limit as h — 0 by Lemma A.2
and Theorem A.3, we get

RNXR

<77/ /a@wfudde/ / H(z,y, (u+n¢)(x,t) — (U+n¢>)(y,t))dmdydt

lx —y|V

RN xRN

<17/ /at¢n¢_ud$dt+ (1—7 / / ny’lfﬂ—zilN (’t))dxdydt

H xvyv u—f—(b)(x,t)—(u—l—(b)(y, ))
+77/0 / dx dy dt.

lx —y|N

RN xRN

In the second inequality, we have used convexity of H(x,y,&) in £&. Now, we subtract the second term on the
right hand side from both sides, followed by dividing by 7, to obtain

RNXRN

! _ Trr Hay, (u 0)(@,t) = (ut 6)(y,1)
S/O /Qat(b(n(b u)dxdt—l—/o /]RN da dy dt.

lz —y|N

Finally, we let n — 0 to get the desired conclusion.

6. COMPARISON WITH WEAK SOLUTIONS

In this section, we compare the notion of weak solutions to that of variational solutions.
We will first show that if the function & — H(z,y,£) is C* and satisfies a comparable growth condition from
above namely
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H(z,y,§) <C <|m |_§|ys>p (6.1)

then a variational solution is a weak solution.

Definition 6.1. Let Q be an open bounded subset of RY. Suppose that H satisfies the assumptions (1.2) (1.3)
and (6.1) and let the time-independent Cauchy-Dirichlet data ug satisty (1.4).
We say that

u € LP(0,T; WP(RY)) n C°(0,T; L*(9)), such that u — g € LP(0,T; W;P(Q))

and dyu € LP (0, T; (W5P(£2))"), is a weak solution to (1.1) if for every T € (0,7, we have

[ ] ettt —uwt)ot - o)
0

N dI dy dt =+ / (3tu ,¢>Ws,p(]RN) dt = 0, (62)
lz —yl 0

RN xRN

for all ¢ € C5°(£2;).

6.1. Time derivative of variational solutions

In this subsection, we will prove that a variational solution u has a time derivative
Dy € LV (0,T5 (WP ())").

We will use the fact that variational solutions are parabolic minimizers as proved in Theorem 5.2. Now, for
¢ € C§°(Qr), taking ne, n € [0, 1] instead of ¢ in 5.1, we obtain

T
’/ /u-@tqbd:cdt‘
0 Q

T 1H(x,y,(u+n¢)(m,t)—(u—i—ngzb)(y,t))—H(&y,u(x,t)—u(y,t))
<L J

lz —y|N

(6.3)

RN xRN

By passing to the limit as n — 0, we get

T
/ /u~8tgz5d:vdt
0 Jo

g |0cH (, y, u(z, t) — uly, )| [(¢(z,t) — oy, 1))
< /0 / dzdydt

|z —y[N
RN xRN
T _ p—1 _
co [ [[ et o O 000 - 00 4y,
0 |z — y|NFsp
RN xRN

-1
<C ||U||Z£p(o,T;Ws,p(RN)) H¢||LP(O,T;WSvP(RN))

-1
<C ”uHIIJm( ;WP (RN)) H¢||LP(O,T;W§’P(Q)) :
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In the second inequality, we have used the fact that if H satisfies 1.2 and 6.1, then 0: H satisfies

jglP-t
H < .
9¢H (z,y,£) < C‘x —

For a proof, see Lemma 2.2 of [33]. In the third inequality, we have used Holder’s inequality. Now, since C§° (1)
is dense in LP(0, T; WP (2)), we get that d,u € L (0, T; (WEP(Q))*).

6.2. Passage to weak solutions

In this subsection, we prove that under (6.1), variational solutions are weak solutions as well. Once again, we
use the definition of parabolic minimizers as it is more convenient. In particular, taking n¢, n € [0, 1] instead of
¢ in Definition 5.1, and taking limit as n — 0, we get

T T
—/ /8tu¢dxdt=/ /u@tqbdxdt
0o Ja 0o Ja

r 85H(x,y,u(a:,t) —u(y,t))(d)(x,t) _¢(yat))
S/O // dx dy dt.

|z —y|V

RN xRN
If we take —n¢ instead of ¢, we get the reverse inequality. This completes the proof.

6.3. Passage from weak to variational

We will now show that for the functional,

H(:uy,f):l( i )p (6.4)

p \|lz —yl*

any weak solution with dyu € L¥ (0,75 (W3P(€2))*) must necessarily be a variational solution in one of two

cases, either we have p > or we have dyu € L*(Qr).

2s+ N

The condition on time derivative d,u € L? (0, T (WP (€))*) is always satisfied as per the standard theory of
monotone operators in Banach space [48]. To proceed with the argument, let ¢ = v —u be our test function where
v is a comparison function. The function ¢ is a valid test function since C2°(Qr) is dense in LP(0,T; Wy ()).
We note that

[(u+ ) () = (uw+ ) )P — lu(z) — u(y)|” > plu(z) — u(y)P>(u(z) — uy))(6(z) - d(y)) (6.5)

and compute

T
- / (Brv,v — 1) — (| (v — w) (- T) 2 + 1w — ), 0) 2 (6.6)
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2N
The second equality holds in one of two cases. Either p > BN which ensures the existence of the Gelfand
s

triple W5P(Q) — L*(Q) — W=*P (), so that Theorem 2.6 can be applied. Or we assume that the weak
solution u satisfies d;u € L*(Qr).
Now, by the definition of weak solution (6.2), (6.6) and applying (6.5), we obtain that

T x
[ @) = =TI - 00z [ [ ) ) g,y

yv
RN xRN
H t
// (@000 =000 g o
Ix*yl
RN xRN

Rearranging the above inequality shows that w is a variational solution.

APPENDIX A. MOLLIFICATION IN TIME

In the definition of variational solutions, the test functions or comparison functions have additional time
regularity compared to the solutions, therefore the variational solutions themselves cannot be used as comparison
functions. To fix this, we need a smoothing in time. Let © be an open subset of RY. For T > 0, v € L*(Qr),
vo € L*(Q) and h € (0,T], we define

[v]h(-,t):efivo%—%/ e (-, ) ds, (A1)

0

for ¢t € [0,T]. The basic properties of time mollification were proved earlier in [2, 27]. We state them below for
easy reference and prove the ones that are new.

Proposition A.1. (Lemma B.1 of [2]) Let X be a Banach space and assume that vo € X, and moreover
v € L"(0,T; X) for some 1 <r < oo. Then, the mollification in time defined by (A.1) belongs to L"(0,T;X)
and

1
T

h tor i
Il < lollroasn + (% (1= %)) iz, (A2)

for any to € (0,T). Moreover, we have
1
Ofv]n € L™(0,T; X) and O[v]y, = _E([v]h — ). (A.3)

Lemma A.2. ([3], Lem. 2.2) Let Q be an open subset of RN . Suppose that v € L' (Qr) and vy € LY (Q). Then,
the mollification in time as defined in (A.1) satisfies the following properties:

(i) Assume that v € LP(Qr) and vo € LP(Q?) for some p > 1. Then, it holds true that [v], € LP(Qr) and the
following quantitative bound holds.

[Wlnllze @) < 10llLe@e) + 2P| lvol Lo (g)- (A.4)

Moreover, [v], — v in LP(Qr) as h — 0.
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(ii) Assume that v € LP(0,T; W*P(Q)) and vg € W*P(Q) for some p > 1 and s € (0,1]. Then, it holds true
that [v]n, € LP(0,T; W*P(Q)) and the following quantitative bound holds.

[InllLr o, msw=r () < 10llzeo,swer @) + B Pllvollwes(q)- (A.5)

Moreover, [v], — v in LP(0,T; W*P(Q)) as h — 0.

(iii) Suppose that v € LP(0,T; WP () and vo € WP (Q) for some p > 1 and s € (0,1]. Then, it holds true
that [v], € LP(0,T; WP (Q)).

(iv) Suppose that v € C°(0,T;L*(Q)) and vy € L*(Q). Then, it holds true that [v], € C°(0,T;L*(Q)),
[v]1 (-, 0) = vg. Moreover, [v], — v in C°(0,T;L*(R)) as h — 0.

(v) Suppose that v € L>=(0,T;L*()) and vg € L*(Q). Then, it holds true that Ov], € L>(0,T; L*(1)).
Moreover, 0;[v], = —E([v]h —v).

(vi) Suppose that Oy € L*(Qr) then v — 0w in L*(Qr) as h — 0. Moreover, the inequality
[10¢[v]nll22(r) < 1|0sv]|L2(02y) holds true.

Proof. The proofs of statements (), (v), (v) and (vi) are the same as in Lemma B.2 of [2]. We indicate the
modification required for (i¢) and (4i%).

Proof of (i7) The case s = 1 is covered in Lemma B.2 of [2]. Therefore, we assume that s € (0,1). To
begin with, [v], € LP(0,T;W*P(Q)) follows from Proposition A.1. To prove the convergence, observe that

t) — t
the inclusion [v], € LP(0,T; W*P(Q)) implies that the function defined by f},(z,y,t) = HU}h(r’ ) I[Vv]f;(y, )
x—y|?

satisfies f, € LP(0,T; LP(Q x Q)).
The convergence of [v], to v in LP(0,T;RY) as h — 0 guarantees pointwise a.e. convergence for a subse-
|U(x7 t) — ’U(y7 t)|p
PRI

quence. Since this is true for any subsequence, we get the convergence f,(z,y,t)? — ash—0

pointwise a.e. z,t € RY x (0,7 due to continuity of f}, in v.
Now, we will interpret the mollification as a mean with respect to the measure ¢“7" ds similar to Lemma 2.3

|[v]n(2,t) — [v]n(y, )]

of [3]. This will allow us to use the convexity of f; as the " power of the ratio

N
|z —ylv e
Observe the following chain of inequalities:
—t/h _e~t/h t et P
22, y,t) = [[w]n(z,t) — n(y, )P ‘e Hh(vo(x) — vo(y)) + m Jo (v(z, 22) —v(y, >))eF d%‘
Y, - |x—y|N+Sp - |x_y|N+ps
1t _ e P
< e—t/hM + (1 - e—t/h) ’h(l—e*t/h) Jo Wiz, 2) = vly, %)= ds
B @ — y|NHes |z — y|N+ps

|p

t ==t |P
< ot/ [vo () — vo(y) lfo ‘('U(x, %) —v(y,»))en
B |z — y[Nrps h |z — y|Ntps

dx{vuw%—w%)w](m

|z — y|NFps

where we have used the Jensen’s inequality in the last inequality.

. lv(z,t) —v(y, )P 1 7l [vo(z) — vo(y)[”
Since o — g € L0, T; L (2 x Q)) and Ty

€ L' (22 x Q), we conclude that

|’U(Z‘, t) — U(y7 t)|p
|z —y|NHes

€ LY0,T; L' (2 x Q))
h
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by Proposition A.1 with the additional bound

H [” Txt— y|N+;l;‘3)| } lv(z,t) — v(y, t)[P

v —y|Nps

L1(0,T;LY (2xQ))

[vo () — vo(y)|”

|z —y|Nes

RILY(0,1;L (2% Q) ‘

+h

Ll(QxQ).

lvo () — vo(y)[?

| N ps — 0 as h — 0, by a version of dominated convergence theorem, we
-y

L1(QxQ)

: v(z,t) —v(y, )P
%grb/ //fh z,y,t)dedydt = / / |ac— |N+pg dx dy dt.

This finishes the proof of (ii).

Since h ‘

conclude that

Proof of (iii) The statement may be proved by density of C5°(£2) functions in W?(€Q). In particular, if

¢ € LP(0,T;C5°(2)) is an approximating sequence for a function v € LP(0,T; W*P(Q)), then [¢c]n is an

approximating sequence for the function [v];, € LP(0,T; W*P(Q)). O
We finish this appendix by proving the following theorem.

Theorem A.3. Let T > 0, and assume that v € L*(0,T; W1 (RN)) with

H(fE,y,U(l’ﬂf) - v
|z —y[N

W) ¢ 0,5 L @Y < BY)),

and vy € WSHRYN), with

H (z,y,vo(x) —vo(y))

e LY(RN x RM).
eyl ( :

Then, we have

H (x,y, v]p(x,t) — v ,t 1 1
( Y [ ]};(_y)N [ ]h(y )) cL (O,T;L (RN XRN)).

Moreowver,

}l}_}mo/ // |m—y|N dmdydt |x—y|N dz dy dt

RN xRN ]RNX]R

Proof. The proof is the same as that of Lemma 2.3 in [3]. The only difference is we use continuity and convexity
of & = H(z,y,€¢) and use convergence in L*(0,T; L*(RY x RY)). Indeed, the proof is similar to the one given
for Lemma A.2 (ii). Nevertheless, we repeat the argument for consistency.



EXISTENCE OF VARIATIONAL SOLUTIONS TO NONLOCAL EVOLUTION EQUATIONS VIA CONVEX MINIMIZATION 33

As in the proof of Lemma 2.3 in [3], we will interpret the mollification [v], as a mean with respect to the
measure e 7. This will allow us to use convexity of H and Jensen’s inequality in the following chain of estimates.

H@MW@QJ%@ZH@%KW%@PWM)hrﬁ%h @,»%ﬂ@
|z —y[V |z —y|N
< @y 0@ —w®) g (9 =iy Jy (vl 20) = v(y, )™ dx)
|z —y|¥ |z — y|N
< o=t/ H(2,Y,0(2) — vo(y H (2,y,0(z, %) — 0y, ) =t
[z =¥ h/ Ix—y\N I
_ H(x,y,v( ")_ (ya'))
- [ L“)’ (A6)

where in the second inequality, we have used convexity of £ — H(z,y,§), in the third inequality, we use Jensen’s
H , D — . H _
@,y v, ) ~ vy, ))} is interpreted with initial data @,y vo(2) = Uo(y)).
|z —yl h |z -yl

H(m7y,v($,t) _U(yvt)) c Ll(O T.Ll(RN X RN)) and the

inequality. The expression {

Now, since the function defined as (¢,z,y) —

" z =yl
function defined as (z,y) — (a:,y,;;o_(xy) J; vo(y)) e LY(RY x RY), we obtain by Proposition A.1 that the
H t) — t
function defined by (z,y,t) — (x,y,v;x, y)N vy, ))] belongs to L'(0,T; L*(RY x RY)) and so does the
- h
H(I, Y, [U}h('ra t) - [U]h(y7 t))

function (z,y,t) —

due to the pointwise bound (A.6).
z —yN
Moreover, we obtain the estimate

HHwa]Crﬂ [v]n(y, 1))
|z —y|N

H(z,y,v(z,t) —v(y,1))
<[
|z -y

L1(0,T;LY (RN xRN)) L1(0,T;LY (RN xRN))
h ‘ H ‘Ta y,vo(z) — ’Uo(y))

|z —y[N

LY(RN xRN)

H(z,y,v0(x) —v0(y))

Since h
|z —yN

— 0 as h — 0, by a version of dominated convergence theorem, we
L1(RN xRN)

conclude that

] RS D gy [T [ ST

RN xRN RN xRN
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