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CUL1.RECTIFIABILITY AND HEINTZE-KARCHER INEQUALITY
ON S§ntl

XUWEN ZHANG!2*

Abstract. In this paper, by isometrically embedding (S™"!, ggn+1) into R™ ™2, and using nonlinear
analysis on the codimension-2 graphs, we will show that the level-sets of the distance function from
the boundary of any open set in sphere, are C''!-rectifiable. As a by-product, we establish a Heintze—
Karcher-type inequality on sphere.
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1. INTRODUCTION

The isoperimetric theorem, a fundamental but important topic in the calculus of variations, has attached
well attention of many mathematicians. From the perspective of the modern calculus of variations, sets of
finite perimeter are believed to be the natural competition class in which the isoperimetric theorem shall be
formulated.

Starting from De Giorgi [2, 3], who managed to show by using Steiner symmetrization and the compactness
theorem of sets of finite perimeter that FEuclidean balls are the only isoperimetric sets (global minimizers)
among sets of finite perimeter, mathematicians have been working in various context of minimizers to study
the isoperimetric problem for decades. Such problem is already found to be very subtle in the context of local
minimizers, due to the lack of regularity in the higher dimensional situation (and hence the classical moving
plane method fails to be applicable), see [21] for an example of local volume-constrained perimeter minimizer
admitting singularities. Despite these obstacles, very recently, Delgadino-Maggi [6] solved the very important
open problem: the characterization of critical points of the Euclidean isoperimetric problem among sets of finite
perimeter. In the weakest assumption (critical points of Euclidean isoperimetric problem), they obtained the
following (see also [5] for the anisotropic version, which is solved by using a completely different method with
[6], and also [12] for recent progress on a class of warped-products).

Theorem A ([6] Thm. 1). Among sets of finite perimeter and finite volume, finite unions of balls with equal
radii are the unique critical points of the Fuclidean isoperimetric problem.
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Their advanced techniques to approach this problem are two-fold: 1. By using subtle nonlinear analysis and
geometric measure theory, they established the following C'''!-rectifiability result of the level sets of the distance
function from the boundary of any bounded sets of finite perimeter in R™t1.

Proposition B ([6] Lem. 7). If$) is an open set with finite perimeter and finite volume in R" 1, then Qs = {y €
Q:u(y) > s} is an open set of finite perimeter with H"(0Qs \ TF) = 0 for a.e. s > 0, here u(y) = dist(y, Q)
is the distance function from 99, defined for everyy € Q, T'Y = Uiso I't, where T is defined as

It = {yeaQS:y:(l—g)x—&—gz forsomezeaQt,xeaQ}. (1.1)

Moreover, for every s > 0, T'T can be covered by countably many graphs of C11-functions from R™ to R 1.

s

from above and by below due to the definition of I',. As a by-product, they followed the proof of [1] and derived
a Heintze—Karcher inequality for sets of finite perimeter ([6], Thm. 8). Note that although Proposition B is
stated in the context of sets of finite perimeter, the statement remains valid when € is only a bounded open
set, we refer to the details of the proof in [6], Steps 1-3.

2. They exploited the Schattzle’s strong maximum principle for the codimension-1 integer rectifiable varifolds
[19], Theorem 6.2 and showed that the flow method used by Montiel-Ros in [14], Theorem 3 to prove the Heintze—
Karcher inequality for C2-closed hypersurfaces can be modified to apply in the context of sets of finite perimeter,
thus proved their main result Theorem A.

It is worth mentioning that aforementioned works on the isoperimetric problems are contextualized in the
Euclidean space. In view of [14, 16, 17], a natural question arises: is there any characterization of geodesic balls
as the only critical points in the isoperimetric problem that is brought up in space forms?

Motivated by this natural question and the celebrated work [6], in this note, we follow the subtle nonlinear
analysis carried out by Delgadino-Maggi and prove a C'l:l-rectifiability result in (S"*1, ggnt1). On the other
hand, we manage to prove a Heintze—Karcher-type inequality for any open set that is contained in a hemisphere,
enlightened by Brendle’s monotonicity approach [1]. To introduce our main results, let us first fix some notations.

Let (S™"*! ggnt1) be the space form with sectional curvature which is identically 1, for simplicity, we
abbreviate it by S"! in the rest of this paper. Let dist, denote the distance function of S™*1.

For any nonempty open set 2 C S™*!, we define u(y) = disty(y, 92) to be the distance function with respect
to 02 on S™*1. For s > 0, we define the super level-set and the level-set of v in Q by

The Cll-rectifiability of I'Y allows them to define the principal curvatures a.e. on I'}, which are bounded

Qs ={yeQ:uly) >s}, 0 ={yecQ:uly) =s}. (1.2)

As a parallel version of the Euclidean one in [6], we introduce the following definitions.

Definition 1.1 (', and T'}"). For any nonempty open set Q C S"*!, and for every 0 < s < t < 7, define I'}, to
be the set of points of €2 such that: for y € Q, there holds

1. disty(y,00Q) = s,
2. there exists a unit-speed geodesic v, : [s —t,s] — S"T!, with v(0) = y and disty(y(r), Q) = s — r for
every r € [s — t, 5]
Moreover, for every 0 < s < 7, let

ri= J 1.

s<t<m
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1.1. Main results

The main purpose of this paper is to establish the following C''l-rectifiability result, which extends
Proposition B to S”*1.

Theorem 1.2. For any nonempty open set Q C S"T1 and for every 0 < s < t <, there exists a countable
collection {U;}j>1 of compact subsets of T such that H™(T% \ U2, U;) = 0, with each U; contained in a C'-
hypersurface. Moreover, denoting by N the gradient of the distance function with respect to u(-) = disty(-, 99),
then N |y, is Lipschitz for every j > 1.

With the C'!-rectifiability in force, the principal curvatures (x%); of I't, the viscosity boundary 9§ of €,
and the viscosity mean curvature H§ of (2 are thus naturally defined in Proposition 5.1, Definitions 5.3 and 5.5,
see also [6], Lemma 7 for the Euclidean version.

Consequently, following Brendle’s monotonicity approach [1], Section 3, we prove the following Heintze—
Karcher-type inequality on S™*1.

Theorem 1.3 (A Heintze—Karcher-type inequality on sphere). If  C S"T! is an open set lying completely in
a hemisphere, which is mean convex in the viscosity sense as in Definition 5.5, then for every 0 < s < 7,

™

2 n COS s
n < n. .
/ cos rH" (08, )dr —— /F:r s dH (1.3)

S

Moreover, as s — 0T, the limit of the right-hand side of (1.3) always exists in (0, c].

Our strategy for proving the main rectifiability theorem follows largely from [6] and is as follows: by isomet-
rically embedding S™*! into R"*2, our goal becomes: to show that the aforementioned I' is a n-rectifiable set
in R"*2. Using the Hinge version of Topogonov theorem, we obtain an estimation of |N(y) - (y' — y)|, where
y',y € It and N(y) is the derivative of the distance function at y, which will be proved to be well-defined
everywhere on I' in Proposition 3.5, both y,4’, and N(y) are considered as vectors in R"™2 ./ denotes the
standard Euclidean inner product. By virtue of this basic estimation, we can use the C''-Whitney extension
theorem and the C''-implicit function theorem to show that I'? is Cl-rectifiable. To prove the C'1l-rectifiability,
in the Euclidean case, Delgadino-Maggi’s proof of C1:!-rectifiability is built on the fact that T', can be written as
a codimension-1, C'-graph in R™*!. In our situation, the main obstacle to prove the C':!-rectifiability is that,
the analysis of codimension-2 graph in R™*? seems more subtle. Regarding this, our approach can be viewed
as a codimension-2 counterpart of the one presented in [6], Theorem 1, Step 1].

In view of the classical rigidity result of C2, CMC hypersurfaces in S"*1 [14], part C, and the Alexandrov
theorem for critical points of isoperimetric problem among sets of finite perimeter Theorem A (see in particular
[6], Thm. 1, step 4), it is interesting to see whether one can establish an Alexandrov theorem on S"*! among
sets of finite perimeter, we hope that our rectifiability result can serve as a fundamental step for solving this
interesting open problem. On the other hand, we believe our codimension-2 analysis can be used in a wider
range of problems that deal with graphs on S™*1.

As pointed out to us by a referee, our rectifiability theorem can be deduced quite easily from the corollary
of [13], Theorem 4.12, which asserts that if S is a closed subset of R"™ and S* is the set of x € S such that
there exists an open ball B, with B, NS =0 and v € 8B,, then S* can be H™-almost covered by the union of
countable collection of C?-hypersurfaces. This theorem readily implies that (using local charts) all the level-sets
of the distance function from an arbitrary closed set in a complete (n 4 1)-dimensional Riemannian manifold can
be H"-almost covered by the union of embedded C2-hypersurfaces. This fact, together with the applications
of a few standard tools in Geometric Measure Theory, yields Theorem 1.2 even when the standard sphere
(S™*1 ggn+1) is replaced by an arbitrary complete Riemannian manifold and for all 0 < s < ¢t < oo. In this
regard, our proof of Theorem 1.2 serves as an alternative approach by using the nonlinear analysis arguments.
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1.2. Organization of the paper

In Section 2 we collect some background material from geometric measure theory. In Section 3 we study the
fine properties of I'. In Section 4 we prove the main rectifiability result Theorem 1.2. In Section 5, we define
the viscosity mean curvature and boundary of any open set in S”*!, and we establish a Heintze-Karcher-type
inequality (1.3).

2. RECTIFIABLE SETS

The main purpose of this paper is to establish the rectifiability result, here we list some fundamental concepts
and tools that are needed in the sequel, and we refer to [4, 11, 20] for more details. We must point out that, by
virtue of the embedding S”+! < R"™*2, in most of this paper, we will be working in R"*2, and we use H* to
denote the k-dimensional Hausdorff measure in R"*2.

2.1. Rectifiable sets

Definition 2.1 (n-rectifiable set, [6], Sect. 2.1). A Borel set N C R"*2 is a locally H"-rectifiable set if N can
be covered, up to a H"-negligible set, by countably many Lipschitz images of R™ to R"*2, and if H"LN is
locally finite on R"™2. N is called H"-rectifiable if in addition, H"(N) < oo.

2.2. Area formula and coarea formula

Proposition 2.2 (area formula for k-rectifiable sets, [11], Thm. 11.6, [20], (12.4)). For 1 <k <m, if ACR"
is a H*-rectifiable set and f : R™ — R™ is a Lipschitz map, then

HO (AN {f = y}) dHE(y) = / JA f () dH (), (2.1)
R™ A

where {f ==y} = {x € R" : f(z) = y}, JAf(x) is the Jacobian of f with respect to A at x(see for example [20],
(12.8) and [11], (11.1)), which exists for HF-a.e. x € A.

Proposition 2.3 (coarea formula for k-rectifiable set, [20], (12.6)). For k > m, if A C R™ is a H*-rectifiable
set and f: R™ — R™ is a Lipschitz map, then

/ CHETAR ()M () = /A I f () dHF (). (2.2)

The following proposition is also needed in our codimension-2 argument, which amounts to be a simple
modification of [6], Section 2.1(iv). The proof follows exactly from [6] and hence is omitted here.

Lemma 2.4. Let M C R"*2 be a locally H"-rectifiable set and f : M — R"*? is a Lipschitz map defined on
M, then for any Lipschitz functions F,G : R"*2 — R"*2 such that F = G = f on M, we have

VME =VvMG H™-ae. on M. (2.3)

In particular, if 1 : R® — R"*2 is a Lipschitz map and E C R"™ is a Borel set, then TyM = (V) y-1(a) [R"]
for H"-a.e. x € M NY(E), with

(VM F),[r] = V(F o ¢)) g1 (V) '[7]] V7 € T M. (2.4)

Note that VM F(z) denotes the tangential differential of F' with respect to M at x, which exists for H"-a.e.
x € M by virtue of the Rademacher-type theorem [11], Theorem 11.4.
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To close this section, we list some well-known facts about the space form S™*!, which will be needed in our
proof. Note that part of them are already mentioned in the introduction.

2.3. Geometry of (S™t1, ggni1)

In this paper, we consider the unit sphere S”"*t! c R"*+2, endowed with the Riemannian metric ggn+: that is
induced from the isometrically embedding S"*! — (R"*2, geue), and we have the following basic facts:

1. S"*! is a smooth, complete, compact Riemannian manifold without boundary, having constant sectional
curvature which is identically 1.

2. The injective radius of S"*1 is 7, i.e., inj(S" 1) = 7.

The only geodesics on S™*! are great circles.

4. For x # z € S with dist,(z, 2) < 7, there exists a unique minimizing unit-speed geodesic joining x
and z.

5. The geodesic ball of radius r centered at some x € S"*1, denoted by B,.(z), is umbilical in S™*! with
constant principal curvatures cot r.

@

3. FINE PROPERTIES OF I

In this section, we explore the fine properties of I';. For any nonempty open set Q C S"™1, we define I'; and
I'f as in Definition 1.1. Recall that for any y € Q, we define u(y) = dist,(y, 9?) to be the distance function
from ). Following [8], we define the unique point projection mapping on S"*!, see [8], Definition 4.1 for the
Euclidean version.

Definition 3.1. For any nonempty open set  C S™*1 let Unp(9€2) be the set of all those points y € Q for
which there exists a unique point of 0f) nearest to y, and the map

& : Unp(092) — 00 (3.1)

associates with y € Unp(02) the unique z € 92 such that u(y) = disty(x,y).
Our first observation is that T, C Unp(9Q).

Lemma 3.2. For any nonempty open set Q@ C S"™1 and for every 0 < s <t < m, let 'Y, be as in Definition 1.1.
Then, for any y € T, it has a unique point projection onto OQ, which reads as £(y) = x; in other words,
I't € Unp(9R). Similarly, it has a unique point projection onto 982.

Proof. By definition, for any y € I':, there exists © = v,(s) € 9Q and z = v, (s — t) € ;.
Since y € 99, if there exists 2’ # = € 9 such that disty(z’, y) = s, then by the triangle inequality we have

disty(2', z) < distg(a’,y) + disty(y, 2) = s+t — s =1,

contradicts to the fact that z € 0€2;. Therefore, we have showed that x is the unique point of 92 nearest to y;
that is, {(y) = x.

On the other hand, we note that by using the triangle inequality again, it is easy to see that z is the unique
point in 0€2; such that disty(y, z) =t — s. O

Now that we have showed that T';, C Unp(df2), we can explore the unique point projection mapping & on I't.
Indeed, we have the following.
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Lemma 3.3. For any nonempty open set Q C S™t1, the following statements hold:
1. The function u(-) = disty(-,09) is a Lipschitz function on S™™' with Lipschitz constant at most 1, i.e.,
for any x,y € S+,

lu(y) — u(z)| < disty(z, y).

2. For 0 < s <t<m, ¢ is continuous on I'.
Proof. For any z,y € S"T!. Since 92 C S"*! is compact, we may let a € Q such that u(z) = dist,(a,z).
Without loss of generality, assume that u(y) > u(z). By the triangle inequality, we find
u(y) — u(x)] = uly) — u(z) < disty(a, y) — disty(a, ) < disty(z,y),

which proves (1).

For (2), suppose on the contrary that there exists some € > 0 and a sequence of points y1,y2,¥s,... € 't
converges to y € I't, such that dist,(&(y;),&(y;)) > efori=1,2,...

By definition, for each i, we have, for ¢ large, there holds

disty (£(yi), yi) = u(y;) = s. (3.2)

Using the triangle inequality and the fact that y; converges to y, we find

disty(&(yi), y) < disty(€(yi),ys) + disty(yi,y) = s + disty(yi,y) < s +e.

This means, all the points {£(y;)}: are lying in 9Q N Bs4¢(y), which is a bounded subset of the compact set 99,
and hence by passing to a subsequence, we can assume that {£(y;)}; converges to some point z € 9. But then,
since v is continuous on S™t!, we have

u(y) = lim u(y;) = lim disty(£(yi), yi) = disty(, y),

17— 00
which implies that @ = £(y) since we have proved that y € I'Y C Unp(d92) in Lemma 3.2. However, this
contradicts to the assumption that

distg(x,f(y)) = zli}lgo dl5tg(£(y)’§(yl)) 2 €

and hence completes the proof. O
Remark 3.4. When Q is contained in a Euclidean space, similar results are included in [8], 4.8(1), (4).

With the help of Lemmas 3.2 and 3.3, we collect the fine properties of I': as follows (see [6], Thm. 1 for the
Euclidean version).

Proposition 3.5. For any nonempty open set Q C S™T1 and for every 0 < s <t < 7, the following statements
hold:

1. For s <ty <ty <m, 2 cTU. In particular, 7 = lim;_,,+ I'L.
2. Tt is a compact set in S"H1.
3. Fory € T't, T't is bounded by two geodesic balls in ST, mutually tangent at y, i.e.,

Bi_s(z) C Q, € 8"\ By(x),
{y} = 0Bi_(2) N OB, ().
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4. The distance function u is differentiable at every y € T'L.

Proof. (1) The first part of the statement follows easily from the definition of '}, while by virtue of the inclusion,
it is apparent that I'7 = lim,_, .+ I't.

(2) It suffice to prove that I'? is a closed set in S"T!, i.c., if a sequence of points in 'L, say {y;}5°;, converges
to y, then it must be that y € I'..

By definition of T, for each y;, there exists corresponding points z; € 99, z; € ;. By Lemma 3.3, £ is
continuous on I'Y, and hence we have: {z;}2°; is a Cauchy sequence! in 9Q. Notice that 9 is closed, hence
{z;}32, converges to some x € 9. Similarly, {z;}72, converges to some z € 9.

By continuity, we have

u(y) = lm u(y;) = s, disty(z,y) = lim disty(yi, §(y:)) = s.
1— 00

i—00
Similarly, we deduce that disty(y, 0Q) = dist4(y, 2) = t. By using the triangle inequality, we find
t =u(z) <distyg(z,z) < disty(z,y) + disty(y, z) = ¢,

it is easy to see that the geodesic joining x and z must pass through y, and hence y € I', by definition.
(8) can be deduced from the definition of I';; (4) is a direct consequence of the fact that y € T' € Unp(0Q). O

Remark 3.6. The lemmas and propositions in this section can be extended easily to the case when (S" 1, ggni1)
is replaced by any complete Riemannian manifold.

4. CH-RECTIFIABILITY OF I

In this section, we finish the proof of Theorem 1.2. As mentioned in the introduction, our proof is based on
the isometrically embedding S"*! <+ R"*2. We point out that, in the rest of the paper, we will be working
in R"*2. For every 0 < s <t < m, and for any nonempty open set Q C S"*! we define I';, ', 09, as in
Definition 1.1, (1.2), respectively. For any y € T'}, by virtue of Proposition 3.5(4), u is differentiable at y, and
we denote by N (y) its gradient, which belongs to T;,S™*!. In all follows, thanks to the embedding, N(y) will be
considered as a vector in R"+2.

The following well-known fact motivates our estimation.

Lemma 4.1. For any y € T, let © = v,(s) € 0Q and z = v, (s — t) € I be the corresponding points that y
admits. Then there holds

T + cos sy 1 cos S
N(y) = ——— =——z+—v, (4.1)
sin s sin s sin s
tan (t —s)V
2= + tan ( T sINW) = cos (t — s)y + sin (t — s)N(y). (4.2)

cos (t—s)

Proof. These are well-known facts and one can check by a direct computation. Notice for example that y —

tan sN(y) = —L—xz. See Figure 1 for an illustration. O
COS s
TBy Cauchy sequence we mean, for any e > 0, there exists some positive integer N, such that for any m,n > N, there holds

distg (zm,xn) < €. This shows that {x;}5°, is a bounded sequence in 9.
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v+ tan(t — s)N (y)

y — tan(s) N (y) .::"'”-.A

FIGURE 1. Relation of z,y, z and N(y).

Proof of Theorem 1.2. Throughout the proof, | - | will denote the Euclidean norm in R"*2 V will denote the
gradient in Euclidean space and “-” will denote the Euclidean inner product in R"*2. To make a distinction, we
use (-, -) to denote the Euclidean inner product in R". For any two points z # y € S"! such that disty(z, y) < 7,
we use zy to denote the unique image of the minimizing geodesic on S"*! joining x and y.

Stepl. Cl-rectifiability of I'.

First we estimate |N(y) - (v’ — y)| in the Euclidean space R""2 for any y,y’ € I'! satisfying dist,(y,y) < .
A key observation is that, if we denote by vgn+1 the outwards pointing unit normal of S"*! in R"*2, then
trivially, y = vgn+1(y), and hence for any y € T' € S"*1, we have N(y) -y = 0.

By Lemma 3.2, y admits unique = € 99,z € 9;. Note that zy,yy’ and the interior angle between them,
say «, form an Hinge in S™*!'. Now we consider a hinge in the Euclidean space, with the same lengths
disty(z,y), disty(y,y’) and the interior angle . Note that a Euclidean hinge indeed induces a triangle, and
we denote by c the length of the other segment of this triangle, by the cosine theorem, we have

¢® = dist,y (v, y)? + disty(y,y')?* — 2dist, (z, y)dist, (y,y) cos a
= s? +disty(y,y')? — 25 - disty(y, y') cos . (4.3)

Using the hinge version of Toponogov’s comparison theorem, see for example [15], Theorem 12.2.2; we find
dist? (z,y)? < 2. (4.4)

By virtue of (4.1), we can compute the interior angle o of xy and yy’ at y, which is given by

cosa = —N(y) - (—N(y)) = N(y) - (—Wy/ + cot (disty (y,4)) y) )

where —N (y) denotes the initial velocity of the geodesic segment yy’, which is a tangent vector at y. Combining
this with (4.3) and (4.4), we find

distg(x, y) <s?+ distf](y7 y') — 2s - disty(y, ¥y )N (y) - < y' + cot (disty(y,y')) y) ,

 sin (disty(y, )
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notice that disty(x,y’) > s, N(y) - y = 0, and hence we obtain

disty (y, ') o
95— " 9\P I N il < dist ,
S Sin (disty (g, ) W) W ) < disty(y.y)),

since disty(y,y’) < m, we deduce that

N(y) - (4 —9) > 5 sin (disty (5, 5)dlisty (3. (45)

On the other hand, same computation holds for 1,7,z hold, notice that the interior angle in the geodesic
triangle y'yz at y is given by cos 8 = N(y) - (—N(y)), thus we obtain

1

.2 "N < )2 cg 2 / 2t — . die 4 N Y-
dlStg(Za Yy ) — (t S) + dlStg(y7 Y ) + (t S) dlbtg(ya Yy ) (y) sin (diStg(y, y/))

y' + cot (disty(y,y")) y> ,

notice that dist,(y’, z) > (t — s),dist4(y,y") < m, we deduce

N(y)-(y —y) < 20— 3) sin (disty (y, y"))dist, (y, y').- (4.6)
By (4.5) and (4.6) we obtain
N+ = )] < max {55 i sty )]sty (), (47)

Since u is differentiable along I';, we see that N is continuous on I'f. Observe also

" — _N(v) - (v —
lim sup{ ) U(y)/ W W =9 oy <o, y.yert
50+ ly' =yl
max{7£S 7%}sin(dis‘c (y,y")) - disty(y,y)
< lim sup 2is)’ 2 - ? ! 0< |y —y| <6,y ,yelts =0, (4.8)
§—0+ 1y — vy

where in the inequality we used the fact that u(y’) = u(y) = s and (4.7), in the equality we used the fact that
as 6 — 0T, dist,(y,y") = |y — y| and also sin(dist,(y,v")) = |y — y|.

For (u, N) € CO(T'Y; R x R™*2), since (4.8) holds, we may use the C'-Whitney’s extension theorem (see for
example [11], Sect. 15.2) to see that there exists ¢ € C1(R"*2) such that (¢, V¢) = (u, N) on T

For a fixed y € T'Y, we know that N(y) # 0 due to Lemma 4.1. Let {ey,...,ent2} be the coordinate of
R"*2 up to a rotation, we may assume that y = (0,...,0,1,0) = vgn+1(y), N(y) = (0,...,0,0,1). Since T, C
¢~ 1(s) N S" 1, we consider the following system

+.+a =1,
) =s.

{ fl(l‘l,...,xn+2)=

3
fo(x1,. . Tpyo) = Oy

Notice that vgn+1(y) = (0,...,0,1,0), N(y) = (0,...,0,0,1), and hence we have
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Set F': R" x R? = R2? by F(2', 2p41, Tni2) = (f1(@', Tni1, Tnia), fo(2', Tny1, Tnio)), then by the C'-Implicit
function theorem, there exists an open set & C R™ and a Cl-map ¢ € C'(U; R?) such that T'Y C (a/, ("))
near y, i.e., 't lies in the C'-image of ¥ : U C R™ — R""2, given by ¥(2’) = (2’,+(2’)). In particular, this
shows the locally H"-rectifiability of T'%.

Step2. Cl'l-rectifiability of I'f.
Let C(N1,Na,p) := {z 4+ h1N1 4+ hoNs : z € span {Nl,NQ}J_ Lzl < p, [hi] < p} be the codimension-2 open

cylinder at the origin with axis along N1, N; € T'S™*!, radius p and height 2p in R"*2. By the fact that at
any y € 'Y, {y} = 0B;_s(2) N 0Bs(), vgn+1(y) = y and Tt is locally H"-rectifiable, we have: I'Y admits an

. . . . . 1 .
approximate tangent plane at H"-a.e. of its points and this plane is then exactly span {N (y), l/sn+1(y)} , which
is a n-dimensional affine plane in R™*2, i.e.,

T, T = span {N(y),y}" for H"-a.c. y eI’

By [11], Theorem 10.2 and notice that for any fixed p, there exists 0 < p1 < py such that B,, C C(N(y),y,p) C

B,,, we have

i TNy +C (N (y),y,0)))

3 - =1, for H"-ae. ycTt,
p—0 Wnp P

here w,, denotes the volume of n-dimensional unit ball in R*12.
For a sequence {p;}52, such that p; — 0 as j — oo, we set

fi) = TN @+ CN @), 3.00)

Wn P

then f; — 1 for H™-a.e. y € I'.. By Egoroff’s theorem and [7], Lemma 1.1, there exists a compact set U; C I'
such that f; — 1 uniformly on U, with H"(TL \ U) < 3H™(T?). For I'Y \ Uy, we may use Egoroff’s theorem
again to find a compact set Us C ', \U; such that f; — 1 uniformly on Uy and H™ (I \ (U UUe)) < 2 H™(TL).
By an inductive argument, we obtain a sequence of compact sets {U; }50:1 such that H™(T'% \ U;il U;) = 0 with
f; — 1 uniformly on each U}, namely,

1 (p) = sup |1 - TN+ CIN (W), y,p)))

oo -0 asp—0T. (4.9)
yeU; n

This shows that I, can be covered by a countable union of compact sets, up to a H"-negligible set.

For every j and for any y € U; C I';, we know from the Implicit function theorem that ¢4; C I'% is contained in
the graph of a C'-map ¢;(-) = (¥ (-),93()) : R* — R? in a neighborhood of y. Thanks to (4.9) and Lemma A .2,
we may assume that, up to subdivision, rotation (so that y = (0,...,1,0) and N(y) = (0,...,0,1)) of U; and
relabeling, there exists

pi > 0,4 € C'(span {N(y), y} ), ¥} (0) = 1,455(0) = 0, V.455(0) = 0, |V.j| < 1 (4.10)
such that: let V; denote the projection of U; on span {N(y), 3 n{lz] < p;}, then

UiN(y+C (N (y),y,05) =TiN(y+C(N(),y,05) =y+ {z+¢;(2)y +¢:(2)N(y) : z € V;},  (4.11)
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here p;,1; depend on the choice of y € U;. Such U; satisfies that: if we set

15 (p) = max {u}*(p% max WJ}(Z)} € (0,p], (4.12)

then 11;(p) — 0 as p — 0F by virtue of (4.9) and the continuity of V4%(i = 1,2). In the rest of the proof, we
use C; to denote positive constants that depend only on U/;.
We want to show that N(y) is Lipschitz on each U, namely, for some constants C;, it holds that

IN(y1) = N(y2)| < Cjlyr —yof, for all y1,y2 € U;. (4.13)

To have a chance to prove this, let us first point out that it suffice to consider the case when y;,y, are close
enough. Precisely, for ; < p;/3, we may assume that

y1 € y2 +C(N(y2),y2, pj) (4.14)

or otherwise, |y1 — y2| > ¢(n)r; and it is trivial to see that [N (y1) — N(y2)| <2 < Cjly1 — y2l.
Next, with (4.14), we may further assume, up to a rigid motion as before, that

y2 = (0,1,0) e R" x R%, N(y2) = (0,0,1) ¢ R® x R?. (4.15)
In this way, (4.11) reads as
{(z,h1,h2) €TL 1 |2 < pj, |hi| < pj} = {(z,wjl(z),w?(z)) 1z €V}, (4.16)
with w; € C1(V;) satisfying (4.10).

By (4.14) again, y1 = (zl,w}(zl),w?(zl)) for some z; € V; with |z1| < r;. Since w; is C! on V;, the Taylor
theorem gives

Vi (z1) = ¥5(0) + o(|21]). (4.17)

In view of this and invoking (4.10), (A.1) thus gives a normal vector field in the form

N(y1) = (=1 +o(|z1]) + (21, Vo2)) Vo402 + o(|z1 ) Va4, 0(|21]), 1 = o(|z1]))
((=1+o(l21])) V295 + 0|21 ) Va5, o(|21l), 1 = o(|z1))) (4.18)

where [V.9| < 1 on each V; due to (4.10). In particular, set N(y) = N(y)/|N(y)| and we readily see that
IN(y1) — (0,0, D> < Cjlz1 ], (4.19)
once provided
Vo3| < Cjlz[ on V. (4.20)

Let us verify the validity of (4.20) by Delgadino-Maggi’s approach (see [6], proof of (3-25) for a detailed
codimension-1 argument). First, for any y, yo € y2 + C(N(y2),y2, p;) as in (4.16), we set

_vz 1‘a
Ni(y) = V) y' = (2,97 (2)), %o = (20, %3 (20)). (4.21)

NIRRT
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(7vzw?71) y//
V1 IV

Note that similar with (A.2), we may write a normal vector field as

Ny (y) = = (2,93(2)), yo = (20,%73(20)). (4.22)

) — ay(y ST V00 )
\/1+|V?/J|2 \/1+|V 7/12|2
where a1 (y) = ((z, V.4?) —¢?(2 )) \/1 + Va2, a0(y) = (= (2, Vaobh) + 91 (2)) /1 + V972
Observe that a1(y) = — (Na(y \/1 + V.21 |2\/1 +|V.47]2, and from (4.10) we know that
o —V.¥1 1,0 o
CL?((OvlaO)) =1, w ‘z:(ﬁ: (07170) =Y |z:6’
V1+ Va2
by continuity, we may assume that as(y), <(—V21/)]1, 1,0), y0> are closed to 1, and we have
(N (), 50) == (Na),4") (=701, 1,0), 30) + (Na(y), ) (= (2, V') + 9 (2))
=(Na(y), 45 —4") (= (20, Vo15) + 9 (20))
+ (Na(y), y0) (¥ (2) = 5 (20) + (20 — 2, V215(2))) , (4.24)

for the second term, since I't is trapped between two mutually tangent geodesic balls at y, we may project ',
and the two geodesic balls over the plane T,,S"*! to find that the projected graph is punctually second order
differentiable at z and

j(2) = j(20) + (20 — 2, Va1hj (2)) = o]z — 20]*),

which is controlled by o(|y — yo|?). On the other hand, by continuity we may assume that |N(y)| < 2 and hence
(4.24) together with (4.7) yields that

Cily = yol* > [(N2(y), 5" — v5)|- (4.25)
We exploit (4.25) in the manner of Delgadino-Maggi, with y = y; and yo = (20, h{, h3), defined by
29 = 21 — |21eo, h1 1/J (20), hg = %2'(20)» (4.26)

where ey = _Iiéégl is a unit vector, determined as in [6], (3-30). (4.25) then gives
.7

< 202 (21), —€o> Y3 (21) — ¥F(20)
w+wwaw VIV

Cjlyr — yol? > laz(y1)| (N2(y1), 4 — yo) = |=1 (4.27)

To proceed, let us note that for all |z| < p; such that (z,v}(2),97(2)) € T'%, it holds that

457 (2)] < Cjlzf?, (4.28)
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this is a direct consequence of the following fact: near y, = (6, 1,0), at every y € I't, T't is trapped between two
mutually tangent geodesic balls. Due to this, we note that we can only use the estimate (4.28) for those points
that lies in T'%.

By definition of zg, we have |z| < 2|z1| < 2r; < p;, if yo lies exactly in T'; € U;, by (4.28) and the definition
of yo, we find

2
1 — yol> = |z ” + Z(¢§(Zl) —15(20))* < Cjla1 %, (4.29)
=1

V3 (21) — ¥F(20)

< 97 (20)] + 193 (20)] < Cjlaa?, (4.30)
1+ V.93 (21)]?

and hence, recalling the definition of eg, (4.27) gives
C’j|21|2 > |Z1||Vz1/1]2(21)|» (4.31)
this shows (4.20) when yo € T'Y. On the other hand, if yg ¢ T}, we let € be the largest € > 0 such that
{lz — 2| <e}nNV; = 2. (4.32)
Since z; € Vj and |29 — 21| = |z1| by definition, we know that ¢y < |21]. Moreover, since |zy| < 2|z1| by definition
of zg, it follows that the n-dimensional ball {|z — zy| < €} is contained in {|z| < 3|z1|} C {|z| < p;} thanks to

3r; < pj. Our definition of €, then assures the existence of z, € V; with |z, — zy| = € so that

wnlzo = 2" =H"({|z = 20| < eo}) <H"({|2] <3[z1[} \ V})
=wn(3[z21])" = H"(V; N {[2] < 3|z1]}). (4.33)

On the other hand, the definition of p; in (4.12) shows that
wn (321" (1 = p;(321]) < H™(TE N C(N(y2), 92, 3l21]) < wn(3l21)™ (1 + p5(3[z1]))- (4.34)

Moreover, recall that U} is the graph of ¢; = ( },w?) over V;, and the Jacobian of the C'-map U,z
(2,9 (2), ¥3(2)) is

Ju,(2) = \/det (D%}, D)), 2y oo (4.35)

where D;W;(z) = (0,...,1,0...,0,0;9}(2), D97 (2)) is the directional derivative of ¥ along e;, with {e1,...,en}
is the standard Euclidean coordinate of R™. We can use the Laplace expansion for the n x n matrix
(< Di\Ifj, Dk\Ifj >)1§i,k§n to see that

Ju,(2) = \/1 + terms involving (9 (2), Ot)3(2)). (4.36)

In particular, by virtue of (4.10), (4.12) and the continuity of Vzwjl-, VZ’(/)JZ, we find: Jy,(0) =1, Jy,(2) is close
to 1 near z = 0, and hence non-vanishing on V;.
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Again, by definition of 4, in (4.12), we find

H™(V; 0 {J2] < 3z} =/ J9,(2) o Jvinget<an o ()
’ vin(lzi<sizly Ju5(2) T T+ Cn)uy (3l )"

_HMINC(N (), y2,3]210) 1 — 11 (3|21])
VI+ OBl 7 1+ Cn)p;(3la])?

wr (3|21)7, (4.37)

where we have used (4.12) in the Laplace expansion of Jy,(z) for the first inequality, the area formula for ¥;
in the second equality, and (4.34) for the last inequality.
Putting this estimate back into (4.33), we find

w20 = 2" < Cp (3|21 Jwn (3]21)"; (4.38)
i.e.,
|20 = 24| < Cpag (321 )"z |- (4.39)
It follows that |z.| < |z0| + |20 — 24| < C|z1]|, since we know from the definition of zg that |zo| < 2|z1].

The definition of z, implies that y, = (z*,wjl» (z*),ql)?(z*)) € I't, and hence we may apply (4.25) with y1, .
to obtain

Cilyr — yal® = (Na(v1), u1 — v2)
<—Vz¢]2(21),21 —2Zy) n V3 (21) — 7 (2)
VIHIV2EDR 14+ V.02
_ 2 _
SV A2 o
L+ V202 ()2

>

21
>[V.02(:)I(1 ~ O3 AL Ol 1 2.2, (1.40)
where we have used (4.28) in the third inequality thanks to the fact that y1,y. € T',; for the last inequality, we
first decomposed z; — z, into the sum of 21 — zp = |z1|eg = —|z1|% and zg — 2., then we used (4.39).

Notice also

2
‘yl - y*| S‘Zl - Z*| + Z |¢;(Z1) - ¢;(Z*)|

i=1
<|z1 — 20| + |20 — 2| + C’(\z1|2 + |z*|2) < Clz)- (4.41)

Thus, by combining (4.40) with (4.41), we have proved (4.20) and hence (4.19). In particular, (4.19) implies
(4.13) immediately, since we have the trivial observation

1 = 2l = |2 + [0 (20) P + [0 (21) = 1] > [z .

Therefore we have showed that N is Lipschitz on each U;. By (4.7) and (4.13), on each U;, we can use
the Whitney-Glaser extension theorem (see for example [10]) to find that there exists ¢ € C1(R"2) such
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that (u, N) = (¢,V¢) on U;. Then, by the C''-Implicit function theorem, for each y € U;, there exists
¥ = (¥}, 93) € CH* (span {N(y), y}*), which completes the proof. O

5. A HEINTZE-KARCHER-TYPE INEQUALITY ON SPHERE

With the C*1-rectifiability in force, we are going to derive the definitions of the principal curvature, viscosity
mean curvature and boundary in the spirit of Delgadino-Maggi, thus extends [6], Lemma 7 from Euclidean
space to S"T1. In this section, we continue to use the notations in Definition 1.1, (1.2) and in the proof of
Theorem 1.2.

Proposition 5.1. For any nonempty open set Q C S"+1, there holds

1. N is tangentially differentiable along TY at H™-a.e. y € T, with

VN (y) = = S (D)) mily) @ mily), (5.1)
—cot s < (kY)i(y) < cot(t — s), ’
where {(k%); (y)};_, denote the principal curvatures of N along T', at y when they exist, which are indezed
in the increasing order.
2. For a.e. 0 < s <m, H"(T'}) = H"(09s).
3. For everyr < s <t, the map g, : Tt = Tt__ given by g,(y) = cosry —sinrN(y) fory € T', is a bijection

from T to T_ and is Lipschitz when restricted to Uy, with

—sinr + cosr(ks)i(y)
cosr + sinr(ks)i(y)

I g, (y) H cosr+sinr(kt):],  (ks—r)i(gr(y)) = ; (5.2)

for H"-a.e. y € T'L.

Proof. We begin by recalling that in Theorem 1.2, we have constructed a sequence of compact sets I/}, on which
N is Lipschitz (see (4.13)) such that #™(I'; \ UjZ, U;) = 0.

(1) By virtue of Lemma 2.4, to study the tangential gradient of N on I':, it suffice to work on each U;, see
(4.10) and (4.11) for the construction of U;, where U; is contained in the graph of the C™'-map (¥ (-), %3 (-)).

Now, for a fixed y € U;, we consider a natural Llpschltz extension of N, from U; N (y +C (N (y ) y,pJ))
Y+ C(N(y), Yy, pj), denoted by N, and defined as

Nu(y+z+hiy+haN(y) = Ny +2), Vzespan{N(y),y}",|2|, b1, hs < pj, (5.3)

where N (y + z) is just the normal of the graph (2,9 (2'), 43 (2")) at y + 2z € U;. Set W;(z) := y + 2 + ¢ (2)y +
V3 (z)N(y) for |z] < p;, by (2.4) we have: for H"-a.e. y' € U; and for any 7 € T, Uy,

(VM) 7] = VN, © W)g el

where e = (VU ) vy )[ 7] € R™
If ¢; € C%(span {N(y ),y}L)7 then for any z € span {N(y),y}l, by definition,

V(N, 0 ¥;).[e] = lim N (P;(2 +te)) — Nu(¥5(2)) — lim N(y+te) — N(y)

t—0+ t t—0+ t ’
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this shows that
V(Ne o W)).[e] = =5;(¥;(2))[7], (5.4)

where S;(;) denotes the classical shape operator in differential geometry, with respect to the graph of ¢; =
(¥},973).

Notice that ' is trapped between two mutually tangent geodesic balls on S"*! with radius s and ¢ — s, and
hence the principal curvatures of the graph of ; is bounded from below by — cot s and from above by cot (t — s)
, 1.e.,

—cots < (ng)l (y) < (ng)m (y) < cot (t—s). (5.5)

By the chain rule for Lipschitz functions and the fact that V21); is a H"-a.e. classical differential, the above
argument holds for H"-a.e. y € U;, which completes the proof of (1).

(2) In view of (4.2), given r € [—s,t — 5|, we consider the map f,. : Tt — 0Q4,,, defined by f.(y) = cosry +
sinr N (y). By definition of T', it is clear that f, is surjective, thus we have

W00 =W < [ A ),
T Ft
using the area formula, we find

HY(0011) < /f o P ) = / T, (g)AH" (), (5.6)

s

a direct computation then gives that, for H"-a.e. y € T'¢,
n
t
JFSfT(y) = H [cosr — sinr(ni)i] .
i=1

For 0 < r <t — s, we have, cotr > cot(t — s) > (x.);(y) by virtue of (5.5), it follows that cosr — sinr(x%); > 0

for each 7, and hence we can use the Cauchy-Schwarz inequality to find
n
t
JUs f, H cosr — sinr(k});] < {[cotr + cot s]sinr}” .
i=1

It follows from (5.6) that

H"(0Qs4,) < | {[cotr + cot s]sinr}" dH"™ < {[cotr + cot s] sinr}" H™(T'L). (5.7)
s

On the other hand, by the coarea formula, for a.e. s > 0, we have

H"(08) = lim — ! H’L(aQS_,_T)

e—0 € 0
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FIGURE 2. Relation of y, g.(y) and the corresponding normals.

combining with (5.6), we obtain

1 [€ 1 [
- / H"(0Qsyr)dr < — / {[cot T + cot s]sinr}" H"(T%)dr
€Jo €Jo

n F+ €
< M/ [1+ sine| cot s|]" dr
€ 0

= [1 + sine| cot s|]" H™(TT).
Notice that I'f C 99, thus we deduce

H'(TF) < H™(09) < lim [1 +sine| cot s|]" H"(T]) = H"(T'T),
€E—>

which proves (2).

(8) For r € (0, s), consider the bijection g, : I', — ', defined by g,-(y) = cosry —sinrN(y), which is Lipschitz

on each U;. We claim that, if NV is tangential differentiable at y along I'%, then N is also tangential differentiable

at g,(y) along T _,..

Indeed, by a simple geometric relation on sphere (as illustrated in Fig. 2), we have

9r(y) + tan gN(gr(y)) =y —tan gN(y),

which implies

1
N(gr(y)) = — |(cosr — 1)y — (sinr — tan %) N(y)} T T sinry + cos N (y).
2

Thus

cosrN(y) = —sinry + N(g-(y)) = —sinry + N (cosry — sinrN(y)) .
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That is, if 3 is a point of tangential differentiability of N along I'; and 7 € T,I'%, then 7 € Ty (,yI'; and

cosT (VF2N>y [7] = —sinrT + (VFZ*TN>

[cos T — sinr (vf’s‘ N)y [T]] ,

gr(y)

take 7 = 7;(y) to be the eigenvectors of the shape operators S; in (5.4), we obtain

—cosr(kh)i(y)Ti(y) = —sinrr(y) + (VFZ*TN) o) [COS r7i(y) + sin T(Hi)l(y)n(y)]

= —sinrr(y) + (Cosr + sin r(fi’;)l(y)) (VFE*T‘N) ) [7: (y)],

from this we have

~7i(y) - (VFE*TN> gty O = —C(sjlsnrr:;zi?(“l(;)) (152)/)

Hence {7;(y)};~, is an orthonormal basis for T, (,)I';_,., and the eigenvalues of Vriﬂ'N(gr(y)) are given by:

—sinr + cos (kL) (y)

cosr + sinr (k)i (y)

(Ks—r)i(9r(y)) = : (5.8)

which completes the proof of (3). O

Remark 5.2. In view of the rectifiability result Theorem 1.2 and Proposition 5.1(2), we have proved the
following: for any nonempty open set Q C S"*1, the level-set 9, of the distance function u is C'*!-rectifiable
for a.e. 0 < s < .

Now we are in the position to generalize the viscosity mean curvature defined in [6] from Euclidean space to
Sntl,

Definition 5.3 (Principal curvature and second fundamental form on T'}). For every 0 < s < 7, the principal
curvatures (rs); of 'Y are defined H™-a.e. on I'} by setting

(k)i = (k4); on T% for each t > s.

where (k%); is well-defined on H"-a.e. y € ', by virtue of Proposition 5.1(1). In particular, we can define the
mean curvature and the length of the second fundamental form of 0Q2s with respect to vo, at H"-a.e. points of

I'f as follows:

n n

Ho, = (ks)is |Aa,? = (ko)7}.

i=1 i=1

Lemma 5.4. For every0 < s # m/2 < 7w and for H"-a.e. y € T’} where the principal curvatures are well-defined,
let © = gs(y), then the limit

ri(x) = lim (k5r)i(gr(y)) (5.9)

r—8—

exists by monotonicity.
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Proof. Let y € T'F be the point where the principal curvatures are well-defined, and let z = g5(y). For 0 < r; <
ro < s, by (5.8) we have

<%~”@”@”-”%w%@w@»==Ifiﬁilﬁiﬁ?-’lflﬁééﬂﬁé?
(tanry — tanry) - ( ))

~ (1 + tanry (k1), (v)) <1+tanr2 (K8), (y))”

Notice also that (k%);(y) is a bounded number as in (5.5), and hence (k%_,);(z) is monotone decreasing on r, it
follows that (5.9) exists.
O

Definition 5.5. For any nonempty open set Q in S, the viscosity boundary of § is defined as

0" = | g.(T

s>0

and the corresponding viscosity mean curvature of € is defined at those 2 where the limit (5.9) exists for some
s > 0, defined by

n
= g Ki(T
i=1

We would like to mention that the viscosity principal curvatures are strictly related to the principal curvatures
defined and investigated in [9, 18].

Finally, we can prove a Heintze—Karcher-type inequality in the spirit of Brendle’s monotonicity approach [1],
see also [6], Theorem 8 for the Euclidean version.

Proof of Theorem 1.3. We define for 0 < s < 5

coss ..
Q(S)_/F;r Ho, dH"™.

Notice that by the monotonicity (see Lem. 5.4), the viscosity mean convexity of { implies Hg, > 0 on '} for
every s € (0,%). With this observation, for every s <t < I, we define Q" : (0,t) — (0, 00) by setting

¢ coss ..
= dH".
Q (S) Fé HQb

Observe that by definition,
Q(s) > Q'(s) > Q'(s) forallt > s,e >0, (5.10)

notice also that H"(I'%) converges monotonically to H"(I'f) as t — sT by virtue of the inclusion
Proposition 3.5(1). This implies

Q(s) = lim Q'(s) =supQ'(s) forall0<s< g (5.11)
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For r € (0, s), by Proposition 5.1(3), we have

Qt(S—T)—Qt(S>=/ COS(S_r)dan_ @dﬂn

rt Hq,_, rt Ho,
s ¢ s £

—r

(s — ) TI1, [cosr + sinr(kt);
N { cos(s = ) [T, [eosr + sinr(sl)] }dH (5.12)
re (2ie1

(—sinr 4 cosr(kt);)/(cosr +sinr(kL);)  Haq,

where

Z(— sinr + cosr(k’);)/(cosr + sinr(k’);)

=1
. (—sinr +cosr(r});) [ (cosr + sinr(k}):)
B ; [T, [cosr + sinr(xkt);]

{cos"rHq, + cos"!rsinr (H3 — |Aq,|?) — nsinrcos™ !r + O(sin’r) }

[T, [cosT + sinr(kt);]

Thus (5.12) reads

Q'(s—71)—Q'(s)
:/ { cos(s — ) ([T, [cosr + sinr(kt);]) _ coss } dH"
Ty

cos"rHq, + cos" rsinr (H3 — |Aq,|?) —nsinrcos"1r+O(sin®r)  Ho

s

B / cos(s — 1) (cos®™ r + 2sinr cos® 1 rHg, + O(sin®r)) CO85 | 1q/m
B e | cos" rHq, + cos"~rsinr (H3 —|Aq,|?) — nsinrcos” 1 r + O(sin®r)  Hg, .

Notice that

cos(s — 1) cosT = cos s + sin(s — r) sinr,

and hence we have

/ cos?™ 17 cos s + cos® L rsin (s — r)sinr + 2 cos® 2 rcos ssinrHg, + O(sin®r)  cos s aHn
- . . . - )
rt cos" rHq, + cos" ! rsinr (H3 — |Aq,|?) — nsinrcos” 1 r + O(sin®r) Hgq,

where Oy (sin®r)/r — 0 uniformly on I't as r — 0. We thus find Q* is differentiable on (0,¢) with

(Qt)/(s) = lim Qt(s — T) — Qt(s)

r—0 —r

Aq |? Hq_si
:7/ COSS(IJerZs)dHn/ ncoss+2 2,818 40
rt HQS rt HQS
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Notice that by (5.1), (k%); > — cot s, which implies Hq_ sins + ncoss > 0 on I':. Also, by the Cauchy-Schwarz
inequality we have ngs < n|Aq,|?, these facts imply

n+1
n

(@) (s) <

/ cos sdH". (5.13)
rt

For 0 < 51 < 89 < 7, by (5.11), (5.10) and (5.13) respectively, we find

Q(s1) — Q(s2) Zel_ig{r Q™ e (s1) — Q%1 (s2)
> lim Q%7¢(s1) — Q°27(s2) = Q%2 (s1) — Q*2(s2)

e—0t

1 [ 1 [
>0 ks / </ cos sd’H”) ds = = Z / cos sH"(I'¢?)ds, (5.14)
S1 FZZ

n s1

in particular, Q is decreasing on (0, %) and Q" exists for a.e. s by monotonicity. Using area formula, by virtue
of Proposition 5.1(3), we have

H'(TE ) = / H [cos7 + sinr(k});| dH",
It

s =1

where [cosr + sinr(k%);] — 1 uniformly on I'Y as r — 0 by virtue of the fact that —cots < (ks); < cot (¢ — s),
for each i € {1,...,n}. In particular, this shows H"(I'}) is continuous on s € (0,¢), and the mean value property
yields

/ HO(T32)ds = (55— 51)H(T22),

for some sg € (s1, 52).
On the other hand, letting r =¢ — s in (5.7), we find

H"(09;) < {[cot (t — s) + cot s]sin (t — s)}" ’H”(FZ,),
and it follows that

H"(0Qs,) < liminf (cos(s3 — s) + cot s2 - sin (52 — s))" H™(['$2) < liminf H"(I'$2).

s—(s2)~ s—(s2)~

From this observation, we deduce

lim inf
s1—(s2)” 82 — 81

S2
/ cos sH"(I'52)ds > cos sH™(0€Q;,) for all 0 < s2 < g

S1
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Thus we conclude from (5.14) that

1
-Q'(s) > P o sH™(0) for a.e. s > 0.

s

Finally, integrating this over (s, 5), we obtain the Heintze-Karcher-type inequality (1.3). This completes the
proof. O

Remark 5.6. We are informed by a referee that a general Heintze-Karcher inequality for closed subsets in a
uniformly convex finite dimensional Banach space with a characterization of the equality case has been recently
obtained in [9].

It is natural to ask if there is a characterization of the equality case in (1.3), which could be useful for
establishing an Alexandrov-type theorem on the standard sphere among sets of finite perimeter. However, we
do not have an answer so far.

APPENDIX A. CODIMENSION-2 GRAPHS

The purpose of this appendix is to present some fundamental results for codimension-2 graphs restricted to
the unit sphere in R™*2, that is convenient for this paper, since the computation is not easily found in other
literatures.

Let V C R™ be an open set, given functions ¥!,4? € C1(V). In all follows we use z to denote points in R, V,
denotes the gradient operator in R™. Consider the codimension-2 graph G = {(z,¢!(2),%?(z)) : z € V'}, we use
y € R""2 to denote the points on this graph, i.e., for y € G, there exists z € V such that y = (z,¢'(2),¢*(2)).

Lemma A.1. If the codimension-2, C'-graph G lies in S C R"*2, then

N(y) = <<Zv Vz"/)1> Vzﬂ/)z - <Z, Vzw2> Vzlffl + 1112V21/)1 - ¢1Vz¢2, _1/)2 + <Z7 vz"/}2> 7¢1 - <Z, vz¢1>> (Al)

s a normal vector field along G.

Proof. We begin by noticing that (V,y!, —1,0) and (V.?2,0, —1) are normal to the graph at any z € V, since
we readily observe that 7;(y) = (0,...,1,0,...,0;:9(2),0;4*(2)) € T,G and {m,...,7,} forms a basis of T'G.
Thus we can express any normal vector N(y) by

N(y) =a (y)(vzdjla _17 0) + az(y)(vz1/)27 07 _1)5 (AQ)

where a1, ag are continuous on G. .
Since G C S"*! we know that (2,9 (z),%?(z)) = y = vgn+1(y) L N(y) and a direct computation gives

a1(y) ({2, V') =91 (@)) + az(y) ({2, V.4?) — ¢*(z)) = 0.
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In view of this, we may choose

al(y) = - <Z7 VZ’L/)2> + ¢2(Z)7 CL?(y) = <Za VZ’l/)1> - wl(z)a
and it follows that (A.1) is valid. O

Lemma A.2. For the codimension-2 graph G and N as in Lemma A.1, if at z =0, y = (6, 1,0) and N(y) =
(6,071), then

PL(0) = 1,4%(0) =0, V. (0) = V.4*0) = 0.

Proof. Using the definition of y and N(y) to verify the condition: at z = 0, it holds that y = (6, 1,0) and
N(y) = (0,0,1), one readily finds,

v!(0) =1,4%(0) =0, V.9*(0)=0. (A.3)
On the other hand, since G C S"*!, we have
2> + ¢ (2)* +9%(2)* = 1.
Thanks to the C'-differentiability of ¥, we can take directional derivative near z = 0 along ey, ..., e, to obtain
zi + 91 (2)0i0 (2) + ¥*(2)99°(2) = 0,

where z; denotes the i-th component of z € R™. In particular, this, together with (A.3), shows that V! (0) = 0,
which completes the proof. O

Acknowledgements. 1 would like to express my deep gratitude to my advisor Chao Xia for many helpful discussions,
constant encouragement, and for bringing [6] to my attention. I would wish to thank Wenshuai Jiang, Liangjun Weng,
and Xiaohan Jia for several helpful discussions. I would also like to thank Mario Santilli for the enlightening discussions
and for informing the related works on the C'''-rectifiability results and the Heintze-Karcher inequality and to thank
the anonymous referees for reading the manuscript and providing useful comments which help improve the exposition of
this paper.

REFERENCES

[1] S. Brendle, Constant mean curvature surfaces in warped product manifolds. Publ. Math. Inst. Hautes E “tud. Sci. (2013)
247-269.
[2] E. De Giorgi, Nuovi teoremi relativi alle misure (r—1)-dimensionali in uno spazio ad r dimensioni. Ric. Mat. 4 (1955) 95-113.
[3] E. De Giorgi, Su una teoria generale della misura (r—1)-dimensionale in uno spazio ad r dimensioni. Ann. Mat. Pura Appl. 36
(1954) 191-213.
[4] C. De Lellis, Rectifiable sets, densities and tangent measures. European Mathematical Society (EMS), Zu"rich (2008) vi +
126.
[5] A. De Rosa, S. Kolasiriski and M. Santilli, Uniqueness of critical points of the anisotropic isoperimetric problem for finite
perimeter sets. Arch. Ration. Mech. Anal. 238 (2020) 1157-1198.
[6] M. Delgadino and F. Maggi, Alexandrov’s theorem revisited. Anal. PDE 12 (2019) 1613-1642.
[7] L. Evans and R. Gariepy, Measure Theory and Fine Properties of Functions. CRC Press, Boca Raton, FL (2015) xiv + 299.
[8] H. Federer, Curvature measures. Trans. Am. Math. Soc. 93 (1959) 418-491.
[9] D. Hug and M. Santilli, Curvature measures and soap bubbles beyond convexity. Adv. Math. 411 (2022) 108802.
[10] E. Le Gruyer, Minimal Lipschitz extensions to differentiable functions defined on a Hilbert space. Geom. Funct. Anal. 19
(2009) 1101-1118.
[11] F. Maggi, Sets of Finite Perimeter and Geometric Variational Problems. An Introduction to Geometric Measure Theory.
Vol. 135. Cambridge University Press, Cambridge (2012) xix + 454.



24 X. ZHANG

[12] F. Maggi and M. Santilli, Rigidity and compactness with constant mean curvature in warped product manifolds. Preprint at
https://arxiv.org/abs/2303.03499.2023.

[13] U. Menne and M. Santilli, A geometric second-order-rectifiable stratification for closed subsets of Euclidean space. Ann. Sc.
Norm. Super. Pisa Cl. Sci. 19 (2019) 1185-1198.

[14] S. Montiel and A. Ros, Compact hypersurfaces: the Alexandrov theorem for higher order mean curvatures (1991).

[15] P. Petersen, Riemannian Geometry. 3rd ed. Vol. 171. Grad. Texts Math. Springer, Cham (2016).

[16] R. Reilly. Geometric applications of the solvability of Neumann problems on a Riemannian manifold. Arch. Ration. Mech.
Anal. 75 (1980) 23-29.

[17] A. Ros, Compact hypersurfaces with constant higher order mean curvatures. Rev. Mat. Iberoam. 3.3—4 (1987) 447—453.

[18] M. Santilli, Fine properties of the curvature of arbitrary closed sets. Ann. Mat. Pura Appl. 199 (2020) 1431-1456.

[19] R. Schétzle, Quadratic tilt-excess decay and strong maximum principle for varifolds. Ann. Sc. Norm. Super. Pisa, Cl. Sci. 3
(2004) 171-231.

[20] L. Simon, Lectures on Geometric Measure Theory. Vol. 3. Australian National University, Centre for Mathematical Analysis,
Canberra (1983).

[21] P. Sternberg and K. Zumbrun, A singular local minimizer for the volume-constrained minimal surface problem in a nonconvex
domain. Proc. Am. Math. Soc. 146 (2018) 5141-5146.

Please help to maintain this journal in open access!

(MBE To . . o .
& O, This journal is currently published in open access under the Subscribe to Open model

<,
"? z (S20). We are thankful to our subscribers and supporters for making it possible to publish
8 @ this journal in open access in the current year, free of charge for authors and readers.
‘B 5’ Check with your library that it subscribes to the journal, or consider making a personal
< & donation to the S20 programme by contacting subscribers@edpsciences.org.
X W
8L open

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



https://arxiv.org/abs/2303.03499. 2023
mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	C1,1-rectifiability and Heintze{rotect --}Karcher inequality on Sn+1
	1 Introduction
	1.1 Main results
	1.2 Organization of the paper

	2 Rectifiable sets
	2.1 Rectifiable sets
	2.2 Area formula and coarea formula
	2.3 Geometry of S,g

	3 Fine properties of st
	4 C1,1-rectifiability of st
	5 A Heintze{rotect --}Karcher-type inequality on sphere
	Appendix A Codimension-2 graphs

	References

