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INSENSITIZING CONTROL PROBLEMS FOR THE STABILIZED
KURAMOTO-SIVASHINSKY SYSTEM

KUNTAL BHANDARI!® AND ViCTOR HERNANDEZ-SANTAMARIAZ™

Abstract. In this work, we address the existence of insensitizing controls for a nonlinear coupled
system of fourth- and second-order parabolic equations known as the stabilized Kuramoto—Sivashinsky
model. The main idea is to look for controls such that some functional of the states (the so-called
sentinel) is locally insensitive to the perturbations of the initial data. Since the underlying model is
coupled, we shall consider a sentinel in which we may observe one or two components of the system
in a localized observation set. By some classical arguments, the insensitizing problem can be reduced
to a null-controllability one for a cascade system where the number of equations is doubled. Upon
linearization, the null-controllability for this new system is studied by means of Carleman estimates
but unlike other insensitizing problems for scalar models, the election of the Carleman tools and the
overall control strategy depends on the initial choice of the sentinel due to the (lack of) couplings arising
in the extended system. Finally, the local null-controllability of the extended (nonlinear) system (and
thus the insensitizing property) is obtained by applying the inverse mapping theorem.
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1. INTRODUCTION AND GENERAL SETTING

1.1. Problem statement and bibliographic comments

Let T > 0 and w C (0,1) be any nonempty open set. We set Qr := (0,T) x (0,1) and Xp := (0,T) x {0, 1}.
We also take another nonempty open set O C (0, 1) hereinafter referred as the observation set.
Let us consider the following control system with incomplete data

Yt + Yzaze + Voz + YYz = 2z + 11y, + & in Qr,

2t — Zgx t+ ﬂzx =Yz + h2]lw + 52 in QT,

. (1.1)
Y=y =2=0 in Xr,
y(0) =yo + 780, 2(0) =20+ 72 in (0,1),

where v > 0 and f is any real number.
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In (1.1), y = y(¢t,z) and z = 2(t, ) are the state variables, h; = h;(t,x), i = 1,2 are control functions acting
on the control set w, & = &;(t,x), i = 1,2, are given external source terms and the initial states (y(0), z(0)) are
partially unknown in the following sense:

e (yo,20) € [L?(0,1)]? are given,

* (%o, %0) € [L*(0,1)]* are unknown and satisfy ||(%o, Zo)[l[z2(0,1)2 = 1. They represent some uncertainty in
the initial data.

e 7 € R is unknown and small enough.

From the modelling point of view, when h; = & =0 (i = 1,2) and 7 = 0, system (1.1) is the so-called stabilized
Kuramoto—Sivashinsky system, which was proposed in [1] as a model of front propagation in reaction—diffusion
phenomena and combines dissipative features with dispersive ones.

In this work, our main goal is to study the insensitizing control problem for (1.1). This problem, originally
introduced by J.-L. Lions in [2], can be stated as follows: we observe the solution of system (1.1) through a
functional J; (the so-called sentinel) defined on the set of solutions to (1.1), which is in this case given by

1—
J(y,2) = @ // ly|? dadt + c // |z|? dedt, « € 0,1]. (1.2)
2 JJorxo 2 (0,T)%x 0

Then, the insensitizing control problem is to find controls hi, ho such that the uncertainty in the initial data
does not affect the measurement J, that is

9J:(y, )

5. =0 Y(¥o, %) € [L*(0,1)]* with ||(Fo, Z0) |l z2(0,172 = 1- (1.3)

7=0

When (1.3) holds, the sentinel J; is said to be locally insensitive to the perturbations of the initial data. In other
words, (1.3) indicates that the sentinel does not detect the variations of the initial data (yo, 20) by unknown
small perturbation 7(7,,Zo) in the observation domain O.

The parameter « has been introduced in (1.2) to take into account the contribution of each state variable in
the sentinel. Note that the insensitivity condition (1.3) should be satisfied for any perturbation of the initial data
of both components, hence removing one observation in (1.2) (i.e. taking o = 0 or & = 1) reduces the information
available and the problem becomes more interesting. Indeed, we will see later that additional difficulties arise
in each of those cases and for that reason we shall mainly focus on them.

The first results concerning the existence of insensitizing controls were obtained for linear and semilinear
heat equations in [3, 4]. After that, many works have been devoted to study the insensitizing problem from
different perspectives: in [5-7], the authors study such problem for linear and semilinear heat equations with
different types of nonlinearities and/or boundary conditions, while in [8] the problem of insensitizing a sentinel
depending on the gradient of the solution of a linear parabolic equation is addressed. For insensitizing problems
of equations in fluid mechanics, we refer to the works [9-12] and for a phase field system to [13]. Most recently,
the insensitizing control problem has been addressed from a numerical point of view in [14], for fourth-order
parabolic equations in [15] and with respect to shape variations in [16, 17]. We also mention a recent work
[18] where the authors studied the insensitizing controls for the fourth-order dispersive nonlinear Schréodinger
equation with cubic nonlinearity. Finally, it is worth mentioning that the insensitizing problem for a system of
nonlinear KdV system has been analyzed in [19].

1.2. Main results

Our aim is to prove the existence of control functions (hq, he) which insensitize the functional .J. given by
(1.2). In this spirit, our control result is the following.
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Theorem 1.1. Assume that O Nw # O and yo = 20 = 0. Then for any « € [0,1], there exist constants C > 0
and § > 0 such that for any (&1,&2) € [L2(Q1)]? verifying

||eC/t(§1a§2)H[L2(QT)]2 < 6’ (14)

one can prove the existence of some control (hy,h2) € [L2((0,T) x w)]? which insensitizes the functional J, in
the sense of (1.3).

To prove the above theorem, we shall equivalently prove the result given by Theorem 1.3 below. In fact,
following well-known arguments (see e.g. [3], Prop. 1 or [20], Appendix), it can be proved that the insensitivity
condition (1.3) is equivalent to a null-control problem for an extended system. More precisely, we have the
following.

Proposition 1.2. Consider the extended system

Yt + Yzzzz + VWzz + YYo = 22 + hl]lw + 51 in QT;
2t — Zgq + Bzz =Yz + hol,, + 52 in QT)
. (1.5)
Y=y =2=0 in Yp,
y(0) = yo, 2(0) =20 in (0,1),
—Pt + Dazaz + VPze — YPz = — ¢« + oylo in Qr,
—t — Qea — Bz = —po + (1 —a)zlo in Qr,
. (1.6)
P=ps=¢q=0 in Xp,
p(T)=0, ¢(T)=0 in (0,1).

Then, the controls (hi,ha) wverify the insensitivity condition (1.3) for the sentinel (1.2) if and only if the
associated solution to (1.5)—(1.6) satisfies

(p(0),¢(0)) = (0,0) in (0,1). (1.7)

In Appendix A, we present a sketch of the proof for Proposition 1.2.
In view of this result, we only focus on studying controllability properties for the extended system (1.5)—(1.6).
Indeed, we prove the following theorem which is the main result of our paper.

Theorem 1.3 (Local null-controllability of the extended system). Assume that O Nw # 0 and yo = 2o = 0.
Then for any « € [0,1], there exist constants C > 0 and § > 0 such that for any (£1,&) € [L2(Qr)]? verifying

197 (€1, €2) 2 (@2 < 6, (1.8)

there exists controls (h1,hg) € [L?((0,T) x w)]? such that the solution (y,z,p,q) to (1.5)—(1.6) satisfies p(0) =
q(0) =0 in (0,1).

We note that the control (hq, ho) acts indirectly on the state (p,q) by means of the coupling terms exerted
on the observation set O, that is, we have more equations than controls. As it has been pointed out in [21],
this situation is more complicated than controlling scalar systems and, as we have said before, the parameter «
introduces an additional difficulty. Note that when o = 0 or & = 1 one of the couplings in system (1.6) is removed
and the action of the control (hy, he) enters indirectly on the backward system only through one coupling term.
As we will see later, this translates into using different Carleman tools for studying the observability of the
corresponding adjoint system and establishing the controllability of (1.5)—(1.6).

Remark 1.4. Some remarks are in order.
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e As in other insensitizing problems, the assumption on the zero initial condition is roughly related to the
fact that system (1.5)—(1.6) is composed by forward and backward equations. As noticed in the work [20],
even for the simple heat equation is not an easy task to characterize the space of initial data that can be
insensitized; see also [4].

e In the present paper, the assumption O Nw # @ is essential to prove an observability inequality (see
Prop. 4.3 for instance), which is the main ingredient in the proof of Theorem 1.3. Notwithstanding, in
[22], the authors have proved that in the simpler case of heat equation this condition is not necessary if

W ‘T:Q‘ < ¢) instead of the usual insensitizing problem

one considers an e-insensitizing problem (i.e.,
as treated in our work. Hence, this e-insensitizing problem remains as an open question for our coupled
fourth- and second-order parabolic system.

To prove Theorem 1.3, we shall first prove a null-controllability result for the following linearized model
(around zero) associated to (1.5)—(1.6),

yt+ymzzm+7ymm :Zz+h1]lw+f1 in QTa
Zt_zxac+ﬁzx:yx+h2]1w+f2 in Qr,
. (1.9)

Y=y =2=0 in Xr,
y(O) = Yo, 2(0) =20 in (07 1>7
—Pt + Przaz T VPez = —Gz + aylo + f3 in Qr,
—qt — Qrz — BGe = —ps + (1 —a)zlp + in ,

@ — qoa — B Pz + ( )21lo + fa | Qr (1.10)
p=ps=q=0 in ¥,
p(T)=0, ¢(T)=0 in (0,1),

with source terms fi, fa, f3, f4 from the space L?(Qr).
As usual, the controllability problem boils down to study the observability properties of the adjoint system
associated to (1.9)—(1.10). In fact, the adjoint system is

—Ut + Ugzze + VUze = F1 —we + a(lo in Qr,

—Wt — Wag — Pz = Fp —uz + (1 —a)flo in Qr,

Gt + Cazaa +VCox = F3+ 0, in Qr,

O — Oz + B0, = Fy + (¢ in Qr, (1.11)
u=u,=w=(=(=0=0 in X,

u(T) =0, w(T)=0, in (0,1),

€(0) = ¢o, 0(0) =09 in (0,1),

with given data (o, 6o) and source terms F} for j = 1,2, 3,4 from some suitable Hilbert spaces.

The strategy amounts to apply Carleman estimates for each equation of system (1.11) and then use the first
and second equations to estimate locally the terms related to ¢ and 6. Note that, for o € (0,1), we have a
natural way to estimate such terms thanks to the hypothesis O Nw # @, but as soon as a = 0 or « = 1, we loose
information on either ¢ or § and we have to use the first-order couplings from the third and fourth equations of
(1.11) to do local energy estimates. To circumvent this, we shall use some Carleman tools from the works [23]
and [24] allowing us to consider the derivatives w.r.t. x of the equations verified by ¢ or 8, and then estimate
locally the first-order derivatives of these variables.

Paper organization The rest of the paper is organized as follows.

— In Section 2, we shortly discuss the well-posedness of the extended system (1.5)—(1.6).
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— In Section 3, we address several Carleman estimates for different a.. More precisely, Sections 3.1, 3.2 and 3.3
contain the Carleman inequalities associated to the adjoint system (1.11) for « =0, « = 1 and « € (0, 1)
respectively.

— Thereafter, in Section 4, we discuss the main controllability results for diffrent o € [0, 1]. We mainly focus
on the two significant cases: « =0 and a = 1.

To be more precise, Sections 4.1.1-4.1.2 contain the observability inequality and null-controllability for
the linearized model (1.9)—(1.10) when o = 0. Then, in Section 4.1.3 we prove the local null-controllability
of the extended system (1.5)—(1.6) for a = 0.

In the Sections 4.2.1-4.2.2, we discuss the null-controllability of the linearized model when o = 1 and the
proof of the local null-controllability for this case will be as similar as the case & = 0 and thus we left this
to the reader.

— Finally, Section 5 is devoted to present some concluding remarks.

Notations Throughout the paper, C' > 0 denotes a generic constant that may vary line to line but is
independent of the Carleman parameters s or \.

By / / we denote the integral in Q7 and by / / we denote the integral in (0,7) x O for any non-empty
open set O C (0,1). For simplicity, the symbol “dzdt” will be omitted in all integrals.

2. WELL-POSEDNESS

In this section, we briefly discuss the well-posedness of the 4 x 4 control system (1.5)—(1.6).

2.1. The linear adjoint system

Using the regularity results in Propositions C.1 and C.3 and utilizing the cascade structure of system (1.11)
we can deduce the following result.

Proposition 2.1. 1. For given data ({o,00) € [L?*(0,1)]*> and source terms F; € L*(Qr) for j = 1,2,3,4,
there exists unique (u,w, ¢, ) solution to (1.11) such that

u,¢ € C([0,T); L*(0,1)) N L*(0,T; H2(0,1)) N H*(0,T; H2(0,1)), (2.1)
w,0 € CY([0,T); L2(0,1)) N L2(0, T; HY(0,1)) n H*(0,T; H~'(0,1)), (2.2)

satisfying

lullco(z2ynrem2ynm z-2) + wlleow2ynrz (mpynmr -1y + [IClleoL2ynr2 (az)nm (1-2)
4

+ 10lleocr2ynrz (mpynm -1y < O<||(40790)H[L2(0,1)]2 + Z ||Fj||L2(QT))-
j=1

2. If we choose the data ({p,0p) € H3(0,1) x H}(0,1), then the solution to (1.11) satisfies the following
reqularity results:

u, ¢ € C°([0,T); H2(0,1)) N L*(0,T; H*(0,1)) N H'(0,T; L*(0, 1)), (2.3)
w, 0 € C°([0, T]; Ha(0,1)) N L*(0,T; H*(0,1)) N H'(0,T; L*(0, 1)),

with in addition,
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||UHCO(Hg)mL2(H4)mH1(L2) + ||wHCO(HOl)mL2(H2)mH1(L2) + ||C||c0(Hg)nL2(H4)nH1(L2)

4
+ 10llco(mtynrz (m2ynm (L2) < C(H(Cm 00)|l zr2 (0,1)x 2 (0,1) + Z ||Fj||L2(QT))~
j=1

2.2. The linear forward system
In a same spirit, we have the following result for the direct linear system (1.9)—(1.10).

Proposition 2.2. For given (yo, z0) € [L*(0,1)]? and f; € L*(Qr) for j = 1,2, 3,4 there exists unique (y, z, p, q)
solution to (1.9)—(1.10) such that

y,p € C°([0,T); L*(0,1)) N L*(0,T; HZ(0, 1)), (2.5)
z,q € C°([0,T]; L*(0,1)) N L*(0,T; Hy (0, 1)),

satisfying

lylleocz2ynrz(azy + 1zlleo2ynrz )y + IPlco(r2)nre (m2)

4
+ lalleowaynzzqan < € (@0 20z, + Y Ifillz@e + s ho)llizzomymae ) (27)
j=1

2.3. The main nonlinear system

Theorem 2.3. There is a positive real number 8o such that for any (yo, 20) € [L?(0,1)]?,
(h1,h2) € [L2((0,T) x w)]? and (&1,&2) € [L*(Q)]? satisfying

(5o, 20)[l1£2(0,1)12 + [[(h1, h2)ll(r2((0, 1) xwy2 + 1(€15 €2) | i22(Qr)2 < Do, (2.8)
the nonlinear problem (1.5)—(1.6) has unique solution (y, z,p,q) with
(y,2,p,9) € C°((0, T [L*(0, 1)]*) N L*(0, T; HF(0, 1) x Hy(0,1) x H(0,1) x Hg(0,1)).
Proof. Let us define the map

A s [L2°(0,T; L2(0,1)) N L*(0, T3 H3 (0,1))]% — [L>°(0, T; L*(0,1)) N L*(0, T3 H (0, 1)))?,
Ay, p) = (y,p),

where (y, 2, p, q) is the unique solution to (1.9)—(1.10) satisfying (2.5)—(2.6) with f1 = & —YYa, fo = &2, f3s = Y Da
and f; = 0.
We compute that

T /1 3 T -
||m||Lz<QT>=( I @W) <( / ||§<t>||i2<o,1>|Mnim,n)

<Yl zee0,7:22(0,1)) Uz L2 0,712 (0,1)

< WYl 20,7520, 19l L2 0,732 (0,1)

and similarly,

19Pll2(Qr) < 1UllLee(0,7;22(0,1) 1Pl L2 (0,752 (0,1)-
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Therefore, by means of Proposition 2.2, we have
||y||c0(L2)mL2(Hg) + ||Z||c0(L2)mL2(Hg) + HpHCU(L?)ﬂL?(Hg) + HQ||CO(L2)mL2(Hg)
< Co(llwo- 20)ll iz, + 1l (b, )20y

+ 1€ E)lliz2@re + 19ll e )19l L2 (mz) + ”gHL‘”(L?)Hﬁ”L?(Hg))a (2.9)

for some constant Cy > 0.
Now, we denote the set

Br = {(y,p) €[L(0,T; L2(0,1)) N L2(0, T5 H3(0,1))* |
(Yl Lo (L2)nr2(mz) + [Pl oo (£2)nL2 a2y < R}~
— Then starting with (y,p) € Br, we have from (2.9)

1Yl Lo (£2)nL2 a2y + 12l oo (22ynp2 ) + 1Pl e (z2ynrzmz) + gl Lo (L2)nr2(ap)

) (2.10)
< CO(||(7J07ZO)H[L2(O,1)]2 + 1(has P2l 22 0,1y %)z + 1615 &) 22 + R )

It follows that if R < CLO and

R — CyR?
l(mo, 20) 122 0,102 + 1(h1, h2) |22 0,1y xw))2 + 115 E2) L2z < o

one has A(Bgr) C Bgr which implies Bp is stable under the map A. We take §y = R-GoR? i, (28).
Co

— Let us now prove that A is a contraction map. Choose two elements (¥, p), (¢, p) from the set B and denote

the associated solutions by (y1, 21, p1,q1) and (yz2, 22, p2, g2) respectively.
We further denote (y, z,p,q) = (y1 — y2, 21 — 22, P1 — P2, @1 — g2) which satisfies the following set of equations

Yt T Yzzzz + Vaz = 22 + /y\@\m - ?j?jx in QT;
2t = Zgx T PRz = Yz in R
t P = G (2.11)
Y=y, =2=0 in Xp,
y(0) =0, 2(0)=0 in (0,1),
=Pt + Dazax + VPze = — ¢ + aylo + ﬂﬁz — Z/J\f?\z in QT7
—4t — Yxx — r = —Pz + 1—a)zl in N
4t — Qoo — B4 Pz + ( )21o : Qr (212)
p=pz=9q=0 in X7,
p(T) =0, ¢(T)=0 in (0,1).

We first compute

T /1 3 T /1 3
(/ / Iﬂﬁw—ﬂﬁmIQ) s(z/ / |§<px—ﬁx>|2+|ﬁx<y—§>|2)
0 0 0 0
<2

170 o< 22y 15 = Bll 22y + V2115l 22 15 — Gl £ (122)-
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Similarly, one has

155 = Tell2(@r) < V20Tl L 22) 17 = Fll 22y + V2091|2215 = Gll oo (22

Using the above two facts, the solution to (2.11)—(2.12) satisfies (by means of Prop. 2.2)

19l oo (z2)nL2 a2y + 12l e (222 ) + 1Pl e (22ynrzmz) + gl Lo (2)nr2(ap)

< Co (e = G8ellz2@m + 1752 = TPz 22(am)

< V2Co il (1) (15 = T2y + 15 = Bll oz ) (2.13)
+V2Co7 = Fll 2 (191l + 151 220z )

< \/§C’0R(|Iﬂ— Yl (L2ynr2(mz) + 1P — 1/9\||L°°(L2)F1L2(H§))~

Now, choose R > 0 in such a way that v/2CoR < 1, so that the map A is contracting. Thus, using the Banach
fixed point theorem, there exists a unique fixed point of A in Bg, which gives the unique solution (y, z,p, q) to
(1.5)—(1.6).

The proof is complete. O

3. CARLEMAN ESTIMATES FOR DIFFERENT «

This section is devoted to obtain Carleman inequalities for the extended adjoint system (1.11) when:
(i) =0,

(i) =1,

(i) a € (0,1).

Each case will be treated differently. As mentioned in the Introduction (see the discussion below (1.11)), this is
due to the kind of couplings that arise while setting different values of «.

Let us define some Carleman weights which have been introduced in the articles [8, 23].

Weight functions Recall that, by hypothesis, O Nw # (). Therefore, there is an open set wg CC O Nw. In
what follows, we establish the Carleman estimates with the observation domain wy.
Consider a function v € C*([0,1]) satisfying

v(z) >0 Yz €(0,1), v(0)=vr(1)=0, (3.1)
|V (z)| > ¢>0 Vo e (0,1)\wy for some c > 0. .
In particular, we have v/(0) > 0 and v/(1) < 0.
Now, for some constants A > 1 and k > m > 0, we define the weight functions
A+ DIVl _ A EIVlotv(@) AMEIlsotv (@)
t = t =—— V(t . 3.2
(pm( 73:) tm(T — t)m ’ fm( ,37) tm(T — t)m ) ( ,J?) € QT ( )

Here, observe that ¢, and &,, are positive functions in [0, 1] due to the choices of A, k and m.

Some immediate results associated with the weights are following.
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— For any b > 0, there exists some constant C' > 0 such that
—2s b —25pm ¢b
(e =& )al < CsAEm (e, ), (3.3)

where A > 1 and & > m > 0.
— Similarly, for any b > 0, there is some constant C' > 0 such that

(67250 gl )| < Clstmd 7 (e7250mgh ), (3.4)

with A > 1 and k£ > m > 0.
— For any m > 1, we observe that

tmfl(T _ t)mfl < CT2m72,

ie. 1< OT2m72 t(T — t) < CT2mf2€171/m
o - tm(T_ t)m — m
ie., /M <OoT?™ 2%, (3.5)
Using this in (3.4), one has
|(e725¢mel )| < CT?™m 252 (e725¢m el ), for m > 1. (3.6)

Some standard Carleman estimates Let us write the following Carleman estimate for second order
parabolic equations.

Theorem 3.1. Let ¢, and &, be given by (3.2) with m > 1 and r € R. Then, there exist positive constants
Xos 80 = ao(T*™=1 + T?™) with some o9 > 0 and C, such that the solution q € L*(0,T; H*(0,1) N H}(0,1)) N
HY(0,T;L?(0,1)) to the second-order parabolic equation

—qt — Qe =g In Qr,
q=20 m X,
a(T) =qr in (0,1),

with given qr € HE(0,1) and g € L?(Qr), satisfies
I(asr) s =41 [[eoomg a2t [[esoong 2,
+sTIN? // e 2m (lge? + lzal?) (3.7)

<C <sr3)\r3 // 672stpm£;:3|g|2 + RO // GQSLng?Tnqu) ,
wo

For r = 3, the above result is well-known due to the pioneering work by Fursikov and Imanuvilov [25]. The
general case r € R can be obtained from the case r = 3 and adapting the procedure shown in [26], Lemma 2.3.
We also need the following Carleman estimate for fourth order parabolic equations.

for every A > Ag, s > sg.
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Theorem 3.2. Let ¢, and &, be given by (3.2) with m > 2/5. Then, there exist positive constants Ao,
s0 = oo(T?=2/5 4 T?™) with some o9 > 0 and C, such that the solution q € L*(0,T; H*(0,1) N HZ(0,1)) N
H'Y(0,T;L?(0,1)) to the fourth-order parabolic equation

—qt t Qeaze V9 =g in Qr,
4=¢:=0 in Y,
Q(T) =dqr in (07 1)7

with given qr € HZ(0,1) and g € L*(Qr), satisfies

Tis(q) : = sTAS / / e 25meT g2 4 500 / / e 2m gD g, 4 OA / / e g3 (g

4 sn? / / e 2m e qral? + 571 / / e m e (|0l + |guase?) (3.8)

<o [[eremar s [ erenlp).
wo

for every A > Ag, s > sg.
The proof for the above result can be found in [27]. We also refer the work [23].
Remark 3.3. The above Carleman estimates (3.7) and (3.8) also hold if we consider forward-in-time parabolic
equations instead of backward ones.
3.1. Carleman estimate for the case when a = 0

The adjoint system (1.11) for the case a = 0 reads as

— Ut + Ugpae + Yoz = F1 — Wy in Qr,

—Wy — Wy — Py = Fy —uy +01lp  in Qr,

Gt + Ceaax + VCoax = F3 + 0y in Qr,

Or — Ops + B0 = Fis + (o in Qr, (3.9)
U=tu,=w===60=0 in ¥p,

uw(T) =0, w(T)=0, in (0,1),

¢(0) = Co, 0(0) = o in (0,1).

Before proving the required Carleman inequality associated to system (3.9), we recall the weight functions
©m and &, as given by (3.2). We define

Om(t) = wrél[%}i] em(t,2) = pm(t,0) = om(t, 1),

f:n(t) = min gm(tﬂx) = fm(tvo) = gm(tﬂ 1)'
z€[0,1]

(3.10)

We now prove the following Carleman inequality for the adjoint states (u,w,(,0) for given data ((p,0p) €
HZ(0,1) x H}(0,1) and F; € L*(Qr) for j = 1,2,3,4. Consequently, we have

{u,g e L2(0,T; H*(0,1) N H2(0,1)) N H'(0,T; L*(0,1)), (311)

w,0 € L*(0,T; H*(0,1) N H(0,1)) N H*(0,T; L*(0,1)).



INSENSITIZING CONTROL PROBLEMS FOR THE STABILIZED KURAMOTO-SIVASHINSKY SYSTEM 11

Theorem 3.4 (Carleman inequality: the case « = 0). Let (pm,&m) and (Pm, &) be given by (3.2) and (3.10)
respectively with m > 2. Then, there exist positive constants \*, s* := o*(T™ + T2m=2/5 y 2m=1 4 T?™) with
some o* > 0 and C such that the solution (u,w,(, ), given by (3.11), to (3.9) satisfies:

Igs(u) + Iy (w;7) + ™A% // e=250meT (112 4 5T //6_25@"(521)7|C|2 I(6:9)
- CU/ e (|Fy o NGB+ SNSEIF) + 557N [ [ omt0somssEn |

+s39)\24 // e—lOS(,am-‘r8s<,3m§737?|u|2 + 841)\26 // e—10:sgam+83g2m£311|u}|17 (3.12)
wo wo

for all X\ > X* and s > s*, where Iy (+;-) and Ixs(-) are given by (3.7) and (3.8) respectively.
Let us briefly point out the idea behind the proof for the Carleman inequality (3.12).

(i) For the variable u satisfying fourth order parabolic equation, we use the Carleman estimate given by
Theorem 3.2.

(ii) We observe that the Carleman estimate for ¢ will always be associated with an observation integral of ¢
and there is no chance to absorb it by any of the leading integrals. In fact, there is a coupling by (, to the
equation of # and therefore, we are going to use a Carleman estimate for the variable (,, see Lemma 3.8
below.

In this context, we recall the work [24], where such a Carleman estimate has been established.

(iii) For w and 6, we use the classical Carleman inequality by Fursikov and Imanuvilov (see Thm. 3.1) for the

heat equation, maybe with different powers of Carleman parameters.

Remark 3.5. In the Carleman estimate (3.12), there appears the weight function e=10s¢m+8s¢m But, by
Lemma B.1, there exists some ¢y > 0 such that

~ —CpS
—108¢ + 85Pm <
$Pm T 85m = T pym

which ensures obtaining a suitable observability inequality from the Carleman estimate (3.12), see
Proposition 4.3.
Let us give the required Carleman estimates for the functions u, w, {, and 6 as mentioned above.

Lemma 3.6 (Carleman inequality for u, the case a = 0). Let ¢y, and &, be as given by (3.2) with m > 2/5.
Then, there exist positive constants Ay, 51 := 01 (sz +T2m’2/5) with some o1 > 0 and C, such that the solution
component u to (3.9), given by (3.11), satisfies:

Lics(u <c(// ~250m (| By 2 + [w,?) +S7A8// ~25p0 T u|2> (3.13)
wo

for all X\ > N1, s > 51, where Irs(-) is defined by (3.8).
For the component w, we shall use the standard Carleman inequality for heat equations.

Lemma 3.7 (Carleman inequality for w, the case a = 0). Let @, and &, be defined as in (3.2) with m > 1.
Then, there exist positive constants \a, 89 := oo(T?™ + T?*™=1) with some o > 0 and C, such that w, the
solution component to (3.9) given by (3.11), satisfies:

nwi7) <€ (st [ e (B o+ 102) + 58 [[ o) g

for all A\ > Xy and s > 53, where Iy (-;-) is defined by (3.7).
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We now write the Carleman estimate for (.

Lemma 3.8 (Carlemn inequality for (;, the case a = 0). Let (¢m,&m) and (Pm, &) be given by (3.2) and
(3.10) respectively with m > 2, k > m. Then, there exist positive constants Az, 53 := a3(T™ + T?*™) with some
53 > 0 and C such that we have the following estimate for (, € L*(0,T; H3(0,1) N Hg(0,1)),

TN [[ (70 om €Ll + e n (€ )TIR) + 5N e (€08 Gl mrsany
sc[sw [ oo v 1mp) w0 [[eroongg o s [ e—%%fmm], (3.15)
wo

for all X\ > X3 and s > 53, where ( is the solution component of (3.9) given by (3.11).

The proof of Lemma 3.8 can be verified using the techniques developed in [24], Section 3.2. For sake of
completeness, we give a short sketch below.

Proof of Lemma 3.8. Recall the equation of ¢ from the system (3.9) and consider the following equation for
¢ = (g, given by
Z;f + gwwx;v + ’ng = ex;v + F37w in QTa
(=0, C=Co in Lo, (3.16)
¢(0,)=0 in (0,1),

where it is clear that 6, € L2(Q7) and we have (,(-) € L2(0,T) in S
Now, due to [24], Theorem 3.5, we have the following auxiliary estimate for (,,

x [[emengicl < of [[esempap e ox [[eseng pp

T
LA / e 2% (€)% (1Ca (1, 0) % + (G (£, D) + 57X / /

wo

e%wmw], (3.17)

for every A > ¢y and s > co(T™ + T2m*2/5) for some c1,co > 0.
First observe that,

X [ [t < o5 [ e (3.18)

since ¢(¢,0) = ((t,1) =0 vVt € [0, 7. -
Next, we define p(t) = s5/271/m\5/2e=58m(®) (¢ (1))5/271/™ Wt € [0,T], and consider the equation satisfied
by ¢, := p¢,

(Cp)t + (Cp)wmzx + 7(Cﬂ)xm = pl, + pF3 — pi¢  in Qr,
C/J = (Cp)z =0 in Xr,
CP(O, ) =0 in (0, 1).

Then, using the regularity result for KS equations given by Proposition C.3, we have

1€o 1172071 (0,1y) < C8”72/™N° (||e_8$m ()27 ™04 |72 (o

+ e (€)M By e gy + 8TA 0T (52)”%“%2(@”), (3.19)
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for all s > C(T™ + T?™).
Also, by a standard interpolation result and Young’s inequality, one has

55X (Il (65,02 Can (6, 0) 320,y + €727 (€)% 2t D201

< CsTAT||le™%m (5;1)7/2C||%2(0,T;H1(0,1)) + Cs' Ao ()220 ma 0.1y (3:20)

So, thanks to the estimates (3.18), (3.19) and (3.20), we have from (3.17),

TN [[ (2oLl 4 e (€I + 57 F N (€3)FH Clisaacony
: C[// (75 WP (61,) R 0,2 + 02 0,
1 gTP //e—Qsam(g;ﬁn)7|<|2_~_// (55_%)\555_% +82)\2£2>e—2s<pm|F3|2
5T [ [ )TIG P + N e P2 o oy + 5 [ emmfmw]. (3.21)
wo

Tt is clear that the terms associated to ¢ and ¢, in Qr can be easily absorbed in terms of the L.h.s. of (3.21). Then,

using the facts that s—2/" < C/T* (since s > CT?*™), f;f/m < CT*, we can deduce the required Carleman
inequality (3.15). O

Next, for the variable 6, we write the following Carleman inequality (usual for the heat equation).

Lemma 3.9 (Carleman inequality for 6, the case a = 0). Let ¢, and &, be defined as in (3.2) with m > 1.
Then, there exist positive constants Ay, 84 1= 64(T*™ + T?™~1) with some 54 > 0 and C, such that we have the
following estimate for 6 (given by (3.9)—(3.11) ):

Ig(0;9) <C <36)\6 // e 25Pm el (1|2 + | Fal?) + s2A10 // emvrtgmeﬁ) , (3.22)

for all X\ > Ny and s > 54, where Iy (-,) is defined by (3.7).

Proof of Theorem 3.4. As a first step to obtain the Carleman estimate (3.12), let m > 2 be a fixed parameter
and add all four Carleman estimates (3.13), (3.14), (3.15) and (3.22), which yields

Tes(w) + L (wi 1)+ 538 [ [ (7259 IGI +e725% (611G
57N e P (€0) 5T C Loz 0,1y + T (6:9)

< CU/ e 250m (Jwy |2 + s*ANED [ug|? + sINAEL 0] + 5P N5, (0,12 + sON0€E, |¢.|?)
+//e—28tpm (|F1|2 +S4)\4£:1n|F2|2 +85)\5 ER‘F?,P +86A6€SL|F4|2)
_|_T10m //e—2s<pm£75n‘9ww|2+87)\8 // e—2$ap7n§77n‘u|2_~_57)\8 // e—QS@m£;|w‘2
wo wo

wala® [[ e p v ne [ erengop] e
wo wo
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for all A > \* := max{)\; : 1 <j <4} and s > & (T™ + T?" + T?™~1 + T?m=2/5) for some ¢; > max{5; : 1 <
J <4}

Step 1: Absorbing the lower order integrals. In this step, we absorb the lower order integrals appearing
in the r.h.s. of (3.23). Using that 1 < CT?™¢,,, we can deduce the following

] e2om (al? sl P+ SUXEL IO + X 0,2 + 55 )
+T10m // e—2$¢m,§75n|9ww|2
S C//e—Qstpm (Tlom ?n‘wIIQ + 54/\4T2m§;:’1|u$\2 + 84/\4T18m '?n‘9|2)

+C / / e 2m (SPNTAET 10,7 + sONOT? T |Co|® + T 1020 ]%). (3.24)
Thus by choosing A > A\* and s > ¢7?™ for some ¢; > 0, one can absorb the integrals appearing in the r.h.s. of
(3.24) by the associated higher order integrals in the Lh.s. of (3.23). That is, putting together (3.23) and (3.24)
gives

Tics(u) + L) 4572 [ (e720m€] 2 e (65,)7ICP)

_2 —s5 w0 _ L
Jr85 ™ )\5||e som(gm)z TVLCHL2(07T;H4(071)) +]H(9;9)

S C|:S7)\8 // e—2$<pm Zn|u|2 —|—S7)\8 // e—25<pm§77n‘w|2
wo wo
4 87)\8 // e—2stpm£;7n|<z|2 4 89/\10 // e—25¢m§?n|9|2
wo wo

+ // e 2m (|F P 4 N | Fol® + s N8 | F3)? + s\ | Fy?) | (3.25)

for any A > A\* and s > &T%™.

Step 2: Absorbing the observation integral associated to (,. Using the equation (, = 0; — 0., +
B0, — Fy, and then following the techniques developed in [24], Step 4-Proposition 3.6, we can eliminate the
observation integral of (, in the right-hand side of (3.25). The resulting estimate can be then written as

Tics() + Tn(wi ) + 578 [ [ (67250 |G e (€)7ICP) + 1 (6:9)

§C|:S7>\8 // e—23<,am€;|u|2_’_87)\8// e—25¢m§;‘w|2+823>\16 // e—68¢m+4s$m§3;3|6|2
wo wo wo

+//e—2wm (FL2 + "A€L | Fof? + 083 | P32 + sTARET | Fu?) |, (3.26)

for any A > A\* and s > &3(T™ + T%™ + T?™~1 4 T?m=2/5) for some &3 > 0.

Step 3: Absorbing the observation integral associated to 6. We choose a smooth function ¢ € C2°(wp)
such that 0 < ¢ < 1in wg and ¢ =1 in @ CC wq for some nonempty open set @ and without loss of generality,
let us consider Carleman estimate (3.26) with observation domain @.
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Then, we focus on the term

J = 823)\16 // 6—68W7n,+485m,§727§|9|2 < 823/\16/ ¢e—63@m+4s@m£723|9|2. (327)

wo

From the second equation in (3.9), we have
0 = —ws — Wyy — Pwg +uy — Fy in O (consequently in wy).

Using this, we see

823)\16 // ¢e—6sgam+4s$m §r2n3|0|2
wo
42316 // pe—05PmT45Pm E230(up — wy — Wep — Pwy — F)
wo

= Z Ji.

1<i<5

— Estimate for J;. We first look into the term J;.
Jl — 823>\16/ ¢e—68¢7n+48$m£72n39uz
wo

_ —823)\16 // (¢e—6stpm+4s$m€z§)x0u _ 823)\16 // ¢e—68tpm+4s$m§i§>6$u.
wo

wo

Now, using (3.3), we observe that for any n € N* and b > 0, the n-th derivative with respect to x can be
estimated as follows:

}82 (¢e—25¢’m§5’n)] < O\ e Zspmebin, (3.28)
In particular, we can deduce that
|8;’(¢e*65“’""§72,f’)| < Cs")\”e*GS“""'fgf’*" for n € N*. (3.29)

Then, applying the Young’s inequality with any ¢ > 0, we obtain
‘Jll < 0824)\17/ ¢e—68wm+4s@m§3’il|9u| + 823)\16/ ¢e—6stpm+4s$m§r23|ezu|
wo wo
C .
< es2\10 // e—2stpm£§n‘9|2 + esT)\8 // e—2sapmé~zn|91|2 + Z g39)24 // e—lostpm+8scpm£§é)|u|2. (330)

€ wo

— Estimate for Js. Next, we look into the term Js,

Jy = 7523)\16 / ¢676s@m+45$m§%’?0wt
wo

_ 523A16/ qsestcperéls@mer?atw + 823)\16/ ¢(e768¢m+4s$m§33)t0w’
wo wo



16 K. BHANDARI AND V. HERNANDEZ-SANTAMARIA

since e~ 05¢m+458m j5 0 at t = 0 and t = T, due to the result in Lemma B.1.
Now, recall estimate (3.5), so that one has

’(676sgom+4s@m£313)t’ < CT2mf2sefﬁs¢m+4s$m£T2§).
Thanks to this and for any € > 0, we have (again, by using the Young’s inequality) that
C A
|Jo| < esPA° //e_Qs“’mffn\GtP +es?A\10 // e 25emed 102 + :541)\26 //e_los‘9m+8s¢””§f,3|w|2. (3.31)

— Estimate for Js. Let us now focus on Js; upon consecutive integration by parts with respect to x, one can

deduce that
(¢e—6wm+4s$m§23) Hw’ 1942316 //
wo

‘J3| < 523/\16//
wo

—|—823)\16 //

wo

< 0525)\18 // e—6s<,pm+4s@m£12n5|9w| _|_0524/\17 // e—6s¢m+4sfp\m£727:1|9$w|
wo wo

+Cs23)\16// e—63¢m+43¢m§3§"|9mw|, (3.32)
wo

(¢ef6s<pm+4s(ﬁm EET?)IGLUJ ‘

¢e—65<ﬂm+4s$m ggfewxw‘

due to (3.29).
Now, for any € > 0, applying Young’s inequality, we have from (3.32),

|J5] < es?\10 // e_QS“OT“g?n|t9|2 +esTA\E // e_QS“""’/§,7n|9I|2 +es® A8 // e—QS*amgf,Jem\?

C .
4 ;841 /\26 / ¢eflosapm+83<pm§i1n1 |’LU|2 (333)
wo

— Estimate for Jy. Analogous to the estimate of J; in (3.30), the term Jy satisfies

i <2 [[ ez o ey [[ oo o,

+9839/\24 / / e 10sPm+85Pm €391, (3.34)
€ wo

— Estimate for Js. It is esay to observe that

. C . 5
sl <0 [[ezsongs o 4 St [[eosenissin i, (3.35)
€

for any given ¢ > 0.

Finally, gathering the estimates of Jy, Ja, J3, Jy and J5 given by (3.30), (3.31), (3.33), (3.34) and (3.35)
respectively, we have
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823)\16/ ¢e—6scpm+4s<’ﬁm€g§‘9|2 < CesQ}\lO //6—254p7,l§?n|0|2
wo
+ CesA® / / e 290mgT 0.7 4 Ces A / / e 20mES (10,2 + 0ual?)
+ g // e—lOSgom,-‘rSs@m (839)\24§2?|u|2 + 841>\26§;1nl|w‘2) + 9837>\22 //e—losgam-ﬁ-Sngmg?n?lFﬂQ- (336)
€ JJwo €

Fix ¢ > 0 small enough so that, the integrals in Qr can be absorbed in terms of the Lh.s. in (3.26), and this
yields the required Carleman inequality (3.12) for every A > A\* and s > o*(T™ + T?™~1 4 T2m=2/5 4 72m),
for some A* > 0 and ¢* > 0 chosen largely enough.

Hence, the proof of Theorem 3.4 is finished. O]

3.2. Carleman estimate for the case when aa = 1

The adjoint system (1.11) for the case a = 1 reads as

—Ut + Ugggs + YUzz = F1 —wy + (Lo In Qr,
—Wp — Wap — Pwz = Fo — uy in Qr,
Gt + Coaaz + VCaz = F3 + 0, in Qr,
0 — 02z + B0, = Fu + (o in Qr, (3.37)
u=u=w=(=(=0=0 in Xp,
w(T) =0, w(T)=0, in (0,1),
C0) = Go, 6(0) = 0y in (0,1).
Now, we prove the Carleman inequality for the adjoint states (u,w,(,8) to (3.37) for given data ((p,6p) €

H2(0,1) x (H2(0,1) N HE(0,1)), F1, Fy, F3 € L*(Qr) and F; € L*(0,T; H'(0,1)). With these in hand, the
solution to (3.37) satisfies

u,¢ € L*(0,T; H*(0,1) N HZ(0,1)) N H'(0,T; L?(0,1)),
w € L*(0,T; H*(0,1) N Hy(0,1)) n H*(0,T; L?(0,1)), (3.38)
0 € L*(0,T; H*(0,1) N Hy(0,1)) N H*(0,T; H*(0,1)).

Theorem 3.10 (Carleman inequality: the case a = 1). Let @, and &, be given by (3.2) with m > 3. Then,
there exist positive constants \g, so 1= oo(T™ + T?™ 4 T?m=1 4 T2m=2/5 1 74m/3 L T3m/2) with some oo > 0
and C, such that the solution (u,w,(,0), given by (3.38), to (3.37) satisfies:

Igs(u) + Ig(w;3) + Ixs(¢) + 53\ / / e 25Pme3 10,7 4 sA\? / / e 250me 10,
<C [[emen (TARGURP + B + SNERP)

ot [ erbengs (i) 070 [ oot o [[ @it @
wo

for all x> Ao and s > sg, where Iz (+;-) and Ixs(-) are introduced in (3.7) and (3.8) respectively.

To prove the above Carleman inequality with the observations only on v and w, we do the following steps.
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(i) First, observe that the usual Carleman estimate for 6 will always give an observation integral of 6 and

there is no chance to absorb it by any leading integrals. In fact, there is a coupling by 6, to the equation
of ¢ and therefore, it is relevant to seek for a Carleman estimate associated with the variable 6.
In this context, we recall the work [23], where they proved such a Carleman estimate to demonstrate a
joint Carleman inequality for the adjoint to the KS system coupled with a heat equation and we shall use
it in our present article.

(ii) For the variables v and ¢, we use a Carleman estimate from the work [27] or [23] as mentioned earlier, see
Theorem 3.2 in the present paper.

(iii) Finally for w, we make use the standard Carleman inequality for the heat equation, see Theorem 3.1.

Below, we state the individual Carleman estimates for each of u, w, ¢ and 6.

Lemma 3.11 (Carleman inequality for u, the case a = 1). Let v, and &, be as given by (3.2) with m > 2/5.
Then, there exist positive constants Ay, s1 1= o1 (T2m + T2m’2/5) with some o1 > 0 and C, such that the solution
component u to (3.37) given by (3.38) satisfies:

Ixs(u) < C (// e—%w(mﬂ2 + w2 + |<|2) 4 sTAB // e-28%n§;|u|2) , (3.40)

for all X > A1, s > s1, where Ixs(+) is defined by (3.8).
The next lemma is concerned with a Carleman estimate for w.

Lemma 3.12 (Carleman inequality for w, the case o = 1). Let @,,, and &,, be defined as in (3.2) with m > 1.
Then, there exist positive constants o, Sg 1= 03 (T2m + T2m_1) with some o9 > 0 and C, such that the solution
component w to (3.37) given by (3.38) satisfies:

L (w:3) < C (// 250 (|Fy[2 + [un]?2) + s3X // e—%%gmwﬁ) , (3.41)

for all X > Ao and s > so, where Iy (+;-) is defined by (3.7).
We also write a Carleman estimate for ¢ which is similar with the one for u.

Lemma 3.13 (Carleman inequality for {, the case a = 1). Let ¢, and &, be defined as in (3.2) with m > 2/5.
Then, there exist positive constants As, s3 := 03(T2m + T2m_2/5) with some o3 > 0 and C, such that we have
the following estimate for ¢ given by (3.38) (solution component of (3.37)):

Iis(Q) < © ( [[eemarp i +s00 [[ e-%ww) , (3.42)

for all A > A3 and s > s3, where Ik s(-) has been defined in (3.8).

Lastly, by following [23], Theorem 3.1, we have a Carleman estimate for 8, as given below, which can be
proved using a result given by [12], Lemma 6.

Lemma 3.14 (Carleman inequality for ,, the case a = 1). Let @, and &, be defined by (3.2) with m > 3,
k > m. Then, there exist positive constants Ay, S4 := (74(T2m + T2m_1) with some o4 > 0 and C, such that we
have the following estimate for 6, € L?(0,T; H*>(0,1) N H}(0,1)) N H(0,T; L*(0,1)),
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s // 6_28¢m£?n|91|2 + s\’ // e_28¢m§m|9m|2

<Csx? [[etoomg (B 4 | Fual 4 [+ [Gaa) + Ot [ eoongbjonf?, (33)
wo

for all X > A4, s > s4, where 0 is the solution component to (3.37) given by (3.38).

Now, we are in the situation to prove our main Carleman inequality, that is Theorem 3.10.

Proof of Theorem 3.10. We divide it into several steps.
Step 1: Absorbing the lower order integrals. Observe the following result:

1 < T?™meP Wp e N

— Using this, the lower order integrals in the r.h.s. of the Carleman inequality (3.40) can be estimated as

J[ ot + k) <70 [ g o [[ g, e

whereas, the source integral in the r.h.s. of (3.41) satisfies

J[eentu <o [f ool (3.45)

Thus, by choosing any A > A\g := max{)\j : 1 < j <4} fixed and s > o5T?™ for some o5 > 0, one can absorb
all the integrals appearing in the r.h.s. of (3.44) and (3.45) by the associated leading integrals in the Lh.s. of
(3.40) (3.41) and (3.42).

— Next, the source integral in the r.h.s. of (3.42) enjoys

//e—Qsapm,|9$|2 < 6™ //e—Qscpmgfn‘ew'Q’ (346)

and the r.h.s. of the Carleman inequality (3.43) (for 6,) can be estimated as
sA? //ef2swm§72n (‘<z|2 + |<rx‘2)

< (TGm [[eengicr e [[ e-2‘wmsfn|cm|2) RNERT

Then, by choosing any A > Ao and s > o6(T™ + T%™/2) for some o > 0, the quantity in (3.46) can be absorbed
by the 1st leading integral in the l.h.s. of (3.43) and the quantities appearing in the r.h.s. of (3.47), by the
associated leading integrals in the Lh.s. of (3.41) and (3.42).

So, after adding the inequalities: (3.40), (3.41), (3.42) and (3.43), and using the above absorption techniques,
we obtain the following auxiliary estimate:

Iies () + I (w,3) + Tics(C) + s°A* / / e 250mgd 10,2 4 52 / / 20 g, 0y

SCS7>\8// 6728(‘0’”5;|u|2+083>\4\// 672sgom£i’>n|w‘2+cs7/\8/\/ 672sapmg;7n‘<|2
wo wo wo
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R // e-%%gf’nw+c//e—2wm(|F1|2+|F2\2+|F3|2)
wo

4 Os)? / / e 28me2 (|Fy2 4 [Fuol), (3.48)

for all A > \g and s > oo(T™ + T?™ + T?m~1 4 7?m=2/5 4 73m/2 1 T4m/3) where 0 := max{o;; 1 < j < 6}.
Now, our duty is to absorb the observation integrals associated with 6, and ¢ by some leading integrals in
the Lh.s. of (3.48).

Step 2: Absorbing the observation integral associated to 6,. In the sequel, we choose a nonempty
set Wy CC W1 CC wg and a function

peCX(w) with 0<¢<1inw;, ¢=1Iin wa,

and we consider the auxiliary Carleman estimate (3.48) with the observation domain &y instead of wy.

Our goal is to eliminate the observation integral of 6,.. Using the equation of ¢ from (3.37), we have

s34 / [ e 25eme3 16,2 (3.49)
<0 [ 6020 0,06+ Corae 416 — )
= [ 0070t Gan) N [ 0BG G+ (= Do)
—s°A! / | peT el 0, Fy

= Il —|—IQ—|—I3

— Estimate for I;. We have

Il = S3>\4 /[\ ¢ei259""”§3ﬂm(@ + C:cm)
== [[ ooy -t [[ et o) -t [ perenbg

+ 5371 / /A (pe™25Pme3 ) 0,0 C + 53\ / [ pe 2R (00)2C. (3.50)

In the above equation, there is no boundary terms at ¢ = 0,7 (while integrating by parts in time), since
e~ 25¢m(t2) 5 0 ast — 07 or T~. We also perfomed two consecutive integration by parts in space as follows

53>\4/ ¢6728¢m€§n€x<xx =—so\! // (¢6725¢m£?n)x0x4x - 53>\4/ ¢eizstpm§§nea:x§x

w1

— - [ / (00207 €8),0,6, + 51 [ /w (0250 E8)abnuC + A [ [ oo (0,0).c.
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Now, going back to (3.50), and using the equation 6; — = —f0, + (5, we have
B= =X [ el (<90, + Ga + Xa, (351)
where
T A e A N AN

Now, recall (3.6) (for m > 1) to write
(7250 g3 )] < OT?m=25g2 (c~250n g3 ),

We use this fact in the first integral of X7, and then thanks to the Cauchy—Schwarz inequality, we have for any
€ > 0, that

‘Xl| < 683)\4//6—259977163”‘930‘2 68)\2//6_2&?”§m|91$|2
C C
+ - 35)\6//A (3725‘97"5,5“|Cw|2 + - 55)\6/[ e*2s“"’"§75ﬂ|C|2. (3.52)

Let us estimate the other integrals of I in (3.51). We have for any € > 0 (again by applying Cauchy—Schwarz
inequality)

/A ¢ef2stpmgfn( B0 +Cz ‘<es)\2 // e 2 m e O |

restat [[erengicu+ Cone [[ g ms)
w1

Therefore, the estimates (3.52) and (3.53) yield

Bl etat [[emeng o, et / e—ZS%smme vestxt [ e—QS%fmcMF
S [ emengicl+ oxe [[ e @

— Estimate for I5. Let us recall the quantity I from (3.49) and we have

A

I = s34 / A ¢67284P"'Lf,3ngz(<xzxm + ('Y - 1)sz)

= 753)‘4 // (QSeiszT'Lfgm)remCmmx - 53>\4/ (beiQSwmez (ermCMEr - (7 - 1)0:6sz6)’

where we perform an integration by parts on the term involving fourth order derivative in (. It follows that
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Bl < et [ e2oonghjo 4 esy / [ een ol
w1 wl
3)\4 // —25gam£3 |<a:m‘2 5)\6 // —2s<pm§-21|<zxm|2. (355)
w1 w1

— Estimate for I5. Finally, we have

C
|IS| < 683)\4 //\ e—25</’m§73n‘0m|2 4 :83)\4 //e—2stpm£7?;l‘F3|2’ (356)
w1
for any given € > 0.

Now, using the estimates of I7, I and I3 given by (3.54), (3.55) and (3.56) respectively, we have from (3.49)
that

s7A* / / e 2Pm el 10,7 < Ces®A* / / e 20med 10,]? + CesA? / / e 2 0|
w1
+C€SSA4 //672sapm€§n|crx|2 + 955>\6 // e*28¢m£;|§|2
€ @1

C _ _ _
L G T Y O R A oy
01

+€33/\4 //e*mmgfnwgﬁ. (3.57)

Fix € > 0 small enough so that we can absorb the first three integrals in the r.h.s. of (3.57) by the associated
leading terms in the L.h.s. of (3.48).

Next, one can deduce the following result: for any € > 0, there exists C' > 0 such that,

/ / (220200, G2 + 2Nt 250l | + s5A6e—2s“’mfil|cm|2)

< 6//6—2sgom(<sgm) 1|Cmm\2+S)\2§m|Ca;m\2+83)\4f3 |<m‘ - 39)\40 // —2e¢m§39|<|2 (3.58)
wo

assuming that there is a set @y such that &; CC &y CC wy.
The above proof can be done by performing several integration by parts in space and applying the Cauchy—
Schwarz inequalty accordingly. We omit the details here.

Then, for € > 0 small enough, we can absorb the first three integrals in the r.h.s. of (3.58) by the corresponding
leading integrals in the Lh.s. of (3.48) and as a consequence, we have

Igs(u) + Iy(w,3) + Ixs(¢) + 53\ //e_%“’m&l\@m\? + 522 //e—%%gm\amﬁ

SCS7)\8// e—2$cpm§77n|u|2+cs3)\4// e_2s¢m€i|w|2+0539)\40// e—2s¢m§§7§)|<|2
wo wo wo
+C//e—23<pm,(|F1|2+‘F2|2)+CS3)\4//6—28Wm§21|F3|2
+ CsA\? //e_23¢m§21(|F4|2

3. (3.59)
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Step 3: Absorbing the observation integral associated to (. In the previous step, one can assume a

couple of nonempty sets Wy CC W1 CC wy CC wp and prove the auxiliary inequality (3.59) with the observation
domain wy instead of wy.

Then, choose a function ¢ € C2°(wp) with 0 < ¢1 <1 in wy and ¢; = 1 in wy. Also, one has from the 4 x 4
adjoint system (3.37) that

(= —up + Uggpy + YUz +w, — F1 in wp, since wg CC O.

Therefore, we observe that

839)\40 // e—QSgamé-?nglc|2 S 839>\40 // ¢1e—2scpm€"?;?|<-|2
w1 wo
= 839)\40/ ¢1e_28¢m£§3<(_ut + Ugpze + YUza + wy — Fl) = I4 + I5 + IG + I7 + IS~ (360)
wo

— Estimate for I4. First, we compute

im0 [ i giu = a0 [ gre2oom gt
wo

wo

+ 579010 / / ¢1 (e 2P Cu. (3.61)

Let us recall (3.6) (for m > 1), to write
(e 2om 80| < CTm—2se-20emel.

Using the above fact and Cauchy—Schwarz inequality, we have for any € > 0 that
C
e [[eromgof ety [[eong op s Soone [[ eromgup. 3o
€ wo

— Estimate for I5. Next, by performing a successive number of integration by parts on I5 w.r.t. z, we get

wo
+ 57010 // (617297 €R) Cou+ s™AT // (6107297 E%)  Coau
wo wo

+ 539/\40 // (¢16728wm§§3)zgcmmu + 539)\40 / ¢1ei28¢m£§r?gmmxmu)- (363)
wo

wo

[I5] :=

539>‘4O / ¢lei2swm E?r?guzmzz
wo

Let us recall the result (3.28), so that we have the following:

‘8;7, (¢1e_23¢m€23)’ < C's™ \" e—23<pm€23+n for n € N*,

and the estimate (3.63) follows

‘I5| < C<843)\44 // e*2S‘P”£;‘,f‘§u+s42)\43 // ef2sgam€én2<zu+ 841)\42 // e*QS“’""ngCmu
wo wo wo

+ 840)\41 // efzs‘p’”{f;g(mzu + 839A40 // efQSw’"ffr?Cmmu) . (364)
wo wo
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Then, for any € > 0, we obtain by using Cauchy—Schwarz inequality that

(0 [ mongiicr e sixt [[emongiia it [febong G
+ s\? \//e*stpmngmch +g1 //672S@m§;11(|<t|2 + |C;caca:x|2)>

C .
+—s79/\80// e 25Pm e yl2. (3.65)
€ wo

— Estimate for Ig. In a similar manner, one can obtain an estimate for Ig, given by

L] < e(s7A8 [ e oxe [[erengiar+ox [ 6_25“"’"5nt4wa2> (3.66)
+ 9875)\76 // 672'9@7”5;5)|u|2.
€ wo

— Estimate for I7. Let us focus on the term I7, we have

< |- [ (oo eihucun - a0 [ | oo e (3.67)
( 7/\8 // —2s<pm£7 |<|2 +S5)\6 // —25<pm§ <1|2> + %873>\74 // e—25apm§7’77?|w‘2.
wo

— Estimate for Ig. Finally, we see

839A40 // ¢1672SLP"L§§3CF1
wo

C
< esT)A8 //ef2s<pm577n|c|2+7571/\72 //e*ZSQOngrHFlF’
€
for any € > 0.

Thus, using the estimates (3.62), (3.65), (3.66), (3.67) and (3.68) in (3.60), we have

o [ emengiicp < co(sx [[erengiap v [[ereng i
w1
_|_83)\4 //e_mefgleﬂQ-i-s)\Q //e—stmmemMF —l—s_l //6_25%"5;1(\@|2 + |szxm|2)>
79/\80 // —25¢0m £7Q| |2 73/\74 // —2scpm€73‘ |2 871)\72 // e—25gom£77n1|F1|2. (369)
wo wo

Now, fix € > 0 in (3.69) small enough so that all the integrals in Q7 can be absorbed by the quantity Ixs({) in
(3.59), and this yields the required Carleman inequality (3.39). O

Is| = (3.68)
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3.3. Carleman estimate for the case when a € (0,1)

We just state the Carleman estimate for the case a € (0,1). In this case, the proof is simpler than the previous
two cases since we just need to use the standard Carleman estimates of the fourth and second order parabolic
equations.

Recall the adjoint system (1.11) for any « € (0,1). Then, one can obtain the following Carleman inequality.

Theorem 3.15 (Carleman inequality: the case o € (0,1)). Let the weight functions (pm,&m) be given by (3.2)
with m > 1. Then, there exist positive constants :\\, 5= G(T™ + T?m=2/5 £ 7?m=1 L T?™) with some & > 0
and C such that we have the following estimate satisfied by the solution to (1.11) with given data (o, 0p) €
HZ(0,1) x H}(0,1) and F; € L*(Qr) for j =1,2,3,4,

Igs(u) + Ig(w;3) + Ixs(C) + I (6;3)
<C [[eron (TRGIRE + SN B + B+ |FiP)

+ Cs'o\16 // e Zsem sy 2 1 O8N0 // e 2semed lw|?,  (3.70)
wo wo

for all A > X and s > 3, where I (55-) and Ixs(+) are given by (3.7) and (3.8) respectively.
As stated before, the technique for proving Theorem 3.15 is the following.

(i) For the variables u and ¢, satisfying fourth order parabolic equations, we use the Carleman estimate given
by Theorem 3.2.
(ii) For w and 6, we use the classical Carleman inequalities for the heat equations, see Theorem 3.1.

A sketch of the proof for Theorem 3.15 is available in the arXiv v1 of this work, see [28], Section 2.1.

4. NULL-CONTROLLABILITY OF THE STUDIED SYSTEMS FOR DIFFERENT «

In this section, we establish the local null-controllability of our extended system (1.5)—(1.6) for different
values of a € [0,1]. But as mentioned earlier, the most interesting cases are « = 0 and a = 1, so we mainly
discuss the controllability for these two cases.

The main ingredient to prove Theorem 1.3 is to obtain a suitable observability inequality for system (1.11)
which will ensure the null-controllability for the extended linearized systems (1.9)—(1.10). Due to the presence
of the parameter « in the system, we have used different strategies leading to different Carleman estimates, see
Theorems 3.4, 3.10 and 3.15.

In our present work, we mainly give a detailed proof of the observability inequality derived from Theorem 3.4.
The case a = 1 will be then shortly described in Section 4.2; more precisely, there we point out the main changes
in the proof of observability inequality and the null-controllablity in comparison with the case a = 0. After the
study of linear cases, we use the so-called inverse mapping theorem to handle the local null-controllability of
the nonlinear systems (1.5)—(1.6).

Remark 4.1. The required proofs for the more standard case o € (0,1) can be done in a similar fashion
following Section 4.1 below and making minor and straightforward adjustments. For the sake of brevity, we
omit any further comments about this case.
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4.1. The case when a = 0
4.1.1. Observability inequality (o« =0)

To do this, we shall first prove a refined Carleman inequality with weight functions that do not vanish at
t = T. More precisely, let us consider

t(T—1t), 0<t<T/2
T4/4, T/2<t<T,
and the following associated weight functions
AL klloe _ oA (ElIVllootr(2)) A (Fllle ()
m t7 = ) m ta = T e N ta ) 4.2
for any constants A > 1 and k£ > m > 0. Additionally, we define
Gon(t) = Gm(t, ), 3m(t) = (1), 4.3
()= max Su(t2). 3u(t) = max 3(t.0) (43)
G, (t) = min &,,(¢t,z), 3,,(t)= min 3,,(t ). 4.4
m(t) = min Gm(t,), 3n(t) = min Im(t ) (4.4)

We have the following.

Proposition 4.2 (A refined Carleman estimate: the case « = 0). Let m, k, s and X be fixed constants according
to Theorem 3.4. Then, there exists a positive constant C depending at most on w,O, T, m, k, s, and X\ such
that

S (728m G ul? + e (35 a4 2580 (31,12 + e (37,107
I 0 + IO < €| [[eSnimp 4 [ ooeeissngiipyp
+//e—256f” (§;|F3|2+S;|F4|2)+// e—1osefn+ssém3§3|u|2+// e—lOsG:,L+8sé7,,3;1nl|w2:|7 (4.5)
wo wo
where (u,w,(,0) is the solution associated to (3.9) for any given ((o,0p) € [L*(0,1)]? and F; € L*(Qr) for

j=1,2,3,4.

Proof. Let us first fix the Carleman parameters s = s* and A = A* in the estimate (3.12) given by Theorem 3.4.
By construction ¢, = &, and &, = 3., in (0,7/2) x (0, 1), hence

Z M
2 ~
J A A s A T A e N MNP A )
0 0
Z 1
2 —~
= / / (25 emer, uf? + €722 € fuf? + e 2P ()], + o725 6]
0 0

Therefore, using the Carleman estimate (3.12) and the definitions (4.3)—(4.4), we readily get
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3 ot = & & &
/o / (72 (3 )l + o728 (3T Jul? + 2 (3], [¢J2 + e~ (35, 10]?)
< C|://e—256:n|F1|2+//e—1036:n+8sém,/3\§;|}72|2_1_//6—256;1 (gfan3‘2+3\r7n|F4|2)
+// e—1036fn+8sém§39|u|2+// e—1056f7,+85ém§41|w2} (4.6)
wo wo

For the domain (T'/2,T) x (0,1), we argue as follows. Let us introduce a function n € C*([0,T]) such that
n=0in[0,T/4], n=1in[T/2,T), Iy'|<C/T. (4.7)

Using Proposition C.1, we apply the energy estimate to the equation verified by (n¢,n8) with
((n€)(0), (n)(0)) = (0,0) , so that one can deduce that

1M1 (7,722 (0.1)) + 10T 00 (/4. 7:220.1)

< C(||77F3||%2((T/4,T)><(0,1)) + InFullZ2((z/am)x (0.0)) (4.8)
1 1
+ ﬁ||C||%2((T/4,T/2)x(o,1)) + ﬁ||9H%2((T/4,T/2)><(0,1)))~

Analogously, for the equation verified by (nu,nw), we have
||nu||%°°(T/4,T;L2(O,1)) + Hnw”%OO(T/zl,T;LZ(O,l))

< C(HnFl||%2((T/4,T)><(0,1)) + InFallZ2 (0 /a.1yx0.1)) (4.9)
2 1 2 1 2
+ 1901 22((r/a1m)x0) T ﬁ|\U||L2((T/4,T/2)x(o,1)) + ﬁ||w||L2((T/4,T/2)x(0,1)))-

Using the estimate of nf from (4.8) in the right hand side of (4.9) and then combining both (4.8)—(4.9) we
obtain

||77UH2LOO(T/4,T;L2(0,1)) + ||77w||%°°(T/4,T;L2(0,1)) + ||77§||2Loo(T/4,T;L2(0,1)) + ||779H2L00(T/4,T;L2(0,1)) (4.10)

4 % 1
< | I Barmyecoan + [, [ (ul?+1wP 4162 + )]
j=1 T

Now, we need to find proper estimates of the states u,w, ¢, in the r.h.s. of (4.10). Since the weight functions
S, and 3,, are bounded by below in [T'/4,T], we estimate

L n
/Z /0 (jul? + Jwf? + [¢[2 + [62) (4.11)

z
2 ~
< /T / (20 30 Juf? 4+ €729 37 Juof? + ™28 (3] [ + 72 3 o))
T 0
4

. C[//e_256"’L|F1|2 N //e_1036m+856m3§;|F2|2 i // e—QSem(Bfan:s‘Q +377n|F4|2)
+// 671056m+856m3§3|u|2 +/\/ elOsGm+856m3;1)711w|2:|,
wo wo

due to the Carleman estimate (3.12).
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We also can incorporate the weight functions in the left-hand side of (4.10) in the interval [T'/2,T], which
yields together with (4.11) and from the definitions (4.3)—(4.4), that

T /1 - . - .
[ | (8@l 4 e S 3 uf? o2 (3701 + oS (37)5 o)
Z Jo
+ ||77u||i°°(T/4,T;L2(O,1)) + H’7w||2Loo(T/4,T;L2(0,1)) + ||77C||%°°(T/4,T;L2(0,1)) + ||n9||%°°(T/4,T;L2(0,1))
< C|://6256;|F1|2 + //eflosG;JrSs@mg?Z'FzP + // e—2567, (:7;5)”|F3‘2 +§Zn|F4|2)
+ // 671056;+85@m§39|u‘2 n // e1056;+85@m3\41|w|2:| (4.12)
m m :
wo wo
for some C > 0.
Combining (4.6) and (4.12), we have the desired result (4.5). O
As a consequence of Proposition 4.2, we have the following result.
Proposition 4.3 (Observability inequality: the case @ = 0). Let m, k, s and X\ be fixed constants according to

Theorem 3.4. Then, there exists a positive constant C depending at most on w,O, T, m, k, s, and \ such that
for any given ({o,00) € [L?(0,1)]*> and F; € L*(Qr), j = 1,2,3,4, the solution (u,w,(,0) to (3.9) satisfies

e (3)7 2 Ml gy + lle™ % (31727 M wllZe g
e 32T gy + lle™ S (31276 L o

1 ~ o~
+ / (C(T.2)2 + 8(T, 2)[?) < C[ / / o 10SLASENTIT (IR 2 4 Ry 4 |Fyf? 4 |F4[?)
0

Jr// 671056;+85ém3\§’3|u|2+/\/ e 10567 4858, 5411 12| (4 13)
wo wo

Proof. Let us define p*(t) = e 56m (3%)%/2=1/™m 50 that p*(0) = 0. Then, the system for (C*,0*) = (p*C, p*0)
looks like

G+ Copww T V00 = 00 +p"F3 + pi ¢ in Qr,
0F — 03, + B0, =( +p"Fa+pi  inQr,
("=¢=0"=0 in (0,7),
¢"(0) =67(0) =0 in (0,1),

and it satisfies the following estimate

1SN 0.7:22(0,1)) + 107 120 0,7:220,1) SC(IIP*Fglliz(QT) + P FallZ2 (o) (4.14)

+ 161 ¢ 0ry + 10701320 )-
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Similarly, the system for (u*, w*) = (p*u, p*w) is

UL F Uy + Ve = —Wo + p"F1 = pju in Qr,
—wy —wy, — Pwy = —us + p*Fo+ p*0lp — pjw in Qr,
u=u,=w=0 in (0,7),
w(T)=w"(T)=0 in (0,1),

which satisfies
w12 0.7:22(0.1)) + 0¥ |70 (0.7:22(0.1)) < C<||P*F1||%2(QT) + 10" FallZ2 (0
ot ulaon + Nt wlaion + 10" 0l32gn ) (4:15)
Now, it can be checked that |(S,,)¢| < C(3%,)1 /™ and thus
pi] < OO (35)7°, || < Cem*Sn 3T,
Using this and together with (4.14)—(4.15), we get
||U*||%°C(O,T;L2(O,1)) + ”w*”%W(O,T;LZ(O,l)) + ||<*||2L°°(O,T;L2(O,1)) + H9*||2Loo(o,T;L2(o,1))
<[] (S GuThul + e S 3T + o258 (35,)7IC + 02580 (37,710
+ // e BSn3T (|F|? + |Fol? + | B3 + | Faf?) . (4.16)

Then, by applying the modified Carleman estimate (4.5) and using the fact that —10s&%, + 858, > —2s6%,

(thanks to the definitions of S,, and GS;, given by (4.3)—-(4.4)), we get the required observability inequality
(4.13). O

4.1.2. Null-controllability of the linearized system (o =10)

We denote the following operators

L1 := 0y + Orzaa + VO0uz, (4.17)
Lo =0t — Ope + B0, (4.18)

and their respecting adjoint operators by
Ly = =0t — Opy — B0, (4.20)

Also, we denote the following Banach space

&= {(ya zZ,P, 4, h17 h2) | 6586;_4sem3;37/2(ya 2y 2 q) € [LQ(QT)]4, (421)
@B S —1Gm (33921, 3,1 2,1,) € [L2((0,T) x w)]?,
6556:"’7486’"3;"41/2(?;, z,p,q) € CO([O,T]; [LZ(O, 1)]4)
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N L2(0,T; Hy(0,1) x Hy(0,1) x HF(0,1) x Hg (0, 1)),

(3:}) S2Hm(L1y — 2, — nly,) € LA(Qr),
C‘ m(35,) 7P (Lo — y, — holl) € L2(Qr),
Sém@;) M (Lp 4 q.) € LX(Qr),
e*Sn(32,) 752 (Lag + p, — 210) € L*(Qr),

p(T,) =q(T,) =0 (0,1)}.

Proposition 4.4 (Null-controllability: the case a = 0). Let m, k, s and X\ be fized constants according to
Theorem 3.4. Let f1, fa, f3, f1 satisfy

e*Sm(35,) M (f fo, fa, fa) € [L2(Qr))*. (4.22)

Then, there exists controls (hi,he) and a solution (y,z,p,q) to (1.9)—(1.10) (when o = 0) such that we have
p(0) = ¢(0) = 0 in (0,1).

Proof. We consider the following space
Qo = { (0, w,¢.0) € C*(@r) | u= s =w = =G, =0 =0 Tr .
and define the bi-linear operator K : Qg x Qg — R given by
K((u, w,¢,0), (w,w, ¢, 0)) (4.23)
D= // 010567, 4858 337 [( Tu+we)(Liu+w,) + (L5w + up + 010)(L5w + u, + 010)

(L1 = 0,)(£1C = 0,) + (£26 = ) (£20— C,)]

T = ~ ~
+/ /e—lOsGm"rSsGm (323“4@""3;%71)@);
0 w
as well as the linear operator [ : Qy — R given by

l((u’w7c’9)) = <f17 >L2(QT) + <f2’ >L2 Qr) <f37C>L2 (Qr) + <f47 >L2 (Qr)-

It is clear that the product (4.23) is defines an inner product since the observability inequality (4.13) holds.
We denote by Q the closure of Qy w.r.t. the norm K(-,-)'/2, which is indeed a Hilbert space endowed with the
inner product (4.23). The linear functional [ is also bounded due to (4.13) and the hypothesis (4.22). Therefore,

the Lax-Milgram’s theorem ensures the existence of unique (u, @, 6, 5) € Q x Q satisfying

K((@,@,C,0), (u,w,¢,0)) = I((w,0,¢,0)) V(w,w,(,0) €
Now, we set
@\ 71036 +836m337( a+ @m), T—¢ —10s67 +886’”337(£2w+uz+§]l@), (424)
Zf)\: e7105cm+85cm3137( E 5 ), (/]\: 671056:"’+856m3%(£29 _ Cﬂc)a (425)
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and

7 _ —10s6% 4855,,939~ 7T _ —10s6% +856,,541 ~
hl =€ Smu]l hg =e€ Bmwll

w we

Then, due to the observability inequality (4.13), we have

[ etossinms 3 (g 21+ 5P + )
T i o PN
+/ /elosGm—&sGm (3;39\h1|2+3;41|h2|2) < 400, (4.26)
0 w

and this (7,7,p,q) is unique solution to the linearized system (1.9)—(1.10) (with « = 0) in the sense of
transposition with the control functions h; and hs. Moreover, from (4.25) it is clear that

p(0)=0, q0)=0 1in (0,1).

We further set

) = esssfn—4sé,,,,3;41/2(A S

(", 2", 0", q" L 2,0, 7),

which satisfies

Loy — 25 = Wil + ff + (59Sn48n3412) 5 iy @,
Lo~y = Ryl + f3 + (€S~ 18m3 41/2) 2 iy @,
St gt = fr - (e556;74sém§%41/2)t]3 in Qr, (4.27)
L5q" +pi=fi+21o — (6586%748@’”3%41/2%@ in Qr,
yr=yp=2"=p =p,=q =0 in X,
y*(0) =2"(0) =p™(T) = ¢"(T) =0 in (0,1),

where h} = 6556;—45@7“3;41/2};1, fori=1,2and f} = e556:n_45ém3\;141/2fj for 7 =1,2,3,4.
We first observe that

556, —456,, 3—41/2 36m41, S m (2% \—5/2+1/m
e SA/2 < OTBOmALsEm (3 ) =5/2H1/m

since 556m—458m < 567, and 3. L<orm.
On the other hand, note that |(&,,);] < C(3,,)*/™ (also, |(&*,,)¢| < C(3m)' /™), which yields

|(6536fn7456m3;n41/2)t| < 06556;7456m37239/2+1/m < CT2m716556L74sGm3;37/2’

Using the above facts, the conditions on f; given by (4.22) and the bound (4.26), we first conclude that the

right hand sides of the first two pdes in (4.27) belong to L?(Qr). Therefore, by means of Proposition C.1, we
have

(y*,2") € C°([0, T]; [L*(0,1)]*) N L*(0, T H§ (0, 1) x H(0,1)).
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As a result, the right hand sides of the third and fourth equations of (4.27) also belong to L?(Q7), which ensures
(»*,¢") € C°([0, T} [L*(0,1)]*) N L*(0, T3 Hy (0,1) x H(0,1)).
Moreover, one has
lv*leoz2ynrzcaz) + 12" leo2ynzz ) + 1P%Mleoz2ynrzaz) + 1a" lcoz2)nrzapy < C, (4.28)

for some C' > 0, thanks to the assumption (4.22) and the fact (4.26).
Thus, the functions (7, Z, p, q, h1, ha) € £ defined in (4.21). The proof is complete. O

4.1.8. Local null-controllability of the nonlinear system (o =0)

In this section, we shall prove the main theorem of our paper for in the case when o = 0, that is Theorem 1.1.
But as we mentioned in the beginning, this is equivalent to prove the local null-controllability of the extended
system (1.5)—(1.6), which is precisely Theorem 1.3.

To prove the local controllability result, we use the following well-known theorem.

Theorem 4.5 (Inverse mapping theorem). Let By, By be two Banach spaces and Y : By — Bs satisfying
Y € CH(By; Bs). Assume that by € By and Y(by) = by € By and Y'(by) : By — By is surjective. Then, there exists
d > 0 such that for every b € By satisfying ||b — ba||g, < 9§, there exists a solution of the equation

Y(b)=b, bebB.
Proof of Theorem 1.3. We now prove the main result of this work. The idea is to apply the above theorem
with

By =¢€,
By =F x F X FxF,

where
Fim €] e (3;,) %" € 12(Qn) (4.29)
and consider ) : B; — Bs such that

y(yvzap,(bhlth) (430)
=(L1y — 2o — My, + yys, Loz — Yo — holy, LIp + Gx — YDz, L5g + pz — 210).

e Let us first check that ) € C'(By,Bz). In fact, all the terms of )V are well-defined and linear except the
terms yy, and —yp,. Thus, it is enough to show that the map

((ya D9, hla h2)? (ZAja z?ﬁv aa hla h2)) — (y?jah _yﬁw)
from By x By — F x F is continuous. Before that, we observe that

056m (3:;1)75/2+1/m < 062(556;7456,”)3\;”41’ (4.31)
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which can be seen as follows: there exists some dy > 0 such that

S
(om
seAkHVHoo

_ AVl _ 10eM IVl
o E ]

Ak[|v]loo

2(5s6;, — 156,,) — s&,, =

[@(H#)ku»nm — 10 ElIvllsoHlIvliee) gexku»nm]

> doSe

for chosen k > m large enough. In other words,

~ ~ d, MKVl oo
5@ < 2(5sGE, — 45S,,) — 2 7
(@)m
which yields
& “ ~ sdgerkllvloo
esem(3fn)_5/2+l/m < 62(55Cm—456m)3;41 e e 341(3*) 5/2+1/m7

and that (4.31) follows.
Now, using (4.31), we have

oS (3= (gt )

<C He2(556:n74'5ém

’[LZ(QT)]

+C

2(5s6, 74sbm)3
L2(Qr)

)3, y7, i yp,

L2 (Qr)

<C "6(556?:"—4sé,,,,)3—41/2yH He(sse 456m)3 41/2~)

L*°(0,T;L2(0,1)) L2(0,T;H2(0,1))

+C He(586:n_48ém>§;l41/2yH "6(556;—456,”)3;141/2~‘

L>(0,T;L2(0,1)) L%(0,T;H?(0,1))

SCH(ya Z D9, hly h2)”51 H :’7’ z 57 q, hl, hg ||617

Therefore, the claim Y € C!(By, Bs) is established.

Remark 4.6. The estimate (4.32) can be obtained as follows:

/ / 4(556 —456,, 3 41X2|yyz|2

< / QHESS —AS G2 e

T S~
< /0 e4(556m—4567n)37—n41><2||y‘|%2(0)1) ||yI||§Jol(O,l)

< He<556%*4sém>3;41/2 He(ssc —456,, m)3- 41/2~H‘

m

o,

L*(0,T;L2(0,1)) L2(0,T;HZ(0, 1))

A similar estimate can be found for the term associated to yp,.

33

(4.32)
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e Next, we show that )’(0,0,0,0,0) is surjective. In fact, we have )(0,0,0,0,0) = (0,0,0,0) and
3(0,0,0,0,0) : B — Bs given by

yl(0,0,0,0,0)(y,Z,p,q, hlahQ)
:(ﬁly — 2z — h1ly,, Loz — Yy — hQ]IW,ETp + qx,ﬁzq + P — 211(9)

is surjective, thanks to the null-controllability result Proposition 4.4.

Finally, we consider b; = (0,0,0,0,0), b2 = (0,0,0,0) and b = (£1,&2,0,0) € By, where (£1,&2) is the given
external source term in (1.1) or in (1.5)—(1.6). Then, according to Theorem 4.5, there exists a § > 0
verifying

”(51’527 0, 0)”[32 <94,

we have the existence of solution-control pair (y,z,p,q,hi,he) € By = £ to the system (1.5)—(1.6). In
particular, p(0) = ¢(0) = 0 in (0, 1). This completes the proof of Theorem 1.3 which implies the proof for
Theorem 1.1.

O

Remark 4.7. Observe that, we have chosen L?(Qr) right hand sides in the equations (1.9)—(1.10) and initial
data (yo,20) € [L%(0,1)]? to handle the controllability for the nonlinear system (1.5)—(1.6). In several previous
works regarding the controllability study of stabilized KS systems, for instance [23, 24], the authors consid-
ered LY(0,7;W~510,1))- and L?(0,T; H1(0,1))-source terms (for the KS and heat equations resp.) and
H=2(0,1) x H~1(0,1) initial data. In those cases, the only nonlinear term is yy, and this can be formally
handled integrating by parts so

Yye € L*(0,T;W~11(0,1)) <= |y|* € L'(0,T;L"(0,1)).

However, it seems that this strategy is not useful to deal with the extra nonlinear term “yp,” appearing in our
4 x 4 coupled system. Obtaining (4.32) starting with data weaker than L? is an open problem.

4.2. The case when aa =1
4.2.1. Observability inequality (a = 1)

We recall the Carleman estimate (3.39) in Theorem 3.10 for & = 1 and state a modified version of it.

Proposition 4.8 (A refined Carleman estimate: the case « = 1). Let m, k, s and X be fixed constants according
to Theorem 3.10. Then, there exists a positive constant C' depending at most on w,O, T, m, k, s, and \ such
that

// (728 (30Tl + 72 (35, uwf? 4 €72 (3, )7IC2 + 2 (3;,)%16. )
I + IO < €| [[ S5 (SRR + 1P + 3R

+//e_286:ﬂ§72n (|F4|2+|F4,x|2)+// e—2s6,*ngzr?|u‘2+// e_zsefngﬁwp], (4.33)
wo wo

where (u,w,(,0) is the solution associated to (3.37), for given data ((o,60) € [L*(0,1)]* and F; € L*(Qr),
J=1,2,3,4 such that [[ e=2*Sn (3T F1 | + [Faf? + 30, Fl® + 37, Ful® + 37| Fuo?) < +oo.
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To prove the above proposition, we shall use the similar technique as applied in the proof of Proposition 4.2
(the case o = 0). In this case, we write the main steps of the proof.

Proof. In the beginning, we fix the Carleman parameters s = sgp and A = )¢ in the estimate (3.39) given by
Theorem 3.10, and recall that ¢, = &,, and &,, = 35, in (0,7/2) x (0,1), hence

r 1
2 .
/ / (67256m3;‘u|2 +67256m3?n|w|2 +67256m33n|<'|2 +67256m3§n|0$|2)
0 0

T n
2 -
= / / (ef2sapmgr7n|u‘2 +ef2s¢m£§n|w‘2 +ef2s<pmgr7n|c|2 Jrestgpm&Snwm‘Z) )
0 0

Therefore, using the Carleman estimate (3.39), and the definitions (4.3)—(4.4), we readily get

T, < 5 5
[ (2@l o258 (35wl + 0258 (35,0710 + S (37,6 )
0 0

< [[ e (SRR + 1P + SIRL + SR + 32 Ful)

+ // e 25Sn 302 + // e256%323|w|2]. (4.34)
wo wo
We now recall the cut-off function 7 given by

n=0in[0,T/4], n=1in[T/2,T], || <C/T.

Then, as we obtained the energy estimate (4.10) (for the case & = 0), we have the following estimate for the
equation satisfied by (ru, nw,n¢, n) with ((n¢)(0), (n6)(0)) = (0,0),

|\77U||%00(T/4,T;L2(0,1)) + H77w||2Loo(T/4,T;L2(o,1)) + ||"7C||%°°(T/4,T;L2(0,1))

+ ||779||2L00(T/4,T;L2(0,1)) + ||779||2Lz(T/4,T;H3(0,1))

4
SC(Z HnFjH%Z((T/4,T)><(O,1)) + HU||%2((T/4,T/2)><(0,1)) + Hw||2L2((T/4,T/2)x(0,1))
j=1 (4.35)

+ ||C||%2((T/4,T/2)><(0,1)) + ||0||%2((T/4,T/2)><((],1)))

4 z
2
<O( E IFBacrmmyeiony + [, (6P + ol 12 +16.P).
j=1 T

using the Poincaré inequality for 6. Now, since the weight functions &,, and 3,, are bounded by below in
[T/4,T] (see (4.2)), we have

T n
L b w162 + 6P (4.30
£ Jo
T -
S/ / (e—2s(‘5m377n|u|2+e_256m3173n‘w|2_~_e—2sbm‘7)’77n|c|2+e—256m3?‘n|9w|2)
T Jo

<c [[ e (SURP + [P+ SIEE + S + 55 FP)

+// 67236;3;73|u‘2+// eranszs'wF]’
wo wo
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due to the Carleman estimate (3.39) and the definitions (4.3)—(4.4).
We also can incorporate the weight functions in the left hand side of (4.35), which yields together with (4.36)
and from the definitions (4.3)—(4.4), that

T 1 R - . N
o] (2O Iul + e @ ol e 3T+ o0 3,7 7)
z
+ ||77U||L°<> (T/a,T;L2(0,1)) T Hnw||L°°(T/4 T:12(0,1)) T ||77<||L0O (T/a,1;L2(0,1)) T ||779||L°Q (T/4,T;L2(0,1))

<o [ (BHIRP + 1R + BolmP + RIRE + 32FiP)
+// e*286%3;?|u\2+// e256%32|w|2], (4.37)
wo wo
for some C > 0.

Combining (4.34) and (4.37), we have the desired result (4.33). O

Let us find the observability inequality in this case.

Proposition 4.9 (Observability inequality: the case @ = 1). Let m, k, s and X be fixed constants according to
Theorem 3.10. Then, there exists a positive constant C' depending at most on w, O, T, m, k, s, and A such that
for any (o, 00) € [L?(0,1)]2, the solution (u,w,(,0) to (3.37) satisfies

le™*Sm |22 g,y + e Emwlla(gm) + e Cl22 )

+ e 0]22qy + / (IC(T, @) + |6(T 2)[)

<o| [[ e FEURE 4 1RP + IBP + IR + Pl

+// 6_2567*”/3\?3@‘2—{-// 6_286:”:3\777?|1U|2:|, (4.38)
wo wo

where the source terms F; € L*(Qr), j = 1,2,3,4 in (3.37) are verifying [[ e_QSGInEE (|F1\2 + |Fo)? + |F3)% +
|F’4|2 + |F47$|2> < +00.

Proof. Let us define p*(t) = e=58m (1) g0 that p*(0) = 0. Then, the equation of ({*,0*) = (p*(, p*0) satisfies
(recall first the adjoint system (3.37))

G+ CGawe T Ve =05 + 0" F5+ p{( inQr,
Of — 0y, + B0, =+ p"Fy+ pi0 in Qr,
CF=C=0"=0 in (0,7),
¢*(0) =07(0) =0 in (0, 1),

and it satisfies the following estimate

1€ N o0 0,722 (0.1)) + 107 120 (0,722 (0,1 SC(HP*F3H%?((O,T)X(O,l)) + 0" Fall 220,17y % 0.1) (4.39)

+ 15 ¢ 0y x 0.0 + 1AEEI32(0.)x 01 )
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Similarly, the equation of (u*, w*) = (p*u, p*w) is

—U: + u;wwx + ’yu;x = —’LU; + C*]lo + p*Fl - p:u in QT’

_w;fk - w;m - Bw; = —'U/; + p*F2 - p:w in QT)
u=u,=w=0 in (0,7),
u(T)=w*(T)=0 in (0,1),

which satisfies

||U*||%oc(o,T;L2(o,1)) + ”w*”%“(O,T;LZ(O,l)) < C(”F)*Fl||%2((0,T)><(0,1)) + HP*F2||2L2((O,T)><(O,1))

+ i ullZzo.myx0.1y) T 1PE w220,y (0.1)) + ||p*d|%2((0,T)><(0,1)))' (4.40)

Now, we check that |(&,,)¢| < C(3%,)1+1/™ so that |pf| < Ce=sSm(3%,)3/2 (since m > 3 in this case). Using
this, together with (4.39)—(4.40) (also by applying the Poincaré inequality on 6 in the r.h.s. of (4.39)), we get

||U*||%°C(O,T;L2(O,1)) + ||1U*||%oc(o,T;L2(o,1)) + ||<*||2L°°(O,T;L2(O,1)) + HG*H%W(O,T;Lz(O,l))
<[] (S Gl + e S (3wl + o258 (301G + oS30, )

+ [ SRR+ R + IBE 4 IR+ |FiaP) . (441

Then, by applying the modified Carleman estimate (4.37), we get the required observability inequality (4.38). O

4.2.2. Null-controllability of the linearized system (o =1)

We recall the operators £y, Lo from (4.17)—(4.18) and their adjoints £, L5 from (4.19)—(4.20).
Denote the following Banach space

& = {(y,zvp,q,hhhz) | e Sm3 T2 (y, 2,p,q) € [LX(Qr)]® x L2(0,T: H~(0,1)), (4.42)
e (372, 3,7 ot ) € [L((0,T) x ),

e*Sn312(y 2 p,q) € C([0, T); [L(0,1)]%)
N L2(0,T; H3(0,1) x HY(0,1) x H2(0,1) x H{(0,1)),

e Ly - 20— i) € Q)

)

eSGm £22f — Yy — h2]]-o.1) S L2(QT)7
S (Lip + ¢z — ylo) € L*(Qr),
S (Liq +p.) € L2(Qr),

p(T,) = q(T,-) = 0in (0,1)}.

Proposition 4.10 (Null-controllability: the case o = 1). Let m, k, s and X be fized constants according to
Theorem 3.10. Let f1, fo, f3, fa be the functions satisfying

*S(fy, fo, fi, fa) € [L2(Qr))*. (4.43)
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Then, there exists controls (hi,hs) and a solution (y,z,p,q) to (1.9)-(1.10) (when o = 1) such that we have
p(0) = 4(0) = 0 in (0, 1).

Proof. We consider the following space
Q1 = {(ww.(,0) € C*@r) |u=u; =w=(=(=0=0inXr},
and define the bi-linear operator K1 : Q1 x Q1 — R given by

K1 ((u,w, ¢, 0), (w,w,(,0)) (4.44)
// *2567"3” Tutw, — (Lo)(Liu+ w, — (lo) + (Liw + ug) (Liw + u,)

F(£1C = 0)(E1C — 0,) + (£260 = G (£a8 — ) + (£260 = G2), (£20— C,), |
T
—256%, (279 373
+/O /we (3 uu + 3B ww),

as well as the linear operator [ : @; — R given by

li((u,w, ¢, 0)) == (f1,u)L2(Qp) + (f2, W) L2(Qr) + (f3, Q) 22(Qr) + (far ) L2(0r)-

It is clear that the product (4.44) is defines an inner product since the observability inequality (4.38) holds.
We denote by Q, the closure of Q; w.r.t. the norm K (-, -)*/2, which is indeed a Hilbert space endowed with the
inner product (4.44). The linear functional [; is also bounded due to (4.38) and the hypothesis (4.43), therefore

the Lax-Milgram’s theorem ensures the existence of unique (u, w, E , 5) € Q, x Q, satisfying

Ki((@,,¢,0), (u,w,¢,0)) = h((u,w,¢,80) V(u,w,(,0) € Q. (4.45)

Now, we set
J=e 2%n3T (L 0+ @, — Clp), Z=e 2Sn3TN L0 +T,), (4.46)
ﬁ: 67286;32 (Elz_ é\x)y Z]\: 67256:"3\;} (£2§_ @c) - (525_ Ex)x;c:| I (447)

and

~% A~

/h\l _ 8_256:”/3\17.,?@]1“,, };2 e—296m373
Then, using the observability inequality (4.38) we have (from the equation (4.45))

12573725 L2 (ory + 11027 30722 L2 0y
+ 157 35 25l 2y + 11257 35,723 120,751 (0,1 s

+ 11677 35,72 ha || L2 0.1y xw) + €597 357 2R L2 (0, xw) < 00,
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which can be seen by performing a series of computations. We just show it only for the quantity
Heserns,;l?l/QE]\HLz(O’T;H—l(0)1)). Indeed, we find that

T
/0 312 o)

T
*A7 P~ 2
:/ 6256m,3m71 sup |<q719>|H—1,H3
0 191 g =1

T PR JU JU 2 (4.49)
= [T sup (e E (L - &) (L2 - L] 0)|
0

—1 1
H19HH(1]=1 H-1,H]

2 .~ o~
+2// o=2587,371 ](529— &)a

NN NN s

transposition with the control functions hy and hs. Moreover, from (4.47) it is clear that
p(0) =0, g(0)=0 in (0,1).

At this stage, we set

*

(v, 2", p*, q") = e*Sn 3124, 2.5,7),

which satisfies the following set of equations

Liy* — 25 =hil, + fi + (73,72 5 i Qr,
Loz* —yt =Ly, + f3 + (e°503,79/%) 2 in Qr,
g = 5+ ylo — (90 3,7) B in Qr, (4.50)
,ng* —|—p; _ fff _ (656:"3\;179/2%5 in Qr,
Y =yp =2t =0t =p =" =0 in X7,
y*(0) =2"(0) =p*"(T) =q"(T) =0 in (0,1),

where hf = ese;zg;jgﬂﬁi fori=1,2 and f; = esGTnE;Lm/ij for j =1,2,3,4.

Now, thanks to the choice of f; in (4.43) for j = 1,2,3,4, and by virtue of the bounds (4.48), we first
observe that the right hand sides of the first two pdes in (4.50) belong to L?(Qr). Therefore, by means of
Proposition C.1, we have

(y*,2") € C°([0, T; [L*(0,1)*) N L*(0, T H§(0,1) x Hy (0,1)).

Consequently, the right hand side of the third equation of (4.50) now belong to L?(Qr) and thanks to (4.49),
one has f; — (e*5n3,"%%) g€ L*(0,T; H~'(0,1)). This gives (using Prop. C.1)

(p*,q") € C°([0, T} [L*(0,1)]?) N L*(0, T3 Hy (0,1) x Hy(0,1)).
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Moreover, the following estimate holds true
v*leoz2ynrzcaz)y + 12" leoz2ynrz ) + 1P%Mleo(z2ynrzcaz) + la* lcoz2)nrzcapy < C, (4.51)

for some €' > 0, thanks to the assumption (4.43) and the fact (4.48).
Thus, the functions (¥, z, p, g, hl, hg) € &1 defined in (4.42). The proof is finished. O

4.2.8. Local null-controllability of the nonlinear system (o =1)

The proof of the main result, that is Theorem 1.1 for the case a = 1 is exactly similar as we describe for the
case a = 0. We refer Section 4.1.3 for the details.

5. CONCLUDING REMARKS AND COMMENTS

In this work, we have proved the existence of insensitizing controls for a coupled system of fourth- and
second-order parabolic PDEs. As usual, this problem is reformulated as a null-control problem for an extended
system in cascade form (see (1.5)—(1.6)) but due to the presence of the parameter « in the sentinel (1.2), this
system may change its structure and different Carleman tools should be employed for studying the observability
of the corresponding adjoint equations. Let us present a concluding remark concerning the problems addressed
in this work.

Less control than equations. An important question related to the controllability of coupled systems is: what
is (are) the minimum number of control(s) required to accomplish a given task. In the works [23] and [24], it
has been shown that for proving the null-controllability of the system

Yt + Yzzzw + Voo + YYo = 2z in QT;

2t — Zgx + P2z = Yo in ;

t B Y. ' Qr (5.1)
Y=y =2=0 in X,

y(0) = yo, 2(0) = 2o in (0,1),

it is needed only one control localized in either equation.

In our insensitizing problem we have used two controls, one for each component, but determining if we can
reduce its number it is not so clear. As far as we know, there are very few papers devoted to the insensitizing
control problems for coupled systems, see [9, 10, 13]. Similar to our case, in those works, the original problem
is transformed into a control problem for an extended system of four equations (two forward and two backward
in time). In particular, in [13], the authors have used only one control to prove their result by using a sentinel
depending (explicitly) only on one of the components of the system. This is comparable to choosing oz = 0 in our
case (1.2). At a first glance, it seems that we can follow the ideas similar to [13] to eliminate the extra control,
but in our case, the first order couplings make things difficult. Indeed, recalling our adjoint system (3.9) (i.e.
the case o = 0), we see that the only way to remove an observation related to w is to differentiate the second
equation of (3.9) (changing 1o by some suitable smooth approximation) and use the coupling in the first one.
By doing so we can obtain a Carleman estimate with localized terms depending on u, ¢ and 6. Then, the only
way to estimate 6 locally is by using the second equation of (3.9) which reintroduces a local term of w (see
Eq. (3.36)), and we failed! Therefore, dealing with cascade systems (forward—backward) of the original coupled
systems can be tricky and its controllability and observability properties deserve further attention. This fact
has been also pointed out in [29] in the context of hierarchic control problems.
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APPENDIX A. SKETCH OF THE PROOF OF PROPOSITION 1.2

Sketch of the proof. Let (y,,z;) be the solution to (1.1) for given 7 € R. It can be checked that (y,,z;) — (y, 2)
strongly in L?(Q7) as 7 — 0 where we have denoted (y, 2) the solution to (1.1) with 7 = 0. In turn, this yields

that (u,v) = lim, o(¥==2, Z=2) solves the system

Ut + Ugppzer + YUzz + (yu)m =, in Qr,

Vt — VUgg + BUy = Uy in ,
¢ g . Qr (A1)
Uu=1u; =v=>0 in Xp,
u(0) = go, v=Zo in (0,1).
So, recalling (1.2), we have
aJ‘I’ Ty T
0T (yr, 2r) :a// yu]lo+(1foz)// 2vlp.
or T=0 Qr T
Now, consider the adjoint system to (A.1) with source terms aylp and (1 — a)z1le, that is
—Pt + Pever + VPox = YP2 = = + aylo  in Qr,
4t — Yxx — z = —Dg + (1 —a)zl n s
Gt = Gze — Bz = —pa + (1 — a)zlo n Qr (A.2)
pP=pz=q=0 in Y,
p(T) =0, ¢(T)=0 in (0,1).

By a standard duality argument, integrating by parts and using the set of equations (A.1) and (A.2), we get

- /O b0 + /0 PO

Thus, the insensitizing condition (1.3) is equivalent to the condition

0, (ys,22)
or

1 1
/ p(O);ljo +/ q(O)ZO =0 V(ﬂo,go) S [LQ(O, 1)]2 with ||<g0,20)”[L2(0’1)]2 =1.
0 0

In other words, the insensitizing condition is equivalent to the null-controllability criterion (1.7) for the system
(1.5)—(1.6). O

APPENDIX B. AN AUXILIARY RESULT

Lemma B.1. Recall the weight functions ¢, and @, defined by (3.2) and (3.10) respectively for A > 1 and
k> m > 0. Then, for any s > 0 and p € N*, there exists ¢g > 0, such that we have

~ —CpS
— PSP —1)8Pyy < ——0 B.1
Psom + (p— 1)s@p, < (T — 1y (B.1)

Proof. The proof can be deduced from the explicit expressions of the weight functions. We see

— pSPm + (p—1)50m

AFlllootv () A ZIE[ oo _ oMellvlloo

—1 ™
+(—1)s Ty

(T — )™

Akl

= —ps
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A2 k(v AR oo

_ se m se /\V(a:) 1 1)
(T =t (T =) (p(e )+
se kvl

_ ST (Rl _ peAv(@) 4 1)
(T — ) (e pe +p .

Thus, for fixed m > 0 and any A > 0, one may choose k > m large enough such that there exists some ¢y > 0
verifying that the quantity (e%’“””“c>o — pe(@) g — 1) > ¢p > 0 for all z € [0,1]. Hence, the result (B.1)
follows. o

APPENDIX C. WELL-POSEDNESS OF THE LINEAR STABILIZED KS SYSTEM

Let us consider the following coupled system

Yt + Yowax + VWez = 22 + f1 in Qr,
2t — Zgx + B2z = Yz + fo in Qr,
Y=Y, =2=0 in Xp,
y(0) =yo 2(0) = 2o in (0,1),

(C.1)

where v > 0 and $ is any real number.
Below, we write the standard well-posedness and some regularity result concerning the coupled system (C.1).

Proposition C.1 (Well-posedness & energy estimate). For any given (yo,20) € [L*(0,1)]? and (f1, f2) €
L2(0,T; H=2(0,1) x H=1(0,1)), there exists unique weak solution

(y,2) € [C°([0, T} L*(0, 1)) M L*(0, 5 Hg (0,1) x Hy (0,1)) N H'(0, 75 H*(0,1) x H'(0,1))
to (C.1), such that it satisfies

||(Z/7 Z)H[CU([O,T];L2(0,1))]2 + ||(y, Z)||L2(0,T;H§(0,1)xHé(O,l)) + ||(yt, Zt)HL2(O,T;H*2(O,1)><H*1(O,l)) (C~2)

< C (II(yo, 20)liz2c0,1)2 + I (f1, f2) 220,750 -2(0, 1) x HH-1(0,1))) »

for some C > 0.

Proof. Considering regular enough data, we multiply the first and second equations of (C.1) by y and z
respectively, and integrating on (0, 1), we get

1d 1 1

1 1
C
57 [ (Wl + 1) +/ (19l + 22]?) < e/ (19zal + [22]?) + —/ (ly* + 121)
2 dt 0 0 0 € 0
C
e (I9l%a 0.0 + 123300 ) + = (11201 + 12 lr-1 0 ) -
Using Poincaré inequality and by choosing € > 0 small enough, we further obtain

1d !
2 dt J,

1
<€ [P +1P) + € (1B + el

(Il + 1=12) + 1wl 0y + 121 0 (C3)
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Using Gronwall’s lemma, we then deduce that

[y, 2z 0,220,002 < C (W0, 20) 120,192 + 1(F15 f2) lL2 0,138 -2(0,1) x H-1(0,1)) - (C.4)

Next, by integrating (C.3) w.r.t. t € (0,7) and using (C.3), we get
(s )l 20,7312 0,0y x 113 0,1)) < C (W0, 20) 122 (0,112 + [1(F15 F2) 220,755 -2(0, 1) x -1 (0,1))) - (C.5)

Once we get the information y € L2(0,7; H2(0,1)) and z € L%(0,T; H}(0,1)), from the equations (C.1), we
have y; € L?(0,T; H=2(0,1)) and 2, € L?(0,T; H'(0,1)), together with the estimate:

(e, 20|l 20,7502 (0,1 x -1(0,1)) < C (1 (W0, 20) ll[£2(0,1)12 + 1 (f1s f2) L2 (0,712 (0,1 x HH-1(0,1))) - (C.6)

Then, from the classical properties of these spaces (see for instance [30], Thm. 4, Chap. 5.9), we have (y, z) €
[CO([0,T); L%(0,1))]?. Accordingly, the estimate (C.2) holds by means of (C.4), (C.5) and (C.6).

Finally, by using the density argument, we can prove the estimate (C.2) for any data as given in the hypothesis
of this proposition. O

Remark C.2. Considering (f1, f2) € [L?(Q7)])? in (C.1), the solution (y, 2) to (C.1) satisfies (performing the
similar analysis as described in the proof of Proposition C.1)

1y, 2)[licoo,r3:22 0,02 + 1 2| 20,7552 0,1) < 12 0,1)) + 1Yt 26) [ L2 0,75 -2(0,1) x =1 (0,1))
< C (1o, 20) liz20,1)02 + I1(f1s f2)ll L2 (@) -

Proposition C.3 (Regularity). For any given (yo,20) € H3(0,1) x H}(0,1) and (fi1, f2) € [L*(Q1)]?, the
solution

(y,2) € C°([0,T); H3(0,1) x HE(0,1)) N L*(0,T; H*(0,1) x H*(0,1)) N [H'(0,T; L?(0,1))]?
to (C.1) satisfies

(v, Z)HCO([O,T];Hg(o,Ung(o,1)) + 11, 2) |22 0,751 (0,1 x 72 (0,1)) + | (Wt 20) 122 (Q )2 (C.7)
<C (”(y07ZO)HHS(O,l)xHOl(O,l) + ||(f17f2)||[L2(QT)]2> ;

for some C > 0.

A sketch of the proof for above regularity result can be found in [23], Proposition 2.1. For sake of completeness,
we give the proof below.

Proof. Considering regular enough data, we multiply the equations of (y, 2) by (Ywzaz, 2z2) and integrating we
get

1d (!

1 1
2dt J, 0
1

)
0
9 ' 2 2 Q 2 2 2
P 4 e) 4 S [+ 1P +1P).

€ Jo
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Choosing € > 0 small enough, we have

1d

1 1
< c/o (2l + lyasl?) +c/0 (el + 112 + |f2]2)

1

Applying Gronwall’s lemma to the above inequality and by using the fact that y, € L2(Q7) (at least) from the
well-posedness result in Proposition C.1, we get

H(yaZ)||L°c(0,T;Hg(0,1)xH5(0,1)) <C (H(Z/OaZO)||H§(0,1)xH§(0,1) + ||(f17f2)H[L2(QT)]2) : (C.9)

Once we have (C.9), by integrating the inequality (C.8) in (0,7"), we get

(s 2)l 20,714 0,1) x B2 (0,1)) < C (”(yOvZO)HHg(O,l)xHé(O,l) + ||(f17f2)H[L2(QT)]2) . (C.10)

Then, from the equations of y and z, we have y; € L?(Qr) and z € L?(Qr) with the desired estimate as in
(C.7) (due to (C.9) and (C.10)). Moreover, we have y € C°([0,T]; H3(0,1)) and z € C°([0,T7]; H}(0,1)) (using
[30], Thm. 4, Chap. 5.9).

The proof is finished. O
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