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ESCAPE FROM COMPACT SETS OF NORMAL CURVES IN
SUBFINSLER CARNOT GROUPS

ENRrRICO LE DONNE!® AND NicoLA PADDEUM*

Abstract. In the setting of subFinsler Carnot groups, we consider curves that satisfy the normal
equation coming from the Pontryagin Maximum Principle. We show that, unless it is constant, each
such a curve leaves every compact set, quantitatively. Namely, the distance between the points at time
0 and time ¢ grows at least of the order of t'/®, where s denotes the step of the Carnot group. In
particular, in subFinsler Carnot groups there are no periodic normal geodesics.
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1. INTRODUCTION

This paper originates from the following question: can subRiemannian manifolds have arbitrarily short

geodesic loops? Important subRiemannian manifolds are Carnot groups, which have dilation structures and
therefore are self-similar. Hence, for these spaces, the question rephrases as: do geodesic loops exist in a Carnot
group? We remark that not only geodesic loops do not exist in the Euclidean spaces, but also do not exist
in normed vector spaces with strictly convex norm. Finite-dimensional normed vector spaces are exactly the
Carnot groups of nilpotency step 1, equipped with geodesic distances. We refer to [1] and [2] for an introduction
to Carnot groups and the fact that when equipped with their Carnot—Carathéodory distances they are exactly
the metric spaces that are homogeneous, locally compact, geodesic, and admit dilations.
Some difficulties in Carnot groups are that the distance function may not be convex, that at every scale there
exist pairs of points joined by more than one geodesic, and geodesics may not be globally length-minimizing.
However, the biggest difficulty, as in other subRiemannian problems, is the presence of geodesics that are singu-
lar points of the end-point map, which we call the abnormal geodesics. By the Pontryagin Maximum Principle
we know that if a geodesic is not abnormal, then it satisfies a geodesic equation called the normal equation. The
curves satisfying the normal equation, called normal curves (or normal trajectories), are more manageable. In
this paper we focus on normal curves and we prove that, except for the constant ones, they cannot form loops
and actually they leave every compact set in a quantitative way. The main result of this paper is the following
statement.

Theorem 1.1 (Normal curves leave compact sets). Let G be a subFinsler Carnot group of step s. Fix a norm

N on T,;*(O)G. Then, there exists a constant € > 0 such that for every normal curve v : R — G parametrized by
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arc-length there holds

€

N(V)?

d(y(t),7(t)) = it—t|* —1, Vt,t' €R, (1.1)

w|=

for every covector A associated to vy, see Definition 2.25.

We remark that if a normal geodesic 7y is abnormal then there are several covectors associated to «y. Clearly,
considering the covector with minimal norm, one gets the strongest conclusion. As a consequence of Theorem 1.1
we rule out the presence of some geodesic loops.

Corollary 1.2. In subFinsler Carnot groups normal loops are constant.

We stress that the above corollary has been know to be true in step 2 Carnot groups (by the complete
integration of geodesics) and in jet spaces by the work of Bravo-Doddoli [3]. Moreover, a similar question arose
in geometric group theory of the large-scale geometry of nilpotent groups. In fact, because of the work of Hoda
[4], it would be important to prove that Carnot groups cannot have isometric copies of the standard unit circle.
The latter result is known for finite-dimensional normed spaces and was proven by Creutz, see [5], Lemma 1.7.

1.1. The basic case of loops in subRiemannian Carnot groups

We give here a simpler proof of the non-existence of normal loops in subRiemannian Carnot groups. The
same idea will be pushed to prove Corollary 1.2 and to show the quantitative result of Theorem 1.1.

Proof of Corollary 1.2 for subRiemannian Carnot groups. Let G be a subRiemannian Carnot group with left-
invariant scalar product (-,-) on the first stratum V;. Let v : [0, 1] — G be a normal geodesic that makes a loop.
Without loss of generality we assume v(0) = v(1) = 1¢.

Let u € L?([0, 1]; V1) be the control of 7, see Section 2.3 for this standard terminology. Since ~ is normal, by
definition u satisfies the normal equation: for some X € (T,1)G)* and all controls v € L*([0,1]; V1) we have

AMdEnd, v) = (u,v)rz, (1.2)
where End is the end-point map from 1¢, see for example [6], Corollary 8.8. When v = u we get
AMdEnd, u) = |Ju]|2.. (1.2bis)

Now the idea is to consider the curve dilated by the Carnot dilations: for 7 > 0 let §, : G — G be the dilation
of factor 7. On the one hand, we obviously have (d, o v)(1) = 1. On the other hand, the control of the curve
0 o~y is Tu. Hence we have that

End(tu) = 6-(End(u)) = 1g, V7 >0. (1.3)
Equation (1.3) implies that
d
dEnd, u = — End((1 + €)u) =0. (1.4)
de =0

Consequently, equations (1.4) and (1.2bis) imply that ||u||r2 = 0 and therefore ~ is the constant curve. O
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1.2. The strategy of the proof

We present here the key ideas that we shall use in the proof of Theorem 1.1. We work in the context of

subFinsler spaces, smooth manifolds equipped with a distribution, in which the distance between two points is
given by the infimum of the lengths of paths tangent to the distribution joining the two points. The length is
measured with respect to a continuously varying norm.
We start by writing the normal equation coming from the Pontryagin Maximum Principle in terms of the
subdifferentials of the energy, see Proposition 2.14. We use this formulation of the normal equation to get the
analog of (1.2bis), which expresses the energy of a normal control u in terms of some covector A applied to
d End, u. We then use the properties of the one parameter subgroup of dilations ¢ to define the vector field

d
3(g) = &&(g) _ Vg e@.

-

The first key point is that we have §(End(u)) = d End,, u, see (3.11). In particular we shall get

-

[lul[7: = A(3(End(u)). (1.5)
We show that g — )\(5 (g9)) is a finite sum of homogeneous functions of degree of homogeneity smaller than the
step s, and therefore it can be bounded by Cd(1,¢)® when d(1,g) > 1, for some constant C' > 0. This bound,
together with (1.5), will give (1.1).

1.3. Some technicalities arising from the non-differentiability of the norm

In this article we consider Carnot groups that are arbitrarily equipped with homogeneous geodesic distances.
Namely, on the first layer we have symmetric norms that may not come from scalar products, nor are smooth
away from 0. Working in such a general setting produces some technical difficulties that we briefly point out in
this short section.

In subRiemannian geometry, one says that a curve defined on an arbitrary interval is normal if it admits a
lift to the cotangent bundle that solves a particular ODE (the normal equation, see Rem. 2.16). In the setting
of subFinsler geometry, such an ODE is no longer available. Still, in this setting, one starts by defining normal
curves whose domain is [0, 1], or, by affine rescaling, any compact interval. Subsequently, curves whose domain
are arbitrary intervals are said to be normal if they are normal when restricted to each compact interval of the
domain. We therefore need to pay particular attention to the definition of the covector associated to a normal
curve. To do so, we make use of the Lie group structure in order to avoid some technicalities: the key point
is that the flow along the curve of any such covector extends to some right-invariant 1-form. In the context of
subRiemannian geometry, the two definitions of normal curves coincide, and the covector associated to a normal
curve is the initial point of the lift of the curve to the cotangent bundle.

Another problem arising from the non-differentiability of the norm is the lack of the Langrange multipliers
rule that is available for smooth norms (see for example [6], Thm. 8.7). We solve this problem re-writing the
Pontryagin maximum principle in terms of subdifferentials (Prop. 2.14) and then proving a weaker version of
the Lagrange multipliers rule (Cor. 2.21).

1.4. Organization of the paper

The paper is organized as follows: we dedicate Section 2 to a brief presentation of the notions of subFinsler
geometry that we need in the paper. We recall the definitions of subFinsler manifolds, Carnot groups, and
self-similar spaces; we define normal curves and we characterize them in terms of subdifferentials of the energy.
In Section 3, we prove the main results of the paper. We also prove a slight generalization of Corollary 1.2 to
self-similar spaces, see Theorem 3.5. Section 4 contains some examples: we show that length-1 normal geodesics
can stay arbitrarily close to the starting point and that the exponent % in Theorem 1.1 is the biggest possible.
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2. PRELIMINARIES

2.1. SubFinsler geometry and Carnot groups

We start recalling some basic definitions and facts from subFinsler geometry following [7] and [8], Section 3.

Definition 2.1. Let M be a smooth manifold. A distribution on M is a subbundle of the tangent bundle.
We call a distribution bracket-generating if, in some neighborhood of every point, the Lie algebra generated
by vector fields tangent to the distribution contains a frame for the tangent bundle on that neighborhood.
A subFinsler manifold is a smooth manifold M, with a bracket-generating distribution A and a continuously
varying norm || - ||, equipped with the Carnot—Carathéodory distance

1
dee(z,y) == inf{/ [|5(¢)]|dt !7 : [0,1] = M absolutely continuous; 2.1)
0 .

Y(t) € Ay, for ae. t €[0,1];7(0) = z;v(1) = y}.

The fact that d.. is a distance is guaranteed by Chow—Rashevskii Theorem (see for example [9], Sect. 1). In
this paper we focus mainly on Carnot groups: particular Lie groups with left-invariant distributions and norms.

Definition 2.2. A stratification of a Lie algebra g is a decomposition of g as a direct sum g = V| @ ... ® V; with
V1, V] = Vi, Yied{l, .., s}, (2.2)

where V11 := {0}. The subspaces V; are called strata of the stratification. A Lie algebra equipped with a
stratification is called stratified. A subFinsler Carnot group is a simply connected Lie group with stratified Lie
algebra, with the left-invariant extension of the first stratum as distribution and a left-invariant norm, equipped
with the Carnot—Carathéodory distance.

Carnot groups are self-similar, in the sense that there are natural automorphisms that act as homotheties.

Definition 2.3. Let G be Carnot group with stratified Lie algebra g = Vi & ... & V. The dilation 6, : G — G
of factor 7, with 7 € R, is the Lie group automorphism defined by setting

(6:)«(v) =T, Vie{l,..,s}, YweV,. (2.3)

The presence of dilations will be crucial in our proof of the non-existence of non-constant periodic normal
geodesics, see (3.11).

2.2. Homogeneous spaces and self-similar distances

In differential geometry, the term homogeneous space is referred to the quotient space of a Lie group modulo
a closed subgroup, in order to still have a transitive action of the Lie group. However, in metric geometry and,
more generally in analysis on metric spaces, the term homogeneous is referred to functions that gets multiplied
by some dilations of the space. Every metric space admitting a dilation, also called homothety, is said to be
self-similar.

In subFinsler geometry, self-similar spaces are well characterized. As differentiable manifold they have a
homogeneous structure of a quotient space of a Carnot group modulo the action of a dilation-invariant subgroup
via left-multiplication. However, the well-defined action on the right is not by isometries. Hence they are not
isometrically homogeneous spaces. They are still called homogeneous because they admit dilations. To avoid
this double use of the word homogeneity, we shall call them self-similar (subFinsler) spaces. By the work of
Bellaiche ([8, 10]) we know that the metric tangents of subFinsler manifolds are self-similar spaces.
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Definition 2.4. A self-similar subFinsler space is a subFinsler manifold obtained as the quotient space of a
(left-invariant) subFinsler Carnot group with respect to the left-action of a dilation-invariant subgroup, and
it is equipped with the quotient distribution. Namely, assume that G is a Carnot group with distribution A
and left-invariant norm || - || and that H < G is a closed dilation-invariant subgroup. On the quotient manifold
H\G :={Hg : g € G} we define a subFinsler structure that makes the projection 7 : G — H\G a submetry: we

take AH\G = m,A as distribution and we define the continuously varing norm on H\G setting for all p € H\G
and for all v € (m,A), C Tp(H\G)

(o]l j6)p = inf{||wlly - ¢ € 77 (p), w € T, A, drg (w) = v}. (2.4)

Being H dilation invariant, the dilations of G pass to the quotient and define dilations on H\G. Thus, on a

self-similar space H\G, we call H the origin, since it is the only point fixed by dilations. We remand to [10],
Section 7 for a presentation of self-similar spaces.

2.3. Pontryagin Maximum Principle and normal curves

In the remaining part of this section we define the end-point map and we state the Pontryagin Maximum
Principle. Afterwards, we present normal curves and we characterize them using subdifferentials of the energy.

Definition 2.5. (Controls) Fix a finite-dimensional normed vector space V. We denote by (V') the Hilbert
space L%([0,1]; V) and we call its elements controls.

Let M be a subFinsler manifold with distribution A, choose Xj,...,X,, € Vec(M) such that
Span({X1(p), ..., Xm(p)}) = A, for every p € M. Notice that such a set of vector fields always exists by Whit-
ney’s Theorem, see [6], Section 3.1.4. To each control u € Q(R™) and each point p € M we associate the unique
curve v, : [0,1] = M solving

() = S wi(6) X, (vu(t)), for ae. t €(0,1]; 25)
Yu(0) = p.
Remark 2.6. The existence and uniqueness of a solution of (2.5) is guaranteed by the Carathéodory Existence
and Uniqueness Theorem (see [11], Thm. 3.4). A priori, for arbitrary manifolds, the maximal interval of definition
of this solution ~, may be strictly contained in [0,1]. When the manifold is complete, like in the case of Lie
groups, short-time solutions stay in compact sets, hence we have global solutions, see [12], Chapter 2, Theorem
1.3. In our article, to simplify the notation, we will assume the solution v, of (2.5) to be defined on the whole
interval [0, 1] for every u € L?([0,1];R™). This is not restrictive for our purposes, since, as we said, on Carnot
groups the latter statement is always true.

We shall say that -, is the curve with control w starting at p, or that w is a control of ~,. Two different
controls could lead to the same curve, because the vector fields X;’s may not be linearly independent at some
point. Moreover, every curve of finite length admits a reparametrization with control in 2. We use equation (2.5)
to define the flow along a control. This will be useful for the computation of the differential of the end-point
map.

Definition 2.7. (Flow along a control) Let M be a subFinsler manifold with distribution A, let X7, ..., X,, €
Vec(M) be such that Span({Xi(p), ..., Xim(p)}) = A, for every p € M. The flow along a control v € Q(R™) is
the map ¢ : [0,1] x M — M defined as

&' (p) :==vu(t), Vte[0,1], Vpe M, (2.6)
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where 7, is the curve solving (2.5). For fixed s,t € [0,1], with s < ¢, we will write ¢’ : M — M for the flow
from s to t:

A C (2.7)

Example 2.8. Let G be a subFinsler Carnot group with first stratum V;. Let X, ..., X,,, be a left-invariant
frame of the first stratum. Using the frame X7, ..., X,,, identify L?([0,1];R™) with L?([0,1]; V7). For all p € G
and u € L2([0,1]; V1), equation (2.5) rewrites as

{%’L(t) =dL,, u(t), for a.e. t €[0,1]; (2.8)

Yu(0) = p.

In particular, if ¢ : [0,1] x G — G is the flow along a control u € L%([0,1]; V1), see (2.6), then it is trivial to
check that for all p € G the curve t — L,(¢'(1¢)) solves (2.8). Consequently,

¢'(p) = Ryt (16)(p), Vp € G, ¥t € [0,1]. (2.9)

Definition 2.9. (End-point map) Let M be a subFinsler manifold with distribution A. Choose X1, ...., X,,, €
Vec(M) such that Span({Xi(p), ..., Xim(p)}) = A, for all p € M. Fix a point p € M. The end-point map End :
Q(R™) — M associated to X7, ..., X,, and p is defined as

End(u) := v, (1), (2.10)

where 7, solves (2.5). In a Carnot group we usually assume the point p to be the identity element and X1, ..., X,
to be a left-invariant frame of the first stratum.

Proposition 2.10. (Differential of the end-point map, [6], Prop. 8.5). Let M be a subFinsler manifold with
distribution A, let X1, ..., X, € Vec(M) such that A, = Span({X1(p), ..., Xim(p)}) for everyp € M. Fiz g € M.
Denote with End : Q(R™) — M the end-point map associated to Xy, ..., X,, and q. Then End is smooth on
Q(R™) and

m

dEnd, v = /0 (6D, 3 wOX,( ()t Vu,v € QR™), (2.11)

i=1

where ¢ is the flow associated to the control u and y(t) := ¢'(q), see (2.6).

Definition 2.11. (Energy) Let M be a subFinsler manifold with a continuously varying norm || - || : A — R.
The energy at a point p € M is the function E, : A, — R defined as

1
By =5l I

For each absolutely continuous curve v : [0,1] — M, with 4(¢) € A for a.e. t € [0,1], we define its energy as
1.
3 Jo [ @)7dt.
The curves realizing the infimum in (2.1) are called length-minimizing. It is well-known that the same infimum
is realized by minimizers of the energy, considering length-minimizing curves re-parametrized by constant speed.

We are now ready to state the well known Pontryagin Maximum Principle, which gives first-order necessary
conditions for curves to be energy-minimizing.
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Theorem 2.12. (PMP, [13], Thm. 12.10). Let M be a subFinsler manifold with distribution A, let X1, ..., X,, €
Vec(M) such that A, = Span{X1(p), ..., X;n(p)} for every p € M. For every v € R and v = (v1, ..., v,) € R™;
define hy, : T*M — R as

hvw(n) = <77a ZviXi(ﬂ-(n))> + VETr(n) <Z UZX1(7T(77))> ) VU € T*Mv (212)

=1 =1

where m : T*M — M s the canonical projection. If a curve v : [0,1] — M with control u € Q(R™) is energy-
minimizing, then there exists v € {—1,0} and an absolutely continuous curve n : [0,1] — T*M such that
(n(t),v) #0 for all t € [0,1] and

1(t) = huy (0(t)), for ae. t €[0,1]; (2.13)

Py, (0(t)) = hy(n(t)), Yo € R™, for a.e. t € [0,1], (2.14)

where Eu(t))y(n(t)) is the Hamiltonian vector field associated to hy)., see [13], Section 11.5.2 or (2.20).

In this paper we will use a reformulation of Proposition 2.12. We first need to recall the definition of
subdifferential.

Definition 2.13. (Subdifferentials) Let V be a vector space and f : V — R. A subdifferential of f at v € V is
a linear function a : V' — R such that

a(u—v) < f(u) — f(v), YueV. (2.15)

We will use 9, f to denote the set of subdifferentials of f at v.

It is an easy exercise to check that the set of subdifferentials of a convex function is always a non-empty
closed convex set. Let V be a vector space endowed with a norm | - ||. In this article, we are interested in
subdifferentials of the energy function E := 1| - ||>. We briefly recall here two properties that subdifferentials of
E possess. Let u € V and a € 9, E. Then

a(u) = [lull; (2.16)
a() < vlllfull, YveV. (2.17)
For a proof of (2.16) and (2.17) we refer to [14], Lemma 2.19. In sub-Finsler geometry, we can state the PMP

in terms of subdifferentials of the energy function.

Proposition 2.14. (subFinsler PMP revised) Let M be a subFinsler manifold with distribution A, let
X1,..., X € Vec(M) be such that A, = Span({X1(p), ..., Xm(p)}) for every p € M. If a curve v :[0,1] - M
with control u is energy-minimizing, then there exists \ € T;(l)M such that either

(Qstl)* PNS aﬁ(t) Ew(t), for a.e. t €10,1], (2.18)
or A# 0 and
AM(gr), X) =0, Vte[0,1], VX € Ay, (2.19)

the function ¢ denoting the flow along the control u, see (2.6).
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Before the proof of Proposition 2.14, we make two small remarks.

Remark 2.15. The above A may not be unique, and some such curve v may admit a A with property (2.18)
and another A with property (2.19).

Remark 2.16. If the energy E. ) is differentiable at (t), then 05 ) E,¢) = {ds ) £y s }- Thus, equation (2.18)
rewrites as

(67)" A = ds) By n)-
However, in this paper we do not assume the differentiability of the energy, since it is not needed for our
purposes.

Proof of Proposition 2.14. By Proposition 2.12 if a curve 7 : [0,1] — M with control u is energy-minimizing
then there exist v € {—1,0} and an absolutely continuous curve 7 : [0,1] — T*M such that 7(0) € 170 M,

(n(t),v) # 0 for all ¢ € [0,1], and equations (2.13) and (2.14) hold. It is well known (see for example [13],
Sect. 12.2) that equation (2.13) rewrites for all ¢ € [0, 1] as

m(n(t)) = ¥(t);
{’7(’5) = (o4)" n(1). (2.20)

Setting A := (1), by (2.20) and the definition of h, , in (2.12) we have that

how(n(t)) = <(¢%)* A, Zvixi(v(t)>> +vE, (Z m&-(v(t))) : (2.21)

i=1 i=1
In the first case, when v = —1, equation (2.14) is equivalent to, for all v € R™,
<(¢t1)* A uiX(y(t) - W(t)> < By (Z viXi(V(f))> —E, ) (3(1)).
i=1 i=1

When v varies, the vector Y7, v;X;(y(t)) gives an arbitrary element of the domain of E. ). Hence, we have
that equation (2.14) is equivalent to (2.18). In the second case, when v = 0, then necessarely A # 0. By (2.21),
equation (2.14) rewrites as

<(¢%)* A uiXi(y(1) - w<t)> <0.

Noticing that we are applying (¢>t1)* A to an arbitrary element of A, ), we finally deduce that in this second
case equation (2.14) is equivalent to (2.19). O

Definition 2.17. (Normal and abnormal curves) In the setting of Proposition 2.14, let 7 : [0,1] — M be an
absolutely continuous curve with control u. We say that «y is a normal curve if there exists a covector A € T, ;(I)M
such that (2.18) holds. While we say that ~ is an abnormal curve if there exist a covector A € 177, M \ {0} such
that (2.19) holds.

Note that a curve could be normal and abnormal, simultaneously. We next define normal curves also with
domain different than [0, 1].
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Definition 2.18. Let M be a subFinsler manifold with distribution A and let I be an interval. An absolutely
continuous curve 7 : I — M is a normal curve if the restriction of v to every compact subinterval of I, when
affinely re-parametrized in [0, 1], is a normal curve in the sense of Definition 2.17.

The following remark ensures that the restriction of a normal curve to every subinterval of its domain is a
normal curve and therefore that Definition 2.18 is well posed.

Remark 2.19. Let M be a subFinsler manifold with distribution A. Let v : [0,1] — M be an absolutely
continuous curve with control u and A € T77,) M be a covector for which (2.18) holds. Fix a,b € [0, 1], with
a < b, and consider the curve v, : [0,1] — M defined by

Yab(t) = y(a+ (b—a)t), Ve [0,1]. (2.22)

We claim that -y, satisfies (2.18) with covector A, := (gb;)* (b — a)\, where ¢ denotes the flow along u. Indeed,
we have for all ¢ € [0,1] that

Yav(t) = (b—a)y(a+ (b—a)t), (2.23)

(Bab)i = Do (b—ays (2.24)

where ¢, denotes the flow along the control ¢ — (b — a)u(a + (b — a)t) of v4p. Thus, for all ¢ € [0, 1], we have

((9a)f) A = ((dar)r)” (d2)" (b—a)X
C20 (8 )™ (61)7 (b= a)A (2.25)
= (b= a)(Pap(p_ay) N

Moreover, since v and \ satisfy (2.18), we have

( i+(b7a)t)*)‘ € Os(at(b—a)t) By(atrp—ayt), YVt € [0,1], (2.26)

By definition of subdifferential and of E, if for some p € M, v € T, M, and a € T; M we have that a € 9, Ey,
then 7a € 0, E,, for every 7 > 0. Therefore, equations (2.23), (2.25), and (2.26) imply

((‘éab)%)* Aab S 8"}/,,,5(15) E'Yab(t)’ Vt € [0, 1] .
With the very same strategy used to prove Remark 2.19, given a normal curve in the sense of Definition 2.18,
we obtain the following formula for the covector of the affinely reparametrized curve.

Remark 2.20. Let M be a subFinsler manifold with distribution A and 7' € R. Let v : [0,7] - M be a
normal curve and define 7 : [0, 1] — M by setting J(t) := y(T't). Let u be a control of ¥ and let ¢ be its flow.
Let A € T3 M be a covector for which ((ﬁ%)* A € 054y E5(1) holds. Then for all ¢ € [0, 7] we have

* 1 _
(0%) 7A€ 050 By -

From Proposition 2.14 and the formula of the differential of End in Proposition 2.10 we can get an analog of
(1.2bis) for subFinsler manifolds.

Corollary 2.21. (Normal equation and end-point map) Let M be a subFinsler manifold with distribution A.
Choose X1, ..., Xm € Vec(M) such that Span({X1(p), ..., Xm(p)}) = A, for every p € M and fix g € M. Denote
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with End : Q(R™) — M the end-point map associated to X1, ..., Xy and q. Let v : [0,1] = M be a normal curve
with control w such that v(0) = q. Let A € T7 ;)M be a covector for which (2.18) holds. Then

1
AdEnd, w) = [ (0] (2.27)

Proof. By Proposition 2.10 taking v = u, we have

A(dEnd, ) :/0 A ((qsg)*z:ui(t)xi(v(t))) dt,

1
= /0 A(or), () dt. (2.28)
By (2.16) and (2.18) we have

((61)"2) GO = KNP, for ae. t € [0,1], (2.29)
Equations (2.28) and (2.29) imply (2.27).
O

In the case of Carnot groups we always choose a left-invariant frame as the set of vector fields spanning the
distribution A at each point. Therefore, we interpret controls as functions u € L2([0, 1]; A;): the left translation
to the origin of the derivative of the associated curve. The flow along a control coincides with the right-translation
along the associated curve, hence we rewrite Proposition 2.14 and Corollary 2.21 as follows:

Proposition 2.22. Let G be a subFinsler Carnot group with first stratum Vi equipped with a left-invariant
norm. Let {Xy,..., X,;n,} be a left-invariant frame of the first stratum. Let End be the end-point map associated
to X1, ..., Xm and 1g. Let v : [0,1] — G be an absolutely continuous curve with control u € L*([0,1]; V1) and
such that v(0) = 1. Then, the curve 7y is normal if and only if there exist A € (Lie(G))* such that

Ao Ady(t) € au(t) Ei, for a.e. t €[0,1]. (2.30)
Moreover, if X is a right-invariant 1-form on G satisfying (2.30), then

AMdEnd, u) = |Ju]|2.. (2.31)

Proof. Given a right-invariant 1-form A on G we denote by \ its restriction at T,1)G, so e T;(l)G. Since the
flow along u is ¢' = Ry), see (2.9), there holds
Yy -1
(¢¢) A =AodRyq)o dit )
= AodR_} vt € [0, 1].

v(t)’

Consequently, the curve v is normal, which by definition means that some covector A € T:(l)G satisfies (2.18),
if and only if

Ao dR;(lt) € 041y Ey(1), forae. t € [0, 1].
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Being 4 = dL,u (see (2.8)) and being E left-invariant, the last equation is equivalent to

Ao dR;(lt) o dL—y(t) € 6u(t) E,, for ae. t €]0,1],
which is exactly (2.30). Thus the first part of the proposition is proved. Finally, Corollary 2.21 rephrases as
equation (2.31). O

We next prove a property of normal curves that, in the case the norm is smooth, is a well known fact: Normal
curves have constant speed.

Proposition 2.23. Let G be a Carnot group and ~y : [0,1] — G be a normal curve. Then v is parametrized by
multiple of arc-length.

Proof. Let u be the control for v and A € Lie(G)* be a covector such that (2.30) holds. For ¢ € [0,1], set
F(t) := ||u(¢)||- Denote with || - || : Lie(G)* — R the Lipschitz function

[nll+ := max{n(v) [ve Vi, |ol =1}, Vn e TYG,
We first remark that by equations (2.16), (2.17), and (2.30), we have for a.e. t € [0,1] that
F(t) =||[AoAdyw), - (2.32)

Since A o Ad, is a continuous function defined on a compact set, it is bounded, thus by (2.32) we have u €
L*>([0,1],V1) and therefore « is a Lipschitz function. Using again (2.32), we have that F' is Lipschitz and
differentiable almost everywhere.

We claim that F is non decreasing. Indeed, we show that F'(t) > 0 for all t € A := {t’ € [0,1] |
F and ~ are differentiable at ¢'}. Fix t € A. For € > 0 we have

(2.32)

F(t+e)[u®)] Ao Adygura [, llul)]

> Ao Ady(t-&-e) (u(t))
= NoAdyg (u(®) + eho Adygy ([ult), u(t)]) + o(e)

@S0 Py lu@)]] + o(e).

If Ju(t)|| # 0 we get from the above equation that F’(¢) > 0. If F(¢) = ||u(t)|| = 0, then necessarily F’(t) > 0
since F' > 0. Thus the claim is proved.

We are left to show that F' is non-increasing. Consider the curve o : [0,1] — G defined for all ¢t € [0,1] by
o(t) :=v(1 —t). It is easy to check that o and —\ solve (2.30), thus o is a normal curve. In particular, by the
reasoning made above, the norm of its control [0,1] 3 ¢ — u(1 — ¢) € V; is non-decreasing. As a consequence,
we have that F' is a non-increasing function. O

Remark 2.24. Let G be a Carnot group, I C R is an interval, v : I — G a normal geodesic, and u := dL;l’y.
From Proposition 2.22 and Remark 2.20 we have that for every compact interval J C I there exists a covector
A € TYG such that for every ¢t € J we have

Ao Ady(t) S 8u(t) E;. (2.33)
A priori the covector A depends on the interval J. However, similarly as in [14], Section 3.1, one can actually

prove that A can be chosen independently of the interval J. Consequently, one can choose the covector A in a
way that equation (2.33) holds for every ¢ € I.
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Definition 2.25. Let G be a subFinsler Carnot group, I be an interval, with 0 € I, and v : I — G be a normal
curve. Set u := dL;'4. If 4(0) = 1¢, we say that X € 17 )G is a covector associated to vy if

Ao Ad.y(t) € 6u(t) Eq, forae. t€l. (2.34)

-1

If v(0) # 1¢, the covector associated to + is by definition A := Ao dRﬁ/(O

-1
Ly e

) where X is the covector associated to

3. PROOF OF MAIN RESULTS
3.1. The differential of the dilations

This subsection is devoted to a computation of the differential of the one-parameter family § of dilations in
Carnot groups. The aim is to write the vector field

o(g) = Eé'r(g) (3.1)

as a linear combination of right-invariant vector-fields. Then, using the particular form of the coefficients of

this combination, we will get an estimate of A(d(g)) in terms of the distance d(1,g) for every right-invariant
1-form A.

Definition 3.1. Let G be a Carnot group with stratified Lie algebra g = V; @ ... ® V. An ordered basis
X1, ..., X, of g is adapted to the stratification if

X;€Vy, Vi€l s Vie{l,.,m}st. > dim(Vp)<i< > dim(Vi),

1<k<j-1 1<k<j

where we are setting Vg := {0}.
We say that a vector X € g has degree of homogeneity j € {1, ...,s} if X € V;. We say that a function f : G -+ R
is homogeneous of degree o € R if fod, = 7*f for all 7 > 0.

Lemma 3.2. Let G be a Carnot group, fiz a basis Xq, ..., X, adapted to the stratification and let 5 be as in
(3.1). Then

5= PX], (3.2)
1=1

where, for each i € {1,...,m}, we denote by X}L the right-invariant extension of X; and P; : G — R are
homogeneous functions of degree d;, the integer d; € N being the degree of homogeneity of X;.

Proof. Fix 7 > 0. For all g € G we have

d -

(6:).8) (9) = 50r 006 0))| = hile)] = 5o) (33)

Moreover, for all i € {1,...,m} there holds
(6-), X = % X], (3.4)

since (8,), X! (1¢) = 7% X/ (1¢) and (6,), X/ is a right-invariant vector field, being &, a group homomorphism
and XZT right-invariant.
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Since & is a smooth vector field there exist smooth functions Py, ..., Py, : G — R such that (3.2) holds. To
conclude the proof of the lemma we have to show that

Piob, =1%P;, Vie{l,..,m}. (3.5)

For all i € {1,...,m} we have

and consequently (3.5) holds. O

The identity found in Lemma 3.2 allows us to give an estimate of the value that we get applying a right-

-

invariant 1-form to the vector d(g) defined in (3.1). Up to constants, the bound we find depends only on the
covector and on the distance of g from the origin. To get a quantitative estimate we fix a norm on the Lie
algebra.

Definition 3.3. Let G be a Lie group and A € T}*G. Choose a basis { X7, ..., X;;} of T1G and define

N()) = Z IN(X3))- (3.6)

Up to a multiplicative constant the norm N is equivalent to every other norm on 77 G.

Lemma 3.4. Let G be a Carnot group. Define § as in (8.1). There exists a constant C > 0 such that for every
right-invariant 1-form A we have

-

>‘(5(g)) < CN(Al) max(d(lvg)v d(17g)s)7 Vg € G7 (37)

where N (A1) is defined as in Definition 3.5.

Proof. Choose a basis X1, ..., X,, adapted to the stratification; call {X;r}ie{17.._7n} the right-invariant extension
of this basis. Let d; € N be the degree of homogeneity of X;. From Lemma 3.2 we have that (3.2) holds. For all
i € {1,...,n}, being the function P; homogeneous of degree d;, there exist a constant C; > 0 such that

Py(g) < Cid(1,9)", Vg €G. (3.8)
Setting C' = maxy, _, C;, for every right-invariant 1-form A, by definition of N (A1), we have

AE(9) 23 g L ON ) max(d(1. ). d(1.g)"). Vg € G. (3.9

This concludes the proof of the lemma. O
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3.2. Proof of Theorem 1.1

We are now ready to prove the main result of this paper.

Proof of Theorem 1.1. Let v : R — G be a normal curve parametrized by arc-length. Without loss of generality
we assume t' = 0, t > 0 and 7(0) = 1g. Since all norms on 77 G are equivalent, we don’t lose generality
assuming that N is the norm defined by (3.6). Choose a covector A associated to v (see Def. 2.25). Denote with
A also the right-invariant extension of A. Denote with V; the first stratum of the stratification of Lie(G). For
t > 0, denote with uy € L?([0,1]; V1) the control of the curve 7, : [0,1] = G, 7.(7) := 70,4 (¢7) for all 7 € [0, 1].

For every ¢ > 0, we have

d
dEnd,, u; = s End(7uy)
T

T=1
Being 7u; the control of d,7;, we can rewrite (3.10) as

-

dEnd,, u; = diér(End(ut)) = 0(End(u)), ¥Vt >0,
T

r=1
where § is defined by (3.1). Applying Lemma 3.4, we get that there exists a constant C' > 0 such that
A(6(End(w))) < CN(A) max(d(1, End(u)), d(1, End(u,))®), Vt > 0.
By (3.11) and (3.12), and being End(u;) = v(t) for all ¢ > 0, we have
A(dEnd,, ur) < CN(X) max(d(1,~(¢)),d(1,v(¢))®), Vt>0.
Moreover, we have from Remark 2.20 and Proposition 2.22 that
tA(dEnd,, u¢) = (length(v|p,))* = ¢, V¢ > 0.

From equations (3.13) and (3.14) we get for every ¢t > 0 that

£ < CN() max(d(1L, (), d(1,7(£))°).
In particular, for ¢ > CN () we must have

a(1,A(8) > 1,

and therefore

max(d(1, (), d(1,7(£)*) = d(1,4())"
Thus, for all ¢ > CN(A), equation (3.15) becomes

t< CN((L ()"

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

Set € := C~5. If t > CN()) equation (1.1) is a conseqeuence of (3.16). If t < CN()) equation (1.1) is trivially
true being the right-hand side less or equal than 0. We showed that (1.1) holds for every ¢ > 0, thus we concluded

the proof of the theorem.

O
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3.3. Proof of Corollary 1.2

This section is devoted to the proof of Corollary 1.2. We will actually prove a stronger statement:
Theorem 3.5. In self-similar spaces, normal loops starting from the origin are constant.

Proof. Let G be a Carnot group and H < G be a subgroup invariant under the action of dilations. Denote with
m:G— H\G the canonical projection. Fix a left-invariant frame X7, ..., X,,, of the first stratum of G and write

X, =mX; forie{l,..,m}. Let v:[0,1] — H\G be a normal curve, with control u € L?([0, 1]; R™), such that
7(0) =~(1) = 7(1g). Being v normal, by Corollary 2.21 there exists a covector A € 177, (H\G) such that

1
NaEnd,w) = [ 0] (317)

If we denote with ¢, : H\G — H\G the dilation of a factor 7 € R, we have (d,), X,; = 7X,. Thus, the control of
the curve 0, oy is Tu. As a consequence,

d
dEnd, u = diEnd(a Fu)| = Soun(Endw)| =0, (3.18)
€ €

e=0

e=0

where in the last equality we used that §(;4 ¢ (End(u)) is constantly equal to w(1g). Using equations (3.17) and

(3.18) we deduce that the curve v is constant. O
4. SOME EXAMPLES

4.1. Curves with end-point arbitrarely close to the origin

Even if by Theorem 3.5 we know that in Carnot groups non-constant normal loops do not exists, we can find
normal curves of length 1 whose end-points are arbitrarily close. We present a simple example in the Heisenberg

group.
Definition 4.1. The 3-dimensional Heisenberg group is the Carnot group (R?,-) with product law

1
(xayvz) ! (Il7yl7zl) = (I +$,7y + ylaz + Z/ - §(I/y - I’ZJ’)),VI’,y,Z,I’/,y/,Z/ € R.

In the Heisenberg group we choose as orthonormal left-invariant frame of the first stratum the two vector fields
{X,Y} defined for all ,y,z € R by

X(x,y,z) =0, — %625

Y(z,y,2) :=0, + g@z.

Proposition 4.2. Let G := (R3,.) be the subRiemannian 3-dimensional Heisenberg group. For every € > 0
there exists a normal curve 7y : [0,1] — R3, parametrized by arclength, such that v(0) = 1g and d(y(1),1¢g) < €.

Proof. For every N € N, in the coordinates of Definition 4.1, consider the curve vy : [0,1] — G defined as
IN () = (zn(t),yn (1), 2 (t)) With

cos(2rNt) — 1

w(t) = —o
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sin(2wN't)
t) = ———=;
yn (t) 2N
27Nt — sin(27 Nt)
t) =
() 8(7N)?

The curve vy is the horizontal lift of a circle of radius ﬁ travelled N times and is a normal geodesic
parametrized by arc-length (see for example [7], Section 1 for a characterization of geodesics in the Heisen-
berg group). We have vy (0) = 1 and yn(1) = (0,0, ;5 ). Therefore, for every e > 0 there exists N > 0 such

that ’yN(l) c B(lg,e). O]

4.2. Optimality of the exponent in Theorem 1.1

In complete generality we cannot obtain an estimate as the one in Theorem 1.1 with an exponent bigger than
the reciprocal of the step. Indeed, for every s € N, we provide an example of a normal curve =, in a filiform
group of step s, for which the distance of v(t) from the origin is bounded above by a constant times ts.
Definition 4.3. The subRiemannian filiform group of first type is the Carnot group with stratified Lie algebra
g=Vi& ..V, with basis X1,Y7,...,Y;, {X1,Y1} being an orthonormal basis of V4, V; = Span(Yj;) for j =
2, ..., 8, and only non-trivial bracket relations [X1,Y;] = Y1, for every i = 1,...,5s — 1.

The Lie algebra g in Definition 4.3 is an example of a Goursat distribution [15], p. 81. We recall that in
the subRiemannian filiform groups of first type all length-minimizing curves are normal (see for example [16],
Prop. 4.1).

Proposition 4.4. Let G be the sub-Riemmanian filiform group of first type of step s. Let Y be a vector spanning

the s-th stratum and vy : R — G be a normal curve with ¥(0) = 1g, 7(1) = exp(Ys) and 7|j0,1) energy-minimizing.
Then there exists C' > 0 such that for every t > 1 there holds

d(1,4(t)) < Ct=. (4.1)

Proof. Let {X;, X5} be an orthonormal frame of the first stratum. Let A be a covector associated to v, see
Definition 2.25. Since the energy at the origin is differentiable with differential

d(E1) v = (w,v), Yv,w e TG,
equation (2.34) rewrites as
MAdy Xi) = (u(t), X;), VteR,Vie{1,2}. (4.2)
We claim that

~v(m +t) = exp(mYs)y(t), Vm € N, vVt € R. (4.3)
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Indeed, the curve ¢ — exp(mYs)y(t) solves the normal equation (4.2) with respect to the covector A: for all
t € R we have

r_ /
- ex s
(exp(mY;)¥(t))" = dLexp(my.)V(t)

= dLexp(my,) Z A(Ad, 1) Xi) Xi(y(1))
i=1 (4.4)

2
= Z A(Adexp(mYs)'y(t) XZ)XZ (eXp(m}/vs)’Y(t))v
i=1

where in the second equality we used that v solves (4.2) and the last equality comes from the fact that exp(mYs)
is in the center.
We have

d(1,exp(mYs)) = d(1,6 1 (exp(Y.))) =m=d(1,exp(Ys)), ¥m € N. (4.5)

1
With equation (4.5) together with (4.3) and the triangle inequality we obtain

1
s

d(1,y(m+1)) < msd(1,exp(Ys)) +d(1,~(t)), ¥m e N,Vt € R. (4.6)

In particular, being |(,1 length minimizing and (1) = exp(Ys), we have

d(1,7(m +t)) < m*d(1,exp(Ys)) + d(1, exp(Ys))
< d(1,exp(Yy))(m* + 1)

(4.7)
< Cm*
<C(m+t)+, ¥Ym>1,¥t€0,1],
where C' = 2d(1, exp(Y5)). This concludes the proof of the proposition. O
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