ESAIM: COCV 31 (2025) 1 ESAIM: Control, Optimisation and Calculus of Variations

https://doi.org/10.1051/cocv /2024075

WWW.esaim-cocv.org

HOMOTOPY TRUST-REGION METHOD FOR PHASE-FIELD
APPROXIMATIONS IN PERIMETER-REGULARIZED BINARY

OPTIMAL CONTROL

PAuL MANNSY*® AND VANJA NIKOLIG?

Abstract. We consider optimal control problems that have binary-valued control input functions and
a perimeter regularization. We develop and analyze a trust-region algorithm that solves a sequence of
subproblems in which the regularization term and the binarity constraint are relaxed by a non-convex
energy functional. We show how the parameter that controls the distinctiveness of the resulting phase
field can be coupled to the trust-region radius updates and be driven to zero over the course of the
iterations in order to obtain convergence to points that satisfy a first-order optimality condition of the
limit problem under suitable regularity assumptions. Finally, we highlight and discuss the assumptions
and restrictions of our approach and provide the first computational results for a motivating application

in the field of control of acoustic waves in dissipative media.
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1. INTRODUCTION

Let © C R? with d € {2,3} be a bounded Lipschitz domain. We are interested in solving optimal control

problems of the following form:

with
we W2 =BV(Q,{0,1}), uecl,

subject to

u=S(w).

In (P), J is the principal part of the objective and depends on v € U, where U is the state space of an underlying
(initial) boundary-value problem for a partial differential equation (PDE). Further, w is the control input of
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2 P. MANNS AND V. NIKOLIC

the PDE and may only attain the values 0 and 1, which is reflected by our notation BV (2, {0,1}) for the space
of functions of bounded variation on € that are {0, 1}-valued almost everywhere (a.e.).

We assume that the PDE is uniquely solvable for any admissible control function w and we denote the solution
map by S : W2 — U. The optimization problem is regularized with the term vCoPq(w~!({1})) with positive
constants Cy > 0 and v > 0 and the perimeter of the level set w~!({1}) in €, that is, the function Py gives the
perimeter of a set in Q. We recall that for our binary setting, Po(w=1({1})) = TV (w) if TV : L*(Q) — [0, ]
is the total variation seminorm on 2.

Optimization problems of the form (P) arise, for example, in acoustics in the context of optimal focusing
of ultrasound waves and are particularly relevant in acoustic imaging [1] and applications of high-intensity
ultrasound waves [2]. Focusing can be achieved through the use of acoustic lenses, which represent regions
with different acoustic material properties (e.g., the speed of sound). Thus, problems of optimal focusing can
generally be treated with algorithmic approaches from optimal control and shape and topology optimization.
Excellent overviews on such methods can be found in [3, 4]. We refer to [5] for a rigorous study of an optimal
control problem for a linear wave equation with the control in the propagation speed. We also mention the
works [6, 7], which use a phase-field method to solve the problem of optimal acoustic focusing by reframing it
as an optimal control problem with the control in the phase-field function.

In this work, we combine a trust-region algorithm, see [8-10] for recent work on trust-region algorithms in
topology optimization, with ideas from phase-field models. Instead of replacing (P) with a phase-field model,
we replace the perimeter functional CoP(w™'({1})) by the Ginzburg-Landau energy E. in the subproblems
generated by the trust-region algorithm and drive € \, 0, where & controls the distinctiveness or non-binarity of
the phase field. More precisely, for € > 0, E. is defined by

€ 1
—|Vw|]? + =¥ (w)dz if w e HY(Q),
) | 510l + 29w ()

0 else,

where W is the superposition operator that is defined for all w € L*(2) and almost every (a.ee.) z € Q by

P (w)(z) = %) else.

{w(m)(l —w(z)) if w(z) € 0,1],
Consequently, the feasible set of our subproblems is relaxed to W2, := H'(;[0,1]), the space of weakly
differentiable L?(Q)-functions with weak derivative in L?(£2) that are [0, 1]-valued a.e.

To the best of our knowledge, there is not much work on the question of how to drive € \, 0 in optimization
algorithms in order to obtain beneficial properties for the limit. We start from the recent work on a trust-region
algorithm [9, 11] that allows for non-trivial geometric and thus topological changes of the level sets of the
control functions. We study a modification of this approach, where the perimeter regularization is replaced by
the Ginzburg-Landau energy and ¢ is driven to zero over the course of the iterations. In this way, the smooth-
ness allows for a relatively straightforward consistent discretization of the regularization term. In contrast, a
consistent numerical analysis for the subproblems proposed in [9] is difficult because established strategies for
the discretization of the perimeter regularizer, see, for example, [12-14], are not directly applicable, as they
use convex duality and that the projection of controls to piecewise constant functions on a given grid yields a
feasible function. Both properties are not available for (P) or induced subproblems that do not relax the binarity
constraint as in [9].

1.1. Contributions

We develop a homotopy trust-region algorithm that solves subproblems, in which the main part of the
objective J o S is linearized and the regularizer is approximated with the Ginzburg-Landau energy functional
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E.. We assume that the trust-region subproblems can be solved exactly and limit points of our iterates admit
a certain regularity condition, see the assumptions of Theorem 4.12; which can be interpreted as a constraint
qualification when relating the approach to nonlinear programming algorithms. Under these conditions, we
prove convergence of subsequences of the iterates to so-called L-stationary points of the limit problem (P),
where L-stationarity is the first-order optimality condition from [9].

Our proof uses a compactness result that requires boundedness of the Ginzburg-Landau energies for € \, 0
for (a subsequence of) the iterations of our algorithm. The boundedness is not trivial to establish because
the Ginzburg-Landau energy may increase when ¢ is reduced. We establish this property by showing how to
construct a suitable competitor that eventually becomes feasible for the trust-region subproblems and then
implies reductions of the objective whenever the Ginzburg-Landau energy exceeds a certain threshold before
the next reduction of € is triggered.

Since our trust-region subproblems are non-convex, we also show how to integrate convex subproblems’ solves
into the algorithm in order to accelerate it, while our convergence analysis only hinges on the non-convex solves
so far. This is due to the fact that we do not know how Cauchy points, which usually guide the convergence
analysis of trust-region algorithms, could be constructed from the purely local information that is given by the
violation of L-stationarity condition.

Consequently, our convergence analysis requires three relatively strong assumptions, which open up ample
possibilities for future research on their alleviation and handling and thus improving the analyzed algorithm.
First, we need to solve a class of non-convex subproblems to global optimality in order to guarantee the asymp-
totic properties. Second, we need an additional regularity condition (constraint qualification) on the (reduced)
boundaries 9*w~1({1}) of the level sets of our limit points. Third, the regularity assumptions on S that are
required by the algorithm currently have a gap to the regularity that we can assert for our motivating appli-
cation. While we focus on the functionals F. introduced above in this work, we believe that our results can be
carried over to other families of energy functionals that approximate the perimeter functional, see, for example,
[15, 16].

1.2. Structure of the remainder

After providing some guidance on our notation, we formally introduce our problem and recap the
L-stationarity concept from [9] in Section 2. We prove the L-stationarity in slightly more generality than is done
in [9] so that only the first derivatives are involved. We then introduce and describe the analyzed algorithm
as well as its subproblems in Section 3, where we also provide a I'-convergence type result for the trust-region
subproblems when driving ¢ \, 0. In Section 4, we show our main results, the asymptotic boundedness and
L-stationarity of subsequences of our iterates. In Section 5, we verify our regularity assumptions on S for an
elliptic PDE and show how far we can currently get for a linear acoustic equation when the design variable enters
the propagation speed coefficient. Moreover, we provide a discretization of the acoustic equation and show some
preliminary computational results of our algorithm in this case, where we resort to convex subproblem solves.
Finally, we provide a brief conclusion in Section 6.

1.3. Notation and assumptions

We assume throughout that  C R? is a bounded Lipschitz domain. In the context of acoustic waves, T' > 0
denotes the final propagation time, which is given and fixed. We use H'(2)* to denote the dual of H!(Q).
When denoting norms on Bochner spaces, we often omit the temporal domain; that is, || - || Lr(Le(q)) denotes the
norm on LP(0,T; L9(£2)). Note that we also replace || - |[zr(q) by || - [[z» and || - [|g1() by || - ||a: in several of
our proofs when there are no ambiguities in the interest of a clean and compact presentation. We use z < y to
denote = < Cy, where C' > 0 is a generic constant. For a set of finite perimeter (Caccioppoli set) E, we denote
its reduced boundary by 9* E. We recall that for a Caccioppoli set E with {0, 1}-valued indicator function g,
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the reduced boundary 9*E is given as the set of points & € supp Dxg such that

vi(a) = tim 2XEBZ).
™0 [Dxe|(Br(z))

exists and satisfies ||vg(x)| = 1. Here, Dxg denotes the weak derivative of xg. We refer to Section 15 in
[17] for more details. For a set A, 64 denotes its {0, c0}-valued indicator function. We write H?~! for the
d — 1-dimensional Hausdorff measure on R%.

2. ABSTRACT PROBLEM FORMULATION AND OPTIMALITY CONDITIONS

For the statement and analysis of the asymptotics of our algorithm, we replace J(u) and u = S(w) in (P) by
the reduced objective j(w) = J(S(w)), which gives the following abstract and handy problem formulation for
Co > 0:

min j(w) +7CoPo(w™ ({1}))
weL2(Q) (PA)
s.t. w(z) € {0,1} for a.e. z € Q.

The following existence result for minimizers is well known.

Proposition 2.1. Let j : L2(2) — R be lower semi-continuous and bounded below. Then (PA) admits a
minimizer.

Proof. The claim follows from the direct method of calculus of variations, where the necessary compactness
comes from the fact that bounded subsets of ng (with respect to the perimeter functional) are compact in
L1(Q), see, for instance, [11, 18]. O

With the help of local variations (smooth perturbations of the essential boundary) of the level sets of mini-
mizers of (PA), one can prove first-order optimality conditions for (PA). To this end, it is necessary to bound
the remainder term of the Taylor expansion of the perimeter functional [9, 11, 17, 19], which is possible, for
example, by means of the following assumption.

Assumption 2.2 (Relaxation of Assumption 4.3 in [9]). Let j : L'(2) — R be continuously Fréchet
differentiable.

As in [9, 11], we note that the requirement that the differentiability is with respect to the L!(2)-norm on
the domain in Assumption 2.2 implies a regularity enhancement inside F'. This is a typical assumption in the
presence of binary- or discrete-valued control functions because the linear part of Taylor’s expansion of F' can
only be estimated with respect to the L!'-norm difference and the L!-norm difference is the same as the squared
L2-norm for binary-valued functions. We introduce the tailored concept of first-order optimality below.

Proposition 2.3. Let Assumption 2.2 hold and Vg j(w) € C(Q) for some w € W2,. If w is a local minimizer,
that is

j(@) +7CoPa(w™({1})) < j(w) +vCoPa(w™ ' ({1}))

for all w € W2 with |w — w| 1) < r for some r >0, then w and E =w~'({1}) satisfy

[ —Vnj@)ene)dnit =aCo [ divg gt 2.1)
o*ENQ

O*ENQ
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for all ¢ € C (2, RY), where divg ¢ : 0*E — R is the boundary divergence of ¢ on E, that is
divg ¢(z) = dive(z) — np(z) - Vo(z)ng(x)

for x € O*E, ng is the outer normal on O*E, and Vg j(w) € L*(Y) is the Riesz representative of j'(w).

Proof. We closely follow the arguments in [9]. Let the local variation (f;);c(—c ) be defined by f; = I +t¢ for a
smooth and compactly supported vector field ¢ € C°(€2;R4). Here, € > 0 is small enough such that (ft)te(=c.e)
is a family of diffeomorphisms. Moreover, {x € R?| f;(z) # x} C K holds for some compact set K C 2 and all
t € (—e,¢), see [9], Proposition 3.2. We define the induced transformation of the {0, 1}-valued function @ by
means of f; as

: ——1
FFo = Xg, -1y = {1 ito € o™ ({1)
0 else
for t € (—¢,¢). This means that ft# w is the {0, 1}-valued function whose level sets are given by the images of
the level sets of w under f;. In other words, we obtain a corresponding perturbation of the level sets of w, which
translates to a perturbation of the interface between the level sets. Our condition (2.1) arises below from local
optimality because no such perturbation can be able to improve the objective.
Specifically, the function t — J(f7 @) + vCoPo((f®)~1({1})) is differentiable at ¢ = 0, the first-order
optimality condition

CIF ) +ACoPal(fFa)(1))]_ =0
holds by virtue of Fermat’s theorem, the assumed optimality of @ in an L'-ball of radius r, and the estimate
10— ol < CHIPa((fF©)~ (1)) (2:2)
that holds for some gy > 0 and C > 0 for all t € (—¢gg,e0). Estimate (2.2) is shown in Lemma 3.8 in [9] (use

TV(fff®) = Po((fF @)~ ({1}))).
The Fréchet differentiability of J implies

Ao (Vad() fFo—w)e | ollffo—wl) _d ’s
dtJ(ft ’LU) —0 —}{% ¢ + n - dt<v‘](v)7ft w)L2 t:07

where the second identity follows from the estimate (2.2). In combination with Theorem 17.5 in [17], the function
t s J(fFFw) +~CoPo((ffw)~1({1})) is differentiable at ¢t = 0.
Consequently, we obtain

L v I), ) (2.3)

d
/O = o

and the claim follows from Lemmas 3.3 and 3.5 in [9]. O

Definition 2.4 (Def. 4.4 in [9]). Let Assumption 2.2 hold and Vg j(w) € C(Q) for some w € W2,. Then we
call w L-stationary if it satisfies (2.1).

L-stationarity is a first-order condition for local optimality for (PA) at points, where the Riesz representative
Vr j(w) is also a continuous function, which we recall in the following proposition. (2.1) means that the negative
gradient of the first part of the objective is the distributional mean curvature of the boundary of the level set
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w™({1}) after scaling by y~'C; ', see Remark 17.7 in [17]. Using the second variation of the perimeter, a
stronger optimality condition for (P) that involves the principal curvatures of the boundaries of the level sets
can likely be shown under the assumption of additional boundary regularity at the local minimizer. In the
case () C R, which is not covered in this work, L-stationarity was improved to a second-order type optimality
condition under the assumption that Vgj(w) is in C*! in [19], Section 3.2.

3. HOMOTOPY TRUST-REGION ALGORITHM

We develop a trust-region algorithm for the optimization of (P), where we follow the abstract algorithm
design in [9, 11]. We introduce trust-region subproblems for the sharp interface problem and the phase-field
approximation in Section 3.1, which are related to each other with a result of I'-convergence-type. Then, we
introduce the algorithm that solves trust-region subproblems and drives the interface parameter to zero over
the course of its iterations in Section 3.2.

3.1. Trust-region subproblems

We consider three trust-region subproblems. The first arises from the sharp-interface formulation:

min_ (g, w — )20 +7CoPa(w™ ({1})) = 1CoPa(@™ ({1}))
TR(w,g,A) = ¢ w0 (TR)
st. |Jw—w| o) <A and w(z) € {0,1} for a.e. z € Q.

The inputs of (TR) are a (partial) linearization point w, a function g, typically the gradient of the reduced
objective Vg j(w) or an approximation, and a trust-region radius A. This subproblem is analyzed in [9, 11]
(choose V = {0,1}, a = v, and Cy = 1 therein and observe that TV (w) = Po(w~1({1})). A distinct feature of
(TR) is that the regularization term is considered exactly and not replaced by a model function.

After discretization, an instance of class (TR) becomes a finite-dimensional integer linear program [11]. It is,
however, not known if the discretizations can be solved efficiently for d > 2. Moreover, binary-valued functions
are usually modeled as piecewise constant functions. Therefore any discretization of the domain 2 into finitely
many cells restricts the geometry of the level sets of binary-valued ansatz functions. Specifically, the boundaries
of their level sets can only follow the boundaries of the discretization cells. This may lead to a gap between the
value of the perimeter functional for a discretized approximant and the perimeter functional for the function
that is approximated that is bounded below. A detailed example with visualization is given in Example 2.10 and
Figure 1 in [20]. Our analysis of the trust-region algorithm introduced below solves a sequence of subproblems
that approximate (TR).

Specifically, the second trust-region subproblem arises by replacing the perimeter regularization
CoPqo(w™1({1})) with the Ginzburg-Landau energy E.(w), which yields

wenll,iZI(lQ) (g, w — 7j})Lz(Q) +vEe (w) —vEe (’LT))
TRe (’LI), 9, A) = (TRE)
st Jw— 1?1||2L2(Q) < A and w(z) € [0,1] for a.e. x € Q.

We note that we impose the trust region in (TR.) with the (smooth) squared L?-norm instead of the L!-norm.
This does not make a difference for binary-valued functions, however, because the difference of two binary-valued
functions is {—1,0, 1}-valued so that the squared L?-norm coincides with the L!-norm of the difference. While
instances of (TR.) are non-convex optimization problems, there are well-established discretizations available
for them that can, in principle, be solved to e-global optimality with successive approximations of the non-
convexities and a branch-and-bound strategy, albeit this is clearly computationally very expensive.

Since this trust-region subproblem is hard to solve due to the non-convexity of the term ¥, we propose to
replace many of its solves by solves of the following trust-region subproblem that replaces the non-convex term
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in E.(w) by its linearization at w and is convex.

min (g + 1(1 —2w),w — 711)
5

weL?(Q) L2(Q)

TR (w, g,A) = (TR)

€ € -
+ 7§||Vw||%2(9) - ’75\\Vw||%2(9)

st Jlw— 1D||2L2(Q) < A and w(z) € [0,1] for a.e. x € Q.

We briefly state that the trust-region subproblems (TR), (TR.), and (TRE) admit minimizers under mild
assumptions.

Proposition 3.1. Lety >0, >0, g € L*(Q), and A > 0.

1. If w € HY(Q) and w(x) € [0,1] for a.e. x € Q, then TR (w0, g, A) admits a minimizer in H(Q).
2. If we HY(Q) and w(z) € [0,1] for a.e. x € Q, then TRE(w, g, A) admits a minimizer in H(£2).
3. If w(z) € {0,1} for a.e. x € Q and Po(w~1({1})) < oo, then TR(w, g,A) admits a minimizer in W2,.

In all of these situations, the minimal objective value is less than or equal to zero.

Proof. The first and second existence claims follow by using the direct method of calculus of variations. The
existence of an infimal value in R follows, for example, from the L°°-bounds, which yields a bound on the first
term in the objective in both cases and a bound on the non-convex term in E., as well as the coercivity of
the term §||Vw||2L2(Q) with respect to H'({2) under the boundedness in L?(Q2). Then, the limit of a weakly

converging infimal sequence is a minimizer because of the compact embedding H'(Q) < L?(Q2), which yields
continuity of the first term and the non-convex term in E. in the first claim. Finally, the term £||[Vw||7, (@) 18
lower semi-continuous with respect to weak convergence in H?! ().
The third existence claim follows with the direct method of calculus of variations when the feasible set of
TR(w, g, A) is equipped with the weak-* topology of functions of bounded variations, see [11], Proposition 2.3.
Finally, the feasibility of w with objective value zero gives the non-positivity of the minimal objective value
for all of the three trust-region subproblems. O

L-stationarity in the sense of Definition 2.4 also holds for minimizers of (TR), which is given below.

Proposition 3.2. Let g € C(). Let A > 0. Let w € LY(Q) satisfy w(x) € {0,1} for a.e. x € Q and
Po(w™({1})) < oo. Let w be optimal for TR(w,g,A) in an L'-ball of radius r around w for some r > 0,
then w s L-stationary.

Proof. This follows from Proposition 2.3 with the choice j(w) = (g,w)rz2, w € L?(Q2), after observing that the
optimality of w in an L'-ball of radius r also implies optimality in an L'-ball of radius r¢ for some ro < A, see
also the proof of Proposition 5.5 in [9]. O

In [9], the convergence analysis of the trust-region algorithm therein uses that, for a fixed trust-region radius,
the minimizers of the trust-region subproblems for a converging (sub)sequence of iterates converge to a minimizer
to the limit problem. This then leads to a sufficient decrease for iterates that are close enough to the limit if
the limit is not stationary. This work will use a similar argument and we thus re-establish this convergence of
minimizers for our situation, where the regularization term changes with €™ ~\, 0 over the course of the iterations
n — oo. The intended result that minimizers of (TR.) converge to minimizers (TR), follows from the following
I'-convergence considerations. To this end, we consider a sequence (v"),, C W2 and v € L'(Q), a sequence
(g")n C L%(Q) and g € L?(2), e C (0,00), and A > 0.

For n € N, we define the functionals 7" : {w € L*(Q) | |w||p ) < 1} — R by

T"(w) = (9", w —v") 2(q) + VEen (W) — YEen (v") + o, ) (|lw — Un\\%z(sz))
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for w € L'(Q) and the limit functional T : {w € L'(Q) | [|w]| =) < 1} = R by

T(w) = (g,w — )2 +7CoPa(w™ ' ({1})) = vCoPa(v™ ({1})) + 610y (lw ™' ((0,1))]) + bp0,a) (lw — v 1)

for w e L'(Q).

Theorem 3.3. Let (v"), and v satisfy sup,cy[|[v"]|L=@) < 1, v* — v in L'(Q), and E.(v") —
CoPo(v™1({1})) for n — oo with v(x) € {0,1} for a.e. x € Q. Let (¢™)n and g satisfy g" — g in L?(Q).
Let €™ N\, 0 and A > 0. Then the functionals T™ T-converge to T with respect to convergence in L' ().

Proof. We extend the arguments from the proof of Theorem 5.2 in [9], where the perimeter regularization is
present in the functionals 7™ instead of the Ginzburg-Landau energy. We prove the lower bound inequality first
and the upper bound inequality second.

In order to prove the lower bound inequality, let w™ — w in L'(Q) and sup,,cy ||w™||L= < 1. Then we obtain
w" — w in L*(Q) and thus (g™, w™ — v™)r2 — (g, w — v)2. We also have yE.»(v") = vCoPo(v=1({1})) by
assumption. If [[w™ —v™[|2, < A holds for a subsequence (indexed by k), we obtain ||w — v||» < A by virtue
of the triangle inequality and the fact that || f||,: = || f||3 if f is {0, 1}-valued. Combining these considerations
with the analysis of E.» with respect to convergence in L!(€) in Proposition 1 in [21] yields the lower bound
inequality

T(w) < liminf T"(w™).

n—oo

Note that Proposition 1 in [21] also asserts w(z) € {0,1} a.e. if liminf,,_, E.(w™) < oo.

The upper bound inequality is immediate if T(w) = oo holds with the choice w™ = w for all n € N. Let
w € LY(Q) with T(w) < oo be given. We distinguish the cases [|[v — w| 1 < A and ||[v — w|/;: = A. In the
case ||v — w1 = A < A, we apply Lemma 1 in [21], which provides open and bounded subsets of R? with
smooth boundary Fy so that Po(Fy) — Po(w™({1})) and |(Fx N Q) A w=({1})] — 0. For each such set Fy,

Proposition 2 in [21] provides functions w = xp,nq in L'(Q) with ||w}||L= <1 for all n € N such that

limsup yEgn (wy) = vCoPa(F}).

n—0oo

By choosing a suitable diagonal sequence, which we denote by w"™, we obtain

lim sup 7 Eon (w") = yCoPa(w™ ({1})).

n—r oo

Moreover, we obtain
[w" =" [|72 < ™ = v"|[pr < Jo— 0" |[pr + [Jw — w1 + A, (3.1)

where the first inequality follows from |w"(z) —v™(z)| < 1, thereby implying |w"(z) —v™(x)|? < |w™(x) —v"(z)|,
for a.e. z € Q. Because of v — v and w™ — w in L'(Q) and A < A, the right hand side in (3.1) is bounded by
A for all large enough n.

We finish the proof by considering the case ||[v — w| 1 = A. This implies that there is a set D = {x €
Qw(z) =1 —wv(x)} that has strictly positive d-dimensional Lebesgue measure. We assume without loss of
generality that v(z) =1 a.e. in D and obtain

Po(D) = Pa (v='({1}) nw™'({0}))-
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Because D has strictly positive d-dimensional Lebesgue measure, D has a point y € D of density 1, that is

DN B,
i ID OB )

=1
™0 |Br(y)‘

We deduce that there exists rg > 0 such that
—_ 1
B,,(y) CQ and |DnNB,(y)| > i\Br(y)| for all 0 < r < ro.

In particular, By, (y) has strictly positive distance to the boundary 9.
Let 0 < § < rg. We define for z € Q:

wé(x) _ w(zx) if x € Q\ Bs(y),
' v(x) else
so that
1 1
Hw5—ﬂu1SHw—vM1—§WU%h:A—?fﬂBﬂ. (3.2)

We approximate (w?)~1({1}) with an open and bounded set F° that has a smooth boundary and define @’ =
XFsnq such that

- 1
Jw® =@ < £07|By| and (3.3)

IFb(Fﬁ)-I%ﬂ(wSY”({l}DI<i5§%%, (3-4)

which is possible because of Lemma 2 in [21]. Next, we consider an approximation as is asserted in Proposition 2
in [21] for @°. In particular, there exists a large enough ns; € N such that for all n > ns there exists a [0, 1]-valued
function @w% € H'(Q) such that

|Ban () — CoPo((w®) " ({1)] < [ Ben () — CoPa((@%) " ({1}) (3.5)
1 CoPal(@) 1 ({11)) = CoPal(w®) " ({1})]
< 6,
5d
lw® =z < flw® —dslzr + [0 —@yl|ce < |Bil, and (3.6)
o™ vz < 36%Bal. (3.7)

We combine (3.2), (3.6), and (3.7) in order to obtain

[ = wpllFe < [l = vz + lo = w2 + [[w® =@l

5d
S HU”—’U”LI +A—Z‘Bl| SA (38)
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Next, we consider the asymptotics of E.»(@?). First, we obtain by the construction of w’, the g-additivity of
H9=1, the finiteness of all involved terms, and the triangle inequality that

|CoPo((w’) 7' ({1})) = CoPa(w™ ' ({1}))|
= Co‘Hd_l ((2\ Bs(v)) no"w™ ' ({1})) +H* 1 (0Bs(x) N 0" (w®) " ({1}))
+ 1 (By(y) N 0"o~ (1) = ML (@N 0w (1))
= Co[HA 1 (9Bs(y) 10" (w?) " ({1) + HA (Bs(y) N 0L ({1)
= 1 (@Bs(y) 9" w T ({11) — K (Bs(y) N 0w ({1})]

< Co (211 (0B5(y)) + H* ' (Bs(y) N 0" v~ ({1})) + H ™ (Bs(y) N 9" w ™" ({1})))
< 8% ey + CoH ! (Bs(y) No*v™ ({1})) + CoH ! (Bs(y) N 0" w1 ({1})) (3.9)

for some ¢; > 0. In combination with (3.5), the triangle inequality gives

CoPa(w™ ' ({1})) = Ecn ()]
<5+ 0% ey + CoH Y (Bs(y) N0 v~ ({1})) + CoH*™ (Bs(y) N 0*w™ ({1})).  (3.10)

We observe that the restricted measures H4~1( - N d*w=1({1})) and HI¥~1( - Nd*v~1({1})) are finite Radon
measures so that the last two terms tend to zero for § N\, 0. Thus, to conclude the argument, we consider a
sequence 6F \, 0 and define nj, = ng.. We define for k € N

k
Nk ~0
w = ’U]nk

and obtain by virtue of (3.8) and (3.10) that

T(w) = lim T (w™),

k—oc0

which implies the desired upper-bound inequality. O]

Remark 3.4. The assumption that the regularization terms converge, specifically E.» (v") — CoPo(v=1({1})),
may seem restrictive at first. It corresponds to assuming strict (or intermediate) convergence of v™ in the space
of functions of bounded variation if we were considering convergence in BV instead of a phase-field approach.
In [9], it is shown that this property can be ensured for iterates produced by a trust-region algorithm with a
reset strategy for the trust-region radius. Our algorithm will provide this feature as well.

Unfortunately, the result above does not hold for the convex problem (TRE), which can be seen by means
of the example below. Because of this, our convergence analysis hinges on solutions to the subproblems (TR.)
and the subproblems (TRE) only provide a means to accelerate the algorithm.

Example 3.5. Let w =1 and w = 1 and A = ||, implying that we can neglect the trust-region con-
straint in (TRE). Let g" = g € L*(Q), v™ = v for all n € N. Let €” \, 0. We choose w™ — w in L?*(2) with
lim sup,,_, ., YEen (w™) < 0o such that € € o(||lw — w™||1). Then

(9w —@)r2 +yCoPa(w™" ({1})) — vCoPa (@™ ({1}))

=0>-00 :liminfl/ —(w" —w)dz
Q

n—oo gn

——00
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= lim inf (g + g(l —2w),w" — w) + yEon (W) — yEon (W).

n—oo L2(Q)

This implies that the lower bound inequality cannot hold for the objective functional of (TRS).

3.2. Algorithm statement

The homotopy trust-region algorithm is given in Algorithm 1 and proceeds as follows. For a given e, it
repeatedly solves convex trust-region subproblems of the form (TR¢) and accepts candidate iterates @™ as new
iterates w™t! if the acceptance criterion in In. 8 is satisfied. The trust-region radius A™ is doubled on acceptance
of the computed candidate step and halved on rejection. The trust-region radius is not increased over the value
AP, which stays constant over the course of the algorithm.

If the trust-region radius falls below A", then the trust-region radius is reset to A° and Algorithm 1 invokes
solves of the non-convex trust-region subproblems (TR.) for successively halved trust-region radii until a com-
puted iterate can be accepted or the trust-region radius falls below A™ again. In the former case, the trust-region
radius is reset, and Algorithm 1 returns to solving trust-region subproblems of the form (TR¢). In the lat-
ter case, the trust-region is reset as well, A" is divided by two, and the regularization parameter ¢ of the
Ginzburg-Landau energy is divided by > 4. Then Algorithm 1 also returns to solving instances of type (TRE).

In this way, Algorithm 1 ensures that a closer approximation of the perimeter regularizer Cy P, by means of
a tighter Ginzburg-Landau energy is only triggered if Algorithm 1 cannot improve the objective further with
steps larger than A™ and that are computed by means of the non-convex trust-region subproblem (TR.). We
will see that this procedure allows us to relate a first-order sufficient decrease with respect to (PA) / (TR) to
an eventual acceptance of a solution of (TR.) in the analysis of the asymptotics of Algorithm 1 without having
the problem that the algorithm does not progress towards sharp interface limits because it produces infinitely
many iterates for one ™.

This, in turn, allows us to prove the convergence of iterates produced by Algorithm 1 to L-stationary points
of (PA). We have failed to prove the convergence of iterates produced by Algorithm 1 to L-stationary points of
(PA) when relying on subproblem solves of type (TRS), which are much less expensive after discretization due
to their convexity. However, we have added the preferred solution of instances of (TR¢) in order to show how
to accelerate the solution process of many of the trust-region subproblems and, thereby, the overall algorithm
if better results cannot be had in the future.

For the sufficient-decrease condition in Algorithm 1 In. 8, we consider p € (0,1) and choose the acceptance
criterion

ared(w™, w",e") > ppred(w”, A", &™) (3.11)
with the actual reduction ared of the objective that is defined by
ared(w, v, €) = j(w) +vEe(w) — j(v) = 7Ec(v)
and the predicted reduction pred that is defined by the solution of the trust-region subproblem as

minimal objective value of TRE(w, Vg j(w), A) if cvx_flag =1,

pred(w7 A,E) = .. . . . .
minimal objective value of TR.(w, Vg j(w), A) if cvx_flag = 0.

4. ASYMPTOTICS OF ALGORITHM 1

In order to analyze the limits of iterates generated by Algorithm 1, we need to ensure their existence and
feasibility (that is, their binarity) for (PA), which is the purpose of Section 4.1. We continue by proving that the
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Algorithm 1 Homotopy Trust-region Algorithm.

Input: j sufficiently regular, p € (0,1),
Input: A°>0,£%>0,r>4, p>r’>0, A% € (0,A?),
Input: w® € HY(Q) N {w € L=(Q)|w(z) € {0,1} a.e.}.

1: cvxflag <+ 1
2: forn=0,...do
3: if cvx_flag =1 then

4: W™ < minimizer of TRE(w™, Vg j(w™), A™)
5: else

6: W™ + minimizer of TR.(w™, Vg j(w™), A™)
7 end if

8: if sufficient decrease (3.11) and ared(w™,w",e™) > k™A™ then
9: wrt — "

10: A"+ min{A% 2A"}

11: cvxflag + 1

12: else

13: w T wn

14: AL AT/2

15: end if

16: if A"t < A" and cvx_flag =1 then

17: cvx_flag + 0

18: At A0

19: AT A"

20: entl «—gn

21: KT ¢ g

22: else if A"l < A™ then

23: cvx flag < 1

24: AL A0

25: A" A™/2

26: entl «en/r

27: e N

28: else

29: AT A"

30: entl « gn

31: KL ¢ g

32: end if

33: end for

limits produced by Algorithm 1 are L-stationary for (PA) in the sense of Definition 2.4 under certain regularity
conditions in Section 4.2.

4.1. Boundedness of iterates and compactness

A standard way of proving boundedness of the iterates produced by optimization algorithms and in turn
weak-* convergence of a subsequence is to combine the boundedness of the objective from below with descent
properties of the produced sequence of iterates. In our situation, descent of the objective values is only guaranteed
for a fixed value of €” so that the objective value may increase when " is reduced and thus the objective term
itself changes from one iteration to the next. We recover convergence of subsequences of the iterates in L'(£2)
by combining a compactness result with competitor constructions that use sufficient descent properties of the
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algorithm during the iterations when ™ is not changed to ensure that the objective values have to remain
bounded despite the changes of the objective term itself. We briefly state the compactness result due to [22],
on sequences w® that are bounded with respect to the functionals j + yE. for € N\, 0, which guarantees the
convergence of a subsequence of iterates produced by Algorithm 1 to a binary-valued limit under boundedness
of (B (w®))e.

Proposition 4.1. Let € \ 0, (w®). C HY(Q) with 0 < w®(z) <1 for a.e. x € Q. Let there exist C > 0 such
that j(w®) + vE:(w®) < C for all e. Then w® has a subsequence that converges in LP(Q) for all p € [1,00) and
the LP(Q)-limit is {0, 1}-valued and satisfies Po(w='({1})) < liminf. ¢ E.(w®).

Proof. The existence of an L!(Q2)-limit follows from the compactness result [22], Theorem4.1 and the uni-
form boundedness of F' on {w € L>*(Q)|0 < w(z) <1 for a.e. z € Q}. The L*>-bounds on the w*® also yield
convergence in LP () for all p € [1,00) and the lower semi-continuity is due to [21], Proposition 1. O

In order to leverage Proposition 4.1 in the convergence analysis of Algorithm 1, we need the existence of a
bounded subsequence. We pose this as an assumption below and then proceed by asserting it under appropriate
assumptions.

Assumption 4.2. For k € N, let n(k) € N be the last iteration such that e"(*) = £%~%_ We assume that the
subsequence (w"®);, of the iterates (w™),, produced by Algorithm 1 is bounded.

Assumption 4.2 is well defined if n(k) exists for all k, which we prove in Lemma 4.3 below.

Lemma 4.3. Let ng € N be the first iteration of Algorithm 1 with €™ = e™. Then there are only finitely many
iterations n > ng such that €™ = g™,

Proof. We note that the iterations n > ng with € = ™0 also satisfy k™ = k"°. Because the objective j + yE.n
is bounded below, there can only be finitely many iterates that are accepted in Algorithm 1 In. 8 and thus
only finitely many iterations, in which cvx_flag is set to one. The trust-region radius is halved if an iterate is
not accepted, so that cvx_flag is set to zero eventually and not set to one anymore afterward. Since there is no
accepted iterate anymore, the trust-region radius is halved with cvx_flag = 0 until the condition in Algorithm 1
In. 22 is met and €™ is halved. This happens after finitely many iterations because A" > 0 holds inductively. [

The boundedness of the iterates that allows to apply Proposition 4.1 can be ensured under boundedness
assumptions on j and its gradient, which we prove below.

After the auxiliary result Lemma 4.4, Proposition 4.5 shows the boundedness of the sequence of iterates
for the case that the reset trust-region radius A° is so large that all of Q is contained in the trust region
after the reset occurs. In particular, the zero function is feasible and satisfies yE.(0) = 0. Consequently, if the
penalty parameter becomes small, the regularization dominates the objective in the subproblem in the event
of an unbounded sequence so that the function 0 is a competitor that reduces the subproblem solution to lead
to a contradiction. Then Proposition 4.6 shows the boundedness for smaller values of A°. The proof is based
on the same general idea as Proposition 4.5 but the function 0 may not be feasible and therefore, we provide
a more involved construction and estimates for a feasible point of the trust-region subproblems for the initial
trust-region radius A° that satisfies our needs.

Lemma 4.4. Algorithm 1 produces a sequence of iterates with non-increasing objective values over subsequent
iterations during which €™ is not altered.

Proof. The iterate w™*! coincides with the previous iterate w™ if the computed update @™ is rejected. Thus,
under the condition "1 = ", the objective value only changes if a step is accepted. Specifically, it changes by
ared(w™, w"*1, e"). Because Proposition 3.1 asserts that pred(w™, A™, ") is non-negative, the sufficient decrease
condition (3.11) and Algorithm 1 In. 8 yield the claim. O
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Proposition 4.5. Let j and Vrj be bounded on the unit ball in L>(Q). Let (w™),, C {w € HY(Q)]0 < w(z) <
1 for a.e. & € Q} be the sequence of iterates produced by Algorithm 1. Let A° > |Q|. Then there exist C > 0 and
a subsequence (W™ ), C (w™), such that

sup j(w™) + yEni (™) < C < o0.
keN

Proof. We define constants for uniform bounds on the value of j and the first term of the objective of the
trust-region subproblem:

C; = sup{|j(w)||w € L*(Q) and ||w|r~ < 1} and
Cy = sup{(Vg j(w),d) 2 |w,d € L*(Q) and |Jw|z~ < 1,]|d||z~ < 1}.
Because of the assumption A® > |Q|, the trust-region constraint is not present in (or does not restrict) the
trust-region subproblems of the form TR.(w", Vgj(w™), A%) and TRE(w™, Vzj(w™), A®), which implies that
all w € HY(Q) with 0 < w(z) < 1 for a.e. x € Q are feasible with finite objective value for the trust-region
subproblems. We obtain
YEon (w™) 4+ C, > pred(w™, A%, e") > yE.n (w™) — C,

because 0 is feasible and F.x(0) = 0 and for any solution @w" € arg min TR, (w", Vgj(w™), A%) and cvx_flag = 1
that

ared(w", w", ") > yEn (W") — yEn (w") — 2C; > yEn(w™) — 2Cy — 2Cj,
where the second inequality follows from the optimality of w™, which gives
(VR j(w"), 0" —w")p2 +yEen (W") < —=(Vr j(w"), w") 2
and thus
—2C; < —yEn(0").
Consequently, if yE.»(w™) > Cg == (1 —p)~1 ((2+ p)C, + 2C;), we have

ared(w™, @™, e") _ vEn (w™) —2C, —2C;
pred(wm, A0 gn) — YEen (w™) + Cy =7

(4.1)

Lemma 4.4 and the design of Algorithm 1 give that the objective can only increase if €™ = "1 /r. In this case,
the trust-region radius was reduced below A"~ !, implying that w” = w™ ! by design of Algorithm 1.
This means: if there is some iteration such that

J(W") +7Een (w") = j(w") + Cp > j(w") + yEen (w")

and thus also yE.n(w™) > Cg for some n € N, then Lemmas 4.3 and 4.4 give that there is some k € N such
that e" = ... =gtk

W) + B (w") > ... > §(w"TF) + yEn (w"tF)
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with cvx_flag = 1 and in the next iteration n + k + 1 we have
g thtl — gntk and AnHRHL — AD and cvx flag = 1.

Then (4.1) implies that @"T**1 is accepted and the objective is reduced by at least Cr — 2C, — 2C;. Such
iterations occur consecutively at least until the value of yE_n i1 (w™T*+1) falls below Cr because the algorithm
reduces the objective until it sets cvx_flag to 1 and the trust-region radius to A® after further finitely many
iterations, in which case (4.1) implies a further acceptance and subsequent reduction of the objective by at least

Cg —2C, —2C;.
Because j(w™) < C; holds for all n € N, the considerations above yield that there is a subsequence, indexed
by k, such that j(w™ ) + vEn (™) < Cj + Ckg. O

Proposition 4.6. Let Q2 be convex. Let j and Vgj be bounded on the unit ball in L>°(Q). Let (w™), C {w €
HY Q)0 < w(x) <1 for a.e. x € Q} be the sequence of iterates produced by Algorithm 1. Then there exist
C > 0 and a subsequence (w™ )y C (w™),, such that

sup j(w™) + yEen, (™) < C < 00.
keN

Proof. We consider the case A < || and define the ratio R = [%—‘ + 1. Without loss of generality, that is,

after possibly applying a suitable translation to €2, we assume that inf{z; |z € Q} = 0. Moreover, we define
£ :=sup{zy |z € Q}. Then, by virtue of Fubini’s theorem, we obtain

¢
Q| = / Ara—1(€) dt with Q; = {(a +te1)s, . a|a € {el}L and a + te; € Q} for t € [0, (]
0

and where A\ga—1 denotes the Lebesgue measure on R?~!. The function s — f; Ara—1(9;) dt is continuous and
we thus obtain 0 = sg < s, < s < s;, = £ so that

9]

Sb
|S| = /6 )\Rd—l(Qt) dt - E

Sa

for a slice S == Uf;sa Q. All such slices S have a finite perimeter because we may estimate their perimeter from
above by Pga(Q)+2(diam Q)?~1, which is finite. All such slices S are also convex because they are intersections of
two half-spaces with the convex set Q. We will approximate xs smoothly along e; following the ideas in [21, 23].
Then, we will use this approximation in order to construct a competitor that is feasible for the trust-region
subproblem and reduces the objective value substantially enough to contradict that the sequence of iterates
produced by Algorithm 1 is unbounded with respect to the objective values.

To this end, we first analyze S independently of its position along e;. Our required choices for S will be
defined later. We construct a set S from S by extending it in the directions in {e1}+ in order to obtain a
cylinder with positive distance of its edges to €2 and then smoothing the edges. By making this extension large
enough, these properties can be established independently of the specific choice of S. This set satisfies SN =8,
HI=1(DS N 9N) = 0, and

Po(8) = HIHAS N Q) = HEHDS N Q) = Po(S). (4.2)
The situation is sketched in Figure 1. To this end, we define the signed distance function as

dist(z,05 N Q) if z € §
h(z) = .
—dist(x, 05 N Q) else
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Smooth approx. of xg

€1

FIGURE 1. Positioning of S (dark grey) with s, and s; inside 2 (white ellipse) along ey, extended
set S (light gray, extending to the exterior of 2), and smooth approximation of xg.

We approximate the jump function on R, x(_«,0), smoothly with a function g that solves the ordinary differential
equation

—q"(s) + W'(q(s)) =0 for s e R
with

q'(s) = V2W(q(s)) > 0,

where W(q) = q(1 — q). To make the solution unique, we set ¢(0) = % Let 7 > 0 be fixed but arbitrary and let

_d)? _ 94(1)
a= iq(f) and b = 2;’,(7). We define

0if s € (—o0,—7 — ],
gr(s)itse (=1 —b,—1),
q-(8) = q(s) if s € [T, 7],
1—¢-(—s)if se€ (r,7+0),

lif s €1+ b,00),

where §,(s) = a(s — (—7 — b))? is a parabola with vertex at (—7 — b) such that ¢, € C*(R) and suppq, =
[—7 — b, 7 + b]. We define vs ; = g, o (h/5) and obtain §|Vvs,(z)|* = 55(¢-(h(x)/5))? because the chain rule
gives Vs, (z) = $¢-(h(x)/§)Vh(z) and Vh(z) exists and satisfies |Vh(z)|| = 1 a.e. Moreover, we can prove
the following assertion.
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Claim:

5 |
I, = / S 19057 ()P + 5W (05,0 (2)) da
S

= ([ 392+ W(ar(6) as) Pals) 50,

and

1) 1
= [ 3Vese@)P + 5W (v (o) do
Q\s

o ([ 5062 4 Wlar(e) s ) Pa(s) for 5,0,

17

Proof of Claim: Because the length of the support interval of s — ¢.(s/d) shrinks linearly with § we can
assume that 0 is small enough such that the length of the support is strictly smaller than the halved distance
between the two half-spaces that cut S and S into two pieces of width (s, — s,)/2. We combine this insight with

Fubini’s theorem and obtain

satsp

o
fer}t J—oo

+ /{ N / o s ten) (G -+ 00 + 3Wla(hly + ter)/9) ) e o)

1 -1
ey Jo 5y + 54 + ter) (25q7(t/6) + 5W(q7(t/§))) dtdH (y)
1 1 B
+ i )y s(y + sp — ter) (25%(75/5) + 5W(qT(t/5))> dt dH 1 (y)
sy + 8a + tder) ; () + W(qT(t))> dtdH 1 (y)
{e}+Jo
L, 2 d—1
+ s(y + sp — téer) <2q7(t) + W(qT(t))> dtdH* " (y)
{ei}+ Jo

/OO /{61“ (Y + 50 + toer) AH (y) (;qfr(t)2+W(qT(t))) w
+ /_OC /{el}l xs(y + sp — tder) dHI L (y) (;q;(t)Q + W(qT(t))> dt

for all § small enough such that *:52« > 7+ b, which implies ¢/ () = 0 and W (g, (t)) = 0 for all ¢ >

xs(y + ter) (;{Sq;(h(y +te1)/8)? + %W(qT(h(y + tel)/é))) dt dH41(y)

. Note

that we have used that h is defined with respect to S in order to obtain the second equality. For ¢t € [0, 7 + b],

we consider the term

fg(t) = / xS(y + sy — t5€1) + Xs(y + Sp — t5€1) d/Hdil(y).
{e1}+
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Again, because h is defined with respect to S and not S , we observe for all § small enough that
f5(t) = HI {z € S| h(z) = 6t}) = HTH QN {z € S| h(z) = 5t}).
Moreover, $ satisfies the assumptions of Lemma 3 in [21], from which we thus obtain

f5(t) = HTHBS N Q) o Po(S),

for § \, 0. Moreover, H4~t({x € Q| h(z) = §t}) < diam(2)?~ holds for all ¢ due to the axis-parallel construction
of S and S. Thus we may employ Lebesgue’s dominated convergence theorem in order to obtain (4.3). A very
similar chain of arguments and the equality Po(S) = Pqo(Q2\ S) yield (4.4). Thus, the claim consisting of (4.3)
and (4.4) is proven.

Next, we define

C; = sup{|j(w)||w € L*(Q) and ||w| = < 1} and
Cy = sup{(Vg j(w),d)r2 |w,d € L*(Q) and |Jw| =~ < 1,||d||z~ < 1}

and proceed with a contradictory argument towards the overall claim that there is a subsequence of iterates,
which is bounded with respect to the objective. First, Lemma 4.3 and the definition of R give for any arbitrary
but fixed 7 > 0 that there exists ng € N such that for all n > ng it holds that

Q
2 diam(Q)41 (7 4+ b)e™ + ‘—R| < A°. (4.5)
If there is no bounded subsequence, we obtain for all M > 0 that there is na; > ng so that for all n > nj,

J(0") + Y Ben (") = M.

We can assume wlog that nj, is the first such iteration, implying A" = AP, because the objective can only
increase in the event of a reduction of . The inequality gives

YEen (™) > M —

for all n > nys. Now, we consider finitely many sets Si, ..., Sop_1 as starting points for possible competitors
that are constructed as follows. We define

Si = OQt

—gi
t=s},

for alli € {1,...,2R—1}. For i € {1,3,...,2R — 1}, we choose the scalars 0 < si < s < ¢ such that s,"2 = s}
and |S;| = |Q|/R as above so that they decompose 2 into R pieces of equal Lebesgue measure. Moreover, we
construct for the remaining R — 1 sets S;, i € {2,4,...,2R — 2}, we choose scalars 0 < s% < s! < ¢ such that S;
is centered around s, that is (s% + si)/2 = siT! and again |S;| = |Q|/R.

For any such set S = S;, i € {1,...,2R — 1}, we make the following considerations. We define Sno=
supp ven » N . Then

S 0
2 <197 < 18] + 2diam (@) (r + )" + 12 <
R (15

[@" = wllfe < [|0" = wllzs = |ven,r
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and in turn we obtain that the function @" = (1 — ven ,)w™ is feasible for TR.(w™, Vgj(w™), A®) for all
n > nyy, where the third inequality follows due to the axis-parallel construction of S, which implies H4~!({x €
Q| h(z) = t}) < diam(Q)?! for all t. Moreover, we define T" == {x € Q|ven ,(z) = 1}. Then |S™\ T"| <
€"2(7 4 b) diam(Q)%~! and the function @" coincides with w™ outside S™, is zero inside 7™. It transitions
smoothly from w” to zero in S \ T™. Because a reduction of 7 > 0 leaves (4.5) intact for n > nyy, for any of
the finitely many choices of S, we can choose some 7 > 0 small enough so that |T"| > || /(R + 1) holds for the
corresponding 7. By choosing the minimal of these 7, this inequality holds uniformly over the possible choices
for S. By possibly decreasing 7 further, we also obtain that, independently of the choice of S, the corresponding
sets T cover §).

For all n > njs, we can do the following. Because |T"| > || /(R + 1) does not depend on the specific choice
of S, we can choose the set S =5;, i € {1,...,2R — 1}, such that

en 1 n n 1 n

holds for all n > nps. Such a choice can be made because the induced options for 7™ (by the choice of S) cover
Q. Then

en 1
Eon (™) = —||[Vw™ |2, & — "1 —w")d
() = GV gy + 5 w1 ) da
e” ~1 |2 1 ~1 ™) d
+?va ||L2(S‘n\T'n.)+87n Sn\an (lfw ) x.
=A"
Claim: For all n large enough, it holds that
Bon(u") = Bor (") > ot B (™) (47)
en (W en (W 72(R+1) en (W ). .

Proof of Claim: The product rule yields

n e n||2 1 n(1 _ N
A" < 3||Vw ||L2(§n\Tn)+€n/§n\an (1 w )dm

en 9 1
+ ?Hl — Vrenllagny + o /Sn(l — Uren)Uren dz,  (4.8)

=:B"

where the third and fourth term satisfy

n &" 1
B" = ?vaﬂs"”iz(s«n) + 67 /gn vT,E"(l - vr,e") dz

=l + 15 <3 (/R %q;(s)2 +W(gr(s)) ds) (diam(Q)*~! + Pra(Q)) =: Cs

for all large n > n for some 7 € N by means of (4.3) and (4.4). Again, the uniform 7 € N exists because there
are only finitely many possible realizations of S considered and in turn only finitely many sequences (Ien ;)p
and (IS ; ), need to be taken into account.
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By possibly choosing 7 larger, we obtain for all n > max{nys,n} that

1 en 1
B" < Cg < ————— | —||[Vw"||22/pny + — (1 —w" : 4.
<05 < gy (FIV0 ey + 5 [ wn - u)ao) (49)

We combine our insights so that we compute and estimate by means of (4.6), (4.8), and (4.9):

- e” 9 1
Ecn (W") — Een (@") = ?||Vw"||L2(5,n) + /én w™ (1 —w")dz — A"

V

e” 2 1 n n n
?HVUIHLz(Tn)"‘g an (1—w )d.’IJ—B

1

> mEs” (w™),

which proves the claim (4.7).
We continue to prove the overall assertion. To this end, let w" solve TR, (w", Vrj(w™), A®). As in the proof
of Proposition 4.5, we obtain

VEen (W) — yEn (@0") + Cy > pred(w”, A® &™) and
ared(w", @w",e") > YEqn (w") — yE (0") — 2C;.

Moreover, the optimality of @™ and the feasibility of @" for TR.(w", Vgj(w™), A?) give

=~ ]‘ n
d" == yEon (") = YEen (@0") > Y Een (w") — Y Ean (0") — 2C4 > mwgn (w™) —2C,.

We obtain that

ared(w™, w™, ") S d" —2C;
pred(wn, A% en) = dr + C,

> p

if " > (1—p)~Y(pC,y + 2C;), which holds in particular if yE.» (w™) > 2(R+1)((1 — p) = (pC,y + 2C;) 4+ 2C,) =:
CEg. Moreover, if n is large enough, this also implies that

n o -n _n 1 n P naAn
ared(w ,w, e )Z m’yEgn(w )—209—203 Z m0g>h} é .

Now, we apply the same argument as in Proposition 4.5. Thus there exists ng € N such that whenever for
n > ng the situation yE.~»(w™) > Cg occurs in the first iteration after €™ was decreased and the trust-region
radius reset to A for n > nyg, the next step is accepted and £ will not be reduced further before yE.» (w™) < Cg
holds. Consequently, there exists a subsequence, indexed by k, which abides the bound yE.n. (w™) < Cg for
all k € N, which implies the claim. O

Remark 4.7. The constructions in Propositions 4.5 and 4.6 together with the fact that the objective decreases
monotonically during subsequent iterations during which €™ is not altered implies that the boundedness assump-
tion of the iterates e™(*) in Assumption 4.2 are satisfied under the respective prerequisites of Propositions 4.5
and 4.6.
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4.2. Asymptotic L-stationarity

We are ready to prove the asymptotics of Algorithm 1 under Assumptions 2.2 and 4.2. We first prove that the
approximating iterates of limit points also have subsequences so that the values of the corresponding regularizers
converge to the value of the regularizer in the limit, that is a multiple of the perimeter of the level set to the
value 1 in €. Second we prove an auxiliary result that asserts that we can find a function that satisfies the
sufficient decrease condition (3.11) using the actual reduction ared of the unregularized objective values and
the predicted reduction pred given by the unregularized trust-region subproblem (TR). Finally, we prove the
L-stationarity of the limit points.

Lemma 4.8. Let Assumptions 2.2 and 4.2 hold. Let w be a limit point in the sense of Proposition 4.1 of the
subsequence (w™ )y with n(k) defined as in Assumption 4.2 for all k € N. Let w=({1}) admit an estension A
outside of Q, that is to RY, such that 0* A is a compact, smooth hypersurface and satisfies H*~1(0* AN 0*Q) = 0.
Then lim infy, Eonw (w™F) = Co Po (w1 ({1})).

Proof. Proposition 4.1 implies that there is a subsequence of (w™*)); that converges in L'(Q) and because
of the L>(Q)-bounds also in L?(Q2). In order to prove the claim, we restrict to this subsequence, denote its
index by n(k) as well in the interest of a cleaner presentation, and prove the claim for this subsequence. This is
sufficient because Proposition 4.1 already gives liminfy E_..q) (w™*)) > CoPo (w1 ({1})).

Because n(k) is the last iteration such that e”*) = 9%~k it is clear that cvx_flag = 0 and the minimizers
@™ F) =7 of TR, (w™®, V gj(w™®)), A°277) were rejected in Algorithm 1 In. 8 for all j € {0, ..., k}, which implies
that

ared(w"®) k) =i cnk)y < O A09—2k (4.10)
or ared(w™™® @M =1 A7) < ppred(w™ ) AP277 (k) (4.11)

We proceed with a proof by contradiction and assume that liminfy yE_ . (w™*)) — Po(w~=1({1})) > ¢ holds
for some § > 0. We show that neither of the inequalities above can hold for sufficiently large values of &k so that
a step must have been accepted and thus a subsequence with these properties cannot exist. We start by showing
that (4.11) cannot hold for large enough j and k (depending on j) and then infer that (4.10) cannot hold as
well.

For all > 0 there exists jo € N such that for all k& > jo, all j € {jo,...,k}, and all w that are feasible for
TR (w™®) |V zj(w™*)), A°277) we obtain the estimates

ared(w"® w,e" ™) = j(w"®) — j(w) + YE.n00 (W"F) — Y E_nir) (w)
> Y Eni (W) = Eni (w) —

and
pred(w"(k)7 AOZ_j,en(k)) — YE k) (w"(k)) +YE iy (w)| = |(VRj(w"(k)),w"(k) —w)r2| <7,
which give

ared(w"(®) | n (k) gn(k)) N pred(w™®), A02—do gn(k)) _ 2p
pred(wn(k)7 AOQ_jO R g"(k)) - pred(w”(k), AOQ_jO ; En(k))

In order to continue the estimate, we consider an appropriate feasible approximation of w and distinguish two
cases, specifically whether 9*w=*({1}) N Q = 0 or not.

If 0*w=t({1}) N Q = 0, then w(z) = 0 a.e. or w(x) = 1 a.e., which gives that w is feasible for the subproblems
TR (w™®), V gj(w™*)), AP2790) for all k large enough. We choose n = § - 152, in particular 3y < 4§, and obtain
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for all k£ > jo that

ared(w™®) @) n(k)) 5 _3p
- > =p
pred(wn(k) A02—7do gn(k)) 5

because @ is feasible, implying pred(w™*), A02=do ¢n(k)) > § —p and the function z — Z=21 is monotoni-

cally increasing for x > 27. This implies that the step is accepted latemost for the trust-region radius A%277o
(depending on 1 but not on k for k > jo), implying that (4.11) cannot hold for k > jo. For the accepted step w

for the trust-region radius A°277 with j < jo, we know that

= 2
ared(w™® @, e"®)) > ppred(w"®, A°277 "K)) > p (5 —n) > gpé,

where the second inequality follows from the optimality of @ for the trust-region subproblem. Consequently,
(4.10) cannot hold for large enough k. This implies that the sequence (n(k)); cannot exist under the assumption
that liminfy yE . (w™*)) — Po(w~({1})) > 6 for some & > 0.

If *w 1 ({1}) NQ # 0, then w ¢ H*(Q) so that E_.x (0) = oo and we need an additional approximation in
order to obtain a feasible approximation. The properties of the assumed extension A of w~!({1}) imply that we
can apply the reverse approximation argument from Proposition 2 in [21], which gives that there are functions
Wenewy, k € N, such that Enw) (0ani ) — CoPa(w1({1})). As part of its proof (see p. 135 in [21]), it is shown
that the functions satisfy

20 — @l 0y < (") C(w), (4.12)

where C(w) is a constant that depends on w. Because r > 4 we have that e”®) € o((A™*))2) by means of the
update rules for ¢” and A"™. Consequently, by choosingn = 0 - 1g—p, we obtain again a corresponding jy and for all
k large enough we obtain that @_.. is feasible for the trust-region subproblem TR, (w™*) ¥V gj(w™*)), A02-70)
(for example by choosing jo — 1 for the jo that could be chosen for w). Now, we obtain

E g (wn(k)) — Eony (Wenry)

- _ _ 1)
> B (w"™) = CoPo(w™ ({1})) = |Ecni (Wenc) = CoPa(w™ ({1}))] = 3
for all k large enough. Then, using % instead of & for the adjustment of 7, the same reasoning as for 9*w=1({1})N
Q = () applies in order to refute the existence of the claimed sequence (n(k))y. O

Remark 4.9. If the boundary regularity assumption of the extension in Lemma 4.8 is dropped, a further
approximation of w~1({1}) by sets with smooth boundary is necessary in order to apply Proposition 2 from
[21]. Unfortunately, the constant in the estimate (4.12) then depends on these approximants and might increase
for every approximant, thereby preventing us from controlling the convergence rate of the left hand side of
(4.12). Consequently, we have not been able to prove the claim in this case.

Remark 4.10. In Algorithm 1 22, A" is divided by two while £ is divided by r > 4 when A™*! falls below A™.
This sufficient to guarantee £*) € o((A™*))2) in the proof of Lemma 4.8. While we have used these update
rules in the interest of a clean presentation, other update rules that guarantee e"*) € o((A™*)2) would be
feasible as well.

The following auxiliary lemma is a variant of Lemma 6.2 in [9], where we assume the relaxed condition
Assumption 2.2 instead of twice continuous differentiability.
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Lemma 4.11. Let Assumption 2.2 hold. Let p € (0,1). Let w € LY(Q) satisfy w(z) € {0,1} for a.e. x € Q and
Po(w™({1})) < 0o. Let Vgj(w) € C(Q). Let Ak \, 0. Let w* minimize TR(w, Vgj(w), AF) for k € N. Then
at least one of the following statements holds true.

1. The function w satisfies the L-stationarity conditions (2.1).

2. There exists kg € N such that the objective value of TR(w, Vg j(w), A*) at wko is zero.

3. There exists kg € N such that

3 = j(w) +7CoP(w™ ' ({1})) — j(@**) = vCoP((@™) ' ({1}))
> p(Vr j(w), w — @) +7CoP(w™ ({1})) = vCoP((@™) 71 ({1})) = p*.  (4.13)

Proof. We closely follow the lines of the proof of Lemma 6.2 in [9]. Let & € N. The objective of
TR(w, Vg j(w), A¥), the negative of the right hand side in (4.13), is zero when inserting w itself. Conse-
quently, if the optimal solution @* has objective value zero (Outcome 2), then w minimizes TR(w, Vg j(w), AF).
Proposition 3.2 implies that w is L-stationary (Outcome 1). Thus it remains to show that Outcome 3 when
Outcome 1 does not, that is we show (4.13) for some k.

Because w is not L-stationary, there exists ¢ € C2°(£; R?) with supp ¢ # 0 and n > 0 such that

/ ~Vi j(w)(¢ - ng) dHT — ’YCO/ divg ¢ dHIt > .
0*ENQ 8" EnQ

Let (ft)te(—r0,m) be defined by f; == I +t¢ for ¢ € C(Q,RY) and t € (—79,79) for some 7y > 0, see also
Definition 3.1 and Proposition 3.2 in [9]. We define ft#w = Xf,(w-1({1}))- Then as in the proof of Lemma 6.2 in
[9], we obtain for all k € N sufficiently large that there is 7% > 0 such that fw is feasible for TR (w, Vg j(w), AF)
for all ¢ € [0,7%] and || fHw — w|p1 = AR,

Assumption 2.2 yields

3 = p* + (0" —wlpr).

Consequently, we obtain for all k large enough and all ¢ € (0, 7%]:

58 > ppt = (1= p) (Vi jw), fHhw — )2 + @ TV(fHw) = a TV(w)) + o[ — wl|z)
> pp* + (1= p) (T"n +o(r*)) + o([[@" — w| 1)
> pp" + (1= p) (7" + o(7%)) + o(%).

Here, the first inequality holds because " minimizes TR(w, Vg j(w), A¥), the second inequality holds by virtue
of Lemmas 3.3 and 3.5 in [9], and the third holds because

[0* — wlpr < AF = || fRw — w1 < Kr*
where the existence of k > 0, which is independent of k, is asserted by Lemma 3.8 in [9]. The term (1 — p)TFn,
which is positive, is larger than the o(7*) terms for all k large enough so that (4.13) holds for some ko € N. [

We are ready to prove the asymptotics of our algorithm.

Theorem 4.12. Let Assumptions 2.2 and 4.2 hold. Let w be a limit point in the sense of Proposition 4.1 of
the subsequence (w™ )y with n(k) defined as in Assumption 4.2. Let Vg j(w) € C(Q) and w=*({1}) admit
an extension A outside of Q, that is to RY, such that 0*A is a compact, smooth hypersurface and satisfies
HI=HO*ANO*Q) = 0. Then w is L-stationary.
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Proof. We consider a subsequence of the iterates (n(k))x, which we denote by the same symbol for ease of
notation, as is asserted by Assumption 4.2 such that

Enio (w™®) = CoPo (w1 ({1})). (4.14)

By virtue of the update rules for A" in Algorithm 1 and the well-definedness of the sequence (n(k)) it fol-
lows that for all j € N there is k; so that for all £ > k; it holds that A02-7 > A”(k) and the solution of
TR (w™® | Vi (w™™), A°277) is not accepted in Algorithm 1 In. 8.

For any such j, we employ Theorem 3.3 to deduce that the minimizers w returned by the subproblem
solves of TR (w™®), Vg j(w™*)), A°277) in Algorithm 1 In. 6 converge (after possibly restricting to subsequences
and after invoking the compactness result from [22], see Prop. 4.1) to minimizers w* of TR(w, Vg j(w), AY277)
in LY(Q) for k — oc:

n(k),*

T(w*) < liminf 7% (w™®)*) < lim sup 77®) (w™F7) = T(w*),

k—o0 k—o0
where the w™*)" denote the elements of the reverse approximating sequence that exist by virtue of the upper
bound inequality of the I'-convergence result in Theorem 3.3.

Consequently, the predicted reductions for the returned minimizers of TR, (w™*), Vrj(w™*)), A°277) con-
verge to the predicted reduction of the limit problem TR(w, Vgj(w), A°277), which in combination with the
continuity properties of Vj yields

VB (W) = CoPo((w*)  ({1})).

In turn, we imply convergence of the induced actual reductions as well.
This implies that if there is s € (p, 1) such that

j(w) +vCoP(@ ™ ({1})) — j(w*) — yCoP((w*) " ({1})) 5
(Vr j(w), w — w*) +yCoP(w({1})) = vCoP((w*)"*({1})) ~ ~

(4.15)

then there is lgj > k; such that for all k£ > I;;j it follows that

ared(w”(k)7wn(k),*78n(k))
i 2 |2
pred(wn(k‘), AOQ*j’En(k))

which would contradict the definition of n(k) and in turn w”®*),

If @ is not L-stationary, then Lemma 4.11 (3) implies that (4.15) holds for some large enough j, which leads
to said contradiction and thus we conclude that w is L-stationary. O

Remark 4.13. We do not see how Algorithm 1 could possibly ensure that its limit points @ satisfy
Vg j(w) € C(Q) or the regularity of the extension of w~! by choice of its parameters, which we thus keep
as true regularity assumptions. While Vg j(w) € C(Q) can be verifiable a priori by means of the regularity
properties of the underlying PDE, we note that we do not know at the moment if and how the assumption in
Theorem 4.12 that the extension A of w~! has a reduced boundary 0* A that is a compact, smooth hypersur-
face and satisfies H4~1(0* AN 9*Q) = 0 can be checked in practice. Therefore, it has a similar role as so-called
constraint qualifications in nonlinear programming, where some regularity on the constraints (in our case on the
integrality restriction) needs to be satisfied in order to obtain stationarity or convergence to stationary points.

We believe that the assumption may turn out to be realistic in many settings, as it is common in optimization
and in particular optimal control that the optimality conditions allow to improve regularity of stationary points.
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5. APPLICATIONS OF THE ALGORITHMIC FRAMEWORK

We discuss two classes of problems. In Section 5.1, we consider the case of elliptic equations and briefly
argue that non-standard regularity theory allows to certify Assumptions 2.2 and 4.2. In Section 5.2 we provide
a numerical setup and computational results for the elliptic equation. In Section 5.3, we consider a more
challenging class of coefficient-control problems for acoustic wave equations. Here, we point out the gaps between
our regularity assumptions. In Section 5.4, we give a numerical setup for the acoustic wave equations and provide
some computational results in order to illustrate the algorithm albeit outside of the scope of its assumptions.

5.1. Source control of elliptic equations

We first discuss the developed optimization framework for the control of a source term in an elliptic equation.
Let Q = (0,2)? and v > 0. Consider

(5.1)

—vAu+u=Bw+ f in Q,
u=0 on 0f)

for some bounded linear operator B : L'(2) — L'(Q), f € L'(Q2), and w € L'(Q) is the given control. We
further assume that the adjoint B* : L (Q2) — L>°(Q) is also bounded as a mapping B* : C(Q2) — C(Q).
By means of [24], Theorems 1and 3 and [25], Theorem 4.6, there exists ¢ > 2 such that

llullw.a) < cillwllw-1a@) + call fllw-1.0(0)

for some constants c;, ca > 0. Because of the dense embeddings W4(Q) < C(Q) for ¢ > 2, we obtain L' () <

M(Q) — W=14(Q), where M(Q) denotes the space of Radon measures by means of the Riesz representation
theorem.

Let j in (PA) be j = Jo S, where S : L}(Q) — L?(€) is the solution operator of (5.1) and J : L2(Q) — R be

continuously differentiable. The corresponding boundary-value problem for the adjoint equation reads

/ .
{ vAp +p=—J'(S(w)) in £, (5.2)
p=20 on Of)

and inherits the regularity properties of (5.1) and we obtain Vg j(w) = B*p € C(Q). Let B () be the unit ball
of L>(Q). Then By (q) with respect to all L®-norms, s > 1, and in turn S(Bpe«(q)) is bounded in W*4() for
the ¢ > 2 from above. Consequently, S(Br(q)) is also bounded in HY(Q) so that S(Br=(q)) is a compact subset
of L?(€2). Thus because J : L*(Q) — R is continuous, J o S is bounded on Bpe(q). Because J : L*(Q) — R is
even continuously differentiable, we obtain that the right hand side of (5.2) is bounded in L?({2) and in turn p
is bounded in W14(Q) and C(Q) too. Together with the assumptions on B*, we obtain that Vz j is bounded
in L>=(Q) and C(Q).

Combining these considerations, we obtain the following proposition, which proves that Assumption 2.2 is
satisfied as well as the prerequisites of Proposition 4.5 and Proposition 4.6, implying that Assumption 4.2 is
satisfied for the execution of Algorithm 1.

Proposition 5.1. Let S : L}(2) — L?(Q) be the solution operator of (5.1) and J : L?>(Q) — R be continuously
differentiable. Let j in (PA) be j = JoS. Then j = JoS is continuously differentiable as a mapping j : L'(2) —
R and j and Vg j are bounded on the unit ball of L>(S). Moreover, Vg j(w) € C(2) for all w € Bre(q).

Consequently, we satisfy all assumptions a priori except the constraint qualification-type assumption that
any limit point @ produced by the algorithm satisfies that w~!({1}) admits an extension A outside of €, that
is to R?, such that 0* A is a compact, smooth hypersurface and H4~1(9* AN 9*Q) = 0.
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5.2. Numerical experiments for the source control problem

We provide an example in Section 5.2.1, where a global minimizer of the problem (P) is known exactly. We
briefly describe the discretization of the state and adjoint PDE in Section 5.2.2. Our algorithmic setup and the
experiments are described in Section 5.2.3. We describe the results in Section 5.2.4.

5.2.1. Exact solution

We construct a globally optimal solution (u*,w*) to the relaxed problem

1 -
r&gl §||u — Ud”%'z(g) +'YCOPQ(U) 1({1}))

subject to —vAu+u=w+ fin Q, (5.3)
u =0 on 0,
w(z) € R for a.e. z € Q

such that w* is {0, 1}-valued and 9*w*~*({1}) is a compact, smooth hypersurface that is completely contained
in Q. This implies that u* is also a solution to (P) with the choices J(u) == %[u — Ud”%z(gl) and S(w) =
(—vA + I)7L(w + f) and satisfies the additional constraint qualification-type assumption of Theorem 4.12.
. _ o 1 x
Regarding the constants, we choose v = 1072 and v = 1072C, ! and note that Cy = fo v2s(1l —s)ds = Vi
for our choice E., which can be deduced by following the analysis in [21], p.132 and observing that choosing
W(x) = 22(1 — x) therein corresponds to our setting (after a transformation of § to /¢). We follow the ideas
of [26] and construct ug, f, u*, and p* such that w* = x g, ,((1,1)7), «*, and p* satisfy the following optimality
system of (5.3), see also Theorem 3 in [27] and Theorem 2.6 in [28] for the derivation of optimality conditions,

—vAu+u=w+ fin Q, u =0 on 99, (
—vAp+p=u—ugin 2, p=0on 99, (

)
)
/ pdx =0 (5.4c)
Q

(=p,w) 2 = vCo TV (w), (5.4d)

(=p,v)2 < vCo TV (v) for all v € BV(Q). (5.4e)
Following [26], we first construct a function ¢ € C2((0,1)) that satisfies 1(0.5) = 1 and 0 < (s) < 1 for all
s € (0,1). This then allows to define

S — {—w(llw — (WD) ) =ty if e — (1, 1)7]| € supp e,

0 else.

In order to meet all conditions, we solve a linear system for the coeflicients of a degree 8 polynomial ansatz for
¥. Then we choose p* = vCy div ¢, which allows to verify (5.4d) and (5.4e) for the choice w = w*. Next, we
choose u* € C3(Q) as u*(r) = —223(2 — 71)?23(2 — 22)? and in turn f = —vAu* + u* — w* to satisfy (5.4a)
and ug = u* — (—vAp* + p*) to satisfy (5.4b). Finally, (5.4c¢) holds by means of Gaufi-Green formula and the
fact that ¢ has compact support.

5.2.2. Discretization of the state and adjoint problems

We discretize €) into 64 x 64 squares, which are subdivided into two triangles each. We choose CG1 ansatz
functions for wu, p, and w. We use the FEniCSx library [29-31] to assemble and solve the PDE (5.4a) and
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its adjoint (5.4b). In order to provide (approximations of) ug and f, we implement the exact solution from
Section 5.2.1 using sympy [32] and interpolate it into CG1 functions.

5.2.8. Setup

Regarding the implementation of Algorithm 1, we only solve instances of the convex subproblems (TR¢) in
order to keep the implementation and computational effort manageable, where we note that solving quadratic
programs with one negative eigenvalue is already NP-hard in general [33]. We execute our algorithm on a laptop
computer with an Intel(R) Core(TM) i7-11850H CPU (2.50 GHz) and 64 GB RAM. We solve the discretized
subproblems with Gurobi 10.0.0 [34]. We initialize the algorithm with the choices A® =1, p = 1074, kK = 1078,
A% =244 x 107%, and r = 5. We initialize the homotopy with the different values €% € {25,5,1,2 x 1071, 4 x
1072,8 x 1073} and for each of these six values for € with 21 different initial controls w. Specifically, we choose
eleven constant initial controls w®(z) =i x 107! for i € {0,...,10} and w®(x) = sin(0.25i7z;)? sin(0.25i7xs)?
for i € {1,...,10}. This gives a total of 126 runs of Algorithm 1.

Our fixed CG1 ansatz limits the gradient of w and, consequently, F. cannot be expected to be reliable for
very small values of €”. In particular, [[Vw"||3, cannot become larger and [, ¥(w™) cannot become smaller
if a phase transition from 0 to 1 already happens inside one grid cell. We have observed such effects when ™
was reduced below 8 x 1072 and therefore always consider the last accepted step for €” = 8 x 1072 as the last
iterate of the homotopy but note that in all cases, the algorithm did accept at most one further iteration for
the next smaller value e” = 1.6 x 10~3 with the L?-norm of the step always being below 10710,

5.2.4. Results

All 126 runs produced sequences of iterates so that the nodal values in the CG1 coefficient vector were almost
binary. The largest non-binarity of the coefficients over all choices of w® and for € € {25,5,1,2x 1071,4 x 1072}
was 3.37 x 10710 while the largest final non-binarity for € = 8 x 1072 was 1.08 x 107"

For the choices € € {25,5,1,2 x 1071,4 x 1072}, all sequences of produced iterates for the corresponding
105 runs have approximately the same final iterate w; and corresponding state and adjoint u; and py, which
are close to the CG1 interpolations of the exact solution Zw* and corresponding Zu* and Zp*. Specifically, we
obtain for all cases

||wf —I’LU*||L2(Q) =3.12 x 10_2, H’U,f _IU*||L2(Q) = 3.68 x 10_3, ||pf _Ip*”L2(Q) =2.21 x 10_3

after rounding to three significant digits. In line with the fact that Zw* is not optimal for the discretized problems,
we observe that the objective value J(S(wy)) + vEg.10-3(wy) is always slightly smaller than J(S(Zw*)) +
vEg.19-3(Zw*). We have validated for two runs that these errors decrease when choosing a finer grid. To give
a visual impression of this global convergence behavior, we pick the choice w®(x) = sin(2.5mx1)? sin(2.5mx5)?
and plot the L2-distance ||w™ — Zw*|| 2 over the course of the iterations n of Algorithm 1 for the choices
e € {25,5,1,2x 1071,4 x 1072} in Figure 2.

The 21 runs for the choice € = 8.0 x 1073 produced only very few iterations (between 1 and 8) and did
not yield final iterates close to Zw* but generally a binary-valued function that was close to the initialization.
While it is difficult to come to a definite conclusion about the reasons here since discretization and numerical
precision effects may also be involved here, we believe that this can mainly be attributed the fact that we only
use the convex trust-region subproblems, which imply a high penalty proportionally to % on the change of a
nodal value that is already close to 1 to 0 or vice versa, see (TRE) although the difference may be very small or
even zero in the non-convex formulation.

For the choices € € {25,5,1,2 x 1071,4 x 1072}, where the final iterates were close to the globally optimal
solution of the limit problem and who are thus comparable, the number of iterations and run times for the
execution of Algorithm 1 decreased when starting with a smaller value of €°. We have tabulated the mean and
average iteration numbers as well as the average run times in Table 1 for €° € {25,5,1,2 x 1071,4 x 1072}.
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—o— <=25.00

10°

v =500

........... - g0 = 1.00
v #- 0=020
*- 0=0.04

L2 distance

FI1GURE 2. Global convergence of the iterates produced by Algorithm 1 indicated by the distance
[w" — Zw*|| 12(q) for the different values of 2. The locations of the marker symbols indicate

the first iteration of an accepted iterate for a new (reduced) value of .

TABLE 1. Average and median number of iterations and average run time of the executions of
Algorithm 1 over the different initializations w® for the different values of V.

el 25 5 1 2x 107t 4 x 1072
Average iteration number 146.76 109.81 76.81 52 37.24
Median iteration number 147 109 76 52 33
Average run time [s] 593 458 325 213 147

5.3. Control of the propagation speed in a linear wave equation

Let now Q C R? with d € {1,2,3} be a bounded Lipschitz-regular domain. We next consider the control
of the propagation speed in a damped wave equation. This problem falls outside of the developed theoretical
framework; however, as shown later, the algorithm nevertheless performs well in numerical tests. More precisely,
we consider the following problem:

uge — div(a(w)Vu) = bAuy = f on  Qx (0,T),
g—z =0 on o0 x (0,T), (5.5)

(u, Ut)|t:o = (uo,u1).
In the context of acoustics, the wave equation given above describes propagation of sound waves through
thermoviscous media. Here u = u(z,t) represents the acoustic pressure, a(w) corresponds to the speed of sound
squared (controlled by w), and b > 0 is the so-called sound diffusivity. We assume that
a(w) = (1 +w(z)),

where ¢ > 0 is the reference value for the speed of sound in the medium and

WEWu={wel®): w<w<w ae. inN} (5.6)
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for some W, w, such that 14 w > 0. This setting is similar to the one of [5], which studied coefficient-control of
the undamped wave equation (i.e., with b =0 in (5.5)). The objective of the optimization process is to reach
the desired pressure distribution in a focal area of interest D C :

J(u);/OT/D(uud)zdxds

for a given ugq € L?(0,T; L*(9)). The admissible space for u is

U={uec L®0,T; H(Q)) : us € L>°(0,T; L*(Q)) N L*(0, T; H*(Q)),

uye € L2(0,T; HY(2)")}. (5.7)

Control of a strongly damped (nonlinear) wave equation has been considered in [6] using a phase-field approach.
We can can adapt the theoretical results from [6] to the present simpler setting in a straightforward manner.

Proposition 5.2 (Well-posedness of the state problem). Given T >0 and b > 0, let f € L?>(0,T; H'(Q)*), and
(ug,u1) € HY(2) x L*(Q). Then for every w € Waq, there is a unique u € U, which solves

/Qutt(t)v dz + /Q(a(w)Vu(t) +bVu(t)) - Voda = /va dz (5.8)

a.e. in time for all v € HY(Q), with (u,ut)|i=0 = (uo,u1). Furthermore, this solution satisfies the following
energy estimate:

el Foe L2y + VUl Zo (220 + VUl 2220

) ) ) (5.9)
< Crexp(CoT)([Juoll 7 o) + lluallz2 ) + 111220 (@)))s

where C,2 > 0 do not depend on w.

Proof. Unique solvability follows, for example, by [35], Theorem 1, Chapter 5. Estimate (5.9) follows by testing
the problem with v = u;(t) € H'(Q) and a straightforward modification of the energy arguments in, e.g., [6],
Proposition 3.1. Note that from (5.9) and the PDE, we also have the following bound:

llwsell L2 mr )y S VUl )y + 1IVudll 2@y + 1 2@+

< Crexp(CoT) (Nuollmr o) + llull L2y + 112 0))) 5

see, e.g. [36], Chapter 7 for similar arguments. O

Thanks to the above well-posedness result, the operator S : W,q — U is well-defined. The next result
established the differentiability of the control-to-state mapping.

Proposition 5.3. Under the assumptions of Proposition 5.2, let & and u be the solutions of the state problem
corresponding to the controls w and w, respectively. Then

i = ulles < Clu,ur, T — w] 1 () (5.10)

Proof. As the difference & = 4 — u solves

/Qﬂtt(t)v dz + /Q(a(w)Vﬁ(t) +bViu(t)) - Vode = — /Q(a(ﬁ)) —a(w))Va - Vods,
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for all v € HY(2) a.e. in time, with zero initial data, the statement follows by testing the above weak form with
v =1, (t) € H*(Q), integrating over time, and using the fact that @ € U. O

Proposition 5.4. Under the assumptions of Proposition 5.2, the control-to-state operator S : Woq — U is well-
defined. Furthermore, it is Fréchet differentiable and its directional derivative at w in the direction of £ € L ()
is given by S’ (w)€ = u*¢, where u** is the unique solution of

/ u:f(t)v dx + / (a(w)Vu*S(t) + qu:’g(t)) -Vovdx = —02/ EVS(w)(t) - Vuda (5.11)
Q Q Q

a.e. in time for allv € HY(Q), with (u*, u}**)|,—o = (0,0). Furthermore, it holds

||u*’5

u < C(T) [|€l| Lo (o) (luoll mr () + luallz@) + 122 @)7))- (5.12)
Proof. The proof of the statement follows similarly to [6], Proposition 4.2 and Theorem 4.1; the main difference
is that we are in a lower-order setting compared to [6] in terms of the regularity of data (on the other hand,
we are working with a simpler equation). We provide some details here as they are relevant for discussing this
problem in the context of the theoretical framework of the paper. Given £ € L (Q), let

r=S(w+ &) — S(w) —u*t.

Note that the well-posedness of (5.11) follows by Proposition 5.2 with the right-hand side set to f =
div(c?¢Vu) € L2(0,T; H'(Q2)*). We can see 7 as the solution of the following problem:

/Tttvdx—l—/(a(w)Vr—l—ert)-Vvdm: —/ AE(S(w+ &) — S(w)) - Vuda (5.13)
Q Q Q

for all test functions v € H'(Q), a.e. in time, supplemented by zero initial conditions. To show that

I7llx = o(ll€lle=()) as [|§]|ze(a) — 0.

we choose v = r(t) € HY(Q) in (5.13) and estimate the resulting right-hand side as follows:

- / AV (S(w + &) — S(w)) - Vry da
Q
S el @IV(S(w + &) = S(w))ll 2Vl L2 o

(5.14)

a.e. in time. The statement then follows by the continuity of the mapping S established in Proposition 5.3. [

Let w € Waq and let u = S(w) € U be the corresponding state. On account of Proposition 5.2, we can
introduce the reduced functional j(w) = J(S(w)).

Proposition 5.5. Under the assumptions of of Proposition 5.2, the reduced functional j : Woq — R is Fréchet
differentiable.

Proof. The proof follows similarly to [6], Proposition 5.2 and we thus again omit the details. O

Note that we have

T
' (w)é = /0 /Q(u — ug)u™® dads (5.15)
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with u*¢ given by (5.11). The adjoint problem is given by

/thtv dz + /Q(a(w)Vp(t) —bVp;) - Vodz = /Q(u — uq)v dzds, (5.16)

for all v € HY(Q) a.e. in time, with (p, p;)|i=r = (0,0). After time reversal ¢ — p(T — t), its unique solvability
follows by Proposition 5.2 together with the bound

[Pl < C(T)|lw — wall2(z2(0))-

Using the adjoint problem, we then find

J(w)é = —/0 /Qa’(w)gvu-vpdxds. (5.17)

Looking at (5.14), it does not seem feasible in this setting to have an estimate involving only ¢ € L4(Q) for
some g < 0o so0 as to come closer to satisfying Assumption 2.2. Thus this acoustic problem does not fit into our
set of assumptions for the algorithmic framework so far. As a possible alleviation, one may want to introduce
a regularization of the input by means of a mollification as is proposed in [37]. However, the continuity with
respect to L is not enough to pass to the limit in the mollification. We intend to use non-standard elliptic
regularity theory to improve on the properties of j' in the future. Nevertheless, we demonstrate in the next
section that the proposed algorithm still shows a sensible output when applied to this setting.

5.4. Numerical experiments for the acoustic field

We next wish to provide a qualitative assessment of the algorithm in practice. To this end, we first describe the
used discretization in Section 5.4.1 as well as the setup and our implementation of Algorithm 1 in Section 5.4.2.
The numerical results are provided in Section 5.4.3.

5.4.1. Discretization of the state and adjoint problems

We follow the numerical approach of [5] and adapt the implementation used there! to incorporate strong
damping in the wave equation. More precisely, we employ continuous piecewise linear finite elements in space and
time to discretize the state and adjoint problems. We briefly discuss the extension of the numerical discretization
in [5] to the strongly damped acoustic setting (that is, having b > 0 in (5.5)).

Let 7, = {T} be a mesh consisting of triangles or tetrahedra T with the mesh size h and let D), € H*(Q) N
C(92) be the corresponding finite element space consisting of continuous piecewise linear functions. We further
define the finite element space D, C H'(0,T) C C|[0,T] of continuous piecewise linear functions associated with
the uniform discretization 0 = tg < t; < ... < tn, =T, where 7 = t;41 — t;, 1 € {0,..., N, — 1}. Let {e;} be
the basis (hat) functions of D, .

Let v := (h,7) and D, := D}, ® D,. We look for the approximate solution u, € D,, which satisfies

T
/ / { — Osu,, Opv — (0 — 1)7'2a(wh)V8,guu - Vo + a(wp,)Vu, - Vo
o Ja 6 (5.18)

T
+bVou, - Vv} dzds = / upv(0) do —l—/ / fudzds
Q 0o Ja

Thttps://github.com/clason /tvwavecontrol
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for all v € D, with v(T) = 0, and wu, (0) = Pyug, where Py is the L?(Q) projection operator defined by

(Pouo, @) r2() = (uo,¢)r2(q) for all ¢ € Dy,. (5.19)

In (5.18), o > 0 denotes the stabilization parameter; cf. [5], Definition 5.1. Problem (5.18) can be restated as a
time-stepping scheme using the fact that

t; —t t—t;_
——up(tim1) + ———un(ts),  t € [tio1,ti],
u, (1) = ti—ti1 i —ti1
v liv1 —1 t—t;

——un(ti) + ——unltiv1), € [ti, tiga],

liy1 — 4 tit1 — 1
N,—1

and expressing the test function as v = Z ei(t)¢i(x). Indeed, let uf) = Pyug. We first compute uj using the

i=0

fact that it solves

ut — 1
(hh’ ¢> + 7(a(wy)V(oup, + (5 —o)ul), Vo)r2)
T L2()

b ¢ (5.20)
+ = (V(up —u)), Vo) r2(0) = (u1, ¢)r2a) + / feo, @
2 0 12(9)
for all ¢ € Dy. Then given (uﬁfl, u;l), we can compute uﬁlﬂ since it solves
i+1 i i—1
uy —2up +u . ) -
( b S LN ,¢> 47 (awn) V(0w + (1= 2000} + 007, V0) 1o

L) (5.21)

ti—1

b ; i tiy1
0 (VO ), V6) gy = ( | seas d))
12(0)

for 1 <i< N,—1and all ¢ € Dy,.
N,
Concerning the adjoint problem, discrete adjoint state p, = Z pi(x)e;(t) € D, satisfies the following
i=1

problem:

T
1
/ / { — 0w0sp, — (0 — =)T%a(wp,)Vow - Vdip, + a(wy)Vov - Vp,
0 Ja 0 (5.22)

T
+ bV, - pr} dzds = / / (u, — uq)vdads
o Ja

for all v € D, with v(0) = 0, and p,(T) = 0. This problem can be reformulated as a time-stepping scheme

analogously to the state equation. Indeed, starting from pibv ™ = 0, we compute pivf‘l using the fact that it solves

N, N.—1
- (Mv ¢> + T(a(wh)V(prlVT_l + (% — O’)p,]lVT), Vo))
L2(Q) (5.23)
b
2

N,
+5(V(pp~ +thT_1)av¢)L2(Q) = / /(ul, —uq)ey, dzds.
N,—1J9
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Given (pjt', pi), we can compute pj ' using the fact that

(pﬁfl —2p}, +p)
T

’Qﬁ) + 7 (a(wp)V(opy™ + (1 — 20)p}, + op) V¢)L2(Q)
o . (5.24)
b i i i+
_ 5 (V(pthl — Dy, 1), V¢)L2(Q) = (/ (UV — ud)ei ds7 ¢>
L*(Q)

ti—1

for 1 <i < N, —1and all ¢ € Dj,. The considerations concerning the properties of the discrete control-to-state
operator follow analogously to Section 5.1 in [5], so we omit them here.

5.4.2. Setup

We consider a two-dimensional rectangular spatial domain = (—1,1) x (—1,2) that are discretized into
96 x 96 squares, which are subdivided into two triangles each and a time horizon from 0 to 7' = 5 that is
discretized into 256 intervals. We choose ¢? = 20 and b = 1.25 - 1072. We choose CG1 elements as ansatz
functions for the state vector as well as the control vector. We use the FEniCSx library [29-31] and the space-
time discretization from [5] described in the section above in order to solve the PDE and its adjoint. We use a
tracking-type functional and choose v = 7.5 - 1079 in the objective. In order to approximate the L'-norm in the
trust-region subproblems, we compute the L'-norm of the function that is obtained by reflecting the negative
node values (our ansatz has a nodal basis) at the origin. We choose the acoustic source term f as the Ricker
wavelet as in [5] and set o = 0.25.

Regarding Algorithm 1, as in Section 5.2, we only solve instances of the convex subproblems (TR¢). We
initialize €% =1, A® = 1.5, p =107, k% =108, and A” = 1.14 - 10~°. The initial control w® is the constant
function with the value 0.5.

We execute our algorithm on a laptop computer with an Intel(R) Core(TM) i7-11850H CPU (2.50 GHz) and
64 GB RAM. We solve the discretized subproblems with Gurobi 10.0.0 [34]. We stop the algorithm when no
futher progress is made, that is €” is reduced without any step having been accepted for the previous value of

6"7.

5.4.8. Results

The execution of our implementation requires 174 iterations, of which 62 are accepted, which are broken
down for the different values of €™ in Table 2. The number of accepted iterations is between 11 and 27 for
the first three values of €” drops to 5 for the fourth value. For the fifth value € = 1.6 - 1073, the trust-region
immediately contracts because it is already close to stationarity for ¢ and no improvement can be made from
last accepted iterate for the previous value of €. This is closely linked to the fact that we only use convex
subproblems and the iterate is already very close to being binary-valued. Hence the objective of the convex
subproblem exhibits a high penalty that is proportional to % on changes of the nodal values from 0 to 1 or vice
versa. In other words, the objective gradient points to the outside of the feasible set, implying the stationarity.
A further reduction of €™ lead to the same result for this test case. We also note that handling the coefficients
in the trust-region subproblem becomes more difficult for smaller values of €™ due to the opposed scaling effect
of € on the two terms in E.. The running time of the execution of the algorithm was 2 hours and 18 minutes.

While it is difficult to measure instationarity with respect to (P) directly, we compute the predicted reduction
of the solved trust-region subproblems (TR) for the reset trust-region radius A for the initial and final iterate
for each of the values of €™ in order to have a surrogate and get some impression on the behavior of the algorithm.
We observe a decreasing (but not monotonic) trend for the initial predicted reduction over the different values
of €. The predicted reduction drops the first to the second value of € by almost three orders of magnitude and
then remains relatively constant over the next two reductions of € and then drops almost by another order of
magnitude.
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TABLE 2. Number of accepted iterations and initial predicted reduction for the reset trust-region
radius A? = 1.5 for different values of £”.

Predicted reduction for A = 1.5

en Accepted iterates Initial Final

1.0 19 1.162 x 102 4.10 x 10~8
2.0x 1071 11 7.687 x 1076 4.99 x 107?
4.0 x 1072 27 1.139 x 107° 2.62 x 1079
8.0 x 1073 5 8.962 x 1076 1.27 x 1078
1.6 x 1073 - 9.023 x 10~ 7 9.023 x 10~ 7

0.
-1.0 -1.0

(E) e" =4.0x 1072 (F) e" =4.0x 1072 (¢) " =8.0x 1072 (H) " =8.0x 1077

FIGURE 3. First (a, ¢, e, g) and last accepted iterate (b, d, f, h) over the decreasing values
of £”.

As one expects from gradient-based optimization algorithms, the value of the predicted reduction is much
smaller for the final iterate for the four values of ¢ for which iterates are accepted. We tabulate these values in
the Table 2 too.

Over the course of the iterations, the binarity of the (accepted) iterates w™ increases significantly and a sharp
interface emerges. We have visualized this in Figure 3, where we display the first and last accepted iterates for
each of the values ™.

6. CONCLUSION

We have provided an algorithmic phase-field approach to a class of optimal control problems with a restriction
to binary control functions with perimeter regularization. We have shown that the algorithmic idea of [9, 11]
can be transferred to the phase-field setting and a similar convergence theory can be obtained, where the
L-stationarity of the limits requires an additional geometric assumption, see Theorem 4.12, which we believe
cannot be dropped easily without replacement and which we interpret as a constraint qualification in an analogy
to nonlinear programming. Crucially, we have derived a relationship between the reduction of the interface
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parameter and the reduction of the lower bound on the trust-region radius that in turn triggers reduction of
the interface parameter.

As our applications and computational examples demonstrate, this work motivates research on several aspects
of numerical optimization of problems of type (P) by means of the analyzed algorithmic framework. We highlight
a few of them below.

Assumption 2.2 requires that the reduced objective j = J o S is Fréchet differentiable as a function from
L(Q) to R. We cannot satisfy this assumption for our motivating application and only get differentiability with
respect to L*°(§2) so far, see Section 5.3. This is not satisfactory because for any two binary-valued functions
that differ on a set of strictly positive Lebesgue measure, their L (2)-difference is one. This motivates research
on approximations of the PDE so that the assumption can be satisfied as well as research on improving the
Assumption 2.2 so that differentiability is only required with respect to some LP(Q), p > 1.

A crucial step in our convergence analysis is Theorem 3.3, in which we prove I'-convergence of the non-convex
trust-region subproblems for a fixed trust-region radius. Example 3.5 shows that this result does not hold in the
same way for the convex trust-region subproblems. Therefore, in order to reduce the computational burden that
is required for convergence guarantees, we find it important to seek alternatives to the statement of Theorem 3.3
in the convergence analysis that would allow us to work with convex subproblems. An alternative avenue is of
course to develop efficient solution strategies for the non-convex subproblems.
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