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OPTIMAL CONTROL OF THIRD GRADE FLUIDS

WITH MULTIPLICATIVE NOISE

Yassine Tahraoui1,* and Fernanda Cipriano2

Abstract. This work aims to control the dynamics of certain non-Newtonian fluids in a bounded
domain of Rd, d = 2, 3 perturbed by a multiplicative Wiener noise, the control acts as a predictable
distributed random force, and the goal is to achieve a predefined velocity profile under a minimal
cost. Due to the strong nonlinearity of the stochastic state equations, strong solutions are available
just locally in time, and the cost functional includes an appropriate stopping time. First, we show
the existence of an optimal pair. Then, we show that the solution of the stochastic forward linearized
equation coincides with the Gâteaux derivative of the control-to-state mapping, after establishing some
stability results. Next, we analyse the backward stochastic adjoint equation; where the uniqueness of
solution holds only when d = 2. Finally, we establish a duality relation and deduce the necessary
optimality conditions.
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1. Introduction

The purpose of this article is to control the random velocity field y of a non-Newtonian fluid, which fills a
bounded domain D ⊂ Rd, d = 2, 3 with smooth boundary, and moves under the action of random forces. More
precisely, we consider a tracking problem and the goal is to minimize the cost functionals of the following form

JM (U, y) = fM (y, τUM ) +
λ

p
E
∫ T
0
∥U∥p

(H1(D))d
dt, where fM is a given functional of the physical state y, which

lives up to a certain stopping time τUM , E denotes the average over all possible outcomes of the physical system,
the constant λ > 0 sets the intensity of the cost and p > 2(d+ 1). The control acts through the external force
U, and the random velocity field y is constrained to satisfy the incompressible third grade fluid equations driven
by a multiplicative Wiener-noise, see (2.1) and Section 2 for the precise mathematical framework.

Most studies on fluid dynamics have been devoted to Newtonian fluids, which are characterized by the
classical Newton’s law of viscosity. However, there exist many real and industrial fluids with nonlinear viscoelastic
behavior that does not obey Newton’s law of viscosity, and consequently cannot be described by the classical
viscous Newtonian fluids model. Among these fluids, we can find natural biological fluids, geological flows,
industrial oils, fluids arising in food processing and cosmetic production, and many others, see e.g [1, 2].
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Therefore, it is necessary to consider more general fluid models. Recently, the class of non-Newtonian fluids of
differential type has received a special attention since it includes second grade fluids, which can be related to
Camassa and Holm equations, possessing interesting geometric properties. The third grade fluids correspond
to the next step of modeling fluids of differential type, which includes larger class of fluids, see e.g. [3, 4].
Consequently, the mathematical analysis of third grade fluid equations should be relevant to predict and control
the behavior of these fluids, in order to design optimal flows that can be successfully used and applied in the
industry. From mathematical point of view, third grade fluids constitute an hierarchy of fluids with increasing
complexity and more nonlinear terms, which is more complex and require more involved analysis.

Without exhaustiveness, the third grade fluid equations with Dirichlet boundary condition were studied in
[5, 6]. Later on [7, 8], supplementing the equation with a Navier-slip boundary condition, the authors established
the existence of a global solution for initial conditions in H2 and proved that uniqueness holds in 2D. In [9],
the authors extended the later deterministic results to stochastic models in 2D. Recently, we proved in [10] the
existence and uniqueness of local adapted solution to the stochastic third grade fluids equations with Navier-slip
boundary conditions. The sample paths take values in the Sobolev space H3 and are defined up to a certain
positive stopping time, in 2D and 3D. See also [11] for ergodicity properties.

The control problems for Newtonian fluids (first grade fluids), where the flows are described by Navier–Stokes
equations, have been extensively studied in the literature, let us refer for instance to [12–14]. We emphasize
that directing the velocity field to a desired velocity profile over time, through a tracking-type cost functional,
has a wide range of applications. To the best of our knowledge, the control problem for the second grade fluids
(differential type) has been addressed for the first time in [15], where the authors proved the existence of a 2D-
deterministic optimal control and deduced the first order optimality conditions. Later on, the control problem
for 2D-stochastic second grade fluid models have been studied in [16, 17]. Recently in [18], the authors tackled
the control problem for 2D-deterministic third grade fluids. Namely, they showed the existence of an optimal
solution, they deduced the first order optimality conditions and proved the uniqueness of the coupled system.

It is worth mentioning that the majority of the works in the literature considered the optimal control problem
in 2D. The 3D-problem is much more difficult due to the fact that the existence and uniqueness of the solution
of Newtonian or Non-Newtonian fluid equations holds just locally in time (defined only up to a certain stopping
time in the stochastic case). Taking into account the existence and uniqueness result of the solution, we define
the cost functional including the stopping time and obtain a nonconvex optimization problem, see [19]. In
order to establish the existence of the optimal control and to derive the optimality system, it is necessary
to analyze the dependence of the cost functional on the stopping time, which is not an easy issue. In [19],
the authors proved the well-posedeness of local mild solution to the stochastic Navier–Stokes equations with
multiplicative Levy noise. Then, they proved the existence and uniqueness of optimal control, by analyzing
some cost functional depending on stopping time. Recently, they studied in [20], the optimality system and
established the necessary and sufficient optimality conditions with a multiplicative noise driven by a Q-Wiener
process. It is worth mentioning that the approach in [19, 20] was based on the theory of semigroups.

Here, we aim to control stochastic non-Newtonian fluids is 2D and 3D. Namely, we will solve a stochastic
optimal control problem constrained by the stochastic third grade fluid equations. We will show the existence of
the optimal control, and establish the optimality system via variational approach. The stochastic third grade fluid
equations is highly nonlinear which requires a subtil analysis, as well as the corresponding stochastic linearized
and backward stochastic adjoint equations. Moreover, we should say that our work improves substantially the
2D result obtained in [16] in the case β = 0, since one can perform the analysis of the optimality system without
the special weights used in [16]. Finally, we show that a similar analysis applies to derive the optimality system
for cost functional including velocity field derivatives, which can be relevant to control the turbulence.

The article is organized as follows: in Section 2, we precise the mathematical framework and the assumptions
on the data. Then, we recall the defintion of stochastic local solution and a result about the existence and
uniqueness. Section 3 is devoted to establish some stability results. In Section 4, we formulate the optimal
control problem and we state the main results of this work. Then, we show the existence and uniqueness of
optimal solution. Section 5 is devoted to show the existence and the uniqueness of the solution to the stochastic
linearized state equation. In Section 6, we show that the Gâteaux derivative of the control-to-state mapping
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concides with the solution of the linearized equations. Then, we write the variation of the cost functional. In
Section 7, we study the backward stochastic adjoint equations in 2D and 3D, where the uniqueness holds only
in 2D. Section 8 concerns the proof of a duality relation between the solution of the linearized equation and the
adjoint state. Then, we deduce the first order optimality condition. We propose in Section 9 the extension of
our analysis to the case of cost functional including derivatives. Finally, we gather in Section 10 some technical
lemmas, that we used repeatedly in our analysis.

2. Content of the study

Let W be a cylindrical Wiener process defined on a complete probability space (Ω,F , P ), endowed with a
right-continuous filtration {Ft}t∈[0,T ]

1. We assume that F0 contains all the P-null subset of Ω (see Sect. 2.2 for
the assumptions on the noise). The goal is to study the optimal control of a third grade fluid where the control
is introduced via the external forces. The fluid fills a bounded and simply connected domain D ⊂ Rd, d = 2, 3,
with regular boundary ∂D, and its dynamics is governed by the following equations



d(v(y)) =
(
−∇P+ ν∆y − (y · ∇)v(y)−

∑
j v

j(y)∇yj + (α1 + α2)div(A
2)

+βdiv(|A|2A) + U
)
dt+G(·, y)dW in D × (0, T )× Ω,

div(y) = 0 in D × (0, T )× Ω,

y · η = 0, (η · D(y))
∣∣
tan

= 0 on ∂D × (0, T )× Ω,

y(x, 0) = y0(x) in D × Ω,

(2.1)

where y := (y1, . . . , yd) is the velocity of the fluid, P is the pressure and U corresponds to the external force.
The operators v, A, D are defined by v(y) = y − α1∆y := (y1 − α1∆y

1, . . . , yd − α1∆y
d) and A := A(y) =

∇y +∇yT = 2D(y). The vector η denotes the outward normal to the boundary ∂D and u|tan represents the
tangent component of a vector u defined on ∂D. In addition, ν denotes the viscosity of the fluid and α1, α2, β
are material moduli satisfying

ν ≥ 0, α1 ≥ 0, |α1 + α2| ≤
√
24νβ, β ≥ 0. (2.2)

It is worth noting that (2.2) allows the motion of the fluid to be compatible with thermodynamic laws, namely
it ensures that the Helmholtz free energy density be at a minimum value when the fluid is locally at rest, we
refer to [2] for more details. The diffusion coefficient G will be specified in Subsection 2.2.

2.1. Function spaces and notations

For a Banach space E, we define

(E)k := {(f1, · · · , fk) : fl ∈ E, l = 1, · · · , k} for positive integer k.

Let us introduce the following spaces:

H = {y ∈ (L2(D))d | div(y) = 0 in D and y · η = 0 on ∂D},
V = {y ∈ (H1(D))d | div(y) = 0 in D and y · η = 0 on ∂D},
W = {y ∈ V ∩ (H2(D))d | (η · D(y))

∣∣
tan

= 0 on ∂D}, W̃ = (H3(D))d ∩W.

1e.g. the one generated by {W (t)}t∈[0,T ].
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We recall that for X = {y ∈ (L2(D))d : div(y) ∈ L2(D)}, the trace mapping y ∈ X 7→ y.η ∈ H−1/2(∂D) is a
bounded linear mapping.

First, we recall the Leray-Helmholtz projector P : (L2(D))d → H, which is a linear bounded operator
characterized by the following L2-orthogonal decomposition v = Pv +∇φ, φ ∈ H1(D).

Now, let us introduce the scalar product between two matrices A : B = tr(ABT ) and denote |A|2 := A : A.

The divergence of a matrix A ∈ Md×d(E) is given by (div(A)i)
i=d
i=1 = (

d∑
j=1

∂jaij)
i=d
i=1. The space H is endowed

with the L2-inner product (·, ·) and the associated norm ∥ · ∥2. We recall that

(u, v) =

d∑
i=1

∫
D

uividx, ∀u, v ∈ (L2(D))d, (A,B) =

∫
D

A : Bdx; ∀A,B ∈ Md×d(L
2(D)).

On the function spaces V , W and W̃ , we will consider the following inner products

(u, z)V := (v(u), z) = (u, z) + 2α1(Du,Dz),
(u, z)W := (u, z)V + (Pv(u),Pv(z)),
(u, z)

W̃
:= (u, z)V + (curlv(u), curlv(z)),

(2.3)

and denote by ∥ · ∥V , ∥ · ∥W and ∥ · ∥
W̃

the corresponding norms. The usual norms on the classical Lebesgue and
Sobolev spaces Lp(D) and Wm,p(D) will be denoted by ∥ · ∥p and ∥ · ∥Wm,p , respectively. In addition, given a
Banach space X, we will denote by X ′ its dual.

For the sake of simplicity, we do not distinguish between scalar, vector or matrix-valued notations when it is
clear from the context. In particular, ∥ · ∥E should be understood as follows

� ∥f∥2E = ∥f1∥2E + · · ·+ ∥fd∥2E for any f = (f1, · · · , fd) ∈ (E)d.

� ∥f∥2E =

d∑
i,j=1

∥fij∥2E for any f ∈ Md×d(E).

Throughout the article, we consider Q = D × [0, T ], ΩT = Ω × [0, T ], and denote by C,Ci, i ∈ N, generic
constants, which may vary from line to line.
The results on the following modified Stokes problem will be very usefull to our analysis

{
h− α1∆h+∇P = f, div(h) = 0 in D,

h · η = 0, (η · D(h))
∣∣
tan

= 0 on ∂D.
(2.4)

The solution h will be denoted by h = (I − α1P∆)−1f . We recall the existence and the uniqueness results, as
well as the regularity of the solution (h,P).

Theorem 2.1. ([3], Thm. 3) Suppose that f ∈ (Hm(D))d, m ∈ N. Then there exists a unique (up to a constant
for P) solution (h,P) ∈ (Hm+2(D))d ×Hm+1(D) of the Stokes problem (2.4) such that

∥h∥Hm+2 + ∥P∥Hm+1 ≤ C(m)∥f∥Hm , where C(m) is a positive constant.
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We also consider the trilinear form

b(ϕ, z, y) = (ϕ · ∇z, y) =
∫
D

(ϕ · ∇z) · ydx, ∀ϕ, z, y ∈ (H1(D))d,

which verifies b(y, z, ϕ) = −b(y, ϕ, z), ∀y ∈ V ;∀z, ϕ ∈ (H1(D))d.

2.2. The stochastic setting

Let us consider a cylindrical Wiener process W defined on (Ω,F , P ), which can be written as W (t) =∑
�k�≥1

e
�k�
β

�k�
(t), where (β

�k�
)

�k�≥1
is a sequence of mutually independent real valued standard Wiener processes and

(e
�k�
)

�k�≥1
is a complete orthonormal system in a separable Hilbert space H. Recall that the sample paths of W

take values in a larger Hilbert space H0 such that H ↪→ H0 defines a Hilbert–Schmidt embedding. For example,
the space H0 can be defined as follows

H0 =

{
u =

∑
�k�≥1

γ
�k�
e

�k�
|
∑
�k�≥1

γ2
�k�

�k�
2 <∞

}
endowed with the norm ∥u∥2H0

=
∑
�k�≥1

γ2
�k�

�k�
2 , u =

∑
�k�≥1

γke �k�
.

Hence, P -a.s. the trajectories of W belong to the space C([0, T ], H0) (cf. [21], Chap. 4).

In order to define the stochastic integral in the infinite dimensional framework, let us consider another Hilbert
space E and denote by L2(H, E) the space of Hilbert-Schmidt operators from H to E, which is the subspace of
the linear operators defined as follows

L2(H, E) :=

{
G : H → E | ∥G∥2L2(H,E) :=

∑
�k�≥1

∥Ge
�k�
∥2E <∞

}
.

Given a L2(H, E)−valued predictable2 process G ∈ L2(Ω;L2(0, T ;L2(H, E))), and taking σ
�k�
= Ge

�k�
, we may

define the Itô stochastic integral by

∫ t

0

GdW =
∑
�k�≥1

∫ t

0

σ
�k�
dβk, ∀t ∈ [0, T ].

Next, we will precise the assumptions on the data.

2.3. Definition of the diffusion coefficient and assumptions

Let us consider a family of Carathéodory functions σ
�k�
: [0, T ]×Rd 7→ Rd, �k� ∈ N, which satisfies σ

�k�
(t, 0) = 0,

and there exists L > 0 such that for a.e. t ∈ (0, T ),∑
�k�≥1

∣∣σ
�k�
(t, λ)− σ

�k�
(t, µ)

∣∣2 ≤ L|λ− µ|2; ∀λ, µ ∈ Rd. (2.5)

In addition, we assume that there exists a sequence (ak) ⊂ R+
0 such that

|∇σ
�k�
(·, ·)| ≤ ak,

∑
�k�≥1

a2k <∞, (2.6)

2PT := σ({]s, t] × Fs|0 ≤ s < t ≤ T, Fs ∈ Fs} ∪ {{0} × F0|F0 ∈ F0}) (see [22], p. 33). Then, a process defined on ΩT with
values in a given space E is predictable if it is PT -measurable.
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and for any µ ∈ Rd, the mapping (t, λ) → ∇σ
�k�
(t, λ)µ is also a Carathéodory function.

We notice that, in particular, (2.5) gives G2(t, λ) :=
∑
�k�≥1

|σ
�k�
(t, λ)|2 ≤ L |λ|2.

For each t ∈ [0, T ] and y ∈ V , we introduce the Hilbert-Schmidt operator

G(t, y) : H → (H1(D))d, G(t, y)e
�k�
= {x 7→ σ

�k�

(
t, y(x)

)
}, �k� ≥ 1.

Since G satisfies σ
�k�
= Ge

�k�
, the stochastic integral

∫ t

0

G(·, y)dW =
∑
�k�≥1

∫ t

0

σ
�k�
(·, y)dβ

�k�
is a well-defined

(Ft)t∈[0,T ]-martingale with values in (H1(D))d (resp. (L2(D))d).

H0 : In addition, for any t ∈ [0, T ], we assume that σ
�k�
(t, ·) : Rd → Rd is Gâteaux differentiable, satisfying for

any v ∈ Rd

1

δ
[σ

�k�
(t, y + δv)− σ

�k�
(t, y)] = ∇yσ �k�

(t, y)v +Rδ
�k�
(t, v), ∀ �k� ≥ 1, (2.7)

with |Rδ
�k�
(t, v)| ≤ b

�k�
|v|δγ , γ > 0, where (bk) ⊂ R+

0 and
∑

�k�≥1
b2

�k�
<∞.

Remark 2.2. The additional assumption H0 on (σ
�k�
)

�k�
is assumed to obtain the necessary optimality condition

(see Sect. 6 and Sect. 8).

2.4. Assumptions on the data

H1 : we consider y0 : Ω → W̃ and U : Ω× [0, T ] → (H1(D))d such that

• y0 is F0-measurable and U is predictable.

• U ∈ Lp(Ω× (0, T ); (H1(D))d), y0 ∈ Lp(Ω, W̃ ), for fixed p > 2(d+ 1). (2.8)

Remark 2.3. The assumption p > 2(d + 1) ensures uniform estimates for the solution of finite dimensional
linearized and adjoint equations without the special weights used in [16].

Unless otherwise stated, p always satisfies p > 2(d+ 1) in the following.

2.5. Existence of local strong solution

Let us recall the notion of the local solution and the pathwise uniqueness. This subsection is based on the
results from [10].

Definition 2.4. Let (Ω,F , (Ft)t≥0, P ) be a stochastic basis and W (t) be a (Ft)-cylindrical Wiener process.
We say that a pair (y, τ) is a local strong (pathwise) solution to (2.1) iff:

� τ is an a.s. strictly positive (Ft)-stopping time.
� The velocity y is a W -valued predictable process satisfying

y(· ∧ τ) ∈ Lp(Ω;C ([0, T ];W 2,4(D))) ∩ Lpw(Ω;L∞(0, T ; W̃ ))3, for p > 4.

3Lp
w(Ω;L∞(0, T ; W̃ )) = {u : Ω → L∞(0, T ; W̃ ) is weakly-* measurable and E∥u∥p

L∞(0,T ;W̃ )
< ∞}.
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� P -a.s. for all t ∈ [0, T ]

(y(t ∧ τ), ϕ)V = (y0, ϕ)V +

∫ t∧τ

0

(
ν∆y − (y · ∇)v(y)−

∑
j

v(y)j∇(y)j + (α1 + α2)div[A(y)
2]

+ βdiv[|A(y)|2A(y)] + U, ϕ
)
ds+

∫ t∧τ

0

(G(·, y), ϕ)dW for all ϕ ∈ V.

Definition 2.5. i) We say that local pathwise uniqueness holds if for any given pair (y1, τ1), (y2, τ2) of local
strong solutions of (2.1), we have

P
(
y1(t) = y2(t); ∀t ∈ [0, τ1 ∧ τ2]

)
= 1.

ii) We say that ((yM )M∈N, (τM )M∈N, t) is a maximal strong local solution to (2.1) if for each M ∈ N, the
pair (yM , τM ) is a local strong solution, (τM )M is an increasing sequence of stopping times such that
t := lim

M→∞
τM > 0, P-a.s. and

sup
t∈[0,τM ]

∥y(t)∥W 2,4 ≥M on {t < T}, ∀M ∈ N, P-a.s. (2.9)

Theorem 2.6. There exists a unique maximal strong (pathwise) local solution to (2.1) with

τM = inf{t ≥ 0 : ∥y(t)∥W 2,4 ≥M} ∧ T ; M ∈ N. (2.10)

Remark 2.7. We recall that the local strong solution of (2.1) have been constructed by using yM (see [10],
Lem. 19). In other words, we have: ∀M ∈ N : y(t) := yM (t), ∀t ∈ [0, τM ], P-a.s.

Following [10], we have the following estimates for the solution of (2.1).

Proposition 2.8. There exists K := K(L,M, T, ∥y0∥Lp(Ω;W̃ )
, ∥U∥Lp(Ω×[0,T ];(H1(D))d) > 0 such that

E sup
s∈[0,τM ]

∥y∥2V + 4νE
∫ τM

0

∥Dy∥22dt+
β

2
E
∫ τM

0

∫
D

|A(y)|4dxdt ≤ ecT (E∥y0∥2V + E
∫ T

0

∥U∥22dt),

E sup
s∈[0,τM ]

∥y∥2
W̃

:= E sup
s∈[0,τM ]

[∥curl v(y)∥22 + ∥y∥2V ] ≤ K,

E sup
[0,τM ]

∥y∥p
W̃

≤ K(M,T, p)(1 + E∥y0∥p
W̃

+ E
∫ T

0

∥U∥p2ds+ E
∫ T

0

∥ curl U∥p2ds), ∀p > 2.

3. Stability results

In this section, we assume that the initial data y0 and the force U satisfy H1, and consider two strong local
solutions (y1, τ

1
M ) and (y2, τ

2
M ) to (2.1) in the sense of Definition 2.4 with the initial conditions y10 , y

2
0 and the

forces U1, U2, respectively. In addition, we denote y = y1 − y2, y0 = y10 − y20 and U = U1 − U2.
First, we state a result, which follows from [10], Lemma 18.

Lemma 3.1. For all p ≥ 2, there exists C(M,L, T, p) > 0 such that

E sup
s∈[0,τ1

M∧τ2
M ]

∥y1(s)− y2(s)∥pV ≤ C(M,L, T, p)
[
E∥y10 − y20∥

p
V + E

∫ τ1
M∧τ2

M

0

∥U1(s)− U2(s)∥p2ds
]
.
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Proof. Let us consider 1 ≤ p <∞ and t ∈ [0, T ]. For any s ∈ [0, t∧ τ1M ∧ τ2M ], from the proof of [10], Lemma 18,
there exists M0 > 0 such that

∥y(s)∥2V + 4ν

∫ s

0

∥Dy∥22dr ≤ ∥y0∥2V +M0

∫ s

0

(∥y1∥W 2,4 + ∥y2∥W 2,4 + 1)∥y∥2V dr +
∫ s

0

∥U1 − U2∥22dr

+ 2

∫ s

0

(G(·, y1)−G(·, y2), y)dW . (3.1)

Therefore, we have

∥y(s)∥2pV ≤ C(p, τ1M ∧ τ2M )
{
∥y0∥2pV +M0

∫ s

0

(∥y1∥W 2,4 + ∥y2∥W 2,4 + 1)p∥y∥2pV dr +
∫ s

0

∥U∥2p2 dr

+ |
∫ s

0

(G(·, y1)−G(·, y2), y)dW |p
}
, ∀s ∈ [0, t ∧ τ1M ∧ τ2M ]. (3.2)

Using Burkholder-Davis-Gundy inequality, we infer that

E sup
s∈[0,t∧τ1

M∧τ2
M ]

∥y(s)∥2pV ≤ C(p, L, T ){E∥y0∥2pV + E
∫ t∧τ1

M∧τ2
M

0

∥U∥2p2 ds

+M0(2M + 1)p
∫ t

0

E sup
s∈[0,r∧τ1

M∧τ2
M ]

∥y(s)∥2pV dr}.

Finally, Grönwall’s inequality ensures the result of Lemma 3.1.

In order to derive the necessary optimality condition, we need a stability result with respect to W -norm.
This is the aim of the next proposition.

Proposition 3.2. There exists K(M, ϵ, p) > 0, which depends only on the data such that

E sup
s∈[0,τ1

M∧τ2
M ]

∥(y1 − y2)(s)∥2pW ≤ K(M, ϵ)
{
E∥y10 − y20∥

2p
W + E

∫ τ1
M∧τ2

M

0

∥U1 − U2∥2p2 ds (3.3)

+ ∥y1∥2p(d+ϵ)L2p(d+1+ϵ)(Ω×(0,τ1
M∧τ2

M );(H3)d)
∥y∥2p

L2p(d+1+ϵ)(Ω×(0,τ1
M∧τ2

M );V )

}
,

where p ∈ [1,∞[ and ϵ ∈]0, 1].

Proof. For any t ∈ [0, τ1M ∧ τ2M ], we have

v(y(t))− v(y0) =−
∫ t

0

∇(p1 − p2)ds+ ν

∫ t

0

∆y − [(y1 · ∇)v(y1)− (y2 · ∇)v(y2)]ds (3.4)

−
d∑
j=1

∫ t

0

[v(y1)
j∇yj1 − v(y2)

j∇yj2]ds+ (α1 + α2)

∫ t

0

[div(A(y1)
2)− div(A(y2)

2)]ds

+ β

∫ t

0

[div(|A(y1)|2A(y1))− div(|A(y2)|2A(y2))]ds+
∫ t

0

Uds+

∫ t

0

[G(·, y1)−G(·, y2)]dW (s).

From (3.1) we have

d∥y∥2V + 4ν∥D(y)∥22dt ≤ K(1 + ∥y1∥2W 2,4 + ∥y2∥2W 2,4)∥y∥2W dt+ 2(G(·, y1)−G(·, y2), y)dW + ∥U∥22dt. (3.5)
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On the other hand, applying the operator P to (3.4) and using Itô formula, we derive

d∥Pv(y)∥22 = 2ν
(
∆(y),Pv(y)

)
dt− 2

(
[(y1 · ∇)v(y1)− (y2 · ∇)v(y2)],Pv(y)

)
dt

− 2
(∑

j

[v(y1)
j∇yj1 − θv(y2)

j∇yj2],Pv(y)
)
dt+

(
α1 + α2)([div(A(y1)

2)− div(A(y2)
2)],Pv(y)

)
dt

+ 2β
(
[div(|A(y1)|2A(y1))− div(|A(y2)|2A(y2))],Pv(y)

)
dt+ 2

(
U,Pv(y)

)
dt

+
∑
�k�≥1

∥P[σ
�k�
(·, y1)− σ

�k�
(·, y1)]∥22dt+ 2

(
G(·, y1)−G(·, y2),Pv(y)

)
dW .

Let us estimate the terms in the right hand side of this equation. First, note that

2ν
(
P∆(y),Pv(y)

)
≤ −2ν

α1
∥Pv(y)∥22 +

2ν

α1
∥y∥2W and 2

(
U,Pv(y)

)
≤ ∥U∥22 + ∥y∥2H2 .

The properties of the projection P and (2.5) give
∑

�k�≥1
∥P[σ

�k�
(·, y1)− σ

�k�
(·, y1)]∥22 ≤ L∥y1 − y2∥22. Next, Sobolev

embedding theorem (see e.g. [23], Ch. 1) and [8], Lemma 5 ensure that(
{(y1 · ∇)v(y1)− (y2 · ∇)v(y2)},Pv(y)

)
= [b(y, v(y1),Pv(y)) + b(y2, v(y)− Pv(y),Pv(y))]

≤ ∥y∥∞∥y1∥H3∥y∥H2 + C∥y2∥∞∥y∥H2∥y∥H2 ≤ ∥y∥∞∥y1∥H3∥y∥H2 + C∥y2∥W 2,4∥y∥2W ,
and

d∑
j=1

(
[v(y1)

j∇yj1 − v(y2)
j∇yj2],Pv(y)

)
= b(Pv(y), y2, v(y)) + b(Pv(y), y, v(y1))

≤ ∥y∥H2∥y2∥W 1,∞∥y∥H2 + ∥y∥H2∥y∥W 1,4∥y1∥W 2,4 ≤ K(∥y1∥W 2,4 + ∥y2∥W 2,4)∥y1 − y2∥2W .

On the other hand, using the embeddings H2(D) ↪→W 1,4(D), W 2,4(D) ↪→W 1,∞(D), we show the existence of
K > 0 such that(

div(A(y1)
2)−

(
div(A(y2)

2),Pv(y)
)
=

(
div(A(y)A(y1)) + div(A(y2)A(y)),Pv(y))

)
≤ K(∥y1∥W 2,4 + ∥y2∥W 2,4)∥y∥2W .

The Hölder inequality and the embeeding W 2,4(D) ↪→W 1,∞(D) yield(
div(|A(y1)|2A(y1))− div(|A(y2)|2A(y2)),Pv(y)

)
=

(
div(|A(y1)|2A(y)),Pv(y)

)
+
(
div([A(y1) : A(y) +A(y) : A(y2)]A(y2)),Pv(y)

)
≤ K(∥y1∥2W 2,4 + ∥y2∥2W 2,4)∥y∥2W .

Hence

d∥Pv(y)∥22 +
2ν

α1
∥Pv(y)∥22dt ≤ K(1 + ∥y1∥2W 2,4 + ∥y2∥2W 2,4)∥y∥2W

+ 2(G(·, y1)−G(·, y2),Pv(y))dW + ∥U∥22dt+K∥y∥∞∥y1∥H3∥y∥H2dt. (3.6)
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Gathering (3.5) and (3.6), for any t ∈ [0, τ1M ∧ τ2M ], we deduce the following relation

∥y(t)∥2W +min(1,
1

2α1
)4ν

∫ t

0

∥y∥2W ds ≤ ∥y0∥2W +K

∫ t

0

(1 + ∥y1∥2W 2,4 + ∥y2∥2W 2,4)∥y∥2W ds

+ 2|
∫ t

0

(G(·, y1)−G(·, y2),Pv(y) + y)dW |+ 2

∫ t

0

∥U∥22ds+K

∫ t

0

∥y∥∞∥y1∥H3∥y∥H2ds. (3.7)

Let p ≥ 1, thanks to the Burkholder-Davis-Gundy inequality, for any δ > 0, we have

2E sup
s∈[0,t∧τ1

M∧τ2
M ]

∣∣∣ ∫ s

0

(G(·, y1)−G(·, y1), y + Pv(y))dW
∣∣∣p

≤ δE sup
s∈[0,t∧τ1

M∧τ2
M ]

∥y∥2p2 + δE sup
s∈[0,t∧τ1

M∧τ2
M ]

∥Pv(y)∥2p2 + CδE
∫ t∧τ1

M∧τ2
M

0

∥y∥2p2 dr,

Taking the pth power of (3.7) and the expectation, we write

E sup
s∈[0,t∧τ1

M∧τ2
M ]

∥y(s)∥2pW ≤ E∥y0∥2pW +K(δ)E
∫ t∧τ1

M∧τ2
M

0

(1 + ∥y1∥2W 2,4 + ∥y2∥2W 2,4)p∥y∥2pW ds

+ δE sup
s∈[0,t∧τ1

M∧τ2
M ]

∥y∥2pW +K(δ)E
∫ τ1

M∧τ2
M

0

∥U∥2p2 ds+KE
∫ t∧τ1

M∧τ2
M

0

(∥y∥∞∥y1∥H3∥y∥H2)pds.

Since ∥yi(t)∥i=1,2
W 2,4 ≤M,∀t ∈ [0, τ1M ∧ τ2M ]. An appropriate choice of δ and Lemma 10.2 ensure

E sup
s∈[0,t∧τ1

M∧τ2
M ]

∥y(s)∥2pW ≤ E∥y0∥2pW +K(δ,M, ϵ)E
∫ t∧τ1

M∧τ2
M

0

∥y∥2pW ds

+K(δ)E
∫ τ1

M∧τ2
M

0

∥U∥2p2 ds+K(ϵ)∥y1∥2p(d+ϵ)L2p(d+1+ϵ)(Ω×(0,τ1
M∧τ2

M );(H3)d)
∥y∥2p

L2p(d+1+ϵ)(Ω×(0,τ1
M∧τ2

M );V )
.

Therefore, Grönwall’s lemma yields (3.3).

As a consequence of Proposition 3.2 and Lemma 3.1, we establish the following corollary:

Corollary 3.3. Consider U and y0 satisfying (2.8) and ψ ∈ Lp((ΩT ,PT ); (H
1(D))d). Defining Uρ =

U + ρψ, ρ ∈ (0, 1), let (y, τM ) and (yρ, τ
ρ
M ) be the solutions of (2.1) associated with (U, y0) and (Uρ, y0),

respectively. Then, there exist C,K > 0 such that

E sup
s∈[0,τM∧τρM ]

∥yρ(s)− y(s)∥pV ≤ C(M,L, T, p)ρpE
∫ τM∧τρM

0

∥ψ(s)∥p2ds ≤ Cψ(M)ρp, for p ≥ 2,

E sup
s∈[0,τM∧τρM ]

∥(yρ − y)(s)∥qW ≤ K(M, ϵ)
{
ρqE

∫ τM∧τρM

0

∥ψ∥q2ds+ ∥y∥q(d+ϵ)
Lqd (Ωτ ;(H3)d)

∥yρ − y∥qLqd (Ωτ ;V )

}
,
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for any q ∈ [2,∞[ and ϵ ∈]0, 1]. In particular, for q = 2 + ϵ, we have

E sup
s∈[0,τM∧τρM ]

∥(yρ − y)(s)∥2+ϵW ≤ K(M, ϵ)
{
ρ2+ϵE

∫ τM∧τρM

0

∥ψ∥2+ϵ2 ds+ C∥yρ − y∥2+ϵ
L(2+ϵ)(d+1+ϵ)(Ωτ ;V )

}
≤ K(M, ϵ)ρ2+ϵ where Ωτ = Ω× (0, τM ∧ τρM ), qd = q(d+ 1 + ϵ).

4. The optimal control problem and main results

4.1. Cost functional

Our aim is to control the solution of the system (2.1) through a stochastic distributed force U , which belongs
to the admissible set U p

ad defined as a nonempty, bounded, closed and convex subset of Lp((ΩT ,PT ); (H
1(D))d),

such that 0 ∈ U p
ad

4.
Let (y(t, U))t∈[0,τUM ) be the local pathwise solution of (2.1). We recall that y := y(t, U) = yM (t, U), t ∈ [0, τUM ],

and the stopping times (τUM )M∈N depending on the control U ∈ U p
ad. Therefore, the solution y(t, U) is defined

up to a certain stopping time. Thus, we introduce the cost functional JM : U p
ad → R defined by

JM (U, y) =
1

2
E
∫ τUM

0

∥y − yd∥22dt+
λ

p
E
∫ T

0

∥U∥p
(H1(D))d

dt, λ > 0. (4.1)

With a desired target field yd ∈ L2(0, T ;H)5. Our goal is to solve the following problem

P
{
min
U

{JM (U, y) : U ∈ U p
ad and y is the solution of (2.1) for the minimizing U}. (4.2)

In other words, we intend to find U∗
M ∈ U p

ad such that JM (U∗
M , y(U

∗
M )) = min

U∈U p
ad

JM (U, y).

Remark 4.1. We wish to draw the reader’s attention to the fact that with the inclusion of τUM in the definition
of the cost functional, we are able to consider 2D and 3D domains. On the other hand, even if d = 2 and β ̸= 0,
we do not know if τUM = T . In the case β = 0 and d = 2, we get τUM = T and we can recover the stochastic
optimal control problem studied in [16]. Moreover, in the two-dimensional deterministic case i.e. G ≡ 0, one
recovers the deterministic optimal control problem studied in [18] with τUM = T.

4.2. Main results

Here, we present the main results of our article, which show the existence of a solution to the control problem
and establish the first order optimality conditions.

Theorem 4.2. Assume H1. Then the control problem (4.2) admits a unique optimal solution (ŨM , ỹ) ∈ U p
ad ×

Lp(Ω;Lp(0, T ; W̃ )), where ỹ := y(ŨM ) is the unique solution of (2.1) with U = ŨM . Moreover, under the
assumption H0:

� there exists a unique solution z̃ of the linearized equations (5.3), in 2D and 3D with y = ỹ and ψ = ψ− ŨM ;
� if d = 2, there exists a unique solution (p̃, q̃) of the stochastic backward adjoint equation (7.2), with forces
g = ỹ − yd;

� if d = 3, there exists, at least, one solution (p̃, q̃) of the stochastic backward adjoint equation (7.23), with
forces g = ỹ − yd.

4For example, U p
ad = {u ∈ Lp((ΩT ,PT ); (H1(D))d) := Y ; ∥u∥Y ≤ K}, 0 < K < ∞.

5In general, yd is smoother with respect to the space variables and satisfies the boundary conditions. Here, we assume what is
necessary to perform the analysis.
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In addition, the duality property

E
∫ T

0

I[0,τM [(ψ − ŨM , p̃)ds = E
∫ T

0

I[0,τM [(s)(y(ŨM )− yd, z)ds = E
∫ T

0

I[0,τM [(s)(ψ − ŨM , p̃)dt (4.3)

is valid for any ψ ∈ U p
ad, and the following optimality condition holds, for any ψ ∈ U p

ad

E
∫ T

0

(
λ∥ŨM∥p−2

(H1(D))2(ŨM , ψ − ŨM )(H1(D))2 + I[0,τM [(ψ − ŨM , p̃)
)
ds ≥ 0;

E
∫ T

0

(
λ∥ŨM∥p−2

(H1(D))3(ŨM , ψ − ŨM )(H1(D))3 + I[0,τM [(ψ − ŨM , p̃)
)
ds ≥ 0. (4.4)

Proof. The proof of Theorem 4.2 results from the combination of Theorem 4.7, Theorem 5.3, Theorem 7.3,
Theorem 7.7 and Section 8.

Remark 4.3. In Theorem 4.2, we did not distinguish between the notations in 2D and 3D for z, ỹ − yd, the
control U and ψ, since it is clear from the context.

4.3. Existence and uniqueness of optimal control

Let us notice that the velocity field and the stopping times are non-convex with respect to the control U , then
(4.2) is a non-convex optimization problem. Our strategy to show the existence and uniqueness of the optimal
solution relies on the lower semi-continuity of the cost functional and the application of a result from [24] (see
Thm. 4.7). First, let us prove the following results, which will play an important role in the proof of existence
of optimal control associated with the cost funtional (4.1).

Lemma 4.4. For fixed M ∈ N, let (yM (t;U))t∈[0,T ] be the solution to (2.1) in the sense of Definition 2.4

corresponding to the control U ∈ Lp(ΩT , (H
1(D))d) and the stopping time τUM . Then we have

lim
U1→U2

P (τU1

M ̸= τU2

M ) = 0, where U1 → U2 means ∥U1 − U2∥Lp(ΩT ,(H1(D))d) → 0

and τUiM = τ iM = inf{t ≥ 0 : ∥yi(t)∥W 2,4 ≥M} ∧ T. (4.5)

Proof. Let us consider ϵ, δ, γ > 0 and two solutions (yM (t, Ui))
i=1,2
t∈[0,T ] of equation (2.1), corresponding to

(Ui)
i=1,2, respectively, with the same initial data y0. Standard computations give

P
(

sup
s∈[0,τ1

M∧τ2
M ]

∥yM (s, U1)− yM (s, U2)∥W 2,4 ≥ δ
)
≤ 1

δ4(1+γ)
E sup
s∈[0,τ1

M∧τ2
M ]

∥yM (s, U1)− yM (s, U2)∥4(1+γ)W 2,4 .

On the one hand, due to the Hölder inequality there exists C > 0 such that

sup
s∈[0,τ1

M∧τ2
M ]

∥yM (s, U1)− yM (s, U2)∥4(1+γ)W 2,4

≤ C sup
s∈[0,τ1

M∧τ2
M ]

∥yM (s, U1)− yM (s, U2)∥1+γW · sup
s∈[0,τ1

M∧τ2
M ]

∥yM (s, U1)− yM (s, U2)∥3(1+γ)W 2,6 .
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We recall that p > 2(d+ 1). Therefore the Cauchy Schwarz inequality yields

E sup
s∈[0,τ1

M∧τ2
M ]

∥yM (s, U1)− yM (s, U2)∥4(1+γ)W 2,4

≤
(
E sup
s∈[0,τ1

M∧τ2
M ]

∥yM (s, U1)− yM (s, U2)∥2(1+γ)W

)1/2 · (E sup
s∈[0,τ1

M∧τ2
M ]

∥yM (s, U1)− yM (s, U2)∥6(1+γ)W 2,6

)1/2
≤ C(M, ϵ)

√
E
∫ τ1

M∧τ2
M

0

∥U1 − U2∥2(1+γ)2 ds+ C∥U1 − U2∥2(1+γ)L2(1+γ)(d+1+ϵ)(Ω×(0,τ1
M∧τ2

M );L2)
:= AM (ϵ, γ),

where we used Proposition 3.2 and Proposition 2.8 to deduce the last inequality. Therefore

P
(

sup
s∈[0,τ1

M∧τ2
M ]

∥yM (s, U1)− yM (s, U2)∥W 2,4 ≥ δ
)
≤ AM (ϵ, γ)

δ4(1+γ)
U1→U2−→ 0. (4.6)

On the other hand, assume that lim
U1→U2

P (τU1

M > τU2

M ) > 0. From the definition of the stopping times, we

get lim
U1→U2

P ({∥yM (τU2

M , U2)∥W 2,4 ≥ M} ∩ {∥yM (τU2

M , U1)∥W 2,4 < M}) > 0. Therefore, there exists δ0 > 0

such that lim
U1→U2

P (∥yM (τU2

M , U2)∥W 2,4 − ∥yM (τU2

M , U1)∥W 2,4 ≥ δ0) > 0, which gives lim
U1→U2

P
(
∥yM (τU2

M , U2) −

yM (τU2

M , U1)∥W 2,4 ≥ δ0
)
> 0, which contradicts (4.6). Hence lim

U1→U2

P (τU1

M > τU2

M ) = 0. A similar reasoning yields

lim
U1→U2

P (τU2

M > τU1

M ) = 0.

Next, we establish a result which will be useful in the analysis of the variation of the cost functional (4.1).

Corollary 4.5. Let us consider U and y0 satisfying (2.8) and ψ ∈ Lp((ΩT ,PT ); (H
1(D))d). Defining Uρ = U +

ρψ, ρ ∈ (0, 1), let (y, τM ) and (yρ, τ
ρ
M ) be the solutions of (2.1) associated with (U, y0) and (Uρ, y0), respectively.

Then we have limρ→0
P (τUM ̸= τ

Uρ
M )

ρ
= 0.

Proof. Let γ > 0. Using similar arguments as in the proof of Lemma 4.4, we can show that

P
(
sups∈[0,τM∧τρM ] ∥yρ − y∥W 2,4 ≥ δ

)
≤ C(M, ϵ)

δ4(1+γ)
ρ1+γ , which implies the desired result.

In order to simplify the notation, we set X := Lp((ΩT ,PT ); (H
1(D))d)) and denote by ∥ · ∥X the natural

norm on X. The subset U p
ad ⊂ X is endowed with the induced topology.

Lemma 4.6. For fixed M ∈ N. Let yd ∈ L2(0, T ;H) fixed, and y(U) = (yM (t;U), τUM ), t ∈ [0, T ], be the local
pathwise solution of (2.1) associated with the control U ∈ U p

ad and stopping times (τUM )M∈N. Then the mapping

fM : U p
ad → R given by fM (U, y(U)) = E

∫ τUM

0

∥y(U)− yd∥22dt is continuous.

Proof. Let yM (t;Ui)), t ∈ [0, T ], be the strong solution of (2.1), in the sense of Definition 2.4, corresponding to
the control Ui ∈ U p

ad, i = 1, 2, respectively. We introduce the stopping times τM = τU1

M ∧ τU2

M , τM = τU1

M ∨ τU2

M
6

and the control ū ∈ U p
ad defined by ū =

{
U1 if τM = τU1

M ,

U2 if τM = τU2

M .

6We recall that a ∧ b = min(a, b) and a ∨ b = max(a, b) for a, b ∈ R.
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The triangular inequality and Lemma 3.1 yield

|fM (U1, y(U1))− fM (U2, y(U2))| ≤ CE
∫ τM

0

∥y(U1)− y(U2)∥22dt+ E
∫ τM

τM

∥y(ū)− yd∥22dt

≤ C(M,L)E
∫ τM

0

∥U1(s)− U2(s)∥22ds+
∫ T

0

P (τM < t ≤ τM )(C2M2 + ∥yd∥22)dt.

Taking into account Lemma 4.4, we deduce lim
∥U1−U2∥X→0

|fM (U1, y(U1)) − fM (U2, y(U2))| = 0, which gives the

continuity of fM .

Next, we establish a main result on the existence and uniqueness of optimal control for (4.1).

Theorem 4.7. Let us consider the cost functional JM : U p
ad → R given by (4.1) for fixed M ∈ N. Then there

exists a unique optimal control ŨM ∈ U p
ad.

Proof. Notice that X is a uniformly convex Banach space. The set U p
ad is bounded and closed convex subset

of X. Thanks to Lemma 4.6, for λ > 0 we know that
p

2λ
fM : U p

ad → R is continuous and fM (U) ≥ 0 for

every U ∈ U p
ad. By applying [24], Theorem 4, we infer the existence of a dense subset M0 ⊂ U p

ad such that

for any v ∈ M0, the functional
p

2λ
fM (U) + ∥U − v∥pX attains its minimum over U p

ad. In other words, there

exists a unique UM (v) ∈ U p
ad (by taking α = p in [24], Thm. 4) such that (

p

2λ
fM (UM (v)) + ∥UM (v)− v∥pX) =

inf
U∈U p

ad

(
p

2λ
fM (U) + ∥U − v∥pX). Additionally, v 7→ UM (v) is continuous, see [19], Proposition 5.6. Since 0 ∈ U p

ad,

there exists a sequence (vk)k∈N ⊂M0 such that lim
k→∞

∥vk∥X = 0. Now, set ŨM = lim
k→∞

UM (vk) and notice that

p

λ
JM (ŨM ) = lim

k→∞
(
p

2λ
fM (UM (vk)) + ∥UM (vk)− vk∥pX) = lim

k→∞
inf

U∈U p
ad

(
p

2λ
fM (U) + ∥U − vk∥pX)

= inf
U∈U p

ad

(
p

2λ
fM (U) + ∥U∥pX) = inf

U∈U p
ad

p

λ
JM (U),

where the last inequalities hold thanks to the continuity properties of v 7→ inf
U∈Uad

p

2λ
fM (U) + ∥U − v∥pX . The

uniqueness of ŨM follows from the uniqueness of the limit.

5. Linearized state equation

This section is devoted to the study of the linearized state equation. The existence of the solution is based
on the Faedo-Galerkin’s approximation, which relies on a special basis, in order to derive the uniform estimates
in V and W .
Let us consider ψ : D×]0, T [×Ω → Rd, d = 2, 3 such that

ψ ∈ Lp((ΩT ,PT ), (H
1(D))d). (5.1)

Taking into account the assumptions (2.6) and H0, let us set

∇yG(t, y) : (L
2(D))d → L2(H, (L2(D))d)

v 7→ ∇yG(t, y)v = {e
�k�
→ ∇yG(t, y)ve �k�

:= ∇yσ �k�
(t, y)v}. (5.2)
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Our goal is to show the existence of the solution z to the following problem:

dv(z) + I[0,τM [

{
− ν∆z + (y · ∇)v(z) + (z · ∇)v(y) +

∑
j v(z)

j∇yj +
∑
j v(y)

j∇zj

−(α1 + α2)div[A(y)A(z) +A(z)A(y)]− β div
[
|A(y)|2A(z)

]
− 2β div [(A(z) : A(y))A(y)]

}
dt

= {ψ −∇π}I[0,τM [dt+ I[0,τM [∇yG(·, y)zdW in D × Ω× (0, T ),

div(z) = 0 in D × Ω× (0, T ),

z · η = 0 [η · D(z)] · τ = 0 on ∂D × Ω× (0, T ),

z(0) = 0 in D × Ω,

(5.3)

where (τM )M is the sequence of stopping times introduced in (2.10). Since the solution of (2.1) is defined up to
the stopping times (τM )M∈N.Then we define the solution of (5.3) accordingly.

Definition 5.1. A stochastic process z is a solution of (5.3) if and only if:

� z is predictable with values in W and v(z) ∈ Cw([0, T ]; (L2(D))d)7 P-a.s.
� z ∈ Lp((ΩT ,PT ), V ) ∩ L2

w(Ω;L
∞(0, T ;W )).

� For any t ∈ [0, T ] and P-a.s. ω ∈ Ω, the following equality holds

(v(z(t)), ϕ) +

∫ t

0

I[0,τM [{2ν(Dz,Dϕ) + b(y, v(z), ϕ) + b(z, v(y), ϕ) + b(ϕ, y, v(z)) + b(ϕ, z, v(y))}ds

+

∫ t

0

I[0,τM [{(α1 + α2)
(
A(y)A(z) +A(z)A(y),∇ϕ

)
+ β

(
|A(y)|2A(z),∇ϕ

)
}ds

+

∫ t

0

2βI[0,τM [

(
(A(z) : A(y))A(y),∇ϕ

)
ds

=

∫ t

0

I[0,τM [(ψ, ϕ)ds+

∫ t

0

I[0,τM [(∇yG(·, y)z, ϕ)dW (s), ∀ϕ ∈ V. (5.4)

Remark 5.2. Due to the presence of τM in the system (5.3), the solution z depends on M .

Theorem 5.3. Assume that ψ satisfy (5.1). Then there exists a unique solution z to (5.3), in the sense of
Definition 5.1, satisfying the following estimates

E sup
s∈[0,T ]

∥z(s)∥pV ≤ C(M)

∫ τM

0

∥ψ∥p2ds and E sup
s∈[0,T ]

∥z(s)∥2W ≤ C(α1, α2, β, ν, T,M), (5.5)

where C(M) > 0 and C(α1, α2, β, ν, T,M) > 0.

5.1. Approximation

Following the same strategy as in [16], let us consider an orthonormal basis {hi}i∈N ⊂ (H4(D)d) ∩W in V ,
which satisfies

(v, hi)W = µi(v, hi)V , ∀v ∈W, µi > 0,∀i ∈ N, and µi → ∞, as i→ ∞. (5.6)

As a consequence of (5.6), the sequence {h̃i = 1√
µi
hi} is an orthonormal basis in W . Let us introduce the

Galerkin approximations of (5.3). Consider Wn = span{h1, · · · , hn} and define zn(t) =
∑n
i=1 ci(t)hi for each

7For a Banach space X, Cw([0, T ];X) denotes the space of weakly continuous functions on [0, T ] with values in X.
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t ∈ [0, T ]. The approximated problem for (5.3) reads, for ϕ ∈Wn,

(v(zn(t)), ϕ) +

∫ t

0

I[0,τM [{2ν(Dzn,Dϕ) + b(y, v(zn), ϕ) + b(zn, v(y), ϕ) + b(ϕ, y, v(zn)) + b(ϕ, zn, v(y))}ds

+

∫ t

0

I[0,τM [{(α1 + α2)
(
A(y)A(zn) +A(zn)A(y),∇ϕ

)
+ β

(
|A(y)|2A(zn),∇ϕ

)
}ds (5.7)

+

∫ t

0

2βI[0,τM [

(
(A(zn) : A(y))A(y),∇ϕ

)
ds =

∫ t

0

I[0,τM [(ψ, ϕ)ds+

∫ t

0

I[0,τM [(∇yG(·, y)zn, ϕ)dW .

(5.7) defines a system of n-stochastic linear ODE, by using e.g. a “Banach fixed point theorem”, it follows that
(5.7) has a unique solution zn such that zn is a predictable process and satisfies

zn ∈ L2(Ω;C ([0, T ],Wn)). (5.8)

5.2. Uniform estimates

5.2.1. Estimate in the space V for zn

For any t ∈ [0, T ], setting ϕ = hi in (5.7), and applying Itô’s formula for the function x 7→ x2, we infer

(zn(t), hi)
2
V +

∫ t

0

2I[0,τM [(zn, hi)V {(α1 + α2)
(
A(y)A(zn) +A(zn)A(y),∇hi

)
+ β

(
|A(y)|2A(zn),∇hi

)
}ds

+

∫ t

0

2I[0,τM [(zn, hi)V {2ν(Dzn,Dhi) + b(y, v(zn), hi) + b(zn, v(y), hi) + b(hi, y, v(zn)) + b(hi, zn, v(y))}ds

+

∫ t

0

4βI[0,τM [(zn, hi)V
(
(A(zn) : A(y))A(y),∇hi

)
ds =

∫ t

0

2I[0,τM [(zn, hi)V (ψ, hi)ds

+

∫ t

0

2I[0,τM [(zn, hi)V (∇yG(·, y)zn, hi)dW +
∑
�k�≥1

∫ t

0

I[0,τM [(∇yσ �k�
(·, y)zn, hi)2ds.

By summing the last equalities from i = 1 to n, we obtain

∥zn(t)∥2V +

∫ t

0

2I[0,τM [{(α1 + α2)
(
A(y)A(zn) +A(zn)A(y),∇zn

)
+ β

(
|A(y)|2A(zn),∇zn

)
}ds

+

∫ t

0

2I[0,τM [{2ν∥Dzn∥22 + b(y, v(zn), zn) + b(zn, v(y), zn) + b(zn, y, v(zn)) + b(zn, zn, v(y))}ds

+

∫ t

0

4βI[0,τM [

(
(A(zn) : A(y))A(y),∇zn

)
ds =

∫ t

0

2I[0,τM [(ψ, zn)ds

+ 2

∫ t

0

I[0,τM [(∇yG(·, y)zn, zn)dW +

n∑
i=1

∑
�k�≥1

∫ t

0

I[0,τM [(∇yσ �k�
(·, y)zn, hi)2ds.

Thanks to Lemma 10.1 (see Sect. 10), we have∫ t

0

I[0,τM [{b(y, v(zn), zn) + b(zn, v(y), zn) + b(zn, y, v(zn)) + b(zn, zn, v(y))}ds

=

∫ t

0

I[0,τM [(−b(y, zn, v(zn)) + b(zn, y, v(zn)))ds ≤ C

∫ t

0

I[0,τM [∥y∥W 2,4∥zn∥2V ds

≤ CM

∫ t

0

I[0,τM [∥zn∥2V ds. (5.9)
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Now, similarly to [18], Section 4.2, we derive the following estimates:

∣∣∣∣∫ t

0

2(α1 + α2)I[0,τM [

∫
D

[A(y)A(zn) +A(zn)A(y)] : ∇zndxds
∣∣∣∣ ≤ C2

∫ t

0

I[0,τM [∥zn∥2H1∥y∥W 1,∞ds

≤ C2

∫ t

0

I[0,τM [∥zn∥2V ∥y∥W 2,4ds ≤ C2M

∫ t

0

I[0,τM [∥zn∥2V ds;∣∣∣∣∫ t

0

4βI[0,τM [

∫
D

[(A(zn) ·A(y))A(y)
]
: ∇zndxds

∣∣∣∣ ≤ C3

∫ t

0

I[0,τM [∥zn∥2H1∥y∥2W 1,∞ds

≤ C3

∫ t

0

I[0,τM [∥zn∥2V ∥y∥2W 2,4ds ≤ C3M
2

∫ t

0

I[0,τM [∥zn∥2V ds. (5.10)

Since A(zn) is symmetric, we have the relation

∫ t

0

2βI[0,τM [

(
|A(y)|2A(zn),∇zn

)
ds = β

∫ t

0

I[0,τM [

∫
D

|A(y)|2|A(zn)|2dxds ≥ 0. (5.11)

Let �k� ∈ N∗, denote by σ̄
�k�
the solution of (2.4) with f = ∇yσ �k�

(·, y)zn ∈ (L2(D))d. Therefore

n∑
i=1

∑
�k�≥1

∫ t

0

I[0,τM [(∇yσ �k�
(·, y)zn, hi)2ds =

n∑
i=1

∑
�k�≥1

∫ t

0

I[0,τM [(σ̄ �k�
, hi)

2
V ds =

∑
�k�≥1

∫ t

0

I[0,τM [∥σ̄ �k�
∥2V ds

≤ C
∑
�k�≥1

∫ t

0

I[0,τM [∥∇yσ �k�
(·, y)zn∥22ds ≤ C

∑
�k�≥1

∫ t

0

I[0,τM [a
2
k∥zn∥22ds ≤ C∗

∫ t

0

I[0,τM [∥zn∥22ds.

Gathering the previous estimates, there exists C > 0 independent of n such that the following inequality holds

∥zn(t)∥2V + 4ν

∫ t

0

I[0,τM [∥Dzn∥22ds ≤ C(1 +M2)

∫ t

0

I[0,τM [∥zn∥2V ds+
∫ τM

0

∥ψ∥22ds

+ 2

∫ t

0

I[0,τM [(∇yG(·, y)zn, zn)dW .

Letting p ≥ 1 and taking the pth power of each term of this inequality, we obtain

∥zn(t)∥2pV ≤ C(p)T p−1[(1 +M2)p
∫ t

0

I[0,τM [∥zn∥2pV ds+
∫ t

0

I[0,τM [∥ψ∥2p2 ds]

+ C(p)|
∫ t

0

I[0,τM [(∇yG(·, y)zn, zn)dW |p. (5.12)

For fixed N ∈ N, let us introduce the stopping time tnN = inf{t ∈ [0, T ] : ∥zn(t)∥V ≥ N}. For t ∈ [0, T ], and any
δ > 0, the Burkholder-Davis-Gundy inquality gives

E sup
s∈[0,t∧tnN ]

|
∫ s

0

I[0,τM [(∇yG(·, y)zn, zn)dW |p ≤ δE sup
s∈[0,t∧tnN ]

∥zn(s)∥2pV + CδE
∫ t∧tnN

0

I[0,τM [∥zn∥2p2 ds.
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Considering the supremum in the inequality (5.12), for s ∈ [0, t∧ tnN ], and inserting the estimate of the stochastic
term, after an appropriate choice of δ, we deduce

E sup
s∈[0,t∧tnN ]

∥zn(s)∥2pV ≤ C(p)T p−1[(1 +M2)pE
∫ t

0

I[0,τM [ sup
r∈[0,s∧tnN ]

∥zn(r)∥2pV ds+ E
∫ τM

0

∥ψ∥2p2 ds].

Using the Grönwall’s inequality, we obtain E sups∈[0,tnN ] ∥zn(s)∥
2p
V ≤ C(M)E

∫ τM
0

∥ψ∥2p2 ds, where C(M) =

C(p)T p−1[(1 +M2)peC(p)Tp[(1+M2)p . Note that (tnN )N is an increasing positive sequence of stopping times and
tnN → T in probability. Thus, the monotone convergence theorem ensures

E sup
s∈[0,T ]

∥zn(s)∥2pV ≤ C(M)E
∫ τM

0

∥ψ∥2p2 ds, ∀t ∈ [0, T ], ∀p ≥ 1.

Next, we will establish a W -uniform estimate for zn. Before entering in details, we recall a useful equality for
divergence free vector fields tangent to the boundary.

Lemma 5.4. We have: (curlv(y)× u, ϕ) = b(ϕ, u, v(y))− b(u, ϕ, v(y)), ∀u, y ∈ W̃ and ϕ ∈ V .

5.2.2. Estimate in the space W for zn

As a consequence of Lemma 5.4, we get

((y · ∇)v(z) + (z · ∇)v(y) +
∑
j

v(z)j∇yj +
∑
j

v(y)j∇zj , ϕ) = (curlv(y)× z, ϕ) + (curlv(z)× y, ϕ),

for any y ∈ W̃ and z, ϕ ∈W . Setting ϕ = hi in (5.7) we write

(zn(t), hi)V +

∫ t

0

I[0,τM [(fn, hi)ds =
∑
�k�≥1

∫ t

0

I[0,τM [(∇yσ �k�
(·, y)zn, hi)dβ �k�

, ∀t ∈ [0, T ], (5.13)

where fn = −ν∆zn + curlv(y)× zn + curlv(zn)× y − (α1 + α2)div[A(y)A(zn) +A(zn)A(y)]

− β div
[
|A(y)|2A(zn)

]
− 2β div [(A(zn) : A(y))A(y)]− ψ.

Let f̃n and σ̃n
�k�
be the solutions of (2.4) for f = fn and f = ∇yσ �k�

(·, y)zn,∀ �k� ∈ N. We have

(fn, hi) = (f̃n, hi)V , (∇yσ �k�
(·, y)zn, hi) = (σ̃nk , hi)V . (5.14)

By multiplying (5.13) by µi and using (5.6), we derive

(zn(t), hi)W +

∫ t

0

I[0,τM [(f̃n, hi)W ds =
∑
�k�≥1

∫ t

0

I[0,τM [(σ̃
n
k , hi)W dβ �k�

.

Using Ito’s formula, next multiplying by 1
µi

and summing over i = 1, · · · , n we are able to infer

∥zn(t)∥2W + 2

∫ t

0

I[0,τM [(f̃n, zn)W ds = 2
∑
�k�≥1

∫ t

0

I[0,τM [(σ̃
n
k , zn)W dβ �k�

+
∑
�k�≥1

∫ t

0

I[0,τM [∥σ̃nk ∥2W ds.
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By using the definition of inner product in the space W and using the properties of P, we deduce

∥zn(t)∥2W + 2

∫ t

0

I[0,τM [(fn, zn)ds+ 2

∫ t

0

I[0,τM [(fn,Pv(zn))ds−
∑
�k�≥1

∫ t

0

I[0,τM [∥σ̃nk ∥2W ds

= 2
∑
�k�≥1

∫ t

0

I[0,τM [(∇yσ �k�
(·, y)zn, zn)dβ �k�

+ 2
∑
�k�≥1

∫ t

0

I[0,τM [(∇yσ �k�
(·, y)zn,Pv(zn))dβ �k�

. (5.15)

Arguments already detailed in (5.9)–(5.11) yield

2
∣∣∫ t

0

I[0,τM [(fn, zn)ds
∣∣ ≤ 4ν

∫ t

0

I[0,τM [∥Dzn∥22ds+ C(1 +M2)

∫ t

0

I[0,τM [∥zn∥2V ds+
∫ τM

0

∥ψ∥22ds.

Concerning the third term of left hand side of (5.15), we have

2

∫ t

0

I[0,τM [(fn,Pv(zn))ds = 2ν

∫ t

0

I[0,τM [(−∆zn,Pv(zn))ds

+ 2

∫ t

0

I[0,τM [((y · ∇)v(zn) + (zn · ∇)v(y) +
∑
j

v(zn)
j∇yj +

∑
j

v(y)j∇zjn,Pv(zn))ds

− 2

∫ t

0

I[0,τM [(ψ,Pv(zn))ds− 4β

∫ t

0

I[0,τM [ div [(A(zn) : A(y))A(y)] ,Pv(zn))ds

+ 2

∫ t

0

I[0,τM [(−(α1 + α2)div[A(y)A(zn) +A(zn)A(y)]− β div
[
|A(y)|2A(zn)

]
,Pv(zn))ds.

Using the properties of the trilinear form b, [8], Lemma 5 and W 2,4(D) ↪→W 1,∞(D), we deduce

2((y · ∇)v(zn) + (zn · ∇)v(y) +
∑
j

v(zn)
j∇yj +

∑
j

v(y)j∇zjn,Pv(zn))ds

≤ 2
(
∥y∥∞∥v(zn)− Pv(zn)∥H1∥zn∥W + ∥zn∥∞∥y∥H3∥zn∥W + ∥y∥W 1,∞∥zn∥2W + ∥y∥W 2,4∥zn∥W 1,4∥zn∥W

)
≤ C∥y∥W 2,4∥zn∥2W + 2∥zn∥∞∥y∥H3∥zn∥W .

In addition, we notice that 2ν(−∆zn,Pv(zn)) − 2(ψ,Pv(zn)) ≤ (2ν + 1)∥zn∥2W + ∥ψ∥22. On the other hand,
standard computations ensure

2(−(α1 + α2)div[A(y)A(zn) +A(zn)A(y)]− β div
[
|A(y)|2A(zn)

]
− 2β div [(A(zn) : A(y))A(y)] ,Pv(zn))

≤ C∥y∥W 2,4∥zn∥2W + C∥y∥2W 2,4∥zn∥2W ≤ C(α1, α2, β)(∥y∥2W 2,4 + 1)∥zn∥2W .

Therefore, there exists C > 0 such that

|2(fn,Pv(zn))| ≤ C(α1, α2, β, ν)(∥y∥2W 2,4 + 1)∥zn∥2W + ∥ψ∥22 + 2∥zn∥∞∥y∥H3∥zn∥W . (5.16)

Taking into account the properties of the solution of (2.4), we infer that

∑
�k�≥1

∫ t

0

I[0,τM [∥σ̃nk ∥2W ds ≤ C
∑
�k�≥1

∫ t

0

I[0,τM [∥∇yσ �k�
(·, y)zn∥22ds ≤ CM

∫ t

0

I[0,τM [∥zn∥22ds.
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Concerning the stochastic integrals, let us consider q ≥ 1 and define the sequence of stopping times tnN = inf{t ∈
[0, T ] : ∥zn(t)∥W ≥ N}, N ∈ N. For any t ∈ [0, T ] and δ > 0, the Burkholder-Davis-Gundy inquality gives

E sup
s∈[0,t∧tnN ]

|
∫ s

0

I[0,τM [(∇yG(·, y)zn, zn)dW |q + E sup
s∈[0,t∧tnN ]

∣∣ ∫ s

0

I[0,τM [

∑
�k�≥1

(∇yσ �k�
(·, y)zn,Pv(zn))dβ �k�

∣∣q
≤ δE sup

s∈[0,t∧tnN ]

∥Pv(zn)(s)∥2q2 + δE sup
s∈[0,t∧tnN ]

∥zn(s)∥2qV + CδE
∫ t∧tnN

0

I[0,τM [∥zn∥2q2 ds.

Now, taking the qthpower of relation (5.15), computing the supremum over the interval [0, t ∧ tnN ], taking the
expectation and gathering the previous estimates, we infer that

(1− 2δ)E sup
s∈[0,t∧tnN ]

∥zn(s)∥2qW ≤ C(α1, α2, β, ν, T,M, q, δ)

∫ t

0

E sup
r∈[0,s∧tnN ]

∥zn(r)∥2qW ds (5.17)

+ C(T )E
∫ τM

0

∥ψ∥2q2 ds+ C(q, T )E
∫ t∧tnN

0

(∥zn∥∞∥y∥H3∥zn∥W )qds.

Thanks to Lemma 10.2 (see Sect. 10), for any q ≥ 1 and ϵ ∈]0, 1] we have

E
∫ t∧tnN

0

(∥zn∥∞∥y∥H3∥zn∥W )qds

≤ Cϵ(D)[

∫ t

0

E sup
r∈[0,s∧tnN ]

∥zn(r)∥2qW ds+ ∥y∥2q(d+ϵ)
L2q(d+1+ϵ)(Ω×(0,τM );H3)

∥zn∥2qL2q(d+1+ϵ)(Ω×(0,T );V )
],

Using this inequality and choosing δ small enough in (5.17), we are able to apply Grönwall’s inequality to show
the existence of a constant C := C(α1, α2, β, ν, T,M, q, δ, ϵ) > 0 such that

E sup
s∈[0,t∧tnN ]

∥zn(s)∥2qW ≤ CE
∫ τM

0

∥ψ∥2q2 ds+ Cϵ(D)∥y∥2q(d+ϵ)
L2q(d+1+ϵ)(Ω×(0,τM );H3)

∥zn∥2qL2q(d+1+ϵ)(Ω×(0,T );V )
.

In particular, for q = 1 and t = T we obtain

E sup
s∈[0,tnN ]

∥zn(s)∥2W ≤ CE
∫ τM

0

∥ψ∥22ds+ Cϵ(D)∥y∥2(d+ϵ)
L2(d+1+ϵ)(Ω×(0,τM );H3)

∥zn∥2L2(d+1+ϵ)(Ω×(0,T );V ).

From Subsection 5.2.1, we know that E sup
s∈[0,T ]

∥zn(s)∥pV ≤ C(M)E
∫ τM

0

∥ψ∥p2ds, ∀p ≥ 2.

Since p > 2(d+ 1), for ϵ =
p− 2(d+ 1)

2
, there exists C(M) > 0 such that

Cϵ(D)∥y∥2(d+ϵ)
L2(d+1+ϵ)(Ω×(0,τM );H3)

∥zn∥2L2(d+1+ϵ)(Ω×(0,T );V ) ≤ C(M).

Since (tnN )N is non-decreasing positive sequence of stopping time and tnN → T in probability, the monotone
convergence theorem ensures E sup

s∈[0,T ]

∥zn(s)∥2W ≤ C(α1, α2, β, ν, T,M). Thus



OPTIMAL CONTROL OF THIRD GRADE FLUIDS WITH MULTIPLICATIVE NOISE 21

Proposition 5.5. Let zn be the solution to (5.7). Then, zn ∈ C ([0, T ],Wn) and there exist C(M) > 0 and
C(α1, α2, β, ν, T,M) > 0, independents of n such that

E sup
s∈[0,T ]

∥zn(s)∥pV ≤ C(M)E
∫ τM

0

∥ψ∥p2ds and E sup
s∈[0,T ]

∥zn(s)∥2W ≤ C(α1, α2, β, ν, T,M).

5.3. Proof of Theorem 5.3

5.3.1. 1ststep

Using Proposition 5.5, we deduce the existence of a subsequence of (zn)n, still denoted by (zn)n, and a
predictable stochastic process z ∈ L2(Ω, Lq(0, T ;W )) such that

zn ⇀ z weakly in L2(Ω, Lq(0, T ;W )), for any 2 ≤ q <∞. (5.18)

On the other hand, the sequence (zn) is bounded in L2(Ω, L∞(0, T ;W )), thus in L2
w(Ω, L

∞(0, T ;W )) ≃
(L2(Ω, L1(0, T ;W ′)))′, where w stands for the weak-* measurability (see e.g. [25], Thm. 8.20.3, [26], Rem. 2.1).
Hence, Banach-–Alaoglu theorem’s ensures z ∈ L2

w(Ω, L
∞(0, T ;W ).

Recall that the stochastic Itô integral is linear and continuous. Thanks to [27], Proposition 21.27, p. 261 and
(5.18), we infer that∫ t

0

I[0,τM [(∇yG(·, y)zn, ϕ)dW ⇀

∫ t

0

I[0,τM [(∇yG(·, y)z, ϕ)dW weakly in L2(Ω× [0, T ]). (5.19)

5.3.2. 2ndstep

For t ∈ [0, T ], let us set

Bn(t) := v(zn(t))−
∫ t

0

I[0,τM [∇yG(·, y)zndW , B(t) := v(z(t))−
∫ t

0

I[0,τM [∇yG(·, y)zdW .

Due to (5.7) we have

d

dt
(Bn, ϕ) = −I[0,τM [{2ν(Dzn,Dϕ) + b(y, v(zn), ϕ) + b(zn, v(y), ϕ) + b(ϕ, y, v(zn)) + b(ϕ, zn, v(y))}

− I[0,τM [{(α1 + α2)
(
A(y)A(zn) +A(zn)A(y),∇ϕ

)
+ β

(
|A(y)|2A(zn),∇ϕ

)
} (5.20)

− 2βI[0,τM [

(
(A(zn) : A(y))A(y),∇ϕ

)
+ I[0,τM [(ψ, ϕ), ∀ϕ ∈Wn.

Let A ∈ F and ξ ∈ D(0, T )8, by multiplying (5.20) by IAξ and integrating over ΩT we derive

−
∫
A

∫ T

0

[
(Bn, ϕ)

dξ

ds

]
dsdP (5.21)

= −
∫
A

∫ T

0

I[0,τM [{2ν(Dzn,Dϕ) + b(y, v(zn), ϕ) + b(zn, v(y), ϕ) + b(ϕ, y, v(zn)) + b(ϕ, zn, v(y))}ξdsdP

−
∫
A

∫ T

0

I[0,τM [{(α1 + α2)
(
A(y)A(zn) +A(zn)A(y),∇ϕ

)
+ β

(
|A(y)|2A(zn),∇ϕ

)
}ξdsdP

− 2β

∫
A

∫ T

0

I[0,τM [

(
(A(zn) : A(y))A(y),∇ϕ

)
ξdsdP +

∫
A

∫ T

0

I[0,τM [(ψ, ϕ)ξdsdP, ∀ϕ ∈Wn.

8D(0, T ) denotes the space of C∞-functions with compact suport in ]0, T [.
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The convergences (5.18)–(5.19) allow to pass to the limit, as n→ ∞, in (5.21) and deduce

−
∫
A

∫ T

0

[
(B,ϕ)

dξ

ds

]
dsdP (5.22)

= −
∫
A

∫ T

0

I[0,τM [{2ν(Dz,Dϕ) + b(y, v(z), ϕ) + b(z, v(y), ϕ) + b(ϕ, y, v(z)) + b(ϕ, z, v(y))}ξdsdP

−
∫
A

∫ T

0

I[0,τM [{(α1 + α2)
(
A(y)A(z) +A(z)A(y),∇ϕ

)
+ β

(
|A(y)|2A(z),∇ϕ

)
}ξdsdP (5.23)

− 2β

∫
A

∫ T

0

I[0,τM [

(
(A(z) : A(y))A(y),∇ϕ

)
ξdsdP +

∫
A

∫ T

0

I[0,τM [(ψ, ϕ)ξdsdP, ∀ϕ ∈ V.

Then, taking into account the result of Proposition 5.5, we infer that the distributional derivative
dB

dt
belongs

to the space L2(Ω;L2(0, T ;V ′). Recalling that B ∈ L2(Ω;L2(0, T ; (L2(D))d), we conclude that (see [28]) B(·) =

v(z(·))−
∫ ·

0

I[0,τM [∇yG(s, y)zdW (s) ∈ L2(Ω;C ([0, T ];V ′).

Considering the properties of the Itô’s integral, we conclude that v(z) ∈ L2(Ω;C ([0, T ];V ′). Thus v(z) ∈
L2(Ω;Cw([0, T ]; (L2(D))d), thanks to [29], Lemma 1.4, p. 263. In order to identify the initial datum, let ϕ ∈ V
and ξ ∈ C∞([0, t]) for t ∈]0, T ] and note that the following integration by parts formula holds

∫ t

0

⟨dB(s)

ds
, ϕξ⟩V ∗,V ds = −

∫ t

0

[(B(s), ϕ)
dξ

ds
]ds+ (B(t), ϕ)ξ(t)− (z(0), ϕ)V ξ(0) (5.24)

First, we multiply (5.20) by IAξ and integrate over ΩT . Then, we pass to the limit as n→ ∞ and we use (5.24)
to obtain for all t ∈ [0, T ], v(zn(t))⇀ v(z(t)) in L2(Ω, (L2(D))d), as n→ ∞, (see e.g. [30], Prop. 3 for similar
arguments). Hence the proof of Theorem 5.3 is completed.

6. Gâteaux differentiability of the control-to-state mapping

In this section, we will prove that the Gâteaux derivative of the control-to-state mapping is provided by the
solution of the linearized equations, given by (5.3).

Proposition 6.1. Let us consider U and y0 satisfying (2.8) and ψ ∈ Lp((ΩT ,PT ); (H
1(D))d). Defining Uρ =

U + ρψ, ρ ∈ (0, 1), let (y, τM ) and (yρ, τ
ρ
M ) be the solutions of (2.1) associated with (U, y0) and (Uρ, y0),

respectively, then the following representaion holds

yρ = y + ρz + ρδρ with lim
ρ→0

E sup
s∈[0,τM∧τρM ]

∥δρ(s)∥2V = 0, (6.1)

where z is the solution of (5.3), in the sense of Definition 5.1 and satisfying the estimate (5.5).

Proof. Let t ∈ [0, τM ∧ τρM ], by using (2.1), we derive

d(v(yρ − y)) = {−∇(Pρ −P) + ν∆(yρ − y)− ((yρ · ∇)vρ − (y · ∇)v)−
∑
j

(vjρ∇yjρ − vj∇yj)

+ (α1 + α2)div(A
2
ρ −A2) + β div

(
|A(yρ)|2A(yρ)− |A(y)|2A(y)

)
+ ρψ}dt+ (G(·, yρ)−G(·, y))dW ,
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where vρ = v(yρ), v = v(y), Aρ = A(yρ), A = A(y).

Setting zρ =
yρ − y

ρ
, πρ =

Pρ −P

ρ
, we notice that zρ is the unique solution to

d(v(zρ)) =
{
ψ −∇πρ + ν∆zρ − [(zρ · ∇)v(yρ) + (y · ∇)v(zρ)]

−
∑
j [v

j(zρ)∇yjρ + vj(y)∇zjρ] + βdiv
(
|A(yρ)|2A(zρ) + [A(zρ) : A(yρ)

+A(y) : A(zρ)]A(y)
)
+ (α1 + α2)div [A(zρ)A(yρ) +A(y)A(zρ)]

}
dt+

1

ρ
(G(·, yρ)−G(·, y))dW .

Defining δρ = zρ − z, the following equation hold

d(v(δρ)) =
{
−∇(πρ − π) + ν∆δρ − [(y · ∇)v(δρ) + (δρ · ∇)v(yρ)]− (z · ∇)v(yρ − y)

−
∑
j [v

j(y)∇δjρ + vj(δρ)∇yjρ + vj(z)∇(yρ − y)j ] + (α1 + α2)div
[
A(y)A(δρ) +A(δρ)A(yρ)

+A(z)A(yρ − y)
]
+ β div

{
(A(y) : A(δρ))A(y) + |A(yρ)|2A(δρ)

}
+β div([A(yρ − y) : A(yρ) +A(y) : A(yρ − y)]A(z)])

+β div [(A(δρ) : A(yρ) +A(z) : A(yρ − y))A(y)]
}
dt

+{1
ρ
(G(·, yρ)−G(·, y))−∇yG(·, y)z}dW =: g(δρ)dt+RdW = g(δρ)dt+

∑
�k�≥1

R
�k�
dβ

�k�
.

By applying (I − α1P∆)−1 to the last equations and using Itô formula for ∥δρ∥2V , we deduce

d∥δρ∥2V = 2(g(δρ), δρ)dt+ 2(R, δρ)dW +
∑
�k�≥1

∥σ̃ρk − σ̃zk∥2V dt, (6.2)

where σ̃ρk and σ̃zk are the solutions of (2.4) with f replaced by {1
ρ
(σ

�k�
(·, yρ) − σ

�k�
(·, y)) and ∇yσ �k�

(·, y)z,

respectively. Thanks to ([3], Thm. 3), there exists C > such that

∑
�k�≥1

∥σ̃ρk − σ̃zk∥2V ≤ C
∑
�k�≥1

∥1
ρ
(σ

�k�
(·, yρ)− σ

�k�
(·, y))−∇yσ �k�

(·, y)z∥22

Using the assumption H0 (see (2.7)), we have

1

ρ
(σ

�k�
(·, yρ)− σ

�k�
(·, y)) = 1

ρ
[σ

�k�
(·, y + ρzρ)− σ

�k�
(·, y)] = ∇yσ �k�

(·, y)zρ +Rρ
�k�
(·, zρ), ∀ �k� ≥ 1.

Therefore

∑
�k�≥1

∥σ̃ρk − σ̃zk∥2V ≤ C
∑
�k�≥1

∥∇yσ �k�
(·, y)δρ +Rρ

�k�
(·, zρ)∥22 ≤ C∥δρ∥22 +

∑
�k�≥1

b2
�k�
∥zρ∥22ρ2γ

≤ C∥δρ∥22 + C∥z + δρ∥22ρ2γ ≤ C∥δρ∥22 + C∥z∥22ρ2γ ,
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where we used (2.6) and (2.7) to get the last estimate. In order to estimate the first term in the right hand side
of (6.2), let us write 2(g(δρ), δρ) = −4ν∥Dδρ∥22 +R1 +R2 +R3, where

R1 = 2b(y, δρ, v(δρ))− 2b(δρ, yρ, v(δρ))− [2b(δρ, v(yρ), δρ) + 2b(z, v(yρ − y), δρ)]

−2b(δρ, δρ, v(y))− 2b(δρ, (yρ − y), v(z)).

Lemma 10.1 ensures b(δρ, yρ, v(δρ)) ≤ C∥yρ∥W 2,4∥δρ∥2V and |b(y, δρ, v(δρ))| ≤ C∥y∥W 2,4∥δρ∥2V . Consequently,
with the help of Hölder inequality we obtain

R1 ≤ C(∥y∥W 2,4 + ∥yρ∥W 2,4)∥δρ∥2V + C∥δρ∥2V + C∥z∥2H2∥yρ − y∥2H2 .

Using the Stokes theorem and the boundary conditions for δρ, we deduce

R2 = −2(α1 + α2)

∫
D

[A(y)A(δρ) +A(δρ)A(yρ) +A(z)A(yρ − y)] : ∇δρdx

≤ C∥y∥W 1,∞∥δρ∥2V + C∥yρ∥W 1,∞∥δρ∥2V + C∥z∥W 1,4∥yρ − y∥W 1,4∥δρ∥V
≤ C(∥y∥W 2,4 + ∥yρ∥W 2,4)∥δρ∥2V + C∥δρ∥2V + C∥z∥2H2∥yρ − y∥2H2 .

Analogous arguments give R3 = −2β

∫
D

{
A(y) : A(δρ)A(y) + |A(yρ)|2A(δρ)

}
: ∇δρdx

− 2β

∫
D

{[A(yρ − y) : A(yρ) +A(y) : A(yρ − y)]A(z)} : ∇δρdx

− 2β

∫
D

[(A(δρ) : A(yρ) +A(z) : A(yρ − y))A(y)] : ∇δρdx

≤ C
(
∥y∥2W 2,4 + ∥yρ∥2W 2,4

)
∥δρ∥2V + C∥z∥2H2∥yρ − y∥2H2 ,

where we used Hölder and Young inequalities to deduce the last estimate. Summing up, we obtain the existence
of constant C∗ > 0 such that

d∥δρ∥2V + 4ν∥Dδρ∥22dt ≤ C∗
(
1 + ∥y∥2W 2,4 + ∥yρ∥2W 2,4

)
∥δρ∥2V dt

+ C∗∥z∥2H2∥yρ − y∥2H2dt+ C∗∥z∥22ρ2γdt+ 2(R, δρ)dW . (6.3)

Regarding the last term in the right hand side of (6.2), we write

E sup
t∈[0,τM∧τρM ]

|
∫ t

0

(R, δρ)dW (s)| = E sup
t∈[0,τM∧τρM ]

|
∫ t

0

∑
�k�≥1

(
1

ρ
(σ

�k�
(·, yρ)− σ

�k�
(·, y))−∇yσ �k�

(·, y)z, δρ)dβ �k�
|.

By using H0 ( see (2.7)), we have
1

ρ
(σ

�k�
(·, yρ)− σ

�k�
(·, y)) = ∇yσ �k�

(·, y)zρ +Rρ
�k�
(·, zρ),∀ �k� ≥ 1.

Hence, for any t ∈ [0, T ] and ϵ > 0, the Burkholder–Davis–Gundy and Young inequalities ensure

E sup
s∈[0,t∧τM∧τρM ]

|
∫ s

0

(R, δρ)dW | = E sup
s∈[0,t∧τM∧τρM ]

|
∫ s

0

∑
�k�≥1

(∇yσ �k�
(·, y)δρ +Rρ

�k�
(·, zρ), δρ)dβ �k�

|

≤ CE
[∑

�k�≥1

∫ t∧τM∧τρM

0

∥∇yσ �k�
(·, y)δρ +Rρ

�k�
(·, zρ)∥22∥δρ∥22ds

]1/2
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≤ ϵE sup
s∈[0,t∧τM∧τρM ]

∥δρ(s)∥2V + CϵE
∫ t∧τM∧τρM

0

∥z + δρ∥22ρ2γds+ CϵE
∫ t∧τM∧τρM

0

∥δρ∥22ds

≤ ϵE sup
s∈[0,t∧τM∧τρM ]

∥δρ(s)∥2V + CϵE
∫ t∧τM∧τρM

0

∥z∥22ρ2γds+ CϵE
∫ t∧τM∧τρM

0

∥δρ∥22ds,

where (2.7) and ([3], Thm. 3) ensure the last inequality. Taking the supremum of (6.3) over the time interval
[0, t ∧ τM ∧ τρM ], next applying the expectation, we obtain

(1− ϵ)E sup
s∈[0,t∧τM∧τρM ]

∥δρ(s)∥2V ≤ C∗E
∫ t∧τM∧τρM

0

∥z∥2H2∥yρ − y∥2H2ds+ C∗E
∫ t∧τM∧τρM

0

∥z∥22ρ2γds

+ Cϵ(M)E
∫ t

0

sup
r∈[0,s∧τM∧τρM ]

∥δρ(r)∥2V ds, ∀t ∈ [0, T ].

Now, we choose ϵ =
1

2
and apply Grönwall’s inequality to obtain

E sup
s∈[0,τM∧τρM ]

∥δρ(s)∥2V ≤ C∗e
C(M)τM

{
E
∫ τM∧τρM

0

∥z∥2H2∥yρ − y∥2H2ds+ ρ2γE
∫ τM∧τρM

0

∥z∥22ds
}

:= A1 +A2.

The right hand side of the last inequality converges to 0 as ρ → 0. Indeed, it is clear that lim
ρ→0

A2 = 0. On the

other hand, let us introduce the following stopping time

τzN = inf{t ∈ [0, T ] :

∫ t

0

∥z∥2H2ds ≥ N} ∧ τM .

By using Corollary 3.3, we get lim
N→∞

lim
ρ→0

E
∫ τM∧τρM∧τzN

0

∥z∥2H2∥yρ − y∥2H2ds = 0. Note that (τzN )N is non-

decreasiong positive sequence of stopping time and converges to τM in probability, thanks to Theorem 5.3.
Hence, monotone convergence theorem ensures

lim
N→∞

E
∫ τM∧τρM∧τzN

0

∥z∥2H2∥yρ − y∥2H2ds = E
∫ τM∧τρM

0

∥z∥2H2∥yρ − y∥2H2ds.

Now, a standard argument allows to conclude that lim
ρ→0

A1 = 0.

Remark 6.2. We would like to mention that when dealing with certain control problems, the implicit function
theorem can be applied to study the differentiability of the control-to-state mapping. However, in our framework
the nonlinearity in state equation (2.1) depends on the gradient and second order derivatives of the solution of
the state equation, and the stopping time (the local time existence) depends on the control, then it is not possible
to use the implicit function theorem to get the differentiability of the control-to-state mapping. Furthermore, it
is worth to recall that even in simpler system where the principal part depends on the gradient of the solution,
the implicit function theorem is not applicable because of norm gap issues, we refer e.g. to [31] for an example
and more details.
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6.1. Variation of the cost functional

Proposition 6.3. Let JM be given by (4.1) and consider U, y0, ψ, Uρ = U + ρψ verifying the hypothesis of
Proposition 6.1. Then

JM (Uρ, yρ) = JM (U, y) + ρλE
∫ T

0

∥U∥p−2
(H1(D))d

(U,ψ)(H1(D))ddt+ ρE
∫ τUM

0

(y − yd, z)dt+ o(ρ),

where yρ, y are the solutions of (2.1), corresponding to (Uρ, y0) and (U, y0), respectively, τ
U
M is the stopping time

correponding to the solution y and z is the solution of (5.3) associated to ψ.

Proof. Let us split the cost functional into two parts. Namely,

S1 : U p
ad → R; S2 : U p

ad → R

U → S1(U) =
1

2
E
∫ τUM
0

∥y(U)− yd∥22dt; U → S2(U) =
λ

p
E
∫ T
0
∥U∥p

(H1(D))d
dt.

First, let us derive the Gâteaux derivative of S1 at U ∈ Lp((ΩT ,PT ); (H
1(D))d) in direction of ψ ∈

Lp((ΩT ,PT ); (H
1(D))d). Let ρ > 0 and z be the solution of (5.3), we write

∣∣ 1
2ρ

[S1(U + ρψ)− S1(U)]− E
∫ τUM

0

(y − yd, z)dt
∣∣ ≤ I1(ρ) + I2(ρ) + I3(ρ) + I4(ρ) + I5(ρ),

where I1(ρ) =
1

2ρ
E
∫ τUM∧τU+ρψ

M

0

∥y(U + ρψ)− y(U)∥22dt;

I2(ρ) = |E
∫ τUM∧τU+ρψ

M

0

(y(U)− yd,
1

ρ
[y(U + ρψ)− y(U)]− z(ψ))dt|;

I3(ρ) = |E
∫ τUM

τUM∧τU+ρψ
M

(y(U)− yd, z(ψ))dt|; I4(ρ) = | 1
2ρ

E
∫ τUM

τUM∧τU+ρψ
M

∥y(U)− yd∥22dt|;

I5(ρ) = | 1
2ρ

E
∫ τU+ρψ

M

τUM∧τU+ρψ
M

∥y(U + ρψ)− yd∥22dt|.

Thanks to Corollary 3.3, we get lim
ρ→0

I1(ρ) = 0. More precisely we have

I1(ρ) ≤
C

2ρ
E sup
s∈[0,τUM∧τU+ρψ

M ]

∥yρ(s)− y(s)∥2V ≤ C(M,L, T )ρE
∫ τUM∧τU+ρψ

M

0

∥ψ(s)∥22ds
ρ→0→ 0.

According to Proposition 6.1, we have
1

ρ
[y(U + ρψ) − y(U)] − z(ψ) = δρ. Therefore, using Cauchy-Schwarz

inequality and (6.1), we deduce

I2(ρ) = |E
∫ τUM∧τU+ρψ

M

0

(y(U)− yd, δρ)dt|

≤ 2
√
T
(
E
∫ τUM

0

(∥y(U)∥22 + ∥yd∥22)ds
)1/2(

E sup
s∈[0,τUM∧τU+ρψ

M ]

∥δρ(s)∥22
)1/2 ρ→0→ 0.
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On the other hand, the Cauchy-Schwarz inequality, the Fubini’s theorem and Lemma 4.4 yield

I3(ρ) = |E
∫ τUM

τUM∧τU+ρψ
M

(y(U)− yd, z(ψ))dt|

≤
√
T
(∫ T

0

P (τUM ∧ τU+ρψ
M < t ≤ τUM )[M2 + ∥yd∥22]ds

)1/2(
E sup
s∈[0,τUM ]

∥z(s)∥22
)1/2 ρ→0→ 0.

Finally, I4 and I5 can be estimated as follows

I4(ρ) = | 1
2ρ

E
∫ τUM

τUM∧τU+ρψ
M

∥y(U)− yd∥22dt| ≤
∫ T

0

P (τUM ∧ τU+ρψ
M < τUM )

ρ
[M2 + ∥yd∥22]ds;

I5(ρ) = | 1
2ρ

E
∫ τU+ρψ

M

τUM∧τU+ρψ
M

∥y(U + ρψ)− yd∥22dt| ≤
∫ T

0

P (τUM ∧ τU+ρψ
M < τU+ρψ

M )

ρ
[M2 + ∥yd∥22]ds.

Since lim
ρ→0

(U + ρψ) = U in X, Corollary 4.5 ensures that lim
ρ→0

I4(ρ) + I5(ρ) = 0. Consequently, lim
ρ→0

| 1
2ρ

[S1(U +

ρψ)− S1(U)]− E
∫ τUM

0

(y − yd, z)dt| = 0, and the Gâteaux derivative of S1 at U ∈ Lp((ΩT ,PT ); (H
1(D))d) in

direction of ψ ∈ Lp((ΩT ,PT ); (H
1(D))d) is given by dGS1(U)[ψ] = E

∫ τUM

0

(y − yd, z)dt. Notice that S2 is given

by the pth-power of a norm in Lp(Ω× (0, T ); (H1(D))d). Therefore, by using standard arguments, we can show
that the Gâteaux derivative of S2 at U ∈ Lp((ΩT ,PT ); (H

1(D))d) in direction of ψ ∈ Lp((ΩT ,PT ); (H
1(D))d)

corresponds to dGS2(U)[ψ] = λE
∫ T

0

∥U∥p−2
(H1(D))d

(U,ψ)(H1(D))ddt. It is clear that dGS1(U) and dGS2(U) are

linear and continuous (bounded) functionals, which ends the proof.

7. Stochastic backward adjoint equations

This section is devoted to the formulation and study of the so-called adjoint equation, which is crucial for
writing the first order optimality conditions for the system (2.1). It is worth to mention that the adjoint equa-
tion, as well as the optimality conditions, can be deduced by formally applying the Lagrange multiplier method,
as explained in [32], Section 2.10. The equations, once formally deduced, should be rigorously justified. For this
task, a suitable integration by parts should be performed. Since the 3D and 2D analysis are different, we will
distinguish the two cases, by studying each one separately.

Let g be a predictable function satisfying g ∈ Lp(Ω;L2(0, T ;H)). In particular, we will set later g = y − yd,
where y is the solution of (2.1) and yd ∈ L2(0, T ;H).
First, let us make some observations about the stochastic part of the problem.

Remark 7.1. Let us consider the following mapping

∇yG : (L2(D))d → L2(H; (L2(D))d),

u 7→ ∇yG(·, y)u : H → (L2(D))d, ∇yG(·, y)ue �k�
= ∇yσ �k�

(·, y)u, ∀ �k� ≥ 1.
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� We recall that (L2(D))d and L2(H; (L2(D))d) are Hilbert spaces. Since ∇yG is linear and continuous
(bouned) operator, there exists a linear and bounded operatorG∗ : L2(H; (L2(D))d) → (L2(D))d satisfying

(∇yGu,q)L2(H;(L2(D))d) = (u,G∗q); ∀q ∈ L2(H; (L2(D))d),∀u ∈ (L2(D))d. (7.1)

� It follows from (7.1) that G∗q is predictable too for every L2(H; (L2(D))d)-valued predictable process q.
Moreover, for any q ∈ L2(H; (L2(D))d), u ∈ (L2(D))d, we have

(∇yGu,q)L2(H;(L2(D))d) =
∑
�k�≥1

(∇yσ �k�
(·, y)u,qe

�k�
) =

∑
�k�≥1

(u, (∇yσ �k�
(·, y))Tqe

�k�
) = (u,G∗q),

where BT denotes the transpose of the matrix B.

7.1. Existence and uniqueness of solution to the backward adjoint equation in 2D

Here we aim to show the well-posedness of solution (p,q) to the following 2D adjoint system



−d(v(p)) + I[0,τM [

{
− ν∆p− curl v(y)×p+ curl v(y ×p)− (α1 + α2)div

[
A(y)A(p) +A(p)A(y)

]
−βdiv

[
|A(y)|2A(p)

]
− 2βdiv

[
(A(y) : A(p))A(y)

]}
dt

= I[0,τM [

{
g −∇π −

∑
�k�≥1

(∇yσ �k�
(·, y))Tqe

�k�

}
dt+

∑
�k�≥1

v(qe
�k�
)dβ

�k�
in D × (0, T )× Ω,

div(p) = 0 in D × (0, T )× Ω,

p · η = 0, [η · D(p)] · τ = 0 on ∂D × (0, T )× Ω,

p(T ) = 0 in D × Ω,

(7.2)

where y is the solution of (2.1), in the sense of Definition 2.4 and τM is given by (2.10).

Let us introduce the notion of solution to the system (7.2), the so-called adjoint state.

Definition 7.2. A pair (p,q) of stochastic processes is a solution to (7.2) if it satisfies the following properties

i) p and q are predictable processes with values in W and L2(H;W ), respectively.
ii) p ∈ L∞(0, T ;L2(Ω;W )), q ∈ L2(ΩT ;L2(H;W )) and v(p) ∈ Cw([0, T ];L2(Ω; (L2(D))2)).
iii) For any t ∈ [0, T ], P-a.s. in Ω and for any ϕ ∈W , the following equation holds

(v(p(t)), ϕ) + 2ν

∫ T

t

I[0,τM [(s)(Dp,Dϕ)ds+ 2β

∫ T

t

I[0,τM [(s)
(
(A(p) : A(y))A(y),∇ϕ

)
ds

+

∫ T

t

I[0,τM [(s)
{
− b(ϕ,p, v(y)) + b(p, ϕ, v(y)) + b(p, y, v(ϕ))− b(y,p, v(ϕ))

}
ds

+

∫ T

t

I[0,τM [(s)
{
(α1 + α2)

(
A(y)A(p) +A(p)A(y),∇ϕ

)
+ β

(
|A(y)|2A(p),∇ϕ

)}
ds

=

∫ T

t

I[0,τM [(s)(g −G∗q, ϕ)ds+
∑
�k�≥1

∫ T

t

(v(qe
�k�
), ϕ)dβ

�k�
(s). (7.3)
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Theorem 7.3. There exists a unique pair (p,q) in the sense of Definition 7.2, satisfying

sup
s∈[0,T ]

E∥p(s)∥2W ≤ C(α1, α2, β, ν, T,M) and E
∫ T

0

∥q∥2L2(H;W )ds ≤ C(M), (7.4)

where C(M) > 0 and C(α1, α2, β, ν, T,M) > 0. Moreover, for each fixed M ∈ N we have

E sup
s∈[τM ,T ]

∥p(s)∥2W = 0 and E
∫ T

τM

∥q∥2L2(H;W )ds = 0.

7.1.1. Finite dimensional approximation

Let us consider the orthonormal basis {hi} in V , given by (5.6) and the finite dimensional spaces Wn,
already introduced in Section 5.1. Setting pn(t) =

∑n
i=1 di(t)hi, n ∈ N, di(t) ∈ R, and qn(t) ∈ L2(H,Wn), the

approximation for (7.2) reads

(v(pn(t)), ϕ) +

∫ T

t

I[0,τM [(s)
{
2ν(Dpn,Dϕ)ds− b(ϕ, pn, v(y))

+ b(pn, ϕ, v(y)) + b(pn, y, v(ϕ))− b(y, pn, v(ϕ))
}
ds

+

∫ T

t

I[0,τM [(s)
{
(α1 + α2)

(
A(y)A(pn) +A(pn)A(y),∇ϕ

)
+ β

(
|A(y)|2A(pn),∇ϕ

)}
ds

+ 2β

∫ T

t

I[0,τM [(s)
(
(A(pn) : A(y))A(y),∇ϕ

)
ds =

∫ T

t

I[0,τM [(s)(g −G∗qn, ϕ)ds

+
∑
�k�≥1

∫ T

t

(v(qne �k�
), ϕ)dβ

�k�
(s), for any ϕ ∈Wn. (7.5)

From [33], Proposition 6.20, there exists a unique pair of predictable processes (pn, qn) such that (7.5) holds for
any t ∈ [0, T ] and

pn ∈ LrPT
(Ω;C ([0, T ],Wn)), qn ∈ Lr(Ω;L2(0, T ;L2(H,Wn)), for all 1 ≤ r ≤ 2(d+ 1). (7.6)

7.1.2. Uniform estimates

Step 1. Estimate in the space V

Let us consider 0 ≤ t ≤ T . Setting ϕ = hi in (7.5), we obtain

(v(pn(t)), hi) +

∫ T

t

I[0,τM [(s)
{
(α1 + α2)

(
A(y)A(pn) +A(pn)A(y),∇hi

)
+ β

(
|A(y)|2A(pn),∇hi

)}
ds

+

∫ T

t

I[0,τM [(s)
{
2ν(Dpn,Dhi)− b(hi, pn, v(y)) + b(pn, hi, v(y)) + b(pn, y, v(hi))− b(y, pn, v(hi))

}
ds

+ 2β

∫ T

t

I[0,τM [(s)
(
(A(pn) : A(y))A(y),∇hi

)
ds

=

∫ T

t

I[0,τM [(s)(g −G∗qn, hi)ds+
∑
�k�≥1

∫ T

t

(v(qne �k�
), hi)dβ �k�

(s).
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Applying the Itô’s formula, integrating over the time interval [t, T ], and summing from i = 1 to n, we deduce

∥pn(t)∥2V +

∫ T

t

2I[0,τM [(s)
{
(α1 + α2)

(
A(y)A(pn) +A(pn)A(y),∇pn

)
+ β

(
|A(y)|2A(pn),∇pn

)}
ds

+

∫ T

t

2I[0,τM [(s)
{
2ν(Dpn,Dpn) + b(pn, y, v(pn))− b(y, pn, v(pn))

}
ds

+ 4β

∫ T

t

I[0,τM [(s)
(
(A(pn) : A(y))A(y),∇pn

)
ds =

∫ T

t

2I[0,τM [(s)(g −G∗qn, pn)ds (7.7)

+
∑
�k�≥1

∫ T

t

2(qnek, pn)V dβ �k�
(s)−

n∑
i=1

∑
�k�≥1

∫ T

t

(qnek, hi)
2
V ds.

We notice that

n∑
i=1

∑
�k�≥1

∫ T

t

(qne �k�
, hi)

2
V ds =

∑
�k�≥1

∫ T

t

∥qne �k�
∥2V ds =

∫ T

t

∥qn∥2L2(H,V )ds.

On the other hand, taking into account (7.6), we have

E
∑
�k�≥1

∫ T

0

(qnek, pn)
2
V ds <∞ thus E

∑
�k�≥1

∫ T

t

2(qnek, pn)V dβ �k�
(s) = 0. (7.8)

Thanks to Lemma 10.1 (see Sect. 10), we derive

∫ T

t

2I[0,τM [(s)
{
2ν(Dpn,Dpn) + b(pn, y, v(pn))− b(y, pn, v(pn))

}
ds

≤ 4ν

∫ T

t

I[0,τM [(s)∥Dpn∥22ds+ C

∫ T

t

I[0,τM [(s)∥y∥W 2,4∥pn∥2V ds

≤ 4ν

∫ T

t

I[0,τM [(s)∥Dpn∥22ds+ CM

∫ T

t

I[0,τM [(s)∥pn∥2V ds.

Now, using similar arguments to those used in [18], Section 4.2, we deduce the following estimates∣∣∣∣∣
∫ T

t

2I[0,τM [(s)
{
(α1 + α2)

(
A(y)A(pn) +A(pn)A(y),∇pn

)}
ds

∣∣∣∣∣ ≤ C2

∫ T

t

I[0,τM [(s)∥pn∥2H1∥y∥W 1,∞ds

and |4β
∫ T

t

I[0,τM [(s)
(
(A(pn) : A(y))A(y),∇pn

)
ds+

∫ T

t

I[0,τM [(s)β
(
|A(y)|2A(pn),∇pn

)
ds|

≤ C3

∫ T

t

I[0,τM [(s)∥pn∥2H1∥y∥2W 1,∞ds ≤ C3

∫ T

t

I[0,τM [(s)∥pn∥2H1∥y∥2W 2,4ds

Gathering the previous estimates, we show that there exists C > 0, independent of n, such that

∥pn(t)∥2V +

∫ T

t

∥qn∥2L2(H;V )ds+ 4ν

∫ T

t

I[0,τM [(s)∥Dpn∥22ds ≤ C(M2 + 1)

∫ T

t

I[0,τM [(s)∥pn∥2V ds

+

∫ T

t

2I[0,τM [(s)(g −G∗qn, pn)ds+
∑
�k�≥1

∫ T

t

2(qne �k�
, pn)V dβ �k�

(s). (7.9)
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Let δ > 0. Thanks to Remark 7.1 and since V ↪→ (L2(D))2, one has

|
∫ T

t

I[0,τM [(s)(g −G∗qn, pn)ds| ≤ C

∫ τM

t

∥g∥22ds+ Cp

∫ τM

t

∥pn∥22ds+ C

∫ τM

t

|(G∗qn, pn)|ds

≤ C

∫ T

t

I[0,τM [(s)∥g∥22ds+ δC(G∗)[

∫ T

t

∥qn∥2L2(H;V )ds+ Cδ(T )

∫ T

t

I[0,τM [(s)∥pn∥2V ds].

By taking the expectation in (7.9), using (7.8) and an appropriate choice of δ, we are able to deduce for any
0 ≤ t < τM that

E∥pn(t)∥2V + E
[ ∫ T

t

∥qn∥2L2(H;V )ds
]
≤ C(G∗)(M2 + 1)E

∫ T

t

I[0,τM [(s)∥pn∥2V ds

+ CE
∫ T

t

I[0,τM [(s)∥g∥22ds.

Therefore, Grönwall’s inequality ensures the existence of C(M) > 0 such that

sup
r∈[t,T ]

E∥pn(r)∥2V + E
[ ∫ T

t

∥qn∥2L2(H;V )ds
]
≤ CeC(G∗)(M2+1)TE

∫ T

t

I[0,τM [(s)∥g∥22ds := C(M). (7.10)

Step 2. Estimate in the space W

For any t ∈ [0, T ], the equation (7.5) gives

(pn(t), hi)V +

∫ T

t

I[0,τM [(s)(F (pn), hi)ds (7.11)

=

∫ T

t

I[0,τM [(s)(B(qn), hi)ds+
∑
�k�≥1

∫ T

t

(qne �k�
, hi)V dβ �k�

, ∀1 ≤ i ≤ n,

where F (u) := −ν∆u− curl v(y)× u+ curl v(y × u)− (α1 + α2)div
[
A(y)A(u) +A(u)A(y)

]
− βdiv

[
|A(y)|2A(u)

]
− 2βdiv

[
(A(y) : A(u))A(y)

]
; B(qn) := g −G∗qn.

Let F̃n and B̃n be the solutions of (2.4) for f = F (pn) and f = B(qn). Therefore

(F (pn), hi) = (F̃n, hi)V , (B(qn), hi) = (B̃n, hi)V ; ∀1 ≤ i ≤ n (7.12)

Multiplying (7.11) by µi and using (5.6), we deduce for 1 ≤ i ≤ n

(pn(t), hi)W +

∫ T

t

I[0,τM [(s)(F̃n, hi)W ds =

∫ T

t

I[0,τM [(s)(B̃n, hi)W ds+
∑
�k�≥1

∫ T

t

(qne �k�
, hi)W dβ �k�

.

Now, using Ito’s formula for the function u 7→ u2 and the process (pn(t), hi)W , next multiplying by 1
µi

and
summing over i = 1, · · · , n, we are able to infer that

∥pn(t)∥2W + 2

∫ T

t

I[0,τM [(s)(F̃n, pn)W ds

= 2

∫ T

t

I[0,τM [(s)(B̃n, pn)W ds+ 2
∑
�k�≥1

∫ T

t

(qne �k�
, pn)W dβ �k�

−
n∑
i=1

∑
�k�≥1

∫ T

t

(qne �k�
, h̃i)

2
W ds.
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In addition, we observe that

n∑
i=1

∑
�k�≥1

∫ T

t

(qne �k�
, h̃i)

2
W ds =

∑
�k�≥1

∫ T

t

∥qne �k�
∥2W ds =

∫ T

t

∥qn∥2L2(H;W )ds.

Taking into account the definition of inner product in the space W , we deduce

∥pn(t)∥2W +

∫ T

t

∥qn∥2L2(H;W )ds = −2

∫ T

t

I[0,τM [(s)(F (pn), pn)ds− 2

∫ T

t

I[0,τM [(s)(F (pn),Pv(pn))ds

+ 2

∫ T

t

I[0,τM [(s)(g −G∗qn, pn)ds+ 2

∫ T

t

I[0,τM [(s)(g −G∗qn,Pv(pn))ds+ 2
∑
�k�≥1

∫ T

t

(qne �k�
, pn)W dβ �k�

= I1 + I2 + I3 + I4 + I5.

Let us focus on estimating Ii, i = 1, . . . , 5. By using the boundary conditions, we get

− I1 = 2

∫ T

t

I[0,τM [(s)(F (pn), pn)ds =

∫ T

t

2I[0,τM [(s)
{
2ν(Dpn,Dpn) + b(pn, y, v(pn))− b(y, pn, v(pn))

}
ds

+

∫ T

t

2I[0,τM [(s)
{
(α1 + α2)

(
A(y)A(pn) +A(pn)A(y),∇pn

)
+ β

(
|A(y)|2A(pn),∇pn

)}
ds

+ 4β

∫ T

t

I[0,τM [(s)
(
(A(pn) : A(y))A(y),∇pn

)
ds.

Arguments already detailed in Subsubsection 7.1.2 yields the existence of C,Cδ > 0 such that

|I1| ≤ C(M2 + 1)

∫ T

t

I[0,τM [(s)∥pn∥2V ,

|I3| ≤ C

∫ T

t

I[0,τM [(s)∥g∥22ds+ δC[

∫ T

t

∥qn∥2L2(H;V )ds+ Cδ

∫ T

t

I[0,τM [(s)∥pn∥2V ds], ∀δ > 0.

By using (7.6), we get that E(I5) = 0. Thanks to Remark 7.1, there exists C > 0 such that

|I4| = 2|
∫ T

t

I[0,τM [(s)(g −G∗qn,Pv(pn))ds|

≤ C

∫ T

t

I[0,τM [(s)∥g∥22ds+ C

∫ T

t

I[0,τM [(s)∥Pv(pn)∥22ds+ C

∫ T

t

I[0,τM [(s)|(G∗qn,Pv(pn))|ds

≤ C

∫ T

t

I[0,τM [(s)∥g∥22ds+ δC[

∫ T

t

∥qn∥2L2(H;W )ds+
C

δ

∫ T

t

I[0,τM [(s)∥pn∥2W ds], ∀δ > 0,

where we used W ↪→ (L2(D))2. Finally, we write

I2 = −2

∫ T

t

I[0,τM [(s)(−ν∆pn − curl v(y)× pn + curl v(y × pn)− (α1 + α2)div
[
A(y)A(pn) +A(pn)A(y)

]
− βdiv

[
|A(y)|2A(pn)

]
− 2βdiv

[
(A(y) : A(pn))A(y)

]
,Pv(pn))ds = I12 + I22 + I32 + I42 .
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We have |I12 | = |2
∫ T
t
I[0,τM [(s)(−ν∆pn,Pv(pn))ds| ≤ 2ν

∫ T
t
I[0,τM [(s)∥pn∥2W ds. By performing standard calcula-

tions, we show that there exists C > 0 such that

|I42 | = |2
∫ T

t

I[0,τM [(s)(−(α1 + α2)div
[
A(y)A(pn) +A(pn)A(y)

]
− βdiv

[
|A(y)|2A(pn)

]
− 2βdiv

[
(A(y) : A(pn))A(y)

]
,Pv(pn))ds|

≤ C

∫ T

t

I[0,τM [(s)∥y∥W 2,4∥pn∥2W + C

∫ T

t

I[0,τM [(s)∥y∥2W 2,4∥pn∥2W ≤ C(1 +M2)

∫ T

t

I[0,τM [(s)∥pn∥2W .

Concerning I22 + I32 , we invoke Lemma 10.3 (see Sect. 10) to get C > 0 such that

|I22 + I32 | = |2
∫ T

t

I[0,τM [(s)(curl v(y × pn)− curl v(y)× pn,Pv(pn))ds|

≤ C(1 + α1)

∫ T

t

I[0,τM [(s)∥y∥W 2,4∥pn∥W ∥Pv(pn)∥2ds+ 2

∫ T

t

I[0,τM [(s)|b(y, v(pn)− Pv(pn),Pv(pn))|ds.

Thanks to [8], Lemma 5 and W 2,4 ↪→ L∞ , there exists C > 0 depending only on D such that

|b(y, v(pn)− Pv(pn),Pv(pn))| ≤ ∥y∥∞∥v(pn)− Pv(pn)∥H1∥Pv(pn)∥2 ≤ C∥y∥W 2,4∥pn∥H2∥Pv(pn)∥2.

Hence, there exists C > 0 such that

|I22 + I32 | ≤ C(1 + α1)

∫ T

t

I[0,τM [(s)∥y∥W 2,4∥pn∥W ∥Pv(pn)∥2ds ≤ CM(1 + α1)

∫ T

t

I[0,τM [(s)∥pn∥2W ds.

By taking the expectation and gathering the previous estimates, we obtain

E∥pn(t)∥2W + E
∫ T

t

∥qn∥2L2(H;W )ds ≤ C(α1, α2, β)(1 +M2)E
∫ T

t

I[0,τM [(s)∥pn∥2W ds

+ CE
∫ T

t

I[0,τM [(s)∥g∥22ds+ δC[E
∫ T

t

∥qn∥2L2(H;W )ds+
C

δ
E
∫ T

t

I[0,τM [(s)∥pn∥2W ds], ∀δ > 0.

An appropriate choice of δ gives

E∥pn(t)∥2W + E
∫ T

t

∥qn∥2L2(H;W )ds ≤ C(1 +M2)E
∫ T

t

I[0,τM [(s)∥pn∥2W ds+ CE
∫ T

t

I[0,τM [(s)∥g∥22ds.

Now, Grönwall’s inequality ensures

E∥pn(t)∥2W + E
∫ T

t

∥qn∥2L2(H;W )ds ≤ CeC(α1,α2,β)(1+M
2)TE

∫ T

t

I[0,τM [(s)∥g∥22ds ≤ C(M), (7.13)

∀t ∈ [0, T ]. Let t ≥ τM , it follows from (7.13) that E∥pn(t)∥2W + E
∫ T
t
∥qn∥2L2(H;W )ds = 0, ∀t ≥ τM . As a

conclusion, we state the next proposition.
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Proposition 7.4. There exist C(M) > 0 and C(α1, α2, β, ν, T,M) > 0 such that

sup
s∈[0,T ]

E∥pn(s)∥2W ≤ C(α1, α2, β, ν, T,M), and E
∫ T

0

∥qn∥2L2(H;W )ds ≤ C(M). (7.14)

Moreover, for fixed M ∈ N we have E sup
s∈[τM ,T ]

∥pn(s)∥2W = 0 and E
∫ T

τM

∥qn∥2L2(H;W )ds = 0.

7.1.3. Proof of Theorem 7.3

Here, we will adapt the reasoning previously used to prove the Theorem 5.3. Due to Proposition 7.4, we
deduce the existence of subsequence (denoted by the same way) (pn, qn) and (p,q) ∈ L2(Ω, L2(0, T ;W )) ×
L2(Ω, L2(0, T ;L2(H;W ))), where p and q are predictables on ΩT such that

pn ⇀ p weakly in L2(Ω, L2(0, T ;W )), (7.15)

qn ⇀ q weakly in L2(Ω, L2(0, T ;L2(H;W ))). (7.16)

According to Remark 7.1 we also know that G∗ defined by

G∗ : L2(Ω× [0, T ];L2(H; (L2(D))d)) → L2(Ω× [0, T ];R); q 7→ (G∗q, ϕ)

is linear and bounded. Recall that the stochastic Itô integral is linear and continuous. Thus, using [27],
Proposition 21.27, p. 261 and (7.16) we show that

∑
�k�≥1

∫ T

t

(v(qne �k�
), ϕ)dβ

�k�
(s)⇀

∑
�k�≥1

∫ T

t

(v(qe
�k�
), ϕ)dβ

�k�
(s) in L2(Ω× [0, T ]), ∀t ∈ [0, T ], (7.17)

(G∗qn, ϕ)⇀ (G∗q, ϕ) in L2(Ω× [0, T ]), ∀t ∈ [0, T ]. (7.18)

Setting Mn(t) = v(pn(t))−
∑

�k�≥1

∫ T
t
v(qne �k�

)dβ
�k�
(s), t ∈ [0, T ], the relation (7.5) gives

d

dt
(Mn(t), ϕ) = I[0,τM [

{
2ν(Dpn,Dϕ)ds− b(ϕ, pn, v(y)) + b(pn, ϕ, v(y)) + b(pn, y, v(ϕ))

− b(y, pn, v(ϕ))
}
+ I[0,τM [

{
(α1 + α2)

(
A(y)A(pn) +A(pn)A(y),∇ϕ

)
+ β

(
|A(y)|2A(pn),∇ϕ

)}
+ 2βI[0,τM [

(
(A(pn) : A(y))A(y),∇ϕ

)
− I[0,τM [(g −G∗qn, ϕ). (7.19)

With the help of (7.15), (7.17) and (7.18), we are able to pass to the limit in the weak sense in this equation,
as n→ ∞, and deduce

d

dt
(M(t), ϕ) = I[0,τM [

{
2ν(Dp,Dϕ)ds− b(ϕ,p, v(y)) + b(p, ϕ, v(y)) + b(p, y, v(ϕ))

− b(y,p, v(ϕ))
}
+ I[0,τM [

{
(α1 + α2)

(
A(y)A(p) +A(p)A(y),∇ϕ

)
+ β

(
|A(y)|2A(p),∇ϕ

)}
+ 2βI[0,τM [

(
(A(p) : A(y))A(y),∇ϕ

)
− I[0,τM [(g −G∗q, ϕ), (7.20)

where M(t) = v(p(t)) −
∑

�k�≥1

∫ T
t
v(qe

�k�
)dβ

�k�
(s). Using Proposition 7.4, we can verify that the distribu-

tional derivative dM
dt belongs to L2(0, T ;L2(Ω;W ′)). On the other hand, Proposition 7.4 ensures that M ∈

L∞(0, T ;L2(Ω; (L2(D))d)), then we infer that M ∈ C ([0, T ];L2(Ω;W ′)). Taking into account the properties of
the stochastic integral, we conclude that v(p) ∈ C ([0, T ];L2(Ω;W ′)). Thus v(p) ∈ Cw([0, T ];L2(Ω; (L2(D))d)),
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thanks to [29], Lemma 1.4, p. 263. To verify that p(T ) = 0, let ϕ ∈ Wn and ξ ∈ C∞([t, T ]) for t ∈ [0, T ] and
note that ∫ T

t

⟨dM(s)

ds
, ϕξ⟩W∗,W ds = −

∫ T

t

[(M(s), ϕ)
dξ

ds
]ds+ (M(T ), ϕ)V ξ(T ). (7.21)

First, we multiply (7.19) by IAξ, ξ ∈ C∞([0, t]) for t ∈]0, T ] and integrate over ΩT . Then, we pass to the limit
as n → ∞ and we use (7.21). It follows by standard arguments (see e.g. [30], Prop. 3) that, for all t ∈ [0, T ],
v(pn(t))⇀ v(p(t)) in L2(Ω, (L2(D))d). Hence the proof of Theorem 7.3 is completed.

Remark 7.5. i) Let us stress here that the main difference between the adjoint equation in 2D and 3D relies in
the analysis of the term b(p, y, v(ϕ))− b(y,p, v(ϕ)). In the former case, we can take advantage of the equality
b(p, y, v(ϕ)) − b(y,p, v(ϕ)) = (curlv(y ×p), ϕ), which plays a crucial role in the deduction of the W -estimate
for the solution of (7.2) (see (7.11)–(7.12)). Instead, in 3D we have the more complicated relation

b(p, y, v(ϕ))− b(y,p, v(ϕ)) = (curlv(y ×p), ϕ) + I∂D,

unfortunately, the boundary terms I∂D (see (10.3)) resulting from integration by parts do not vanish, and are
very difficult to handle in order to derive the W -estimate.
ii) We recall that the derivation of the first order optimality conditions can be performed by using the formal
Lagrange method, where the “formal Lagrangian function” L(y, U,p) becomes “meaningful” after only one
integration by parts, and DyL(y, U,p)9 leads to the variational equation (7.3) and the “formal” optimality
condition

DUL(y(ŨM ), ŨM ,p)(u− ŨM ) ≥ 0, ∀u ∈ U p
ad. (7.22)

Therefore, in 2D it is the variational equation (7.3), which will play the most important role to rigorously
prove the necessary first order optimality conditions (7.22) (see Sect. 8). This observation motivates the natural
extension of the 2D adjoint equation to the 3D setting.

7.2. Existence of solution to the backward adjoint equation in 3D

Taking into account Remark 7.5, it is expected that the passage from the 2D to the 3D framework is
accompanied by some loss of regularity for the solution of the adjoint system.

Definition 7.6. A stochastic processes (p,q) is said to be an adjoint state for the control problem if the
following properties hold

i) p and q are predictables processes with values in V and L2(H;V ), respectively.
ii) p ∈ L∞(0, T ;L2(Ω;V )), q ∈ L2(ΩT ;L2(H;V )) and p ∈ Cw([0, T ];L2(Ω;V )).
iii) For any t ∈ [0, T ], P-a.s. in Ω, the following adjoint equation is satisfied

(p(t), ϕ) + 2α1(Dp(t),Dϕ) + 2β

∫ T

t

I[0,τM [(s)
(
(A(p) : A(y))A(y),∇ϕ

)
ds

+

∫ T

t

I[0,τM [(s)
{
2ν(Dp,Dϕ)ds− b(ϕ,p, v(y)) + b(p, ϕ, v(y)) + b(p, y, v(ϕ))− b(y,p, v(ϕ))

}
ds

+

∫ T

t

I[0,τM [(s)
{
(α1 + α2)

(
A(y)A(p) +A(p)A(y),∇ϕ

)
+ β

(
|A(y)|2A(p),∇ϕ

)}
ds

=

∫ T

t

I[0,τM [(s)(g −G∗q, ϕ)ds+
∑
�k�≥1

∫ T

t

(qe
�k�
, ϕ)V dβ �k�

(s), ∀ϕ ∈W, (7.23)

where y is the solution of (2.1), in the sense of Definition 2.4 and τM is given by (2.10).

9DvL denotes the derivative of L with respect to the variable v.
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Theorem 7.7. There exists, at least, a pair (q,q), which is a solution of the adjoint equation (7.23), according
to the Definition 7.6, verifying the properties

∃C(M) > 0 such that sup
s∈[0,T ]

E∥p(s)∥2V ≤ C(M) and E
∫ T

0

∥q∥2L2(H;V )ds ≤ C(M). (7.24)

Moreover, for fixed M ∈ N we have E sup
s∈[τM ,T ]

∥p(s)∥2V = 0 and E
∫ T

τM

∥q∥2L2(H;V )ds = 0.

7.2.1. Proof of Theorem 7.7

As in the 2D case (see Sect. 7.1.1) we consider pn(t) =
∑n
i=1 di(t)hi and qn(t) ∈ L2(H,Wn), t ∈ [0, T ]. The

approximated problem for (7.23) reads

(pn(t), v(ϕ)) +

∫ T

t

I[0,τM [(s)
{
2ν(Dpn,Dϕ)ds− b(ϕ, pn, v(y)) + b(pn, ϕ, v(y)) + b(pn, y, v(ϕ))− b(y, pn, v(ϕ))

}
ds

+

∫ T

t

I[0,τM [(s)
{
(α1 + α2)

(
A(y)A(pn) +A(pn)A(y),∇ϕ

)
+ β

(
|A(y)|2A(pn),∇ϕ

)}
ds (7.25)

+ 2β

∫ T

t

I[0,τM [(s)
(
(A(pn) : A(y))A(y),∇ϕ

)
ds =

∫ T

t

I[0,τM [(s)(g −G∗qn, ϕ)ds+
∑
�k�≥1

∫ T

t

(qne �k�
, v(ϕ))dβ

�k�
(s),

for any ϕ ∈ Wn. Arguments already detailed ensure the existence of a unique pair of predictable processes
(pn, qn) such that (7.25) holds for any t ∈ [0, T ] and

pn ∈ Lr(Ω;C ([0, T ],Wn)), qn ∈ Lr(Ω;L2(0, T ;L2(H,Wn)), ∀1 ≤ r ≤ 2(d+ 1). (7.26)

Arguments already detailed (see Sect. 7.1.2) yield the existence of C(M) > 0 such that

sup
r∈[t,T ]

E∥pn(r)∥2V + E
[ ∫ T

t

∥qn∥2L2(H;V )ds
]
≤ CeC(G∗)(M2+1)TE

∫ T

t

I[0,τM [(s)∥g∥22ds,∀t ∈ [0, T ].

It follows that E∥pn(t)∥2V + E
∫ T
t
∥qn∥2L2(H;V )ds = 0, ∀t ≥ τM . Finally, the proof follows from straightforward

adaptation of the proof of Theorem 7.3. On the one hand, we notice that the uniform estimates allows to pass
to the limit in (7.25). On the other hand, by standard arguments we get: ∀t ∈ [0, T ], (pn(t), ϕ)V ⇀ (p(t), ϕ)V
in L2(Ω), for ϕ ∈ V , which allows to identify the terminal condition.

8. Duality relation and optimality condition

Proposition 8.1. Let ψ ∈ Lp((ΩT ,PT ), (H
1(D))d) and g = y− yd. Let zn be the solution of (5.7), (pn, qn) be

the solution of (7.5) in 2D and (pn,qn) be the solution of (7.25) in 3D. Then, we have

E
∫ T

0

I[0,τM [(ψ, pn)ds = E
∫ T

0

I[0,τM [(s)(g, zn)ds = E
∫ T

0

I[0,τM [(s)(ψ,pn)dt. (8.1)
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Proof. Set ϕ = hi in (5.7) and use that (v(zn(·)), hi) = (zn(·), hi)V , we obtain

(zn(t), hi)V +

∫ t

0

I[0,τM [{2ν(Dzn,Dhi) + b(y, v(zn), hi) + b(zn, v(y), hi) + b(hi, y, v(zn)) + b(hi, zn, v(y))}ds

+

∫ t

0

I[0,τM [{(α1 + α2)
(
A(y)A(zn) +A(zn)A(y),∇hi

)
+ β

(
|A(y)|2A(zn),∇hi

)
}ds (8.2)

+

∫ t

0

2βI[0,τM [

(
(A(zn) : A(y))A(y),∇hi

)
ds =

∫ t

0

I[0,τM [(ψ, hi)ds+

∫ t

0

I[0,τM [(∇yG(·, y)zn, hi)dW (s).

On the other hand, let (pn,qn) be the solution of (7.5) (or (7.25)). By setting ϕ = hi in (7.5) (or (7.25)) and
using that (pn(·), v(hi)) = (pn(·), hi)V , (qne �k�

, v(hi)) = (qne �k�
, hi)V , we get

(pn(t), hi)V

+

∫ T

t

I[0,τM [

{
2ν(Dpn,Dhi)ds− b(hi,pn, v(y)) + b(pn, hi, v(y)) + b(pn, y, v(hi))− b(y,pn, v(hi))

}
ds

+

∫ T

t

I[0,τM [

{
(α1 + α2)

(
A(y)A(pn) +A(pn)A(y),∇hi

)
+ β

(
|A(y)|2A(pn),∇hi

)}
ds (8.3)

+ 2β

∫ T

t

I[0,τM [

(
(A(pn) : A(y))A(y),∇hi

)
ds =

∫ T

t

I[0,τM [(g −G∗qn, hi)ds+
∑
�k�≥1

∫ T

t

(qne �k�
, hi)V dβ �k�

(s).

The Itô formula and the symmetry of matrices A(y), A(pn), A(zn) yield

(zn(T ),pn(T ))V − (zn(0),pn(0))V =

∫ T

0

I[0,τM [(ψ,pn)ds+

∫ T

0

I[0,τM [(∇yG(·, y)zn,pn)dW (s)

−
∫ T

0

I[0,τM [(s)(g, zn)ds+

∫ T

0

I[0,τM [(s)(G
∗qn, zn)ds−

∑
�k�≥1

∫ T

0

(qne �k�
, zn)V dβ �k�

(s)

−
∑
�k�≥1

∫ T

0

I[0,τM [(s)(∇yσ �k�
(·, y)zn,qne �k�

)ds.

By using Remark 7.1 and knowing that pn(T ) = 0 = zn(0), we obtain

∫ T

0

I[0,τM [(ψ,pn)ds+

∫ T

0

I[0,τM [(∇yG(·, y)zn,pn)dW (s)

=

∫ T

0

I[0,τM [(s)(g, zn)ds+
∑
�k�≥1

∫ T

0

(qne �k�
, zn)V dβ �k�

(s).

Taking the expectation, we deduce E
∫ T

0

I[0,τM [(ψ,pn)ds = E
∫ T

0

I[0,τM [(s)(g, zn)ds.

By passing to the limit, as n→ ∞, in (8.1), we establish the next result.

Corollary 8.2. Consider ψ ∈ Lp((ΩT ,PT ), (L
2(D))d). Let z be the solution of (5.3), (p,q) be the solution of

the adjoint equations in 2D (7.2)(or the solution of adjoint equations in 3D (7.23), which is denoted by (p,q)).
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Then, we have

E
∫ T

0

I[0,τM [(ψ,p)ds = E
∫ T

0

I[0,τM [(s)(y − yd, z)ds = E
∫ T

0

I[0,τM [(ψ,p)ds.

8.1. A necessary optimality condition for (4.2)

Let (ŨM , y(ŨM )) be the optimal control pair. Consider ψ ∈ U p
ad and define Uρ = ŨM + ρ(ψ − ŨM ). Thanks

to Proposition 6.3, we get that the Gâteaux derivative of the cost functional J is given by

lim
ρ→0

JM (Uρ, yρ)− JM (ŨM , y(ŨM ))

ρ

= λE
∫ T

0

∥ŨM∥p−2
(H1(D))d

(ŨM , ψ − ŨM )(H1(D))ddt+ E
∫ τ

ŨM
M

0

(y(ŨM )− yd, z)dt ≥ 0,

where z is the unique solution to the linearized problem (5.3) with ψ replaced by ψ − ŨM .

Let (p̃, q̃) be the unique solution of (7.2) (or (7.23) in 3D) with g = y(ŨM )− yd. The application of Corollary 8.2

yields E
∫ T

0

I[0,τM [(s)(y(ŨM ) − yd, z)ds = E
∫ T

0

I[0,τM [(s)(ψ − ŨM , p̃)dt. Finally, we obtain the following opti-

mality condition, for any ψ ∈ U p
ad :

E
∫ T

0

(
λ∥ŨM∥p−2

(H1(D))d
(ŨM , ψ − ŨM )(H1(D))d + I[0,τM [(ψ − ŨM , p̃)

)
ds ≥ 0.

9. Cost functional with derivatives

The control of the evolution of the velocity field derivatives is relevant in the study of turbulence, hydro-
dynamics and combustion theory. Therefore, it is important to consider cost functionals depending on the
derivatives of the quantities of interest. For example, enstrophy E is one of the quantities that play a crucial
role in the control of turbulent flows and is given by E (y) := ∥∇y∥22. We refer to [34] for approaches that
minimize the enstrophy. Our aim in this section is to propose an extension of our analysis to cost functionals
including first-order derivatives of the velocity field. Let us consider the following problem

P̃

min
U

{1
2
E
∫ τUM

0

∥y − yd∥2V dt+
λ

p
E
∫ T

0

∥U∥p
(H1(D))d

dt, λ > 0 :

U ∈ U p
ad and y is the solution of (2.1) for the minimizing U ∈ U p

ad,

(9.1)

with a desired target field yd ∈ L2(0, T ;W ) and (τUM )M∈N given by (2.10). A similar raisoning to that of
Theorem 9.1 yields the following result.

Theorem 9.1. Assume H1. Then the control problem (9.1) admits a unique optimal solution (ŨM , ỹ) ∈ U p
ad ×

Lp(Ω;Lp(0, T ; W̃ )), where ỹ := y(ŨM ) is the unique solution of (2.1) with U = ŨM . Moreover, under the
assumption H0:

� there exists a unique solution z̃ of the linearized equations (5.3), in 2D and 3D with y = ỹ and ψ = ψ− ŨM ;
� if d = 2, there exists a unique solution (p̃, q̃) of the stochastic backward adjoint equation (7.2), with force
g = v(ỹ − yd);

� if d = 3, there exists, at least, one solution (p̃, q̃) of the stochastic backward adjoint equation (7.23), with
force g = v(ỹ − yd).
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In addition, the duality property

E
∫ T

0

I[0,τM [(ψ − ŨM , p̃)ds = E
∫ T

0

I[0,τM [(s)(y(ŨM )− yd, z)V ds = E
∫ T

0

I[0,τM [(s)(ψ − ŨM , p̃)dt

is valid for any ψ ∈ U p
ad, and the following optimality condition holds, for any ψ ∈ U p

ad

E
∫ T

0

(
λ∥ŨM∥p−2

(H1(D))d
(ŨM , ψ − ŨM )(H1(D))d + I[0,τM [(ψ − ŨM , p̃)

)
ds ≥ 0;

E
∫ T

0

(
λ∥ŨM∥p−2

(H1(D))d
(ŨM , ψ − ŨM )(H1(D))d + I[0,τM [(ψ − ŨM , p̃)

)
ds ≥ 0.

10. Technical lemmas

In this section, we establish some lemmas which play an important role in the estimation of the nonlinear
terms and the derivation of the optimality system. We recall that D ⊂ Rd, d = 2, 3 is a bounded and simply
connected domain with regular boundary ∂D and η = (ηk)

d
k=1 denote the outward normal to the boundary ∂D.

We start with a result, which can be deduced by closely following the analysis in [3, Appendix].

Lemma 10.1. There exists C := C(D, η) > 0 such that the following inequalities hold

|b(δ, y, v(δ))| ≤ C∥y∥W 2,4∥δ∥2V and |b(y, δ, v(δ))| ≤ C∥y∥W 2,4∥δ∥2V , ∀y ∈ W̃ ,∀δ ∈W.

Lemma 10.2. Let t > 0 and 0 < ϵ ≤ 1. There exists Cϵ(D) > 0 such that

E
∫ t

0

|b(y, v(ϕ),Pv(y))|q ≤ E
∫ t

0

(
∥y∥∞∥ϕ∥H3∥y∥W

)q
ds

≤ Cϵ(D)
(
E
∫ t

0

∥y∥2qW ds+ ∥ϕ∥2q(d+ϵ)
L2q(d+1+ϵ)(Ω×(0,t);H3)

∥y∥2q
L2q(d+1+ϵ)(Ω×(0,t);V )

)
,

∀q ∈ [1,∞[, y ∈ L2q(Ω× (0, t);W ) ∩ L(d+1+ϵ)2q(Ω× (0, t);V ) and ϕ ∈ L(d+1+ϵ)2q(Ω× (0, t); (H3(D))d).

Proof. Let us consider (q, ϵ) ∈ [1,∞[×]0, 1], and recall that b(y, v(ϕ),Pv(y)) =

d∑
i,j=1

∫
D

yi
∂v(ϕ)j

∂xi
Pv(y)jdx.

Applying the Hölder inequality, we derive

|b(y, v(ϕ),Pv(y))| ≤ C∥y∥∞∥ϕ∥H3∥y∥W ≤ CD∥y∥W 1,d+ϵ∥ϕ∥H3∥y∥W , (10.1)

where CD > 0 is related to the Sobolev embedding W 1,d+ϵ(D) ↪→ L∞(D) (see [23], Thm. 1.20). Applying again
the Hölder inequality, and the Sobolev embedding H2(D) ↪→W 1,2(d−1+ϵ)(D), we deduce

∥y∥W 1,d+ϵ ≤ C∥y∥
1
d+ϵ

H1 ∥y∥
d−1+ϵ
d+ϵ

W 1,2(d−1+ϵ) ≤ C∥y∥
1
d+ϵ

H1 ∥y∥
d−1+ϵ
d+ϵ

H2 . (10.2)

Inserting (10.2) in (10.1) and next taking the qth power of the resulting inequality, we obtain

|b(y, v(ϕ),Pv(y))|q ≤ CD∥y∥
q
d+ϵ

V ∥ϕ∥qH3∥y∥
q 2d+2ϵ−1

d+ϵ

W ≤ Cϵ(D)
(
∥y∥2qW + ∥y∥2qV ∥ϕ∥2(d+ϵ)qH3

)
,
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where we used Young inequality with γ =
2(d+ ϵ)

2(d+ ϵ)− 1
> 1. Now, the Hölder inequality yields

E
∫ t

0

∥y∥2qV ∥ϕ∥2(d+ϵ)qH3 ds ≤
(
E
∫ t

0

∥ϕ∥2q(d+1+ϵ)
H3 ds

) d+ϵ
d+1+ϵ

(
E
∫ t

0

∥y∥2q(d+1+ϵ)
V ds

) 1
d+1+ϵ

≤ ∥ϕ∥2q(d+ϵ)
L2q(d+1+ϵ)(Ω×(0,t);H3)

∥y∥2q
L2q(d+1+ϵ)(Ω×(0,t);V )

.

Convenient modifications in the proof of [15], Lemma 5.3 yield

Lemma 10.3. Let d = 2, y, ψ ∈ W̃ and ϕ ∈ V . Then there exists C > 0 depending only on D such that
|(curl(v(y × ψ))− curlv(y)× ψ, ϕ)| ≤ C(1 + α1)∥y∥W 2,4∥ψ∥W ∥ϕ∥2 + α1|b(y,∆ψ, ϕ)|.

Lemma 10.4. Let y, p ∈ W̃ and ϕ ∈W . Then

� 2D case: we have (curlv(y × p), ϕ) = b(p, y, v(ϕ))− b(y, p, v(ϕ)).
� 3D case: we have (curlv(y × p), ϕ) = b(p, y, v(ϕ))− b(y, p, v(ϕ)) + α1I∂D,

where I∂D =

∫
∂D

(curl(p · ∇y − y · ∇p) · (ϕ× η)dS

− 2

∫
∂D

(p · ∇y − y · ∇p) · (η ×
3∑
k=1

ϕk(η ×∇)ηk)dS. (10.3)

Proof. Let y, p ∈ W̃ and ϕ ∈W . Integrating twice by parts, we deduce

(curlv(y × p), ϕ) = b(p, y, v(ϕ))− b(y, p, v(ϕ))

+ α1[

∫
∂D

(curlcurl (y × p)× ϕ) · ηdS +

∫
∂D

(curl (y × p)× curl ϕ) · ηdS].

Since div(y) = div(p) = 0, one has curl (y × p) = p · ∇y − y · ∇p and therefore

curlcurl (y × p) = (d− 1)[p · ∇curl(y)− y · ∇curl(p)]

− [curl(y) · ∇p− curl(p) · ∇y] + 2

d∑
k=1

∇pk ×∇yk.

We wish to draw the reader’s attention to the well known explicit relation between the normal and tangent
vectors to the boundary in 2D: η = (η1, η2) and τ = (−η2, η1), which will play a crucial role to show that
boundary terms vanish in 2D, we refer to [35], Lemma 3.6 for more details. Concerning the 3D case, the situation
is more delicate. First, the term curl(y) · ∇p− curl(p) · ∇y does not vanish as in 2D. Using [3], Proposition 2,
we are able to infer

F : =

∫
∂D

(curl (y × p)× curl ϕ) · ηdS = −2

∫
∂D

(p · ∇y − y · ∇p) · (η ×
3∑
k=1

ϕk(η ×∇)ηk)dS.
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On the other hand, we notice that B :=
∫
∂D

(curlcurl (y × p)× ϕ) · ηdS =
∫
∂D

curlcurl (y × p) · (ϕ× η)dS. Thus

F +B =

∫
∂D

curlcurl (y × p) · (ϕ× η)dS − 2

∫
∂D

(p · ∇y − y · ∇p) · (η ×
3∑
k=1

ϕk(η ×∇)ηk)dS.

Finally, we deduce

F +B =

∫
∂D

(curl(p · ∇y − y · ∇p) · (ϕ× η)dS − 2

∫
∂D

(p · ∇y − y · ∇p) · (η ×
3∑
k=1

ϕk(η ×∇)ηk)dS.
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