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THE OBSERVABILITY INEQUALITIES FOR HEAT EQUATIONS
WITH POTENTIALS

Jiuyr Zuul*® AND JINPING ZHUGE?

Abstract. This paper is mainly concerned with the observability inequalities for heat equations
with time-dependent Lipschitz potentials. The observability inequality for heat equations asserts that
the total energy of a solution is bounded above by the energy localized in a subdomain with an
observability constant. For a bounded measurable potential V = V(z,t), the factor in the observ-

ability constant arising from the Carleman estimate is best known to be eXp(CHVH%S) (even for
time-independent potentials). In this paper, we show that, for Lipschtiz potentials, this factor can be
replaced by exp(C(||VV |32 + [|18:V[|%*)), which improves the previous bound exp(C||V||24?) in some
typical scenarios. As a consequence, with such a Lipschitz potential, we obtain a quantitative regular
control in a null controllability problem. In addition, for the one-dimensional heat equation with some
time-independent bounded measurable potential V' = V' (z), we obtain the observability inequality with
optimal constant on arbitrary measurable subsets of positive measure both in space and time.
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1. INTRODUCTION

In this paper, we mainly study the observability inequality for the heat equation with a time-dependent
potential V (z,t),

ye — Ay + V(z,t)y=0 in Qr :=Qx(0,7),
y=0 on Xp:=0900x(0,T), (1.1)
y(,O) = %Yo on Qa

where  C R™ is an open bounded smooth domain and n is the dimension. We denote by || - ||o or || - ||z the
norm of L>°(Qr).Throughout this paper, we will consider the potential V with a large norm (say, ||V||s > 10).
Let w C R™ be a nonempty open set in 2. For V(x,t) € L*(Qr), it was shown in [1] that the solution y of (1.1)

Keywords and phrases: Null controllability, observability inequality, Carleman estimates.

1 Department of Mathematics Louisiana State University Baton Rouge, LA 70803, USA.
2 Morningside Center of Mathematics the Academy of Mathematics and Systems Science Chinese Academy of Sciences Beijing,
PR China.

* Corresponding author: zhu@math.1lsu.edu

© The authors. Published by EDP Sciences, SMAI 2025

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/cocv/2025059
https://www.esaim-cocv.org
https://orcid.org/0000-0002-1403-1890
https://orcid.org/0000-0003-2661-4222
mailto:zhu@math.lsu.edu
https://creativecommons.org/licenses/by/4.0

2 J. ZHU AND J. ZHUGE
satisfies the observability inequality
ly(z, Tl 2() < exp (CL+ T+ TV oo + IVIE)) 191l 2 (0 (0,9); (1.2)

where C' = C(Q,w) depends on Q and w but independent of T' and V. The observability inequality (1.2) plays
an important role in the control problem for linear and nonlinear equations; see e.g., [1, 2].
Let us examine the components in the observability constant in (1.2),

exp (C(1+T71)) exp(CT|V]|oo) exp(ClIV[1307).

The first two factors of the above constant seem necessary in the observability inequalities. In the absence of the
potential, i.e., V(x,t) = 0, the observability constant is simply exp (C(l + T_l)). This growth for small T' seems
to be optimal, which roots in the heat kernel; see e.g., [3]. For nontrivial potentials, the factor exp(CT ||V ) in
the observablity constant comes from the dissipativity of energy in time for heat equations; see e.g., Lemma 2.1.
The time-independent factor exp(C ||V||§ég) appears to be the most interesting one, arising from the Carleman
estimates. We will focus on the study of this factor in the observability inequality (1.2). For HVH;DQ/ b<r<
HV||<;1/ ®_the factor exp(C |\V\|Z£3) in the observability inequality (1.2) plays the predominant role. It was shown
in [4] that the growth rate exp(C ||V||§é3) is sharp within 7' < ||V||;01/ ® for parabolic systems in even spacial
dimensions for complex-valued potentials V' (z,t). This is based on Meshkov’s counter-example in [5], which
violates the original Landis’ conjecture [6] on the optimal decay at infinity for the solution of elliptic equation,

Au+a(z)u =0 in R"™, (1.3)

with a bounded complex-valued potential a(z). In particular, Meshkov showed that there exists a nontrivial
complex-valued solution of (1.3) in R? satisfying |u(z)| < exp(—c|z|*/3). On the contrary, Meshkov also showed
that if a solution of (1.3) satisfies |u(x)| < C, exp(—7|z|*/3) for all 7 > 0, then u = 0. Nevertheless, the general
Landis’ conjecture remains open for bounded real-valued potentials, which asserts a solution of (1.3) must be
trivial if it decays faster than exp(—|z|**¢) for some ¢ > 0. Recently, Landis’ conjecture was settled in [7] for
n = 2. See also the progress for the conjecture for nonnegative potential V'(x) in [8].

Analogous to the Landis’ conjecture for (1.3), it is an interesting open problem as asked in [4] that if one can
replace exp(C||V||gé3) by the optimal constant exp(C||VH(l>é2) in (1.2) for the scalar heat equations. This optimal
constant is also crucial for a long-standing conjecture on the null controllability of nonlinear heat equations; see
e.g., [4] and references therein. In this paper, we aim to improve the factor exp(C ||V||%3) in the observability
constant in some scenarios for Lipschitz potentials. Our main result is the following theorem.

Theorem 1.1. Let V(x,t) be Lipschitz continuous in Qr and y the solution of (1.1). Then there exists a
constant C' = C(,w) such that
ly (- T)ll2(0) < exp{CL+ T+ T|V]ioo + VYV + 10V I HIyl 22 x (0.1))- (1.4)
Actually the observability constant in the inequality (1.4) is shown to be

exp{C(1+ T~ + TV oo + VI + WV + 0V 12}

We have skipped the term ||V||<1X<2 in (1.4) due to the fact 2||V||<1,é2 < T 14+ T||V|w- It is easy to see the
observability constant (1.4) is better than the one in (1.2) in some cases. Typically, if V(z,t) = X\ is some
large constant, the observability inequality (1.4) is obviously sharper than (1.2), since |VV| = 9,V = 0. If we
consider a time-dependent potential V (x,t) = Vy(z)(1+¢)? for some 3 > 0 and some Lipschitz potential V; with
Vs = [[VV |, then ||VV||:;£2 + ||8tVHc1xé3 is much smaller than ||V||C2>é3 for large T'. We will apply Carleman
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estimates for the proof of Theorem 1.1. Different from the arguments in [1, 9], we will obtain quantitative
Carleman estimates which take the Lipschitz norm of V(x,t) into account and aim to find a sharp lower bound
of the Carleman parameter 7. See Lemma 3.2 for the details.

Remark 1.2. The observability inequality (1.4) shares the similar spirit with the doubling inequality for elliptic
equation Au + a(z)u = 0 on smooth compact manifolds M. For Lipschitz potentials, it has been shown that
the doubling inequality holds

ull 2 (B0 2y < exD(C(L+ [|al| 3 + | Val L) ull 28, (o) (1.5)

for all geodesic balls By, () C M; see e.g., [10, 11]. For bounded measurable potentials, the best known doubling
inequality for n > 3 [12] is

ll L2 (B, (2)) < exp(C(L + [|al22*) |[ull L2, (o)) (1.6)

Except for n = 2 (see [7, 8]), it is open that if the exponent 2/3 can be improved to 1/2 in (1.6). Note that (1.6)
and (1.5) can be compared to (1.2) and (1.4), respectively. We also mention that for the optimal constants in
the three-cylinder inequalities of parabolic equations, the regularity of potential functions has been seen to play
a role; see e.g., [13, 14].

Remark 1.3. The Lipschitz assumption on V' can be relaxed to bounded measurable potentials by using the
idea of [15]. Precisely, suppose that we can decompose V' = V; + V5, where V; is a Lipschitz component and V5 is
a bounded measurable component. Then with suitable modifications to our proof, we can obtain an observability
constant as

xp{CL+ T+ TV + [VVIIE + 10 VAlIE* + V2]l 2°)}- (1.7)

This constant could improve the one in (1.2) in some cases of bounded measurable potentials, such as a regular
principle part Vi perturbed by a rough small V5.

The observability inequality as (1.2) plays a key role in the null controllability problem,

vy —Ay+V(z,t)y=~hl,  inQr,
y=0 on Xrp, (1.8)
y(-,0) = yo on Q.

Here 1., is the characteristic function of w, and T is any given positive time. Assume that the initial state
Yo € L?(2). We aim to find a control h € L?(w x (0,7)) such that the associated state y possesses a desired
behavior at time ¢t = T. We say (1.8) is null controllable at a given time T or the null controllability holds for
(1.8), if the associated state y satisfies

y(,T)=0 1in Q. (1.9)

The null controllability for linear heat equations has been well studied; see e.g., the surveys [9, 16, 17]. Since
we have obtained a new observability inequality for the heat equations with a Lipschitz potential, it is natural
to ask for a more regular control function h for the null controllability problem (1.8) such that the trajectory
y(z,t) is a classical solution and the control cost is bounded by the observablity constant in (1.4). Precisely, we
have the following theorem.
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Theorem 1.4. Let Q be a bounded domain of class C3. For every T > 0, there exists h € C%% (w x (0,T))
with any o € (0,1) such that the equation (1.8) is null controllable at time T. Furthermore,

Rl gear oy < exp{CA+T™H + TVl + IVVIL + [8: VI Y Ioll 2 (62 (1.10)

where C' depends only on Q,w and a.

Next, we consider the particular case n = 1 with a time-independent bounded measurable potential V' = V(z).

For the one-dimensional wave equation with a bounded measurable potential, the optimal factor exp (C ||VH<1>42)
has been obtained in [18], using the sidewise energy estimate of wave equations. A note (with no proof) in [4]
indicates that the optimal constant exp (C’\\V||<1>é2) can be reached as well for the one-dimensional heat equa-
tions, using some well-known transformation from wave into heat processes. Inspired by the recent progress on
the Landis’ conjecture for (1.3) and the deep interplay between (1.1) and (1.3), we will establish the optimal
observability inequality for the one-dimensional heat equation, without referring to the wave equations. Fur-
thermore, the observability inequalities will be obtained on arbitrary measurable sets of positive measure both
in space and time, which seems not possible in the previous literature. Precisely, consider the following heat
equation

Yt — Opay + V(2)y =0 in Qx(0,7),
y=0 on 009 x (0,7), (1.11)

y(-,0) =9y on .
where Q = (0, 1) and V € L*°(9) is a real-valued function. We will show a spectral inequality for (1.11) over
measurable sets of positive measure in space and then adopt the strategy in [19] for measurable sets of positive
measure in time. The observation region therefore is restricted over the product of a subset of positive measure in
time and a subset of positive measure in space. We will adapt the ideas in [8] for the answer of Landis’ conjecture
with nonnegative potentials and reduce the general sign-changing potentials to nonnegative potentials for heat
equations. In the following theorem, we assume ||V || > 10 and an obvious modification is needed if || V]| o < 10.

Theorem 1.5. Let E C (0,T) be a measurable set of positive measure and w be a measurable subset of positive
measure in Q. If V€ L>=(Q), then any solution y(x,t) of (1.11) satisfies

ly (- Tl z20) < exp(C(E, Q,w) + TIV-loo + CQ,)|IVIE) Y]l £2 o 1), (1.12)
where V_ = min{V, 0} (the negative part of V'), C(E,Q,w) depends on E, Q and w, and C(,w) depends on Q
and w.

In particular, if E = (0,T"), we have the following corollary.
Corollary 1.6. Let w be a measurable subset of positive measure in Q and V € L (Q). Then any solution
y(x,t) of (1.11) satisfies
Iy (- Tl p2() < exp(C(T ™"+ TIV- oo + VI ) Iyl 22wx 0.1 (1.13)

where C' depends on ) and w.

The organization of the paper is as follows. In Section 2, we present some preliminary knowledge on heat
equations. In Section 3, we show the quantitative global Carleman estimate and the corresponding observabil-
ity inequality in Theorem 1.1. In Section 4, we derive the null controllability for linear heat equations and
obtain the existence of a regular control function, including the proof of Theorem 1.4. In Section 5, we obtain
the observability inequality for the one-dimensional heat equation, including the proofs of Theorem 1.5 and
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Corollary 1.6. The Appendix includes some useful regularity estimates for heat equations, needed for obtain-

ing the regularity estimates of control functions. Throughout the paper, the letters C, ¢ or C; denote positive
constants that do not depend on V or the solution y, and may vary from line to line.

2. PRELIMINARIES

In this section, we present some basic knowledge on the well-posedness and energy estimates of solutions of
parabolic equations. Let Sy = L2(0,T; H}(Q)) N HY(0,T; H~1(Q)) and

T
Iyl3, = /O (G )z () + lyeC O -1 () ) dt. (2.1)
The following embedding is well-known
S < C(0,T; L*()). (2.2)
Consider the inhomogeneous heat equation,

ye—Ay+Viz,tly=F  in Qr,
y=0 on X, (2.3)
y(,0) =y on Q.

The following well-posedness and energy estimate are classical (see [20] for a proof). Let V_ = min{V,0}.

Lemma 2.1. Let V(z,t) € L>®(Q7), F € L*(Qr) and yo € L*(Y). The Cauchy problem (2.3) admits a unique
weak solution y € St. Furthermore, there exists C(Q) such that

T
[ 1Ol oy + g, [0l < eV (ol ey + I ) (2.4
Next, we consider the adjoint heat equation for (1.1), which is given as

—q — Aq+V(x,t)g=0 in Qr,
g=0 on Xrp, (2.5)
q(-,T)=gqr on .

The adjoint heat equation (2.5) with a bounded potential has the following dissipativity in time of energy.

Lemma 2.2. Let V(z,t) € L™®(Qr) and q a solution of (2.5). Then there exists C' > 0 such that for any
0<t; <ty <T,

laCst)llz2 () < Cet2mIV=lx g (- 1) 120y (2.6)

The proof of the Lemma 2.2 is standard. Multiplying (2.5) by ¢ and integrating by parts over 2 lead to

1 5 2 2 -
~30 [ o+ [ 9at.oP + [ Vet —o.
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Thus,

Oella(- )z () + 20V-C )l laCs )12 () = 0-

An application of the Gronwall’s inequality concludes the proof.

3. THE QUANTITATIVE GLOBAL CARLEMAN ESTIMATE

We define a function space Z = {a(x,t) € L>(0,T; W1>°(Q))|a; € L>=(0,T; L>=(2))}. We show a quantita-
tive Carleman estimate that takes the regularity of V(x,t) € Z into consideration. Especially, the Carleman
estimate is quantitative in the sense that the lower bound of Carleman parameter 7 depends explicitly on certain
norms of V. See Lemma 3.2 below for the statement.

The following lemma is standard, see [9].

Lemma 3.1. Let Q' € Q be a nonempty open subset. Then there exists £(x) € C%(Q) such that (x) is positive
in @ and vanishes on 9. Moreover, |VE&| > 0 in Q\CY.

Let Q' € w € Q. We introduce the following weight functions:

o2 sllEllzoe _ AGslIE] oo +€())

t) = 3.1
B, ) e , (31)
and
e (sll€ll Loe+E(2)) -
t) = ———— .
ant) = s (32)
for some large positive constants s and .
The main Carleman estimate is stated as follows.
Lemma 3.2. There exist positive constants Ag,
70 = C(T+T? + T||V|| > + T*||VV || I* + T 0,V || 17
and C1 = C1(Q,w) such that, for all A\ > Ao, T > 79, we have
4 // e 2 Plwy + Aw + V(z, t)w|? dazdt + C1 7324 / e 2P pdw? dadt
T wx(0,T)
>3\ // e 2 Ppdw? dedt 4+ TA? // e 20| Vw|? dzdt
Qr Qr
4t // 281 (| Aw|? + |Ow]?) dadt (3.3)
T

for all w € C*(Q) with w =0 on Y.

Proof. The proof is adapted from [9] by Fursikov and Imanuvilov. The new idea is to take advantage of the
regular potential V(x,t) € Z in the Carleman estimate to find the better lower bound of the Carleman parameter
7 in terms of the norms of V(z,t).

To begin with, we introduce the conjugate operator ¢ = e~ "Pw. Let

f=0+A+V)w. (3.4)
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Then
e PO+ A+ V)(ePp) =P (3.5)
Using the observations
VB=—-Vn=-MVE and AB = -\n|VE2 — MAE, (3.6)
we can simplify the equation (3.5) to
Ap+ Bp = Fr 5, (3.7)
where
Ap = =27 \°np|VE]2 — 27 nVE - Vo + Oy, (3.8)
By = T2 N0 o|VEP + Ap + 1008 + V(t, 2)p, (3.9)
and

Frp=e 70 f — rA%p|VEP + ArnpAE.
Let us denote each term in Ay and By in order as A;p and Bjp. Hence

Ap = A1p + Az + Aszp,

BQD = Blﬁp + BQQO + Bg(p+B4§0.
We compute the L? norm for the terms in the equation (3.7) to get
[A@l® + 1Bel* + 2(Ap, Bo) = | Frall*. (3.10)

Note that
4 3
(g, Bp) =D > (Aig, B
j=11i=1
To obtain an inequality from (3.10), we need to compute the inner product (Ap, By). There are 12 terms in

the inner product (A, By). Many efforts below are devoted to estimating these 12 terms.
We start with the terms in (A, B1y). First, note that

(A1, Brp) = —2T3/\4// n?|VE| p? dadt =: Ny. (3.11)
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Next, performing the integration by parts leads to

(Ao, Brg) = —75N? // PE - VR VEP

st [ wetet e ] pageepre
Qr Qr

o7 //Q P D,EDEDiES
T

= My + My + Ms, (312)

where M; represents the terms in the second equality and the summations over ¢ and j are understood in the
context of Einstein notations. Since [|£[|c2(q) < C, the sum of My and Mz can be bounded as

|My + M| < CT3)\3 // n*o?. (3.13)
T
Now, we combine M; with N; to obtain

Ny + M, 273)\4// n’|VE|e?

3 et e et
Qr\Qx(0, T) % (0, T)

> 073)\4// n3p? CTS)\4// 32, (3.14)
Qr % (0, T

where we have used the property of £ in Lemma 3.1 in the last inequality.
We consider (Azp, B1p). A direct calculation shows that

1
(ap. Brg) = 57 [ aPI9ePons?
Qr

= —TQAQ/ o VEPe?,
Qr

where we used the fact np — 0 as t — 0 or t — T. To see this fact, note that ¢ = e~"Pw, and both $ and
n behave like t~! as ¢t — 0 and (T —t)~! as t — T. Thus the exponential decay ¢ is much stronger than the
polynomial growth of 7 when ¢ — 0 or T', which leads to the above fact. Now, by

(T — 2t)esliEllne+8)

o= G

‘ < Ty,
we have

(As, Bug)| < CT2T //Q PIVEP . (3.15)
T
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Combining (3.11) through (3.15) and by assuming that X is a large constant and 7 > CT', we have
(A, Bip) > CT3)\* // n3p? — O3\t // n3p2. (3.16)
T /X(O,T)

Next, let us consider the terms in the inner product (Ag, Bow). Performing the integration by parts shows
that

(Arp, Bog) = 27X2 //Q D VERIVl? + 273 //Q n|VEPVE - Vop
T T

+47\° // nDiED;;ED;pp
T
=R+ Ro + Rs. (3.17)

We will keep R; and estimate Ro and R3. The Cauchy-Schwarz inequality shows that

| Ro| gcﬁx*// 772<p2+C)\2// |Vel|?, (3.18)

where we used the fact |V¢| < C in Qr. The same reasoning also yields that

IRyl gcﬁx‘//@ 772<p2+//Q V2. (3.19)

Since n > CT~2, by taking 7 > CT? for sufficiently large C, we obtain from (3.17)—(3.19) that

(A1, Bag) > 2M2// n|VEP Vel —072A4// n?e?
Qr Qr

_ c// (A2 4 1)[Vyl2. (3.20)
T
We continue to estimate (A, Baw). Applying the integration by parts gives that

(A2, Boy) = —2TA// nVe - VEAp

= —27’)\// n%a—‘pr“mm?// n|VE - Vol
Sr 8V 8V T

Qr Qr
=851+ S+ S5+ 54, (3.21)
where v = % is the unit outer normal and |Vp| = |d¢/dv|, due to ¢ = 0 on 7. Note that I§/0v < 0 on X

because £ = 0 on Y7 and £ > 0 in @p. Thus S7 > 0. Obviously, we also have S; > 0. For the term S5, we can
estimate as follows,

|S5] < CT)\//Q n|Vel|?. (3.22)
T
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For the term Sy, the integration by parts gives that

Sy = m// NVE - V|Vl

13)
—7A // n Ve _rx2 // DIVERIVl — A // N
Sr ov Qr QT

= S41 + Sao + Sus3. (323)

Since |Vy| = |0p/0v|, we have

0
Sl + 541 = —T)\// ’I’]|V(,D‘27g Z 0. (324)
St 51/

We will keep S42 and estimate Sy3 as

|Su3| < CTA// n|Vel®. (3.25)
Qr

The combination of (3.21)-(3.25) gives

(Asp, Bag) > —7A? //Q HIVELIVel2 - CrA //Q nIVel. (3.26)

Let us turn to the last term (Asq, Baw) in (Ap, Bag). For a similar reason as before, we can see |Vp| — 0
ast—0ort—T. Then

1
(Asp, Bay) = —/ Voo Vo = —5/ 0| Vel* = 0.

Qr Qr

Together with the previous estimates (3.20) and (3.26), we have
(g Bag) 2 [ avepIoer —crat [[ il
Qr Qr
— C// (A2 + 720 |[Ve|? (3.27)
T

for X large and 7 > CT?. From the property of £ that |[V&| > ¢ > 0 in Qr \ ' x (0,T), we can manipulate the
right-hand side of (3.28) as

(A, Bag) > 7N // NIVERIVl? + X2 // NI VEP|Vl?
Qr\%x(0,T) Q' x(0,T)
O // e // (X2 + 7Aq) [Vl
Qr Qr\x(0,T)
_ // CO2 + 72| V]2
Q% (0,T)

1
> chTAQ// n|Vel* — CTAQ// n|Vel?

2 Qr '%(0,T)

—CT2A4// %%, (3.28)
Qr
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where we have used the fact n > CT~2 and 7 > C'T? (with sufficiently large C”) to guarantee C'(A\? + 7An) <
127 A%, This completes the estimate of (Ag, Bagp).
Next we consider (Ap, B3p). To this end, we first note that

(T2
08| = 2T —1)?

(e”‘s [EllLee _ eA(S\lﬁHLm-&-ﬁ)) < CT772. (3.29)

For the first term (A;p, Bsy), we have
(i Bag)l <2020 [ niveetions
Qr
< OT7T*\? // o2, (3.30)
Qr
where we have used (3.29). For the second term (Asp, Bsy), applying the integration by parts, we have
(Aap. Bag) = 1A [| 09900
T
=3 | wivepeassea [ naesos
Qr Qr
+72>\// nVeé - Vo, Bp2.
T

In view of (3.29), all the integrals in the lase equality are bounded by CT2\*T foT n3p?. Thus, we have

[(A20, B3p)| < CTQAQT// n’e?. (3.31)
Qr
Next, we estimate the third term (Asp, Bsp) in (Ap, Bsp) as

(s, Baell = 37| [[ o507

= ;T‘//Q attﬁSDQ‘
T

< C’TTQ// o2, (3.32)

where we used the fact [0y3] < Cn®T? and np — 0 ast — 0ort — T.

Thanks to the fact that A > C and 7 > C(T + T?), the combination of the estimates (3.30)—(3.32) yields
that

(A, B3p) > —CT3\? // n3p2. (3.33)

Finally, we compute (Ap, Byp). The assumption V(x,t) € Z implies that |V, |[VV]le and ||0:V ] are
all bounded. We can simply estimate the first term in (Ap, Byy) as

(v, Bag)| < Cra2|[V oo // ne’. (3.34)
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For the second term (Asp, Byy), the integration by parts shows that

(g, Bl =73 [ wvve- v

gmﬂ// nvwgﬁﬁhm‘// nVA§<p2‘+T)\‘// IVE - VY2

Qr T Qr

<OVl | ng*+ OrNTVI [ ne?, (3.35)
Qr Qr

where we used [|{]|c2(q,) < C. For the third term in (Azp, Byp), we bound it as

[(Azp, Bap)| = %’ // Vat@Q‘

1’/ 9
=5 XV ‘
21 )] qr

<clavi [[ & (3.36)

where we have used ¢ — 0 as t — 0 or ¢ — T. Together with (3.34) and (3.35), and by n > CT~2, we arrive at
[{Ap, Bag)l < CN [V [loo + TAIVV oo + T2 0,V o) // ne®. (3.37)
T

We have assumed that 7 > C(T + T?) in the previous estimates. Taking account of the estimates (3.16),
(3.28), (3.33), and (3.37) and choosing A, s large and

1 1 1
T>C(T+T*+T?|V|2% +T?|VV|& + T?|0:V %), (3.38)

we have

(Ap, By) > CT/\Q// n|Vel|? +CTSA4// 3o
Qr Qr

—C71)\? // n|Ve|? — O3\ // 2.
"% (0,T) 'x(0,T)

From the identity (3.10), we get that

|Ap||* + || Bel|? + cTA? // n|Vel? +cr3a? // n3p?
Qr T
<lEalPc [ ovepec [ wape
"% (0,T) 'x(0,T)

< C’// e 2782 +C7'2/\4// 0?2 +CTA2/ 77|Vg0|2 +73>\4// n3p2. (3.39)
T T ’x(0,T) ’x(0,T)
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By assuming 7 > CT? such that crn > 2C, the second integral on the right-hand side can be absorbed to the
left. It follows that

401+ 1Bl + ] erxenl Tl + ertaty'y?
T

< C’// e 2 f2 4 C’// T2Vl + C// N3 2. (3.40)
T "% (0,T") "% (0,T)

Next, we want to incorporate fo’x(O 7) 7A2n|Vp|? into the left-hand side of (3.40). To this end, we need to
add |Ay| to the Carleman estimates (3.40). By the identity (3.9) and the triangle inequality, thanks to (3.29),

we have
CT—l// T]_1|A<,0|2 ST3)\4// 773<p2+TT2// 773%02
T T T

_ _ _ _1
wrt [ R B
T
<crnt [ et B, (3.41)
T

where we have used the fact ||V||2,n~t7=1 < 7313, due to the assumption of 7 in (3.38), and n~! < CT2.
Similarly, the identity (3.8) and the assumption of £ lead to

// 0Bl < A // LS // DIVl + 7t Ayl (3.42)
T T Qr

Therefore, from (3.40), we deduce that

[ it iae? o [ avep et e
Qr Qr QT
< C// R // NVl + 73\ // o2 (3.43)
r Q% (0,T) Q% (0,T)

We want to control the second integral on the right-hand side in the last inequality. Recall that Q' € w € Q.
We introduce a cutoff function

0<¢<1, ¢cCl(w), ¢=1inQ.

TAQ// |Vl < T/\Q// on|Vel>.
’x(0,T) wx(0,T)

The applications of integration by parts show that

// on|Ve|* = — // V¢ - Vop — A// pnVE - Vo — // onApp
wx (0,T) wx(0,T) wx(0,T) wx (0,T)

N % //oJX(O,T) Virvele'+ % //wx(o;r) Vignve® - //‘"X(OvT) maee

It is obvious that
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SC}\Q// 7’](,02“"67—_2)\_2// ?7_1|AS0|2
wx(0,T) wx(0,T)
CeflTQAQ// n3¢2
wx(0,T)

where we have used the Young’s inequality in the last inequality with some small constant € > 0 to be selected.
Therefore, we obtain

TAZ// Vel < m‘*// e +67‘1// n”HAp]?
Q' x(0,T) wx (0,T) wx (0,T)
C€_1T3>\4// 773902
wx(0,T)
06717_3)\4// 773S02+67_71// 7’71|AQ0|27
wx(O’T) wX(O,T)

where we used the fact 7 > C again. By selecting € to be some small positive constant in the last inequality
and take into consideration of (3.43), the integral er ! fwa(O ) n~1|Ap|? can be incorporated into the left-hand

side of (3.43). Then T2 fo’X(O 7) n|Vp|? can be absorbed. Therefore, from (3.43), we deduce that

J[ ot v iz e o [ g erat e
Qr
< C// e Ay +C7‘d)\4// ) (3.44)
T w><(OT)

It is remaining to return to the Carleman estimate in terms of w. Recall that ¢ = e~ "%w. Clearly, (3.44)

yields
7_3)\4// 727‘ﬁ 3w2 <C«//' 727’ﬂf2_|_c7_3)\4//~ 727‘,3 3 2 (345)
T T wx (0,T)

By (3.44) and
e TAVw = Vo — tAe TPnVew,

we have

7)\2//62 e 2| Vuw|? < C[/ efQTﬁferCTS/\‘l// o) e 2B B, (3.46)
T T wx (0,

Thus, it follows from (3.44) and (3.46) that

// T (0] + [ Ag])? + A2 // &2 Vuf? + 73\ // 2
T Qr Qr
<C // e B 4 3N // e 2w, (3.47)
T wx (0,T)
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Now notice that
Ap =12 P|VB2w — e TP ABw — 27 TAVS - Vw + e TP Aw,
and
O = —1e P9, Bw + e TPO,uw.

Applying the triangle inequalities to the above identities and using (3.6) and (3.29), we get

// &2~ 1 (| Awf? + [w]?)
<7 // (| Agl? + [Dpf?) + ON // o2y
+CT>\4// 57)1112—4—7)\2// e 28| V2. (3.48)

Taking the estimates (3.45), (3.47) and (3.48) into consideration, we show that

34 // e 2P pdw? dadt 4 T2 // e 28y Vw|* dxdt
T Q

—I-T_l// e 2P (| Aw|? + |9pw|?) dadt
Qr

< 01// e 278 f2 dxdt+0173>\4// e~ 2 B3 w? dadt.
T wx(0,T)

This completes the proof of Lemma 3.2. O

Based on the Carleman estimates (3.3) in Lemma 3.2, we can show the observability inequality in Theorem 1.1.
For convenience, we let

VI = VIR + IV VI + 110V [12°. (3.49)

Proof of Theorem 1.1. The proof should be standard. However, we present the details of the proof. Since (2.5)
is the adjoint heat equation of (1.1), to show (1.4), it suffices to prove

ol < [[ o (3.50)
wx(0,T)

for the solution ¢ in (2.5), where 7 = C(1 + T~ + T||V||s + IVII)-
Applying the Carleman estimates (3.3) in Lemma 3.2 to w = ¢ and using the equation ¢; + Ag— Vg =0, we

have
// ~2rp,302 < Cl// 278,302, (3.51)
T wx(0,T)
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for all 7 > 79 = C(T + T% + T?||V||). We choose T = 7q in (3.51). Since n ~ 8 ~ T~2 for (z,t) € Q x (%, %),
it is not difficult to see

T
672757]3 > T exp(—C(1+ T4 IViIN) in Q x (5’ —). (3.52)

Next, we study the right-hand side of (3.51). Since &(x) > 0 in the open set w, we introduce ¢y := max,, § <
€| o . Furthermore, let ¢, := e*“ > 1, which is a fixed constant. Then

Aslellzoe _ Mslellzoe () — AsliEllzoe (Asliellzoe _ M)

—e
> cilel — )

=:c">0

in the open set w for some fixed constant ¢* and s large. Let m = ¢(T — t). It is easy to see that 0 < m < iTQ.

3 is increasing if m < %c*r. Thus, if we assume %TQ < %C*T, we

An elementary argument shows that e m”
get

—2c*

€_2Tﬁ’l73 <(Ce ™ m “m3 < (Ce

8c* T 1
T2 *TQ -3
(4 )
< CT Cexp(—c(1+T7 1+ |V|D) (3.53)

in Qr for some large constant C. Therefore, it follows from (3.51), (3.52) and (3.53) that

// £ < exp(C1L+ T+ IV]])) // 2. (3.54)
S)x(%,%) wx (0,T)

By the dissipativity estimates (2.6) in Lemma 2.2, we have

14(0) 22y < CT~1eCTIV I // 2. (3.55)

Qx (3,3

@S

Note that CT~! < e*CT"" for any T > 0. The combination of (3.54) and (3.55) gives that
lg(0)[[ 720y < exp(CA+ T+ TV o + IVII)) // o) ¢*.
wx (0,

Thus, the conclusion in Theorem 1.1 is arrived. O

4. NuLL CONTROLLABILITY FOR LINEAR HEAT EQUATIONS

A consequence of the observability inequality is the null controllability for the linear heat equation, following
the so-called Hilbert Uniqueness Method introduced by J.L. Lions (see e.g., [21]). Since the proof now is standard,
we refer to [22], Theorem 2.44 and skip the proof.

Proposition 4.1. The observability inequality (3.50) implies the null controllability of (1.8) and the control
function satisfies

IRl 2@x 0 < exp(C(L+ T+ TV oo + IVID) %ol 220 (4.1)

where ||V||| is defined in (3.49).
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Now we are ready to prove the existence of a regular control function for the null controllability, and estimate
the norms of the control function and the trajectory y(z,t)

Note that the control h obtained by Proposition 4.1 is merely in L2. In view of the Lipchitz regularity
assumption on the potential, it is natural to ask for a more regular control. To this end, we borrow the idea
from [23] (also see [24]) which makes use of the parabolic regularizing effect in the case of Lipschitz potentials.

Proof of Theorem 1.4. Since V is Lipschitz, the weak solution of (1.1) satisfies the spatial C?** estimate for each
time ¢ > 0. Precisely, by the energy estimate (2.1) and the classcial Schauder estimate for parabolic equations,
for 0 <t < min{T, 1}, we have

lyC )l gzramy < CUH+ V)N Nyl 120y,

where |[V|z = |V]loo + IVV]|so + |0tV ||co and N (arising from rescaling and a bootstrap argument for regu-
larity) is a constant depending only on n and a. The proof of this estimate is similar to Lemma A.2 with careful
attention to the dependence of ¢ and |V|| z. By this parabolic regularizing effect, we may choose to = min{67, 1}
with some small § < 1/3 and consider ¢, as the initial time. In this case,

(s to)l gty < exp(CA+T+ TVl + IVID)Iyoll2 (), (4.2)

where we have used 77! < exp(T~!) and ||[V|z < exp(1 + T~ + T||[V||oo + [|[V]|). Hence, without loss of
generality, we may assume yo € C2t*(Q) at t = 0 and construct a control function that vanishes in a short
period of time at the beginning.

Let wo be a non-empty open set satisfying ws € w. Following the argument in Proposition 4.1 and replacing w
in the proposition by ws, we can show that there exist a control i € L2 (we x (0,7)) and the associated solution
g satisfying §(-,7) = 0. Furthermore, it holds that

7]l 22w x (0,)) < exp(CA+T ™+ TV [z + VD) 1yl 22 0)- (4.3)

With the aid of k and § at our disposal, we construct a control with the required regularity. Let u be the
solution of (1.8) with the control function h = 0. Due to the assumption yo € C?T%(£2), the Schauder estimates
of heat equations imply that v € C?**1+3(Qr); see e.g., [25]. Furthermore, the dependence of the constant on
T and V is given precisely as follows:

lull g24e1+5 5, < exp(CA+T+TV]loo + IVID) g0/l oo @) - (4.4)

A proof of the above estimate is given in Lemma A.1 in Appendix.
We choose x = x(t) € C*°[0,T] to be a function such that x = 1 in the neighborhood of ¢ =0 and x = 0 in
the neighborhood of ¢t = T'. Let § = § — x(t)u. Then g satisfies the following equation

g —Aj+V(z,t)g=—x(tu+hly,  inQr,
:l) =0 on ET,
0 on €,

and g(z,T) =0 in .
Next, we choose w3 to be another open set such that ws € ws € w. Then we have

O — AG+ V(z,t)g = —x'(H)u in Q\ws x (0,77,

0 on X, (4.5)
0 on 2.

<>
Il

Z}(,O

=
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By the fact that § = § — x(¢)u and u satisfies (4.4), from Lemma A.2, we obtain

190l 20145 (o o)) < EXPCA+TTH+ TV [loo + VI 50/l 02+ (0 (4.6)

for some open set @ D dws. Applying the Schauder estimates for g in (4.5) in Q\wsz x (0,7TY]), together with
(4.4) and (4.6), we have

190l 21 5 (a0 < P+ T+ TV o + [IVIDllgollc o - (47)

Finally, we choose a cut-off function ¢(x) € C§(2) such that 0 < ¢(z) <1 and ¢ =1 in wy and ¢ =0
in Q\ w, where w3 € wy € w. Then we select y* = (1 — ¢)7. Taking into account the regularity of § and the
assumption of ¢, we have y* € C?T*13(Qr). Let y = y* + x(t)u. Note that y(z,T) = 0 in Q. One has

e = Ay +V(z, )y = (1= ¢)hle, — X' (Du+ Adg +2Ve - Vi =hl,  inQr,
y=0 on X, (4.8)

y(07 ) = %Yo o1 Qu
where h(z,t) = —odx'(t)u + Agy + 2V - V§ since (1 — gZ))iNLlluJ2 = 0. By the regularity estimates of ¢, ¢ and u,
we have h € C*% (@ x [0, T]). Moreover, from the construction of h(x,t), we know that h(z,t) is supported in

w for every t € (0,T) and h(x,0) =0 in Q.
The regularity estimates of ¢ in (4.7) and u in (4.4) further imply

IRl ges (@ry = Ml oo s Gupory < eXPCA+T™ + T Vo + IVID gollc2+o(q),
(QT) (@x[0,11)

and thus a global Schauder estimate for (4.8)

||y||cz+a,1+%(QT) < eXp(C(l + Tt + THVHOO + |||V|||))(Hy0||c2+“‘(ﬂ) + ”hHC’O"%(QT))
<exp(CL+ T+ T|[V]loo + IVIN g0l o240 0

Therefore, we have completed the proof of Theorem 1.4. O

5. ONE-DIMENSIONAL HEAT EQUATION

In this section, we show the optimal observability inequalities for the one-dimensional heat equation. The
observation region is concerned with a subset of positive measure in 2 and a subset of positive measure in (0, 7).
This requires a well-known technique involving the following lemma, which is based on the property of density
points for sets of positive measure on (0,7); see e.g., [19].

Lemma 5.1. Let E be a measurable subset of positive measure in (0,T) and k be a density point of E. Then
for any v > 1, there exists k1 € (k,T) such that the sequence defined by

kmy1 —k=~""(k1 — k)
satisfies

B0 ()| > (=),
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We also need the following results for the propagation of smallness results for holomorphic functions, whose

proof relies on a Remez-type inequality; see [26] or [27], Proposition 2.3. Let £ be a measurable set on the line

segment (—3, 1) in the two dimensional ball By, with || > 0, where || is the Lebesgue measure on the line.

Lemma 5.2. Let h(z) be a holomorphic function in By C C. Then there exists a constant 0 < o < 1 depending
on |E] such that

sup |h| < sup |h|*sup |h|' 7, (5.1)
Bl & B4

L — and C > 1 is a universal constant.

where ¢« = ————
14+C+C'log i

For our application, we would like to replace the supg || in the inequality (5.1) by the norm [|h]|zz2(g). To
this end, we set

4
& ={z € &|n(z) > GRE Pl 2e) }-
We claim that |£]| < $|&|. Otherwise, if |E{| > $|&|, then

1
IAllL2ery > Hh||L2(5)(§\5\)1/2 > 2||hllLz2e)-

4
Obviously, it is a contradiction. This shows the claim. We introduce
E) =8\ ={xc&|h(z) < i||h|| 2(6)}
1 1 |(‘:|1/2 L (5) .
Then |£0| > 1|€|. Applying the inequality (5.1) with € replaced by €7, we get

4
sup |h| < (——=)%||h]|T sup |h| 7
By | ‘ (‘5‘1/2) || HL2(S) B4| |

< COfhllzz e Sup Al (5:2)
4

To show the observability inequalities, we will first obtain some spectral inequalities for a linear combination
of eigenfunctions, which might be of independent interest. We consider the eigenvalue problem for the one-
dimensional Schrodinger operator (or Hill operator)

—0OrxPr + V()P = M@ in Q,
op(x) =0 on 052,

where Q = (0, %), the eigenvalues {\; : k = 1,2,---} are ordered nondecreasingly, counted with multiplicity.
Note that the smallest eigenvalue A; is larger than info V. Moreover, the eigenfunctions {¢ : k = 1,2,---}
are orthonormal in L2(Q). Let —A = —9,, + V(z) and Py = P\(—A) : L?(Q) — L?(Q) be the projection onto
the eigenspace generated by {¢r : A\p < A}. Without loss of generality, we assume that ||V||.c = M for some
large constant M > 3. By some ideas in [8], we can show the following sharp spectral inequalities for the

one-dimensional Schrodinger equation.
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Lemma 5.3. Let w be a measurable subset of positive measure on ). There exists a constant C' depending on
w such that

1/2 ,y1/2 -

||¢||L2(Q) < eC(M A )||¢HL2(w) f07" all ¢ S RG,TL(P)\(—A)) (53)

Proof. We first deal with the nonnegative potential V(z). As @ = (0,3) and ¢;(0) = 0, we extend ¢, by an
odd reflection to be in (—3, 1) across z = 0. Then we do an even extension for V(z) across z = 0 in (—3,1).

We still write the extended functions as ¢y, and V' (x). Hence we have

_aza:(bk + V($)¢k = >\k¢k in Q1 = (_%7 %)a
or(r) =0 on 9%

We can further extend ¢y, as a periodic function in R with period 1. In particular, ¢; satisfies the above equation
in Q := (—1,1) and vanishes on 9. Note that ¢, € C*'(Q).

Since V(x) > 0, then A\; > infq V > 0. For any ¢ € Ran(Py(—A)), we can write ¢ = D 0<r,<x XkPr with
ay = (¢r, ®). We construct

u(z,y) = Z o cosh(vV/ Aoy i (2). (5.4)

0<Ap <A

Note that ?TZ =0 on {(z,y) € Q x Rly = 0}. Tt is easy to see that

—Au+V(x)u=0 in Q x (-1,1), (5.5)
where we used the usual notation A = 0,4 + Oyy.

Next, we construct a multiplier to convert (5.5) into a second order elliptic equation without lower order
terms. We first prove the existence of a positive solution of the following equation.

—Opzw + V(x)w =0 in Q,
(5.6)

w=eYM on 99).

Choose w1 = eVMz We can check that —0pz1 + V()1 < 0. Thus, w is a subsolution of (5.6). Let e = VM,
Then —0y,wWs + V(x)e > 0 as V(x) > 0. Therefore, ws is a supersolution of (5.6). By the sub-supersolution
method, there exists a positive solution w of (5.6) such that w; < w < . Therefore, we have

e VM < w(z) < VM, (5.7)
Using (5.7) and the equation (5.6), we can get the estimate of 9,,w and hence

||1UHC1,1(Q) < eC\/M' (5.8)

Now, observe that w = w(z) given above can also be viewed as a positive solution of

~Aw+V(@)w=0 inQx (-1,1).
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We consider v(z,y) = wx9) Thep v(x,y) satisfies

w(x)
div(w?Vov) =0 in Q x (—1,1). (5.9)

We will use some techniques from complex analysis, which have been applied in [8] in the study of Landis’
conjecture in the plane. We construct a stream function v associated with v in B;. That is, v satisfies

0¥ = w2d,v,
{—8,17 = w?d,v. (5.10)
We can choose 9(0) = 0. Let g = w?v + i9. Then
dg = %(9 +g) in B, (5.11)
where 9 = 1(0z + i0y). Hence we can write it as
99 = qog + 909,
where ¢p = i"v’j = Jlog(w). Furthermore, we can reduce it to
d9 =gog in By, (5.12)
where

i Qo+ L2, ifg#0,
go = g .
0, otherwise.

It was shown in [8], Lemma 2.2 that ||Go||z(B,) < 2llqollz=(B,) < CV M. Furthermore, it can be shown that,
see e.g. Theorem 4.1 in [28],

9(2) =" Fnh(z) in By, (5.13)

where h is a holomorphic function in Bys,

O
TJB,,s §— %
and z =  + iy. Moreover, the bound of ¢y leads to ||W||LOO(B4/5) < CVM.
Next we apply the propagation of smallness in (5.2). Let w; be a measurable subset on the line B, /5 N
{(x,y)|y = 0} with |w;| > 0. We identify the ball in the complex plane with the ball in R?. Replacing £ by w;
and letting h = e () g(2) in (5.2), we have

sup [e Vg (2)] < Clle™ P g(2) |22, sup eV Pg () (5.14)
By,

r
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for some r < rg < where r( is some universal constant. Thanks to the expression of g and the conditions for

W(z), we get

107

sup |v] < eC\/Mszv + 10| T2 0y s;p lw?v + o[t . (5.15)
4r

"

Since %Z =0 on {(z,y) € Bily = 0}, then g—z =0 on {(z,y) € Bi|ly = 0} as w(z) depends only on z. From

(5.10), it follows that % =0on {(z,y) € B1ly = 0}. As 9(0) = 0, then v = 0 on {(z,y) € B1]y = 0}. It holds
that Vo = V(%) = Yuu=Vuwu We can show that

w

cvVM

sup [0| < Cre sup |V
4r 4r
< VM gup ul, (5.16)

5r

where we used the estimates (5.7), (5.8), (5.10), and the elliptic estimates for u in (5.5). Therefore, we obtain
that

sup ful < eV JullZ . sup uf' 7. (5.17)

s 57

Recall that u(z,y) is given in (5.26). The orthogonality of ¢ in L2(€2) leads to
[ e )Pdedy < exp(C 4 32) [ Juta,0)ds, (5.18)
Qx(—1,1) Q

Let z € Q be such that

Mo = [u(z,0)| = sup |u| =sup|¢],
10x{0} @

and w be the given measurable subset of positive measure in 2. Then there exists a point z, € w such that
|B,(x,0) Nw| > clw]| for 3rg < r < 7y and some small c. Let wy = B, (x,0) Nw. We apply (5.17) at (z.,0)
with %ro <r<rg,

||uHLoo(BQT(I* y<e (CMUQ)W”%z ||uHLoo(Bw,(w*, 0))
< exp(CM Y2101 %o 1l 2 5 1.0, (5.19)
< exp(C(AY2 + MY2)) (]| % (o (- ”;?5) |
< exp(CAY2 + MY2))[|6]|2 ) Mg~

where we have used the L regularity for the elliptic equation (5.5) in the second inequality, and (5.18) in the
third inequality.
Now if we can show

My < exp(C(MY2 + XV2)) [Jul| Lo (85, (2.0 (5.20)
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then (5.19) implies
Mo < exp(CAY2 + MY2))[19] 12w (5.21)
which leads to (5.3). Thus, it suffices to show (5.20). Indeed, this follows from the three-ball inequality and a

standard argument.
In fact, as V' > 0, by the proof of [8], Theorem 2.5, we have the following three-ball inequality: for any

2= (z,y) € Q x (—=2,2) and r < 1o, it holds that
ull o (3o < 50 (CMY2) a5 o 0018 i oy (5.22)

where 0 < a3 < 1 and r¢ > 0 are some universal constants. Then for any z; with |z — z| < r, we have B,.(z1) C
Bs,-(z) and hence by (5.22)

e (5, ) < exD(CMY ) |ull 13, ) M. (5.23)

Let 9 = x4, 21, ,Tm—1,Tm = & be a finite number of points such that |z;41 — z;| < r € (%7‘0,7"0), where
the number m depends only on Q and ry. At each point (z;,0), we apply the three-ball inequality (5.22)
repeatedly with z = (z;,0) and z; = (2;41,0) and obtain

1—a1)™ 1—(1—aqp)™
el o (5, 2.0y < exD(Con (M2 + X2 ul| S208) oy Mg~ 0™ (5.24)

By definition, the left-hand side of (5.24) is equal to My. Hence, simplifying the last inequality, we obtain (5.20).
The proof of (5.3 ) is complete for nonneagive potential V(z).

Now we deal with the general case V(z) that changes signs. The eigenvalues Ay are discrete and approach
infinity as k — oco. Notice that there may be finitely many of negative eigenvalues and the smallest eigenvalue
A1 is larger than —M. We choose V (z) = V() + M. Then

— 02k + V()b = A, (5.25)

where Ay = A + M >0, V(z) > 0 and [[V][p= < 2M. Let ¢ = 3,y axdp with ap = (¢x,¢). We
construct o

u(z,y) = Z oy Cosh(\/iy)d)k(x). (5.26)

~M <AL <A
We still have %Z =0on {(x,y) € Q x Rly = 0}, and
—“Au+V(z)u=0 inQx (-1,1). (5.27)
Thus, we can apply the results for the nonnegative potential in the previous calculations to (5.27). We have
[8ll12() < eTEMDHHAEMTD ]| . (5.28)
Hence the spectral inequalities (5.3) is arrived for sign changing potential V(x). Therefore, the lemma is

completed.
O
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Next we deduce the observability inequalities in Theorem 1.5 from the spectral inequalities (5.3) following
the proof in [29], which in turn relies on the ideas in [30], interpolation inequalities (see, e.g., (5.34) below)
and telescoping series method in [19]. Moreover, we explicitly show the dependence of the norm ||V s in the

arguments.

Proof of Theorem 1.5. We first consider the case for nonnegative potential V > 0. Let P* = I — Py and ||V /o =
M. We introduce the semigroup otA generated by A = A — V, which can be defined as etAf Sae it (x)

for any f € L?(Q), where a; = (f, ¢;). Note that
63 12y = 3 Ja2e 2
Let t > s > 0 and A > 0. Thanks to (5.3), we have

e Fllzaay < [l Pafllza(y + [P £l 2oy
< CeCM N A Py F]l 2y + e P |2
< CeOM N (6t | Loy + [|eD P fllp2qa)) + €2 P fllp2gey
< Cre@M TN (6B £ L2y + (| P f 2(0)
< OO A (oA £ Loy + e XD B PA £ L2y,
where we used (5.29) in the last inequality. Let § € (0,1), to be determined later. It is obvious that

c? K
sup ecﬁ*i”\(tfs) — eT(t—5) — @9

A>0
for some fixed constant K = C?/4 > 0. Then we have
”etAf||L2(Q) < CleCMwem—’is)(eax(t—s)”etAfHLZ(w) + e—(l—é)k(t—s)”esAf”LZ(Q)).
We minimize the right-hand side of the last inequality. Since
[ fllze) < 1" Fllzz) < e fllia@) < [l £l

as A1 > 0 and t > s, we can choose A, which is some positive free parameter, such that

sA
€
QAt=s) _ H fHL2(Q)

e fll 2wy

Then we have

[6"2 £l 2y < 2C1eOM o=

e 18 102 Fl13 o

We will consider ¢ € (t1,t3) for any ¢; < t5. Choosing s = 1, we get from (2.4) with V_ = 0 that

e £llz2() < e Fllr2e)

< 20,OM e t1>||emf|| oolle 2 fll52 0

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)
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Let v =2, t1 = ki1 and ta = kp,. From Lemma 5.1, we get that [E N (t1,%2)] > 255, Then it holds that

to — 11 to — 11
E t — .t > . .
BN+ = t)| 2 = (5.35)

Integrating (5.34) over t € E N (t1 + 225, t5) and using the Hélder’s inequality yield

e fll r2(q)

1/2 4K
< 20e“M ewz—m{/
t t
t

to —t1
1+—=3

ta

~ 176 P
RO dt} 12 £l 2. (5.36)

Let a be some positive constant to be determined. By the Young’s inequality AB < (1 — 5)14ﬁ +6B7%, we get
e tzgtl ||et2AfHL2(Q)

to 1-6
1/2 - 4K/5—a ~
< CeM {/ o 1g(t)]le® fll L2 (w) dt} e 2= |2 f192 0
ti+ =2

to
< Cy(1 - e MY {/
t1

to—t
+241

4K /5—a X
+deitm oD £l 2. (5:37)

Lol fll 2, dt}

Now we choose the constants a and ¢ such that

a—4K/6

s > 20 (5.38)

Hence, we have

L(6)]e"® fll 12w dt

ta—ty
1

(ot omve [
e t2—t1 He 2 f||L2(Q) S Cle /
t1+

—2a <
+ eGa—t1) ||et1Af||L2(Q), (539)
It follows that
__a A __—2a _ A
e fa—t1 ||et2Af||L2(Q) — e(2—t1) HetlAfHL2(Q)

to .
/
< CyelM' / Lo(®) B |l 12 o dt. (5.40)

t1+7t21t1
Recall that we have chosen v = 2, t; = ky,41 and t3 = k;;,. Observe that in Lemma 5.1

1 2
= . 5.41
km+1 - km+2 km - km+1 ( )

We have

km ~
____a X _ —a A 1/2
€ km—km41 ||ekmAfHL2(Q) — ekm+1*’“m+2 ||etkm+1Af||L2(Q) S CleCM / ]lE(t)”etAfHLz(w) dt. (542)
m41
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Note that e Fm*mr1 — 0 as m — co. Summing up the above telescopic series from m = 1 to oo gives that
— s (| ok A cMm?/? . tA
e Fi-Fz ||e™ fHLZ(Q) < Che / 1g(t)|e f||L2(w) dt. (5.43)
E
Therefore, by the fact that ki — k5 is a positive constant depending on F, we have
- ™ -
673 1) < CEHON [ o f (5.44)
E

where we also used (2.4). Note that in the above inequality, C' depends on w and 2, while C(F) depends
additionally on E. Let f =y in (1.11). We arrive at

1
2
ly(, )l 220 SeC(E)+CM1/2</ /y2 dxdt) : (5.45)
EJw

Hence, we complete the proof of Case 1 in Theorem 1.5.
For the sign-changing potential V' (z) with ||V||cc = M, we can reduce to the nonnegative potential in Case
1. Let g(x,t) = e~ IV=llety(z t). Then §(x,t) satisfies

Since |V_||oo + V(z) > 0, from (5.45),

1

190, T g2y < eCE+EMT (/E/ 9 dxdt) y (5.47)
w
The definition of ¢ implies that
ly(, T)lz2(0) < CEFTIV- |t OM? (/E/ y? d:cdt) %. (5.48)
Hence, we complete the proof of Theorem 1.5. O

Proof of Corollary 1.6. Following from the arguments in the proof of Theorem 1.5, we check the term e~ o
in (5.43). If E = (0,T), we set ky,11 = 2~™T and hence ky — ks = $T. Also recall that a in (5.43) is an absolute
constant depending on €2 and w. Thus, (1.13) follows. O
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APPENDIX

In Appendix we provide two lemmas on the regularity estimates for heat equations with emphasis on how the constants
depend on the potential V. Note that [|V]z = [|V]leo + [[VV]|eo + [|0¢ V]| co-

Lemma A.1. Let yo € C*T*(Q) with some a € (0,1) and V € Z. Let y be the solution of (1.1). Then there exists some
constant C = C(Q, o) depending only on Q and « such that

Iyl g2rang g, < Ce® PNV (14 VI2)llyollc2veqy. (A1)
c @r)

Proof. We apply a well-known bootstrap argument to get the higher order regularity with emphasis on how the constant
depends on the potential V. First of all, the L bound can be shown simply by the maximal principle for the heat
equation [25], Theorem 2.10, i.e.,

TV o
Y]l o 0,70y < €V 1l | oo (g - (A.2)

Next, we apply the classical L? estimate of heat equations to (1.1) to obtain the W2 estimate, see e.g. [25]. If
T < 1, we may extend the Lipschitz potential from Q7 to Q x (0, 1) such that the global W*!? estimate can be applied
in Q x (0,1). If T > 1, we apply the global WP estimate in Q x (0,1) to get

llyllw21.02x0,1)) < CUIVYllLe@x0,1)) + lIyollc2 (o))

(A.3)
<O+ [[VIso)e™ > lyoll 20y,

where we have used (A.2) in the second inequality. For Q x (t,t + 1) with t > 1, we apply the interior WP estimate
(local in time) to obtain

lyllwz1.0@x i1y < CUIVYIlLo@x—1,641)) + 1Yl Loo(@x (t—1,041)))

(A4)
< O+ Vo) IV 1y | Lo ),
where we have used (A.2) again in the second inequality.
Now, we use the Sobolev embedding theorem to get
HyHCIJrB,#(QX(O,l)) < COllyllw21.p(@x(0,1))5 (A.5)
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and for any ¢ > 1,

||y||C1+ﬁ’#(QX(t t+1)) < C”yHWQvl’P(QX(t,H—I))v (A.6)

Wherep>n+2and0<ﬂ:1—"7f2<1.
Finally, we apply the C?t**2 estimate in Q x (0,1) and 2 x (t,t + 1/2) for each ¢ > 1. For the former case, we have

Hy‘|c2+a,1+%(gx(oyl)) < C(HVZ/HCQ,%(QX(OJ)) + lwolloz+aq))- (A7)
Using (A.2), (A.3) and (A.5), we have

IVl eos ooy < 1V lgers (o IWlzc@x ) + VI @xoan1¥ll e @ oy

Voo 2|V loo
<Vl e eVl lgo|| L ) + ClIV o€ 1= [lyol 2 (@)

5 (Qr)
< CIVIzeV I lyoll o2 oy

Inserting this into (A.7), we obtain

30V oo
190l 24015 e oy < U IVIZIET I o]l 24 (A8)

For the latter case in Q X (¢,¢ + 1/2) with ¢ > 1, it follows from a similar argument that
3 Vlloo
||yHCZ+a,1+%(Qx(tyt+l/2>> < C(1+||V]|z)e T2V o]l Lo (- (A.9)
As a consequence, we glue these estimates to get the desired estimate (A.1). O
By Proposition 4.1, there exists a control i € L?(wa x (0,T)) such that the associated solution § satisfies

Gt — AG+ V(z,t)§ = hl, in Qx(0,7),
0 on 90 x (0,7), (A.10)
4(-,0) = yo on ,

and y(-,7) = 0. In the proof of Theorem 1.4, we need the following lemma.

Lemma A.2. Assume § satisfies (A.10) and wa €@ ws € . Then there exists an open set O C Q) such that dws C O and

~ c(T Voo 7
11l 20148 (o 0.9y < CA+ NV I2) T (Jlysll 210 () + 1Bl L2()- (A.11)

Proof. First of all, by the energy estimate, we have

N c - ~
19l 22 (g, < Ce v (lyollzcay + 1Pl L2@4)) (A.12)

for any t € (0,T7]. Let zo € dws and r > 0 such that Ba,(zo) C © \ w2. Due to the compactness of dws, the radius r > 0
can be chosen universally independent of zo € dws. Let Q(xo,t) = Byr(zo) X (t —7,t). Observe that if ¢ > 2r, we have

G —AG+V(z,t)§=0,  in Qar(xo,t). (A.13)
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Thus we can get the C?t*1% 3 estimate in er(a:o, t) by the classical interior Schauder theory. To clarify how the constant

depends on the potential V', we may apply a bootstrap argument as in the proof of Lemma A.1 to get

- c Voo || ~
19l 2teie5 (5, (0,0 = CAFVIIZ)e =G 2 (G 0,00
<O+ [VIIZ)e PV (llyo| L2 ) + 1Bl 22(q4))-

The constant C' possibly depends on the radius r, which is harmless since it has a uniform lower bound.
Similarly, near ¢ = 0, we consider

'gt — Ag + V(l‘,t)g =0 in BQT(I’O) X (O, 27”),
g(,O) = Yo on Bgr(xo).

Then the interior Schauder estimate with smooth initial data yields

191l g2 +e1+% (5. (mo)x 0,20

CIV oo _

<O+ |[V]z)e VI (lyoll c2+a By, (o)) + 1Tl L2(Bay (o) x (0,2)))
CIV oo =

<O+ [[V]|z)e? V] (lyoll c2te @) + 1Rl L2(@00))-

Gluing the estimate (A.14) with all ¢ € (2r,T) and z¢ € dws with (A.16), we get (A.11) with O = Uzycows Br(zo).

(A.14)

(A.15)

(A.16)

O
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