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TURNPIKE PROPERTIES IN LINEAR QUADRATIC GAUSSIAN

N-PLAYER DIFFERENTIAL GAMES

Asaf Cohen and Jiamin Jian*

Abstract. We consider the long-time behavior of equilibrium strategies and state trajectories in a
linear quadratic N -player game with Gaussian initial data. By comparing the finite-horizon game with
its ergodic counterpart, we establish exponential convergence estimates between the solutions of the
finite-horizon generalized Riccati system and the associated algebraic system arising in the ergodic
setting. Building on these results, we prove the convergence of the time-averaged value function and
derive a turnpike property for the equilibrium pairs of each player. Importantly, our approach avoids
reliance on the mean field game limiting model, allowing for a fully uniform analysis with respect to the
number of players N . As a result, we further establish a uniform turnpike property for the equilibrium
pairs between the finite-horizon and ergodic games with N players. Numerical experiments are also
provided to illustrate and support the theoretical results.
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1. Introduction

This paper investigates turnpike properties in linear quadratic Gaussian (LQG) N -player differential games,
where the dynamics of players are modeled by a system of linear stochastic differential equations (SDEs). The
primary objective is to examine the long-time behavior of equilibrium strategies and state trajectories in the
finite-horizon game by analyzing their convergence toward those of the associated ergodic game. In the finite-
horizon game, each player seeks to minimize a quadratic cost functional, involving both control effort and
deviation from a reference state, over a given time interval. As the time horizon tends to infinity, the problem
naturally evolves into an ergodic game, where players aim to minimize the long-time-average cost.

A central focus of this work is the turnpike property, which characterize the convergence of equilibrium
pairs from the finite-horizon game to those of the corresponding ergodic game. Our main result shows that
the deviation between the equilibrium pairs of the finite-horizon game and those of the ergodic game decays
exponentially fast in time. Specifically, we prove that there exist some positive constants K(N) and λ(N),
independent of t and T , such that the following estimate holds for all 1 ⩽ i ⩽ N :

E
[∣∣Xi

T (t)−Xi(t)
∣∣2 + ∣∣αi

T (t)− αi(t)
∣∣2] ⩽ K(N)

(
e−λ(N)t + e−λ(N)(T−t)

)
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field games, ergodic games.

Department of Mathematics, University of Michigan, Ann Arbor, MI 48109, USA.

* Corresponding author: jiaminj@umich.edu

© The authors. Published by EDP Sciences, SMAI 2026

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

https://doi.org/10.1051/cocv/2026030
https://www.esaim-cocv.org
https://orcid.org/0000-0002-9211-7956
https://orcid.org/0000-0003-3263-6719
mailto:jiaminj@umich.edu
https://creativecommons.org/licenses/by/4.0


2 A. COHEN AND J. JIAN

for all T and t ∈ [0, T ], where (Xi
T , α

i
T ) denotes the equilibrium state-strategy pair for Player i in the finite-

horizon game, and (Xi, αi) denotes the corresponding equilibrium pair for Player i in the ergodic game.
Furthermore, under stronger structural assumptions, specifically, by imposing uniformity of the data in the
problem with respect to the number of players N , we establish a uniform turnpike property: the convergence
is not only exponential but also uniform with respect to the number of players. That is, there exist positive
constants K and λ, independent of t, T , and N , such that

sup
N

1

N
E
[∣∣XT (t)−X(t)

∣∣2 + ∣∣αT (t)−α(t)
∣∣2] ⩽ K

(
e−λt + e−λ(T−t)

)
for all T and t ∈ [0, T ], where XT (t) := (X1

T (t), . . . , X
N
T (t)), X(t) := (X1(t), . . . , XN (t)), and αT (t) :=

(α1
T (t), . . . , α

N
T (t)), α(t) := (α1(t), . . . , αN (t)) are all valued in RNd. These results highlight the persistence

of the ergodic equilibrium as a stable attractor for the finite-horizon game, providing new insights into the
structure and stability of multi-player stochastic differential games.

1.1. Relevant works

To contextualize our analysis, we review related literature in three key areas. First, we frame the problem
within stochastic differential games, as we consider Nash equilibria for N -player systems governed by stochastic
dynamics. Second, we discuss large population games and their limiting formulation via mean field games.
Although our results do not rely on a mean field limit, the coupled structure of the Hamilton-Jacobi-Bellman
and Fokker–Planck (HJB-FP) equations in the N -player setting parallels that of mean field game systems,
and several techniques in our analysis are inspired by this literature. We also position our work within the
growing line of research that analyzes large population games directly in the finite-N regime, without relying
on the limiting mean field game model. Finally, since a main contribution of this paper is the establishment of
a (uniform) turnpike property for the equilibrium pairs, we review existing results on turnpike phenomena in
optimal control and differential games, which provide both conceptual and technical foundations for our work.

1.1.1. Stochastic differential games

Stochastic differential games provide a fundamental framework for modeling and analyzing dynamic strategic
interactions under uncertainty among multiple rational players. These models have found broad applications in
diverse areas such as economics, finance, engineering, and biology. In an N -player setting, each player controls
a stochastic dynamic system and seeks to optimize an individual objective functional that typically depend
on the states and controls of all players. The interplay between stochastic effects and strategic competition
introduces significant analytical challenges and rich mathematical structures. Both finite-horizon and infinite-
horizon formulations of such games have been extensively investigated in the literature; see, for example, [1–5].

1.1.2. Large population games

Mean field game theory, introduced independently by Lasry and Lions [6], and Huang, Malhamé, and Caines
[7], provides a tractable framework for asymptotically analyzing N -player stochastic differential games. It
approximates Nash equilibria in large-population games by replacing individual interactions with a represen-
tative agent interacting with the aggregate population effect. As N grows large, the Nash equilibrium of the
N -player system converges to the mean field game equilibrium, which is characterized by a coupled system of
differential equations: a backward HJB equation for the equilibrium’s cost, and a forward FP equation for the
evolution of the state process distribution, capturing the flow of measures under equilibrium.

As the time horizon tends to infinity, ergodic mean field games arise naturally in the study of long-time
behavior. In continuous state spaces, ergodic/stationary mean field games with standard controls have been
studied in [8, 9], as well as with singular control and regime switching [10–14]. The finite-state counterparts
were explored in [15–17]. In the ergodic settings, the HJB and FP equations take a stationary form, capturing



TURNPIKE PROPERTIES IN LQG N-PLAYER DIFFERENTIAL GAMES 3

the long-term behavior of the system. For a comprehensive overview of recent advancements and relevant
applications of mean field game theory, we refer the reader to the monographs [18–20], and the references
therein.

Current research efforts have investigated high-dimensional stochastic control problems and large-population
games without relying on the mean field limiting framework, enabling the study of non-symmetric settings or
heterogeneous interactions; see, for example, [21–23]. Our work also follows the philosophy of avoiding the mean
field game limit, offering a uniform analysis of N -player games, and establishing a uniform turnpike property
for N -player games.

1.1.3. Turnpike property

Recent works have increasingly focused on the long-term behavior of multi-player differential games and mean
field games. A particularly notable phenomenon in this context is turnpike property—the tendency of optimal
trajectories and controls in dynamic optimization problems to remain close, over most of the time horizon, to
those of a corresponding steady-state or static optimization problem. Originating in economic growth theory
[24–26], the turnpike property has been extensively studied in both finite- and infinite-dimensional deterministic
control systems, encompassing both discrete-time and continuous-time formulations. For further background and
developments, we refer to [27–33], as well as the monographs [34] and [35]. More recently, Gugat, Herty, and
Segala [36] extended the turnpike property to optimal control problems governed by mean field dynamics,
which arise as the limit of systems involving a large number of interacting ordinary differential equations. A
comprehensive and up-to-date survey on turnpike theory and its various applications is presented in Trélat and
Zuazua [37].

The study of turnpike phenomena in stochastic optimal control problems is comparatively recent. A signif-
icant breakthrough was achieved by Sun, Wang, and Yong [38], which was the first to rigorously establish the
turnpike property for stochastic linear quadratic optimal control problems. This initiated a wave of systematic
investigations into turnpike behavior in continuous-time stochastic control systems, including further develop-
ments in [39–44]. Turnpike results for mean field control problems were subsequently obtained in [45, 46], while
long-term average impulse control problems with specific mean field interactions was studied in [47].

In parallel, driven by the growing interest in understanding long-term equilibrium behavior in large interacting
systems, the study of turnpike properties in multi-player differential games and mean field games has emerged
as a rapidly advancing field. Early contributions include the analysis of long-time behavior for mean field game
systems with local and nonlocal couplings [48, 49], with further developments addressing broader structural
settings in [50–53]. Notably, the long-time behavior of the master equation was studied in [54].

1.2. Contributions and organization of the paper

In this work, we establish turnpike properties for the equilibrium strategies and state trajectories in the
N -player game defined on a finite horizon by analyzing their convergence toward those of the associated ergodic
game. The main contributions of this paper are summarized as follows:

� We prove the unique solvability of the fully coupled forward-backward ODE system arising from the finite-
horizon game; see Proposition 2.10. This is achieved by first proving the solvability of the associated Riccati
system, and then applying Leray-Schauder fixed point theorem to the fully coupled forward-backward
subsystem.

� We derive exponential convergence estimates between the solution to the finite-horizon system and the
solution to the algebraic system arising from the ergodic game; see Proposition 2.25. The most technical
part lies in deriving precise estimates for the difference between the solution of fully coupled forward-
backward ODEs system and its ergodic counterpart. To address this, we draw on analytical tools developed
in [54] and [52], which were originally introduced in the study of the turnpike properties for mean field
games.
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� We establish a turnpike property for the equilibrium strategies and state trajectories in the finite-horizon
N -player game, showing that they remain exponentially close to their ergodic counterparts over majority
of the time horizon; see Theorem 2.28. We further prove the ergodicity of the time-averaged value function
(Cor. 2.27). A central contribution of our analysis is the derivation of estimates that are uniform with
respect to the number of players N . Unlike existing mean field game literature, our result does not rely
on the mean field limits, providing robust estimates for games with any finite number of players.

Here we compare our results with those of [54] and [52]. Their analyses rely crucially on duality arguments for
the HJB-FP systems and stability properties of the associated forward-backward PDE systems, which motivate
our treatment of the fully coupled system of linear forward-backward ODEs. Nevertheless, our analysis is carried
out directly at the level of finite N -player differential game, rather than within the mean field limit. This finite
N -perspective allows us to derive estimates that are uniform with respect to the number of players N , which
constitutes one of the central contributions of the paper and does not appear in [52, 54]. Moreover, while those
works address infinite-dimensional HJB-FP systems, our framework involves a coupled system of matrix Riccati
ODEs together with fully coupled linear forward-backward ODEs. Despite being finite-dimensional, the strongly
coupled structure gives rise to distinct analytical challenges and requires different arguments.

The remainder of the paper is organized as follows: Section 2 presents the formulation of the finite-horizon
game and its ergodic counterpart, together with the statement of the main results. Specifically, the analysis of
the finite-horizon and ergodic games is carried out in Section 2.1 and Section 2.2, respectively. The convergence
of the associated systems of equations and the resulting turnpike properties are presented in Section 2.3. To
demonstrate the applicability and verification of the assumptions imposed throughout the paper, we provide two
illustrative examples in Section 2.4. The detailed proofs are distributed across Sections 3–6. Section 3 collects
the proofs of several preliminary results. The proof of Proposition 2.10 is given in Section 4, while Section 5
is devoted to the proof of Proposition 2.25. Section 6 presents the proofs of Corollary 2.27 and Theorem 2.28.
Numerical experiments illustrating the theoretical results are contained in Section 7. Finally, Section 8 concludes
the paper and outlines some directions for future research.

We close this section by introducing some frequently used notation.

1.3. Notation

For given positive integers d,m ∈ N, we use Rd and Rd×m to denote the standard d-dimensional real Euclidean
space and the Euclidean space consisting of all d×m real matrices, respectively. Additionally, let Sd, Sd+, and Sd++

denote the sets of all d× d real symmetric matrices, symmetric positive semi-definite matrices, and symmetric
positive definite matrices, respectively. For matrices P,Q ∈ Sd, we write P ⩾ Q (respectively, P > Q) if and
only if the matrix P −Q is positive semi-definite (respectively, positive definite). We use Id to denote the d× d
identity matrix.

We denote by ⟨·, ·⟩ the inner product of two vectors, and by | · | the Euclidean norm in the corresponding
Euclidean vector space. Moreover, we use the superscript ⊤ to indicate the transpose operation of matrices,
det(·) to represent the determinant of matrices, tr(·) to denote the trace operator, and ∥A∥ for the spectral
norm of a matrix A. Let [N ] := {1, . . . , N}. For a collection of vectors {xi ∈ Rd : i ∈ [N ]}, we denote by
x = (x1, . . . , xN ) the concatenated column vector formed as ((x1)⊤, . . . , (xN )⊤)⊤ ∈ RNd for simplicity. This
notation will be used for convenience when no confusion arises.

Moreover, for any metric space M, we write C([0, T ];M) for the space of continuous functions mapping from
[0, T ] to M, equipped with the uniform norm. The collection of probability measures over Rd is denoted by
P(Rd).

Finally, we adopt the notation N (µ,Σ−1) to represent the multivariate Gaussian distribution with mean
µ ∈ Rd and covariance matrix Σ−1 ∈ Sd++, whose probability density function is given explicitly by

(2π)−
d
2

(
det(Σ)

) 1
2 exp

{
− 1

2
(x− µ)⊤Σ(x− µ)

}
.



TURNPIKE PROPERTIES IN LQG N-PLAYER DIFFERENTIAL GAMES 5

2. Problem setup and main results

In this section, we study two types of open-loop games, where each player’s strategy depends only on their
own filtration. We start with the finite-horizon game in Section 2.1, where players minimize their expected total
cost over a fixed time interval. We establish solvability and related properties for the corresponding N -player
game by analyzing an associated system of coupled equations. Alongside, we summarize known results for the
ergodic game in Section 2.2, where players minimize long-run average costs, as presented in [4]. The centerpiece
of our contribution, turnpike properties for the finite-horizon games, are detailed in Section 2.3, and Section 2.4
provides examples of models that fit within our framework.

We start with the common ground for both games, which is the probability space and the dynamics of
the players. Consider a complete filtered probability space (Ω,F ,P), which satisfies the usual conditions and
supports N independent d-dimensional standard Brownian motions {W 1(t), . . . ,WN (t)}t⩾0. We denote the
expectation on this space by E. For each i ∈ [N ], denote by (F i

t )t⩾0 the augmentation of the filtration generated
by W i. For technical reasons, which will become clearer later, we fix an arbitrary initial time t0 ⩾ 0. We consider
the following system of SDEs:{

dXi(t) = (AiXi(t)− αi(t))dt+ σidW i(t), t ⩾ t0,

Xi(t0) = xi
0,

(2.1)

for i ∈ [N ], where Ai, σi ∈ Rd×d with σi assumed to be invertible, and xi
0 ∈ Rd. In the system of SDEs (2.1),

the process Xi = (Xi(t))t⩾t0 represents the state of Player i and the process αi = (αi(t))t⩾t0 denotes the
corresponding control process, also referred to as the strategy of Player i.

2.1. The finite-horizon game

Beyond the obvious difference in cost criteria, a key distinction between the two games lies in the definitions
of the admissible controls. We denote the time horizon of the game by T ⩾ t0.

Definition 2.1 (Admissible strategies in the finite-horizon game). A strategy αi for Player i ∈ [N ] is called
admissible in the finite-horizon game if it belongs to the set

Ai[t0, T ] :=
{
α : Ω× [t0, T ] → Rd : α is (F i

t )t⩾t0 -progressively measurable, and

E
[ ∫ T

t0

|α(t)|2dt
]
< ∞

}
.

The cost functional is quadratic in both the control and state processes. Given the initial states x0 =
(x1

0, . . . , x
N
0 ) ∈ RNd at time t0 from all the players, the objective of Player i is to choose a strategy αi that

minimizes the following expected total cost

J i
T (t0,x0;α) := E

[ ∫ T

t0

(1
2
αi(t)⊤Riαi(t) + (X(t)− x̄i)

⊤Qi(X(t)− x̄i)
)
dt
∣∣∣X(t0) = x0

]
, (2.2)

where (X(t))t⩾t0 := (X1(t), . . . , XN (t))t⩾t0 is the state-dynamics of all the players, given in (2.1), associated
with the strategy profile (α(t))t⩾t0 := (α1(t), . . . , αN (t))t⩾t0 . In the above, for each i ∈ [N ], Ri ∈ Rd×d is a
positive definite symmetric matrix, Qi is a symmetric Nd×Nd matrix, and x̄i = (x̄1

i , . . . , x̄
N
i ) ∈ RNd is a given

reference position.
Note that we assume players only observe their own dynamics, hence, we adjust the cost to depend on their

private initial state and the distribution of the initial states of the other players. For this, we need a few more
notations. Denote by ηj , j ∈ [N ] a distribution on Rd as well as a vector of distributions for all players except
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for i:

η−i := (η1, . . . , ηi−1, ηi+1, . . . , ηN ),

and set the cost function for Player i, given the initial state to Player i, xi
0, and the initial distribution vector

for the rest of the players η−i
0 = (P ◦ (Xj(t0))

−1 : j ∈ [N ] \ {i}),

J i
T (t0, x

i
0;η

−i
0 ,α) :=

∫
R(N−1)d

J i
T

(
t0, ξ

1, . . . , ξi−1, xi
0, ξ

i+1, . . . , ξN ;α
)∏
j ̸=i

dηj0
(
ξj
)
.

In the above, the initial distributions of all players are assumed to be independent. We make this explicit in
Assumption 2.4.

For the simplicity of notation, we define the state-dependent cost function

F i(X(t)) := (X(t)− x̄i)
⊤Qi(X(t)− x̄i) =

N∑
k=1

N∑
j=1

(Xj(t)− x̄j
i )

⊤Qi
jk(X

k(t)− x̄k
i ),

for all i ∈ [N ], where the matrices {Qi
jk : j, k ∈ [N ]} are d× d blocks of Qi. Note that, each block Qi

jk captures
the sensitivity of Player i’s cost to the joint displacement of players j and k from their respective reference
positions x̄j

i and x̄k
i as perceived by Player i. In the following, we assume that Qi

ii is positive definite for all
i ∈ [N ], which reflects the assumption that Player i incurs a strictly positive cost for deviating from their own
preferred location x̄i

i.
We further define the function f i : Rd × (P(Rd))N−1 → R by

f i(x;η−i) :=

∫
R(N−1)d

F i
(
ξ1, . . . , ξi−1, x, ξi+1, . . . , ξN

)∏
j ̸=i

dηj
(
ξj
)
.

Since f i(Xi(t); (P ◦ (Xj(t))−1 : j ∈ [N ] \ {i})) = E[F i(X(t))|Xi(t)], by the tower property, we can rewrite the
cost as

J i
T (t0, x

i
0;η

−i
0 ,α)

= E
[ ∫ T

t0

(1
2
αi(t)⊤Riαi(t) + f i

(
Xi(t); (P ◦ (Xj(t))−1 : j ∈ [N ] \ {i})

))
dt
∣∣∣Xi(t0) = xi

0

]
.

The optimality in the game is defined via Nash equilibria. For this, we need further notation. Given an admis-
sible strategy profile α = (α1, . . . , αN ) ∈

∏N
j=1 Aj [t0, T ] and an individual admissible strategy α̂ ∈ Ai[t0, T ], we

denote by [α−i; α̂] := (α1, . . . , αi−1, α̂, αi+1, . . . , αN ) the strategy profile obtained from α by replacing αi with α̂.

Definition 2.2 (Nash equilibrium in the finite-horizon game). Fix an initial time t0, an initial distribution
vector η0 = (η10 , . . . , η

N
0 ), and initial state vector of private realizations x0 ∈ RNd, where each xi

0 is sampled

independently from ηi0. We say that a strategy profile α = (α1, . . . , αN ) ∈
∏N

j=1 Aj [t0, T ] is a Nash equilibrium

in the finite-horizon game if for every i ∈ [N ] and every α̂ ∈ Ai[t0, T ],

J i
T (t0, x

i
0;η

−i
0 , [α−i; α̂]) ⩾ J i

T (t0, x
i
0;η

−i
0 ,α).

For any Nash equilibrium α, we refer to the cost for Player i as the value function of the finite-horizon game,
associated with the initial time t0, the initial private state x

i
0 of Player i, the initial distribution vector η−i

0 and
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the Nash equilibrium α. We note that the value function satisfies:

Vi
T (t0, x

i
0;η

−i
0 ) := J i

T (t0, x
i
0;η

−i
0 ,α) := inf

α̂i∈Ai[t0,T ]
J i
T (t0, x

i
0;η

−i
0 , [α−i; α̂i]), (2.3)

where we omit the equilibrium profile α from the value function when it is clear that we are referring to it.

2.1.1. System of equations in the finite-horizon game

In this section, we present the solvability results for the finite-horizon game (2.3). Specifically, the equilibrium
and its corresponding value for the game are characterized by a system of coupled Riccati-type equations, which
are derived from the HJB-FP system, as we will discuss. Define the Hamiltonian Hi : Rd × Rd → R by1

Hi(x, p) = min
a∈Rd

{
p⊤(Aix− a) +

1

2
a⊤Ria

}
= p⊤Aix− 1

2
p⊤(Ri)−1p, (2.4)

and its minimizer, which due to the separability between x and a, can be expressed as a function of p alone:

ai,∗(p) = argmin
a∈Rd

{
p⊤(Aix− a) +

1

2
a⊤Ria

}
= (Ri)−1p. (2.5)

Moreover, we adopt the notation

ςi :=
1

2
σi(σi)⊤ ∈ Sd++.

Fix an initial distribution vector for the players m0 = (m1
0, . . . ,m

N
0 ) and recall that the terminal cost is 0. Then,

the system of HJB-FP equations for the finite-horizon game is given by, for i ∈ [N ],
∂tv

i
T (t, x) + tr(ςiD2viT (t, x)) +Hi(x,∇viT (t, x)) + f i

(
x;m−i

T (t)
)
= 0, (HJB)

∂tm
i
T (t) = tr(ςiD2mi

T (t))− div

(
mi

T (t)
∂Hi

∂p
(x,∇viT (t, x))

)
, (FP)

viT (T, x) = 0, m−i
T (0) = m−i

0 .

(2.6)

A solution to this system is a couple vT = (v1T , . . . , v
N
T ) and mT = (m1

T , . . . ,m
N
T ), where viT : [0, T ]×Rd → R

and mi
T : [0, T ] → P(Rd) for all i ∈ [N ]. For each i, the two equations are coupled through a strategy profile

(αT (t))t∈[0,T ], where the strategy of Player i is defined by

αi
T (t) := ai,∗

(
∇viT (t,X

i
T (t))

)
,

with Xi
T denoting the state process of Player i under the strategy profile αT . The first equation in (2.6) is the

HJB equation, derived from a dynamic programming principle. Its solution viT (t, x) represents the value function
for Player i under the strategy profile αT , for a game starting at time2 t = t0, with initial condition Xi

T (t) = x,

while the other players j ∈ [N ] \ {i} are initially distributed according to mj
0(t). The second equation in (2.6)

is the FP equation, and mi
T (t) represents the distribution of the state Xi

T (t) for Player i under the strategy
profile αT . This is summarized in Proposition 2.10 below.

1We note that there are some typographical errors concerning the definition of the Hamiltonian Hi in [4]. In their formulation,
the i-th Hamiltonian is written with a min, while it should be written with max.

2This is the main reason we formulated the game with a general initial time t0, rather than restricting it to t0 = 0.
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Remark 2.3. Recall that in our N -player game each player does not observe the states of the others and only
knows the initial distribution of the other players. In this context, the system of HJB-FP equations in (2.6)
can be interpreted as a finite-horizon mean field game involving N types of players. In this system, the FP
equations characterize the evolution of the distribution of each player type under equilibrium, while the HJB
equations represent the value functions for each type. The analysis of multi-population mean field games dates
back to Huang, Malhamé, and Caines [7]. Subsequent developments in multi-population mean field games can
be found in [55–57]. For studies focusing on the ergodic behavior in multi-population mean field games, we refer
the reader to [8, 58, 59]. Moreover, an intermediate setting between the single- and multi-population frameworks
is considered in [60–63], where a population of minor agents interacts with a single major agent.

Probabilistically, the mean field equilibrium is formulated as a fixed-point problem involving flows of prob-
ability measures. Specifically: (i) Fix a deterministic flow of probability measures {(mi

T (t))t∈[0,T ] : i ∈ [N ]} on

Rd, we solve the standard finite-horizon stochastic control problem (2.3); (ii) We then seek flows of probability
measures {(mi

T (t))t∈[0,T ] : i ∈ [N ]} such that P ◦ (Xi
T (t;α))−1 = mi

T (t) for all t ∈ [0, T ] and i ∈ [N ], if Xi
T (t;α)

is a solution of the control problem in (2.3). For a more detailed definition of mean field equilibrium, we refer
the reader to [18] and the references therein.

Having established the linear dynamics and quadratic cost structure, we now are ready to address the
Gaussian component, aside from the noise terms driven by Brownian motions. To proceed, we assume Gaussian
initial conditions, as stated in the following assumption.

Assumption 2.4. For each i ∈ [N ], the initial state xi
0 of Player i is sampled independently from a Gaussian

distribution N (µi
0, (Σ

i
0)

−1). That is, the initial density mi
0 is Gaussian with mean µi

0 ∈ Rd and covariance matrix
(Σi

0)
−1 ∈ Sd++.

Remark 2.5. In the finite-horizon game with linear dynamics and quadratic costs, Gaussian initial distributions
are preserved over time. Specifically, for each i ∈ [N ], if xi

0 ∼ N (µi
0, (Σ

i
0)

−1), then the state process Xi in (2.1)
remains Gaussian for all t ⩾ 0, with its law characterized by the evolving mean and covariance. This reduces
the infinite-dimensional measure dynamics to a finite-dimensional system, greatly simplifying the problem.

We start with the ansatz (that will be established in Proposition 2.10) that the systems of HJB-FP equations
admit solutions {(viT ,mi

T )}i∈[N ] of the following explicit form

viT (t, x) =
1

2
x⊤Λi

T (t)x+ (ρiT (t))
⊤x+ κi

T (t),

mi
T (t) = N

(
µi
T (t), (Σ

i
T (t))

−1
)
,

(2.7)

for all (t, x) ∈ [0, T ] × Rd with Λi
T : [0, T ] → Sd, Σi

T : [0, T ] → Sd++, µ
i
T , ρ

i
T : [0, T ] → Rd, and κi

T : [0, T ] → R.
Here, the density at time t, mi

T (t), can be expressed as follows

(mi
T (t))(x) = (2π)−

d
2

(
det(Σi

T (t))
) 1

2 exp
{
− 1

2
(x− µi

T (t))
⊤Σi

T (t)(x− µi
T (t))

}
. (2.8)

Then, applying standard techniques from linear quadratic Gaussian N -player differential games, where we plug
the ansatz in the HJB-FP system and separately compare polynomial terms of orders 0, 1, and 2, we derive the
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following system of ODEs for the unknowns {(Λi
T ,Σ

i
T , µ

i
T , ρ

i
T , κ

i
T )}i∈[N ], defined on the domain [0, T ]:



d

dt
Λi
T (t) + Λi

T (t)A
i + (Ai)⊤Λi

T (t)− Λi
T (t)(R

i)−1Λi
T (t) + 2Qi

ii = 0,

d

dt
Σi

T (t) + 2Σi
T (t)ς

iΣi
T (t) + 2Σi

T (t)
(
Ai − (Ri)−1Λi

T (t)
)
= 0,

d

dt
µi
T (t)−

(
Ai − (Ri)−1Λi

T (t)
)
µi
T (t) + (Ri)−1ρiT (t) = 0,

d

dt
ρiT (t) + (Ai − (Ri)−1Λi

T (t))
⊤ρiT (t) + 2F i

1(µ
−i
T (t)) = 0,

d

dt
κi
T (t) + tr(ςiΛi

T (t))−
1

2
(ρiT (t))

⊤(Ri)−1ρiT (t) + F i
0(µ

−i
T (t),Σi

T (t)) = 0

(2.9)

with the initial and terminal conditions

Σi
T (0) = Σi

0 ∈ Sd++, µi
T (0) = µi

0 ∈ Rd,

Λi
T (T ) = 0 ∈ Sd, ρiT (T ) = 0 ∈ Rd, κi

T (T ) = 0 ∈ R,

for the solvability of finite-horizon game. In the above formulation, {F i
1, F

i
0 : i ∈ [N ]} arise from the running

cost functional f i(x;m−i
T ) upon substituting the candidate Gaussian form of mi

T . These functions are explicitly
defined in terms of the means and covariance matrices of the distributions {mi

T }i∈[N ] as follows, i.e., F i
0 :

R(N−1)d × Sd++ → R and F i
1 : R(N−1)d → R are given by

F i
0(y

−i,Υ) :=
(
x̄i
i

)⊤
Qi

iix̄
i
i −
(
x̄i
i

)⊤(∑
j ̸=i

Qi
ij

(
yj − x̄j

i

))

−

(∑
j ̸=i

(
yj − x̄j

i

)⊤
Qi

ji

)
x̄i
i +

∑
j,k ̸=i,j ̸=k

(
yj − x̄j

i

)⊤
Qi

jk

(
yk − x̄k

i

)
+
∑
j ̸=i

(
tr
(
Qi

jjΥ
−1
)
+
(
yj − x̄j

i

)⊤
Qi

jj

(
yj − x̄j

i

))
,

F i
1(y

−i) := −Qi
iix̄

i
i +

(∑
j ̸=i

Qi
ij

(
yj − x̄j

i

))
,

(2.10)

where y−i = (y1, . . . , yi−1, yi+1, . . . , yN ) ∈ R(N−1)d.

2.1.2. Main results of the finite-horizon game for a given N

The details on the solvability of the finite-horizon HJB-FP system (2.6) and the associated system of ODEs
(2.9) are summarized in Proposition 2.10. To establish these results, we first impose the following structural
assumption and introduce some preparatory lemmas that are essential for the subsequent analysis.

Assumption 2.6. For all i ∈ [N ], σi is an invertible matrix in Rd×d, Ri belongs to Sd++, and Qi is in SNd.
Moreover, the block matrix Qi

ii belongs to Sd++.

Assumption 2.6 ensures the unique solvability of two key equations: the first Riccati equation in the finite-
horizon system (2.9), denoted by Λi

T (·), and the corresponding algebraic Riccati equation Λi, which arises in
the ergodic game and will be introduced with more details in a later section. This assumption requires that Qi
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is symmetric, and Qi
ii is positive definite 3. However, to guarantee the unique solvability of the entire finite-

horizon coupled system (2.9), a stronger condition on the positive definiteness of Qi is needed. This condition
depends on certain constants associated with Λi

T (·) and Λi. The following lemma introduces these constants,
and Assumption 2.8 subsequently provides the required conditions on Qi. The proof follows directly from
Theorem 7.2 in Chapter 6 of [64], and Lemma 2.2 and Lemma 2.3 in [45].

Lemma 2.7. Let Assumption 2.6 hold. Then, for each N ⩾ 2 and i ∈ [N ], the following statements hold:

(i) (Finite-horizon Riccati equation) There exists a unique solution Λi
T ∈ C([0, T ]; Sd+) to the terminal value

problem 
d

dt
Λi
T (t) + Λi

T (t)A
i + (Ai)⊤Λi

T (t)− Λi
T (t)(R

i)−1Λi
T (t) + 2Qi

ii = 0,

Λi
T (T ) = 0 ∈ Sd.

(2.11)

(ii) (Algebraic Riccati equation) There exists a unique positive definite solution Λi ∈ Sd++ to the algebraic
Riccati equation

ΛiAi + (Ai)⊤Λi − Λi(Ri)−1Λi + 2Qi
ii = 0. (2.12)

Moreover, the matrix (Ri)−1Λi stabilizes the system

d

dt
xi(t) = Aixi(t)− αi(t), (2.13)

in the sense that all eigenvalues of Ai − (Ri)−1Λi have negative real parts. Consequently, there exist
constants Ki, λi > 0, independent of t and T , such that∥∥e(Ai−(Ri)−1Λi)t

∥∥ ⩽ Kie
−λit, ∀t ⩾ 0. (2.14)

(iii) (Exponential convergence) There exist constants KΛi , λΛi > 0, independent of t and T , such that∥∥Λi
T (t)− Λi

∥∥ ⩽ KΛie−λΛi (T−t), ∀t ∈ [0, T ]. (2.15)

To obtain the results of the finite horizon game, as summarized in Proposition 2.10 below, we define the
constants

K(N) := max
{
Kie

K
Λi

λ
Λi

∥(Ri)−1∥
: i ∈ [N ]

}
and λ(N) := min{λi : i ∈ [N ]}, (2.16)

where Ki and λi are given in (2.14), and KΛi and λΛi are from (2.15). Moreover, we denote the matrices
R ∈ RNd×Nd and Q ∈ RNd×Nd as follows:

R :=


(R1)−1 0 · · · 0

0 (R2)−1 · · · 0

...
...

...
...

0 0 · · · (RN )−1

 , Q :=


0 Q1

12 · · · Q1
1N

Q2
21 0 · · · Q2

2N

...
...

...
...

QN
N1 QN

N2 · · · 0

 . (2.17)

3For the well-posedness of the Riccati equation satisfied by Λi
T and the associated algebraic Riccati equation for Λi, it is suffices

to assume that Qi
ii is positive semi-definite. However, to establish the exponential convergence between Λi

T and Λi, we require the

stronger condition that Qi
ii is positive definite.
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Recall that Qi
ij ∈ Rd×d represents the interaction weight associated with the joint displacement of players i and

j in the cost functional of Player i.

Assumption 2.8. There exists a constant

γ(N) ∈
(
0,

(λ(N))2

2(K(N))2∥R∥2
λR,min

)
,

where K(N) and λ(N) are constants defined in (2.16), and λR,min denotes the smallest eigenvalue of R (which
also depends on N), such that

Q+
γ(N)

2
INd ∈ SNd

++.

Remark 2.9. Note that the diagonal blocks of Q are all zero matrices in Rd×d, which implies that Q is an
indefinite matrix. Let λQ,min denote the smallest eigenvalue of Q. Then, Assumption 2.8 is equivalent to the

existence of a γ(N) ∈ (0, (λ(N))2

2(K(N))2∥R∥2λR,min) such that λQ,min > −γ(N)/2. In other words, the assumption

ensures that the spectrum of Q is bounded away from −∞, and in particular, that the smallest eigenvalue of
Q cannot be too negative. This assumption is motivated by standard duality arguments commonly employed
in the analysis of HJB-FP system arising in mean field games; see, for instance, [54] and [52].

We now are ready to present the main results concerning the finite-horizon game in the context of N -player
interactions. The following proposition establishes the equilibrium strategy and the corresponding equilibrium
state trajectory for each player in the finite-horizon game. Furthermore, it characterizes the value function of each
player via the solution to the coupled system (2.9). This result constitutes a foundational step in establishing
the turnpike properties developed in this work. It is also worth emphasizing that the unique solvability of
the coupled system (2.9) is nontrivial, as it involves a subsystem of fully coupled forward-backward ordinary
differential equations. The proof of Proposition 2.10 is provided in Section 4.

Proposition 2.10. Given N ⩾ 2. Suppose that the finite-horizon game having dynamics (2.1) and cost
functionals (2.2) satisfies Assumptions 2.4, 2.6, and 2.8, then the following hold:

(i) (Riccati-type system) The system of equations (2.9) for unknowns {Λi
T ,Σ

i
T , µ

i
T , ρ

i
T , κ

i
T : i ∈ [N ]} admits

a unique solution. Moreover, the solution components are continuous on [0, T ], and Λi
T (t) ∈ Sd+ for all

t ∈ [0, T ] and i ∈ [N ].
(ii) (HJB-FP and Nash equilibrium) There exists a unique solution to the system of finite-horizon HJB-FP

equation (2.6) in the form of (2.7). Moreover, the strategy profile

αi
T (t) = ai,∗(∂xv

i
T (t,X

i
T (t))) = (Ri)−1∂xv

i
T (t,X

i
T (t))

= (Ri)−1Λi
T (t)X

i
T (t) + (Ri)−1ρiT (t), t ∈ [0, T ], i ∈ [N ],

(2.18)

is a Nash equilibrium with open-loop feedback strategies, where ai,∗ is defined in (2.5), and (Xi
T (t))t∈[0,T ]

is the corresponding state trajectory governed by the SDE

{
dXi

T (t) =
(
(Ai − (Ri)−1Λi

T (t))X
i
T (t)− (Ri)−1ρiT (t)

)
dt+ σidW i(t), t ∈ [0, T ],

Xi
T (0) = xi

0.
(2.19)



12 A. COHEN AND J. JIAN

This SDE admits an explicit solution:

Xi
T (t) = Θi

T (t)
(
xi
0 −

∫ t

0

(Θi
T (s))

−1(Ri)−1ρiT (s) ds+

∫ t

0

(Θi
T (s))

−1σi dW i(s)
)
, (2.20)

where

Θi
T (t) = exp

(∫ t

0

(
Ai − (Ri)−1Λi

T (s)
)
ds
)
. (2.21)

Furthermore, the marginal law of the state, mi
T (t), satisfies

mi
T (t) = P ◦ (Xi

T (t))
−1, ∀t ∈ [0, T ],

where mi
T solves the Fokker–Planck equation in (2.6).

(iii) (Value function) For each i ∈ [N ], the value function of the i-th player in the finite-horizon game is given
by

Vi
T (0, x;m

−i
0 ) = viT (0, x) =

1

2
x⊤Λi

T (0)x+ (ρiT (0))
⊤x+ κi

T (0). (2.22)

Remark 2.11. The most technical part of the proof of Proposition 2.10 lies in establishing the existence and
uniqueness of the solution {Λi

T ,Σ
i
T , µ

i
T , ρ

i
T , κ

i
T : i ∈ [N ]} to the system of ODEs (2.9). Here we briefly outline

the main idea of the proof.
First, the equations for {Λi

T : i ∈ [N ]} are decoupled both from each other and from the other unknowns, and
their unique solvability of {Λi

T : i ∈ [N ]} are already established in Lemma 2.7. Next, given Λi
T , we derive the

unique solvability for Σi
T by the standard results from the theory of Riccati equations (e.g., see [64] and [65])

for each i ∈ [N ]. Following this, we examine the equations for {µi
T , ρ

i
T : i ∈ [N ]}, which form a system of fully

coupled forward-backward ordinary differential equations. To prove the existence of a solution, we employ the
Leray–Schauder fixed point theorem. The critical part of the proof lies in demonstrating the boundedness of the
solutions to µi

T and ρiT , for which we utilize techniques inspired by [54] and [52]. Finally, using the preceding
results, we can straightforwardly establish the unique solvability of {κi

T : i ∈ [N ]}.

2.1.3. Main results of the finite-horizon game uniformly in N

Recall the estimates for the norm of e(A
i−(Ri)−1Λi)t and Λi

T (t)− Λi given in (2.14) and (2.15), respectively.
It is important to note that these estimates are not necessarily uniform in the population size N . As a result,
Assumption 2.8 may fail to hold for all N .

A natural question is whether Assumption 2.8 can be strengthened so that it holds uniformly in N . To explore
this, we divide the conditions into two categories in the following assumption. While the conditions on R and Q
can often be verified explicitly, the constants λ(N) and K(N) are more difficult to characterize, as they depend
not only on ∥(Ri)−1∥, but also on the constants Ki, λi,KΛi , λΛi , which are defined implicitly in Lemma 2.7.
We now present a set of sufficient conditions under which these constants can be chosen independently of N .

Assumption 2.12. Assume that either one of the following assumptions holds:

(i) The family of matrices {Ai : i ∈ [N ]} is uniformly Hurwitz, namely, there exists a constant c̄ > 0 such
that for every i ∈ [N ], the real part of every eigenvalue λi of A

i satisfies ℜ(λi) ⩽ −c̄. Moreover, there exist
positive constants β∗, β

∗ and c∗ such that

β∗Id ⩽ Ri ⩽ β∗Id, Λi ⩽ c∗Id
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for all i ∈ [N ] and N ⩾ 2, where Λi is the unique positive definite solution to the algebraic Riccati
equation (2.12).

(ii) There exist positive constants β1, β∗, β
∗, c∗, and c∗ such that for all i ∈ [N ] and N ⩾ 2,

β∗Id ⩽ Ri ⩽ β∗Id, 2Qi
ii ⩾ β1Id, c∗Id ⩽ Λi ⩽ c∗Id,

where Λi denotes the unique positive definite solution to the algebraic Riccati equation (2.12).

There are several sufficient conditions that ensure the eigenvalues of Λi are uniformly bounded above
and below, as required in Assumption 2.12. A standard approach is to construct matrix-valued sub- and
supersolutions for the algebraic Riccati equation (2.12). The following lemma formalizes such a condition.

Lemma 2.13. Let Assumption 2.6 hold. Suppose there exist constants 0 < c∗ ⩽ c∗ such that

(c∗)
2(Ri)−1 − c∗(A

i + (Ai)⊤) ⩽ 2Qi
ii ⩽ (c∗)2(Ri)−1 − c∗(Ai + (Ai)⊤)

for all i ∈ [N ] and N ⩾ 2. Then, the unique solution Λi to equation (2.12) satisfies

c∗Id ⩽ Λi ⩽ c∗Id

for all i ∈ [N ] and N ⩾ 2.

In the following lemma, we provide the corresponding uniform estimates for (2.14) and (2.15) in Lemma 2.7. In
addition, we show that the inferior limit of the right endpoint of the admissible interval for γ in Assumption 2.8
is strictly positive.

Lemma 2.14. Suppose Assumptions 2.6 and 2.12 hold. Then, the constants Ki, λi,KΛi , λΛi , defined implicitly
in Lemma 2.7, can be chosen independently of i and N . Moreover,

γ̄ := lim inf
N→∞

(λ(N))2

2(K(N))2∥R∥2
λR,min > 0, (2.23)

where K(N) and λ(N) are constants defined in (2.16), R is given in (2.17), and λR,min denotes the smallest
eigenvalue of R.

The proofs of Lemmas 2.13 and 2.14 are presented in Section 3. The next assumption strengthens
Assumption 2.8 to ensure it holds uniformly in N .

Assumption 2.15. Let Q and γ̄ be defined as in (2.17) and (2.23), respectively. Assume that there exists a
constant γ ∈ (0, γ̄), such that for all N ⩾ 2,

Q+
γ

2
INd ∈ SNd

++.

Moreover, suppose that the matrix Q is uniformly bounded above for all N ⩾ 2; that is, there exists a positive
constant β2 such that ∥Q∥ ⩽ β2 for all N ⩾ 2.

Corollary 2.16. Under Assumptions 2.4, 2.6, and 2.15, Proposition 2.10 holds for all N ⩾ 2.

2.2. The ergodic game

In this section, we build on the setting of the finite-horizon game and present the setup and the equivalent
results for the ergodic game, which was studied in [4]. In this setting, each player i ∈ [N ] aims to minimize a
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long-time average cost functional over the infinite time horizon [0,∞). Before introducing it, we set up the set
of admissible strategies in the ergodic game.

Definition 2.17 (Admissible strategies in the ergodic game). A strategy αi is called an admissible strategy in
the ergodic game if:

� It is adapted to (F i
t )t⩾0;

� For any t ⩾ 0, the expectations E[|αi(t)|2] and E[|Xi(t)|2] are finite, where (Xi(t))t⩾0 is the corresponding
state dynamics in (2.1);

� (Xi(t))t⩾0 is ergodic in the following sense: there exists a probability measure πi on Rd such that∫
Rd |x|2dπi(x) < ∞ and

lim
T→∞

1

T
E
[ ∫ T

0

h(Xi
t)dt

]
=

∫
Rd

h(x)dπi(x), (2.24)

locally uniformly with respect to the initial state xi
0 for all polynomial functions h of degree at most 2.

We denote by Ai[0,∞) the set of all admissible strategies for Player i in the ergodic game.

In the ergodic case, the initial state is irrelevant. However, for consistency with the finite-horizon formulation,
we present only the cost version that depends on the initial private state and the initial distributions of the
other players. The cost function for Player i ∈ [N ] is given by:

J i
∞(xi

0;η
−i
0 ,α) := lim inf

T→∞

1

T
E
[ ∫ T

0

(1
2
αi(t)⊤Riαi(t) + (X(t)− x̄i)

⊤Qi(X(t)− x̄i)
)
dt
]
. (2.25)

The associated ergodic value (function) of the ergodic game is defined as

Vi
∞(xi

0;η
−i
0 ) := J i

∞(xi
0;η

−i
0 ,α) := inf

α̂i∈Ai[0,∞)
J i
∞(xi

0;η
−i
0 , [α−i; α̂i]). (2.26)

The definition of Nash equilibrium in the ergodic game is equivalent to the one in the finite-horizon case, yet
for the completeness of presentation, we provide it here.

Definition 2.18 (Nash equilibrium in the ergodic game). Fix an initial distribution vector η0 = (η10 , . . . , η
N
0 )

and initial state vector of private realizations x0 ∈ RNd, where each xi
0 is sampled independently from ηi0. We

say that a strategy profile α = (α1, . . . , αN ) ∈
∏N

j=1 Aj [0,∞) is a Nash equilibrium in the ergodic game if for

every i ∈ [N ] and every α̂ ∈ Ai[0,∞),

J i
∞(xi

0;η
−i
0 , [α−i; α̂]) ⩾ J i

∞(xi
0;η

−i
0 ,α).

The stationary HJB-FP equations are given by, for i ∈ [N ],
tr(ςiD2vi(x)) +Hi(x,∇vi(x)) + f i(x;m−i) = ci, (HJB)

tr(ςiD2mi)− div
(
mi ∂H

i

∂p
(x,∇vi(x))

)
= 0. (FP)

(2.27)

A solution to this system is a triplet c = (c1, . . . , cN ) ∈ RN , v = (v1, . . . , vN ) : Rd → RN , and m =
(m1, . . . ,mN ) ∈ P(Rd). For each i, the two equations are coupled through a strategy profile (α(t))t⩾0, where
the strategy of Player i is defined by

αi(t) := ai,∗
(
∇vi(t,Xi(t))

)
,
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with Xi denoting the state process of Player i under the strategy profile α. The first equation is the ergodic
HJB equation, derived from a dynamic programming principle. Its solution is the couple ci and vi(x), where the
former stands for the value for Player i under the strategy profile α and is equal to Vi

∞(xi
0;η

−i
0 ) and, as expected

in ergodic problems, it is independent of the initial positions of the players. The relative value vi encodes the
“cost-to-go” from each state, reflecting both immediate costs and the asymptotic behavior of the system. While
it plays a role similar to the value function in the finite-horizon case, it is more accurately characterized as the
limit of value function differences in the discounted game as the discount rate approaches zero. The solution for
the second equation mi is the stationary distribution of Player i’s state under the strategy profile α.

Similarly to the finite-horizon case, we consider the system of stationary HJB-FP equations (2.27), which
admits solutions with {(vi,mi)}i∈[N ] of the following explicit form

vi(x) =
1

2
x⊤Λix+ (ρi)⊤x,

mi = N
(
µi, (Σi)−1

)
,

(2.28)

where Λi ∈ Sd, Σi ∈ Sd++, and µi, ρi ∈ Rd for all i ∈ [N ]. Consequently, the system of HJB-FP equations (2.27)
is linked to the following system of equations, which, in this case, are algebraic:



ΛiAi + (Ai)⊤Λi − Λi(Ri)−1Λi + 2Qi
ii = 0,

ΣiςiΣi +Σi
(
Ai − (Ri)−1Λi

)
= 0,(

Ai − (Ri)−1Λi
)
µi − (Ri)−1ρi = 0,

(Ai − (Ri)−1Λi)⊤ρi + 2F i
1(µ

−i) = 0,

tr(ςiΛi)− 1

2
(ρi)⊤(Ri)−1ρi + F i

0(µ
−i,Σi) = ci.

(2.29)

The solution to the above system is {Λi,Σi, µi, ρi, ci : i ∈ [N ]} with ci ∈ R for all i ∈ [N ]. In the system of
equations (2.29), the coefficients {F i

1, F
i
0 : i ∈ [N ]} are also derived from the running cost functional and are

explicitly given in (2.10).

Remark 2.19. It is worth noting that the system of algebraic equations (2.29) is equivalent to the one obtained
in the work of Bardi and Priuli [4], namely:



Λi = Ri(ςiΣi +Ai),

ρi = −RiςiΣiµi,

ΣiςiRiςiΣi − (Ai)⊤RiAi = 2Qi
ii,

−ΣiςiRiςiΣiµi = 2F i
1(µ

−i),

1

2
(µi)⊤ΣiςiRiςiΣiµi − tr(ςiRiςiΣi + ςiRiAi) + ci = F i

0(µ
−i,Σi).

We begin with the equation for Σi in (2.29). Since Σi is positive definite, we readily obtain Λi = Ri(ςiΣi +Ai).
Next, from the third equation for µi in (2.29) and using the identity

Ai − (Ri)−1Λi = −ςiΣi,
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we derive ρi = −RiςiΣiµi. Substituting the identity Λi = Ri(ςiΣi +Ai) into the first equation for Λi in (2.29),
and applying the symmetry relation

Ri(ςiΣi +Ai) = (Σiςi + (Ai)⊤)Ri,

we obtain the equation

ΣiςiRiςiΣi − (Ai)⊤RiAi = 2Qi
ii.

Similarly, by plugging ρi = −RiςiΣiµi into the fourth equation of (2.29) and using the identity (Ai −
(Ri)−1Λi)⊤ = −Σiςi again, we deduce

−ΣiςiRiςiΣiµi = 2F i
1(µ

−i).

Finally, using the previously established expressions for Λi and ρi, it is immediate that the last equation in
(2.29) is equivalent to

1

2
(µi)⊤ΣiςiRiςiΣiµi − tr(ςiRiςiΣi + ςiRiAi) + ci = F i

0(µ
−i,Σi).

In order to obtain the unique solvability of the algebraic system (2.29) and to derive the corresponding
results for the ergodic game in N -player games, we introduce the following assumption. To proceed, we define
the matrix M ∈ RNd×Nd as

M = (Mij)i,j∈[N ], Mij = Qi
ij +

1

2
δij(A

i)⊤RiAi ∈ Rd×d, (2.30)

where δij is the Kronecker delta.

Assumption 2.20. For each i ∈ [N ], every symmetric and positive definite solution Σ of the algebraic Riccati
equation

ΣςiRiςiΣ− (Ai)⊤RiAi = 2Qi
ii

is also a solution to the Sylvester equation

ΣςiRi −RiςiΣ = RiAi − (Ai)⊤Ri.

Moreover, the block matrix M in (2.30) is invertible.

Remark 2.21. Assumption 2.20 is adopted from [4] to guarantee the solvability of the algebraic system (2.29).
The condition on the solution to the algebraic Riccati equation for Σ is imposed to ensure that Λi is symmetric
for each i ∈ [N ]. In addition, the condition on the matrix M is required to guarantee the unique solvability of
{µi : i ∈ [N ]}.

Based on the assumptions introduced above, we now establish the following results concerning the ergodic
game in the context of N -player interactions. These results were originally proved in [4], Theorem 3.1.

Proposition 2.22. Suppose that the N -player game with dynamics given by (2.1) and cost functionals defined
in (2.25) satisfies Assumptions 2.6 and 2.20, then the following facts hold:

(i) (System of algebraic equations) There exists a unique solution {Λi,Σi, µi, ρi, ci : i ∈ [N ]} to the system of
algebraic equations (2.29). In addition, Λi ∈ Sd++ for all i ∈ [N ].
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(ii) (HJB-FP and Nash equilibrium) The system of stationary HJB-FP equations (2.27) admits a unique
solution {(vi,mi, ci) : i ∈ [N ]} in the form of (2.28). Moreover, the strategy profile

αi(t) = ai,∗(∂xv
i(Xi(t))) = (Ri)−1∂xv

i(Xi(t))

= (Ri)−1ΛiXi(t) + (Ri)−1ρi, t ⩾ 0, i ∈ [N ],
(2.31)

is a Nash equilibrium with open-loop feedback strategies in the ergodic game, where ai,∗ is given in (2.5),
and (Xi(t))t⩾0 is the corresponding equilibrium state path governed by the SDE{

dXi(t) =
(
(Ai − (Ri)−1Λi)Xi(t)− (Ri)−1ρi

)
dt+ σidW i(t), t ⩾ 0,

Xi(0) = xi
0.

(2.32)

This SDE admits an explicit solution:

Xi(t) = e(A
i−(Ri)−1Λi)txi

0 −
∫ t

0

e(A
i−(Ri)−1Λi)(t−s)(Ri)−1ρids

+

∫ t

0

e(A
i−(Ri)−1Λi)(t−s)σidW i(s), ∀t ⩾ 0.

Furthermore, for each i ∈ [N ], the equilibrium state process Xi of Player i in (2.32) satisfies

mi(t) = P ◦ (Xi(t))−1, ∀t ⩾ 0,

where mi is the solution to the FP equation in (2.27), i.e., the invariant measure of Xi coincides with the
measure mi.

(iii) (Value and relative value) For each i ∈ [N ], the relative value function of Player i in the ergodic game is
given explicitly by

vi(x) =
1

2
x⊤Λix+ (ρi)⊤x,

and the value of Player i is

Vi
∞(x;m−i

0 ) = ci = tr(ςiΛi)− 1

2
(ρi)⊤(Ri)−1ρi + F i

0(µ
−i,Σi), ∀x ∈ Rd,

where {Λi,Σi, ρi, µi : i ∈ [N ]} is the solution to the system (2.29).

Remark 2.23. The solvability of the algebraic system (2.29), as well as the characterization of the value Vi
∞

for the i-th player in the N -player game over infinite-horizon, were established in [4] under Assumptions 2.6
and 2.20. In Proposition 2.22, we present and summarize the equilibrium strategy and equilibrium path for each
player in the ergodic game. These results will serve as fundamental building blocks in the proof of turnpike
properties in this paper.

2.3. The turnpike results

This section includes the main results of this work. To establish the desired turnpike properties for the pairs of
equilibrium strategies and equilibrium state trajectories arising from the finite-horizon and ergodic formulations
of the N -player differential game, it is crucial to analyze the convergence of the solutions to the systems (2.9)
and (2.29).
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To this end, we begin by establishing the convergence results between the solutions to the systems (2.9)
and (2.29) in the following proposition. Specifically, we provide essential estimates for the parameter functions
Λi
T ,Σ

i
T , µ

i
T and ρiT encountered in the finite-horizon game (2.3), as well as the corresponding constant matrices

and vectors Λi,Σi, µi and ρi arising in the ergodic game (2.26). We anticipate a natural convergence between
these quantities. Moreover, these estimates constitute the principal technical challenge for proving the turnpike
properties. The detailed and rigorous proof is deferred to Section 5.

To proceed, we denote vectors ρ̂(t) ∈ RNd and µ̂(t) ∈ RNd

ρ̂(t) :=


ρ1T (t)− ρ1

ρ2T (t)− ρ2

...

ρNT (t)− ρN

 , µ̂(t) :=


µ1
T (t)− µ1

µ2
T (t)− µ2

...

µN
T (t)− µN


for all t ∈ [0, T ], and introduce the following assumption, which is required for uniform-in-N results.

Assumption 2.24. There exists a constant β3 > 0 such that for all i ∈ [N ] and N ⩾ 2, the quantities

max
j∈[N ]

|x̄i
j |, ∥ςi∥, ∥(Σi

0)
−1∥, |µi

0|, ∥(Σi)−1∥, |µi|, |ρi|

and

N∑
i=1

sup
j ̸=i

∥Qi
ij∥,

N∑
i=1

∑
j ̸=i

sup
k ̸=j,i

∥Qi
jk∥,

N∑
i=1

∑
k ̸=i

sup
j ̸=k,i

∥Qi
jk∥,

∑
j ̸=i

∥Qi
jj∥,

N∑
i=1

sup
j ̸=i

∥Qi
jj∥

are all bounded above by β3, where {Σi, µi, ρi : i ∈ [N ]} is the solution to the corresponding subsystem in the
algebraic system (2.29).

Proposition 2.25. Fix N ⩾ 2, and suppose that Assumptions 2.6, 2.8, and 2.20 hold. Let {Λi
T ,Σ

i
T , µ

i
T , ρ

i
T :

i ∈ [N ]} denote the solution to the system of equations (2.9), and let {Λi,Σi, µi, ρi : i ∈ [N ]} be the solution to

the algebraic system (2.29). Then, there exist some constants K̂(N) > 0 and λ̂(N) > 0, independent of t and T ,
such that the following exponential convergence estimates hold:

sup
i∈[N ]

∥Λi
T (t)− Λi∥ ⩽ K̂(N)e−λ̂(N)(T−t), (2.33)

sup
i∈[N ]

∥(Σi
T (t))

−1 − (Σi)−1∥ ⩽ K̂(N)
(
e−λ̂(N)t + e−λ̂(N)(T−t)

)
, (2.34)

and

sup
i∈[N ]

(
|µi

T (t)− µi|+ |ρiT (t)− ρi|
)
⩽ K̂(N)

(
e−λ̂(N)t + e−λ̂(N)(T−t)

)
(2.35)

for all T and t ∈ [0, T ].
Moreover, if in addition, Assumptions 2.12, 2.15, and 2.24 hold, then we get the existence of constants

K̂ > 0 and λ̂ > 0, independent of t, T , and N , such that the following exponential convergence estimates hold



TURNPIKE PROPERTIES IN LQG N-PLAYER DIFFERENTIAL GAMES 19

uniformly in N :

sup
N

sup
i∈[N ]

∥Λi
T (t)− Λi∥ ⩽ K̂e−λ̂(T−t), (2.36)

sup
N

sup
i∈[N ]

∥(Σi
T (t))

−1 − (Σi)−1∥ ⩽ K̂
(
e−λ̂t + e−λ̂(T−t)

)
, (2.37)

and

sup
N

1√
N

(
|µ̂(t)|+ |ρ̂(t)|

)
⩽ K̂

(
e−λ̂t + e−λ̂(T−t)

)
(2.38)

for all T and t ∈ [0, T ].

Remark 2.26. The most technical part of the proof of Proposition 2.25 involves deriving estimates between
the solution to subsystems {µi

T , ρ
i
T : i ∈ [N ]} and {µi, ρi : i ∈ [N ]}. In this proof, we utilize techniques inspired

by the works of [54] and [52]. The detailed steps of the proof are provided in Section 5.

The convergence results established in Proposition 2.25 reveal the following interesting connection between
the value function Vi

T associated with the finite-horizon game and the value ci arising in the ergodic game for
each player i ∈ [N ].

Corollary 2.27. Fix N ⩾ 2 and suppose that Assumptions 2.4, 2.6, 2.8, and 2.20 hold. Then, for all x ∈ Rd

and i ∈ [N ],

lim
T→∞

1

T
Vi
T (0, x;m

−i
0 ) = ci, (2.39)

where Vi
T (0, x;m

−i
0 ), given explicitly in (2.22), denotes the value function of Player i for the finite-horizon game,

and ci represents the value of the i-th player obtained from the solution to the system of algebraic equations
(2.29).

Moreover, if in addition, Assumptions 2.12, 2.15, and 2.24 hold, then the following limit holds in a uniform
way:

lim
T→∞

sup
N

1

N

N∑
i=1

∣∣∣ 1
T
Vi
T (0, x;m

−i
0 )− ci

∣∣∣ = 0. (2.40)

We now present the main result of this paper: a turnpike property that characterizes the relationship between
the pairs of equilibrium strategies and equilibrium states of the finite-horizon game (2.3) and those of the ergodic
game (2.26).

Theorem 2.28. Fix N ⩾ 2 and suppose that Assumptions 2.4, 2.6, 2.8, and 2.20 hold. For each i ∈ [N ], let
(Xi

T , α
i
T ) denote the equilibrium pair for the finite-horizon game given in (2.18)–(2.19), and let (Xi, αi) be the

equilibrium pair for the ergodic game defined in (2.31)–(2.32) . Both processes Xi
T and Xi are defined on the

same probability space and are driven by the same Brownian motion. Then, there exist some constants K̃(N) > 0
and λ̃(N) > 0, independent of t and T , such that

sup
i∈[N ]

E
[∣∣Xi

T (t)−Xi(t)
∣∣2 + ∣∣αi

T (t)− αi(t)
∣∣2] ⩽ K̃(N)

(
e−λ̃(N)t + e−λ̃(N)(T−t)

)
(2.41)

for all T and t ∈ [0, T ].
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Moreover, if in addition, Assumptions 2.12, 2.15, and 2.24 hold, then we get the existence of constants K̃ > 0
and λ̃ > 0, independent of t, T , and N , such that the following exponential convergence estimate holds uniformly
in N :

sup
N

1

N
E
[∣∣XT (t)−X(t)

∣∣2 + ∣∣αT (t)−α(t)
∣∣2] ⩽ K̃

(
e−λ̃t + e−λ̃(T−t)

)
(2.42)

for all T and t ∈ [0, T ], where XT (t) := (X1
T (t), . . . , X

N
T (t)), X(t) := (X1(t), . . . , XN (t)), αT (t) :=

(α1
T (t), . . . , α

N
T (t)), and α(t) := (α1(t), . . . , αN (t)) are all valued in RNd.

The proofs of Corollary 2.27 and Theorem 2.28 are presented in Section 6.

2.4. Examples

So far we have used some abstract conditions in Assumptions 2.8, 2.12, 2.15, 2.20, and 2.24 to ensure
the solvability of the systems of equations (2.9) and (2.29), and to establish the turnpike results presented in
Section 2.3. In this section, we borrow examples from [4] and demonstrate that these assumptions can be readily
verified in certain settings.

2.4.1. Example 1: Symmetric system

Consider an N -player game with dynamics (2.1) and cost functional (2.2) and suppose that Assumptions 2.4
and 2.6 hold. Moreover, we assume the players are nearly identical in the sense of [4], Definition 4.2. Specifically,
for all i ∈ [N ], the following conditions are satisfied:

� Ai = A ∈ Sd, σi = σ = a1Id with a1 ∈ R \ {0};
� Ri = R = a2Id with a2 > 0;
� Qi is given as following: Qi

ii = Q > 0, and

Qi
ij = B ⩾ 0, Qi

jj = Ci, ∀j ̸= i,

Qi
jk = Di, j, k ̸= i, j ̸= k.

The players are not fully identical, as the secondary displacement cost terms Ci and Di may differ across
individuals.

Under this setting, we can verify that Assumption 2.20 is satisfied. In particular, the algebraic Riccati equation

ΣςiRiςiΣ− (Ai)⊤RiAi = 2Qi
ii

can be reduced to

Σ2 =
1

a41a2
(2Q+ a2A

2),

and it is straightforward to verify that the Sylvester equation

ΣςiRi −RiςiΣ = RiAi − (Ai)⊤Ri

is always satisfied. Moreover, from the definition of M and Mij in (2.30), we have

Mij =

{
B, if j ̸= i,

Q+ a2

2 A2, if j = i.

which implies that the block matrix M is invertible.
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To verify the condition c∗Id ⩽ Λi ⩽ c∗Id in Assumption 2.12, it suffices to require that

(c∗)
2

a2
Id − 2c∗A ⩽ 2Q ⩽

(c∗)2

a2
Id − 2c∗A

as shown in Lemma 2.13.
We now check Assumptions 2.8 and 2.15. Under the structure specified above, and using the definition of Q

in (2.17), we obtain that

Q =


0 B · · · B

B 0 · · · B
...

... · · ·
...

B B · · · 0

 =


0 Id · · · Id

Id 0 · · · Id
...

... · · ·
...

Id Id · · · 0

⊗B =


0 1 · · · 1

1 0 · · · 1
...

... · · ·
...

1 1 · · · 0

⊗ Id ⊗B,

where ⊗ denotes the Kronecker product. Therefore, by assuming that the largest eigenvalue of the matrix B is
sufficiently small and of order O(N−1), we ensure that Assumptions 2.8 and 2.15 are satisfied.

To further ensure that the condition on Qi in Assumption 2.24 holds, we require that

N∥B∥, (N − 1)∥Ci∥,
N∑
i=1

∥Ci∥, (N − 1)

N∑
i=1

∥Di∥

are all uniformly bounded with respect to N for all i ∈ [N ]. This implies that the largest eigenvalues of the
matrices B and {Ci : i ∈ [N ]} must be of order O(N−1).

2.4.2. Example 2: Consensus models

As in Example 1, we assume that Assumptions 2.4 and 2.6 are satisfied. In this section, we consider a class
of simple consensus models in multi-player systems, where each player aims to minimize their deviation from
the rest of the group. Specifically, the cost function F i is defined as

F i(X(t)) =
1

N − 1

∑
j ̸=i

(Xi(t)−Xj(t))⊤Q(Xi(t)−Xj(t)), ∀i ∈ [N ],

where Q ∈ Sd++. Under this formulation, each player seeks a position as close as possible to the positions of the
other players. In this case, the corresponding matrix Qi for each i ∈ [N ] is specified by Qi

ii = Q and

Qi
ij = − 1

N − 1
Q, Qi

jj =
1

N − 1
Q, ∀j ̸= i,

Qi
jk = 0, j, k ̸= i, j ̸= k.

Moreover, the reference states are set to zero, i.e., x̄j
i = 0 for all i, j ∈ [N ].

We also assume that the dynamics and cost structure are identical for all players, so that the players are
identical. For simplicity, for all i ∈ [N ], we still consider the following conditions are satisfied:

� Ai = A ∈ Sd, σi = σ = a1Id with a1 ∈ R \ {0};
� Ri = R = a2Id with a2 > 0.
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Under this setting, Assumption 2.20 can be verified in the same manner. By the definition of M and Mij in
(2.30), we obtain

Mij =

{
− 1

N−1Q, if j ̸= i,

Q+ a2

2 A2, if j = i,

thus M is a strictly diagonally dominant block matrix, which implies that M is invertible. Consequently, by
the result of Remark 2.19, the equation for µ = (µ1, . . . , µN ) in system (2.29) admits a unique solution, which
satisfies µi = 0 ∈ Rd for all i ∈ [N ].

Similarly to Example 1, by the result in Lemma 2.13, to verify the condition c∗Id ⩽ Λi ⩽ c∗Id in
Assumption 2.12, it suffices to require that

(c∗)
2

a2
Id − 2c∗A ⩽ 2Q ⩽

(c∗)2

a2
Id − 2c∗A.

Moreover, in this consensus setting, the block matrix Q in (2.17) can be simplified to

Q = − 1

N − 1


0 1 · · · 1

1 0 · · · 1
...

... · · ·
...

1 1 · · · 0

⊗ Id ⊗Q.

Hence, by assuming that the eigenvalues of Q are sufficiently small, Assumptions 2.8 and 2.15 can be ensured.
Finally, based on the definition of Qi in the consensus models, it is straightforward to verify that the following

quantities

N∑
i=1

sup
j ̸=i

∥Qi
ij∥,

N∑
i=1

∑
j ̸=i

sup
k ̸=j,i

∥Qi
jk∥,

N∑
i=1

∑
k ̸=i

sup
j ̸=k,i

∥Qi
jk∥,

∑
j ̸=i

∥Qi
jj∥,

N∑
i=1

sup
j ̸=i

∥Qi
jj∥

are all uniform bounded with respect to N , which is required in Assumption 2.24.

3. Proof of preliminary results

In this section, we provide the proofs of several preliminary results, including Lemma 2.13 and Lemma 2.14.
Moreover, building upon Lemma 2.7 and these results, we derive both non-uniform and uniform estimates for

the norm of the matrix exponential e
∫ t
0
(Ai−(Ri)−1Λi

T (s))ds in Lemma 3.1 below. The non-uniform and uniform
bounds are used in the proofs of Proposition 2.10 and Proposition 2.25, respectively.

First, we present the proof of Lemma 2.13.

Proof of Lemma 2.13. We begin by considering the candidate Λ∗ = c∗Id, and evaluate it through the algebraic
Riccati equation (2.12). A straightforward computation yields

Λ∗A
i + (Ai)⊤Λ∗ − Λ∗(R

i)−1Λ∗ + 2Qi
ii = 2Qi

ii + c∗(A
i + (Ai)⊤)− (c∗)

2(Ri)−1 ⩾ 0,

which implies that Λ∗ = c∗Id serves as a subsolution to the equation (2.12). By the comparison theorem for
algebraic Riccati equations, see [66], Theorem 9.1.1, we deduce that

c∗Id = Λ∗ ⩽ Λi, ∀i ∈ [N ] and N ⩾ 2.
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Analogously, we examine the upper bound candidate Λ∗ = c∗Id, for which

Λ∗Ai + (Ai)⊤Λ∗ − Λ∗(Ri)−1Λ∗ + 2Qi
ii = 2Qi

ii + c∗(Ai + (Ai)⊤)− (c∗)2(Ri)−1 ⩽ 0,

establishing that Λ∗ = c∗Id is a supersolution to the equation (2.12). By the comparison theorem for algebraic
Riccati equations again, we derive that

Λi ⩽ Λ = c∗Id, ∀i ∈ [N ] and N ⩾ 2.

Therefore, the solution Λi to (2.12) satisfies the uniform bounds

c∗Id ⩽ Λi ⩽ c∗Id, ∀i ∈ [N ] and N ⩾ 2.

Next, we prove Lemma 2.14, which provides uniform-in-N estimates for the norm of the matrix exponential
e(A

i−(Ri)−1Λi)t and the deviation Λi
T (t)− Λi.

Proof of Lemma 2.14. First, we establish the uniform estimate for the norm of the matrix exponential
e(A

i−(Ri)−1Λi)t under Assumption 2.6 and Assumption 2.12 (i). Since Ri and Λi are positive definite matri-
ces, by Assumption 2.12 (i), the matrix Ai − (Ri)−1Λi is uniform Hurwitz, i.e., the real part of every eigenvalue
λi of A

i − (Ri)−1Λi satisfies ℜ(λi) ⩽ −c̄. Let λ∗ = c̄. It follows that there exists K∗
1 > 0, independent of t, T

and N , such that

sup
N

sup
i∈[N ]

∥∥e(Ai−(Ri)−1Λi)t
∥∥ ⩽ K∗

1e
−λ∗t, ∀t ⩾ 0. (3.1)

Next, we recover the uniform estimate (3.1), with potentially different constants K∗
1 and λ∗, under

Assumption 2.6 and Assumption 2.12 (ii). From equation (2.12), we have

Λi(Ai − (Ri)−1Λi) + (Ai − (Ri)−1Λi)⊤Λi = −Λi(Ri)−1Λi − 2Qi
ii ⩽ −β1Id

for all i ∈ [N ] and N ⩾ 2, since Ri is positive definite and 2Qi
ii ⩾ β1Id by Assumption 2.6 and Assumption 2.12

(ii). Consider the following ODE which is valued in Rd:

d

dt
xi(t) = (Ai − (Ri)−1Λi)xi(t).

Then, the derivative of the quadratic form ⟨Λixi(t), xi(t)⟩ satisfies

d

dt
⟨Λixi(t), xi(t)⟩

= ⟨Λi(Ai − (Ri)−1Λi)xi(t), xi(t)⟩+ ⟨Λixi(t), (Ai − (Ri)−1Λi)xi(t)⟩
⩽ − β1|xi(t)|2, ∀t ⩾ 0,

for all i ∈ [N ] and N ⩾ 2. From Assumption 2.12 (ii), it is clear that

c∗|xi(t)|2 ⩽ (xi(t))⊤Λixi(t) ⩽ c∗|xi(t)|2, ∀t ⩾ 0.
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Combining these inequalities, we obtain

−β1|xi(t)|2 ⩽ −β1

c∗
(xi(t))⊤Λixi(t),

which implies that

d

dt

(
(xi(t))⊤Λixi(t)

)
⩽ −β1

c∗
(xi(t))⊤Λixi(t).

Hence, we derive the following inequalities

c∗|xi(t)|2 ⩽ (xi(t))⊤Λixi(t) ⩽ (xi(0))⊤Λixi(0)e−
β1
c∗ t, ∀t ⩾ 0.

Let Φi denote the fundamental solution to the matrix ODE

d

dt
Φi(t) = (Ai − (Ri)−1Λi)Φi(t), Φi(0) = Id. (3.2)

Then we obtain the uniform exponential estimate

∥Φi(t)∥ =
∥∥e(Ai−(Ri)−1Λi)t

∥∥ ⩽
1

c∗
∥Λi∥e−

β1
c∗ t ⩽

c∗

c∗
e−

β1
c∗ t, ∀t ⩾ 0,

for all i ∈ [N ] and N ⩾ 2. By choosing K∗
1 = c∗

c∗
and λ∗ = β1

c∗ , we arrive at the uniform estimate (3.1).

Then, following the approach of [38], we establish a uniform estimate for the norm of Λi
T (t) − Λi by using

the exponential estimate (3.1). Define the deviation

Λ̂i(t) = Λi
T (t)− Λi, ∀t ∈ [0, T ], i ∈ [N ].

Then, from the equations (2.11) and (2.12), we deduce that


d

dt
Λ̂i(t) + Λ̂i(t)(Ai − (Ri)−1Λi) + (Ai − (Ri)−1Λi)⊤Λ̂i(t)− Λ̂i(t)(Ri)−1Λ̂i(t) = 0,

Λ̂i(T ) = −Λi.

Let Λ̃i(t) = Λ̂i(T − t) for all t ∈ [0, T ] and i ∈ [N ]. It follows that


d

dt
Λ̃i(t) = Λ̃i(t)(Ai − (Ri)−1Λi) + (Ai − (Ri)−1Λi)⊤Λ̃i(t)− Λ̃i(t)(Ri)−1Λ̃i(t),

Λ̃i(0) = −Λi.

Then, using the chain rule and the ODE (3.2), we compute

d

ds

(
(Φi(s))⊤Λ̃i(t− s)Φi(s)

)
= (Φi(s))⊤Λ̃i(t− s)(Ri)−1Λ̃i(t− s)Φi(s)



TURNPIKE PROPERTIES IN LQG N-PLAYER DIFFERENTIAL GAMES 25

for all 0 ⩽ s ⩽ t ⩽ T . Consequently, integrating the above identity from s to t,

Λ̃i(t− s) =
(
Φi(t)(Φi(s))−1

)⊤
Λ̃i(0)Φi(t)(Φi(s))−1

−
∫ t

s

(
Φi(r)(Φi(s))−1

)⊤
Λ̃i(t− r)(Ri)−1Λ̃i(t− r)Φi(r)(Φi(s))−1dr.

Taking s = 0 yields

Λ̃i(t) = (Φi(t))⊤Λ̃i(0)Φi(t)−
∫ t

0

(Φi(r))⊤Λ̃i(t− r)(Ri)−1Λ̃i(t− r)Φi(r)dr

⩽ (Φi(t))⊤Λ̃i(0)Φi(t)

as Ri is positive definite. Using the estimate (3.1), we conclude that

sup
N

sup
i∈[N ]

∥Λ̃i(t)∥ ⩽ sup
N

sup
i∈[N ]

(
K∗

1e
−λ∗t

)2∥Λ̃i(0)∥ ⩽ c∗
(
K∗

1

)2
e−2λ∗t ⩽ K∗

2e
−2λ∗t

for all t ∈ [0, T ], where we set K∗
2 := c∗(K∗

1 )
2. Hence, by the definition of Λ̃i, we obtain the desired estimate

that

sup
N

sup
i∈[N ]

∥Λi
T (t)− Λi∥ ⩽ K∗

2e
−2λ∗(T−t), ∀0 ⩽ t ⩽ T. (3.3)

Finally, we show that the inferior limit of the right endpoint of the admissible interval for γ in Assumption 2.8
is strictly positive. By the definition of K(N) and λ(N) in (2.16), and using the uniform lower bound Ri ⩾ β∗Id
for all i ∈ [N ] and N ⩾ 2 from Assumption 2.12, we have

K(N) = K∗
1e

K∗
2

2β∗λ∗ , λ(N) = λ∗

in this case, which are both independent of N . In addition, by the uniform boundedness of Ri in Assumption 2.12
again, it is clear that

γ̄ := lim inf
N→∞

(λ(N))2

2(K(N))2∥R∥2
λR,min > 0.

Moreover, we obtain the inequality

γ̄ <
(λ∗)2

2(K∗
1 )

2∥R∥2
λR,min.

To proceed, for any t ∈ [0, T ], we define the block-diagonal matrix ĀT (t) ∈ RNd×Nd by

ĀT (t) :=


Ā1

T (t) 0 · · · 0

0 Ā2
T (t) · · · 0

...
...

...
...

0 0 · · · ĀN
T (t)

 , (3.4)
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where Āi
T (t) := (Ai − (Ri)−1Λi

T (t))
⊤ for all i ∈ [N ] and t ∈ [0, T ], with Λi

T being the solutions to (2.11). We

now establish both non-uniform and uniform estimates for the norm of the matrix exponential e
∫ t
0
Āi

T (s)ds in the
following lemma. The uniform bound plays a crucial role in the subsequent analysis of the unique solvability of
the subsystem in (2.9) governing {ρiT , µi

T : i ∈ [N ]}.

Lemma 3.1. Fix N ⩾ 2. Under Assumption 2.6, the following estimate holds for all i ∈ [N ]:

∥∥e∫ s
t
Āi

T (r)dr
∥∥ ⩽ K(N)e−λ(N)(s−t), ∀0 ⩽ t ⩽ s ⩽ T, (3.5)

where K(N) and λ(N) are defined in (2.16). As a consequence, we obtain the corresponding estimate for the
block-diagonal matrix exponential:∥∥e∫ s

t
ĀT (r)dr

∥∥ ⩽ K(N)e−λ(N)(s−t), ∀0 ⩽ t ⩽ s ⩽ T. (3.6)

If in addition, Assumption 2.12 holds, then there exists a positive constant K∗
3 , independent of t, s, T , and

N , such that

sup
N

sup
i∈[N ]

∥∥e∫ s
t
Āi

T (r)dr
∥∥ ⩽ K∗

3e
−λ∗(s−t), ∀0 ⩽ t ⩽ s ⩽ T, (3.7)

where λ∗ is from the estimate (3.1). Consequently, the corresponding estimate for the block-diagonal matrix
exponential holds: ∥∥e∫ s

t
ĀT (r)dr

∥∥ ⩽ K∗
3e

−λ∗(s−t), ∀0 ⩽ t ⩽ s ⩽ T (3.8)

for all N ⩾ 2.

Proof. From the estimate (2.15) in Lemma 2.7, for each i ∈ [N ], there exist positive constants KΛi and λΛi ,
independent of t and T , such that∥∥Λi

T (t)− Λi
∥∥ ⩽ KΛie−λΛi (T−t), ∀0 ⩽ t ⩽ T.

Thus, applying the estimate (2.14), for each i ∈ [N ], we derive that∥∥e∫ s
t
(Ai−(Ri)−1Λi

T (r))dr
∥∥ =

∥∥e∫ s
t
(Ri)−1(Λi−Λi

T (r))dre(A
i−(Ri)−1Λi)(s−t)

∥∥
⩽ Kie

−λi(s−t)
∥∥e∫ s

t
(Ri)−1(Λi−Λi

T (r))dr
∥∥

⩽ Kie
−λi(s−t)e∥(R

i)−1∥
∫ s
t
KΛie

−λ
Λi (T−r)

dr

⩽ Kie
K

Λi
λ
Λi

∥(Ri)−1∥
e−λi(s−t)

for all 0 ⩽ t ⩽ s ⩽ T . By the definition of K(N) and λ(N) in (2.16), we conclude the estimate (3.5). Recalling
the definition of ĀT in (3.4) and Āi

T (t) = (Ai − (Ri)−1Λi
T (t))

⊤ for all i ∈ [N ] and t ∈ [0, T ], the proof of the
desired estimate (3.6) is thus completed.

Using a similar argument as above, together with the results from Lemma 2.14, and noting that Ri ⩾ β∗Id

for all i ∈ [N ] and N ⩾ 2, we may choose the constant K∗
3 =: K∗

1e
K∗

2
2β∗λ∗ such that

sup
N

sup
i∈[N ]

∥∥e∫ s
t
(Ai−(Ri)−1Λi

T (r))dr
∥∥ ⩽ K∗

3e
−λ∗(s−t)
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for all 0 ⩽ t ⩽ s ⩽ T . This completes the proof of estimate (3.7). Then, the estimate (3.8) follows directly from
the definition of ĀT in (3.4) and Āi

T (t) = (Ai − (Ri)−1Λi
T (t))

⊤ for all i ∈ [N ] and t ∈ [0, T ].

4. Proof of Proposition 2.10: Solvability of the
finite-horizon game

In this section, we provide a step-by-step proof of Proposition 2.10. We begin in Section 4.1 by establishing
the unique solvability of the coupled system (2.9), thereby proving part (i) of the proposition. Building on
this result, Section 4.2 addresses the unique solvability of the finite-horizon HJB-FP system (2.6) in the form
of (2.7). We then derive the equilibrium strategy and the corresponding equilibrium state trajectory for each
player, thus completing the proof of part (ii). Finally, in Section 4.3, we characterize the value function for each
player in the finite-horizon game, which concludes the proof of part (iii).

4.1. Proof of part (i) of Proposition 2.10

We now establish the solvability of the system of equations (2.9), which arises in the analysis of the
finite-horizon game (2.3), under Assumptions 2.6 and 2.8. Our analysis follows the approach outlined in
Remark 2.11.

Throughout the following analysis in this section, we use K and λ to denote two generic positive constants
that are independent of t and T , and may vary from line to line. When necessary, we write K(N) to emphasize
the dependence of the constant K on the number of players N .

Recall that we proved the unique solvability of Λi
T in (2.11) for each i ∈ [N ] in Lemma 2.7. Next, given that

Λi
T is the solution to (2.11) for each i ∈ [N ], we proceed to establish the unique solvability of Σi

T in the system
of ODEs (2.9).

Lemma 4.1. Let Assumption 2.6 hold and Λi
T be the solution to (2.11). Then, for each i ∈ [N ], the ODE


d

dt
Σi

T (t) + 2Σi
T (t)ς

iΣi
T (t) + 2Σi

T (t)
(
Ai − (Ri)−1Λi

T (t)
)
= 0,

Σi
T (0) = Σi

0 ∈ Sd++

(4.1)

admits a unique positive definition Σi
T ∈ C([0, T ];Sd++).

Proof. Taking the transpose of on both sides of (4.1), we obtain the following equation:

d

dt
Σi

T (t) + 2Σi
T (t)ς

iΣi
T (t) + 2

(
Ai − (Ri)−1Λi

T (t)
)⊤

Σi
T (t) = 0,

which implies the symmetry condition

Σi
T (t)

(
Ai − (Ri)−1Λi

T (t)
)
=
(
Ai − (Ri)−1Λi

T (t)
)⊤

Σi
T (t).

Recall that Āi
T (t) = (Ai − (Ri)−1Λi

T (t))
⊤ for all i ∈ [N ] and t ∈ [0, T ], the ODE for Σi

T can be rewritten as

d

dt
Σi

T (t) + 2Σi
T (t)ς

iΣi
T (t) + Σi

T (t)(Ā
i
T (t))

⊤ + Āi
T (t)Σ

i
T (t) = 0, Σi

T (0) = Σi
0.
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Define Σ̄i
T (t) = Σi

T (T − t). We derive the backward form of the equation satisfied by Σ̄i
T as follows:


d

dt
Σ̄i

T (t)− Σ̄i
T (t)(Ā

i
T (t))

⊤ − Āi
T (t)Σ̄

i
T (t)− 2Σ̄i

T (t)ς
iΣ̄i

T (t) = 0,

Σ̄i
T (T ) = Σi

0.

Since ςi > 0 and Σi
0 > 0 for each i ∈ [N ], it follows from Theorem 7.2 in Chapter 6 of [64] that the backward

equation for Σ̄i
T admits a unique solution in C([0, T ];Sd++). Consequently, the original forward equation (4.1)

also admits a unique solution in C([0, T ];Sd++).

In what follows, we focus on the proof of the unique solvability of the subsystem in (2.9) governing {ρiT , µi
T :

i ∈ [N ]}. This system corresponds to the third and fourth lines in (2.9). It is important to note that this
subsystem forms a fully coupled forward-backward system of ODEs, whose solvability is inherently nontrivial
and requires a careful and rigorous analysis.

Lemma 4.2. Let Assumptions 2.6 and 2.8 hold, and let Λi
T be the solution to (2.11) for each i ∈ [N ]. Then,

there exists a unique solution {ρiT , µi
T : i ∈ [N ]} to the following fully coupled forward backward system of ODEs


d

dt
ρiT (t) +

(
Ai − (Ri)−1Λi

T (t)
)⊤

ρiT (t) + 2F i
1(µ

−i
T (t)) = 0,

d

dt
µi
T (t)−

(
Ai − (Ri)−1Λi

T (t)
)
µi
T (t) + (Ri)−1ρiT (t) = 0,

ρiT (T ) = 0 ∈ Rd, µi
T (0) = µi

0 ∈ Rd,

(4.2)

where

F i
1(µ

−i
T (t)) = −Qi

iix̄
i
i +
∑
j ̸=i

Qi
ij

(
µj
T (t)− x̄j

i

)
.

Proof. The proof consists of two parts: the existence and uniqueness of the solution.

Existence. To obtain the solvability of the system of equations (4.2), we apply the Leray–Schauder fixed point
theorem: Let Ψ be a continuous and compact mapping from a Banach space X to itself such that the set

S = {µ̌ ∈ X : µ̌ = ℓΨ(µ̌) for some 0 ⩽ ℓ ⩽ 1}

is bounded, then Ψ has a fixed point. For simplicity of notation, we denote the following vectors in RNd:

ρ̌T (t) :=


ρ̌1T (t)

...

ρ̌NT (t)

 , µ̌T (t) :=


µ̌1
T (t)

...

µ̌N
T (t)

 ,

and we define a mapping Ψ : C([0, T ];RNd) → C([0, T ];RNd) as follows:

µ̃T = Ψ(µ̌T ) := Ψ2 ◦Ψ1(µ̌T ).

In the above,
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(i) ρ̌T = Ψ1(µ̌T ), where ρ̌iT = Ψi
1(µ̌T ) is the solution to

d

dt
ρ̌iT (t) +

(
Ai − (Ri)−1Λi

T (t)
)⊤

ρ̌iT (t) + 2F i
1(µ̌

−i
T (t)) = 0,

ρ̌iT (T ) = 0,

with a given µ̌T = (µ̌1
T , . . . , µ̌

N
T ) ∈ C([0, T ];RNd) for all i ∈ [N ];

(ii) µ̃T = Ψ2(ρ̌T ), where µ̃i
T = Ψi

2(ρ̌T ) is the solution to
d

dt
µ̃i
T (t)−

(
Ai − (Ri)−1Λi

T (t)
)
µ̃i
T (t) + (Ri)−1ρ̌iT (t) = 0,

µ̃i
T (0) = µi

0,

with a given ρ̌T = (ρ̌1T , . . . , ρ̌
N
T ) ∈ C([0, T ];RNd) for all i ∈ [N ].

Recall that Āi
T (t) = (Ai − (Ri)−1Λi

T (t))
⊤ for all i ∈ [N ] and t ∈ [0, T ]. Then, we have

d

dt
ρ̌iT (t) + Āi

T (t)ρ̌
i
T (t) + 2F i

1(µ̌
−i
T (t)) = 0, ρ̌iT (T ) = 0,

which yields the explicit representation

ρ̌iT (t) = Ψi
1(µ̌T (t)) = 2

∫ T

t

e
∫ s
t
Āi

T (r)drF i
1(µ̌

−i
T (s))ds, ∀t ∈ [0, T ] (4.3)

for all i ∈ [N ]. Thus, ρ̌iT ∈ C1([0, T ];Rd) for a given µ̌T ∈ C([0, T ];RNd). Similarly, for a given ρ̌T ∈
C([0, T ];RNd), the function µ̃i

T satisfies

µ̃i
T (t) = Ψi

2(ρ̌T (t)) = e
∫ t
0
(Āi

T (s))⊤dsµi
0 −

∫ t

0

e
∫ t
s
(Āi

T (r))⊤dr(Ri)−1ρ̌iT (s)ds, ∀t ∈ [0, T ]

for all i ∈ [N ], which implies that µ̃i
T ∈ C1([0, T ];Rd).

We now outline our approach to establishing the existence of a solution in two steps as follows.
Step 1 : First, we show that Ψ is a continuous and compact mapping from X := C([0, T ];RNd) to itself. Let

µ̌T = (µ̌1
T , . . . , µ̌

N
T ) and ν̌T = (ν̌1T , . . . , ν̌

N
T ) be two elements in X. Then, by (4.3), for each i ∈ [N ],

Ψi
1(µ̌T (t))−Ψi

1(ν̌T (t)) = 2

∫ T

t

e
∫ s
t
Āi

T (r)dr
(
F i
1(µ̌

−i
T (s))− F i

1(ν̌
−i
T (s))

)
ds,

where

F i
1(µ̌

−i
T (s))− F i

1(ν̌
−i
T (s)) =

∑
j ̸=i

Qi
ij

(
µ̌j
T (s)− ν̌jT (s)

)
.

From the estimate (3.5) in Lemma 3.1, there exist some positive constants K and λ, independent of t, s, and
T , such that ∥∥e∫ s

t
Āi

T (r)dr
∥∥ ⩽ Ke−λ(s−t), ∀0 ⩽ t ⩽ s ⩽ T.
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Hence, we obtain the following inequalities

∣∣Ψi
1(µ̌T (t))−Ψi

1(ν̌T (t))
∣∣ ⩽ K

∫ T

t

e−λ(s−t)
√
N

(
N∑
j=1

∣∣µ̌j
T (s)− ν̌jT (s)

∣∣2) 1
2

ds

⩽ K(N) sup
0⩽s⩽T

|µ̌T (s)− ν̌T (s)|
∫ T

t

e−λ(s−t)ds

⩽ K(N)d(µ̌T , ν̌T ),

where K(N) is used to emphasize the dependence of the constant K on the number of players N , and
d(µ̌T , ν̌T ) := sup0⩽s⩽T |µ̌T (s)− ν̌T (s)| denotes the uniform metric on the space X. Therefore, it is cleat that

d(Ψ1(µ̌T ),Ψ1(ν̌T )) = sup
0⩽t⩽T

(
N∑
j=1

∣∣Ψj
1(µ̌T (t))−Ψj

1(ν̌T (t))
∣∣2) 1

2

⩽ K(N)d(µ̌T , ν̌T ),

which yields that Ψ1 is a Lipschitz continuous mapping from X to C1([0, T ];RNd) ⊂ X.
Next, with the given of ρ̌j

T = (ρ̌j1T , . . . , ρ̌jNT ) in X for j = 1, 2, we have

µ̃1i
T (t)− µ̃2i

T (t) := Ψi
2(ρ̌

1
T (t))−Ψi

2(ρ̌
2
T (t)) =

∫ t

0

e
∫ t
s
(Āi

T (r))⊤dr(Ri)−1
(
ρ̌2iT (s)− ρ̌1iT (s)

)
ds.

Using the estimate (3.5) again, we obtain

∣∣Ψi
2(ρ̌

1
T (t))−Ψi

2(ρ̌
2
T (t))

∣∣ ⩽ K

∫ t

0

e−λ(t−s)
∣∣ρ̌2iT (s)− ρ̌1iT (s)

∣∣ds
⩽ K sup

0⩽s⩽t

∣∣ρ̌2iT (s)− ρ̌1iT (s)
∣∣

⩽ Kd(ρ̌1
T , ρ̌

2
T ).

for some positive K and λ. Thus, by a similar argument, we derive

d
(
Ψ2(ρ̌

1
T ),Ψ2(ρ̌

2
T )
)
= sup

0⩽t⩽T

(
N∑
j=1

∣∣Ψj
2(ρ̌

1
T (t))−Ψj

2(ρ̌
2
T (t))

∣∣2) 1
2

⩽ K(N)d
(
ρ̌1
T , ρ̌

2
T

)
,

which shows that Ψ2 is a Lipschitz continuous mapping from X to C1([0, T ];RNd) ⊂ X. Therefore, combining
the results above, we conclude that Ψ = Ψ2 ◦Ψ1 is a Lipschitz mapping from X to itself, which yields that Ψ
is a continuous and compact mapping from X to X.

Step 2: Next, we prove that the set

S = {µ̌T ∈ X : µ̌T = ℓΨ(µ̌T ) for some 0 ⩽ ℓ ⩽ 1}
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is bounded. Fix ℓ ∈ [0, 1], the identity µ̌T = ℓΨ(µ̌T ) = ℓµ̃T implies that (µ̌T , ρ̌T ) satisfies


d

dt
ρ̌iT (t) +

(
Ai − (Ri)−1Λi

T (t)
)⊤

ρ̌iT (t) + 2F i
1(µ̌

−i
T (t)) = 0,

d

dt
µ̌i
T (t)−

(
Ai − (Ri)−1Λi

T (t)
)
µ̌i
T (t) + ℓ(Ri)−1ρ̌iT (t) = 0,

ρ̌iT (T ) = 0, µ̌i
T (0) = ℓµi

0.

We then introduce the vector q ∈ RNd, defined as follows:

q :=



∑N
j=1 Q

1
1j x̄

j
1∑N

j=1 Q
2
2j x̄

j
2

...∑N
j=1 Q

N
Nj x̄

j
N


. (4.4)

Then, the above system of equations can be written as


d

dt
ρ̌T (t) = −ĀT (t)ρ̌T (t)− 2Qµ̌T (t) + 2q,

d

dt
µ̌T (t) = (ĀT (t))

⊤µ̌T (t)− ℓRρ̌T (t),

ρ̌T (T ) = 0, µ̌T (0) = ℓµ0,

(4.5)

where µ0 = (µ1
0, . . . , µ

N
0 ) ∈ RNd, Q and R are defined in (2.17), and ĀT (t) is given in (3.4). If ℓ = 0, the

boundedness of (µ̌T , ρ̌T ) to (4.5) follows directly from the estimate (3.6) in Lemma 3.1. So, in the following,
we consider the case ℓ ∈ (0, 1]. In addition, to establish the boundedness of S, it suffices to consider the regime
where |µ̌T | is sufficiently large. From the system of equations (4.5), it is clear that

− d

dt
⟨µ̌T (t), ρ̌T (t)⟩

= − {⟨(ĀT (t))
⊤µ̌T (t)− ℓRρ̌T (t), ρ̌T (t)⟩+ ⟨µ̌T (t),−ĀT (t)ρ̌T (t)− 2Qµ̌T (t) + 2q⟩}

= ⟨ℓRρ̌T (t), ρ̌T (t)⟩+ ⟨2Qµ̌T (t), µ̌T (t)⟩ − ⟨2q, µ̌T (t)⟩.

Under Assumption 2.8, it is evident that there exists a constant C > 0 such that

⟨2Qv, v⟩ − ⟨2q, v⟩ ⩾ −γ|v|2, ∀v ∈ RNd with |v| > C (4.6)

for some constant γ ∈ (0, (λ(N))2

2(K(N))2∥R∥2λR,min). Thus, applying the inequality (4.6), and integrating both sides

of the above identity over the interval [0, T ], we obtain

∫ T

0

ℓ⟨Rρ̌T (t), ρ̌T (t)⟩dt ⩽ ⟨µ̌T (0), ρ̌T (0)⟩ − ⟨µ̌T (T ), ρ̌T (T )⟩+
∫ T

0

γ|µ̌T (t)|2dt.
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From the second equation in the system (4.5), the semi-explicit representation of µ̌T in terms of ρ̌T is given by

µ̌T (t) = e
∫ t
0
(ĀT (s))⊤dsµ̌T (0)−

∫ t

0

e
∫ t
s
(ĀT (r))⊤drℓRρ̌T (s)ds.

It follows from the estimate (3.6) that

|µ̌T (t)|2 ⩽ 2
∥∥∥e∫ t

0
(ĀT (s))⊤ds

∥∥∥2|µ̌T (0)|2 + 2
∣∣∣ ∫ t

0

e
∫ t
s
(ĀT (r))⊤drℓRρ̌T (s)ds

∣∣∣2
⩽ 2
(
K(N)

)2
e−2λ(N)t|µ̌T (0)|2 + 2

(
K(N)

)2
ℓ2∥R∥2

∣∣∣ ∫ t

0

e−λ(N)(t−s)ρ̌T (s)ds
∣∣∣2 (4.7)

for all t ∈ [0, T ]. Integrating both sides over [0, T ], we deduce

∫ T

0

|µ̌T (t)|2dt ⩽
(
K(N)

)2
λ(N)

|µ̌T (0)|2 + 2
(
K(N)

)2
ℓ2∥R∥2

∫ T

0

∣∣∣ ∫ t

0

e−λ(N)(t−s)ρ̌T (s)ds
∣∣∣2dt.

Thus, as ρ̌T (T ) = 0 and 0 < ℓ ⩽ 1, we derive the following inequality

∫ T

0

⟨Rρ̌T (t), ρ̌T (t)⟩dt ⩽
1

ℓ
⟨µ̌T (0), ρ̌T (0)⟩+

γ
(
K(N)

)2
ℓλ(N)

|µ̌T (0)|2

+ 2γ
(
K(N)

)2∥R∥2
∫ T

0

∣∣∣ ∫ t

0

e−λ(N)(t−s)ρ̌T (s)ds
∣∣∣2dt.

Next, for any fixed λ > 0, we denote

gλ(t) :=

∫ t

0

e−λ(t−s)ρ̌T (s)ds = e−λt

∫ t

0

eλsρ̌T (s)ds

and

∥gλ∥L2([0,T ]) :=
(∫ T

0

|gλ(t)|2dt
) 1

2

.

Since g′
λ(t) = −λgλ(t) + ρ̌T (t), multiplying both sides by (gλ(t))

⊤ and integrating over [0, T ], we obtain

∫ T

0

(gλ(t))
⊤g′

λ(t)dt+ λ

∫ T

0

|gλ(t)|2dt =
∫ T

0

(gλ(t))
⊤ρ̌T (t)dt.

It is clear that ∫ T

0

(gλ(t))
⊤g′

λ(t)dt =
1

2
|gλ(T )|2 −

1

2
|gλ(0)|2 =

1

2
|gλ(T )|2

since gλ(0) = 0. Thus, we have

λ∥gλ∥2L2([0,T ]) = λ

∫ T

0

|gλ(t)|2dt ⩽
∫ T

0

(gλ(t))
⊤ρ̌T (t)dt ⩽ ∥gλ∥L2([0,T ])∥ρ̌T ∥L2([0,T ])
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by Hölder’s inequality, which yields that ∥gλ∥2L2([0,T ]) ⩽
1
λ2 ∥ρ̌T ∥2L2([0,T ]), i.e.,∫ T

0

∣∣∣ ∫ t

0

e−λ(t−s)ρ̌T (s)ds
∣∣∣2dt ⩽ 1

λ2

∫ T

0

|ρ̌T (t)|2dt. (4.8)

By using the inequality (4.8), we derive

∫ T

0

⟨Rρ̌T (t), ρ̌T (t)⟩dt ⩽
1

ℓ
⟨µ̌T (0), ρ̌T (0)⟩+

γ
(
K(N)

)2
ℓλ(N)

|µ̌T (0)|2

+
2γ
(
K(N)

)2∥R∥2

(λ(N))2

∫ T

0

|ρ̌T (t)|2dt.

Under Assumption 2.8, we have γ < (λ(N))2

2(K(N))2∥R∥2λR,min, so that the last term on the right-hand side of the

above inequality can be absorbed by the left-hand side, which follows that∫ T

0

|ρ̌T (t)|2dt ⩽ K
(
|µ̌T (0)||ρ̌T (0)|+ |µ̌T (0)|2

)
for some positive constant K. Returning to the estimate (4.7) and applying Hölder’s inequality, we obtain

|µ̌T (t)|2 ⩽ Ke−2λt|µ̌T (0)|2 +K(1− e−2λt)

∫ t

0

|ρ̌T (s)|2ds, ∀t ∈ [0, T ]

for some K,λ > 0. Taking the supremum over t ∈ [0, T ], we conclude

sup
t∈[0,T ]

|µ̌T (t)|2 ⩽ K
(
|µ̌T (0)||ρ̌T (0)|+ |µ̌T (0)|2

)
.

Next, from the first equation in the system (4.5) along with the terminal condition ρ̌T (T ) = 0, the semi-explicit
form of ρ̌T in terms of µ̌T is

ρ̌T (t) =

∫ T

t

e
∫ s
t
ĀT (r)dr(2Qµ̌T (s)− 2q)ds,

which gives that

|ρ̌T (0)| ⩽
∫ T

0

∥∥∥e∫ s
0
ĀT (r)dr

∥∥∥(2∥Q∥|µ̌T (s)|+ 2|q|
)
ds ⩽ K

(
sup

t∈[0,T ]

|µ̌T (t)|+ 1
)

by using the exponential decay estimate in (3.6) from Lemma 3.1. Hence, by Young’s inequality, we obtain the
uniform boundedness of µ̌ on [0, T ]:

sup
t∈[0,T ]

|µ̌T (t)|2 ⩽ K
(
|µ̌T (0)|+ |µ̌T (0)|2

)
, (4.9)

which concludes that S is a bounded set. Therefore, by the Leray–Schauder fixed point theorem, Ψ has a fixed
point, i.e., the system (4.2) admits a solution. Moreover, using the semi-explicit representation of ρ̌T once again,
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for all t ∈ [0, T ], we have

|ρ̌T (t)| =
∫ T

t

∥∥∥e∫ s
t
ĀT (r)dr

∥∥∥(2∥Q∥|µ̌T (s)|+ 2|q|
)
ds

⩽ K
(

sup
t∈[0,T ]

|µ̌T (t)|+ 1
)∫ T

t

e−λ(s−t)ds

⩽ K
(
1 + |µ̌T (0)|

)
,

which show that ρ̌T is also uniformly bounded on [0, T ].

Uniqueness. Finally, we prove the uniqueness of the solution to the system of equations (4.2). Note that, for
a given collection {Λi

T : i ∈ [N ]}, the equations for {µi
T , ρ

i
T : i ∈ [N ]} form a system of linear ODEs. Suppose

there exist two solutions (ρ1
T ,µ

1
T ) and (ρ2

T ,µ
2
T ) to (4.2). Then, their difference satisfies the system:


d

dt

(
ρ1
T (t)− ρ2

T (t)
)
= −ĀT (t)

(
ρ1
T (t)− ρ2

T (t)
)
− 2Q

(
µ1

T (t)− µ2
T (t)

)
,

d

dt

(
µ1

T (t)− µ2
T (t)

)
= (ĀT (t))

⊤(µ1
T (t)− µ2

T (t)
)
−R

(
ρ1
T (t)− ρ2

T (t)
)
,

ρ1
T (T )− ρ2

T (T ) = 0, µ1
T (0)− µ2

T (0) = 0.

By the similar argument for the boundedness of S in the above and the result in (4.9), we derive that

sup
t∈[0,T ]

∣∣µ1
T (t)− µ2

T (t)
∣∣2 ⩽ K

(∣∣µ1
T (0)− µ2

T (0)
∣∣+ ∣∣µ1

T (0)− µ2
T (0)

∣∣2) = 0,

which yields µ1
T (t) = µ2

T (t) for all t ∈ [0, T ]. From the first equation in the above system of equations, we also
obtain ρ1

T (t) = ρ2
T (t) for all t ∈ [0, T ]. Thus, the proof of uniqueness of solution to (4.2) is completed.

We are now in a position to prove part (i) of Proposition 2.10, building upon the analytical framework and
intermediate results developed in this section.

Proof of part (i) of Proposition 2.10. By the results of Lemma 2.7, Lemma 4.1, and Lemma 4.2, we establish
the unique solvability of the subsystem in (2.9) governing the unknowns {Λi

T ,Σ
i
T , µ

i
T , ρ

i
T : i ∈ [N ]}. Moreover,

for each i ∈ [N ], the functions Λi
T ,Σ

i
T , µ

i
T and ρiT are continuous on [0, T ], with Λi

T (t) being positive semi-
definite and Σi

T (t) being positive definite for all t ∈ [0, T ]. Then, given Λi
T , ρ

i
T ,Σ

i
T and µi

T , we now consider the
last equation in (2.9), which yields

κi
T (T )− κi

T (t) = −
∫ T

t

(
tr(ςiΛi

T (s))−
1

2
(ρiT (s))

⊤(Ri)−1ρiT (s) + F i
0(µ

−i
T (s),Σi

T (s))
)
ds

by taking integration over [t, T ] on both sides. Hence, we obtain the explicit expression

κi
T (t) =

∫ T

t

(
tr(ςiΛi

T (s))−
1

2
(ρiT (s))

⊤(Ri)−1ρiT (s) + F i
0(µ

−i
T (s),Σi

T (s))
)
ds (4.10)

as κi
T (T ) = 0, which implies that κi

T is a continuous function on [0, T ] for all i ∈ [N ]. This completes the proof
of part (i) in Proposition 2.10.
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4.2. Proof of part (ii) of Proposition 2.10

In this section, we present the complete proof of part (ii) of Proposition 2.10. We begin in Section 4.2.1 by
adopting the standard quadratic value function and Gaussian density ansatz, commonly used in linear quadratic
Gaussian N -player differential games, to reduce the infinite-dimensional HJB-FP system to a finite-dimensional
system of ODEs—namely, the coupled system (2.9). Leveraging the unique solvability of this system, established
in part (i) of Proposition 2.10, we deduce the unique solvability of the finite-horizon HJB-FP system (2.6) in
the form of (2.7). In Section 4.2.2, we characterize the trajectory of the players’ dynamics under the strategy
profile αT . Finally, in Section 4.2.3, we show that the strategy profile αT constitutes an equilibrium.

4.2.1. Systems of Riccati-type equations

In this section, we adopt the standard methodology for linear quadratic Gaussian N -player games, see [67]
and [4], to derive the system of ODEs associated with the finite-horizon game.

We begin by postulating that the coupled HJB-FP system admits a solution {(viT ,mi
T ) : i ∈ [N ]} of the form

in (2.7) with the density mi
T defined explicitly in (2.8).

First, we substitute the expression for mi
T into the FP equations in (2.6). From (2.8), we deduce that

∇mi
T (t, x) = −mi

T (t, x)Σ
i
T (t)(x− µi

T (t)).

Similarly, from the explicit form of viT in (2.7), we have ∇viT (t, x) = Λi
T (t)x + ρiT (t). Hence, by substituting

these expressions in the FP equations in (2.6) and recalling the expression of Hi in (2.4), we obtain

∂tm
i
T (t, x) = tr(ςiD2mi

T (t, x))− div
(
mi

T (t, x)
∂Hi

∂p
(x,∇viT (t, x))

)
= div

(
ςi∇mi

T (t, x)−mi
T (t, x)

∂Hi

∂p
(x,∇viT (t, x))

)
= −div

(
mi

T (t, x)
[
ςiΣi

T (t)(x− µi
T (t))) +Aix− (Ri)−1Λi

T (t)x− (Ri)−1ρiT (t)
])

= −mi
T (t, x)tr

(
ςiΣi

T (t) +Ai − (Ri)−1Λi
T (t)

)
− (∇mi

T (t, x))
⊤(ςiΣi

T (t)(x− µi
T (t))) +Aix− (Ri)−1Λi

T (t)x− (Ri)−1ρiT (t)
)
,

which implies that

∂tm
i
T (t, x) = mi

T (t, x)(x− µi
T (t))

⊤Σi
T (t)ς

iΣi
T (t)(x− µi

T (t))

+mi
T (t, x)(x− µi

T (t))
⊤Σi

T (t)
(
Ai − (Ri)−1Λi

T (t)
)
(x− µi

T (t))

+mi
T (t, x)(x− µi

T (t))
⊤Σi

T (t)
(
Ai − (Ri)−1Λi

T (t)
)
µi
T (t)

−mi
T (t, x)(x− µi

T (t))
⊤Σi

T (t)(R
i)−1ρiT (t)

−mi
T (t, x)tr

(
ςiΣi

T (t) +Ai − (Ri)−1Λi
T (t)

)
.

On the other hand, from the explicit form of the density function mi
T in (2.8), we derive that

∂tm
i
T (t, x) =

1

2
mi

T (t, x)
(
det(Σi

T (t))
)−1 d

dt

(
det(Σi

T (t))
)

+mi
T (t, x)

d

dt

{
− 1

2
(x− µi

T (t))
⊤Σi

T (t)(x− µi
T (t))

}
.
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Note that

d

dt

(
det(Σi

T (t))
)
= det(Σi

T (t))tr
(
(Σi

T (t))
−1 d

dt
Σi

T (t)
)
,

we obtain another identity for ∂tm
i
T (t, x) as following

∂tm
i
T (t, x) =

1

2
mi

T (t, x)tr
(
(Σi

T (t))
−1 d

dt
Σi

T (t)
)
+mi

T (t, x)
( d

dt
µi
T (t)

)⊤
Σi

T (t)(x− µi
T (t))

− 1

2
mi

T (t, x)(x− µi
T (t))

⊤
( d

dt
Σi

T (t)
)
(x− µi

T (t)).

Combining the two identities for ∂tm
i
T (t, x), which are both quadratic functions with respect to x, we deduce

the following system of equations



d

dt
Σi

T (t) + 2Σi
T (t)ς

iΣi
T (t) + 2Σi

T (t)
(
Ai − (Ri)−1Λi

T (t)
)
= 0,

d

dt
µi
T (t)−

(
Ai − (Ri)−1Λi

T (t)
)
µi
T (t) + (Ri)−1ρiT (t) = 0,

1

2
tr
(
(Σi

T (t))
−1 d

dt
Σi

T (t)
)
= −tr

(
ςiΣi

T (t) +Ai − (Ri)−1Λi
T (t)

)
for all i ∈ [N ]. It is worth noting that the first equation in the above system implies the last one, i.e.,

1

2
tr
(
(Σi

T (t))
−1 d

dt
Σi

T (t)
)
=

1

2
tr
(
(Σi

T (t))
−1
[
− 2Σi

T (t)ς
iΣi

T (t)− 2Σi
T (t)

(
Ai − (Ri)−1Λi

T (t)
) ])

= −tr
(
ςiΣi

T (t) +Ai − (Ri)−1Λi
T (t)

)
.

From Assumption 2.4, the initial state of Player i is sampled from a normal distribution N (µi
0, (Σ

i
0)

−1) with
µi
0 ∈ Rd and Σi

0 ∈ Sd++. Then, the FP equations in (2.6) can be reduced to the following system of forward
ODEs 

d

dt
Σi

T (t) + 2Σi
T (t)ς

iΣi
T (t) + 2Σi

T (t)
(
Ai − (Ri)−1Λi

T (t)
)
= 0,

d

dt
µi
T (t)−

(
Ai − (Ri)−1Λi

T (t)
)
µi
T (t) + (Ri)−1ρiT (t) = 0,

Σi
T (0) = Σi

0, µ
i
T (0) = µi

0.

(4.11)

Next, let us consider the HJB equations

{
∂tv

i
T (t, x) + tr(ςiD2viT (t, x)) +Hi(x,∇viT (t, x)) + f i

(
x;m−i

T (t)
)
= 0,

viT (T, x) = 0.
(4.12)

From the explicit form of the candidate solutions to viT in (2.7), we have ∂tv
i
T (t, x) = 1

2x
⊤( d

dtΛ
i
T (t))x +

( d
dtρ

i
T (t))

⊤x+ d
dtκ

i
T (t), ∇viT (t, x) = Λi

T (t)x+ ρiT (t) and D2viT (t, x) = Λi
T (t), since Λi

T (t) ∈ Sd for all t ∈ [0, T ].
Then, plugging these derivatives in the HJB equations (4.12) and recalling the expression of Hi in (2.4), we
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obtain that

0 =
1

2
x⊤
( d

dt
Λi
T (t) + Λi

T (t)A
i + (Ai)⊤Λi

T (t)− Λi
T (t)(R

i)−1Λi
T (t)

)
x

+ x⊤
( d

dt
ρiT (t)− Λi

T (t)(R
i)−1ρiT (t) + (Ai)⊤ρiT (t)

)
+

d

dt
κi
T (t) + tr(ςiΛi

T (t))−
1

2
(ρiT (t))

⊤(Ri)−1ρiT (t) + f i(x;m−i
T (t)),

which holds for all x ∈ Rd. Moreover, by the definition of f i and F i in Section 2.1, we know that

f i(xi;m−i
T (t)) =

N∑
k=1

N∑
j=1

∫
R(N−1)d

(xj − x̄j
i )

⊤Qi
jk(x

k − x̄k
i )
∏
l ̸=i

d(ml
T (t))(x

l)

= (xi)⊤Qi
iix

i + (xi)⊤F i
1(µ

−i
T (t)) + F i

2(µ
−i
T (t))xi + F i

0(µ
−i
T (t),Σi

T (t))

for all xi ∈ Rd, with the coefficients {F i
1, F

i
0 : i ∈ [N ]} are given by (2.10), and

F i
2(y

−i) := −
(
x̄i
i

)⊤
Qi

ii +

(∑
j ̸=i

(
yj − x̄j

i

)⊤
Qi

ji

)

for y−i = (y1, . . . , yi−1, yi+1, . . . , yN ) ∈ R(N−1)d. By Assumption 2.6, Qi ∈ SNd, thus we have (Qi
jk)

⊤ = Qi
kj

for all j, k ∈ [N ]. Hence, F i
1(µ

−i
T (t)) = (F i

2(µ
−i
T (t)))⊤ for all i ∈ [N ]. Therefore, we conclude that the system of

HJB equations in (4.12) can be reduced to the following system of ODEs

d

dt
Λi
T (t) + Λi

T (t)A
i + (Ai)⊤Λi

T (t)− Λi
T (t)(R

i)−1Λi
T (t) + 2Qi

ii = 0,

d

dt
ρiT (t)− Λi

T (t)(R
i)−1ρiT (t) + (Ai)⊤ρiT (t) + 2F i

1(µ
−i
T (t)) = 0,

d

dt
κi
T (t) + tr(ςiΛi

T (t))−
1

2
(ρiT (t))

⊤(Ri)−1ρiT (t) + F i
0(µ

−i
T (t),Σi

T (t)) = 0

with the terminal conditions

Λi
T (T ) = 0 ∈ Sd, ρiT (T ) = 0 ∈ Rd, κi

T (T ) = 0 ∈ R.

By combining the system of ODEs for {Σi
T , µ

i
T : i ∈ [N ]}, derived from the FP equations in (2.6), with the

system of ODEs for {Λi
T , ρ

i
T , κ

i
T : i ∈ [N ]}, obtained from the HJB equations (4.12), we arrive at the complete

system of coupled ODEs (2.9), which characterizes the solvability of the finite-horizon game with N players.
To conclude this part, we have shown that there exists a solution to the HJB-FP system of the form given

in (2.7), characterized by the coupled system (2.9). In combination with the uniqueness of the solution to (2.9),
established in part (i) of Proposition 2.10, we conclude that the HJB-FP system (2.6) admits a unique solution
of the form (2.7).

4.2.2. The equilibrium state trajectory

Consider the strategy profile given in (2.18), along with the corresponding state trajectory governed by the
SDE in (2.19). Applying the integrating factor method, we derive (2.20)–(2.21).
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Due to the exponential decay estimate (3.5) established in Lemma 3.1, we obtain ∥Θi
T (t)∥ ⩽ K(N)e−λ(N)t

for all t ∈ [0, T ] and i ∈ [N ]. It follows that E[|Xi
T (t)|2] < ∞ for all t ∈ [0, T ] and i ∈ [N ]. Then, by the

linearity of the strategy profile in (2.18), and since both Λi
T and ρiT are continuous functions on [0, T ], we obtain

E[
∫ T

0
|αi

T (t)|2dt] < ∞. It yields that αi
T in (2.18) is an admissible strategy for Player i in the finite-horizon game

by Definition 2.1.
From the explicit form of the solution to (2.19), it follows that the state process Xi

T (t) is normally distributed
with mean

E[Xi
T (t)] = Θi

T (t)
(
µi
0 −

∫ t

0

(Θi
T (s))

−1(Ri)−1ρiT (s) ds
)
,

and covariance matrix

V ar(Xi
T (t)) = Θi

T (t)
(
(Σi

0)
−1 +

∫ t

0

(Θi
T (s))

−1σi(σi)⊤((Θi
T (s))

⊤)−1ds
)
(Θi

T (t))
⊤.

Hence, it is straightforward that Xi
T is a Gaussian process and Xi

T (t) ∼ N (µi
T (t), (Σ

i
T (t))

−1) for all t ∈ [0, T ]
with (µi

T ,Σ
i
T ) is the solution to (4.11). Therefore, from the results in Section 4.2.1, the marginal law of the

state satisfies mi
T (t) = P ◦ (Xi

T (t))
−1 for all t ∈ [0, T ], where mi

T solves the FP equation in (2.6).
In fact, the strategy of Player i alone determines its dynamics, regardless of the behavior of the other players.

That is, the process (Xi
T (t))t∈[0,T ] is independent of α

−i
T . This is because strategies are in open-loop, and players

do not observe the others. This observation will play a role in the following subsection.

4.2.3. The strategy profile αT is a Nash equilibrium

In this section, we take the initial time t0 = 0. Now, we show that the strategy profile in (2.18) is a Nash
equilibrium with open-loop feedback strategies. To this end, fixα−i

T and consider an arbitrary admissible strategy
αi ∈ Ai[0, T ] for Player i. By Itô’s formula, one obtains

E[viT (T,Xi(T ))] = E
[
viT (0, X

i(0)) +

∫ T

0

(∂vi
∂t

(s,Xi(s)) +
(
AiXi(s)− αi(s)

)⊤∇viT (s,X
i(s))

+
1

2
tr
(
σi(σi)⊤D2viT (s,X

i(s))
))

ds
]
.

By the definition of Hamiltonian Hi in (2.4), we have

(
AiXi(s)− αi(s)

)⊤∇viT (s,X
i(s)) ⩾ Hi

(
Xi(s),∇viT (s,X

i(s))
)
− 1

2
(αi(s))⊤Riαi(s)

for all s ∈ [0, T ]. Then, from the HJB equation (4.12), we derive

0 = E[viT (T,Xi(T ))] ⩾ E
[
viT (0, X

i(0)) +

∫ T

0

(∂vi
∂t

(s,Xi(s)) +Hi
(
Xi(s),∇viT (s,X

i(s))
)

− 1

2
(αi(s))⊤Riαi(s) +

1

2
tr
(
σi(σi)⊤D2viT (s,X

i(s))
))

ds
]

= viT (0, x
i
0) + E

[ ∫ T

0

(
− f i(Xi(s),m−i

T (s))− 1

2
(αi(s))⊤Riαi(s)

)
ds
]
,
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which implies that

viT (0, x
i
0) ⩽ E

[ ∫ T

0

(
f i(Xi(s),m−i

T (s)) +
1

2
(αi(s))⊤Riαi(s)

)
ds
]

= J i
T (0, x

i
0;m

−i
0 , [α−i

T ;αi])

for all αi ∈ Ai[0, T ]. The last equality follows from the last comment in the previous paragraph, which implies
that m−i

T = P ◦ (X−i
T )−1, since the dynamics for players j ∈ [N ] \ {i} are independent of the strategy of Player i.

Finally, by the definition of ai,∗ in (2.5) and the strategy αi
T in (2.18), one can deduce that the inequalities

above hold with equalities, and hence,

viT (0, x
i
0) = J i

T (0, x
i
0;m

−i
0 , [α−i

T ;αi
T ]).

Therefore, we conclude that the strategy profile in (2.18) is a Nash equilibrium with open-loop feedback
strategies.

4.3. Proof of part (iii) of Proposition 2.10

The explicit form of the value function viT given in (2.22) for each player i follows from the results in
Section 4.2 and the stochastic verification theorem; see [64], Theorem 5.1 and Theorem 8.1 in Chapter III of
[68]. By the definition of the value function in (2.3) and the fact that

viT (0, x
i
0) = J i

T (0, x
i
0;m

−i
0 , [α−i

T ;αi
T ]),

let xi
0 = x ∈ Rd, we conclude that

Vi
T (0, x;m

−i
0 ) = J i

T (0, x;m
−i
0 ,αT ) = viT (0, x)

=
1

2
x⊤Λi

T (0)x+ (ρiT (0))
⊤x+ κi

T (0).

5. Proof of Proposition 2.25: Turnpike for the systems of
coupled equations

In this section, we investigate exponential convergence estimates between the solution of the finite-horizon
system of coupled ODEs (2.9) and the solution to the system of algebraic equations (2.29). We focus on estab-
lishing the uniform convergence estimates; the non-uniform version follows by a similar, and in fact simpler,
argument and is therefore omitted. Throughout the analysis in this section, we use K, λ, K̂, and λ̂ to denote
generic positive constants that are independent of t, T , and N , and which may vary from line to line.

Recall that we proved the uniform exponential convergence estimate for ∥Λi
T (t) − Λi∥ in Lemma 2.14. We

now proceed to prove the estimate (2.37) as stated in Proposition 2.25. Recall that
d

dt
Σi

T (t) + 2Σi
T (t)ς

iΣi
T (t) + 2Σi

T (t)
(
Ai − (Ri)−1Λi

T (t)
)
= 0,

2ΣiςiΣi + 2Σi
(
Ai − (Ri)−1Λi

)
= 0,

Σi
T (0) = Σi

0.

Lemma 5.1. Suppose Assumptions 2.6, 2.12, 2.20, and 2.24 hold. For each i ∈ [N ], let Σi
T denote the solution

to the ODE (4.1), and let Σi denote the solution to the algebraic Riccati equation for Σi in (2.29). Then, (Σi
T )

−1
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is uniformly bounded on [0, T ] for all i ∈ [N ] and N ⩾ 2. Moreover, there exist some constants K̂ > 0 and λ̂ > 0,
independent of t, T , and N , such that the following estimate holds uniformly in N :

sup
N

sup
i∈[N ]

∥(Σi
T (t))

−1 − (Σi)−1∥ ⩽ K̂
(
e−λ̂t + e−λ̂(T−t)

)
, ∀t ∈ [0, T ].

Proof. First, we derive the differentiation for (Σi)−1 and (Σi
T )

−1 for each i ∈ [N ]. From the algebraic Riccati
equation for Σi in (2.29), we have

d

dt
Σi + 2ΣiςiΣi + 2Σi(Ai − (Ri)−1Λi) = 0,

where recall that d
dtΣ

i = 0 since Σi is deterministic. Since Σi is invertible, we obtain that

d

dt
(Σi)−1 = 2ςi + 2(Ai − (Ri)−1Λi)(Σi)−1,

which yields

d

dt
(Σi)−1 = 2ςi + (Ai − (Ri)−1Λi)(Σi)−1 + (Σi)−1(Ai − (Ri)−1Λi)⊤

as Σi and ςi are symmetric. Similarly, for the ODE (4.1), we derive

d

dt
Σi

T (t) + 2Σi
T (t)ς

iΣi
T (t) + Σi

T (t)(Ā
i
T (t))

⊤ + Āi
T (t)Σ

i
T (t) = 0

as Āi
T (t) := (Ai − (Ri)−1Λi

T (t))
⊤. Note that

d

dt
(Σi

T (t))
−1 = −(Σi

T (t))
−1
( d

dt
Σi

T (t)
)
(Σi

T (t))
−1,

and since Σi
T (t) is positive definite for all t ∈ [0, T ], we can get


d

dt
(Σi

T (t))
−1 = (Āi

T (t))
⊤(Σi

T (t))
−1 + (Σi

T (t))
−1Āi

T (t) + 2ςi,

(Σi
T (0))

−1 = (Σi
0)

−1.

Thus, the ODE for (Σi
T )

−1 can be rewritten as


d

dt
(Σi

T (t))
−1 =

(
Ai − (Ri)−1Λi

)
(Σi

T (t))
−1 + (Σi

T (t))
−1
(
Ai − (Ri)−1Λi

)⊤
+2ςi + (Ri)−1(Λi − Λi

T (t))(Σ
i
T (t))

−1 + (Σi
T (t))

−1(Λi − Λi
T (t))(R

i)−1,

(Σi
T (0))

−1 = (Σi
0)

−1
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since Λi, Λi
T (t) and Ri are symmetric. For simplicity, for all i ∈ [N ] and t ∈ [0, T ], we denote

Σ̂i(t) = (Σi)−1 − (Σi
T (t))

−1,

Āi = (Ai − (Ri)−1Λi)⊤,

Q̃i
T (t) = (Ri)−1(Λi

T (t)− Λi)(Σi
T (t))

−1 + (Σi
T (t))

−1(Λi
T (t)− Λi)(Ri)−1.

Then, we arrive at 
d

dt
Σ̂i(t) = Σ̂i(t)Āi + (Āi)⊤Σ̂i(t) + Q̃i

T (t),

Σ̂i(0) = (Σi)−1 − (Σi
0)

−1.

Next, we show the uniform (with respect to i,N , and T ) boundedness of (Σi
T )

−1 on [0, T ] to obtain a prior

estimation to Q̃i
T on [0, T ]. For this, consider the differential equation

dΦ̃i(t) = −Āi
T (t)Φ̃

i(t)dt, Φ̃i(0) := Φ̃i
0 = Id,

which admits a unique solution

Φ̃i(t) = e−
∫ t
0
Āi

T (s)ds

for all t ∈ [0, T ]. Then, it is clear that

d

dt

(
(Φ̃i(t))⊤(Σi

T (t))
−1Φ̃i(t)

)
= −(Φ̃i(t))⊤(Āi

T (t))
⊤(Σi

T (t))
−1Φ̃i(t) + (Φ̃i(t))⊤

d

dt

(
(Σi

T (t))
−1
)
Φ̃i(t)

− (Φ̃i(t))⊤(Σi
T (t))

−1Āi
T (t)Φ̃

i(t)

= 2(Φ̃i(t))⊤ςiΦ̃i(t),

which yields

(Φ̃i(t))⊤(Σi
T (t))

−1Φ̃i(t) = (Φ̃i
0)

⊤(Σi
0)

−1Φ̃i
0 + 2

∫ t

0

(Φ̃i(s))⊤ςiΦ̃i(s)ds.

Since Φ̃i
0 = Id and Φ̃i(t) is invertible, we obtain

(Σi
T (t))

−1 = ((Φ̃i(t))−1)⊤(Σi
0)

−1(Φ̃i(t))−1 + 2

∫ t

0

((Φ̃i(t))−1)⊤(Φ̃i(s))⊤ςiΦ̃i(s)(Φ̃i(t))−1ds.

From the estimate (3.7), the following estimates hold:

sup
N

sup
i∈[N ]

∥(Φ̃i(t))−1∥2 = sup
N

sup
i∈[N ]

∥∥e∫ t
0
Āi

T (s)ds
∥∥2 ⩽ (K∗

3 )
2e−2λ∗t,

and

sup
N

sup
i∈[N ]

∥∥Φ̃i(s)(Φ̃i(t))−1
∥∥2 = sup

N
sup
i∈[N ]

∥∥e∫ t
s
Āi

T (r)dr
∥∥2 ⩽ (K∗

3 )
2e−2λ∗(t−s)
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for all 0 ⩽ s ⩽ t ⩽ T . Thus, by the uniformly boundedness of ∥(Σi
0)

−1∥ and ∥ςi∥ from Assumption 2.24, we
derive the following estimates:

sup
N

sup
i∈[N ]

∥(Σi
T (t))

−1∥ ⩽ sup
N

sup
i∈[N ]

(
∥(Σi

0)
−1∥∥(Φ̃i(t))−1∥2 + 2

∫ t

0

∥ςi∥
∥∥Φ̃i(s)(Φ̃i(t))−1

∥∥2ds)
⩽ sup

N
sup
i∈[N ]

(
(K∗

3 )
2e−2λ∗t∥(Σi

0)
−1∥+ 2(K∗

3 )
2∥ςi∥e−2λ∗t

∫ t

0

e2λ
∗sds

)
= sup

N
sup
i∈[N ]

(
(K∗

3 )
2e−2λ∗t∥(Σi

0)
−1∥+ (K∗

3 )
2∥ςi∥
λ∗

(
1− e−2λ∗t

))
⩽ K

for all t ∈ [0, T ] for some positive constant K, which is independent of t, T and N . It shows the uniform
boundedness of (Σi

T )
−1 on [0, T ] for all i ∈ [N ] and N ⩾ 2.

By the estimate (3.3), and the uniformly boundedness of ∥(Σi
T (t))

−1∥ and ∥(Ri)−1∥, there exists positive
constant K, independent of t, T and N , such that

sup
N

sup
i∈[N ]

∥∥Q̃i
T (t)

∥∥ ⩽ Ke−2λ∗(T−t), ∀t ∈ [0, T ].

Next, we consider the differential equation

dΦ̄i(t) = −ĀiΦ̄i(t)dt, Φ̄i(0) = Id.

Applying a similar argument as above, we obtain

Σ̂i(t) = ((Φ̄i(t))−1)⊤Σ̂i
0(Φ̄

i(t))−1 +

∫ t

0

((Φ̄i(t))−1)⊤(Φ̄i(s))⊤Q̃i
T (s)Φ̄

i(s)(Φ̄i(t))−1ds.

Note that Φ̄i(t) = e−Āit, by the estimate (3.1),

sup
N

sup
i∈[N ]

∥∥(Φ̄i(t))−1
∥∥2 = sup

N
sup
i∈[N ]

∥∥eĀit
∥∥2 ⩽ (K∗

1 )
2e−2λ∗t

and

sup
N

sup
i∈[N ]

∥∥Φ̄i(s)(Φ̄i(t))−1
∥∥2 = sup

N
sup
i∈[N ]

∥∥eĀi(t−s)
∥∥2 ⩽ (K∗

1 )
2e−2λ∗(t−s)

for all 0 ⩽ s ⩽ t. Therefore, the following estimation is derived

sup
N

sup
i∈[N ]

∥∥Σ̂i(t)
∥∥ ⩽ sup

N
sup
i∈[N ]

(∥∥Σ̂i
0

∥∥∥∥(Φ̄i(t))−1
∥∥2 + ∫ t

0

∥∥Q̃i(s)
∥∥∥∥Φ̄i(s)(Φ̄i(t))−1

∥∥2ds)
⩽ sup

N
sup
i∈[N ]

(
(K∗

1 )
2e−2λ∗t

∥∥Σ̂i
0

∥∥+K(K∗
1 )

2

∫ t

0

e−2λ∗(T−s)e−2λ∗(t−s)ds
)

= sup
N

sup
i∈[N ]

(
(K∗

1 )
2e−2λ∗t

∥∥Σ̂i
0

∥∥+ K(K∗
1 )

2

4λ∗

(
e−2λ∗(T−t) − e−2λ∗(T+t)

))
⩽ K̂

(
e−λ̂t + e−λ̂(T−t)

)
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for all t ∈ [0, T ] with some positive constants K̂ and λ̂ by the uniformly boundedness of ∥Σ̂i
0∥ from

Assumption 2.24. Moreover, it is clear that K̂ and λ̂ are independent of t, T and N . This completes the proof
of the desired result.

In what follows, we establish exponential convergence estimates for the families {ρiT − ρi : i ∈ [N ]} and
{µi

T − µi : i ∈ [N ]}, where {ρiT , µi
T : i ∈ [N ]} is the solution to the subsystem of ODEs in (2.9), and {ρi, µi : i ∈

[N ]} denotes the solution to the subsystem of algebraic equations in (2.29).
From the systems of equations (2.9) and (2.29), since

F i
1(µ

−i
T (t))− F i

1(µ
−i) = −Qi

iix̄
i
i +
∑
j ̸=i

Qi
ij

(
µj
T (t)− x̄j

i

)
+Qi

iix̄
i
i −
∑
j ̸=i

Qi
ij

(
µj − x̄j

i

)
=
∑
j ̸=i

Qi
ij

(
µj
T (t)− µj

)
,

for all i ∈ [N ], we observe that

d

dt
ρ̂i(t) = −Āiρ̂i(t) + (Λi

T (t)− Λi)(Ri)−1ρiT (t)− 2
∑
j ̸=i

Qi
ij µ̂

j(t),

d

dt
µ̂i(t) = (Āi)⊤µ̂i(t)− (Ri)−1(Λi

T (t)− Λi)µi
T (t)− (Ri)−1ρ̂i(t),

ρ̂i(T ) = −ρi, µ̂i(0) = µi
0 − µi,

(5.1)

where

ρ̂i(t) = ρiT (t)− ρi, and µ̂i(t) = µi
T (t)− µi, ∀t ∈ [0, T ].

The unique solvability of the system of equations (5.1) for {ρ̂i, µ̂i : i ∈ [N ]} follows directly from the unique
solvability of the original systems {ρiT , µi

T : i ∈ [N ]}, established in Lemma 4.2, and {ρi, µi : i ∈ [N ]}, established
in Proposition 2.22 (i).

For the simplicity of notations, we define the block-diagonal matrices

Ā :=


Ā1 0 · · · 0

0 Ā2 · · · 0

...
...

...
...

0 0 · · · ĀN

 , Λ̂(t) :=


Λ1
T (t)− Λ1 0 · · · 0

0 Λ2
T (t)− Λ2 · · · 0

...
...

...
...

0 0 · · · ΛN
T (t)− ΛN

 ,

and denote the vectors ρ = (ρ1, . . . , ρN ) ∈ RNd and µ = (µ1, . . . , µN ) ∈ RNd. Then, the system of equations (5.1)
can be rewritten in matrix form as

d

dt
ρ̂(t) = −Āρ̂(t) + Λ̂(t)RρT (t)− 2Qµ̂(t),

d

dt
µ̂(t) = (Ā)⊤µ̂(t)−RΛ̂(t)µT (t)−Rρ̂(t),

ρ̂(T ) = −ρ, µ̂(0) = µ0 − µ,

(5.2)

where Q and R are defined in (2.17).
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From the definition of Ā and the estimate (3.1), we conclude that the following estimate holds for all N ⩾ 2:

∥∥eĀt
∥∥ ⩽ K∗

1e
−λ∗t, ∀t ⩾ 0, (5.3)

where K∗
1 and λ∗ are constants given in the proof of Lemma 2.14.

The proof of the exponential convergence estimates for (ρ̂, µ̂) in (5.2) proceeds through the following steps:

� First, we establish an estimate for the solution to the homogeneous system (5.4) in Lemma 5.2.
� Next, by incorporating an additional linear term BN (t) in the ODE satisfied by µ̂, we derive an estimate
for the perturbed system (5.16) in Lemma 5.3.

� Then, using the results of Lemmas 5.2 and 5.3, we obtain a uniform estimate for the full system (5.2) in
Lemma 5.4.

� Finally, combining the above results and applying Assumption 2.24, we conclude the desired uniform
estimate (2.38) in Proposition 2.25 for the system of equations (5.2).

Lemma 5.2. Let Assumptions 2.6, 2.12, and 2.15 hold. There exist some positive constants K and λ,
independent of t, T , and N , such that if (ρ̂, µ̂) is a solution to the homogeneous system of equations


d

dt
ρ̂(t) = −Āρ̂(t)− 2Qµ̂(t),

d

dt
µ̂(t) = (Ā)⊤µ̂(t)−Rρ̂(t),

ρ̂(T ) = −ρ, µ̂(0) = µ0 − µ,

(5.4)

then the following estimate holds for all N ⩾ 2:

|ρ̂(t)|+ |µ̂(t)| ⩽ K
(
|µ̂(0)|+ |ρ̂(T )|

)(
e−λt + e−λ(T−t)

)
, ∀t ∈ [0, T ].

Proof. From the system of equations (5.4), we observe that

− d

dt
⟨µ̂(t), ρ̂(t)⟩

= −
{
⟨(Ā)⊤µ̂(t)−Rρ̂(t), ρ̂(t)⟩+ ⟨µ̂(t),−Āρ̂(t)− 2Qµ̂(t)⟩

}
= ⟨Rρ̂(t), ρ̂(t)⟩+ ⟨2Qµ̂(t), µ̂(t)⟩,

(5.5)

Under Assumption 2.15, for the specified constant γ ∈ (0, γ̄), it is straightforward that

⟨2Qv, v⟩ ⩾ −γ|v|2, ∀v ∈ RNd. (5.6)

Taking integration from 0 to T on both sides of (5.5) and using the inequality (5.6), we obtain

∫ T

0

⟨Rρ̂(t), ρ̂(t)⟩dt ⩽ ⟨µ̂(0), ρ̂(0)⟩ − ⟨µ̂(T ), ρ̂(T )⟩+ γ

∫ T

0

|µ̂(t)|2dt.

By the integrating factor method and from the second equation in (5.4),

µ̂(t) = e(Ā)⊤tµ̂(0)−
∫ t

0

e(Ā)⊤(t−s)Rρ̂(s)ds.
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It follows from the estimation (5.3) that, for all t ∈ [0, T ],

|µ̂(t)|2 ⩽ 2
∥∥∥e(Ā)⊤t

∥∥∥2|µ̂(0)|2 + 2
∣∣∣ ∫ t

0

e(Ā)⊤(t−s)Rρ̂(s)ds
∣∣∣2

⩽ 2(K∗
1 )

2e−2λ∗t|µ̂(0)|2 + 2(K∗
1 )

2∥R∥2
∣∣∣ ∫ t

0

e−λ∗(t−s)ρ̂(s)ds
∣∣∣2. (5.7)

By using the inequality (4.8), we have

∫ T

0

⟨Rρ̂(t), ρ̂(t)⟩dt

⩽ ⟨µ̂(0), ρ̂(0)⟩ − ⟨µ̂(T ), ρ̂(T )⟩+ γ(K∗
1 )

2

λ∗ |µ̂(0)|2 + 2γ(K∗
1 )

2∥R∥2
∫ T

0

∣∣∣ ∫ t

0

e−λ∗(t−s)ρ̂(s)ds
∣∣∣2dt

⩽ ⟨µ̂(0), ρ̂(0)⟩ − ⟨µ̂(T ), ρ̂(T )⟩+ γ(K∗
1 )

2

λ∗ |µ̂(0)|2 + 2γ(K∗
1 )

2∥R∥2

(λ∗)2

∫ T

0

|ρ̂(t)|2dt.

Recall that λR,min denotes the smallest eigenvalue ofR. Then, by Assumption 2.15 and the proof of Lemma 2.14,

as R is positive definite and γ < γ̄ < (λ∗)2

2(K∗
1 )

2∥R∥2λR,min, we know that

2γ(K∗
1 )

2∥R∥2

(λ∗)2

∫ T

0

|ρ̂(t)|2dt <
∫ T

0

⟨Rρ̂(t), ρ̂(t)⟩dt,

and it gives

∫ T

0

|ρ̂(t)|2dt ⩽ K
(
|µ̂(0)||ρ̂(0)|+ |µ̂(T )||ρ̂(T )|+ |µ̂(0)|2

)
(5.8)

for some constant K > 0. From the estimate in (5.7), and by Hölder’s inequality, there exist some positive K
and λ such that

|µ̂(t)|2 ⩽ Ke−2λt|µ̂(0)|2 + K

λ
(1− e−2λt)

∫ t

0

|ρ̂(s)|2ds

⩽ K
(
|µ̂(0)||ρ̂(0)|+ |µ̂(T )||ρ̂(T )|+ |µ̂(0)|2

)
for all t ∈ [0, T ]. Taking supremum over t on [0, T ] and applying Young’s inequality, and modifyingK if necessary,
we derive that

sup
t∈[0,T ]

|µ̂(t)|2 ⩽ K
(
|µ̂(0)||ρ̂(0)|+ |ρ̂(T )|2 + |µ̂(0)|2

)
. (5.9)

Next, from the first equation in the system (5.4), the semi-explicit form of ρ̂ in terms of µ̂ is given by

ρ̂(t) = eĀ(T−t)ρ̂(T ) +

∫ T

t

2eĀ(s−t)Qµ̂(s)ds. (5.10)
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Plugging t = 0, by estimate (5.3) again and since ∥Q∥ is uniformly bounded above from Assumption 2.15, we
have the following inequalities

|ρ̂(0)| ⩽
∥∥eĀT

∥∥|ρ̂(T )|+ ∫ T

0

2
∥∥eĀs

∥∥∥Q∥|µ̂(s)|ds

⩽ Ke−λT |ρ̂(T )|+K sup
t∈[0,T ]

|µ̂(t)|
∫ T

0

e−λsds

⩽ Ke−λT |ρ̂(T )|+K sup
t∈[0,T ]

|µ̂(t)|

for some positive constants K and λ, independent of t, T , and N . Then, by using Young’s inequality again for
(5.9), we conclude that

sup
t∈[0,T ]

|µ̂(t)|2 ⩽ K
(
|ρ̂(T )|2 + |µ̂(0)|2

)
.

With the similar argument as above, it is clear from (5.10) that

|ρ̂(t)|2 ⩽ 2
∥∥eĀ(T−t)

∥∥2|ρ̂(T )|2 + 2
∣∣∣ ∫ T

t

2eĀ(s−t)Qµ̂(s)ds
∣∣∣2 ⩽ K|ρ̂(T )|2 +K sup

t∈[0,T ]

|µ̂(t)|2

for all t ∈ [0, T ], which yields that

sup
t∈[0,T ]

(
|ρ̂(t)|2 + |µ̂(t)|2

)
⩽ K

(
|ρ̂(T )|2 + |µ̂(0)|2

)
.

By using the inequalities (5.7), (5.8), and (4.8),∫ T

0

|µ̂(t)|2dt ⩽ K|µ̂(0)|2
∫ T

0

e−2λtdt+K

∫ T

0

∣∣∣ ∫ t

0

e−λ(t−s)ρ̂(s)ds
∣∣∣2dt

⩽ K|µ̂(0)|2 + K

λ2

∫ T

0

|ρ̂(t)|2dt

⩽ K
(
|ρ̂(T )|2 + |µ̂(0)|2

)
.

The same bound (with potentially different K) holds for
∫ T

0
|ρ̂(t)|2dt, thus

∫ T

0

(
|µ̂(t)|2 + |ρ̂(t)|2

)
dt ⩽ K

(
|ρ̂(T )|2 + |µ̂(0)|2

)
. (5.11)

Next, we show that there exists a τ > 0 such that for all T > 2τ ,

|ρ̂(t)|2 + |µ̂(t)|2 ⩽
1

2

(
|ρ̂(T )|2 + |µ̂(0)|2

)
, ∀t ∈ [τ, T − τ ]. (5.12)

Fix a τ ∈ (0, T
2 ). Using the inequality (5.11), by the mean value theorem for the integral, we obtain that there

exist some ξτ ∈ (0, τ
2 ) and ητ ∈ (T − τ

2 , T ) such that

|ρ̂(ξτ )|2 + |µ̂(ξτ )|2 ⩽
K

τ
M2, and |ρ̂(ητ )|2 + |µ̂(ητ )|2 ⩽

K

τ
M2,
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where M2 := |ρ̂(T )|2 + |µ̂(0)|2. The constant K appearing here and throughout the remainder of the proof is
independent of τ , as well as of t, T , and N . Recall that the semi-explicit form of µ̂ in terms of ρ̂ is given by

µ̂(t) = e(Ā)⊤(t−ξτ )µ̂(ξτ )−
∫ t

ξτ

e(Ā)⊤(t−s)Rρ̂(s)ds

for t ⩾ ξτ , thus

|µ̂(t)|2 ⩽ 2(K∗
1 )

2e−2λ∗(t−ξτ )|µ̂(ξτ )|2 + 2(K∗
1 )

2∥R∥2
∣∣∣ ∫ t

ξτ

e−λ∗(t−s)ρ̂(s)ds
∣∣∣2. (5.13)

Taking integration from ξτ to ητ , and using the inequality (4.8), we have∫ ητ

ξτ

|µ̂(t)|2dt ⩽ 2(K∗
1 )

2|µ̂(ξτ )|2
∫ ητ

ξτ

e−2λ∗(t−ξτ )dt+ 2(K∗
1 )

2∥R∥2
∫ ητ

ξτ

∣∣∣ ∫ t

ξτ

e−λ∗(t−s)ρ̂(s)ds
∣∣∣2dt

⩽
(K∗

1 )
2

λ∗ |µ̂(ξτ )|2 +
2(K∗

1 )
2∥R∥2

(λ∗)2

∫ ητ

ξτ

|ρ̂(t)|2dt.

Moreover, from (5.5) and (5.6), we derive∫ ητ

ξτ

⟨Rρ̂(t), ρ̂(t)⟩dt ⩽ ⟨µ̂(ξτ ), ρ̂(ξτ )⟩ − ⟨µ̂(ητ ), ρ̂(ητ )⟩+ γ

∫ ητ

ξτ

|µ̂(t)|2dt

⩽ ⟨µ̂(ξτ ), ρ̂(ξτ )⟩ − ⟨µ̂(ητ ), ρ̂(ητ )⟩+
γ(K∗

1 )
2

λ∗ |µ̂(ξτ )|2

+
2γ(K∗

1 )
2∥R∥2

(λ∗)2

∫ ητ

ξτ

|ρ̂(t)|2dt.

Since R is positive definite and γ < γ̄ < (λ∗)2

2(K∗
1 )

2∥R∥2λR,min, we establish the following estimate

∫ ητ

ξτ

|ρ̂(t)|2dt ⩽ K
(
|µ̂(ξτ )|2 + |µ̂(ξτ )||ρ̂(ξτ )|+ |µ̂(ητ )||ρ̂(ητ )|

)
⩽

K

τ
M2

for some K > 0. Thus, by (5.13) and using Hölder’s inequality, since R is uniformly bounded from
Assumption 2.12, there exist K and λ > 0 such that

|µ̂(t)|2 ⩽ Ke−2λ(t−ξτ )|µ̂(ξτ )|2 +K

∫ t

ξτ

e−2λ(t−s)ds

∫ t

ξτ

|ρ̂(s)|2ds ⩽ K

τ
M2 (5.14)

for t ∈ [ξτ , ητ ]. From the semi-explicit form of ρ̂ in terms of µ̂ in (5.10) and the assumption that ∥Q∥ is uniformly
bounded above in Assumption 2.15, for t ∈ [ξτ , ητ ], we also derive that

|ρ̂(t)| ⩽
∥∥eĀ(ητ−t)

∥∥|ρ̂(ητ )|+ ∫ ητ

t

2
∥∥eĀ(s−t)

∥∥∥Q∥|µ̂(s)|ds

⩽ Ke−λ(ητ−t)|ρ̂(ητ )|+K sup
t∈[ξτ ,ητ ]

|µ̂(t)|
∫ ητ

t

e−λ(s−t)ds

⩽
K√
τ
M.

(5.15)



48 A. COHEN AND J. JIAN

The above inequality (5.15), together with (5.14), imply (5.12) for a convenient choice of τ . Finally, by iteration
of the inequality (5.12), we conclude that there exist some positive constants K and λ, independent of t, T , and
N , such that

|ρ̂(t)|+ |µ̂(t)| ⩽ K
(
|µ̂(0)|+ |ρ̂(T )|

)(
e−λt + e−λ(T−t)

)
, ∀t ∈ (0, T ).

Moreover, by the uniformly boundedness result of ρ̂ and µ̂, we complete the proof of the desired result that the
following estimate holds uniformly for all N ⩾ 2:

|ρ̂(t)|+ |µ̂(t)| ⩽ K
(
|µ̂(0)|+ |ρ̂(T )|

)(
e−λt + e−λ(T−t)

)
, ∀t ∈ [0, T ].

Lemma 5.3. Let Assumptions 2.6, 2.12, and 2.15 hold. Consider a collection of functions BN : [0, T ] → RNd

for N ⩾ 2. In addition, assume that there exist constants KBN > 0 (possibly depending on N , but independent
of t and T ), and λ̌ > 0 (independent of t, T , and N), such that for all t ∈ [0, T ] and all N ⩾ 2,

|BN (t)| ⩽ KBN e−λ̌(T−t).

Then, there exist positive constants K and λ, independent of t, T , and N , such that any solution (ρ̂, µ̂) for the
system of equations


d

dt
ρ̂(t) = −Āρ̂(t)− 2Qµ̂(t),

d

dt
µ̂(t) = (Ā)⊤µ̂(t)−Rρ̂(t)−BN (t),

ρ̂(T ) = 0, µ̂(0) = 0,

(5.16)

satisfies the following estimate for all N ⩾ 2:

|ρ̂(t)|+ |µ̂(t)| ⩽ KKBN

(
(1 + t)e−λt + (1 + T − t)e−λ(T−t)

)
, ∀t ∈ [0, T ].

Proof. To avoid cumbersome notation throughout the proof, we remove the superscript N from BN . We first
prove that the solution (ρ̂, µ̂) to (5.16) is uniformly bounded. This result can be obtained by a similar argument
as Lemma 5.2. From the system of equations (5.16), it is clear that

− d

dt
⟨µ̂(t), ρ̂(t)⟩

= −
{
⟨(Ā)⊤µ̂(t)−Rρ̂(t)−B(t), ρ̂(t)⟩+ ⟨µ̂(t),−Āρ̂(t)− 2Qµ̂(t)⟩

}
= ⟨Rρ̂(t), ρ̂(t)⟩+ ⟨2Qµ̂(t), µ̂(t)⟩+ ⟨B(t), ρ̂(t)⟩,

which gives the following inequality

∫ T

0

⟨Rρ̂(t), ρ̂(t)⟩dt ⩽ γ

∫ T

0

|µ̂(t)|2dt−
∫ T

0

⟨B(t), ρ̂(t)⟩dt
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by the facts that ρ̂(T ) = 0 and µ̂(0) = 0, and the inequality for Q in (5.6) obtained by Assumption 2.15.
Applying the integrating factor method and from the second equation in (5.16), as µ̂(0) = 0, we derive

µ̂(t) = −
∫ t

0

e(Ā)⊤(t−s)
(
B(s) +Rρ̂(s)

)
ds.

It yields the following estimates

|µ̂(t)|2 ⩽ 2
∣∣∣ ∫ t

0

e(Ā)⊤(t−s)B(s)ds
∣∣∣2 + 2

∣∣∣ ∫ t

0

e(Ā)⊤(t−s)Rρ̂(s)ds
∣∣∣2

⩽ 2(K∗
1 )

2K2
B

∫ t

0

e−2λ∗(t−s)ds

∫ t

0

e−2λ̌(T−s)ds

+ 2(K∗
1 )

2∥R∥2
∣∣∣ ∫ t

0

e−λ∗(t−s)ρ̂(s)ds
∣∣∣2

⩽
(K∗

1 )
2

2λ∗λ̌
K2

Be−2λ̌(T−t) + 2(K∗
1 )

2∥R∥2
∣∣∣ ∫ t

0

e−λ∗(t−s)ρ̂(s)ds
∣∣∣2

(5.17)

for all t ∈ [0, T ] by applying the estimate (5.3). Using the inequality (4.8), we have∫ T

0

⟨Rρ̂(t), ρ̂(t)⟩dt ⩽ γ(K∗
1 )

2

4λ∗λ̌2
K2

B + 2γ(K∗
1 )

2∥R∥2
∫ T

0

∣∣∣ ∫ t

0

e−λ∗(t−s)ρ̂(s)ds
∣∣∣2dt

−
∫ T

0

⟨B(t), ρ̂(t)⟩dt

⩽
γ(K∗

1 )
2

4λ∗λ̌2
K2

B +
2γ(K∗

1 )
2∥R∥2

(λ∗)2

∫ T

0

|ρ̂(t)|2dt−
∫ T

0

⟨B(t), ρ̂(t)⟩dt.

Since γ < γ̄ < (λ∗)2

2(K∗
1 )

2∥R∥2λR,min from Assumption 2.15, |B(t)| ⩽ KBe−λ̌(T−t) for all t ∈ [0, T ], and R is positive

definite, by Young’s inequality, one can derive that there exists a positive constant K such that∫ T

0

|ρ̂(t)|2dt ⩽ KK2
B

for all N ⩾ 2. Thus, from the inequality (5.17), and by Hölder’s inequality,

|µ̂(t)|2 ⩽ KK2
Be−2λ̌(T−t) +

K

2λ

(
1− e−2λt

) ∫ t

0

|ρ̂(s)|2ds

for some positive K and λ. Taking supremum over t on [0, T ], we obtain the uniformly upper bound for µ̂:

sup
t∈[0,T ]

|µ̂(t)|2 ⩽ KK2
B.

Similarly, from the first equation in system (5.16), the semi-explicit representation of ρ̂ in terms of µ̂ is given
by

ρ̂(t) =

∫ T

t

2eĀ(s−t)Qµ̂(s)ds
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since ρ̂(T ) = 0. By the uniformly boundedness of ∥Q∥ from Assumption 2.15, it follows that

sup
t∈[0,T ]

|ρ̂(t)| ⩽ K sup
t∈[0,T ]

|µ̂(t)| ⩽ KKB.

Therefore, we complete the proof that (ρ̂, µ̂) is uniformly bounded, i.e.,

sup
t∈[0,T ]

(
|ρ̂(t)|+ |µ̂(t)|

)
⩽ KKB

for all N ⩾ 2.
Next, for τ > 0, we set

ζ(τ) = sup
t,T

(
|ρ̂(t)|+ |µ̂(t)|

)
,

where the supremum is taken over any T ⩾ 2τ and t ∈ [τ, T − τ ]. Thus, ζ(τ) is bounded by KKB for any τ .
Note that the restriction (ρ̃, µ̃) of (ρ̂, µ̂) to [τ, T − τ ] can be written as

(ρ̃, µ̃) = (ρ̃1, µ̃1) + (ρ̃2, µ̃2),

where (ρ̃1, µ̃1) solves the equation (5.4) with the boundary condition µ̃1(τ) = µ̂(τ) and ρ̃1(T − τ) = ρ̂(T − τ),
while (ρ̃2, µ̃2) solves the equation (5.16) on the time interval [τ, T − τ ] with homogeneous conditions. From the
results in Lemma 5.2, we have, for any t ∈ [τ, T − τ ],

|ρ̃1(t)|+ |µ̃1(t)| ⩽ K
(
|ρ̂(T − τ)|+ |µ̂(τ)|

)(
e−λ(t−τ) + e−λ(T−τ−t)

)
⩽ KKB

(
e−λ(t−τ) + e−λ(T−τ−t)

)
.

Moreover, the restriction of B to [τ, T − τ ] satisfies |B(t)| ⩽ KBe−λτe−λ(T−t−τ) for some positive λ. So, by the
linearity and invariance in time of the equation, we get

|ρ̃2(t)|+ |µ̃2(t)| ⩽ e−λτζ(t− τ), ∀t ∈ [τ, T − τ ],

as we may set µ̃2(t) = µ̂(t− τ) and ρ̃2(t) = ρ̂(t− τ) on [τ, T − τ ]. Plugging together the estimates of (ρ̃1, µ̃1)
and (ρ̃2, µ̃2), we obtain, for any t ⩾ τ ,

sup
s∈[t+τ,T−τ−t]

(
|ρ̂(s)|+ |µ̂(s)|

)
⩽ sup

s∈[t+τ,T−τ−t]

{
KKB

(
e−λ(s−τ) + e−λ(T−τ−s)

)
+ e−λτζ(s− τ)

}
⩽ KKBe−λt + e−λτζ(t).

Taking supremum over (ρ̂, µ̂) and multiplying by eλ(t+τ) to the above inequality gives

eλ(t+τ)ζ(t+ τ) ⩽ KKBeλτ + eλtζ(t),

from which we infer that ζ(t) ⩽ KKB(1 + t)e−λt. By the definition of ζ, this implies the conclusion that

|ρ̂(t)|+ |µ̂(t)| ⩽ KKB

(
(1 + t)e−λt + (1 + T − t)e−λ(T−t)

)
for all t ∈ [0, T ] when choosing τ = t if t ∈ [0, T/2] and τ = T − t otherwise.



TURNPIKE PROPERTIES IN LQG N-PLAYER DIFFERENTIAL GAMES 51

We are now in a position to establish the uniform exponential convergence estimates for (ρ̂, µ̂) as governed
by the system (5.2).

Lemma 5.4. Suppose Assumptions 2.6, 2.12, 2.15, and 2.20 hold. Let {ρiT , µi
T : i ∈ [N ]} be the solution to

the system of ODEs (4.2), and let {ρi, µi : i ∈ [N ]} denote the solution to the system of algebraic equations in

(2.29). Then, there exist some constants K̂ > 0 and λ̂ > 0, independent of t, T , and N , such that the following
exponential convergence estimate holds for all N ⩾ 2:

|ρ̂(t)|+ |µ̂(t)| ⩽ K̂
(
1 + |µ0|+ |ρ|+ |µ− µ0|

)(
e−λ̂t + e−λ̂(T−t)

)
, ∀t ∈ [0, T ].

Proof. Let ρ̃ denote the solution to


d

dt
ρ̃(t) = −Āρ̃(t) + Λ̂(t)RρT (t),

ρ̃(T ) = 0.

Then, the explicit representation of ρ̃ is given by

ρ̃(t) = −
∫ T

t

eĀ(s−t)Λ̂(s)RρT (s)ds.

From the estimates in (5.3) and (3.3), the following estimates hold for all N ⩾ 2:

∥∥eĀ(s−t)
∥∥ ⩽ K∗

1e
−λ∗(s−t), and ∥Λ̂(s)∥ ⩽ K∗

2e
−2λ∗(T−s), ∀0 ⩽ t ⩽ s ⩽ T,

which yields that

|ρ̃(t)| ⩽ K∗
1K

∗
2K(1 + |µ0|)

∫ T

t

e−λ∗(s−t)e−2λ∗(T−s)ds ⩽ K(1 + |µ0|)e−λ∗(T−t)

for some K > 0 by the inequality |ρT (t)| ⩽ K(1 + |µ0|) for all t ∈ [0, T ]. Let (ρ1,µ1) = (ρ̂ − ρ̃, µ̂). Then,
(ρ1,µ1) can also be decomposed by

(ρ1,µ1) = (ρ̂1, µ̂1) + (ρ̂2, µ̂2),

where (ρ̂1, µ̂1) is the solution to (5.4) and (ρ̂2, µ̂2) is the solution to (5.16) with B(t) := R(Λ̂(t)µT (t) + ρ̃(t)).
As R is uniformly bounded from Assumption 2.12, it is worth noting that

|B(t)| =
∣∣R(Λ̂(t)µT (t) + ρ̃(t)

)∣∣ ⩽ K(1 + |µ0|)e−λ∗(T−t) =: KBe−λ∗(T−t), ∀t ∈ [0, T ],

by the estimate |µT (t)| ⩽ K(1+ |µ0|) for all t ∈ [0, T ]. Hence, applying the result in Lemma 5.2 and Lemma 5.3,
there exist positive constants K and λ, independent of t, T and N , such that

|ρ1(t)|+ |µ1(t)|
⩽ K

(
|µ̂(0)|+ |ρ̂(T )|

)(
e−λt + e−λ(T−t)

)
+K(1 + |µ0|)

(
(1 + t)e−λt + (1 + T − t)e−λ(T−t)

)
⩽ K

(
1 + |µ0|+ |µ̂(0)|+ |ρ̂(T )|

)(
(1 + t)e−λt + (1 + T − t)e−λ(T−t)

)
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for all t ∈ [0, T ]. By the definition of (ρ1,µ1) and the estimate that |ρ̃(t)| ⩽ K(1 + |µ0|)e−λ∗(T−t) for any t in

[0, T ], we may choose K̂ > 0 and 0 < λ̂ < min{λ∗, λ} to obtain the desired result that

|ρ̂(t)|+ |µ̂(t)| ⩽ K̂
(
1 + |µ0|+ |ρ|+ |µ− µ0|

)(
e−λ̂t + e−λ̂(T−t)

)
, t ∈ [0, T ]

for all N ⩾ 2.

In the following, we conclude this section by presenting the proof of Proposition 2.25.

Proof of Proposition 2.25. First, under Assumptions 2.6 and 2.12, the estimate (2.36) follows directly from (3.3)

in the proof of Lemma 2.14, with constants K̂ ⩾ K∗
2 and 0 < λ̂ ⩽ 2λ∗, where λ∗ is from (3.1). Then, applying

Assumption 2.12 once more, estimate (2.36) implies the existence of a constant K, independent of t, T and N ,
such that

sup
N

sup
i∈[N ]

∥Λi
T (t)∥ ⩽ sup

N
sup
i∈[N ]

∥Λi∥+ K̂ ⩽ c∗ + K̂ ⩽ K

for all t ∈ [0, T ]. That is, Λi
T is uniformly bounded on [0, T ] for all i ∈ [N ] and N ⩾ 2. Next, the uniform

exponential convergence estimate (2.37) is concluded directly from Lemma 5.1.
Fix N ⩾ 2. Following the same argument as in Lemma 5.4, we deduce the existence of positive constants

K̂(N) and λ̂(N), independent of t and T , such that

|ρ̂(t)|+ |µ̂(t)| ⩽ K̂(N)
(
1 + |µ0|+ |ρ|+ |µ− µ0|

)(
e−λ̂(N)t + e−λ̂(N)(T−t)

)
for all t ∈ [0, T ]. Consequently, we obtain

sup
i∈[N ]

(
|µi

T (t)− µi|+ |ρiT (t)− ρi|
)
⩽ |ρ̂(t)|+ |µ̂(t)|

⩽ K̂(N)
(
1 +

√
N
(
sup
i∈[N ]

|µi
0|+ sup

i∈[N ]

|ρi|+ sup
i∈[N ]

|µi|
))(

e−λ̂(N)t + e−λ̂(N)(T−t)
)

⩽ K̂(N)
(
e−λ̂(N)t + e−λ̂(N)(T−t)

)
,

which yields the estimate (2.35). Furthermore, by the result of Lemma 5.4 and the uniform boundedness of |µi
0|,

|µi| and |ρi| as required by Assumption 2.24, we derive that

|ρ̂(t)|+ |µ̂(t)| ⩽ K̂
(
1 +

√
N
(
sup
i∈[N ]

|µi
0|+ sup

i∈[N ]

|ρi|+ sup
i∈[N ]

|µi|
))(

e−λ̂t + e−λ̂(T−t)
)

⩽
√
NK̂

(
e−λ̂t + e−λ̂(T−t)

)
for all t ∈ [0, T ] and N ⩾ 2, which implies the desired uniform estimate (2.38). This completes the proof of
Proposition 2.25.

6. Proof of Corollary 2.27 and Theorem 2.28: Turnpike
properties

In this section, we provide the proofs of Corollary 2.27 and Theorem 2.28, which address, respectively, the
convergence of the time-averaged value function as the time horizon tends to infinity, and the turnpike property
of the equilibrium pairs over long time horizon. As in previous sections, throughout the following analysis we
denote K(N), λ(N), K̃(N) and λ̃(N) as the generic positive constants that are independent of t and T . Moreover,
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we use K, λ, K̃ and λ̃ to denote generic positive constants that are independent of t, T and N , and which may
vary from line to line.

Proof of Corollary 2.27. We start with the proof of (2.39). Fix N ⩾ 2. By the explicit form of Vi
T in (2.22), for

all x ∈ Rd and i ∈ [N ], the following inequalities hold

∣∣∣ 1
T
Vi
T (0, x;m

−i
0 )− ci

∣∣∣ = ∣∣∣ 1
T

(1
2
x⊤Λi

T (0)x+ (ρiT (0))
⊤x+ κi

T (0)
)
− ci

∣∣∣
⩽

1

T

∣∣∣1
2
x⊤Λi

T (0)x+ (ρiT (0))
⊤x
∣∣∣+ ∣∣∣ 1

T
κi
T (0)− ci

∣∣∣.
From the estimates (2.33) and (2.35) in Proposition 2.25, Λi

T and ρiT are uniform bounded on [0, T ] with respect
to T for all i ∈ [N ], thus we have

lim
T→∞

sup
i∈[N ]

∣∣∣ 1
T
Vi
T (0, x;m

−i
0 )− ci

∣∣∣ ⩽ lim
T→∞

sup
i∈[N ]

∣∣∣ 1
T
κi
T (0)− ci

∣∣∣.
Next, by the explicit form of κi

T in (4.10) and ci in (2.29), we derive that

∣∣∣ 1
T
κi
T (0)− ci

∣∣∣ ⩽ 1

T

∫ T

0

∣∣tr(ςi(Λi
T (s)− Λi)

)∣∣ds
+

1

T

∫ T

0

∣∣F i
0(µ

−i
T (s),Σi

T (s))− F i
0(µ

−i,Σi)
∣∣ds

+
1

T

∫ T

0

∣∣∣1
2
(ρiT (s)− ρi)⊤(Ri)−1(ρiT (s) + ρi)

∣∣∣ds
for all i ∈ [N ]. By the estimates (2.33) and (2.35) again, there exist some constants K(N) and λ(N) > 0,
independent of t and T , such that

sup
i∈[N ]

∥Λi
T (t)− Λi∥ ⩽ K(N)e−λ(N)(T−t),

sup
i∈[N ]

|ρiT (t)− ρi| ⩽ K(N)
(
e−λ(N)t + e−λ(N)(T−t)

)
,

for all t ∈ [0, T ] and supt∈[0,T ] |ρiT (t)| ⩽ K(N) for all i ∈ [N ]. Thus, we conclude that

lim
T→∞

sup
i∈[N ]

1

T

∫ T

0

∣∣tr(ςi(Λi
T (s)− Λi)

)∣∣ds = 0

and

lim
T→∞

sup
i∈[N ]

1

T

∫ T

0

∣∣∣1
2
(ρiT (s)− ρi)⊤(Ri)−1(ρiT (s) + ρi)

∣∣∣ds = 0.
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Moreover, from the definition of F i
0(µ

−i
T (t),Σi

T (t)) and F i
0(µ

−i,Σi) in (2.10), it is straightforward that

F i
0(µ

−i
T (t),Σi

T (t))− F i
0(µ

−i,Σi) = −
(
x̄i
i

)⊤(∑
j ̸=i

Qi
ij

(
µj
T (t)− µj

))
−

(∑
j ̸=i

(
µj
T (t)− µj

)⊤
Qi

ji

)
x̄i
i

+
∑

j,k ̸=i,j ̸=k

(
µj
T (t)− µj

)⊤
Qi

jk

(
µk
T (t)− x̄k

i

)
+

∑
j,k ̸=i,j ̸=k

(
µj − x̄j

i

)⊤
Qi

jk

(
µk
T (t)− µk

)
+
∑
j ̸=i

(
tr
(
Qi

jj

(
(Σi

T (t))
−1 − (Σi)−1

))
+
(
µj
T (t)− µj

)⊤
Qi

jj

(
µj
T (t) + µj − 2x̄j

i

))
.

Then, by the estimates in (2.34) and (2.35), there exist some constants K(N) and λ(N) > 0, independent of t
and T , such that

sup
i∈[N ]

∥∥(Σi
T (t))

−1 − (Σi)−1
∥∥ ⩽ K(N)e−λ(N)(T−t),

sup
i∈[N ]

|µi
T (t)− µi| ⩽ K(N)

(
e−λ(N)t + e−λ(N)(T−t)

)
,

for all t ∈ [0, T ] and supt∈[0,T ] |µi
T (t)| ⩽ K(N) for all i ∈ [N ]. Thus, we obtain

lim
T→∞

sup
i∈[N ]

1

T

∫ T

0

∣∣F i
0(µ

−i
T (s),Σi

T (s))− F i
0(µ

−i,Σi)
∣∣ds

⩽ lim
T→∞

1

T

∫ T

0

K(N)
(
e−λ(N)s + e−λ(N)(T−s)

)
ds = 0.

Then, combining all of the above results, we conclude that

lim
T→∞

sup
i∈[N ]

∣∣∣ 1
T
κi
T (0)− ci

∣∣∣ = 0,

which implies the following desired result

lim
T→∞

sup
i∈[N ]

∣∣∣ 1
T
Vi
T (0, x;m

−i
0 )− ci

∣∣∣ = 0.
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Next, we prove the uniform ergodic property for Vi
T (0, x;m

−i
0 ) in (2.40). By a similar argument to the

non-uniform case, for all x ∈ Rd, we have

1

N

N∑
i=1

∣∣∣ 1
T
Vi
T (0, x;m

−i
0 )− ci

∣∣∣
⩽

1

N

N∑
i=1

1

T

∣∣∣1
2
x⊤Λi

T (0)x
∣∣∣+ 1

N

N∑
i=1

1

T

∣∣(ρiT (0))⊤x∣∣+ 1

N

N∑
i=1

∣∣∣ 1
T
κi
T (0)− ci

∣∣∣
⩽

1

T
sup
i∈[N ]

∣∣∣1
2
x⊤Λi

T (0)x
∣∣∣+ |x|

T

1√
N

( N∑
i=1

∣∣ρiT (0)∣∣2) 1
2

+
1

N

N∑
i=1

∣∣∣ 1
T
κi
T (0)− ci

∣∣∣
=

1

T
sup
i∈[N ]

∣∣∣1
2
x⊤Λi

T (0)x
∣∣∣+ |x|

T

1√
N

|ρT (0)|+
1

N

N∑
i=1

∣∣∣ 1
T
κi
T (0)− ci

∣∣∣.

Applying the estimates (2.36) and (2.38), and by Assumption 2.24, we derive that Λi
T and 1√

N
ρT are uniform

bounded on [0, T ] with respect to T for all i ∈ [N ] and N ⩾ 2, and thus

lim
T→∞

sup
N

1

N

N∑
i=1

∣∣∣ 1
T
Vi
T (0, x;m

−i
0 )− ci

∣∣∣ ⩽ lim
T→∞

sup
N

1

N

N∑
i=1

∣∣∣ 1
T
κi
T (0)− ci

∣∣∣.

Using the explicit form of κi
T in (4.10) and ci in (2.29) again, we obtain that

1

N

N∑
i=1

∣∣∣ 1
T
κi
T (0)− ci

∣∣∣ ⩽ 1

N

N∑
i=1

1

T

∫ T

0

∣∣tr(ςi(Λi
T (s)− Λi)

)∣∣ds
+

1

N

N∑
i=1

1

T

∫ T

0

∣∣F i
0(µ

−i
T (s),Σi

T (s))− F i
0(µ

−i,Σi)
∣∣ds

+
1

N

N∑
i=1

1

T

∫ T

0

∣∣∣1
2
(ρiT (s)− ρi)⊤(Ri)−1(ρiT (s) + ρi)

∣∣∣ds.

From the estimate (2.36) and Assumption 2.24, it is clear that

lim
T→∞

sup
N

1

N

N∑
i=1

1

T

∫ T

0

∣∣tr(ςi(Λi
T (s)− Λi)

)∣∣ds = 0.
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Next, we observe that

1

N

N∑
i=1

1

T

∫ T

0

∣∣∣1
2
(ρiT (s)− ρi)⊤(Ri)−1(ρiT (s) + ρi)

∣∣∣ds
⩽

1

2T
sup
i∈[N ]

∥∥(Ri)−1
∥∥∫ T

0

1

N

N∑
i=1

∣∣ρiT (s)− ρi
∣∣∣∣ρiT (s) + ρi

∣∣ds
⩽

1

2T
sup
i∈[N ]

∥∥(Ri)−1
∥∥∫ T

0

1√
N

( N∑
i=1

∣∣ρiT (s)− ρi
∣∣2) 1

2 1√
N

( N∑
i=1

∣∣ρiT (s) + ρi
∣∣2) 1

2

ds

⩽
1

2T
sup
i∈[N ]

∥∥(Ri)−1
∥∥ sup

s∈[0,T ]

√
2√
N

(
|ρT (s)|+ |ρ|

) ∫ T

0

1√
N

|ρ̂(s)|ds

for all N ⩾ 2. Then, the following limit

lim
T→∞

sup
N

1

N

N∑
i=1

1

T

∫ T

0

∣∣∣1
2
(ρiT (s)− ρi)⊤(Ri)−1(ρiT (s) + ρi)

∣∣∣ds = 0

follows from the estimate (2.38) and the assumption that ∥(Ri)−1∥ and |ρi| are uniformly bounded for all i ∈ [N ]
and N ⩾ 2. Similarly, by the definition of F i

0(µ
−i
T (t),Σi

T (t)) − F i
0(µ

−i,Σi) from (2.10), Assumption 2.24, and
the uniform estimates (2.37) and (2.38), we deduce that

lim
T→∞

sup
N

1

N

N∑
i=1

1

T

∫ T

0

∣∣F i
0(µ

−i
T (s),Σi

T (s))− F i
0(µ

−i,Σi)
∣∣ds = 0.

Combining the above results, we derive

lim
T→∞

sup
N

1

N

N∑
i=1

∣∣∣ 1
T
Vi
T (0, x;m

−i
0 )− ci

∣∣∣ ⩽ lim
T→∞

sup
N

1

N

N∑
i=1

∣∣∣ 1
T
κi
T (0)− ci

∣∣∣ = 0,

which yields the desired result (2.40).

Finally, we are ready to establish the turnpike properties stated in Theorem 2.28.

Proof of Theorem 2.28. We also begin with the non-uniform turnpike property (2.41). Fix N ⩾ 2. Recall that
for each i ∈ [N ], (Xi

T , α
i
T ) is the equilibrium pair associated with the finite-horizon game defined in (2.19) and

(2.18), while (Xi, αi) denotes the equilibrium pair corresponding to the ergodic game formulated in (2.32) and

(2.31). We define the deviation process X̂i(t) := Xi
T (t)−Xi(t) for all t ∈ [0, T ]. It follows that

{
dX̂i(t) =

[
(Ai − (Ri)−1Λi

T (t))X̂
i(t) + (Ri)−1(Λi − Λi

T (t))X
i(t) + (Ri)−1(ρi − ρiT (t))

]
dt,

X̂i(0) = 0 ∈ Rd.
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By the integrating factor method and recall that (Āi
T (t))

⊤ = Ai − (Ri)−1Λi
T (t), we obtain the explicit

representation of X̂i in terms of Xi

X̂i(t) =

∫ t

0

e
∫ t
s
(Āi

T (r))⊤dr
(
(Ri)−1(Λi − Λi

T (s))X
i(s) + (Ri)−1(ρi − ρiT (s))

)
ds

as X̂i(0) = 0 ∈ Rd. By the basic inequality, for the second moment of X̂i, we have

E
[∣∣X̂i(t)

∣∣2] ⩽ 2E
[∣∣∣ ∫ t

0

e
∫ t
s
(Āi

T (r))⊤dr(Ri)−1(Λi − Λi
T (s))X

i(s)ds
∣∣∣2]

+ 2
∣∣∣ ∫ t

0

e
∫ t
s
(Āi

T (r))⊤dr(Ri)−1(ρi − ρiT (s))ds
∣∣∣2.

From the estimate (2.35) in Proposition 2.25 and the estimate (3.5) in Lemma 3.1, there exist some constants
K(N) and λ(N) > 0, independent of t and T , such that

sup
i∈[N ]

|ρi − ρiT (t)| ⩽ K(N)
(
e−2λ(N)t + e−2λ(N)(T−t)

)
,

and

sup
i∈[N ]

∥∥e∫ t
s
(Āi

T (r))⊤dr
∥∥ ⩽ K(N)e−λ(N)(t−s)

for all 0 ⩽ s ⩽ t ⩽ T . Thus, we derive the following estimates

sup
i∈[N ]

∣∣∣ ∫ t

0

e
∫ t
s
(Āi

T (r))⊤dr(Ri)−1(ρi − ρiT (s))ds
∣∣∣2 ⩽ K(N)

∣∣∣ ∫ t

0

e−λ(N)(t−s)
(
e−2λ(N)s + e−2λ(N)(T−s)

)
ds
∣∣∣2

⩽ K(N)
(
e−2λ(N)t + e−2λ(N)(T−t)

)
.

Moreover, from the estimate (2.14) in Lemma 2.7, the second moment of Xi is uniformly bounded by some
positive constant K(N), i.e.,

E
[∣∣Xi(t)

∣∣2] ⩽ K(N), ∀t ⩾ 0

for all i ∈ [N ]. Then, using the estimates (2.33) and (3.5), and by Hölder’s inequality, we derive that

sup
i∈[N ]

E
[∣∣∣ ∫ t

0

e
∫ t
s
(Āi

T (r))⊤dr(Ri)−1(Λi − Λi
T (s))X

i(s)ds
∣∣∣2]

⩽ K(N) sup
i∈[N ]

∫ t

0

∥∥e∫ t
s
(Āi

T (r))⊤dr
∥∥2ds∫ t

0

∥Λi − Λi
T (s)∥2E

[
|Xi(s)|2

]
ds

⩽ K(N)

∫ t

0

e−2λ(N)(t−s)ds

∫ t

0

e−2λ(N)(T−s)ds

⩽ K(N)e−2λ(N)(T−t)
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for all t ∈ [0, T ]. Therefore, we conclude that there exist constants K̃(N) > 0 and λ̃(N) > 0, independent of t
and T , such that

sup
i∈[N ]

E
[∣∣Xi

T (t)−Xi(t)
∣∣2] ⩽ K̃(N)

(
e−λ̃(N)t + e−λ̃(N)(T−t)

)
, ∀t ∈ [0, T ].

Next, by the feedback form the equilibrium strategy αi
T in (2.18) and αi in (2.31) with respect to Xi

T and Xi,

respectively, and the estimates (2.33) and (2.35), there exist some positive constants K̃(N) and λ̃(N), independent
of t and T , such that

sup
i∈[N ]

E
[∣∣αi

T (t)− αi(t)
∣∣2]

= sup
i∈[N ]

E
[∣∣(Ri)−1Λi

T (t)
(
Xi

T (t)−Xi(t)
)
+ (Ri)−1

(
Λi
T (t)− Λi

)
Xi(t)

+ (Ri)−1
(
ρiT (t)− ρi

)∣∣2]
⩽ K̃(N) sup

i∈[N ]

(
E
[∣∣Xi

T (t)−Xi(t)
∣∣2]+ ∥∥Λi

T (t)− Λi
∥∥2 + ∣∣ρiT (t)− ρi

∣∣2)
⩽ K̃(N)

(
e−λ̃(N)t + e−λ̃(N)(T−t)

)
for all t ∈ [0, T ]. This concludes the proof of the desired turnpike property in (2.41).

Next, we focus on the proof of the uniform turnpike property (2.42). Denote that X̂(t) := (X̂1(t), . . . , X̂N (t))

for all t ∈ [0, T ]. By the definition of ĀT (t), R, Λ̂(t) and ρ̂(t), we have{
dX̂(t) =

[
(ĀT (t))

⊤X̂(t)−RΛ̂(t)X(t)−Rρ̂(t)
]
dt,

X̂(0) = 0 ∈ RNd.

Applying the integrating factor method again, we derive the explicit representation of X̂ as following

X̂(t) = −
∫ t

0

e
∫ t
s
(ĀT (t))⊤dr

(
RΛ̂(s)X(s) +Rρ̂(s)

)
ds,

which implies that

E
[∣∣X̂(t)

∣∣2] ⩽ 2E
[∣∣∣ ∫ t

0

e
∫ t
s
(ĀT (r))⊤drRΛ̂(t)X(s)ds

∣∣∣2]+ 2
∣∣∣ ∫ t

0

e
∫ t
s
(ĀT (r))⊤drRρ̂(s)ds

∣∣∣2.
By the estimates (2.38) in Proposition 2.25 and (3.8) in Lemma 3.1, there exist some positive constants K and
λ, independent of t, T , and N , such that

sup
N

1√
N

|ρ̂(t)| ⩽ K
(
e−2λt + e−2λ(T−t)

)
, and sup

N

∥∥e∫ t
s
(ĀT (r))⊤dr

∥∥ ⩽ Ke−λ(t−s)

for all 0 ⩽ s ⩽ t ⩽ T . Thus, by the uniform boundedness of ∥R∥ from Assumption 2.12, we obtain

sup
N

1

N

∣∣∣ ∫ t

0

e
∫ t
s
(ĀT (r))⊤drRρ̂(s)ds

∣∣∣2 ⩽ K
(∫ t

0

e−λ(t−s)
(
e−2λs + e−2λ(T−s)

)
ds
)2

⩽ K
(
e−2λt + e−2λ(T−t)

)
.
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Next, from the explicit solution of X(t), by Assumptions 2.12 and 2.24, and the estimate (5.3), the following
moment boundedness holds:

sup
N

1

N
E
[∣∣X(t)

∣∣2] ⩽ K, ∀t ⩾ 0.

Then, using the estimates (2.36) and (3.8), and by Hölder’s inequality, we derive that

sup
N

1

N
E
[∣∣∣ ∫ t

0

e
∫ t
s
(ĀT (r))⊤drRΛ̂(t)X(s)ds

∣∣∣2]
⩽ sup

N

∫ t

0

∥∥e∫ t
s
(ĀT (r))⊤dr

∥∥2ds∫ t

0

∥R∥2∥Λ̂(s)∥2 1

N
E
[∣∣X(s)

∣∣2]ds
⩽ K

∫ t

0

e−2λ(t−s)ds

∫ t

0

e−2λ(T−s)ds ⩽ Ke−2λ(T−t)

for all t ∈ [0, T ]. Combining the above results, we conclude that there exist positive constants K̃ and λ̃,
independent of t, T , and N , such that

sup
N

1

N
E
[∣∣XT (t)−X(t)

∣∣2] = sup
N

1

N
E
[∣∣X̂(t)

∣∣2] ⩽ K̃
(
e−λ̃t + e−λ̃(T−t)

)
for all t ∈ [0, T ]. Similarly, by the feedback form αT and α, and using the estimates (2.36) and (2.38), we arrive
at the desired result that

sup
N

1

N
E
[∣∣αT (t)−α(t)

∣∣2] ⩽ K̃ sup
N

1

N

(
E
[∣∣XT (t)−X(t)

∣∣2]+ E
[∣∣X(t)

∣∣2]∥Λ̂(t)∥2 + |ρ̂(t)|2
)

⩽ K̃
(
e−λ̃t + e−λ̃(T−t)

)
for all t ∈ [0, T ]. This completes the proof of the uniform turnpike property (2.42).

7. Numerical experiments

To illustrate the convergence of the solutions to the systems (2.9) and (2.29) established in Proposition 2.25,
as well as the (uniform) turnpike property for the equilibrium state processes and the convergence of the time-
averaged value function proved in Theorem 2.28 and Corollary 2.27, we present several numerical experiments
in this section. We consider Example 1 in Section 2.4 with d = 1. Specifically, for each i ∈ [N ], we choose the
following parameters:

� Ai = A = −0.5, σi = σ = 0.8, Ri = R = 1, Qi
ii = Q = 1;

� Qi
ij = B = 1

2N , Qi
jj = Ci =

1
2N for all j ̸= i;

� Qi
jk = Di = 0 for all j, k ̸= i, j ̸= k;

� x̄i
i = 1, and x̄j

i = 0 for all j ̸= i;
� µi

0 = 1 and Σi
0 = 2.

Then, under the above setting, the functions F i
0 : RN−1 × (0,∞) → R and F i

1 : RN−1 → R defined in (2.10)
simplify to

F i
0(y

−1,Υ) = 1− 1

N

∑
j ̸=i

yj +
N − 1

2N
Υ−1 +

1

2N

∑
j ̸=i

(yj)2
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and

F i
1(y

−i) = −1 +
1

2N

∑
j ̸=i

yj ,

respectively, where y−i = (y1, . . . , yi−1, yi+1, . . . , yN ) ∈ RN−1.
Consequently, the system of equations (2.9) associated with the finite-horizon game reduces to, for each

i ∈ [N ],



d

dt
ΛT (t)− ΛT (t)− (ΛT (t))

2 + 2 = 0,

d

dt
ΣT (t) + 0.64(ΣT (t))

2 − (1 + 2ΛT (t)) ΣT (t) = 0,

d

dt
µi
T (t) + (0.5 + ΛT (t))µ

i
T (t) + ρiT (t) = 0,

d

dt
ρiT (t)− (0.5 + ΛT (t))ρ

i
T (t) + 2F i

1(µ
−i
T (t)) = 0,

d

dt
κi
T (t) + 0.32ΛT (t)−

1

2
(ρiT (t))

2 + F i
0(µ

−i
T (t),ΣT (t)) = 0

with the initial and terminal conditions

ΣT (0) = 2, µi
T (0) = 1, ΛT (T ) = ρiT (T ) = κi

T (T ) = 0.

Similarly, the system of algebraic equations (2.29) arising from the ergodic game can be reduced to



Λ2 + Λ− 2 = 0,

0.32Σ2 − (0.5 + Λ)Σ = 0,

(0.5 + Λ)µi + ρi = 0,

−(0.5 + Λ)ρi + 2F i
1(µ

−i) = 0,

0.32Λ− 1

2
(ρi)2 + F i

0(µ
−i,Σ) = ci.

By imposing Λ > 0 and Σ > 0, we obtain Λ = 1 and Σ = 4.6875. It then follows from the third equation that
ρi = −1.5µi. Substituting this identity into the fourth equation yields

(
2.25− 1

N

)
µi − 2 +

1

N

N∑
j=1

µj = 0.

Thus, we deduce

N∑
j=1

µj =
2N

3.25− 1
N

,
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Figure 1. The convergence of solutions to the systems (2.9) and (2.29).

and it follows that

µi = µ :=
2

3.25− 1
N

, ρi = ρ := − 3

3.25− 1
N

for all i ∈ [N ]. In particular, µi and ρi are identical for all players. Therefore,

ci = 0.32− 1

2
ρ2 + 1− N − 1

N
µ+

N − 1

2N

1

Σ
+

N − 1

2N
µ2.

For this example, we take T = 20 and report simulations for the number of players N ∈ {5, 10, 20, 100}.
Figure 1 displays the convergence of the solution to the finite-horizon system (2.9) toward the solution to
the ergodic system (2.29). This is fully consistent with the exponential turnpike-type estimates established in
Proposition 2.25.
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Figure 2. Uniform-in-N turnpike property in (2.42).
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Figure 3. Convergence of time-averaged value function in (2.39).

Figure 2 further illustrates the uniform turnpike property for the equilibrium state under different population
sizes. In particular, the dashed line represents a uniform turnpike-type bound that is independent of the number
of players N .

Next, we present the simulation for the convergence of the time-averaged value functions with T ∈
{2, 4, 8, 12, 16, 20, 30, 50}. The result is displayed in Figure 3. It shows that, for each N ∈ {5, 10, 20, 100}, enlarg-
ing the time horizon T reduces the discrepancy between 1

T V
i
T and ci. This numerical trend is consistent with

the convergence of the time-averaged value function proved in Corollary 2.27.
In addition, we perform Monte Carlo simulations with 8000 paths to compare the mean of equilibrium

trajectories in the finite-horizon and the ergodic game problems, that is, we simulate
∣∣E[Xi

T (t)] − E[Xi(t)]
∣∣2.

The simulated result is presented in Figure 4. This figure also illustrates the turnpike property in mean. More
precisely, it suggests that

∣∣E[Xi
T (t)]− E[Xi(t)]

∣∣2 ≤ K
(
e−λt + e−λ(T−t)

)
, ∀t ∈ [0, T ],
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Figure 4. Monte Carlo simulation of path and turnpike property in mean value.
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Figure 5. Ratio test for the uniform turnpike property in (2.42).

for some constants K and λ, which are independent of t and T . This estimate follows directly from the turnpike
property (2.41).

Finally, to further illustrate the uniform-in-N turnpike property, we preform a ratio test for the quantity

1
NE
[
|XT (t)−X(t)|2

]
e−λ̃t + e−λ̃(T−t)

for N ∈ {5, 10, 20, 100}. Figure 5 shows that all the ratios remain bounded by a constant that is uniform in N ,
in agreement with the uniform turnpike estimate proved in Theorem 2.28.
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8. Summary and future outlook

This paper investigates the long-time behavior of equilibrium strategies and state trajectories in a linear
quadratic N -player stochastic differential game with Gaussian initial data. We analyze the convergence of
the finite-horizon game toward its associated ergodic counterpart, with particular emphasis on the turnpike
property—a phenomenon where equilibrium strategies and trajectories remain close to their steady-state coun-
terparts over most of the time horizon. We formulate both of the finite-horizon and ergodic problems, derive the
corresponding systems HJB-FP equations, and characterize their solutions via systems of coupled equations. The
solvability of these systems and the resulting characterization of equilibrium strategies, state processes, and value
functions are established in both settings, including uniform results under additional structural assumptions.

The main technical contribution lies in proving the unique solvability of the system of coupled ODEs arising
from the finite-horizon game, and establishing exponential convergence estimates between the solutions to the
finite-horizon and ergodic systems. These convergence estimates are then used to demonstrate the convergence
of the time-averaged value function and to establish the turnpike properties for the equilibrium pairs of each
player. It is important to note that our analysis does not rely on the mean field game limiting framework, which
enables a fully uniform treatment with respect to the number of players. As a result, we also derive a uniform
turnpike property for the N -player game.

A natural direction for future research is to extend the present analysis to more general frameworks, such as
linear quadratic differential games with state- and control-dependent diffusion coefficients in the state dynamics,
or even to the settings beyond the linear quadratic structure. An important objective would be to investi-
gate whether a uniform turnpike property for N -player games continuous to hold in these broader contexts.
Such an extension would require the construction of analytically tractable formulations for both the associated
finite-horizon and ergodic game problems. Moreover, the convergence analysis for the corresponding system
of equations would become substantially more delicate. In particular, one may leverage the analytical tools
developed in [52, 54] to derive uniform estimates for the difference between solutions to the finite-horizon and
ergodic HJB-FP systems. Another promising extension is to consider high-dimensional stochastic optimal con-
trol problems and their associated mean field control formulations. In this context, the analysis may become
more tractable, as it avoids the complexities of fully coupled forward-backward systems and allows for more
direct methods to establish convergence and turnpike-type properties.
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