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HOMOGENIZATION AND LOCALIZATION
IN LOCALLY PERIODIC TRANSPORT

GREGOIRE ALLAIRE!, GUILLAUME BAL? AND VINCENT SIESS?®

Abstract. In this paper, we study the homogenization and localization of a spectral transport equa-
tion posed in a locally periodic heterogeneous domain. This equation models the equilibrium of particles
interacting with an underlying medium in the presence of a creation mechanism such as, for instance,
neutrons in nuclear reactors. The physical coefficients of the domain are e-periodic functions modu-
lated by a macroscopic variable, where ¢ is a small parameter. The mean free path of the particles is
also of order e. We assume that the leading eigenvalue of the periodicity cell problem admits a unique
minimum in the domain at a point zo where its Hessian matrix is positive definite. This assumption
yields a concentration phenomenon around zg, as € goes to 0, at a new scale of the order of 1/ which is
superimposed with the usual € oscillations of the homogenized limit. More precisely, we prove that the
particle density is asymptotically the product of two terms. The first one is the leading eigenvector of a
cell transport equation with periodic boundary conditions. The second term is the first eigenvector of
a homogenized diffusion equation in the whole space with quadratic potential, rescaled by a factor 1/z,
i.e., of the form exp (72—1€M(x —xz0) - (z — xo)), where M is a positive definite matrix. Furthermore,
the eigenvalue corresponding to this second term gives a first-order correction to the eigenvalue of the
heterogeneous spectral transport problem.
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INTRODUCTION

This paper is devoted to the homogenization of a transport equation in a locally periodic medium. We
consider the following eigenvalue problem for the transport equation

ev - Vo (z,v) + X¢(x,v) qﬁs(x,v)f/ o (z,v',v) ¢° (z, ") dv’
v

= )\E/ fe(z, 0", 0) ¢ (z,0" ) dv' in Q x V (1)
%
=0 onT'_ ={(x,v) €I xV,v-n(x) <0}
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where Q is a bounded convex domain, V is the velocity space, and the coefficients (or cross-sections) are
periodically oscillating functions defined by

Y (z,0) =% (:c, g,v) , 0% (z,0v) =0 (ac, g,’u',’u) , fo (0 v) = f (:c, g,’u',v> ) (2)

The e-scaling in front of the advection term in (1) means that the mean free path is of the same order as the
period e. In nuclear reactor physics, equation (1) is known as the criticality problem for neutron transport. It
expresses the balance between the production of neutrons by fission (the right hand side of (1)) and its absorption
or scattering in the reactor core and leakage at the boundary (the left hand side of (1)). The unknowns are the
neutron density (or flux) ¢°(z,v) and the eigenvalue A° (the inverse of which is called multiplication factor),
which measures the balance between the production and removal of neutrons. Since only positive densities have
a physical meaning, the only relevant solution turns out to be the first eigenvector (positive and unique up to a
multiplicative constant). There are of course other physical motivations for the study of (1), including photon
transport, radiative transfer, and semi-conductors.

Since the pioneering work of Larsen [19-21] (not to mention the previous physics literature), many papers
have been devoted to the time evolution version of problem (1) (see e.g. [8,12,16,17,27]). The eigenvalue
problem (1) was studied in [2,7]. In all these papers, there is always an assumption of pure periodicity, which
means that the coefficients in (2) depend solely on the fast variable y = 2:/¢ and not on the slow variable z. In
truth the papers [17] and [16] do not make precisely such an assumption but rather assume that the resulting
local behavior is not oscillating, i.e. depends on x but not on y = z/e. In any case, the possibility of a strong
coupling of the fast and slow variables has never been explored in full generality with coefficients defined by (2).
We address this problem under a suitable structural assumption and show that the homogenized limit is very
different from that obtained in the purely periodic case. To explain our results we introduce the cell eigenvalue
problem which is defined for each x € Q by

v-Vy + X9 :/ m/)d’u'Jr)\OO(:c)/ fod' in Y
v v
y— Y(x,y,v) Y — periodic,

(3)

where (A\>®(x),%(x,y,v)) is the first or leading eigencouple and Y = (0,1)Y. Our structural assumption is
that the function z — A*°(x) admits a unique minimum at zo € 2 and that its Hessian matrix is positive
definite at xg. We also make a no-drift assumption which amounts to a phase-space symmetry condition (this
assumption can be removed as was shown in [7]). Our main result (see (32) for a formal asymptotic result
and Th. 3.2 for a precise statement) is that, asymptotically as € tends to zero, the first eigenfunction of (1)
behaves as

(4)

() % 6 (0. 0) <M(m —20) (@ — x0)>’

2e

where M is a positive definite matrix depending on some homogenized properties and on the Hessian of \*°
at xg. It is clear from (4) that ¢ is localized near zp at a length scale of order /. Furthermore, the first
eigenvalue can be expanded as

A= )\oo($0) +eX + O(E),

where A\; is explicit in terms of M and other homogenized quantities (see (26, 31), and Rem. 3.1). Even when
the coefficients do not oscillate (i.e. are functions of x but not of z/¢) the asymptotic result (4) is non trivial
and new to the best of our knowledge. Our results extend a previous study made in [4] on a similar eigenvalue
problem for a diffusion equation. Related results on diffusion equations may be found in [3,18], and [24].
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The paper is organized as follows. In the next section we introduce our notation and detailed assumptions, and
we recall some basic mathematical properties of transport equations. Section 2 is devoted to the homogenization
of (1) by means of asymptotic expansions. This method is formal but it has the advantage of being easily
accessible without any knowledge of functional analysis. Section 3 is devoted to a detailed presentation of
the rigorous convergence results concerning the homogenization of (1). The proofs of these results are given in
Sections 4 and 5. More precisely, Section 4 focuses on a priori estimates for a source problem associated with (1),
while Section 5 is concerned with the proof of the homogenization process, using the two-scale convergence
method. Finally, Section 6 is devoted to some auxiliary cell problems.

1. ASSUMPTIONS AND NOTATION

This section is devoted to a precise statement of our main assumptions and to a brief presentation of our
notation and of classical results in transport theory that are necessary for our analysis. We include these known
results (without proofs) for completeness, and we refer to, e.g. [2,6,11] for details. We first give the detailed
assumptions on the physical parameters that are used throughout this paper.

(H1) The domain €2 is a convex bounded open set of RY, and the velocity space V is a compact subset of
RY which does not contain 0. Furthermore V is assumed to be the closure of an open set, and its
N-dimensional measure is normalized to have |V| = 1.

(H2) The cross-sections X(x,y,v), o(z,y,v’,v), and f(x,y,v’,v) are of class C? in x € Q and measurable in y.
They are positive, bounded Y-periodic functions in y, where Y = (0,1)" is the unit cube, and there exists
a positive constant C' > 0 such that, for a.e. (z,y,v,v’),

f(z7y7v/’v) Z C?

¥(x,y,v) —/ o(z,y,v',v)dv’ > C, (5)

Y(z,y,v) — | o(z,y,v,0")dv" > C.
1%

Remark 1.1. There are possible variants of assumption (H2) which may be more appropriate for some appli-
cations. For example, as it stands, (H2) implies that particle creation occurs everywhere, which is not the case
in neutron transport where fission takes place only in the nuclear fuel and not in the moderator. This can easily
be corrected by replacing the first inequality in (5) by

J(x7y’ vl’ v) + f(x7y7vlﬂ v) 2 C? a.e. (x7y7v7vl)

with f > 0 and f # 0. This implies that the sum of fission and scattering is positive everywhere. Up to some
additional technicalities, all our results also hold in this framework.

Introducing the Hilbert space
W2QxV)={ue L’ (QxV),v-Vue L*(Q x V)}, (6)

assumptions (H1) and (H2) allow to state the following existence result.

Theorem 1.2. The spectral problem (1) has at most a countable number of eigenvalues and of associated
eigenvectors in W2(Q x V). Furthermore, there exists a real and positive eigenvalue, of smallest modulus, with
multiplicity one, and such that its associated eigenvector is the unique (up to a multiplicative constant) positive
eigenvector of (1).

The proof of Theorem 1.2, which is in the spirit of other results in [11] (Chap. 21), can be found in [6]. As a
consequence of Theorem 1.2, only the first eigenvector of (1) has a physical meaning as a particle density.
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As we shall see in the sequel, the asymptotic behavior of the eigenvectors of (1) is partly governed by the first
eigenvector of another eigenvalue problem, similar to (1) but posed in the unit periodicity cell Y with periodic
boundary conditions. Denoting by A (z) and ¢ (z,y, v) its first eigenvalue and eigenvector, the infinite medium
problem is defined for each parameter x € 2 by

0Vl 0) + B 0) vl 0)= [ ol o) vl )
(@) [ fla v 0) v dv (7)
1%
y— w(xaya’u) Y — periOdiC.

We shall also need an adjoint problem to (7), which has the same first eigenvalue A\*>°(z) with a different first
eigenvector ¢¥*(z,y,v). Introducing the adjoint cross-sections

[,y 0’ 0) = fz,y,0,0") and 0" (2,y,0",0) = o(z,y,v,0"),

this adjoint problem is defined by

—U- Vyw*(xayav) + E(Iayvv) ¢* (Iayav):/ U*(%yavlﬂ)) Tﬁ* (Iayavl) dU,
\%4

(@) [ £y 0) 0 (o) (8)
v
y — ¢Y*(x,y,v) Y — periodic.
As a corollary of Theorem 1.2 there exist leading eigenvalues and eigenvectors for the cell problems (7) and (8),
which can be chosen positive.

Theorem 1.3. There exists a common eigenvalue A\*°(x) to both problems (7) and (8), which is real, positive, of
smallest modulus, with multiplicity one, and such that the respective eigenvectors v and ¥* are positive elements
of WY x V).

We are now in a position to give our next assumptions.

(H3) We assume that x — A*°(z) admits a unique minimum at zg € Q and that its Hessian matrix is positive
definite at xg. Without loss of generality, we suppose that zo =0

A (x) = A%(0) + apay Xy + of|2]?),

and (A\};)1<ki<n is a positive definite matrix.
(H4) Finally, we need the additional hypothesis that the drift flux

J(I)=L[/vw(w,y,v)w*(w,y,v)dydv (9)

vanishes at = 0, i.e. J(0) =0.

Remark 1.4. Assumption (H3) is somehow generic as soon as we are interested in non-constant eigenvalues
A®(z). Let us mention at least one (simple) case when it holds true: take X(x,y,v) = X°(y,v), o(z,y,v’,v)
= 0%y, v',v) and f(x,y,v',v) = k(x)fO(y,v’,v) so that A*(x) = A\°/k(x), and (H3) is satisfied for a properly
chosen function k(x).

Remark 1.5. The assumption (H4), J(0) = 0, can be interpreted as a symmetry condition in the phase space
(or a no-drift condition), as explained in [2] or [6]. It is quite usual in this type of problem (for example, it is
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imposed in [16,17]). In most practical cases, assumption (H4) holds true. For example, J(0) = 0 when V = -V
(in the sense that v € V = —v € V') and the cross sections do not depend on the velocity variable (this is the
so-called one-velocity isotropic case), or when the cross-sections are symmetric with respect to v, and the cell Y’
has cubic symmetry. The paper [7] addresses the case when the drift J(0) is not zero and the coefficients are
purely periodic functions. We briefly discuss another possible hypothesis when J(0) # 0 in Section 6.

In the sequel we shall also need the following results. Since the smallest eigenvalue A*°(z) is simple, the
classical Fredholm alternative for compact operators yields an existence result for (7) with a source term.

Proposition 1.6. Let z € Q be fived and let \°°(x) and ¢(x,y,v) be the first eigenvalue and eigenvector of (7).
Let S(z,y,v) be a source term in L2(Y x V). Then there ezists a solution p(z,y,v) € W2(Y x V) of

0 Vol y,0) + S(a,y,0) oy, v) = / o,y ) ol y, o) do/
\%

+2%°(z) / F,y, 0 v) (@, y, o) dof + S(a,y,0)
1%

y+— o(z,y,v) Y — periodic

if and only if S is orthogonal to the first eigenvector * of (8), i.e., S satisfies the compatibility condition

/ / S(l‘,y,’l)) w*(m7yav) dyd’l) = 0.
Y JV

Furthermore, if it exists, the solution o is unique up to the addition of a multiple of 1.

The first eigenvectors ¢ and * are bounded from above and below by positive constants as stated in the
following proposition, based on the averaging lemma [14] and Sobolev inequalities, the proof of which can be
found in [2].

Proposition 1.7. Let 1 and ¢* be the first positive eigenvectors of problems (7) and (8), respectively. Then
there exist two positive constants 0 < C < C' such that, for a.e. (z,y,v),

0<C<Y(x,y,v) <C" and 0<C <p*(z,y,v) <.

Finally, we state a compactness result for transport equations which is a straightforward variation of the classical
velocity averaging lemma of [14,15].

Lemma 1.8. Let u®(z,v) be a family of functions of W2(RYN x V) such that there exists a positive constant C
independent of € satisfying
[ (T4 [zDu(2,0) 2@y xvy + | v Vus(z,0) 2@y vy < C

Then the family [, u®(z,v)dv is relatively compact in L*(R").

In the sequel, we always assume that hypotheses (H1-H4) hold.

2. ASYMPTOTIC EXPANSION

To address the phenomenon of concentration and homogenization for (1) the simplest approach is the classical
technique of two-scale asymptotic expansions, coupled with Taylor expansions around the concentration point
x = 0. This is a formal method which has the advantage of avoiding all the fine points of functional analysis
that are required for a convergence proof. Therefore, we believe it is interesting even though we shall not use
the results of this section in our convergence theorem of Section 3. Remark that it is possible to justify the
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asymptotic expansion by a careful study of the remainder terms, but this method has two drawbacks. First,
it requires smoother physical data. Second, it gives a full justification only of the first term in the expansion
although the expansion contains four terms. This phenomenon is well documented in [4].

The first step of the derivation is to approximate the following functions around x = 0 by their Taylor
expansions (the Einstein convention of summation over repeated indices is used)

E(l‘,y, O(yav) +xk2k (ya )+mkml Eil (ya ) (|1’|2)
o(z,y,v,v a® (y,v',v) + xpo} (y,v',0) + xpx ofy (y, v, 0) + o(|z|?)
(y, 0", 0) + zi fi (g, 0) + xpar [y (9,0, 0) + o(|z]?) (10)

POy, v) + 2Rr(y,v) + 2ea b3 (Y, v) + o|z?)
= A2(0) + zpa Afy + o|z]?).

) =
) =
f @y, 0) = f°
v) =
XX’( )

Here we use the following notation. For any function g(z), we define gi = 69 ~(z =0), and g3 = %63:5951 (x =0).

We also define 2(\7,) as the Hessian matrix of z +— A\°°(z) at z = 0, where XX’ is assumed to reach its minimum.
Following [4], where a similar problem for the diffusion equation is considered, we introduce the following
ansatz for the first eigenpair of (1)

¢ (z,v) = exp (M;x> {fﬁo (g,v) + zr o) (g,v) + zpT (g’”)

+e¢® (g,v) + re(x,v)} (11)
A=A+ e +o(e)

where ¢°, P kl, and ¢® are Y-periodic functions in their first argument to be determined, M is an unknown
symmetric positive definite matrix, and r¢ is a small remainder term. The matrix M being positive definite, we
notice that, for any p € N,

|| &P exp (—24E2) |
| exp (—2522) || e

L7 ()

~ O(c*) for any r € [1,40c].

Assuming that the first term ¢° in the asymptotic expansion is normalized such that its L2-norm is 1, then the
second term ¢! = (¢}.) will be of order \/z, and the third and fourth terms ¢? = (¢%,) and ¢ of order €. After
some algebra, we find

V(&) = 1exp< M;.x) (V0 (£.0) + @iy} - Mag”) (Z,0)

X x ’
+ (zra Vyoi — Mz 2oy, (E’ v) +e (¢! + V) (?u) iy E(x,v)} ,
where, as usual, V. and V, denote partial derivatives with respect to the slow variable x and fast variable y,

respectively, and 7€ is a remainder term. Identifying all terms according to their power in x and e, we obtain
a cascade of equations from which we keep the four first ones. The zeroth order terms yield

v - Vy¢? + 20" :/ o'’ +)\0/ £0¢°. (12)
\% v
The first order terms in z give for all k € {1,..., N}

0By 0L — Migd®) + (506} + £he”) = /V (0} + o) + X /V (P8 + f1e0), (13)
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where 0,, denotes the i-th component of the gradient V,. The second order terms in z give for all k,!
e{l,..,N},

m%ﬁﬁMmb+®%wEWHﬁmﬁ:L@%ﬂwwHWM%+&AWﬁﬁﬁ#+ﬁw)
(14)

(the formula (14) has to be symmetrized with respect to k, 1 since x,z; is itself symmetric), and the first order
terms in ¢ yield

vl(¢11+ayl¢3)+20¢3:\/‘/00¢3+>\0/Vf0¢3+>\1\/vf0¢0 (15)

Eventually, solving these equations leads to the asymptotic behavior of ¢°. Equation (12) allows us to deter-
mine ¢° and \°. Equations (13) and (14) allow us to determine ¢}, and ¢%,, and some compatibility conditions
will give us the expression for M. Finally, equation (15) determines the € order term ¢3 and its solvability
condition gives the first order corrector A\! for the eigenvalue.

2.1. Zeroth order equation

Since at = 0 the functions in (10) coincide with the zero-order terms in their Taylor expansions, the zeroth
order equation (12) is simply the periodic cell problem (7) at = 0. Thanks to Theorem 1.3, equation (12) has
thus a unique positive solution given by

¢’ (y,v) = ¢ (y,v), A° =Ar%(0), (16)

where ¢°(y,v) is equal to ¥(x = 0,y,v) up to some multiplicative constant depending on the normalization
of ¢°.

2.2. First order equation in x

For each k, equation (13) can be written as follows
v Vo + 30k = [ oot [ ool +al. (1)
where the source term g,i is given by
e S R R )
v v

According to the Fredholm alternative of Proposition 1.6, these equations can be solved if and only if the
source-term g} is orthogonal to ¥ (y,v) = ¢*(0,y,v), i.e.,

/Y/V {%‘Miwo - S’ + </V ino) +A° </V féwo)] ¥ = 0. (18)

Upon differentiating the infinite medium equation (7) with respect to = at = 0, we obtain

w%ﬁ+Wﬁ+mW=/w@+/dﬁ+”[ﬂ@+”[ﬁw, (19)
1% 1% 1% 1%
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which admits ¥} = (9,,4°)(z = 0) as a solution. Still, it admits a solvability condition given by

L[ﬂ:%W+<ﬁdw)+w<ﬁﬁwﬂqu )

Thus, equation (13) is solvable if and only if

tﬁﬁwmw%“:m
M/Y/Vmp%o* =0.

The latter equation holds thanks to hypothesis (H4), hence (13) admits solutions. We shall see later on that M is
a symmetric positive definite matrix, so (H4) is a necessary and sufficient solvability condition for equation (13).
The solution ¢}, of (17) can be written as the sum of two terms

or equivalently if and only if

Op = —Mix? + Yy, (21)
where 9 is defined in (10) and ¥’ is the solution of the following equation
v Vyx? + 207 :/ o'\ + )\O/ Ox7 — v, (22)
1% v

Since J(0) = 0, the solvability condition of this equation is verified, and therefore x7 is uniquely defined up to
a multiple of 1/°. Notice that terms proportional to 1" can be incorporated into ¢° in (16).

2.3. Second order equation in x

For each k, 1, equation (14) can be rewritten as
v-Vyoh +300% = /‘/quﬁl +A° /v FP0% + gis
where the source term is given by
ohi = vdduot = Shot =5t + [ adol + [ ot 30 [ giotea [ g (23)

In truth, g7, is symmetric with respect to k,l so that equation (23) should be symmetrized (for brevity we do
not include the symmetric terms in (23)). Again, this equation admits a solution if and only if gil is orthogonal
to 9%*. Owing to (21), the source term g,%l can be recast as

g = —viMyMyx? + viMay + SpMiyx? — S — S0
1 J 11, 2.0 0 1 el g2 0
+/(_UlejX + oy +oY”) + A /(—kole + frr + fat),
v v
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which after reordering yields
G = —MyMy;vix’ + My <Uﬂ/)1i + Zix’ */ orx' — )\0/ f;ixi)
v v
+(-mhot = st + [ (oot + o) + 30 [ (st + 520)).
1%
Upon differentiating the infinite medium equation (7) twice in x at = 0, we obtain

v vy¢kl + Eowkl + Ek¢l + X l¢0 / (o Owkl + Uk¢l + U%ﬂﬁo)
e RO e TR
which admits a solution by construction. We rewrite this equation as
v - Vi + 2007 = / o P + AO/ SO
1% 1%
+|-stod - ohe+ [ (obut + o)+ 30 [ stot+ et e [ 1o00].
\%
Its solvability condition reads
[ [mbot = st [ttt [ stut + otk [ oo =00 e
vy Jv v \% \%

Thus, the solvability condition of (14) is

st | s ot () [ )]
b /V ( /V fowo) $ =0, (25)

As explained before, this equation has to be symmetrized with respect to k and [. This yields a quadratic
matrix equation for the unknown M, which reads

My; DMy + By M + My; By = A,
or
MD°M +BM + MB" =4, (26)
where

T = A2, /Y /V /V Oy, 0, 0)9° ) (3, 0') dy d o, (27)

B = / / [wwzkx - ( / o,ixi) 0 ( /V f;ix"ﬂwo*, (28)
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and D° denotes the symmetrical part of D, which is given by the Kubo formula (see [8,19,27])

Dy, - - /Y /V v, (29)

Equation (26) is a Riccati equation, which is classical in Control Theory. The following theorem, which can be
found in [26] (pp. 225-235) or in [25], ensures that this equation admits a unique symmetric positive definite
solution.

Theorem 2.1. Let D and A be symmetric definite positive square matrices, and let B be a square matriz of
the same size. Let us consider the Riccati matrix equation

MDM + BM + MB* = A.

Then there exists a unique symmetric definite positive solution M of this equation.

Remark 2.2. In order to compare the results given by asymptotic expansions and two-scale convergence, it is
worth noticing that

— 0J;
By, = .
ki 8:ck (O)

This result will be proved in Section 6. In the case where V,J(0) = 0, it allows us to have a simple expression
for M. Indeed, M solves a Riccati equation now of the form

MD°M =4
and M is therefore given by
2, (30)

2.4. The £ order equation

Finally, equation (15) yields the first order corrector to the eigenvalue of our initial problem (1). Equation (15)
can be written as

ww&+vw/w&+w/ﬁw+{w@+»/pw}
v \% v
The Fredholm alternative shows that this equation admits a solution if and only if
[t ()
vy Jv yJv \Jv
which eventually gives us the following correction to the leading eigenvalue

- | [ vt |
L) h
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We have seen that ¢} = M;;x’ + ¢}, and therefore, as 1} = 8,,1(z = 0),

—M. . a0 fy L1, 0% .
e sz/y/v’l)zxw +/Y/sz¢z¢ :TT(MD)+7

: AR 7

where & and 7 are given by (34).

2.5. Results of the asymptotic expansion

We will not try here to justify the full ansatz (11) for the eigenvector ¢°. Instead we will rigorously justify
the result of exponential concentration postulated in (11) in the following sections with a different method, and
will show that the expressions for M, ¢%, A%, and A\! predicted by the asymptotic expansion are indeed correct.
Let us mention that we will not seek any justifications for the higher order terms ¢y, qﬁ%l, and ¢°. Indeed, it is
shown in [4] in the similar case of diffusion equations that the error term r. defined by

0 (a,v) = exp (—M;”E' x) (¢° (Z.0) +anok (Sov) +aumedy (Z.0) +20° (So0) )+ (32)

is of order /¢ in any L? norm, and hence of the same order as the first corrector term xkqbi.

3. MAIN RESULTS

This section is devoted to the statement of our main result on the homogenization concentration in transport.
Throughout this paper, the heterogeneous and periodic transport eigenvectors are normalized in such a way
that their L2-norm in the phase space is 1,

|| % [l2axvy=1 and || ¢ [[L2(yxvy= 1.

We also normalize 1* in such a way that for all x € Q,

/Y/V/V f(xay7’U/,'U)w(l',y’v/)w*(xvy,v) dydvdv’ -1

3.1. The homogenized problem

We introduce the homogenized eigenvalue problem for the transport equation (1)

—div (DVu) + (Az.z+7)u+z - (E*Vu) = \ou (33)
ue H'(RN) N L2(RY),

where LZ(RY) = {u(z) € L2(RY), |z|u(z) € L?(RM)}. This homogenized problem is a convection-diffusion
problem, which is posed on the whole space RY. The homogenized coefficients are given by the following
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formulas
a: £00,9,0,0)1(0,y,0') ¥*(0,y,v) dydvdy/,
72[,]“ V21(0,y,v) ¢*(0,y,v) dydo,
///ny,v v)1(0,y,v") ¥*(0,y,v) dydvdd’, (34)
E-j = /Y fv 00z, (V1*)(0,y, v) dydo,
Dy == | [ 0 00) () g

where the functions x’(y,v) are defined as the solutions of the cell problems (22), i.e.,

wvﬂuﬁm%wv:/a@%mMVmumu
1%

B02(0) [ F0,,0, 0 00 A0 = 0500,3:0) (35)
1%

y — X’ (y,v) Y-periodic.
According to the Fredholm alternative, since J(0) = 0, equation (35) has a solution x?, which is unique up to

the addition of a multiple of 1)(z = 0). Because J(0) = 0, one can easily check that adding such a multiple of ¢
does not change the homogenized coefficients D;.

Remark 3.1. Equation (33) is well known in quantum mechanics where it is called the harmonic oscillator
equation. The first eigenvector of (33) is explicitly given by (see e.g. [13])

zu@>=exp(—”4gz),

where, after some algebra, M is the solution of the same Riccati equation (26) as in the previous section.
Moreover, the corresponding first eigenvalue is

_Tr(MD) +7
- )
and corresponds to the first order eigenvalue corrector given by our asymptotic expansion.
Recall that Remark 2.2 states that B = V,J(0) where J(z) is defined by (9). Therefore, if we assume that
V. J(0) = 0, the convection term in (33) disappear and M is given by the explicit formula (30).

It is well known that the spectral problem (33) is compact in L?(RY) because of the positive quadratic
potential. Remark however that (33) is usually not self-adjoint. Therefore its spectrum is made of at most a
countable number of finite multiplicity eigenvalues (possibly complex-valued). We label the eigenvalues of (33)
by increasing order of their real parts (with repeated multiplicity). Since (33) satisfies a maximum principle,
by the Krein—Rutman theorem it admits a first eigenvalue which is real, positive, simple, and such that its
eigenvector can be chosen positive in RY. In particular, this implies that the spectrum of (33) is never empty.
Of course, if (33) is self-adjoint (in the case where B = V.J(0) = 0), then it admits a countable infinite number
of real eigenvalues.

3.2. Main result

The main result of this paper, which justifies many of the homogenization and concentration features pre-
sented in the previous section, is as follows:
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Theorem 3.2. We assume that (H1-H/) hold. Let (A\°(x),¢¥(x,y,v)) be the first positive eigenpair of (7).
Let (Am)i<m<mo, and (A5,)m be the eigenvalues (with repeated multiplicity and in increasing order) of the

homogenized problem (33) and the original problem (1), respectively. Then, for any m € {1,...,ms} and for
sufficiently small €, there exists an m*" eigenvalue X5, of (1) such that

Ay, = A%(0) + Xy + 0(e),

and, if ¢S, is a corresponding normalized eigenvector of (1), then it satisfies

Grn(a0) = (., Z00) uf, (%v) (36)

where, up to a subsequence, EN/4uEm(z, v) (properly extended to RY x V') converges to um(z) strongly in L2(RN
xV), and un, is an eigenvector associated to \n,, of the homogenized convection-diffusion eigenvalue problem
(33). Moreover, in the original domain we have the following convergence

oo, (x,v) — e~ N/ (0, g,v) U (%) ‘

lim ‘
e—0

=0. 37
L2(QxV) ( )

Remark 3.3. The coefficient /4 comes from the scaling |¢%,||2(axv) = 1 which implies that [[eN/4u,|
L2(RN xv) 18 of order one.

The convergence of the eigenvectors is obtained up to a subsequence because of the possible multiplicity of
the limit eigenvalue. Since the first eigenvalue A; is simple, the whole sequence (A5, u$) converges (and not
merely a subsequence).

In the sequel, we shall use the following convenient notation: for a function g(z,y,v), Y-periodic with respect
to the fast variable y, we define

g°(x,v) :g(x,f,v)-
g

To prove Theorem 3.2, we first establish that the spectral problem (1) is equivalent to another problem obtained
by factorization.

Proposition 3.4. Let ¢(x,y,v) be the positive eigenvector of (7). Then, the linear operator

L*QxV) — L2(Qx V)
¢z, v) (38)
)e(z,v)’

o(x,v) — u(z,v) =

is continuous and has a continuous inverse. With this change of unknowns, the problem (1) is equivalent to the
following spectral problem

L X=(@) == (0)

1
v Vu® +afu® + EQE(UE) Fe(uf) = pfFe(u®) mQxV

ut =0 on I'_,
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where we have defined

e A 7)‘00(0)

H= f

@ u)(wv) = T [ o2 (o 0) )
—m Vaf;(ac,v’,v)ws(ac,v’)u(x,v’)dv’
Euxv:; Sz, v, v) Ve (z,v") u(z,v') dv’
P00 = gy [P0 v )
aE(x 'U) _ U(Vx¢) (x’v)
’ VeE(z,v)

with the notation

O-OO(‘CC)y? UI7U) = O-(x’y)’l]l, U) + A(>o(.x)|fl(l‘7y7 UI, U))
U;‘O(ac,y,v',v) = U*(x’yavla v) + )\oo(fﬂ)f*(%yavl, v).

(40)

(41)

Proof. The result is obtained by straightforward algebra. Notice that the positivity and boundedness of 1 that

we stated in Proposition 1.7 are required to justify the change of unknown function (38).

O

We next introduce another change of variables, which will be of crucial importance to display the concentra-

tion effects,

For each function g(z,y,v), Y-periodic with respect to the fast variable y, we introduce the notation

§(z,v) =g <\/Ez, ) , with 2z = Lo

z
—, v

Ve’ Ve

We similarly define the operators Q¢ and F¢ from Q¢ and F<. For instance, with this notation we have

1 1
V() (a,v) = (w + gvyw> (2. 20) = <<w>€ + g<vyw>€) (z,v),
and
Ve = (VETs+ 29,0) (Ve ) = (Vs + @) o
Accordingly we obtain the following result:

Proposition 3.5. With the change of variables (42), the spectral equation (39) becomes

+ )\oo(\/gz) — )‘OO(O) Fa(

1 1~ N
—zv- Vi 6% + —Q° () @) = pfFe(a€) in QF x V,

NG 5
u*=0 onI':.
The spectral equation (43) is recast as
1
SE ~& — ~&

(42)
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Here, the compact (see [2,6]) operator S¢ is defined by

L?2(Qf xV L?2(Qf xV
go: ) ) — LA ) (45)
4(z,v) — (2, v),
where @° denotes from now on the solution of the following source problem associated to (39)
1 1~ A () - .
%U Ve + aCaf + gQa(ae) + ( (\/EZ)E (0) +77) Fe(af) = Fe(§) Qs xV (46)

ut =0 onl=.

Notice the presence of a positive coefficient n > 0 in equations (44) and (46). This coefficient will be useful in our
energy estimates and is harmless because it simply shifts the eigenvalues of (43) to the right. The sequence 4°
is defined on domains Q¢ x V that depend on . To establish a convergence proof, we need to extend u° to
RY x V as follows. We assume that % solves

v-Vif4+era® =0  on (RN\Q9) xV, (47)
and impose the continuity of @°(z,v) across the interface 9Q° x V. We also assume that no particles arrive
from infinity, i.e., a°(z,v) — 0 as |z| — oo.

Theorem 3.6. Under the hypotheses of Theorem 3.2, the sequence Uf(z,v) of solutions of (46) converges
strongly in L*(RYN x V) to u(z), the solution of the following homogenized problem

—div (EVu) + (Zz.z + no + 7) u+z- (F*Vu> = F(q),

(48)
u € HY(RY) N L2(RY),
where D, A, B, @, and ¥ are given in (34) and
F@ = [ [ [ #0500 000,00 a(e.0) (0, 5.0) dydody’ (19)
yJvJv

This theorem will be proved in Sections 4 and 5.

3.3. Proof of Theorem 3.2

We are now in a position to prove our main result. Let us define the homogenized operator S by

5: {LQ(RN V) — DPRY X V)

G(z,v) — u(2),

where u is the solution of the homogenized equation (48). Then S is a compact operator because H'(R™)
NL2(RY) is compactly embedded in L%(RY). We deduce from Theorem 3.6 that S° converges to S pointwise
in L2(RY x V), in the sense that for all ¢ € L2(RN x V), then S¢(¢q) — S(q) in L?(RN x V) strongly.

Furthermore, as a consequence of Corollary 4.3, S® converges compactly to S, in the sense that, for every
bounded sequence ¢ in L2(RY x V), S%(g°) is relatively compact in L2(RY x V). The following classical
result in operator theory, recalled here for completeness (see [5,10]), allows us to conclude that the spectrum
of S¢ converges to that of S. Eventually, estimate (37) is due to the special form of the eigenfunctions of the
homogenized problem (33), which are exponentially decaying away from the concentration point 0, thus allowing
to replace 9 (x, x/e,v) by ¢ (0,2/e,v) in the factorization (36).
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Theorem 3.7. Let X be a Banach space, and (T),)nen a sequence of bounded operators in L(X) converging
compactly to T. Let o(T) and o(T,) be the spectra of T and T, respectively. Let \ be an isolated eigenvalue
of T of finite (algebraic) multiplicity m and let T be a closed Jordan curve in the complex plane enclosing A
and leaving outside the rest of the spectrum of T'. Then, for sufficiently large values of n, I' encloses exactly m
eigenvalues of T, (with repeated algebraic multiplicity).

Moreover, if A is a sequence of eigenvalues of T, converging to A, and u, is a sequence of normalized
associated eigenvectors, then, up to a subsequence, u,, converges to a limit u in X which is an eigenvector of T’
associated with .

4. A PRIORI ESTIMATES

The first step in the proof of Theorem 3.6 is to derive a priori energy estimates for the source problem (46).
These estimates are as follows:

Lemma 4.1. Let 4° be the unique solution of (46). Then there exists a positive constant C' independent of &
and ¢, such that

13 laaexry + 1 0V ey +]1o] |
\%4
+ ! ‘~ / u®
—||u — u
Ve v

where L*(., |v - n|) is the trace space of functions u satisfying [n. (v - n)|u[*dl < oo with T = {(z,v) €
+
00 x V|v-n(x) >0} and AT’ = dvdo (do being the surface measure on 9 ).

L2(Qe=xV) (50)

1, . )
eexyy T T 2% le2re jon)) < C 1l G ll2@exvy

Proof. We multiply equation (46) by @°1)°1)*¢, taking into account the notation (40), and integrate over Q° x V
to obtain

1 e~e, T.E, T *E *€ E(ENFEJE N KE
| [ o vE o (T 0+ Qe
=04 y) Fe(ae)ieieirs st = /Q [ F@ie i asa.

1 -
Let I = — / / v - Vit utyPp®*® dzdv. Then we have
Ve Jos Jv

o

11:—/5(1) n)(a )ww*edzdv——/a/v V(@59 *€)uf dzdv

+

| =

= (v - n) (@) *)%p*e dzdv — —/ /v Vi uf e dzdv

Te

€ +
;E/E/VU-V(&@Z*E)(@E)Q dzdv

_ 2%/5 Fi(’u~n)(ﬂ€)21/) g dzdvf—/a/ v V) ()2 dedv

:2%/5 [ SR dzdvf—/a/ e (@)? dedo

~5 [ o (T aza,
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Upon multiplying the infinite medium equation (7) by ¥* and subtracting the adjoint equation (8) multiplied

by 1, we get
= w*/ Ooothpdv’ — w/ ol v,
v v

where 0 and o are defined in (41). Thus, it yields the following expression for I

L = % . (v-n) (@)™ dzdo — %/ /Vv e (@) dado
By o Rt ey et o

1 -
Let Ir = g/ / QF (@) Y ™ dzdv. Then,
< Jv

1 - - - -
I, = _/ / <(ﬁ€)2¢*6 5—201/}5(11/ — ﬁez/)*e 5’20”(/}Eﬂadvl) dzdv.
€ Jas Jv \% \4
‘We deduce that

L+ = % - (v - n)(a°) 2% P*e dzdv — %/E /Vv . m*e(ﬂaf dzdv

L (e s

— 205 e)e / FE Tt 4 (a°)2° / Gre ~*Ech/) dzdw,
\4 14

and the third term in I; + I5 is equal to

/// (2, 0257 (2, 0)55 (2, 0, V) (2, 0) — 208 (2, 0) 5 (2, V)5 (2, 0, V) (2, 0 )i (2, )

) 1; (2,062 (2, v,0")1*¢ (2, v) dzdvde’
L e

V)55 (2,0, 0) [#(2,0) — @ (2,0)* dedvdv’.
At last, we find
1 ~e\2 Te Txe 1 —~—c
L+ = (v-n)(a®)*p* ™ dzdv — - v Vs (@°)? dzdv
2/ re 2 Jo- v -
+i/ / / 15*5(2,1))1;5(2,@/)5—20(27@/’1)) |ﬂE(Z,'U) o ﬂE(Z,U/)F dZd’l}dUl7
2e Jo:e Jv Jv

and it is straightforward to check that

L+1,> C/ / dzdv—l——/ /| /u|2dzdv—|—— (v-n) (53)
e e F+

Let I3 = / / VT 1/1 V2% 4 FE (af) it p*s dzdv. Adding and subtracting the contribution 7 [, [, (@)
w*‘ff feye yields

I; = / 5 /V <v~ﬁ7/f+n /V fﬁq[fdv’) A (7 R < /V fefacdy’ — as /V ffq[fdv’) dzdv.  (54)



18 G. ALLAIRE, G. BAL AND V. SIESS

Since f~5, 1/35 and 1/3*5 are bounded from below by positive constants, choosing a sufficiently large value of n
(which is independent of € and ¢), we can estimate the first term in I3 from below by

C(n) / ] /V (@°)2dzdv. (55)

The second term in I3 is given by

n/a/va%%*f (Ff(af) —@6#6(1)) dzdu:n/a/va%%*‘f (F(a —/fo) ~ FE(1)(af —/fo)) dzdo.

Its sign is not known a priori, but this term is bounded in absolute value by

: (56)

~E ~E ~E
¢l HLz(anv)Hu —/Vu L2(Q5xV)

Let us define Iy = [,. [, e *(A°(Vez) — A (0))F (@) af9)=1)* dzdv. According to the hypotheses on the
function  — A>°(z), it is clear that A°>°(z) — A°°(0) is bounded from below on € by a quadratic positive definite
form, i.e.,

3C >0,V e Q, A°(x) —A>°(0) > Cx - x.

Since f‘f , ¥ and 1&*5 are also bounded from below by positive constants, and V is bounded according to (H1),

we deduce that
_ o 2
I > c/ / |z asep*e (/ fffewedv’> dzdv > C <|z|/ ffdv’) dz. (57)
Qe JV 14 Qe \4

Finally, the right-hand side in (51) is equal to [;,. [, e (fv fﬂﬁ%’) dzdvdv’, hence is bounded by

C @ [[z2(exv)ll 4 2 xv) - (58)

Summing up the estimates in (53, 55-57), and (58), we deduce that

C 2 C
~ 2 ~ ~€ ~€ |12
C I 17200 vy +;HUE—/V“ L@exv) T e 1= W0t oy
2
DL e I
I 4= |z2(@exv) ||@ Vu LZ(QE><V)+ i VU L2(QexV)

<C @ 72wyl @ L2 (0exvy -

Consequently, we have

C (. -
_Qm_/f
€ 1%

This implies first that || @° ||z2(oexv) < C || ¢ || £2(0sxv), and then,

Hm/m
|4

2 2
@ ||> we=-copla P +c| [ & <ol

< C q € .
L2 xV) = |G llz2(0s xv)
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Next we observe that
2

- . . C
cla)-a- [ ) +(=-c)]

v g
u® — / u®

1%

Finally, the bound for || v - V&® | 12(0-xv) is deduced from equation (46) since

<cla|lql.

2
u® — [ u°
1%

which gives us

< C q € .
L2 xV) = H q HL?(Q xV)

—~—&
’quw ~c 1 e (~E )\OO(\/EZ)iAOO(O) [€(~€E e (~
TU—ﬁQ(U)_< G +Ven | FE(a°) + VeF(q).
The first and fourth term on the right-hand side are easily bounded by /zC' || @° | and /C' || ¢ || and hence
by eC. Since Q°(a°) = Q°(a° — [, @), the second term is bounded by \/LEC’ | @ — [, @ || and hence by C.
Since A>°(x) — A>°(0) is bounded on € by C|z|, the third term is bounded by C || |z] [, @° || +/€C || @° || and
hence by C'. This concludes the proof of the lemma. O

v- Vit = —/e

We now extend @° to RV as in the preceding section by imposing that it solve (47), that it be continuous
across the interface 9Q° x V, and that @°(z,v) — 0 as |z| — oo. The very strong absorption in RV\Q¢ allows
us to prove by integration along characteristics that the above a priori estimates also hold for the extended
function @° (remark that we need the estimates on I'T to establish the following corollary). Thus we obtained

Corollary 4.2. Let @° be defined on RN x V as above. Then we have

|| a’ ||L2(]RN><V) + H v-Va© ||L2(RNXV) —i_H|Z|/V,&/‘S L2(RN x V)

1
+—‘a€—/a€ < O || G2y . (60

7 , I G llz2exvy - (60)
We conclude this section by stating an important result, which derives from the above a priori estimates,

Corollary 4.3. Let §¢ be a bounded sequence of L*>(RN x V). Let ¢ be the solution of (46), where G is replaced
by G5, and then extended to RY x V as above. Then, the sequence @ is relatively compact in L2(RN x V).

L2(RN xV)

Proof. The previous a priori estimates still hold when ¢ is replaced by ¢°. Therefore, there exists C' > 0 such
that

<C.
L2(RN xV)

13 lsnery + 10+ 98 luagus v +] 2] [
s

€

Using Lemma 1.8, we deduce that the sequence fvﬁ is relatively compact. But we also know that

| @ — [i, @° || L2r~ vy < C'v/e. This proves the relative compactness of the sequence a°. O

5. CONVERGENCE PROOF

The aim of this section is to prove Theorem 3.6. It is based on the use of the two-scale convergence tech-
nique [1,2].

We first introduce some notation and denote by C;S(Y) the space of infinitely differentiable functions in RV
that are Y-periodic, and LZ,(Y) (respectively H(Y)) the completion of C3(Y) for the norm of Liﬁ (Y) (respec-
tively of H#(Y)) Since our functions oscillate with period /¢ on RY our definition of two-scale convergence
is here:
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Definition 5.1. A sequence of functions g° in L2(RY x V) is said to two-scale converge to a limit g in LZ(RY
xY x V) if, for any function 3 in D(RY x V;CE(Y)), we have

;Lr%/RN/ (z,v) < \/_ >d:£dv/RN// g(z,y,v) ¥(z,y,v) dedydo.

We also recall here an important result of two-scale convergence:

Theorem 5.2. Let g° be a bounded sequence in L*>(RN x V). Then there exists a limit g in L2 (RN x Y x V)
such that, up to a subsequence, g° two-scale converges to g.

The a priori estimates obtained for 4 will allow us to prove a result of two-scale convergence for 4, and to
guess what form its limit should have. This is the goal of the next proposition:

Proposition 5.3. Let i€ be a sequence in L>(RY x V) such that there exists a constant C independent of &
satisfying the following energy estimate
+ 1= / i
L2(RN x V) v

Then, there exists u®(z) in H'(RN)NLZ(RY) and u'(z,y) in L*(RN xV; H},(Y)) such that, up to a subsequence,
@¢(z,v) strongly converges to u°(z) in L2(RN), v - Ve two-scale converges to v - V,u® +v - Vyul, and %(de

<C.
L2(RN xV)

| % [| 2@y vy + || v V@ ||p2@yxvy +—= Hu —/ e
v

— [, @°) two-scale converges to u' — [, u'

The proof of this proposition follows from minor modifications of that of [2] (Prop. 5.3). We deduce the
following result from the above proposition.

Proposition 5.4. Assume that hypotheses (H1-H}) hold. Let @€ be the unique solution to (46) extended to RN
by imposing that it solve (47), that it be continuous across the interface 00° x V, and that u*(x,v) — 0 as
|z| — oo. With the notation of Proposition 5.3, u' is given by

(z,y,v Z 2) 6 (y,v),

where 67 (y,v) is the unique solution of

{u V0 +Q0,69) = —v; inY xV, (61)

y+— 09(y,v) Y — periodic,
up to an additive constant. The operator Q(x,-) is defined by

w(xayiv) /‘/Uoo(x,y,’l} ”U)w(xayav )d’U

/ / / /
N Ooc\T,Y,V,V l/fﬂfay,v uly,v d’l),
w(mayav) \4 ( ) ( ) ( )

Q(z,u)(y,v) =

and the adjoint operator Q*(x,-) by

(y,v)
Y(z,y,v)

Q*(.f,u)(y,'l}) = u/ U%(Iayavl7v)w(xayavl)dvl
\4

*Z/J(x,y,v) J:o(x7y7vlvv) U(y,'l)/) dUl.

\4

1
Y(x,y,v)
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Proof. Let ¢(z,y,v) be a smooth Y-periodic function with compact support in its first variable. Multiplying (46)
by veo(z, ﬁ, v) and integrating over RV x V yields

/RN/VU'Vﬁe‘z’dZvar/RN/VQE(wa)‘z’dZd”:ﬁAN[/§E¢’dZd“v )
@

~ @ .
where we = f;’, and where the source term is

Sva — &0 — ()\‘X’(\/gz)s— )‘OO(O) +77) Fa(aa) + Fa(d)

The difference W is clearly bounded in Q° by C+/ez - z. Thus, since ¢ has compact support, the

right-hand side in (62) converges to 0 as € goes to 0. The first term in (62) converges to [pn [y [i (v - V.u®
+v - Vyul)pdzdydo as e goes to 0.
To study the convergence of the second term, we need to introduce some notation. We define

Gite) = v (0.220).

and similarly 1[)35, 5.0, f§, and the operators Qg and ﬁ'§ . By Lipschitz regularity of all physical parameters,
we deduce that

| [ (@ = @) deae] < COWE |0 lragurar

Introducing the adjoint scattering kernel Q(*f , we obtain

/ / Q° (0°) pdzdv = / / WEQEE (¢) dzdv + O(VE).
RN JV RN JV
Next we check that Qge(d)(z, %, v)) two-scale converges to Q*(0, ¢)(z,y,v) and that

: Nxe z *
&11_{% H QO (¢(Za %71))) ||L2(]RN><V):H Q (0,¢)(z,y,v) ||L2(]RN><V) .

This last property allows us to pass to the limit in a product of two weakly converging sequences [1]. Since w®
two-scale converges to u. — fv ue, we get in the limit that

/RN/Y/V(U-Vzuo—f—v.vyul)qbdzdydv—l—/RN/Y/VQ(O,ul—/Vul)qbdzdydvzo,

Thus ! is a solution of the following equation
v-Vyu' +Q0,u') = —v- V,ul
y — u'(z,y,v)Y — periodic.

N 9°
j:l (92]‘

Since u° depends only on z, we deduce that u'(z,y,v) = (2)07 (y,v), where 67 is a solution of the

following equation

v V0 +Q0,07) = —v,
y+— 67 (y,v) Y — periodic.



22 G. ALLAIRE, G. BAL AND V. SIESS

It is easy to see that y/ = 674°, and therefore, thanks to hypothesis (H4), this last equation is solvable, and
has a unique solution, up to an additive constant. This concludes the proof of our proposition. O

Proposition 5.5. With the same hypotheses as in the previous proposition, the sequence U°(z,v) converges
strongly in L2(RY x V) to u®(z) € HY(RY), solution of the following problem

—div (DVu®) + (Az.z +7 4+ no) u® + (div (E*z uo) - div(J)(O)uO) = F(q)

(63)
u® € HY(RN) N L2(RY),
where the coefficients are defined in (34) and (49).
Proof. Let us first define, for 1 < ¢ < n, the adjoint cell problem at z =0
—v - Vy (Pyp*0*") + Q*(0, ¢3p*0*") = viypnp* (64)
y +— 0*(y,v) Y — periodic,

which admits a unique solution, up to an additive constant, since fY fv vipp*dydv = 0 at = 0. Let ¢(z) be
a smooth function with compact support in RY. We define

¢ (2,0) = *fzaz <%’u>

Upon multiplying (46) by #°p=p*e and integrating over RN x V, we obtain

[ [ dv-vieri w*u/ [aweioies [ [ lawi .

/RN/<A°° D200 ) peao 5 - //F i

Denoting these integrals by Jf in the same order, (65) reads

JT+J5+ 5+ Ji = JE.

We now pass to the limit in each term J7. The right-hand side is given by

b “EZ’i”““)“ﬂ(ﬁz’%’”')a‘<z,u>w*(¢5z7%v).
[ )+ \/_Z 9*] ( )} dzdvdv'.

By Lipschitz regularity of the functions f, 1, and ¥*, we have

JE = /RN /V/Vf<0, \/ig,v’,v)w(o, \/ig,v’)tj(z,v’)w* (0, %,v)d)(z) dzdvdv’ + C(¢)V/e.

Thus, it converges to

J5 = /RN/Y/V/Vf(an’U’,v) ¥ (0,y,v") 4(2,0") ¢ (0,y,v) ¢(2) dzdvdv’.
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The fourth term is

Ji = AWED ZATO) N f (e v ) o (Vs
/]RN/V/V( € ) ( e ) ( Ve )

XU (z,v")p(2)0* <\/Ez, %,v) dzdvdy’

WL GRS ) g (v )

xap <f = v’) (2, 0") giew <\/Ez,—

dzdvdd’,

or, by Lipschitz regularity,

R

n
x <o, ﬁ,v’,v) ¥ <o, %v) ¥ (o, %v) dedude’ + O(vE),

and, thus, converges to

Ji— / / / / (22525 + 1) F(0, 9,07, 0) (0, ,0") (0, 4, v) o (2) B(2) d=dydudy.
RN

The second term is

= [ ot (Ve ) s (Ve

G
+\/E/]RN/Vva

or, by Lipschitz regularity,

e

and thus converges to

( \2 v) @ (2, 0) () (¥ <0,%,v) dzdvdv + O(v/3),

Jo= [ ][ v (0,000 0 0,5,0) uolz) 6(2) dadyde,
RN JY JV

\/Ez,ig,v @ (2,0) 3 %e*j ig,v (™) \/Ez,ig,v dzdvdv’,
Ve £~ )z Ve Ve

23
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Let us next deal with the sum J{ + J5. After integrating by parts, J{ can be written as the sum of seven
integrals

K&ri}ém/mwvmﬁwa
K /./ ZN Wwwe

5= \/_ ]RN/ Z —V 9*31/) 1/)*6

Kf = 4N/uv¢vww)

K - ——/l/uvwvww>

€ Jry Jv N
Kimove [ [ 3 ey
Kiz—f/RN/a i_ng 0% (Vybp*)°

and J5 is the sum of two integrals

/ | @i
RN
N
Ob .- ~
KE = — (€ by LA
i= 2 RN/VQ(“E&]. 50
We first observe that K§ converges to 0. Now, recalling that

—v- Vy (") + Q" (¢y7) = 0

for each x € 0, we have
K+ K5 =0.

Again, we use Lipschitz regularity to show that K5 and K§ converge to

[ ] 0w 00,0097 00) °(2) () dedyde
RN Jy Jv ZiZj

and

m:t///vvwwO%)<wmwm
=—2dw>ﬁumw>mwm

respectively. Since we assume that our data are of class C? with respect to the slow variable x, we have for
instance

00 o) = w0 (0.22.0) 4 VB Vatww) (0.22.0) +06)
O™ (h)(z,v) = Q*(0, h) (o, %v) +V/Ez - VaQ*(0,h) <o, %v) +0(e).
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SE
Therefore, the sum K§ + K5 + K5 + K§ is equal to —= + S5 + O(y/€), where

N
55 = /RN/ (2, o) V¢>(><ww)( jgv)
Z:: (07T )<0,%,’u>

0,0%7 ) (%v) 7

)

and

SSZ/RN/V (20 (V.0)(2)2- w)( S
V(072 - Vo (¥p*))

i_¢
zi[j @)0.0507) (2o

(0,02 Vg (" )(

——

z
0 -
’\/E’v)

%J‘“

%'N
NG <

Recalling that 0*7 is the solution of the adjoint cell problem (64)
—v - Vy (Y1 07) + Q* (p* 0™ ) = vy,

we obtain that S7 = 0. Next, S5 converges to

_ ) 0
,S’g—/]RN/Y/V—UZ £ (O,y,v)aZiz]u (2)

4
—uo(z) Z g—i(z)v . Vy(H*jz -V (™)) (0,y,v)
053" 220 740,600
u (z _7187:]‘22. z ) ya’U)
N
() 3 G IQ 0.0 V)

It is straightforward to verify that the last three terms in Sy vanish. After integrating by parts, we have

ng/ //azi(vié)zj(ww*)zjuo)gbo dzdydv:/ div (E*zuo) #° dz.
RN Jy Jv RN

Eventually, passing to the limit yields

Ko+ Jo+ Jy+ So+ Ky = Js,

25
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or equivalently,

2

=[] 007000005000 0, 0) 5 dadydo
RN Jy Jv 02;0%;
+/N/ / uo(z)vVzw(o,y,v)w*(o,y,v)d)(z) dZdyd’U
) [ 552+ 1) 0,000 000005000 0,3, )0°(2)0(2) sy (66)
+ /]R i fy fv (div (E*zuo) —div(J)(O)uO) ¢° dzdydo

- / / / £(0, 5,07, 0)$(0, 5,04 (0, 9, v)i(z, v') (=) d=dydo.
RN JY JV JV

To conclude the proof, we remark that

/Y/Vvie*jz/}w*:,/Y/ij%*@izf/y/vvjw*xi:3ﬂ’

which we obtain by multiplying (64) by 7 and integrating by parts. Thus, (66) is nothing but the homogenized
equation (63). O

6. CELL PROBLEMS WITH DRIFT

This section is devoted to the so-called drift or f-exponential cell problems, which allow us to prove that the
asymptotic expansions and the two-scale method yield the same results.

6.1. O-exponential cell problems

Let 6 be a constant vector in RY. We introduce the following §-exponential cell problem

v Vythg + X g = / oedv + Aoo(ac,@)/ f o dv/
v v
y— o(z,y,v)exp(d-y) Y — periodic,

(67)

and its adjoint problem

—or Dy + S0 = [ ot a2 ) [ £
14 A%
y— Y5 (x,y,v) exp(—0 - y) Y — periodic.

(68)

It is convenient to perform the following change of unknowns g (z,y,v) = ve(z,y,v)exp(f - y) and ¢} (x,y,v)
= p(x,y,v)exp(—0 - y). They solve the following problems

U'Vysoa—v-é’sOa+2<peZfVUWedv’+>\°°(x,9)/ [ o dv
1%

Yy — po(z,y,v) Y — periodic,

(69)

and

—v - Vypp —v- 00 + X :fvo*gazdvur)\oo(:c,ﬂ)/ [ opdd
v

y— @p(x,y,v) Y — periodic.

(70)
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Such problems were studied in [7], where, among other properties, it is proved that, for any z € €2, the function
0 — A>°(z,0) admits a unique critical point 6y (depending on x) which is a maximum and that

VoA (e.0) = J@.0) = [ [ o, (71)

Therefore, 6y is uniquely characterized by J(z,6p) = 0. Our previous notation J(x), defined by (9), coincides
with J(z,0) as defined in (71). Our assumption (H4) just means that for z = 2o = 0 we have 6y = 0.

6.2. On a relation between the limit drift B and the cell drift J

We are now in position to prove a result announced in Remark 2.2, namely that
— 0J;
Bii = —L(x = 0).
9 axz ( )
Deriving (69) with respect to 6; yields

U-Vyaejwe—ij—v-e@aj@e-FE@ejsOa=/ 089j<p9+)\°°(x,9)/ f39j¢9+59,~>\°°/ feo. (72)
v v v

Multiplying by ¢}, and integrating on Y x V yields

/Y/ij</ﬁesﬁéaej)\°°/y/v</vf¢e) ©o,
a0y =~ [ [ owvi=vox= [ [ < /| fwe) ¥, (73)

Deriving (72) with respect to x;, we obtain

or equivalently

v Vy02 0,00 — v;0r,p0 — v - 003 4. 00 + 03 4,00 + 0, 500,00 = / (002.9,0 + 02,000, 00)
14
+>\°°/ (f02,0,0 + O, [ o, 00) + é)%A“/ [ 09,00 + e, Xx’/ (fOz00 + Oz, f 0o, P0)
14 14 14

14

We write this equation at (x,0) = (20, 6p) = (0,0). Therefore, assumptions (H3) and (H4) imply that the terms
0p; A>° and 0p, A>° vanish. Multiplying by ¢y and integrating on Y x V yields at z = 0

//*vjaxi¢o¢8+2%39j<pos06:// (/ 0330j¢o> 05+ A% (/ fi130j<po> o
Y JV Y JV 1% Vv
+8§i9j)\°o///f900¢8- (74)
Y JVJV

Remember our normalization for the eigenvectors

[ [eora=1 wa [ [ ([ s)va=1
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With this convention, deriving (73) with respect to x; yields

L9J; 92>
6$i N 6.%189]

(75)

At (x,0) = (0,0), we have obviously 9,, pg = ¥} by comparing (19) and equations (69). Similarly, comparing (22)
and (72), we have 9,9 = —x?. And thus, equations (74) and (75) yield

By = [ [ (weteste = [ -xe [ ) oo =0,
Y JV 14 14

which is the desired result.

Remark 6.1. If we assumed, instead of (H4), the much stronger assumption that the drift flux J(x) vanishes
in a neighborhogd of z = 0, it would be possible to prove in a much simpler way (avoiding #-exponential cell
problems) that B = V,J(0) = 0. Indeed, the following equation, similar to (22) is solvable in a neighborhood
of x =0,

v VX +Ex = /Voxj +>\°°(x)/vij — 05,

Thus, differentiating this equation with respect to x; at = 0 yields

vV, X! + X0, X = /

00y 4 A / FOsd — S + / o+ A / £ — ol
1% 1% 1% 1%

which is also solvable by definition. Therefore, the solvability condition of this last equation is satisfied, and
this precisely means that B;; = 0.

6.3. On a generalization of the convergence result

In view of the properties of A\*>°(z,0), it is natural to replace our hypotheses (H3) and (H4) by a new one,
(H5), which states that there exists a unique couple (xg,6p) € Q2 x RY such that

0 — A (x0, 0) reaches its maximum at 6 = 6y
d
(H5) an

x — A (x, 0p) reaches its minimum at x = x¢

with V, VA (x0,00) positive definite.

Notice that (H3) and (H4) are indeed equivalent to (H5) when (z,60) = (0,0).

We now explain a new phenomenon occurring when hypothesis (H3) and (H4) are not satisfied, but are
replaced by (H5). Of course, we still need the hypotheses (H1, H2). Instead of writing the first eigenfunction
¢° of (1) in the form

¢ (xz,0) =9 (Jc, g,v) u®(z,v),

we introduce a new factorization and write

x
% (x,v) = g, (x, g,v) ug, (z, ),
where g, is the solution of (67). At (zg,6p), by definition we have J(xg,60y) = 0, and thus our whole study
is still valid with this new factorization principle. Remark that (H4) was of crucial importance in the previous
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section because it was a Fredholm solvability condition, but it is now replaced by J(zo,6p) = 0 which is a
consequence of the first assumption in (H5). Therefore, we can prove that

M (6)
2¢e

(x —x0) - (x — :L'0> . (76)

ug, (z,v) =~ exp (

We skip the details for the sake of brevity. Formally, this indicates that, in the limit ¢ — 0, the asymptotic
behavior of ¢ is changed and we have

&% (2,0) ~ o, (:co, gv) exp <90 r Exo) exp (%ﬁ“(x — o) - (z— :c0> : (77)

where g, is periodic. Note that the approximation sign in (77) is purely formal and has no real justification
since we can not pass easily from (76) to (77) by multiplying by a function, exp (—6y - (x — x¢)/€), which is
widely unbounded as € goes to zero. At least, (77) is an indication that there is a competition between the
concentration term and the drift term and it seems to induce a new concentration point for ¢°. Formally, (77)
suggests that this new concentration point x; is given by

xr1 = X9+ M(eo)ileo,

but a more detailed analysis is required to find the precise value of z1. Remark also that it is not clear how to
check assumption (H5) on specific examples of coefficients.
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