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EVERYWHERE REGULARITY FOR VECTORIAL FUNCTIONALS
WITH GENERAL GROWTH

ELVIRA MASCOLO! AND ANNA PAOLA MIGLIORINT!

Abstract. We prove Lipschitz continuity for local minimizers of integral functionals of the Calculus
of Variations in the vectorial case, where the energy density depends explicitly on the space variables
and has general growth with respect to the gradient. One of the models is

F (u) = / a()[h (| Dul) @) dz

with h a convex function with general growth (also exponential behaviour is allowed).
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1. INTRODUCTION

In this paper we study the local Lipschitz continuity for local minimizers of the integral functional

F)= | f@Due)ds (L1)

where Q@ C R™ is an open set, f = f(z,€) : @ x R™ — R is a Carathéodory function and Du = (u2)) for

i=1,...,n(n>2)and o =1,..., N denotes the Jacobian matrix of the vector-valued function u : Q — RV.
We say that u € W2 (2,RY) is a local minimizer of F if f (z, Du) € L{, () and for every ¢ € C§ (€, R")
f(z,Du)dx < f (x, Du+ Dyp) dx;
spt ¢ spt ¢

therefore u is also a weak solution of an elliptic system of the form

n
i=1

where the vector field a = (a$) : @ x R"™™ — R™ is the gradient with respect to ¢ of the function f.

0
axia? (z,Du)=0, Va=1,....,N (1.2)
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The regularity properties for minimizers of vectorial integrals have been widely investigated under ellipticity
and natural growth conditions and, in general, we can aspect only partial reqularity, see [10,12]. Nevertheless,
in the case f(x,&) = |£JP, (p > 2), Uhlenbeck proved in [23] that the minimizers are in Cll.gca (Q, RN). Partial
regularity is obtained when integrands have the form g(z, u, |£|) with |£|? behaviour by Giaquinta and Modica [11]
for p > 2 and Acerbi and Fusco [2] for 1 < p < 2.

In the last years the interest in the study of regularity under non natural growth conditions has developed
new approaches. In [15] Marcellini considers integrals without growth conditions and proves Hélder continuity
of the gradient for minimizers when f(z,£) = g(|¢|) with g positive and convex, satisfying:

g'(t)
t

is positive and increasing in (0, +00) (1.3)

and a non oscillatory condition at infinity, i.e. for every « > 1 there exists a constant ¢ = ¢(«) such that
9" < clgt)]®, V> 1L; (1.4)

these conditions imply at least quadratic growth but they allow exponential behaviour. The subquadratic case
is studied by Leonetti et al. [9].
In this paper we consider the non homogeneous case

f(@,8) = g(=, [¢]) (1.5)

and we obtain the following regularity result:

Theorem 1.1. Let g = g(z,t) : 2x [0, +00) — [0, 4+00) be a function of class C?, convex in t, such that Vx € €,

M 18 positive and increasing with respect to t. Assume that for every Qo CC  and o > 1 there exist two

positive constants ¢1 and ca, depending on o and on g, such that Vx €

gu(z, )P < cr[g(z,1)]*, VE > 1,
|gtxs (I,t)| < C2gt($at)[1 + gtail(xat)]a Vi >0, Vs=1,...,n.

Then every local minimizer u of the functional (1.1) with f given by (1.5) is in I/Vli)’coo (Q,RN) and there exist
¢ >0 and o > 0 such that for every B CC 2

140
sup |Dul| < c{/ 14 g (z,|Dul)] dx} : (1.6)
Bry2 Br

Actually we prove the theorem under weak assumptions on g, (see (H1—Hs) and Th. 2.1 of Sect. 2).
The most relevant fact is that the integrand f(z,£) may have exponential growth with respect to &, which
involves non uniformily elliptic systems. Our result includes energy densities with variable growth as

/Q a(2)[h (| Du)]P® de, (1.7)

where h is a C%(]0, +00)) positive convex function satisfying conditions (1.3) and (1.4) with a, p € Wli’COO(Q),
a(x), p(x) > ¢ >0 a.e. z € Q; in particular we can take h(t) ~ exp(t") for ¢ — 400 and m > 0.

The interest in functionals (1.1) with general growth and non uniformily elliptic systems (1.2) is motivated
by several models which arise from different problems in mathematical physics: for example, the exponential
growth is present in combustion theory, see Mosely [20] and in reaction of gases, see Aris [1]. Recently, this
kind of systems has been used by Rajagopal and Ruzicka [21,22] in their model for the behaviour of special
viscous fluids with the ability to change their mechanical properties in dependence on an applied electric field,
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the so-called electrorheological fluids. In fact, in the model proposed by Rajagopal and Ruzic¢ka, the interaction
between the electric field and the fluid in motion is expressed in the coefficients of the system by a variable
exponent.

The particular case f(x, &) = |£[P(*) has been studied in the scalar case by ZhiKov [24], Mascolo and Papi [17]
and Chiado Piat and Coscia [5] (see also Marcellini [13,14] and Dall’Aglio et al. [7]). In the vectorial case, the
regularity result is due to Coscia and Mingione [6] (see also Acerbi and Mingione [3,4] for related results).

For functionals with integrand of the type (1.5) Migliorini in [18,19] proves everywhere regularity of local
minimizers in the context of (p, ¢)-growth conditions.

We improve these results to more general cases, like (1.7) and even to energies of the form

gz, t) = exp(tP®)) as t — +o0,

by using different techniques. We do not control the stored energy g(z,t) by means of power functions: indeed
we use its particular structure and properties directly (see also Dall’Aglio and Mascolo [8] for L*°-regularity).

The paper is organized as follows. Section 2 contains the statement of the general regularity theorem and
some applications. In Section 3 we consider functionals with controllable growth, i.e. uniformly elliptic systems,
and we prove for the gradient of minimizers an a priori estimate independent of the constants which appear
in the controllability assumptions. In Section 4, we carry out the estimate to the general case by means of
an approximation argument. More precisely, we construct a sequence of functions which converges to g such
that the corresponding functionals have controllable growth. By applying the a priori estimate, a procedure of
passage to the limit gives estimate (1.6) for the minimizer of the original functional.

2. STATEMENT OF THE REGULARITY THEOREM

Consider the integral functional
F(u)= / f (x, Du(x)) dz, (2.1)
Q

where Q is an open subset of R™ (n > 2), Du is the gradient of a vector-valued function u : Q@ — RY, thus
Du = (ug) fori=1,...,nand o = 1,...,N is a matrix in R™Y, and f = f(z,§) : @ xR"W - Ris a
Carathéodory integrand.

We consider the case in which the stored energy f depends on the modulus of the matrix Du and satisfies
general growth conditions. More precisely, we assume that

f(xaf) :g(x, |€|)7 (22)

where g (z,t) : Q x [0,400) — [0, +00) satisfies the following assumptions:

(Hy) for a.e. = € €, g(z,-) is a positive convex function of class C2([0, +o0c)) with 9. positive (strictly for

t
t > 0) and increasing with respect to ¢ for a.e. x € Q.

Observe that, since M is increasing, then necessarily g:(z,0) = 0 for a.e. z € Q. Moreover, without loss of

generality, by adding a measurable bounded function of x to g, we can reduce to the case g(x,0) = 0 for a.e.
x € Q.
Clearly from (H;) it follows that

0 < ge(x,t) < gulx, t)t,

Vt > 0 and a.e. z € (.
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(Hz) For every Qo CC €, there is a positive constant A = A() such that
gu(x,t) <A, Vte[0,1] and a.e. x € Qo, (2.5)
and a tg € (0,1) and A = A(€p) > 0 such that
g(z,tg) > A, ae. x € Q. (2.6)

The non oscillatory behaviour is included in the following assumption:

(Hj3) For every Qy CC Q and a > 1, there exists a positive constant ¢; = ¢1(a, ) such that
gee(z, )2 < ci[g(z, )], Vt>1 and a.e. x € Q. (2.7)

(Hy4) For every t € [0, +00), g:(x,t) admits weak derivatives gi_(x,t), (Vs =1,...,n), which are Carathéodory
functions in  x [0,4+00) and locally integrable in Q. Moreover, for every Qy CC Q and « > 1 there exists a
positive constant ca = ca(cv, ) such that

|gtw. (2, 1)| < cage(z, )[1 + g2 (z,t)], Vt>0 and a.e. x € Q. (2.8)

(Hs) For every Q9 CC Q and Qp compact subset of [1,+00), g (xz,t) € L>®(Qo X Qo).
By using (2.2) and (2.4), the following inequality holds (see [14,15] for details):

LR |32 < 7 for (. AIN) < g ) AP (2.9)

€l ,3,0,8

for a.e. x € Q, VE, X € RN,

In the sequel, fixed 0y CC £ and xy € {1y, we denote by B, and Br balls with the same center ¢ of radii p
and R respectively compactly contained in Qg, (0 < p < R < min{dist(zg, ), 1}).

Now we give the precise statement of our result.

Theorem 2.1. Consider the functional F in (2.1) with f (z,£) = g (x, |£|), where g satisfies (Hi—Hs). If u is
a local minimizer of F, then u is of class VVlifo (Q, RN) and there exists 0 = o(n) > 0 such that

sup |Du| < ¢ {/BR 1+ g (z,|Dul)] dac}pﬂ7 ) (2.10)

P
where ¢ = ¢(n, N, c1,c2, A, A\, R, p).

Let now h € C?([0, +00)) be a strictly increasing convex function satisfying (1.3) and (1.4). Let a(x),p(x) €
Wh>(Q) with a(z),p(z) > ¢ > 0 for a.e. 2 € Q. The function

loc

g (@, 1)) = a(x)h (|g))"™) (2.11)

with h, @ and p such that g(x,t) is of class C? with respect to ¢, models in natural way the assumptions (H;—Hs).
It is easy to check that in (2.5) A depends on A”(1) and on an upper bound for a(x) and p(x), while in (2.8)
Co = maxzeq, [|as (2)p(z)] + |a(z)ps (z)|] where |az(x)| and |p(x)| denote the modulus of the gradient vectors
of a and p.

We observe explicitly that if h(t) = t™ or h(t) = t™In(t + 1) all the assumptions are satisfied provided
mp(x) > 2 for a.e. x € Q.
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On the other hand, if we consider exponential growth as

h(t) ~exp(t™) ast— +oo, with m > 0,
h(t) ~ ™t ast — 400,
h(t) = exp(t™) with m > 2,

the variable exponent can be choosen such that p(z) > ¢ > 0 for a.e. x € Q.
Moreover,

g(:c, t) = exp(tp(m))’
as t — 400 or even every other finite composition of exponentials as for example

g(z,t) = eXp(eXp(tpl(l')))pﬂa;),

with p;(z) > 2, (i = 1, 2), satisfies (H1—Hs).

3. A PRIORI ESTIMATES

403

Marcellini in [15] proves some interesting inequalities in the case g(x,t) = g(t) where g is a positive, convex
function of class C? satisfying (1.3) and the non oscillatory condition (1.4). Using assumptions (Hy, H>)
and (Hs), we can prove the same kind of inequalities for a.e. x € Qo CC Q. Moreover, it is easy to check
that the uniform boundedness assumptions in (Hs) imply that the constants in the pointwise inequalities are
actually independent of x € €. These properties are contained in the following lemma (see Lems. 2.4, 2.6

and 2.7 of [15] for the proofs).
Lemma 3.1. Let Qo CC Q and g satisfy (Hi—Hs).

(i) For every a > 1 there exists a constant ¢ = c¢(a, o) such that

gt(ac,t)tM*l < clg(z, t)]%,  gu(z, )t < clge(x,t)]”

Vi >1, a.e. x€ Q.
(ii) For every o > 1 there exists a constant ¢ = c¢(a, Qo) such that

L+ gue(z, )** < [l + g(x,1)]°,
Vit >0, a.e. x€Qp.

(#ii) For every B > 2 there exists a constant ¢ = ¢(0,8) such that ¥y >0

P
1 t <
+9tt($> )(7+1) Sc

Vit >0, a.e. x€ .

The constants in (i—iii) depend on A and X in (Ha).

5
t

1+/ 37\/7%(:”’8)(15] ,
0 S

We make the following supplementary assumptions (which will be removed through the approximation method

in Sect. 4).

Assume that there exist positive constants m, M and N, depending on Qg CC €2, such that

gt(xa t)
t

m < §gtt(m,t)§M
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and )
|90, (2, 1) < N(1+1%), (3:2)
Vvt > 0 and for a.e. x € Q. By taking in account (2.9, 3.1) implies the uniform ellipticity condition, i.e.
MNP < D feer (2, XA S MNP, (3.3)
i,j,a,8
and, since
[feoa, (@,6)] < |gea, (2, ||, ace. € Qo, VEER™, (34)

equation (3.2) gives
feoo, (2,9l S N+ [62)2, ae zeQo, VEeR™.
First we present the following intermediate regularity result:

Proposition 3.2. Consider the functional F in (2.1) with f(x,&) = g(x,|¢|) where g satisfies (H1—Hy)
and (3.1, 3.2) and let u be a local minimizer of F. Then u € VVlifo (Q,RN) and, for every Qo CC 0 and
0 < p< R<1 such that Br CC Qq, there exists 0 = a(n) > 0 such that the following estimate holds

sgp |Du| < ¢ {/BR [1+ g(x,|Dul)] dm}HU , (3.5)

P

where ¢ depends onn, N, R, p and on the constants in (Hy—Hy).
The proof follows by collecting Lemmas 3.3 and 3.4 below.

In the sequel, we denote by 1* = —2= and by 2* = % if n > 2, while 2* is any real number strictly greater

n—1
than 1*2, when n = 2.

Lemma 3.3. Let (H,—Hy) and (3.1, 3.2) hold. Ifu is a local minimizer of F in (2.1), then u € W,- (Q,RY)

loc
and there exists ¢ > 0, depending on n, N and on the constants in (H1—Hy), such that the following estimate

holds

1

C * 12**2 v
sup |[Du| £ ———— / [14— Du|* %gy(x, |Du } dx .
BPI | (RP)’“{BR | Dul (x,[Dul)

Proof. Let u be a local minimizer of (2.1). By the left hand side of (3.3), u satisfies the Euler’s first variation:
/ Zf&;* (z, Du) @ (z)dr =0, Vo= (%) € WOI’2 (Q,RN) i
Qa ’

The technique of the difference quotient (see [10,12] or in the context of non standard growth [15,19]) gives

2,2

that u admits second derivatives, precisely u € W (Q, RV ) and satisfies the second variation

/Q Z fggg? (z, Du) @giuixj + Zf&?:cs (z, Du) 902-(7, dz =0, (3.6)
i,

4,0,
Vs=1,...,n, Vp=(p*)€Wy?*(QR"Y).
Let 9 CC © and 7 be a positive function of class C§ (€); fixed s € {1,...,n}, we choose p* = n*u ® (|Dul)
for every a = 1,..., N, where ® is a positive, increasing, bounded, Lipschitz continuous function defined in

[0,400) (in particular ® and ®’ are bounded, so that ¢ = (¢®) € Wy (2,RY)). Then

%, = 2ne,ug, ® (|Dul) + n*ug o, @ (| Dul) +7*ug, @ (|Dul) (| Dul),,
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and from (3.6) we obtain

07/ 2P Z fgugg z, Du) uj aqyug‘ngdx+/2n<1> Z fgugg x, Du) ny,ug u? 2,4

i,j,0,0 i,j,a,8

/ 2 ) Feago (w, Du) ug 0 o, (IDul), dz

i,7,0,8

+/2an> feew., (x, Du) ng,ul da
; > fera, (@, Du) i, ug,

[N

/Q(I)nga (z, Du) uy_, dx
/Qq)'zfga (z, Du)ug. (|Dul),,

=L+L+L+1,+ 15+ 1

405

(3.7)

(here and in the following we write only ® and @’ instead of ®(|Dul|) and ®'(|Dul)). We sum with respect to s
from 1 to n the previous equation but we still indicate the integrals with I —Ig. In the sequel we denote by ¢ any
constant which may take different values from line to line and depends on the constants in assumptions (Hq—Hy)

and on the dimensions n and N.

Let us start with the estimate of the integral I5. By Cauchy—Schwartz inequality, Young’s inequality ab <

ea® + Z—i, Ve > 0, and (2.9)

I = 2nd N D o U B4
|2| ‘/Q K Z fgqrgf (1'7 U)nluzsuzs% T

1,7,8,0,8
1 1
2 2
< / 2nd Z fg;xg]? (m,Du) ningsnxjugs Z fg;ng (x,Du) ugsl)iugsmj dx
@ i..5.00,08 i..5.00,08

c
<c€1/7} ¢ Z fgagﬁ x, Du) ug mufszjdx+4—€1/9|Dn|2<I>gtt (z,|Dul) | Dul? dz.

1,5,8,0,8

Let us consider I5. Since f (z,£) = g (, |£]), we have

_ Gt (I>|€|) a
_ (9= 1E]) gt (@, [€D) | copa , 9t (@ 1E])
ff?&f (I,&) - ( |€|2 |€|3 ) §] €z + 7|£| 6&?&?

Using (2.4) and the fact that g; (z,t) is positive, we can prove that

2]

,3,8,a,8

(3.8)

(3.9)
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In fact

gtt( 7|Du|) g 7|Du|
Z fglag? (anu)u (|DU|) < |Du| - |Du| )Zsa ) }

i,3,8,2,8

+g¢ (@, |Dul) Y (|Dul);, =

%

since (|Dul), = \D—1u| D e UG, UG, 3 hence (3.9) is proved and this easily implies that I3 > 0. Consider now I4:
by assumption (Hy4) and by (3.4) and (2.4), we have

|I4| - ‘/ 2n® Z fE?is (1'7Du) nmugsdx
Q

c/ 2@yt (x, | Dul)[Dul [1+ g¢*(x, [Du))] Y ne,us, | da
Q 1,8,
<c [ 2lDnigi(e, [Du|Duf? [1+ g7~ (@, | Du] . (3.10)
Q
In order to estimate I, let us observe that, taking in account (2.4, 2.8) becomes
x,t B a 3
o (.0 < 0 { 22D {guto ) 142 0] (3.11)

thus, by using Cauchy—Schwartz inequality and Young’s inequality, we obtain

1
2

|15|‘/ 7°® Y feon, (z, Du)us , dz /2<I> > feu,. (@, Du) p | Dulde

’LSO{ ’LSO{

Dul) 3 - 2
< 2 gt(, | 212 2 2(a—1)
< 02/977 ¢{7|Du| D2} {gun(a.|Dul)Duf? 1+ 2V (e, 0)] L da

D
SCEQ/T]QCI)M|D2U|2CISE
Q |Du|

c a—
+r/ﬁ%MMWWﬁhﬁ<WMMMM (3.12)
€2 Q

Similarly

N

g¢(x, | Dul) 2
|Is| = ’/9772@/ng& z, Du)ug (|Dul),. dz| < cl/Qn2cI>/|Du| {W;(|DU|)17 dz

x {gtt( |Du|)| Dul? [1+92<‘* Yz ,|Du|)}}%dx

z, | Du
Sce3/ n2<I>'|Du|gt(|D7|u||)Z(|Du|)ii dx

+—/ 12®'| Dulge(x, | Dul)| Dul? [1+92<“ V(g ,|Du|)} da. (3.13)
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Collecting (3.8-3.13) and choosing €; sufficiently small we have also

/ PO N fegs (2, Du)ul 0l dr < / |Dyf? gy (x| Dul) | Dul? dz
Q iS5 ! Q

,3,8,a,8

te / 20 Dy|@ gy, | Dul) [ Duf? [1 + g8~ (x, | Dul)] da
Q

D
+ceg/n2®7gt(m’| u|)|D2u|2d:c
Q | Dul

+ 1= [ P egute DDA [1+ 67w, [Du) | ds
€2 JO

g¢(z, | Dul) 2
+ce3/ n°®'|Du > (IDul);, dz
. | Dul Du 2 (I1Dul)z,

+ o [ P@IDulgu(e IDu DU [+ 6 (o, D)) da
Q

463
(3.14)
By choosing €9 sufficiently small, the left inequality of (2.9), implies
D
/ UQ¢M|D2u|2dI < c/ |D|* ®g4t (¢, | Dul) | Dul® da
Q [ Dul Q
+c [ 20]Dulga o, D) DuP (1 + 67 (o, | Dupldo
Q
+o / 72 ®gu(w, |Dul) [ Duf* [1+ g7 (@, |Dul)| de
Q
25/ g¢(x,|Dul) 2
O'| Du|——=—= D d
+eer [ o0 Dul > (1Dul), da
c _
+ 4—63/ 12®' | Dulget(x, | Dul)| Dul? [1 + g2 D (g, |Du|)} da. (3.15)
Q
Now we allow only test function ® satisfying
O ()t < co® (1) (3.16)
for a certain constant cg > 0. Recalling that (|Dul),. = Dl Du‘ D e Us UG, and using Cauchy—Schwartz
inequality, we see that
2
D (IDuf)* = (IDul)i, <> |ug,.|” = [D?u|”. (3.17)
3 ’L S,

We use the last inequality to estimate the first member in (3.15) and for small e3 we get
Dul) 2 2 2
29T ADU) 5~ (152 g < / Dyl ®gys (x, | Dul) |Duf*d
J e i 3 Pl ar < [ 1Pl @ o D Do
c [ 20Dulgun(z, IDul) DU [1+ g7 (o, [Du] do
Q
+e [ P ogulz, Dul)Du L+ 620 (o, D)) da

Q

+elca)® [ Pgua Du)|Duf [+ 62 V(e Dul)| do. (318)
Q
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On the other hand, since 2n|Dn|, |Dn|?, n? are less then or equal to n? + |Dn|®, using (3.17) we finally have

;| D -
/ 2 91(2, | Dul) |D(|Du|)|2d:ﬂSc(1+C<I>)2/[772+|D77|2](I)gtt(fca DU Dul? [1+ g7 (@, |Dul)] da,
Q Q

| Dul
(3.19)
where ¢ = ¢(n, N, Qo, A, A\, c1, ¢c2). Let now @ be a positive, increasing and locally Lipschitz continuous function
in [0, +00) satisfying (3.16). Then we can approximate ® by a sequence of Lipschitz functions ®, bounded with
! bounded, in the following way:

@T(t){ ®(t) forte|0,r] PN

®(r) forte (r,+00)

Since @/ (t)t < ca® (t), while ®. (r*) and @, (r~) are uniformly bounded, the condition (3.16) holds for @,
with the same constant ¢, thus (3.19) holds ®,.. By monotone convergence theorem, letting r tend to +oo, we
infer that (3.19) holds for such a ®.

For t € [0, +00) and x € 2 define

Slan=1+ [ oL,

since the integrand function is increasing and by (2.4), we get

(G (1))

1+t @(t)@] <2 {1 +20(t) gt(‘:’t)] < 2 [1+ B(t)ger(x, £)t7] .

Moreover, by (Hy), Vi =1,...,n we have

o] - [ VP = [{*Pnio o ico]

< c®(t)gu(z, t)t* [1 + QQ(Q 1)(36’0} '

We denote by D, G the weak gradient of G(z,t) with respect to z. The assumptions (H;) and (Hy4) ensure (see
for instance Marcus and Mizel [16]) that the chain rule holds and the previous estimates yield:

(DG, IDul))* < el DnP (Gl |Dul)? + P (Gl | Dul) D Dul? + 72 (D2 G, | Du
z, | Du
< D [1-+ Bga(e. IDu|DuP] + e @R (D
+ en*®guu(a, | Du)|Duf?* [1 4 g7V (a, | Dul)] -

Therefore by (3.19), we deduce

116 (@ [Du)de < 1+ co)® [ 12 + 10010 [1+ g [DuD D] [1 4+ 67 o, Dul)] o
Q Q
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where ¢ = ¢(n, N, Qo, A, A\, ¢1,c2,a). Let 2* = % for n > 2, while 2* equal to any fixed real number greater
than 1*2 if n = 2. By Sobolev’s inequality:

2

{ [ 16D ar} ™ < e e [ 12 4+ 1007 [1+ Rt DuIDU] [1 420 D) i
N N (3.20)

Choose @ (t) = t*7 with v > 0, thus the condition (3.16) is satisfied with cg = 2y. With this choice of ®,
equation (3.20) reduces to

2
3

{ [+ 66D as}”

By (iii) of Lemma 3.1, for a.e. x € Qy we get

ot
¢

1+/37\/Mds] >c
0 S

<ec(l+ 7)? /9[772 + |D77|2] [1 + |Du|2(7+1)gtt(ac, |Du|)} {1 + gf(afl)(ac, |Dul)| de.

(3.21)

G ) = (Y gtt@c,t)] ,

thus (3.21) becomes

{/9772* [1+ |Du

2
2%

2O+ g, |Du|)} dx}

< c(l+9)* /Q [0 + [Dnf?] [1+ (DU g (e, |Dul)] [1 4 67 (, |Dul)| da. (3.22)

Fixed pg and Ry such that B,, CC Bgr, CC €, for 0 < pg < p < R < Ry, let n be a positive test function
equal to 1 in B,, whose support is contained in Bg, such that |Dn| < Ri_p. Set 6 =+ 1 and € = 2(a — 1),

using (2.4) we have

v
*l'\)

. f4
| [+ 10u e pup] dey < e—F—p [ [141DuP g0l Dul)gi o, | Du)| Dl d. - (3:23)
B, (Rip) Br

For an arbitrary 7, 0 < 7 < 1, using Holder inequality we get

11+ 1DuP g, Dul)gi [ Du| Dol ) do < [ (14 DuPgl (o | Dulgid D) Dul]
Br

Br

1-7
<c {/ {1 + |Du|%gtt(x, |Du|)} d:c}
Br

T4 . T
x {/B [1+gn* (:E,|Du|)|Du|?}dz} :
R

Moreover, by (Hz)

T4e

-

T+e Tte

L+gy (,t)tr <c[l+ gtt(x,t)t#f} T <ec {1 + gtt(x,t)tl*ﬂ
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and then by (3.22)

2% 4
{/ {1 + |Dul? 0 gy (, |Du|)} d:c} <c b
B

| (== {/BR [1 + DUl gu (@ IDuI)] dz}l_T

T4e T
x{/ [1+gtt(x, |Du|)|Du|1*2} ’ dx} :
Br

To apply an iteration procedure, we need ﬁ < 2%, then it is sufficient that 7 <
—2_ —1*2 < 2* and let € such that TT+E =1l+4en= 12:2 Since u €

(3.24)

2
1—7

£. Choose 7 = %, thus
W22(Q,RN), then Du € L2 (Q,R™N) and
recalling that gy satisfies the supplementary assumption (3.1), we deduce that following integral is finite:

2
A= {1 + gu(z, |Du|)|Du|1*2} " dx (3.25)
and (3.24) becomes

{/

P

1

3

3 1
. 92 N %2 1
[1 + |Du|2 egtt(% |Du|)} dx <c {/ [1 + |Du|1 209tt(1’; |Du|)} d:c} Az,
R—p /By

(3.26)
We define a sequence of exponents 6; in the following way:
O =1
2% .
9]‘ = Eej_l, V_j = 1,2,... (327)

« \J
or equivalently 6y =1 and 6; = (12—2) ,Vi=1,2,

Define also p; = po + jopo for j =0,1,2,... and

h
A= {/ (14 1Du"2 guu(a, | Du)| dx}
B

and insert in (3.26) R =p; , p = pj+1 and 6 = 6;. Since R —p =

Pj

%ﬁﬂ , we obtain

Aj1 <
7 Ro — po

cHJQ»QjA%n ] o

By iteration we get

1 Zi:o 7 J 2
cAzn k L Sk
Aji1 < ( ) <H 9,:’“> 22k=09); A
Ro — po o

(observe that A and A are finite, thus every A; is finite). The product is finite and the series in the exponents
converge and after some calculation, using the definition (3.27) since
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and
-
1*2
b

1 |Duf" g1, | Dul) < [14 |Duf" 2gu (2, | Dul)|
by the definition of A we finally have

1
9%

A € s 3 [ (L4 1Du g Dul)| T e (3.25)
(Ro — po) Br,

We can easily prove that for every 8 > 0 and ¢t > 0 there exists a constant ¢ = ¢(£2g) such that
9 <c¢ [1 + tﬁgtt(:ﬂ, t)} , Vt>0, ae x€Q. (3.29)

In fact (2.3, 2.4) and (Hs) imply that g4 (x,1) > g(x,t9) > A > 0 for a.e. z € 9. We can conclude

Jj—+o0o

2*9j
sup{|Du(z)| : x € By, } = lim {/ | Du(x)|? ‘gfd:c}
B

PO

< lim c/
j—+oo B
1

C * 127’k v
0 — PO R

The last inequality implies that u € Wk (Q, RY ) and Lemma 3.3 is proved. U

loc

Lemma 3.4. Let (Hi—Hy) and (3.1, 3.2) hold. If u is a local minimizer of (2.1), then there exist o0 = o(n) > 0
and a = a(n) > 0 such that

1

2%0;
(14 [Duf* % gu(z, | Dul)] dx}

Pj+1

2* 1" 4o
1+ |Dul'" Du)] P dr < —S— / 1 Dul)]d
J R R S (CALTILE] B

where ¢ depends on n, N and on the constants in (Hi—Hy).

Proof. Consider the inequality (3.21) in the proof of the previous lemma with v =0 (i.e. & = 1):

{ [ G wlour d} < [ 1+ 1001 [+ IDuPgute. Du)] [1 4+ 62 o Du)] da.

Let 1 <6 < 127*2 and apply (iii) of Lemma 3.1 with § = % >1*2>2:

255
. 5 . P . 6
1+/ \/T mdS] > e[+ t5gu@ )] ze[t+ 2gu(1)] .
0 S

Therefore, choosing the test function n and € as in the proof of Lemma 3.3, we obtain

G, )] =

2

. 4 B c

[ [+ 10u gt pu] ot < o [ [k DU Dul)] [+ g, D) Dl da
B, (R=p)* /By

< L/ [1+|Du|1*29tt(x |Du|)} T (3.30)
~ (R=p)? Jpg ’
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Set

V(@) = 1+ |Du(a)]" *gu(z, [ Du(x)));
equation (3.30) can be written in the form:

Voda <#/ Viteds.
([ v} < ]

We fix 6 = % > 1 and let v > 27 > 4. By using Holder inequality with exponents v and 7—1—1, from (3.31) we
have

o

3

Voda gé/ Vitedy
{/B,, } (R_p)2 Br

7(pr)2/3 V%vl—%“dzgi(pr)Q {/B V‘sdx}v{/B v”f#dz} T (331
R R R

|

or equivalently

o%

5 C 5 % y=3d+ey Rl I
Vide < ———— / Vv dx} [/ V-t dx] . 3.32
/B (R—p)? { Br Br ( )

P

Ro—po
27

Fixed Ry and pg as before, we consider p; = Rg —
R—p= %@, then we obtain

% 2 1) &
/ Vida < / T / VS da : (3.33)
B By, (R0 — po) Brg

Pj—1

. We insert R = p; and p = p;—1 in (3.32): since

Denote by A; = Vodz: by (3.1) and Lemma 3.3, A; are uniformly bounded with respect to j. Thus (3.33
J By, J

becomes

Iterating:

(%) c sy DL
< AP — { as dx} : (3.34)

«\J x
since Z]oil (g—,y) = 27%2 Use (ii) of Lemma 3.1 with exponent 1* > 1, i.e.

14 g (z, )t 2 < e[l + g(z,0)]", (3.35)
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hence, in this case

y—0+ey
—1

~N—

VIR <L+ ga, D)} T

We can choose 7 in such way

-0
pFrmoter (3.36)
v—1
Recalling that § = 127*2, an easy computation gives v = 142-in and for e sufficiently small (i.e. « sufficiently close

to 1), v > 27 as required. With this choice of ~, from (3.34) we infer

(ﬁ)j 2% (v—1)
25 c 3y —2*
/ Voda < {/ V‘de} e {/ [1+g(z, |Dul)]dz
By By, (Ro — po) === |/ Bro
and letting j — 400, we conclude
2% (v—1)
* 12**2 C e
[ [1+10u gt pup) e s —— { [ e |Du|>]dx} (3.37)
Bﬂo (RO — pO)W BRO
; ; _ (292 2 (y=1) _ % :
and the Lemma is proved with a(n) = P and i =1 to with ¢ > 0. O

Remark 3.5. We underline the fact that the constant ¢ in Propositon 3.2 does not depend on m, M and N
of (3.1) and (3.2).

Remark 3.6. It is not difficult to check that the result of Propositon 3.2 holds even if we assume g of class

VVli:O with respect to t for a.e. z € Q instead of class C2.

4. APPROXIMATION AND PROOF OF THE THEOREM 2.1

In this section we will prove the estimate (3.5) of Proposition 3.2 for minimizers of our original functional
F and then we have to remove the supplementary assumptions (3.1) and (3.2). The main ingredients are an
approximation procedure and then a passage to the limit similar to the ones used by Marcellini in Sections 4
and 5 of [15], modified in order to handle the dependence on x of the integrand.

Let 9 CC Q and g satisty (Hy—Hj) of Section 2. We remember that, by (H;) and (Hz):

g(x,0) = g:(2,0) =0 and gi(z,1) > g(x,1) > A >0, ae x€Qp.

For t € (0,+00) and z € 0, set

gr(x,t)
t

which is positive, increasing and a(z,1) > A > 0 a.e. z € Q.
From assumption (Hy), it follows that a(x,t) > 0 if ¢ > 0. For every k € N, let ¢, = 1 and define the

sequence of functions

a(z,t) =

(4.1)

a(x,ty) for t €[0,tx)
a*(z,t) =< a(x,t) fort € [ty, k]
a(x, k) fort € (k,+00).

For every k € N, a¥(x,t) is continuous and increasing with respect to ¢ and satisfies

a(z,t) < a¥(z,1) = a(z,1) <A, ae zecQy, Vtel0l]. (4.2)
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Consider the function g*(x,t) given by
t
g*(z,t) = / a®(x,s)sds, ae x€Q, Vtel0,+00). (4.3)
0
By definition, it follows that fixed kg, for every t € [0, ko] and k& > ko we have

0 < gho (x,t) — gk(x,t) < (x,1), a.e.x € Q. (4.4)

—=a
2K2
Moreover g¥(x,t) converges pointwise to g(z,t) for a.e. x € Q and ¢t > 0.

Our next goal is to prove that g satisfies assumptions (H;—Hy4) with constants independent of k.

Lemma 4.1. Let g(x,t) satisfy (Hi—Hs) and let g (x,t) defined as in (4.3). Then, for every Qo CC Q, g*
satisfies (Hy) and (Hz) for k sufficiently large, with constants independent of k. Moreover:
(i) for every k € N, there exist my and My, > 0 such that

98 (z,1)
t

my < < gty (,t) < My, (4.5)

Vt >0 and a.e. © € Qo, where gk, (x, k) denotes the right second derivatives of g*;
(i) there exists a constant L = L(€) such that

9" (x,t) < L1+ g(x,t)] (4.6)

VE €N, t>0 and a.e. x € Qp;
(iii) for every a > 1 there exists C1 = Ci(a, Q) such that

gi(@, ) < Cu[g" (x, 1)) (4.7)

VkeN, t>1 and a.e. x € Qg;
(i) for every k € N, there exists a constant Ny, such that

|9k, (2, 8)] < Ni(1+12)2 (4.8)

Vt >0 and a.e. x € Q.
For every a > 1, there exists Cy = Ca(w, Qo) such that

gk, (@, 8)] < Cagl(at) [1+ (o)™ (2,8)] (4.9)

VkeN, t >0 and a.e. z € Q.

Proof. Since gF(z,t) = a¥(x,t)t is increasing with respect to ¢, then g¥(x, ) is convex with respect to t. Moreover
g¥(x,t) and gF(z,t) are Carathéodory functions in Q x [0, +oc0) and g*(x,t) is of class C' with respect to t.
Since

a(x,ty) fort e [0,t)

gr(z,t) =< gu(x,t) fort € [ty, K] (4.10)
a(xz, k) fort e (k,+o00)
k

we have, taking into account (Hs), that ¢g¥(x,-) € W'licoo for a.e. * € Q. By construction a®(z,t) = M is
increasing, thus (Hy) is satisfied. It is very easy to show that gk (z,t) < A’ for a.e. x € Qg and V¢ € [0, 1] with
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A’ independent of k; moreover, for k sufficiently large g*(x,to) = g(w,to), thus (Hz) holds. Let us prove (i).

Ky
Fixed = € Q, since a*(x,t) = M is increasing and from the definition of ¢; we have

k
gi(x,t
t(tv ) < k(:c,t)

0<my = miél a(z,ty) < a¥(x,t) = < g5

xello

vt > 0. By taking in account (Hs), set

My, = max {|la(z, 1)|| Lo (a0), [|9¢¢ (@, )| Lo (20 x [1,])> 1@ (@, B) || oo (20 } »

thus (4.5) holds.
In order to prove (ii) and (iii), let us show that Vk € N and a.e. « € Q the following inequalities hold:

g(a:,l) Sgk(x,l); (4'11>
" (z,t) < a(x,1) + g(z,t) Vt € [0, +o0); (4.12)
9" (@, t) > g(z,t) Vi€ [1,k); (4.13)

If t € [0,1], it is clear that a(z,t) < a®(z,t) < a(z,1). By using (4.1) and (4.3), we obtain

kﬂ? = kl’ — kﬂ? = lakx 1(133 = i — i = i
(1) = g (z. 1) — g*(x,0) /O <,t>tdtz/0 (z.t)tdt = g(2,1) — g(z,0) = g(x. 1)

and (4.11) is proved. If t € [0, 1] we have

t
g~ (z,t) = / a®(z,s)sds < a(z,1).
0
If t > 1 we have
gf(:ﬂ,t) = ak(:ﬂ,t)t < a(z,t)t = gi(x,t)

and thus V¢ € [0, +00)
¢ ¢
"z, t) = ¢"(x,1) +/ a®(z, s)sds < a(z,1) + g(x,1) +/ a(z, s)sds = a(z, 1) + g(z,t)
1 1
and (4.12) is proved. By collecting (4.11) and (4.12), we have

9" (z,t) < 21+ a(z, D][1 + g(z,1)]

which implies (ii) since 1 + a(z,1) =14 g¢(2z,1) < 1+ A(Qo) = L.
In order to prove (4.13) we observe that if ¢ € [1,k), by (4.11), we have

1 t
g*(x,t) = / a*(x,s)sds —|—/ a(z,s)sds = g"(x,1) + g(z,t) — g(z,1) > g(x, t).
0 1
Let us prove (iii): when ¢ € [1, k] we use (Hs) and (4.13)

i (2, )** = gt (2, ) < clg(z, )] < clg" (2, 1)),
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while for ¢ € (k, +00), by (i) of Lemma 3.1 we have

t2a t2a

o < el b

gft($7t)t2a = gt(x’k)kQQ_l k20‘.

By proceeding as in the proof of Lemma 4.3 of Marcellini [15], it is possible to show that g(z, k;),i—z < 2g%(z,t).
Thus

iz, )82 < c2%[g" (2, 1)),

and (4.7) is proved.
Now we prove (iv). For each fixed ¢ > 0, the functions g¥(x,t) have weak derivatives with respect to x,,
gt (z,t), which are Carathéodory functions in Q x [0, 400) and locally summable in Q. If ¢ € [0,¢), by (Ha)

ge(z,ty)
ty

L e T e e (R )
< cpa(z, t)t 1+ g N, 1] < cgi(x,t) [1 + (gf)Ohl (m,t)} ,
where ¢ depends on A. If ¢ € [ty, k]
195, @, D] = lgea, (@, D] < c2g3(w,0) [1+ 977 (@,0)] < agf(at) [1+ (o)™ (@,0)]
If t € [k, +00)
gk, ()] =, (2 ) = g, (2 B) - < eagee, b [1+ g5, B)] (114)

thus

t
|g1]5€:vb ($,t)| < C2gt(I, k)E

e (SO Y <t [ ) )

and (4.9) is proved.
Finally, fixed ag > 1, for t € [0, tg),

1962, (2,0)] < calz,1) [1+ g7 (2, 1)]] < C,
for ¢ € [ty, K],
9tz (2, 6)] < e max {gy(w, k) [1 + g~ (@, k)] } = N,
for t € [k, +00), equation (4.14) gives

gt(xa k)
k

and (4.8) holds. 0

N o
gk (@) < 2R [ g k)] < SR (L4 )

Proof of Theorem 2.1. Let u be a local minimizer of (2.1). For every k € N we consider the functional

/ g* (z,|Dul) dz, (4.15)
Q
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with g* defined as in (4.3). Let Br CC 29 CC : the Dirichlet problem

inf{/ g (z,|Dv]) dz, veu+W,? (BR,RN)}
Br

has one solution uy, i.e.

[ @ ipuhds< [ g @ Dol)ds
Br

Br

for every v € u + VVOL2 (BR, RN). In particular
/ g* (z,|Duy|) dz < / g" (x,|Dul) dz. (4.16)
BR BR

By assumption (Hs) (see (iii) of Lem. 3.1) we have that
t2 <[l + gF(x,t)], Vt>0, aexzcQ

and then (4.16) and (4.6) give

/BR |Duk|2d:p < c/ [1 + gk(:c, |Du|)] dz < c/ 1+ g(z,|Dul)] dz,

R Br

which implies that, up to a subsequence, (uy) converges weakly in u + WO1 2 (B n, RV ) to a function w.
By Lemma 4.1, the functional in (4.15) satisfies the assumptions of Proposition 3.2 and then there exist
o > 0 and c independent on k such that Vp < R

140
sup | Dug| §c{/ 1+ g" (x, |Duk|)]dx} .
B Br

P

Moreover, by (4.16) and (4.6), we have that for every k € N

ng) |Dug| < c{/BR[l + ¢F (x, |Du|)]d:n}1+(r <c {/BR[l + g (x, |Du|)]d:n}1+(r . (4.17)

The last inequality gives that (ux), up to a subsequence, converges to the function w in the weak™ topology of
Wh°(Bg, RN). Let ko be such that || Dug|z~ < ko. By (4.4) and (4.16), we infer that for k > ko

loc
1 c
/ g (;p,|Duk|)dm§/ g" (:E,|Duk|)dm+2—k2/ a(m,l)dzg/ J* (z, |Du|)dx+ﬁ.
B, B, 0 /B, Br 0
By lower semicontinuity and using the dominated convergence theorem, as k — 400 we have

c

[ g @puhde< [ glaDu)do+
Br 0

B,

and then as kg — +o0o0 and p — R we get

/BR*"(””’ 'D“’Udfcé/ g (x,|Dul) da.

Br
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Therefore w is a local minimizer of F' and the strictly convexity of the functional gives u = w. Finally (4.17)
gives

140
1Dl e, oy < { [ gt |Du|>]dx}
R

and thus the theorem is proved.

REFERENCES

[1] R. Aris, The mathematical theory of diffusion and reaction of permeable catalysts. Clarendon Press, Oxford (1975).

[2] E. Acerbi and N. Fusco, Regularity for minimizers of non-quadratic functionals: The case 1 < p < 2. J. Math. Anal. Appl.
140 (1989) 115-135.

[3] E. Acerbi and G. Mingione, Regularity results for a class of functionals with nonstandard growth. Arch. Rational Mech. Anal.
156 (2001) 121-140.

[4] E. Acerbi and G. Mingione, Regularity results for quasiconvex functionals with nonstandard growth. Ann. Scuola Norm. Sup.
Pisa 30 (2001).

[5] V. Chiadd Piat and A. Coscia, Holder continuity of minimizers of functionals with variable growth exponent. Manuscripta
Math. 93 (1997) 283-299.

[6] A. Coscia and G. Mingione, Holder continuity of the gradient of p(z)-harmonic mappings. C. R. Acad. Sci. Paris 328 (1999)
363-368.

[7] A. Dall’Aglio, E. Mascolo and G. Papi, Local boundedness for minima of functionals with non standard growth conditions.
Rend. Mat. 18 (1998) 305-326.

[8] A. Dall’Aglio and E. Mascolo, L>-estimates for a class of nonlinear elliptic systems with non standard growth. Atti Sem. Mat.
Fis. Univ. Modena (to appear).

[9] F. Leonetti, E. Mascolo and F. Siepe, Everywhere regularity for a class of vectorial functionals under subgquadratic general
growth, Preprint. Dipartimento di Matematica “U. Dini”, University of Florence.

[10] M. Giaquinta, Multiple integrals in the calculus of variations and non linear elliptic systems. Princeton Univ. Press, Princeton
NJ, Ann. Math. Stud. 105 (1983).

[11] M. Giaquinta and G. Modica, Remarks on the regularity of the minimizers of certain degenerate functionals. Manuscripta
Math. 57 (1986) 55-99.

[12] E. Giusti, Metods diretti nel calcolo delle variazioni. UMI, Bologna (1994).

[13] P. Marcellini, Regularity and existence of solutions of elliptic equations with (p, g)-growth conditions. J. Differential Equations
90 (1991) 1-30.

[14] P. Marcellini, Regularity for elliptic equations with general growth conditions. J. Differential Equations 105 (1993) 296-333.

P. Marcellini, Everywhere regularity for a class of elliptic systems without growth conditions. Ann. Scuola Norm. Sup. Pisa

23 (1996) 1-25.

[16] M. Marcus and V.J. Mizel, Continuity of certain Nemitsky operators on Sobolev spaces and chain rule. J. Anal. Math. 28
(1975) 303-334.

[17] E. Mascolo and G. Papi, Local boundedness of integrals of Calculus of Variations. Ann. Mat. Pura Appl. 167 (1994) 323-339.

(18] A.P. Migliorini, Everywhere regularity for a class of elliptic systems with p, ¢ growth conditions. Rend. Istit. Mat. Univ. Trieste
XXXI (1999) 203-234.

[19] A.P. Migliorini, Everywhere regularity for a class of elliptic systems with general growth conditions, Ph.D. Thesis. University

of Florence, Italy (2000).
0] J. Mosely, A two dimensional Dirichlet problem with an exponential nonlinearity. STAM J. Math. Anal. 14 5 (1983) 719-735.

=
o

[20]
[21] M. Ruzicka, Flow of shear dependent electrorheological fluids. C. R. Acad. Sci. Paris 329 (1999) 393-398.

[22] K.R. Rajagopal and M. Ruzi¢ka, On the modeling of electrorheological materials. Mech. Res. Commun. 23 (1996) 401-407.
[23] K. Uhlenbeck, Regularity for a class of non-linear elliptic systems. Acta Math. 138 (1977) 219-240.

[24] V.V. ZhiKov, On Lavrentiev phenomenon. Russian J. Math. Phys. 3 (1995) 249-269.



