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CONTROL OF THE SURFACE OF A FLUID BY A WAVEMAKER

LIONEL ROSIER!

Abstract. The control of the surface of water in a long canal by means of a wavemaker is investigated.
The fluid motion is governed by the Korteweg-de Vries equation in Lagrangian coordinates. The null
controllability of the elevation of the fluid surface is obtained thanks to a Carleman estimate and some
weighted inequalities. The global uncontrollability is also established.
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1. INTRODUCTION

Canals with moving boundary are simple devices frequently used to investigate the motion of water waves.
In [5], the authors described a device composed of a canal with a moving wall at the left (the so-called wavemaker)
and a fixed wall at the right, and a series of sensors along the canal which measure the deflection of the fluid
surface from rest position (see Fig. 1). Such a device proves to be useful to validate/invalidate any mathematical
model for the propagation of unidirectional water waves (e.g., the KdV or the BBM equations). Indeed, any small
displacement of the wavemaker gives rise to a set of travelling waves moving from the left to the right. Certain
displacements of the wavemaker have been recognized to generate pure solitons. However, if we take as input
(resp., output) the speed of the wavemaker (resp., the elevation of the water surface), then the input/output
behaviour has not yet been investigated from a mathematical point of view. The purpose of this paper is to
see to what extent one may control the surface of a fluid in a uniform canal by means of one wavemaker. In
particular, we have in mind to design a control input allowing to create/destroy any set of (sufficiently small)
solitons in finite time.

The control of the fluid surface in a canal or in a moving tank has been recently investigated in situations
where solitons do not emerge, that is when dispersive effects have no time to develop and balance nonlinear
effects. A linear wave equation without dispersive term, which serves as a linear model for the motion of the
fluid surface in a bounded canal with a (rigid or flexible) wavemaker, is derived and studied in [16]. It is proved
there that the system fails to be approximately controllable. The same kind of result is obtained in [17] for
the moving tank. It should be emphasized that in this model both dispersive and nonlinear terms have been
neglected. If a nonlinear convection term is incorporated into the model, then we obtain the famous shallow
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FIGURE 1. Canal with one wavemaker.

water equations [25] (p. 456), which read

ht + (uh)z =0,

ug + uug + ghy = 0. (1)

In these equations, h = h(t,x) is the height of the fluid at time ¢ and at the position z, u = u(t,z) is the
horizontal component of the fluid velocity, and g denotes the gravitation constant. The optimal control of (1)
has been intensively studied in [13] from a numerical viewpoint for a canal with one (or two) moving wall(s).
In the case of a moving tank containing a fluid whose motion is again described by (1), Coron proved in [7]
the local controllability of the full system (tank+liquid) thanks to a subtle analysis and the so-called return
method, developed earlier by himself for Euler equations [6]. That result is in sharp contrast with the one given
in [17], and it demonstrates that the nonlinear terms are sometimes useful to derive the controllability of the
system.
In the physical system considered here we assume that

e the fluid is inviscid, incompressible, and irrotational;
e the canal is sufficiently long, so that dispersive effects may develop during the waves propagation;
e the surface tension may be neglected.

In this context, the Boussinesq system [25] (p. 462)
ht + (Uh)g; = 0,
1
up + wty + ghy + ghohxtt =0 (2)

is commonly recognized as a convenient model for the two-way propagation of small-amplitude, long wavelength
gravity waves on the fluid surface in a canal. (ho is the fluid height at rest.) Recently, whole a family of
different (although formally equivalent) Boussinesq systems has been derived and studied in [3]. Restricting our
attention to waves moving from the left to the right, we obtain the popular Korteweg-de Vries (KdV) equation
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(see [25], (p. 463))

3 h2
77t+00 1+_i TIa:Jrco—Oﬂa:m:O, t>0,0<ﬂ?<L, (3)
2 ho 6

where n = h — hg, and ¢y = v/ghg. The equation relating u to 1 reads then

The main advantage of the KdV equation (when compared to Boussinesq system) is its relative simplicity: (3)
involves only n and its derivatives, not u.

The boundary controllability of (3) has been extensively studied in the last decade (see [8,19-23,27], and [15]
for a nonlinear system of two KdV equations). In all these papers the boundary control involves a linear
combination of the traces n,_,, 1s,_, and sy _, . This choice, although leading to some nice mathematical
results, is not convenient here for two reasons.

(1) What is indeed controlled here is the speed of the wavemaker (in fact, the force applied to the moving
. g 1 1
wall), that is u = - (77 i + ghgnm
(2) The boundary control should be applied at the left endpoint, not at the right endpoint. Indeed, among
the numerous waves solving the KdV equation, the only physically acceptable ones are those propagating
from the left to the right. It turns out that only the null-controllability holds for the linear KdV equation

when the control is applied at the left.
As it has been pointed out to the author by Bona, for the linearized KdV equation (without coefficient)

7715"""71""77:89090:0

high wavenumber exponential solutions (that is, of the form n(t, z) = elkz4wt) with k > 1) propagate from the
right to the left. Indeed, the dispersion relation

w=k —k

implies that w > 0 for k£ > 1. This is probably the reason for which the linearized KdV equation may be exactly
controllable with a right boundary control.

Let us now describe the content of the paper. Since the length of the canal changes as the wavemaker is
moving, we are led to adopt a Lagrangian formalism, as in [13]. The KdV system in Lagrangian coordinates
reads

Yt + Yo + YYz + Yzaz = 0;

v =y §Y° + Yo
The derivation of this system, which to the author’s knowledge has not been reported elsewhere, is provided in
the appendix for the sake of completeness. Here, the dimensionless and scaled variables y, t, x, and v stand for
the deflection from rest position, the time, the space variable and the velocity, respectively. The main result is
this paper asserts that any (smooth) trajectory for the KdV equation may be (locally) reached in finite time.

In particular, the KdV equation is locally null controllable when using a boundary control of the type described
above.

Theorem 1.1. Let L, T be positive numbers, and let

y € C°([0,T),H%(0, L)) n C*([0,T),L3(0, L)) N H'(0, T, H'(0, L))
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be a function such that

_ (4)

{ U+ U + YUy +Yyuww =0 for 0<z <L, 0<t<T,
y‘x:L:yzlw:L =0.

Then there exists a number ro > 0 such that for any initial state yo € H*(0, L) fulfilling yo(L) = yh(L) = 0 and
lvo = ¥(0)|[m3(0,) < 70,

there exists a control input h € C°([0,T]) such that the following initial-boundary-value problem

Yt + Yo + YYo + Yzzz =0, O<z<L, 0<t<T,
(Y = §9° + Yaza) ey = Py
Yoer, = Y|, =0,
y(0) = yo

(5)

possesses a solution y € L2(0, T, H3(0, L)) NH(0, T, H*(0, L)) such that y(T) = y(T). Furthermore, the solution
of (5) is unique if (|7, _, lLe<(0,7) < 3 and rq is small enough.

The fact that the speed of the wavemaker is indeed controlled is expressed through the boundary condition
(y — %yQ + Yz )|,_, = h, where h denotes the control input. The other boundary conditions y|,_, = Yz|,_, =0
guarantee that

(1) there is no (artificial) control applied at the right endpoint;
(2) waves propagate from the left to the right and remain flat at the right endpoint, so that their dynamics
is well described by the Korteweg-de Vries equation.

As a consequence of Theorem 1.1, a small (hence slow) soliton moving from the left to the right may be caught
up and annihilated by a set of waves generated by the wavemaker. The main difficulty in proving this result
is that the exact controllability of the linearized KdV equation fails to be true with a left boundary control
(see below Appendix B). However, the approximate controllability may be easily obtained by using Holmgren
uniqueness theorem. Let us point out that the linearized control system for the water-tank problem studied
in [7] is not approximately controllable (see [18]). The remarkable gain in the controllability property when
going back to the original nonlinear system (compare [7] to [18]) is not expected for the KdV equation, due to
the presence of high order derivatives in the linear part.

Theorem 1.1 is proved in following the method developed in [10] for proving the null-controllability of Burgers
equation. The proof rests mainly on some global Carleman inequality, which is quite sharp since no control
is applied at the right endpoint (y‘x: L = Yo, = 0). A linearized control system is first proved to possess a
square integrable trajectory connecting some initial state to 0. The fact that this trajectory has the regularity
depicted in Theorem 1.1 rests on two weighted estimates proved by means of the multiplier method. The first
one (Prop. 2.6) is just a variant of the classical Kato smoothing effect, the second one (Prop. 2.7), which asserts
that the time derivative of the trajectory is square integrable, rests on a clever choice of multipliers. Finally,
the existence of a trajectory for the nonlinear control problem (5) is proved by means of a standard fixed point
argument. An application of Gronwall Lemma provides the uniqueness of the trajectory.

The second main result is this paper (Th. 3.1) asserts that the global controllability of (5) fails to be true in
finite time. This result rests on the observation that (large) solutions of the KdV equation behave like solutions
of the Hopf equation

Yt + Yy = 0.
Roughly speaking, (large) negative waves propagate from the right to the left. Therefore, a negative wave
cannot be generated by a left boundary control.
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The paper is outlined as follows. The proof of the main result (Th. 1.1) is given in Section 2. A global
Carleman estimate is provided in Section 2.2, two weighted estimates are given in Section 2.3, and the fixed
point argument is developed in Section 2.4. The smoothness (resp., the uniqueness) of the trajectory are studied
in Sections 2.5 and 2.6, respectively. The Section 3 is devoted to the proof of the global uncontrollability of (5).
Finally, the derivation of the Korteweg-de Vries equation in Lagrangian coordinates is given in Appendix A, and
the uncontrollability of the linear KdV equation with only one boundary control applied to the left is established
in Appendix B.

2. PROOF OF THE MAIN RESULT

Throughout this section L and T denote respectively the length of the domain and the final time of the
control process. We set
Q= (OvT) X (*LaL)
and we introduce the space

V ={z€L*0,T,0H*(-L,L)), 2 € L*(0,T,H (~L, L))} -

V is endowed with the natural Hilbertian norm

1
2
lzllv = (HZ”iz(o,T,HS(—L,L)) + ”ZtH%?(O,T,Hl(—L,L)))

Recall (see [12]) that

vV cC®([0,T),H*(-L,L)). (6)
For the sake of shortness we shall write ||2[| ;s instead of ||z[|Lr(0,7,L4(~1,1)) for any 1 < p,q < 400, etc. With
these abbreviated notations, the variables ¢ and x are assumed to range over (0,7T) and (—L, L), respectively. In
what follows, ¢(s) (resp. K) will denote a positive nondecreasing function of s € Ry (resp., a positive constant
depending only on L and T'). Let us point out that both of them may vary from line to line. In the first step

we focus on the existence of a trajectory for a simplified control problem, in which the control input is not
specified:

Theorem 2.1. Let L, T be positive numbers, and let 5 € C°([0,T],H3(0, L)) N CL([0,T],L2(0,L)) N H(0, T,
H'(0, L)) be a function such that

(7)

Y+ Upow T U + 579, =0 for 0<az <L, 0<t<T,
{ Y9per = Yalpur = 0.
Then there exists a number ro > 0 such that for any initial state yo € H3(0, L) fulfilling yo(L) = y4(L) = 0 and
llvo = 9(0)[l13 0,2y < o, (8)
there exists a function y € L2(0,T,H3(0,L)) N H'(0,T,H'(0, L)) satisfying
Yt + Yeaz + Yo + YYe = 0, O<z<L, 0<t<T,
Yoer = Ya|,_, = 0,

y(0) = o,
y(T)=73(T).

Furthermore, y € C°([0,T],H*(0, L)) for any s < 3.

To prove Theorem 2.1, we need first to establish the null-controllability of the linearized equation.
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2.1. Null controllability of the linearized equation

For each z € V we consider the following control problem: for any initial state ug € H?*(—L, L) with
uo(L) = uy(L) = 0, find a control function h such that the solution u = u(t, ) of

ut—l—umx—l—um—i—%(zu)x:O, -L<z<L,0<t<T,
Mot = Urloms, =5 (10)
ulw:—L = h”
U|t:0 = Up
satisfies
u(T) = 0. (11)

This problem will be solved by adapting the method developed in [10] for proving the null-controllability of
Burgers’ equation. Let us consider a function vy € H*(—L, L) such that ug(—L) = uo(L) = uhH(L) = 0. Let
v denote the solution of the boundary-initial value problem:

vt—l—vmx—l—vx—i—%(zv)xzo, -L<z<L,0<t<T,
Vlper = V0por = Vxlpor = 0, (12)
U\t:o = Uup.

We need the following elementary result.

Lemma 2.2. Let f € WHY(0,T,L2(—L, L)). Then there exists a unique solution
ve (0,7, H*(~L, L)) n C([0, 7], L*(~L, L)) "H'(0, T, H' (- L, L))

of the following forced boundary-initial value problem

Ut—i—vmx—i—vm—i—%(zv)x:f, —L<az<L,0<t<T,
Vo = Vyy, = Vo, = 0, (13)
V|,_o = Uo-
Furthermore,
[olleens + lvelligerz + llvllarm < c(llzllv) (HfHW;ng + HuOHHa(_L,L)) : (14)

Proof. We set B =L*(0,T,H'(—L, L)) N C°([0,T],L*(=L, L)) and ||v|| 5 = |[vl| 241 + [|[v]|£se 2 for any v € B.
For any © € B, let v denote the mild solution of the problem

vt+vxm+vz:ff%(zf))x::f, —L<x<L,0<t<T,
,U‘y::7L = Ulw:L = Ul‘\x:L = 0’

v\t:o = Uug.

Observe that f € L*(0, T, L%(—L, L)), since z and © belong to L2(0, T, H' (— L, L)). It follows from [19] (Props. 3.2
and 4.1) that v € B and that

lolls < K (Iflzizz + ol r.r))

< K (Neluzm Nols + £ 32z + olle-2.z ) -
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(We stress that the constant K varies from line to line.) We take R = 2K (HfHL},Li + Hu0||Lz(,L7L)) and we

pick any ¢ with [[9]|p < R. If T is small enough then K|z p2p1 < 2, hence [|v]|p < R. On the other hand, for
any given functions 1, 02 in B with ||91]| g, ||02]|p < R we have

A ..
lvr = w2l < K2l 2|01 = 2l 5 < 5101 — 025

Therefore, the map 9 — v is a contraction in the closed ball {v € B : ||v]|p < R} of B. It admits a unique

fixed point, according to the contraction principle, provided that T is small enough. If T is large, applying

the previous result on the intervals [O, %], [%, %}, etc. with N > 1 we obtain the existence and uniqueness

in B of the solution to (13) on [0,7]. Notice that the above proof remains valid when uy € L?(—L, L) and
f € LY0,T,L2(—L,L)). To establish more regularity for the solution, we formally derive with respect to time
n (13). We obtain that w = v, solves

W + Wage + Wa + 3(2W)z = fi — 3(200)a,
W,oop =W,y = Wa|,_p = 0, (15)

Wy,_y = flio — U0zze — U0z — %(zv)%:o'

Let w be the unique solution of (15) in B, and let v = uy + fot w(r)dr. Clearly, v € H'(0,7,H'(-L, L)) N
C'([0,T],L*(=L, L)). It remains to check that © = v. Let e = v—v. Thene),_, =0,e,__, =¢,_, =€z,_, =0
and

¢ 1
€t + €xxe + €2 = Uozza + Yoz + / (wt + Wege + wz) dr + wlt:() - (f - 5(21))93)
0
1 ¢ 1 1
= flieo — 5(27})%:0 + fi — i(zw +20), | AT — f+ 5(,21))9;
0

— _% /Ot(Z’U)tg; dr + % ((Z'U)x - (zv)%:o)
= 0.

It follows that e = 0, that is v = ©. The fact that v € C° ([0,7],H3(—L, L)) follows from the first equation
n (12). We now turn to the proof of (14). We first check that

lollz < elllzlv) (lluollaz.zy + 1 f oz ) - (16)

Multiplying the first equation in (13) by 2v and integrating over (0,t)x (—L, L) we obtain, after some integrations
by parts

L L ¢ 1 [ter t L
/ v(t,z)Qd:cf/ uo(:c)Qd:ch/ v3(r, *L)d’r+—// zzv2d:cd7':2// vf dzdr. (17)
-L -L 0 2 JoJ-1 0J-L
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Set h(t) = max,ejoq [v(T, )F2(_p 1y (vecall that v € CO([0,T],L*(~L,L))). Let t € [0,7] and pick any
t' € [0, t] such that h(t) = |Jv(¥, .)||32(7L7L). Then, by (17)

L
/ o(t', )% da

—L

L 1 v oL t" oL
§/ uo(m)deJr—/ / |zm|v2d:cd7'+2/ / |vf|dedr
-L 2Jo J-1 o J-r

L t
1
S/ uO(fE)2dﬂf+5||Zz||L§°Lg°/ h(r)dr +2[| fllLr(o,t,2(~L,L)) - [Vl (0,6,L2(~ L,L))
L 0

h(t)

L ¢

1 1
< / ug(z)? do + 2||f||ing + §h(t) + §||Za||L§°L3° / h(r)dr.
-L 0

An application of Gronwall lemma yields

[t ME2—pny < () < (2luollfa ) + 41FI1T; 2 ) exp(Tllzallngerse ),
tHx

hence
lollzzenz < ellizlv) (luollar,o + 1 f s ) - (18)

Multiplying the first equation in (13) by (L 4+ z)v and integrating the result over @ we find after using some
integrations by parts that

%(/_LL(L+x)u2(T,x)dx—/_LL(L+x)u3(x)dx> +;//Qu3dxdt

- %//QUQ—F i//@((Ljo)zx —z)v° =//Q(L+x)vfdxdt-
Therefore

L
1
§// v2 dadt < 2L||v||peor2 || £l Lz +L/ u%(:ﬂ)d:ch—// v? dedt
2 o t Ha t-z _r 2 Q

4 (2L|\zx||LgoL;e+|\z||LgoL;e)// —
Q

=

Hence, using (18), we obtain

loluzss < e(lzlv) (leolle .o + 1 fllsre ) - (19)

(16) follows from (18) and (19). Applying (16) to v and to w = vy, using the first equation in (13) and the fact
that f € C°([0,T],L2(—L, L)), and that 2,2z, € L>(Q), we obtain (14). O

Let v be any function of class C* on [0, 7] such that

|
Rl

|
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We seek a solution w of (10) and (11) in the form
u(t,z) = Y)v(t,x) + w(t, x),
where v denotes the solution of (12). We set
L=L(2)=0;+ 0+ 0, + %az(z.).
Then 0 = Lu = 4'(t)v + L w, hence w has to solve
Lw=w; + Wppy + Wy + %(zw)l = —y'(t)v =: f(t, ),

Wpop = We|poy = 0, (21)

w|t:0 = w|t:T =0.

Conversely, if w fulfils (21), then u fulfils (10) and (11). (The boundary control h is defined as being the trace
u|,__,- The issues of the existence of the trace, of the uniqueness and of the smoothness of the solution will
be investigated for the nonlinear equation only.) Notice that f € H'(0,7,H!(—L, L)) N C°([0,T],H3(—~L, L)) N
CY([0,T),L3(~L, L)), according to Lemma 2.2. We infer from (20) that

Supp f C [g, %] x (=L, L). (22)

To prove the existence of a solution w € L?(Q) to (21) we need some Carleman estimate, which is stated and
proved in the next section.

2.2. A Carleman estimate

We introduce the space
2= {ae CH0,T) % [~ L, L) @y = o, = o)., =Gy =0}

The following proposition improves a result given in [21], namely [21] (Prop. 3.1). Indeed, here it is no longer
assumed that Gz|yy = Qoa|yey, = 0.

Proposition 2.3. There exists a smooth positive function ¢ on [—L, L], and for any R > 0 there exist some
constants so = so(L,T,R) and Cy = Co(L,T, R) such that for all s > sg, all ( € V with |||y < R and all
q € Z we have

/T/ {t5<TS5 el + t3<T83 e+ g "’”"2} e (‘ti;w(%) drdt
250)(a)

T rL
< C / / + Qrox + T 2eX (_7) dzdt. 23
0 A _L|Qt q (qa|” exp HT — 1) (23)

Proof. Let R > 0 and ¢ € V with ||{||y < R. Let ¢» = t(z) be a positive function (to be specified later)
of class C% in [~L, L] and let ¢(t,z) = thT(f)t)~ Let ¢ be given in Z and let s > 0. Set u = e *?q and
w = e % P(e*?u), where
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We readily get
w = Au + Bug + Cugy + Uzze + Ut,

with
A= 3(9015 + (s + ‘Pﬂcwc) + 352(,01-901-1- + 33@2;
B = ( + 3500 + 35°02,
C = 35p,.

Setting

A= 5(90t + 90111) + SSSDiv
B = (3 —0)s@es + 35702,
Ml(u) = Ut + Ugga + Buwv

My(u) = Au + Cugy

where ¢ € (0,1) is a small number to be specified later, we have

M, (u) + M2(u) =w— (5(:9090 + 332901'909590)“ - (C + 05Qzq)Us,

hence

HMI(U) + M2(U)Hi2(Q) < 3 (”w”iz(Q) + SQH(C + 35@9:95)@1“‘&2(()) + ||(C + 55@11)“1“32(62))

<3 (HwHi?(Q) + (3 + 6)234"90x90xxu"i2(62) + 45232“@%90“90”32(@))

355

(24)

(25)

if [C(t,x)] <0+ 8-|pza(t,x)| for all (¢,z) € Q. This is possible if s is large enough and [¢”(z)| > 0 on [-L, L],

since [|(]|Le < K||¢|lv < K R for some constant K > 0. On the other hand

1M1 (u) + Ma(u)lE2(q) = [Mi(w)llE2 () + [Ma(w)[E2q) + 2/ M () M (u).

(26)

(From now on, for the sake of brevity, we write [[u instead of fOTffL u(t, x) dedt and [u instead of fOT u(t,L)dt.)

It remains to estimate the term 2 [[ M (u) Mz (u).

2 / / M () Ma () = 2 / / M (u) Au + 2 / My (1) Ctns

= //2Ml(u)fiu+// 20 Czy +//2(u;c;c;c + Buy) Oy

=1 + I+ Is.

(27)



356 L. ROSIER

To compute the integral terms Iy, I3 and I3 we perform integrations by parts with respect to ¢ or x. We
readily get

I = //(ut 4+ Upge + Buz)/i - 2u

- //(/L + Apge + (AB))u? + 3// Agul — /AU?L (28)

I3 = —//(BC)aui + /BCui - // Cpu?, + /C’uiz (29)
Finally, using (24), we get

I =— // 2, Cuy — // 2uCp iy (for ug),_, =0)

z//Ctui+//2Cx {Au+ Bug + Cugy + Uggr — W} Uy

and

= — //(CmA)xw +/ {C; +2C,B — (CCL)y + Crpu Y u?
+ / (CC’xui 4+ 2C UpUpy — C’mui) — // 20,u2, — // 2C, Wity (30)

Combining (27) and (30) we obtain

5 / M () M (u) = — / / {At Avas + (AB), + (Co)s b

f3//0xu§f2//wcxuz+/(f/ﬂccfczﬁéc)ui
+/C’uiz+2/Czuzum
:://Du2+//EU§*3//62;&3;1.*2//11)09311,1

+/Fu§+/0uix+2/0xuxum. (31)

If £ > 0 is any number in (0,1), then by the Cauchy-Schwarz inequality

2'//11}01,% §5//C’§ui+5*1//w2. (32)
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‘/c Ugp Uy / u?, /cﬁui. (33)

Using (25) and (26) and (31) and (33) we obtain

//DuQ—i—//Eui—i-//(—SCx)uim+/Fui+/0uim+||M1(u)|\iz(Q)+||M2(u)||iz(Q)

_ 2// wCyty — 2/C’xuxum M () + Mo () 22

//02u2+5_1//w +/ Uy /C’iui
+3// w? +3(3+5)254 // cpicpiIUQ + 126252 // gaizui,

On the other hand

hence
// {D-303+06)s"0lpl, }u*+ // {E—eC2 —126°*p2, }u

+//(*3Cx)u32mJr/(F—Ci)UiJr/(C—1)u§x < (3+5—1)//w2

The function 1 and the constants §, € and sy are chosen in such a way that the functions between brackets in
the left hand side of (34) are positive. Since the function ¢ appears in A and B, it appears also in D and in E
together with (. These functions are uniformly bounded, since

¢l (@) + l¢allL=(@) < KlI¢llv < KR.

Clearly
sV (@)W (@) | O(sY)

D=-15
BT —t)p (T —t4

as s — +o0.

It follows that for s large enough, if
[¢'(x)| > 0 and ¢"(z) < 0 for x € [-L, L],

then we have s

D—3(3+06)2s*020 > Kj——0 35
( + )5 PzPrz = 1t5(T7t)5 ( )

for some constant K; > 0. On the other hand

Jo 9839033909:95 4 6590x93 (3590x93 —+ 352§0i) — (95290x90x93)x
B B 2 2 _ 5
{(8 = 0)siprn +35%¢7) s}, + O (t(T - t))

= 2 2 -1 2 z¥Prxx L
30s5° @iy + (30 — 18)s° 0y ppas + O (t(Tt)
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hence

2 ¢ (2)y" (x)

w//(I)Q s
2T —10 " (30— 18)s 2(T — t)2 +0 (t(Tt)) '

E—eC2 —126%5%¢p2, = s (36 — 92 — 126%)

We take § = 1071, e = 1072 so that 36 — 9¢ — 1262 > 0. Then, if ¢" # 0 and ¢'¢)"" < 0 on [~L, L], we get for
some constant Ko > 0 and for s large enough

2

2 2.2 2 8

E —eC; —126%s¢p5, > KQW- (36)
Finally ")
P’ (x S
—oblg = — > K )
3C gst(T—t)_ 3t(T—t) (37)
2 33 3 3 s? 57
_ P 7 ) > -

F-C: s%ps +9s%ps + O (tQ(Tt)Q) > K4t3(T—t)3 (38)

S

—1= e — 1> Kg———

C 3sp > St(T—t) (39)

for some positive constants K3, K4 and Kj, provided that ¢ (z) < 0 and ¢'(z) > 0 for all z € [—L, L] and
that s is large enough. To summarize, the function 1 has to fulfill the following conditions: ¥ € C3([—L, L]),
P> 0,9 >0,9¢" <0and 9" <0on [~L,L]. ¥(x) :=1+4L? + (3L — x) is clearly convenient. We infer
from (34)—(39) that for s large enough

//{tS(TS5 et t2(T82 gzt t(TS— ) “92”} = Ko // w?

for some constant Kg > 0. As it has been noticed in [21]

f gt = [ g < 52 [ o

hence for s large enough

// 85 u2 + 83 ’U,Q + S U2 < §K //wQ (40)
t5(T — t)° BT —t)3 = y(T—t) ==f ~2°° '

Replacing u by e *¥¢ in (40), we readily get (23) for some constants Co = Co(L,T, R) and so = so(L, T, R).

The proof of Proposition 2.3 is complete. (|

The (formal) adjoint to the operator L = 8 + 02 + 9, + 50,(2-) is
* 3 1
L*=— 8t+6z+6x+§z&c .
Let H denote the completion of the space Z for the Hilbertian norm || - ||y defined as

lall% = L)) = / /Q

The proof of the next result is only sketched.

2
dzdt. (41)

1
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Lemma 2.4. Let z € V with ||z|lyv < R, and let so = so(L,T,R"),Co = Co(L, T, R") and v be as given in
Proposition 2.3, with R’ = v2LT + %. Then H is made of the functions q € L}, _(Q) such that

loc

It + [ { gyl + srgglont + ot e (53 ) asdt <0 (a2

0=q, =)oy = Gox)ye = Qor (43)

and

Proof. Let ( =1+ 2z, hence ||C|lv < ||1|v + 3|z[lv < V2LT + £. (42) follows readily from Proposition 2.3.
(Notice that (23) is still valid for any ¢ € H.) We now turn to the boundary conditions. Fix any € > 0. Then,
by (23),

lallLe e, r—em2(—r,0)) < Kllqll &
Hence, for any ¢ € H, the traces Qo1 ey 4]y, €Xist in L2(e, T —¢€). Since they vanish when ¢ € Z, they
vanish also for ¢ € H. Finally, we notice that

1
Qrza = — (Qt + qx (1 + 52)) —-L*qe L2(_L;L,H_1(€,T— 5))

hence ¢ € H3(—L,L,H *(¢,T — ¢)) and
ot e ooy < Kllallr

Hence, we also have that Yex|,__, = 0. The proof of the fact that Z is dense in the space of the functions
q € L},.(Q) fulfilling (42) and (43) is left to the reader. O

We go back to the existence of a solution to (21).
Theorem 2.5. Let z € V. Then there exists a function w € L2(Q) fulfilling (21) and such that

wllLz@) < elllzlv) - £z (44)

/ fqdxdt

is well defined and continuous on H. Indeed, using (22) and (23), we get

Proof. The linear form

|</“/ [faldndt < c(l2l) e 2, von.an - el (45)

3
It follows from Riesz representation theorem that there exists a unique p € H such that
(L*p. L™ q)12(q) = Ul(q) Vg € H. (46)
We set w = L*p, hence w € L?(Q). Taking ¢ = p in (46) and using (45) we obtain

lwll2 gy = lIpllEr = 1p) < V)l fllLa) el

hence (44) holds true. Choosing any g € C§°(Q) as a test function in (46) we get

(Lw, q)p (@), p@) = {f,0)p'(Q) Q)
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and then 1
Lw = w + Wegy + Wy + i(zw)z =f. (47)

Notice that w € H*(0, 7, H *(—L, L)), since w and w; = [ = (Wazatws+3(2w),) belongs to L2(0, T, H3(—L,L)).
Hence w|,_, and wj,_,. are meaningful in H 3(—L,L). Pick now any ¢ € H'(0,T,H3(~L, L)) C H. Tt follows

from (46) that
1
// fgdzdt = — // w (qt + Qo + (1 + —z) qx) dadt
Q Q 2

T 1
[ (ot e+t 0 a4 (w0
0

-/ /Q fadudt + [(w, )] (48)

where (.,.) denotes the duality pairing (.,.)py Since q|,_, and g|,_, may be arbitrary chosen

R AOREHES Ao
in Hj(—L, L), we infer that w),_, = w,_,, = 0. Since

(wm + (1 + %z) w) =f—w; € LA(—L,L,H '(0,T))

we have that wy, + (1 + 32) w € HY(—L, L,H *(0,T)), hence w € H*(—L, L,H*(0,T)) and W|,_,, We|,_, are
meaningful in H=2(0, 7). Let ¢(t,z) = a(t)b(x), with a € C§°(0,T), b € C3([~L,L]) and 0 = b(—L) = b'(—L) =
b"(—L) = b(L). Then q € Z and we may write

//qu /Qw<Qt+q:vzz+<1+%z>qz) dadt

L
1
—L

+ [<w, Gow) + (Wa, o) — (Wear, q) — <(1 + %) w, qﬂ : (49)

where (.,.) denotes here the duality pairing (., >H Since g € Z and Lw = f, we obtain

“?(0,7),Hy(0,7)"
—"(L) (w(.,L),a) + b'(L) (wg(., L), a) = 0.

Since b'(L),b"(L) € R and a € C§°(0,T) are arbitrary, we infer that wy,_, = ws,_, =0. O

At this stage, we know that the control problem (10) and (11) has (at least) one solution u € L?((0,7) x
(=L, L)), namely the function ¢v + w. To apply a fixed point argument we need more regularity for . This is
done in the following section.

2.3. Weighted estimates

We aim to prove that the solution w to (21) is more than square integrable. Let us stress that (21) is not
a classical initial-boundary-value problem, since wy,__, is not prescribed. On the other hand, we have at our
disposal the final value condition wy,_,, = 0. More regularity is proved thanks to weighted estimates. Roughly
speaking, we multiply each term in Lw = f by a function (L + 2)¥, k > 1 and integrate over @), and we pick k
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so that all the integrals are convergent near x = — L. However, since w is (at this stage) only known to belong
to L2(Q), we cannot do such computations. For this reason we need to replace w by a more regular function w”
obtained in convolving w with A~ x(_p 0)(t) ® do(x), with h > 0. More generally, for any g € L*(R; x (=L, L))
we set

1

t+h
g"(t,x) = E/ g(r,x)dr for any (t,z) € R x (—L, L).
¢

Straightforward computations show that g" € L2(R; x (—L, L),.) with
9" lL2@x (~z.0)) < N9llLe@x(—L.Ly) (50)

and that g" — g in L2 (R; x (=L, L),) as h \, 0. In what follows computations will be performed with the

loc

regularized function w”, w being extended by 0 for ¢ & (0,T). We also extend f by 0 for ¢ ¢ (0,7, and set
z(0,z) for t <0,
z(t,x) =
z2(T,z) for t>T.

Notice first that w" € HY(R,L?(—L, L)), for

(w")e = 3 (w(t + h) —w(t)) € L*(Re x (~L, L)a).

> =

On the other hand, we infer from the equation
h h h h 1 h
(") = 11 = () (W) + 5 (G0 )

that wh € L2(R,H3(—L, L)). Finally w" solves the system

1

w{l+wﬁm+w§%+§(zw)§;=fh, ~L<z<L,teR (51)
thJL:L = w}wllx—L 0, (52)
Wicp =W |i>p 0 (53)

The first result reveals a boundary smoothing effect of Kato type.

Proposition 2.6. Let z € L®(Q), f € L1(0,T,L2(—L, L)) and let w € L*(Q) satisfy (21). Then (L +z)2w €
Lo2(0, T, L2(~L, L)), (L + )w, € L2(Q) and

3
1L+ 2) 2 wlfPeers + (L + 2)walfzg) < e (2llie@) lwlEzg) + KN fIEsLe- (54)

Proof. Multiplying each term in (51) by (L + z)?>w" and integrating over D := (—h,T') x (—L, L) where
—h < T’ <T, we obtain

//D(LJ”E)S“’%?+//D(L+”)3wh“’2w+//D(L+ﬂf)3whwﬁ+%//(L+x)3wh(zw)g

511+12+13+14:// (L + z)3w" £
D
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As wh € L2(R,H3(~L,L)) N HY(R,L?(~L, L)), we may integrate by parts in Iy, o, I3 and I;. Using (52)
and (53) we obtain

1 /L
I = 5/ (L + )3w" (T, z)?dz;
-L

I = ,//D {3(L +2)*w" + (L + )’ wy} - wy,
://D {6(L+x)wh+3(L+x)2wﬁ}-wZ—F;//D(L‘Fx)Q(wﬁ)Q
=3 [ w5 [[ @ arly

b= [[ @+ ore

1
I, = —3 // {3(L + :E)Qwh +(L+ z)%ﬁ} (zw)h,
hence, by (50) applied to w" and to (zw)"
4] < K(”wh”Lz(D)||(Zw)h||L2(D) +[[(L + ﬂf)ngm(D)||(Zw)h||L2(D))

1
< Klzllu=@llvlltzg) + 51T+ 2)wi [tz ) + Kll2llEe (g lwliEaq)-

Therefore, for all T/ € [—h, T,

%/L (L+x)3wh(T',x)2d:c+g//]J(L+x)2(wﬁ)2

L
g3//D(wh)2+g//D(L+x)2(wh)2+|I4|+//D(L+:c)3lwhfh|

1
< c(lehm@) ol + 5 [[ E+orh?

2

1 3
e A
+ 4 H( T l’) w Lo (—h,T",L2(—L,L)) + ||f||Lt1L32r

Picking for 7" the instant at which ||(L + :E)%whHLz(_L,L) assumes its largest value on [—h,T], and then letting
T' =T, we obtain

3
1L +2)2wh|[Fore + (L +2)wy 2 q) < cll2llie@)wllEz(q) + KIIFIF02

and this implies (54) by letting h — 0.
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Notice that (54) means that w(t,.) is H' away from z = —L for almost every t. (More precisely, we have
that w € L2(0,T,H'(—L + ¢, L)) for any ¢ € (0,L).) The next result (more difficult to establish) asserts that
wy is square integrable away from x = —L.

Proposition 2.7. Let z € Wh°(—L, L,1L>=(0,T)) N H(0,T,L>°(~L,L)), f € L?(0,T,H(~L,L)) and let
w € L%(Q) satisfy (21). Then (L + z)3w, € L2(Q) and

1L+ ) willEg) < e (Il + Nzallieie) + ztlizng ) (IollEagy + 11220 ) - (55)
Proof. Let l € (0,L), and set Q; := (0,T) x (=1, L) (hence @ = Q). It follows from (54) that
w' € L2(R,H3(—1, L)) nHY(R,H' (1, L)).

We scale each term in (51) by (I + z)7w”, and integrate over D; := (—h,T) x (—I,L). In what follows, the

xt
integrals are extended to D;, K denotes again a positive number which 0 varies from line to line and does not

depend on ¢ or on [, and C(r, ) denotes a positive function (varying from line to line), which is increasing with
respect to r. We get

0= [[as o utwl+ [[araobute, + [[aroubol+ [[osamel, e

—//(l—i—x)?wgtfhzh—|—IQ+I3+I4—I5.

An integration by parts yields

[\)

L = —7//(Z +2)° (wr)” ( since w)' = 0 for x = L). (56)

For any v € C*°(D) fulfilling the boundary conditions
V),__, =V,_p =0andv,_, =v,,_, =0, (57)

we have (using integrations by parts)

//(l + 2) Vi Vpge = — // {71+ z) %0 4+ (1 + :c)7’umt} Vzz  (since vgy),_, =0)

= 7// vy {6(1 4+ 2)5 00 + (1 + x)ﬁvxm} (since vix|,_ , = Vix|,_, = 0). (58)
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Let (vy,) be a sequence in C°° (D) fulfilling (57) and converging to w” in L?(—h, T, H3(—1, L))NH (—h, T, H*(—1, L)).
Applying (58) to v = v, letting n — oo and integrating by parts, we get

12—7// 6(1 +z)’wl, + (1 +2)5wl, . }
:742// wh {wp, (1 +2)° + 5(1 + z)*w)' }

+7//wt (I+x)° {f’l— —w —%(zw)g} (using (51))

=0-— 210//(Z + ) wPwh + 7//(1 + 2)Swl i — 7/ (14 z)%(wh)?
— 7//(1 + x)Swhwh — ;//(Z + ) 0wl (zw)h. (59)

Since w? =0 for t = —h or t = T, we get at once

I3

I
=
—
=
S
~—

An integration by parts in I5 yields

[t e wpr s o)

hence

e [[ararahie o [[eror st v arasy

< [0y + K1 (61)
It remains to estimate Iy. An integration by parts gives
Iy = —% //(l + x)7wg(zw)gt. (62)
But
(), = (zw) . (t + hf)L — (zw)(t)

Z:c(t +h) — Z:C(t)

= o w(t + h) + Zx(t)w

h

N z(t + hf)L — z(t)

wy(t+ h) — wy (1)
h

we(t+h) + 2(t)

= zztw(t +h)+ zzwt + zt wy(t+ h) + zwzt,
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Iy = f% //(l + 2)Twh zwl — %//(l + 2) wl zwh,
—5 [ ol + 1),

=1+ I7 + Is.

hence

We estimate successively Ig, I7 and Ig.

e [ 2P @l 4 Ke fealing [[ 0402wl

< [[ar b @t + Ko alfe @0+ Dl

1
= 5/ {7(1+ 2)%wle + (14 2) wl 2 + (1 + 2) wlz, } w)

hence

i <e [faroruh? s xe (R [0+ 2@ + Bl [[0+oi0k)

Hlzelmo) [ <z+x>2<w§;>2)

< [[aror@t? + ke (Jalaig + i) 10+ 2wl

e T / / (I + ) (uh,)?

We now have to estimate the L%(D;)-norm of (I + x)?w" . This is done in the following lemma.

Lemma 2.8. For any n > 0, there exists a constant C,, > 0 such that

//(z +a)t(wh,)? < n/ (1 +2)°(w)? + K[ fllf2(0)

+ Cy (14 12wy + N2allfey) - (10 + 2w 2y + I0liEagy ) -

Proof of Lemma 2.8. Scaling (51) by (I + x)*w! and integrating over D;, we obtain

O://(l—i—x)‘lwhw? //(l—i—x)‘lwhwﬁm //(l-i—x / (I +z)*

=+ I+ I5+ 1},

(zw)h — fh. Clearly,

< [[@rorwhy o, [[arapwhy?

where g =

N[ =

365

(65)

(66)

(67)

(68)
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— [t apul v @+ otl
_ //(m /m (69)
Bk [[asorw, (70)

|14|=\— Jfasorats 2 [[ararvin +5 [0+ ottt
<k (ffararehr e [[tr+ltivg [f w41t [f Groraz). @

Gathering together (67) and (71) and using (50), we readily get (66). The proof of Lemma 2.8 is complete.
-1
Choosing 1 = (1 + KHZHix(Q)) e? in (66) and using (65), we obtain

1 < 25 [0+l + € (lellimi@ + e 2) (I + Dunliaigy + Il + ulag) - (72)

It remains to estimate Ig in (63). We obtain after some integration by parts

//{7l+:c + (4 a) whk, } 2wt + h),

|18|§K<//(z+:c /l+:c MQ) /l—i—x w(t + h))*
K(//(ZJr:E o+ [+ o )+|zt||Lsz||<1+x>3w|i;ng
(

hence

3
< K ( (L + 2)we2ag) + / / (L + ) (uh,) )+||zt||L2Lx||<L+m>2w|%?0Lg

< [[@r o2+ 0 (el + lhim + latllguz ) (I + 2walEa
3 . .
ey + lwlZagq + L + @) w2 egs ) by (66) applied with » = /K. (73)

Combining (56)—(73) and using (44) and (54) we obtain

400 pL +oo L
/ / (14 2)%(wh)? dzdt < 55/ / (1 + 2)%(wk)? dzdt
—oo J—1 —oo J =1

+C (2@ + Nzallioi@ + Izellzig2) (lolaiq) + 113z ) - (74)

We infer that (I + x)3w; € L2((0,T) x (I, L)) by choosing ¢ < 5=% in (74) and letting h \, 0. Finally, since
the function C' does not depend on [, we obtain (55) by letting I * L and using Beppo-Levi theorem. O
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Corollary 2.9. Let z and w be as in Theorem 2.5. Then w € L2(0,T,H3(0, L)) N H(0,T,H'(0, L)) with

[wllLz(0,783(0,L)) + lwtllL20.m 11 0,0)) < clllzllv)Il fllerm: - (75)

Proof. Recall that f and w have been extended by 0 for ¢t ¢ (0,T), and that

z(0,z) fort <0,
z(t,x) =
z2(T,z) fort>T.

Then 2, 2, € L®((=1,T+1)x (=L, L)), since 2(¢,.) € H3(~L, L) for t = 0, 7. On the other hand, 2, € L?(—1,T+
1,L>®(—=L,L)). As w € C°([0,T],L*(—1, L)) for any I € (0,L) (by virtue of Prop. 2.7) and w|,_, = w|,_, = 0,
we see that the equation

1

holds true in D'(R; x (—L, L)). We set w = wy, hence Supp w C [0,T] x [-L, L]. Applying Proposition 2.7 to
won (—1,T+1) x (—L, L) (instead of (0,T) x (—L, L)), we infer that w € L%((—1,T7 + 1) x (—%, L)) with

[l (o papeegny) < 20 {0ty + 170z}

and

1 1 L
Wt + Weze +we + = (2w)e = fr — = (z21w)y, —=<z<L,teR,
2 2 2 (76)

Weco = Wppr =0,

Wy = Wa),_, =0.
(Notice that zw € L2((—=1,7 + 1) x (=%, L)), since 2z € L2( 1,T + 1L,HY(—%£,L)) and w € HY(—1,T +
1,L2(—-£,L)). It follows that —3(zw), € L?(-1,7 + 1,H ' (-%,L)) and w € HY(-1,7 + 1,H*(-%,L)),
which yields w € CO(R,H3(0, L)).) Applying Proposition 2.6 to w on (0,T) x (—%,L) (instead of Q) and with
the Welght + x substituted to L + =, we get

||w||L2(0 T,H(0, L)) (”ZHV H ||i2 ((O Tyx(~L L)) + K {HftHitng + H(th)xHil(O,T,L%*L/Q,L))} ’ (77)
Recall that z;, w € L2(0,T,H'(—L/2, L)), hence
H(th)zc||il(0,T,L2(*L/2,L)) < Kl|zille20mmr (- py2,0) [wllLz ,mmr (- 2/2,0))- (78)
Combining (44), (54), (55) and (77), (78), we obtain

wlla o781 0,2)) < ellzv)IIflarme - (79)

On the other hand,
1
Wogw = [ — W — Wy — 5(2111);8 € L*((0,7) x (0,L)) (since z,w € L>((0,T) x (0,L)).)
It follows that w € L2(0,T,H3(0, L)), with

|wllrzo,7,m20,0)) < c([[2IIV)I f a2 - O
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2.4. The fixed-point argument

Let « denote a prolongation operator mapping continuously H¥(0, L) into H*(—L, L) for each k € {0, ...,3};

e.g.
z(x) for z > 0,

Y(2)(@) = { b2(-a) —32: (~2) +27: (<2 fora <) (80)

Let V = {z € L2(0,T,H3(0, L)), 2z € L2(0,T,H*(0, L)} be endowed with its natural norm || - ||{;, and let A
denote the map from V into itself, defined as follows: for any z € V, A(z) is the restriction to (0,7) x (0, L) of
the function u(t, z) = (t)v(t,x) + w(t,r), where v and w are respectively defined in (12) and in (21), with z
replaced by ~(z). We intend to prove that A has a fixed point in some ball of V. We first need the following
weak sequential continuity result.

Proposition 2.10. If 2" — z in V, then A(z") — A(z) in V.

Proof. For the sake of brevity, we write z instead of v(z) in what follows. For any z € V., y(z) € V and
u=A(2) = (YPU+W)| 4 1y 0., €V, by virtue of Lemma 2.2 and Corollary 2.9. Let us set u” = A(2") = o™ +w"
for each n. We infer from (14), (21) and (75) that (u") is bounded in V, hence it possesses a convergent
subsequence for the weak topology of V. Clearly, we are done if we prove that ©"® — w in L2 ((O7 T) x (0, L))
We begin with the

Claim 1. v" — v in B = L2(0,7,H'(—L, L)) n C°([0,T],L3(—L, L)).

It follows from [24] (Cor. 4) and (6) that the embedding V'  C°([0, 7], H®) is compact whenever 1 < § < 2.
Therefore, 2" — z in L>°(Q) and in L2(0,T,H*(—L, L)). Let €® = v™ — v. Then " solves the system

ef + e +eh + 5(26™)0 = (V" (2 = 2"))a,s
5|7;-=—L = sl’;:L = =0, (81)

T|e=r

n = — =
Elt:O = UQ Uuo 0.

But (v"(z —2")) = wvp(z —2") +0"(z — 2"), — 0 in L*(Q), hence also in L'(0, T, L?(—L, L)), since (by (14))
v {L2(q) < Const., |[v™||L=(q) < Const., 2™ — z in L=(Q) and 2! — z, in L*(Q). Using (16) we infer that
€™ — 0 in B. The claim is proved.

For any n let L, = L(2™) = Ot + Opge + 0z + %(z”)x Let H,, denote the completion of Z for the norm defined

n (41) (with z replaced by 2"), set so = so(L, T, V2LT + 5sup,sq [[2"[lv), and set f(t,2) = —¢'(t)v" (¢, z).
It follows from Claim 1 that
f*— fin L*(Q). (82)

By construction w™ = L} p", where p™ is the unique function in H,, fulfilling

// (Lrp™)(L}q)dadt = // fMfqdxdt for all g € Z. (83)

lw™lL2q) < c(llz™Iv)I[f™llL2(q) < Const.

By (44)
hence, using (23),

n 2 1 n|2 1 n 12 S()”(/}(LL‘)

Therefore, there exists a function p € L2 (0,7, H?>(—L, L)) and a sequence n’ — +oo such that

PV = inL? <Q, +75(T — )% exp (2;;”2))) dxdt) : (84)
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pY —p, inL? (Q,t—3(T —t)3exp (—2:(‘#7(%) dxdt) , (85)
pz; — Pgz IN 1.2 <Q,t1(T — t)*l exp <2;(gf/}7£xt))> d:cdt) . (86)

Let w = L*p = — (Pt + Doaz + P + %zm) We proceed to the
Claim 2. w" — @ in D'(Q).
Since p™ — P in D'(Q), we only have to check that z"/p;l' — 2P, in D'(Q), but this last property is true,

since 2" — z in L=(Q) and p? — p, in L2(Q) for any Q cC Q.
Since ||w"||r2(q) < Const., we infer that w € L*(Q) and that

w” — w in L2(Q).

It remains to show that w = w. We may write w = L*p, where p € H is the unique function in H fulfilling
//L*pL*qudt = //fqudt = —//(wlv)q Vg € Z.
Claim 3. p=p.

Since in L2(Q) L;';/p"/ =w" — w= L*p, Li,q — L*q (for 2" — z in L*>(Q)), and f™ — f (according to
Claim 1), we can pass to the limit in (83) and we obtain

// L*pL*qdzdt = / fqdxdt Vg € Z. (87)

le=—1 —

We must check that p € H. The condition (42) is clearly fulfilled. The boundary conditions p|,_,, = (pz)
0 follow from (84)-(86). It remains to show that (pss)|,__, = 0. Let ¢ € (0,T). Then

1

Ly = Lyp™ +

(z"/ - z)pzl —L*p inL*((e,T—¢)x (-L,1L)),

since L*,p" — L*p in L2((e,T — ¢) x (=L, L)), 2" — z in L®(Q) and [p7|| < Const.

L2 ((e.T—€)x(~L,L))
Therefore 0 = pg;lw;L = (Pza)|,e_, in H '(e,T — ¢). Thus we have proved that 7 € H, and it follows
from (87) that p = p, hence w = w. A standard argument shows that the convergences in (84)—(86) hold for
the whole sequence (p"), and that w™ — w in L?(Q). Finally,

™22 ) = / /Q L2 = / /Q i — / / fp= s

thanks to (82), (84), and the fact that Supp f™ C [%, %] X (=L, L). Therefore, w™ — w and u™ — u in L2(Q).
The proof of Proposition 2.10 is complete. O

We are in a position to apply the fixed point argument. Let the nominal trajectory y of the KdV equation
be as in the statement of Theorem 2.1. We search for the function y € V' in the form y = § + u. It follows that
u has to satisfy the system

1
ut+uxxx+ux+§((u+2y)u)x:O, O<xz<L,0<t<T,

Uy = Ug|,_, = 0, (88)

U,_y = U0, Uj_p = 0,
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where 1y = yo — (0) € H3(0,L) is the initial difference between y and . We extend ug as a function in
H3(-L, L) by using the prolongation operator v defined in (80). Clearly, y € V. Take R > 2||g|y, and pick
any ¢ € V with ||¢||yy < R. Set 2z =( + 27 and u = A(z) € V. Then ||z|| < 2R and then, by (14), (75),

lully: < [9(@)lly + [[wlly
< cllzlv) - luollms(-z,r)

< K c¢(2R)||uo|lus(o,1)-

Therefore, if ||ug||uz(0,z) is small enough, the closed ball Br(0) = {¢ € V, |[(||y; < R} is mapped into itself by
the application ¢ — w. Since this application is weakly sequentially continuous according to Proposition 2.10,
we infer from the (second) Schauder fixed point theorem [26] (Cor. 9.7) that this map has a fixed point ¢ = u.
Hence, (88) is satisfied. We now turn to the regularity of the solution.

2.5. Smoothness of the trajectory

The solution y to (9) is decomposed as
y(t,x) = g(t,x) + u(t,z) = 5(t, ) + Y(t)v(t, ) + w(t, z).

We infer from the assumptions of Theorem 2.1 and from Lemma 2.2 that g, v € C°([0,T], H?>(0, L)) N C*([0, T},
L%(0,L)). By construction w € V, so w € C°([0,7],H?(0, L)) C C°([0,T] x [0, L]) and w,,ww, € L>=(0,T,
L2(0,L)). On the other hand, we infer from (77) (with w = w;) that w; € L*>(0,7,L2(0,L)). Therefore,
using (21), wepe € L°(0,T,L2(0,L)) and w € L°°(0,T,H3(0,L)). Since w € C°([0,T],H?(0, L)), it follows
from [12] (Lem. 8.1, Chap. 3) that w € Cs([0,T],H3(0, L)), i.e., the map t — (g, w(t))uz(0,2) is continuous on
[0,T] for any g € H?(0, L). This implies that w € C°([0,7],H*(0, L)) for any 1 < s < 3. The same property
holds true for y. In particular, the trace [y — $y% + Yas) € C°([0,T7)). The proof of Theorem 2.1 is achieved.

le=0

2.6. Uniqueness of the solution to the control problem
This section is devoted to the proof of the following

Proposition 2.11. Let g, 1o, yo be as in the statement of Theorem 2.1, and let y1,y2 be two solutions of (5)
associated with the same control input h. Assume further that ||, _|lLe(0,1) < 3. Then y1 = ys.

Proof. Form € = y; — y2. Then ¢ € L2(0,7,H*(0, L)) N H'(0, T, H'(0, L)) and ¢ solves

€t + Exae + 62+ %((yl + yQ)E)z = 0;
[E - %(yl + y2)€ + 59:93} lo—o =0,
Clo=r = Elpmr = 0,

€|t:0 =0.
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Scaling by 2¢ and integrating by parts, we readily obtain

L L 1 trl
/ EQ(t,x)dx—/ 52(0,:5)dx:——// (y1 + y2)ze? dxdr
0 0 2 JoJo

t L
1

- / [255;” —e2+e’+ §(y1 + y2)52] dr

0

0
1 t pL
:75// (y1 + y2) o2 dadr
0Jo
t 5
+/ (—52 + E(yl + yo)e? — 53) dr
0

|z=0
< ——// (11 +y2)x€2dxdr
2 JoJo

provided that y;(¢,0) < 2 for i = 1,2 and for any ¢ € (0, 7). (This is the case e.g. if 1Y), _ollL=0.1) < 3 and rg
is small enough.) Since y1,y2 € C°([0,7],H?(0, L)), we obtain from Gronwall Lemma that

1
2 2 _
et MEago,0 < 120, ) 22,1 exp <§|<y1 + y2>m||Lw<<o,T)X(O,L))t) =0,

Thus y1 = yo. O

Theorem 1.1 follows at once from Theorem 2.1 and from Proposition 2.11.

3. GLOBAL UNCONTROLLABILITY OF THE KDV EQUATION

We prove in this section that the KdV equation with a left boundary control is not globally controllable in
finite time. This result rests on the well known fact that (large) solutions of the KdV equation behave like
solutions of the Hopf equation

Yyt + vy =0.
A similar (negative) result has been derived in [10] for Burgers equation.

Theorem 3.1. Let L, T > 0 and n > 6. Let yr € H3(0, L) and ar € (0,L) be such that
yr(ar) =0 and yr(z) <0 Vzx € (ar,L).
Let y € C°([0,T],H3(0, L)) N HY(0,T,H'(0, L)) be a function satisfying

Yt + Yo + Yozz T YY=0, 0<zx <L, 0<t<T,
Yooy = Yz|,_, =0,
y(0)=0,
y(T) = yr.
Let the time Ty € [0,T) and the function a : [Ty, T] — [0, L] be defined by the following properties
(1) yt,x) <0 fora(t) <z <L, To<t<T;

(2) a®)y(t,a(t)) =0 for To <t <T;
(3) a(t) < L for To <t <T and a(Tp) = L if Ty > 0.
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Assume further that a € W1°°(Ty, T). Then we have the estimate

L
/ z*y2(z)de < K
ar

for some positive constant K = K(L,T,n).

Proof. Let yr, y and a = a(t) be as in the statement of Theorem 3.1. Set y~ = sup(0,—y). Since y €
Hl(OaTa HI(O,L)), Yy € CO([OaT]aHl(OvL)) N CO([OvL]aHl(OvT))a with Yy = —Yz X{y<0} a.€., Yy = —YtX{y<0}
a.e., where x¢,<0y(t,x) = 1 if y(t,2) <0, 0 otherwise. It is then clear that

VY=~ Y Y=Y Vs Y Y=Y Y Ya¥e= ()% (90)

Let h(z) = 2™. We multiply each term in the first equation of (89) by h(z)y(¢,x) and integrate by part. We
first notice that for a.e. t € (Tp,T),

d L L

T ha)y®(tz)de =2 | h(z)y(t, 2)y:(t, ) dz — o' (H)h(a(t)y? (¢, a(t))
a(t) a(t)

L

= 2/ hyydzx (since h(a(t))y(t,a(t)) = 0).
a(t)

On the other hand, for any ¢ € [0, 77,

L L2 L Lo y3
/hyyl.dx:—/ hgdx, /hynydx:—/ hl.gdx

and finally
L L
/ hyYpee do = f/ (hay + hys)Yue d (since h(a(t))y(t,a(t)) =0=y(t,L))
a a
L L y2 yg L
a o 2 2],
Yz (a)

L 2 3 (L
= f/ hppe—dx + = / hzyi dz + h(a) 22— (since y, (L) = 0).
. 2 2/, 2

Therefore, we obtain

1
2(% hy dx—/ hy 2 dx—l—/ hyZ dx—l—/ hxmy dx——/ hl-yidx—@yi(a)

1
§5/ (he 4 Powe)y? dxfg/ hely|? da.

a

An application of Hoélder inequality yields



CONTROL OF THE SURFACE OF A FLUID BY A WAVEMAKER 373

and

L L3 3 L 3
hazey? do < / —5rdr / hely|? do
a a h.fC a

1

nn =D =2) (" N s
< = (/O d) </a hx|y|d>

Therefore, for some constant C' = C(L,n) > 0,

1 L 1 n 1 LTL*G % L
5/ (he + haze)y? dz < 5(L€ +n3(n—1)(n—2) <n—6> / he|y|® dz:
a a

1 (L
§C+—/ hely|? dz
3 Ja

2
3

2
3

and

d L
— hy? dz < 2C.
dt a(t)

Integrating over (Tp,7T) and using the fact that a(Tp) = L if Top > 0 (hence faL(TO) h(z)y(To, x)dx = 0), we
arrive to

L L
/ R2(z)y*(T,z) dz < 2CT +/ h*(z)y*(0, ) dz = 2CT. O

arT 0

Remark 3.2. The author conjectures that in Theorem 3.1 the technical assumption a € W1°°(Ty, T') should
be dropped.

APPENDIX A: DERIVATION OF THE KORTEWEG-DE VRIES EQUATION IN LAGRANGIAN
COORDINATES

We start from a normalised form of Boussinesq system borrowed from [25] (p. 446):
e + {1+ an)u}s =0, (91)

1
Ut + QUU; + Ny — gﬁuaat =0. (92)

Here, z is the Eulerian coordinate, t is the elapsed time, 7 is the deflection from rest position, u is (up to a
factor) the value averaged over the depth of the horizontal velocity. The small parameters o and § are defined
as a = a/ho, 3 = h3/1?, where hq is the height of the surface fluid at rest, and a (resp., ) is a typical amplitude
(resp., wavelength). Because of the normalization adopted here, the velocity of a fluid particle is cu, not u.
Indeed, if we introduce the (normalised) height h = 1 + an, then (91) may be rewritten

ht + a(hu), = 0. (93)

Integrating on some interval (a,b), we obtain

b
%/a h(t,z) dz = au(a)h(a) — au(b)h(b),
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hence au(a) (resp., au(b)) is the fluid velocity at © = a (resp., # = b). Proceeding as in [13] (Chap. 1) (see
also [1], (p- 39)), we express the Boussinesq system in mass Lagrangian coordinates, keeping only the first order
terms in «, . Let £ € [0, L] denote the Lagrangian coordinate. Then the Eulerian coordinate z = z(r, {), which
stands for the position at time ¢ = 7 of the fluid particle issued from £ at ¢t = 0, is obtained by integrating the
characteristic system

dr
{ i au(t, ), (94)
Llymo = g

Let ¢ : (1,€) — (t,x) = (1, 2(7,£)). To express the Boussinesq system in the new variables 7, £, we first need to
compute the derivatives of & with respect to ¢, x. The Jacobian matrix of ¢ reads

JJ(T,§)< 1 Q)

au(t,z) j
where j = g—fg. Observe that j(0,&) = 1 and that

9 _ 9 (%) _ 9 lau(r, 2(r,€))]
or 06 \or o€

= aug(T, x)—x = aug(7,z)J,

o3
hence

3(1n| i) = au, (T, x)

ar J1) = z\T,
On the other hand

2 i, 2(r, )] = he(r, ) + ha(r, 2)au(r, 2
= —ahu, (1, 2) by (93),

hence
I[ln [A/]
or

~ O[ln|j]]
or

= —au.(T,2) =

Therefore, setting ho = h|,_,, we obtain

Thus

p 1 0 4 g 1 0
= ho (&) an = h(t,x) h(t,x) .
au(t,z) i “The 2t T) R

The mass Lagrangian coordinate ( is defined as

cz/og ho(n) di.

Clearly,
9 0
S = ho(6) 5 = —ault,2)h(t, )
and ¢ 23
e ho(f)% = h(t,z).
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Therefore
a¢
Oy = 0r + —0€ =0, — Ozuhag,
ot
o (95)
Oy = —0¢ = hog.
T 9z ¢ <
The first equation in Boussinesq system becomes
0=a 'hy + hyu+ hug = (o™ hy — uhhe) + hheu + R,
which yields
nr + (1 + 2an)uc + O(a?) = 0. (96)

We proceed to the second equation in Boussinesq system. We have to express u,,: in the new coordinates 7, €.
A direct application of (95) yields u, = hu¢, uzy = hyuc + h*uce and

Ut = hatic + ha(Uer — auhuee) + 2hhguce + h2 (ueer — auhueee).

Since
het = h( [hT - auhhg] + [h@— — auhhgg]h,

we obtain

Ugppt = h2(u«T—auh’l@gg)+2h(h7—auhh§)u€<+hhg(UQ——Ozuhu«)—l—[hg(hT—Oéuhhg)—l—h(hg——Oéuhhgg)]uC (97)

Combining (92), (95) and (97), we obtain

1
ur — auhue + auhue + hne — gﬁ{hQ (ucer — quhucee) + 2h(an, — oa*uhne)u
+ hane (u¢r — auhuge) + [ane (any — a®uhie) + h(ane: — a*uhnee)luc} =0,

hence
1
ur + (14 an)ne — gﬁu“T + O(aB,a*) = 0. (98)

We infer from (96) and (98) that the Boussinesq system in mass Lagrangian coordinates is (to the first order)

{ e+ (14 2an)uc =0,
(99)

ur + (1 +amne — ghuger =0.

In the last step we derive the Korteweg-de Vries equation (in mass Lagrangian coordinates) by specializing to
a wave moving to the right. Following [25], we look for a solution u in the form

u=n+aA+ BB+ 0(a? + 3%, (100)
where A and B are functions of 1 and of its ¢ derivatives. Then (99) becomes

N+ 1 + a(2nme + A¢) + BB +0(a? 4+ %) =0,

1
Nr +n¢ +alme + Ar) + 8 <B'r - §ﬂ<<r> +0(a? 4+ %) =0.
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The two equations are consistent provided that

1
2nne + Ac =mne + A- + O(e, ), Be =B, — e + O(a, B). (101)

Then A; = —A¢ + O(«, 3) and By = —B¢ + O(«, 3) (since 0, = —n¢ + O(a, ), so (101) may be rewritten as

1

1
Be = e +0(a, B).

‘We obtain at once

1 1
A= 717)2 and B = gl

(Notice that a first order error in A or B gives rise to a second order error in (100), so that the constants of
integration may be omitted in the expressions of A and B.) We conclude that the Korteweg-de Vries system in
mass Lagrangian coordinates reads

3 1
e +1¢ + Somie + gﬁmcc =0,

1, 1
u=1-—qon + cfnc.
The system is very similar to the KdV system in Eulerian coordinates (compare [25], Eq. (13.102)), the only
difference is in the coefficient in front of Bn¢¢ in the second equation (namely, 1/6 instead of 1/3). We may
express these equations without the small parameters «, 3 in using the dimensioned variables

- l
¢(=1I¢, n=an, T=—7 and ﬂ:%u,
Co €o

where ¢y = v/ghy is the sound speed in the fluid. We obtain the system
_ _ 3co __ 1 2 _
M= + collg + 27 + ECohonggg =0,

g 1P 1,

Finally, setting

\/600 \/6

_ 3 3 Co
T, T=——
ho ho

C) y= 2_}1077’ V= 5—7"U,

t=

we obtain at once the system
Yt + Yo + YYz + Yzaz = 0;

v=y— 59+ You-
APPENDIX B: UNCONTROLLABILITY OF THE LINEARIZED KDV EQUATION

We have seen in Section 2 that the linear KdV equation is null-controllable when the boundary control is
applied to the left endpoint of the domain. Here, we show that the linear KdV equation with a left boundary
control fails to be exactly controllable.
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The non-homogeneous initial-boundary-value problem for the KdV equation has been extensively investigated
in [4]. As far as the linear KdV equation is concerned, we infer from [4] (Prop. 2.6) that the following initial-
boundary-value problem

Yt + Yz +Y22z=0, O0<ax<L, 0<t<T,

y‘z:(): h’)
y‘x:L = yw‘z:L = 0)
Yli—o = Yo

is well-posed in L2(0, L) provided that the boundary control h € H3 (0,T). (Notice that this result is sharp.)
We are now in a position to state the negative result mentioned above.

Theorem 3.3. For any L, T > 0, the system

Yt + Yz T Y22z =0, 0<zx<L, 0<t<T,

Y0oe :h'a
oo (102)

y‘x:L = yw‘x:L = 0)
Yo = 0

with control input h € H%(O, T) fails to be exactly controllable in L2(0,L).

Proof. We argue by contradiction. Assume that (102) is exactly controllable in L?(0, L). Then, by a classical
argument relying on the closed graph theorem we readily infer the existence of a continuous operator A :
L2(0,L) — H%(O, L) such that the solution y to (102) associated with the boundary control h = A(yr) fulfils
Y),_r = yr. Let u € C°([0,7],H3(0, L)) denote a solution of the backward problem

Ut + Ugzr + Up = 0, O<ax< L, 0<t<T,
ulw:[) - ul’\xzo - ulw:L = 07

’U,|t:T = ur.

T /L
Integrating by parts in / / w(Yt + Yo + Yazz) dxdt = 0 yields
0o Jo

L T
/ y(T, x)ur(z)dz = / Uz (t, 0)h(t) dt. (103)
0 0
Picking any function uz € H3(0, L) with ur(0) = u4(0) = ur(L) = 0 and y7 = ur, we infer from (103) that

lurllLzo,y < A e (-5 0)l[L2(0,1)- (104)

(The fact that us,(.,0) € L%(0,T) is obvious, for u € C°([0,T],H?(0, L)).) Changing = in —z and ¢ in T — ¢, we
see that (104) is equivalent to the estimate

[vollz(—z,0) < Al - [vaa (-, 0)[L2(0,7) (105)
for any vg € D(A), where A denotes the operator Av = —v, — V4, with domain

D(A) = {v € H3(—L,0), v(0) = v4(0) = vo(—L) = 0}
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and v = e*4vg. (We denote by e/ the semigroup associated with A.) We now prove that (105) does not hold in
considering a sequence of exponential solutions; i.e., of the form v(t,x) = e*Mwvg(x), with Avg = \vy and A € R.

We first have to determine the eigenvectors of A; i.e., the functions vy € D(A) fulfilling
Vozzz T Yoz + )\UO = 0.

To solve the characteristic equation
P 4r+A=0, (106)

it is convenient to set A = —s — s>. In what follows, s € R. Then the roots of (106) are

1 1
r =S8, rgzu::§<fs+i\/352+4) andr3:ﬁ:§(fsfi\/352+4).

Therefore, vo(z) = aes + bet™ + ce”* for some complex coefficients a, b, c. The boundary conditions vy(0) =
v4(0) = 0 yield the system
a+b+c =0,
{ sa+pub+pc =0
which gives b = pa, ¢ = pa for
s—H 1 . 3s

= = = +i——-
g = p 2 2435244

Finally, the condition vo(—L) = 0 gives a(e *L + pe L + pe=#L) = 0, or (since a # 0)

1 3s L i
—sL _ —ply _ ; — 5 (—s+iV3s2+4)
e = —2Re(pe™") = —2Re( | = +i——m—xr) e 2 ,
(v ) (( 2 2352+ 4) )

or

1 .1 1 . 3s _&m)
=Re((|—z+i—m—m— e 2V ), 107
2 (( 2 2\/352+4) (107)

Easy calculations give, as s — 400,

I@((—1+i——§L—>e%Ww+ﬁ::m{@ﬁ?+0@%miéL%y+0@1»)

2 2v/3s2 4+ 4
= cos (%T - @Ls) +0(s7).

It is then clear that there exists a sequence s,, ,/ +00 such that (107) holds true, and such that 2?“ — ‘égLsn ~ 5+
nm as n — +oo. Without any loss of generality, we may assume that a = 1. We now estimate ||(vza)|,_,llL2(0,7)
and |lvollr2(—1,0) as s = s, — +00. We have

91— e—2(s+s3)T

T T
2
/0 |vae (t,0)|% dt = /0 |(s* + 2Re (p/ﬂ))e)‘t‘ dt = [s* + 2Re (pp?)| 20159

Since

V352 +4 ~ 5%,

1 [(s%— (352 +4) 3s s
R HY=_= 2
e (pr’) 2( 1 )+2¢%2+12

we infer that

T
/ [Vpx(t, 0)]2 dt ~ 25 as § — +00. (108)
0
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On the other hand,

0 0
/ |’U0($)|2 do = / (esx + peh® +ﬁeﬂx)2dm
—L —L

0
= / (4Re (pe(s"’“)x) + 2Re(p?e? ") + 257 + 2|p|26(“+m”> dz
L

with Re (s 4+ p) = 5§ > 0, Re (2u) = p+ i = —s < 0. Straightforward computations give

/O v (z) da = % {2 — cos (%ﬂ - \/W) + 0(5—2)} . (109)

—L

Then it follows from (108) and (109) for s = s, that (105) fails to be true. O
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