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OPTIMAL PARTIAL REGULARITY OF MINIMIZERS OF QUASICONVEX
VARIATIONAL INTEGRALS
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Abstract. We prove partial regularity with optimal Holder exponent of vector-valued minimizers
u of the quasiconvex variational integral | F(z,u, Du)dz under polynomial growth. We employ the
indirect method of the bilinear form.

Mathematics Subject Classification. 35J50, 49N60.

Received September 13, 2005.
Published online September 5, 2007.

1. INTRODUCTION

We are interested in the regularity of the vector-valued minimizers u € leq(Q,RN ) of the variational
integral

I(u,Q):/QF(ac,u(ac),Du(x))dm.

Here Q is a bounded open subset of R", n > 2, N > 1, ¢ > 2, and Du(x) € RV*" denotes the gradient of
u at a.e. point € . The integral Z(u, () is well-defined for v € W4(Q, R"Y) if we admit as integrands
Carathéodory functions F(z,u, P) : @ x RN x R¥*" — R of polynomial growth in P, i.e. functions which are
measurable in x, continuous in (u, P) and which satisfy the growth condition

|F(z,u, P)| < c(1+ |P]7).
Definition 1. We say that u € W14(Q, R") is a minimizer of the variational integral Z if

Z(u,supp ¢) < Z(u + ¢,supp ¢)

for every p € C°(Q,RY).

The problem of regularity of a minimizer u € W14(2, R") of the variational integral Z has been intensively
investigated over the last 23 years. As we know (see Exs. 11.3.2 and 11.3.4 of [6]), we can in general only expect
partial reqularity if N > 1, i.e. Holder continuity of the gradient Du outside of a closed set of Lebesgue measure
Zero.
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640 C. HAMBURGER

The standard hypotheses are that F(x,u, P) be uniformly strictly quasiconvex, Holder continuous in (z,u)
and of class C? in P, and to satisfy the coercivity and growth condition

VP < F(x,u, P) < c(1+|P|7).
Sometimes, a growth condition is also imposed on the second partial derivative Fpp(x,u, P), i.e.
|Fpp(z,u, P)| < ¢(1+|P|772). (1)

We start with a short account of the development of the partial regularity theory for vector-valued minimizers of
variational integrals (see also [7]). The general method of the proof is to compare the given minimizer u with a
solution of a linear system with constant coefficients, for which standard elliptic estimates are available. For the
direct approach, this comparison is carried out on an arbitrary ball either under a Dirichlet boundary condition,
or with the so-called A-harmonic approximation (which is itself procured by a contradiction argument); for the
indirect approach, it is shown that a sequence of blow-up functions w,, € W12(B,R"), rescaled to the unit
ball B, converges weakly to such a solution.

Following the direct approach, Giaquinta and Giusti [9, 10] showed partial regularity of the minimizers
u € WH2(Q, RY) of the quadratic variational integral

Qu, ) = /QA(:c,u) - (Du, Du) dz,

and of the variational integral Z for ¢ = 2 under coercivity and strict convexity in P of the integrand F'(x, u, P).

The concept of quasiconvexity was introduced into this subject by Evans [3]. For quasiconvex integrands F'(P)
depending solely on the variable P, he gave an indirect proof for partial regularity of minimizers u € W14(Q, R")
(see also [4]). The same result holds true if the coercive and quasiconvex integrand F'(x,u, P) depends on all
the variables. Various proofs were proposed, some direct [12,13], some indirect [5], and some allowing for a
generalized coercivity [20], or assuming no growth condition on Fpp [1,8]. All proofs in the general situation
are based on a reverse Holder inequality with increasing supports for Du — Py, for any constant Py € RV*™.
This reverse Holder inequality in turn is derived from Caccioppoli’s second inequality by invoking the higher
integrability theorem of Gehring, Giaquinta and Modica (see Th. 2).

As the higher integrability theorem is considered to be rather involved, it is desirable to find a simpler partial
regularity proof which avoids the use of a reverse Holder inequality. Such proofs are available in the following two
special situations: (a) under a non-integrated version of convexity of the integrand F'(z,u, P) in the variable P,
i.e. convexity or polyconvexity rather than quasiconvexity (see [15], Sect. 3, [17]); (b) for a variational integral
Jo F(x, Du) dz whose integrand does not depend explicitly on the variable u (see [2-4]). Nevertheless, at the
moment it seems that our main result, Theorem 1, is unattainable without resort to a reverse Holder inequality.

Partial regularity with optimal Holder exponent requires a more precise formulation of the continuity hy-
potheses on the integrand, namely that u — F(z,u, P) and (z,u) — Fp(z,u, P) be Holder continuous with
exponents ¢ and §/(2 — &) respectively. Thus we may admit discontinuities of F(z,u,P) in = that do not
propagate to Fp(z,u, P) (¢f. [15]). Indeed, such an integrand is of the unique form

F(:c,u,P):f(:c,u,P)Jrg(:c,u),

with f(z,u,0) = 0, where f(z,u, P) and fp(z,u, P) are of class C*%/ (=9 in (z,u), and f(z,u, P) and g(z,u)
are of class C%° in u, but where g(x,u) is only measurable in x. The optimal Hélder exponent of the gradient
of the minimizer is then 6/(2 — ¢). This was shown in the scalar case N = 1 for ¢ = 2 by Giaquinta and Giusti
[11] (see also [24] for a particular model). In the present paper we extend this result to the vectorial case N > 1
for ¢ > 2. Moreover, as in [1, 8], we dispense with the growth condition on Fpp.

Our indirect proof of partial regularity employs the method of the bilinear form, which was introduced by
Hamburger [15] in the context of minimizers of variational integrals in establishing convergence w,,, — w in W'lif
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of a sequence of blow-up functions w,, € W12(B,R"), which is known to converge only weakly. This technique
has already been applied to solutions of nonlinear superelliptic and quasimonotone systems in [16,18,19], and
to minimizers of convex, quasiconvex and polyconvex variational integrals in [15,17]. Since we are not assuming
any growth condition on Fpp, we need to define sets E,,, C B,, satisfying lim,, oo |Eym| = 0, where the
functions w,, or Dw,, exceed a certain bound (c¢f. [8,14]). A reverse Holder inequality for Du — Py, for any
constant Py € RV*" allows us to control the error integral of a rescaled power of | Dw,y, | over the set Ey .
We show that the blow-up functions w,, are approximate minimizers of suitable rescaled variational integrals.
This has two consequences. First, passing to the limit as m — oo we infer that w solves a linear elliptic system
with constant coefficients. Secondly, we derive the key estimate

1imsup/ *G(Yy) - (Dwp, Dw,y,) dz < / n*G(Yy) - (Dw, Dw) dz.
By

m— oo B,

Here 7 is a cut-off function, the symmetric bilinear form G(Y) depends continuously on Y, and the constant
function Yy is the limit in L? of a suitable sequence of functions {Y,,}. We finally deduce from this estimate

with the help of strict quasiconvexity that w,, — w in W'lif . In this manner we achieve partial regularity with

optimal Holder exponent of minimizers of quasiconvex variational integrals.
For the integrand F : Q@ x RV x RV*™ — R we shall assume the following hypotheses, for an exponent g > 2.

Hypothesis 1. We suppose that F(x,u, P) is of class C? in P and of polynomial growth
|F(z,u, P)| < c(14[P]7),

and we assume that Fpp is continuous.

Hypothesis 2. We suppose that u— (1+|P|?) " F(z,u, P) and (z,u) — (1+|P|9 )" Fp(z,u, P) are Hélder
continuous uniformly with respect to P, with exponents § and 6/(2 — 8) respectively:

|F(:c,u,P) *F(LL‘,’U,P”

|Fp(z,u, P) — Fp(y,v, P)|

(14 [P|)w(lul, [u = v])

<
< @+ P Dx(lul o =yl + u = o))

for all (z,u, P), (y,v, P) € @ x RNV x RN*". Here w(s,t) = K(s)min(t’,1) and x(s,t) = K(s) min(¢%/(2=9 1)
for 0 < 6 <1 and for a nondecreasing function K(s); we note that w(s,t) and x(s,t), for fized s, are nonde-
creasing and bounded in t.

Hypothesis 3. We suppose that F' is uniformly strictly quasiconvex
[ (Fleo,un, o+ D) = Fiao, o, B do = [ (Dgf? + D) o
n Rn

for some v > 0, and all (xg,up, Py) € 2 x RN x RNX™ and ¢ € C°(R™,RV).

Hypothesis 4. We suppose that R

F(z,u,P) > F(x, P)
for all (z,u, P) € Q x RN x RN*" and for some function F(x,P), satisfying |F(x,0)| < ¢, which is strictly
quasiconvez at P =0, and for which (1 + |P|9)~1F(z, P) is continuous in x uniformly with respect to P:

[ (B, Dg) = Fan0) o= 5 [ 1Dpfts

for some 7 > 0, and all zo € Q and p € C*(R",RN);

|F(2, P) = F(y, P)| < (1 +|P|")a(|lz — y)



642 C. HAMBURGER

for all z,y € Q and P € RN*™ where & is continuous and nondecreasing with &(0) = 0.

Remark 1.
(a) Hypothesis 4 is fulfilled if F(x,u, P) is coercive

F(x,u,P) Z 7|P|q

(b) If F(z, P) is independent of the variable u and continuous in x uniformly with respect to P then Hy-
pothesis 4, with F(z, P) = F(z, P), is already a consequence of Hypothesis 3.

(c) If we assume that u — F(z,u, P) and (x,u) — Fp(z,u, P) are Holder continuous with exponents 3 and
~ respectively then Hypothesis 2 holds with § = min(3,2v/(1 + «)). In this case, Theorem 1 asserts that the
gradient of the minimizer u is Holder continuous in the regular set 2, with exponent ¢/(2—¢§) = min(8/(2—03),~).
Holder continuity of (z,u) — F(x,u, P) with exponent 3 together with growth condition (1) leads to the choice
v = 3/2 and the conclusion that u € C*#/2(Q,,RN). Indeed, for ¢ > 2 the estimates

|F (2, u, P) = F(y,v, P)] < (14 [P|")w(|ul, |z — y| + [u - v])

and (1) imply
\Fp(z, 6, P) — Fp(y,v, P)| < el + P11 2(jul, o — | + |u — o]).

This is shown for ¢ = 2 on p. 247 of [11].
(d) Hypotheses 1 and 3 furnish the growth condition

|Fp(x,u, P)| < e(1+|P|"7h). (2)

To prove (2), we note that Hypothesis 3 implies rank-one convexity of F' (see [14], Prop. 5.2). Therefore, by
Hypothesis 1,

FP(SL',’U,,P)QSF(JJ,U,P#’Q)*F(LL’,U,P) §0(1+|P|q+|Q|q)

if rank @ < 1. Setting Q = £(1+ |P|)E, where E € RV *" is a unit matrix (i.e. one entry is 1, all others are 0)
gives
|Fp(z,u, P)|(14[P]) < c(1+[P7),

whence (2) follows.
Our main result is contained in the following

Theorem 1. Let the integrand F satisfy Hypotheses 1 to 4, with exponent ¢ > 2, and let u € WH4(Q, RYN) be
a minimazer of the variational integral .

Then there exists an open set Q,, C Q, whose complement has Lebesque measure zero, such that the gradient
Du is locally Hélder continuous in 0, with exponent §/(2 — ), for 0 < 6 < 1 the exponent of Hypothesis 2:

uwe CH =9, RN) and L7(Q2\ Q,) = 0.

Moreover, the reqular set is characterized by

Q, = qx0 € Q:sup(Juge,r| + [Digg,r|) < 00 and 1iminf][
>0 ™0 JB, (20)

|Du — Dug, »|? dz = O} .

The example treated in [24] shows that the Holder exponent /(2 — ) is indeed optimal. For bounds on the
Hausdorff dimension of the singular set Q\ 2, in certain cases, we refer to the interesting recent papers [21-23].
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2. A DECAY ESTIMATE FOR THE EXCESS

In what follows, all constants ¢ may depend on the data including the integrand F, on the number L from
the proof of Proposition 1, and on the minimizer u itself. The Landau symbol o(1) stands for any quantity for
which lim,,_,c 0(1) = 0; this may in Section 4 also depend on the number 3 > 0 and the functions ¢, w and (.
We write By(z9) = {z € R" : |z — x| < 1}, By = B-(0), and B = By for the unit ball. We denote the mean of
a function f on the ball B,(z¢) by

1
fx,,.:][ fdaczi/ fdx.
’ B, (20) L(Br(70)) J B, (z0)

In this section we assume Hypotheses 1 to 4 with ¢ > 2, and we let u € W19(Q, RN) be a minimizer of the
variational integral Z. We define the excess of Du on the ball B,(xzg) CC

U(xg,T) :][ (|Du — Dumoyr|2 + |Du — Dug, ,|?) dz.
B-,v(dfg)

At first, we let & < §/(2—6) be the positive exponent appearing in Theorem 4. The conclusions of Theorem 1, as
yet with exponent « instead of §/(2 —4), follow in a routine way from the next proposition (see [6], pp. 197-199;
[8], Sect. 3; [14], pp. 349-352; [3], Sect. 7; [5], Sect. 6).

Showing that u € C19/(2=9)(Q,, RN) with the optimal exponent §/(2 — &) requires a second step. As soon
as we know that u € C%(Q,, RY), we consider the restriction v € C%*(3, R") to any open set ¥ CC ,,, for
which the next proposition is now valid with exponent o = 6/(2 — §) (see Rem. 2). We thus conclude that
ue C19/2-0) (5, RN).

Proposition 1. Let L > 0 and 7 € |0,1] be given. Then there exist positive constants c¢1(L), H(L,T) and
e(L,T) such that if
By (x0) CC Q, |ugyr] < L, |Dugyr| < L and U(zo,r) <€
then
Ul(zo,7r) < e172U (20, 7) + Hr2e.

Proof. We will determine the constant ¢; later on. If the proposition were not true then there would exist a
sequence of balls B, (x,,) CC Q such that, setting

U, = Uz, 1 s Pm = DUz, 7, >\72n = U(Zm,Tm), (3)
we have
|Um| <L, |Pm| <L, )\m\oa (4)
but
U@y Trm) > 172\, + mr22, (5)

Since (5) implies A, > 0, we can define the rescaled functions

W(T + Tm2) — U — TPy - 2

wm(2) = Tm A

for z € B. We notice that

Du(xm + TmZ) — Pm
Am ’

(wm)o,1 =0, (Dwm)o1 =0. (7)

Dwy,(2) =
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Then (3) and (5) become
][ | Dy, |? dz + )\fn_Q][ |Dwp,|9dz =1, (8)
B B

am? + m)\gfrff <][ | Dw,, — (Dwm)O,T|2 dz + )\2;2][ | Dwyy, — (Dwiy )o,+ ]9 dz. (9)

T T

From (8), (7) and the Poincaré inequality we immediately have
lwmllwray < ¢ M2 wmllyram) < e (10)

We infer from (9), (8) and (4) that

A N, 0 and 7, N\ 0. (11)
It follows from (10) and (4) that, on passing to a subsequence and relabelling, we have
Duw,, — Dw weakly in L2(B,RN*"),
Wy — W in LQ(B;RN)5
A Dy, — 0 in L*(B,RN*™);
)\%72)/qu711 —0 Weakly in Lq(B, Ran); (12)
Aa=2/a, in LY(B,RY) (for ¢ > 2);

(Toms Uy Pm) — (20,10, Po)  in Q@ x RV x RV*",

Now suppose that we can show that w € W12(B,RY) is a weak solution of the following linear system with
constant coefficients:

diV(Fpp(ﬂCo,UO, Po) . Dw) =0. (13)
We infer from Hypothesis 1 and (4) that

|F'pp (20, u0, Po)| < ¢,
and from Hypothesis 3 that (13) is uniformly elliptic (see [14], Prop. 5.2):
Fpp(zo,u0, Po) - (n@&n @ &) > 4@ ¢ for allp € RY, £ € R™.

Hence, from the relevant regularity theory (see [6], Th. II1.2.1, Rems. II1.2.2, TI1.2.3) we conclude that w is
smooth and

][ |Dw — Dwy - |? dz < 0272][3 |Dw — Dwg 1 |* dz, (14)
where by (12), (7) and (8) '
Dwy1 =0 and ]é |Dw|?*dz < I}rg&f]é |Dwm|2 dz <1. (15)
On the other hand, if we also know that
Dw,y, — Dw in L3 (B, RN*™), (16)

A4=2/9 Do, — 0 in LY

loc

(B,RN*™) (for ¢ > 2) (17)
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then it would follow from (9) and (10) that
172 §][ |Dw — Dwo,T|2 dz.
BT

If we now choose ¢; = 2¢2, we obtain a contradiction to (14) and (15). This proves the proposition. O
The remainder of this work is devoted to showing (13), and (16), (17), which are the assertions of Lemmas 4
and 5 respectively.
We introduce some further notation. We set

Fo(z,w, R) = A\ 2 (F (@ + Tm2, Um + TP - 2 + T Amw, Py 4+ A R)
—F (@ + rmz, Um + TmPm - 2+ rmAnw, Pp)

—Fp(m + Tmz, Um + rmPm - 2+ TmAnw, Py) - AnR)
for (z,w, R) € B x RN x R¥*", By Hypothesis 1, Remark 1(d) and (4), we note the estimate
|Fon (2,0, R)| < e(A\7 + M2 R|), (18)
and we also define the corresponding variational integrals
I (w,U) = /UFm(z,w,Dw)dz
for w € WH4(B,R”Y) and measurable subsets U C B. We define the set
2 =0 x RY x RV*n x RV*™,

Next, we define a symmetric bilinear form G(Y) on RV*", for Y = (z,u, P,Q) € 9, by

GY) = /0 (1-9)Fpp(x,u, P+ sQ)ds.

By Hypothesis 1, the bilinear form G(Y) depends continuously on Y € ). We observe that
Fo(z,w,R) = G(Tm + rm2, Um + TmPm - 2+ TmAnw, Pm, AnR) - (R, R). (19)

We end this section by showing that w, is an approximate minimizer of the rescaled variational integral Z,,.

Lemma 1. Suppose that F satisfies Hypotheses 1 to 4. For ¢ € Wol’q(B, RY) and E C B, we then have
Im(wm;B\E) < Im(wm+(paB\E)

+0/ (A + M 2| Dw |+ M2 Dpl?) dz + o(1) (1 + [|olly1.2)- (20)
E
Proof. On rescaling, we find from the minimality of u that

/ F(xm +Tmz, Um + TmPm - 2 + 'mAmWm, Pm + AnDw,y,) dz
B

< / F(zm +Tmz, Um + 7P - 2+ oA (Wi + ©), P 4+ A (Dwy, + D)) dz
B
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for every ¢ € C°(B,R"). So it follows from (19) that
T (W, B\ E) < I (wy, + ©,B\ E)
+ A / (F(zm + Tmz, Um +TmPm - 2 + T A (Wi + @)y Pr)
—F(@m + rmz, Um +TmPm -2, Pp))dz
— A / (F(xm + rmz, Um + TmPm - 2 + rmAmWm, Pn)
—F(@m + rmz, Um +TmPm -2, Pp))dz
+ A / (Fp(Xm + Tm2z, Um + TmPm - 2+ rmAm(Wm + @), Pm)
—Fp(Tm, um, Pr)) - Dwy, dz
-0t / (Ep(Tm + Tmz, Um + Tm P 2 + T A Wiy Pr)
B—Fp(xm,um,Pm)) - Dw,, dz
+ 0 /B(Fp(:nm + TmZ, Um 4+ TP - 2 + T A (Wm + @), Pn)

—FP(Im,’U/m,Pm)) - Depdz
=Tn(wm + ¢, B\ E) + (I) + (IT) + (III) + (IV) + (V) + (VI).

By virtue of Hypothesis 2, we estimate term (I) as follows using (4), (10), (11), the Holder inequality and the
fact that o < 6/(2 —9)

(D)

IN

A;q2(1 + [P D) K (|um| + 7m| Pml) /B(TmAm|wm + 50|)6 dz

O ol G2 (L ffwin + l72) < o(1)(1 + [l 72)-

IN

For term (V), we have

(V) < )"r_nl(l + |Pm|q_1)K(|“m|)/ (Tm =+ T | P + T A [0, + ‘P|)6/(2_5)|D90| dz
B

IN

5/(2—46
AL D (1t [ + ] 3577 @l < o)A+ [l@lli2)-

We estimate (II), (IIT) and (IV) in a similar manner. Finally, by Hypothesis 1 and Young’s inequality, we infer
that

(VD) < ¢ [ 4302 D102 D) =
E

3. CACCIOPPOLI AND REVERSE HOLDER INEQUALITIES

We recall a simple algebraic lemma (see [6], Lem. V.3.1; [14], Lem. 6.1) and the higher integrability theorem
of Gehring, Giaquinta and Modica (see [6], Prop. V.1.1; [14], Th. 6.6).

Lemma 2. Let f(t) be a bounded nonnegative function defined for R/2 <t < R. Suppose that

f(t)<Of(s)+A(s—t) 2+ B(s—t) 94 C
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for R/2 <t < s <R, where 0, A, B, C' are nonnegative constants with § < 1. Then
R s _
f 3 <c(0,q)(AR*+BR 14+ C).

Theorem 2. Let Q2 be a bounded open subset of R", and let f € Li () and g € L{ () be nonnegative
functions with 0 < s <1 <t < co. Suppose that

1/s
][ fdz <b ][ fidx —|—][ gdx (21)
Bry2(zo) Br(zo) Br(zo)

for every ball Br(zo) CC Q with R < Ry. Then f € LL4(Q) for any 0 < € < €, and

loc

1/(14¢€) 1/(14¢€)
][ fireda < c][ fdz+ec ][ gtedx
Bur(zo0) Br(zo) Br(zo)

for every ball Br(xo) CC Q with R < Ry, and 0 < p < 1, where ey = €y(n, s,t,b) and ¢ = ¢(n, s,t,b, u,€) are
positive constants.

For Py € RVN*" with |Py| < L, and (z,u, P) € Q x RN x RVN*" we set

F(z,u,P) = F(z,u, Py + P) — F(x,u, Py) — Fp(x,u, Py) - P.

Clearly, F is strictly quasiconvex, and F(x,u,0) = 0.
The first part of the next lemma is contained in [8], Lemma 2.1 and [14], Lemma 9.1.

Lemma 3. There exists a constant ¢ such that the estimates

|F(z,u, P)| < PP +|P|%), (22)
|Fp(z,u, P)] < c(|P|+|P"), (23)
|F(z,u, P+ Q) = Fz,u,P)| < ¢(|P|+|PI""" +]Q| + Q" 1)Q)] (24)

hold for all (z,u, P) € Q x RN x RN*" with |u| < L, and Q € RN*™,
Moreover, the estimate

\F(z,u, P) = F(y,0, P) < ex(ful, |z — | + Ju— ol) (1 + [Pl )| P (25)
holds for all (z,u, P), (y,v, P) € Q@ x RN x RN*",
Proof. We let K = sups, |Fpp| for the compact set
3. ={(z,u, P) e A x RN x RN*" : |u|,|P| < L+ 1}.

For |P| < 1, we then have
~ 1
|F(z,u, P)| = ‘/ (1 —8)Fpp(x,u, Py + sP)- (P, P)ds| < K|P|?
0

while for |P| > 1, B
|F (2, u, P)| < c(14[P|7) < ¢|P|?.
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These two estimates furnish (22). By quasiconvexity of F', (22) implies (23) (¢f. Rem. 1(d)). Further, (24) is
an immediate consequence of (23). To see (25), we write

1
FauP) = [ (Fowu R+ 5P) = Fo(eu Py) - Pas,
0

and similarly for F(y,v, P), and we apply Hypothesis 2 to their difference. (I
We first prove a reverse Holder inequality for Du (cf. [8], Prop. 2.2 and (2.18); [14], Th. 6.7 and Prop. 9.1;
[9], Th. 4.1).

Theorem 3. Let u € WH4(Q,RYN) be a minimizer of the variational integral T, whose integrand F satisfies
Hypotheses 1 and 4.

Then Du € LQ(H_E/)(Q, RYX") for any 0 < € < €, and

loc
1/(1+€")
][ (1+ |Du|)*¢ da < c][ (14 |Du|?) dz
B“R(Cbo) BR(:EO)

for every ball Br(xzo) CC Q with R < Ry, and 0 < p < 1, where e1, Ry and ¢(u,€') are positive constants.

Proof. We fix some ball Br(xzg) CC Q with R < Ry, and we set up = ug,g. For R/2 <t < s < R, we
let ¢ € C2°(Bs(z0)) be a cut-off function with 0 < ¢ < 1, ¢ = 1 on By(zg) and |D¢| < ¢(s — )71, We set
© = ((u — up). By Hypothesis 4 and the minimality of u, we then have

i [ Dettar < [ (Fleo.De) = Flen,0)ds
< / F(z,Dyp) d:c+5u(R0)/ |Dep|?dx + cR™
< / (x,u, Dp) dx—l—w(Ro)/ |De|?dx 4+ cR™
< / @,Du—D@)dJC—F/B (F(z,u, Dy) — F(x,u, Du)) dx
+ &(Ry) / |Dg|?dz + cR™ |

Thus, by Hypothesis 1 and the fact that Dy = Du on Byi(xq), we obtain for sufficiently small Ry that

/ |Du|?dz < ¢ / |Du|?dz + ¢(s — t)_q/ |u — up|?dx 4+ cR™.
B Bs\B: Br

We now “fill the hole”, that is, we add c; times the left-hand side to both sides and we divide the resulting
inequality by 1 4 ¢;. This yields

/ |Du|qdm§9/ |Du|qd:c+c(sft)_q/ |u — up|?dx + c¢R™,
By B, Br
where 8 = ¢; /(14 ¢1) < 1. By an application of Lemma 2, we arrive at Caccioppoli’s first inequality

/ |Du|?dz < cR_q/ |u — up|?dx + c¢R™.
Bry2 Br
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By the Poincaré-Sobolev inequality, we deduce estimate (21) with f = 1+ |Du|?, ¢ = 0 and s = ¢./q =
n/(n + q) < 1. The result now follows by Theorem 2. O

We are ready for a reverse Holder inequality for Du — Py plus an error term (c¢f. [8], Ths. 2.2 and 2.5). It

2(1+€)

provides a uniform bound in L, " for the gradients of the blow-up functions w,, (see Cor. 1).

Theorem 4. Let u € WH4(Q,RY) be a minimizer of the variational integral I, whose integrand F satisfies
Hypotheses 1 to 4.
Then there exist positive constants €, o < §/(2 — ), Ry and c(u) such that

1/(1+e)
][ (|Du — Py|? + |Du — Py|9) e da
BMR(IO)

1+2a/q
gc][ (|Du—P0|2—|—|Du—P0|q)dx+cR2“][ (1+ |Dul) dz
Br(zo)

Br(zo)

holds for every ball Br(zo) CC Q, 0 < p <1 and Py € RN*", with R < Ry, |uzy.r| < L and |Py| < L.

Proof. We fix Br(xg) CC  and Py € RVX™, subject to the conditions R < Ry, |uo| < L and |Py| < L, where
Upg = Ugg,R-

We next fix some ball B, (yo) CC Br(xo). For r/2 <t < s <r, welet ¢ € C°(Bs(yo)) be a cut-off function
with 0 < ¢ <1, ¢ =1o0n B(yo) and |D¢| < c(s — t)~t. We set

P(x):uyo,T+P0'($_y0)a@:C(U_P)7¢:(1_C)(U_P)7
for which
o+t =u—P, Do+ Dy =Du— PF.

The strict quasiconvexity of F at P = 0, (24), (25) and Young’s inequality assert that

fy/ (|D¢|2+|Dga|q)dm§/ F(mo,uo,Dcp)d:cg/B F(zg,u0, Du — Py) dx

s s

e / (D] + [Dgl"™" + [Dy] + |DY|") D] de < / F(z,u, Du— Py da
B\B:

s

+c/ X([uol, |2 = @o| + [u — uo|) (1 + [ Du|*" )| Do + Dyp| du + 0/ (IDl? + [Dp|? + [Dp|* + | Dyp|?) da.
B B\ Bt
(26)

On the other hand, by the minimality of u

/ F(z,u, Du)dx < / F(z,u — ¢, Du— Dyp)dz,
B. B,
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and thus

/ F(z,u,Du— Py)dz < F(x,u— o, Dy)dx
BS S

Bs

+/BS (F(xz,u — ¢, Py) — F(z,u, Py)) dx

+ / (Fp (2,4 — @, Po) — Fp(z,u, Py)) - Dipda
B

s

+/ (FP(IL'(),’U,(),P()) - FP(CL',’U,,P())) D(pdﬂ?
B

s

By (25), (22), Hypothesis 2, the Cauchy inequality and the estimate x? < cw, we deduce

/ F(z,u, Du— Py)dw < F(w,ume)derc/ X(Juol, [u = ol + |¢l)(1 + [Dy| ") | Dy| dx
By f

B, B,

te [ wuol Ju= ol + e dz+ ¢ [ x(lual o o] + [u  ua| Dl do
BS

s

<cf Qu-wl + ol + BV N dore [ (DuP s punde+ T [ DePn @1
Bs B,\Bt Bs

Using the Young and the Poincaré inequality for ¢ on Bs(yo) we estimate the term

c/ ol da < / (es™ %ol + c(e)s™/ =) do < %/B |Dol? da + cs"+20/270), (28)

s s

By combining (26), (27) and (28), we conclude that

fdscgcl/ fd:chc(sft)_Q/ |ufP|2d:c+c(sft)_q/ |U7P|qd1'+c/ gdx
By B\ Bt B, B, B,

for the functions

f |Du — Py|? + |Du — Py,
g = xY9 I (|uo|, |z — zo| + |u— uol)(1 + [Dul?) + |u — ue|® + R*/Z9).

We note that the definitions of f and g do not involve yg or r. “Filling the hole” and applying Lemma 2, with
0 =c1/(1+4c1) <1, results in Caccioppoli’s second inequality

/ fdx < cr_Q/
Br)s B

By means of the Poincaré-Sobolev and Holder inequalities, we deduce, for s = 2,/2 =n/(n + 2) < 1, that

1/s
][ fdec{][ fsdx} +c][ gdz
B,./2(yo) By-(yo0) By-(yo0)

for all B, (yo) CC Br(xo). Invoking Theorem 2 we finally arrive at

1/(14-€) 1/(1+e€)
][ fireds < c][ fdz+c ][ gtteda (29)
B, r(z0) By r(xo) By r(xo)

|u—P|2dx+cr_q/ |u—P|qu+c/ gdz.

T T
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for some exponent 0 < ¢ < ¢ and 0 < u < v < 1. Here the constant ¢ also depends on /v and ¢, and € is the
exponent from Theorem 3.
We next set

— win q0 q" (e —e€)
20 = ((q—l)(2—6)’5’<1+e')<1+e))

for the Sobolev exponent ¢* = nq/(n—q) if ¢ < n, and ¢* € ]0, 0o[if ¢ > n. By the estimate x9/(4=D (L, t) < ct3®,
we have

g<c(R+u— u0|)2“(1 + | Dul?) + |u — u0|‘5.

Then, using the Holder and Poincaré-Sobolev inequalities and Theorem 3 we control the last term of (29) by

1/(1+¢) 20/ 1A
{][ g”%i:c} < c{][ (R + |u — ugl)? dx} {][ (1 + |Du|?)**e dx}
Bur Bur Bur
) 1/(14€") i 2a/q"
+c{][ |u—u0|‘5(1+6)dx} SC(RM—F{][ lu — ugl? dx} )][ (1+ [Du|?) dz
Br Br Br

5/q 14+2a/q
+cR6{][ |Du|qd:c} gcﬁ?a{][ (1+|Du|q)dx} . O
Br Br

Remark 2. In the special case that u € C%!(Q, R"), Theorem 4 is valid with exponent o = /(2 — J) and a
constant c also depending on [|ul| o, gy In order to see this, we estimate the second last term of (26) by

¢ [ Xuolle = ol + [u = w1+ |Duf') Dy + Dl da

s

< c/ RY/C=9 Dy + Dy da < c/ (R*/C=%) 1| Dep|?) da + %/ |Dy|? da.
B Bs

s s

Moreover, for estimate (27) we substitute

IN

/F(x’u,Du—Po)dx /F(IauvDdeJrc/ x([ul, ) (1 + [ Dy|*~ )| Dy| da
By B

+ C/ w(]ul, ¢]) dz +C/ X([uol, [z — ol + |u — uo|)|Dep| dz
Bs Bs
c/ (J|® + R/ (=) 4z
BS

+c/ (|D¢|2+|D¢|q)dm+1/ |Dl? da.
BB, 4 /B,

IN

Setting g = R?%/(2=9) the proof is then already complete with (29).

Corollary 1. In terms of w,, € WH4(B,RY), we have, for 0 <r < 1,

1/(1+4€)
{][ ([Dwm | + A% Dy 1) dz} < e(r).
B,
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Proof. Substituting (6), g = Tm, R = rm, p = r and Py = P, in Theorem 4, and using (4) and (10) yields

1/(1+e)
{} 4w+ 3210wy a:

r

< c(r) f (Dwnl? + X5 Duwl7) 2
B
1+2a/q
+ c(r)\, 22 {][ (14 |Pm + A Dwp |?) dz} <e(r). O
B
4. CONVERGENCE OF THE BLOW-UP FUNCTIONS
For 0 < r <1 and 8 > 0, we define the sets

By (10) and (4), we infer that

Byl < ﬁﬂin/ (] + | Dewm )% dz < =222, = o(1). (30)

Erm

Moreover, by the Holder inequality, Corollary 1 and (30), we deduce

r

1/(14¢€)
[ opuras < { [ oaripuiedsh 10 <o)
In summary,
/ (A2 + AL 2 Du 1) dz < 52 + ofL). (31)
Erm

By choosing for ¢ a test function in Lemma 1 and sending m — oo, we derive

Lemma 4. The function w € WY2(B,RY) is a weak solution of the linear elliptic system with constant
coefficients

div(Epp(zo, uo, Py) - Dw) = 0.

In particular, we conclude that w is smooth.

Proof. We fix ¢ € C°(B,,R™) with 0 < r < 1, and 8 > 0, and we define the functions

Yo = (I'm+7"mza Um+rmpm'z+7"m>\mwm; Pma Amem)a
Yo = Yo+ (0, ridme, 0, A\yDp).

By virtue of (4), (11) and (12), we notice the limits
Yo, Yo — Yo = (20, uo, Po,0) in L*(B,9). (32)
We define the compact set

2)3 = {(I5U7P7Q) € QJ : |u|a |P|a |Q| < 2L+5+ ||(10||W1v°°(B,.)}
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and note that Y;,,(2), Y, (2) € 9g for a.e. z € B, \ E, . Therefore

sup {|G(Yi), |G(Y,)[} < sup |G| = c(B). (33)
BA\Erm RANC]

We claim by Lebesgue’s dominated convergence that

(1 =xB,n)G(Ym) — G(Yo) in LP(B,), (34)
(1 - x5, )G(Ym) — G(Yo)in LP(B,), (35)

for 1 < p < oo, where xg, ,, is the characteristic function of the set E,.,,. Indeed, the left-hand sides of (34)
and (35) are bounded and converge pointwise a.e. on By, by (30), which asserts that xg, , — 0in L'(B,), and
by (32), (33) and the continuity of G. '

We then infer by Holder’s inequality and Corollary 1 that

/ G(Yy) - (Dwpy,, Dwy,) dz — / G(Yp) - (Dwp,, Dwy,) dz
B \Er,m B

e/(14€) 1/(1+e€)
< { / |<1><E,.,7H>G<Ym>G(Yon‘“f”ﬁdz} { / |Dwm|2<1+€>dz}
B, B,

Similarly, we obtain
/ G(V) - (Dwn + D, Dy + Dg)dz = / G(Yy) - (Dwn + Do, D + Dg)dz + o(1). (37)
B \E;m B,

For p € C°(B,,RN) and E = E, ,,,, estimate (20) in combination with (4), (31), (19) and the definition of ¥;,,
and Y, is easily seen to give

/ G(Ym)(DwmaDwm)dZS / G(Ym)'(Dwm+D¢7Dwm+D¢)dz+cﬂi2+0(1)'
B \Er,m Br\Er,m

As a consequence of (36) and (37), we deduce
/B G(Yp) - (Dwp, Dwp,)dz < /B G(Yy) - (Dwy, + Dy, Dw,, + Do) dz + ¢f72 + o(1),
which we write as
0< z/B G(Yy) - (Dwyn, D) d= +/B G(Yy) - (D, D) dz + 3% + o(1).
We conclude by (12), scaling of ¢ and since § > 0 was arbitrary that
0< 2/3 G(Yp) - (Dw, Dy) dz,

and the result follows by replacing ¢ by —¢, and noting that Fpp (o, uo, Po) = 2G(Y)). O
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Lemma 5. We have the limits

Dw,, — Dw in L} _(B,RV*"), (38)

loc
ANa=2/9Dy, — 0 in LL (B,RN*™) (for ¢ > 2). (39)

loc

In the proof we shall make use of the fact that, by Lemma 4, the function w and its gradient Dw are locally
bounded on B.

We fix 0 <s<r<1landp >0, welet ( € C*(B,) be a cut-off function with 0 < ¢ <1 and ( =1 on B,
and we also define the function n = (2 — C2)1/2. We note, since 2 — (2 > 1, that 7 has the same properties as ¢,
i.e. it is a cut-off function n € C2°(B,) with 0 <7 < 1 and n = 1 on B,. Moreover, |Dy| < 2/2|D¢|. Next, we
set ¢ = (%(w — wy,) and we define the functions

(Tm + Tmz, Um + TmPm - 2+ T AW, Poy AmDwn,),
Yo + (0, minAmep, 0, A\ Do),
(Tm, Umy Py Amn(Dwy, — Dw) + A (W, — w) ® D).

SRUFRE
|

By virtue of (4), (11) and (12), we notice the limits
Yo, Yo, Yoo — Yo = (20, uo, Py, 0) in L*(B,9).
We define the compact set
Vs = {(z,u, P,Q) € : [ul,|P|, Q| < 2L +2(1 + B+ [[w, {llyy1.(5,))*}
and note that Yy, (2), Vi (2), Yin(2) € Y for a.e. z € B, \ E,.,,. Therefore

5 (1G], GV, IG(Yin)[} < Sup |G| = c(B). (40)

By the same argument as that for (34) and (35), we show that

(1 =x£,,)G(Ym) — G(Yo)in LP(B,),
(1 =x£,,)GYm) — G(Yo)in LP(B,),
(1 =xg,,,)GYm) — GYo)in LP(B),

SR

for 1 < p < co. Similarly to (36) and (37), we then obtain

/ G(Yrn) - (Dwp,, Dwy,)dz = / G(Yp) - (Dwy,, Dwy,)dz + o(1), (41)
Br\Erm B

/ G(Ym)'(Dwm+D907Dwm+D(p)dzz/ G(Yo) - (Dwm + Dy, Dwm + D) dz + o(1), (42)
Br\Er,m B

/ G (Yrn) - (Dwy, — Dw, Dw,, — Dw)dz = /
Br\Er,m

G (Yy) - (Dwy, — Dw, Dw,, — Dw)dz 4+ o(1). (43)
B,

We now insert ¢ = (2(w — wy,) € Wy?(B,,RN) and E = E,, in (20), for which

Dw,, + Do = (*Dw + (1 — ¢3)Dwy, + 2¢(w — wy,) ® DC.
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By (4), (10), (12), (31), (40), (19) and the definition of Y,,, and Y,,, this easily yields

/ G(Yy) - (Dwp,, Dwp,)dz < / G(Yom) - (Dwy, + D, Dw,, + Do) dz 4 ¢372 + o(1).
B \Er m Br\Er,m

As a consequence of (41), (42), (40) and (12), we deduce

/ G(Yp) - (Dwp,, Dwy,)dz < / G(Yy) - (Dwp, + D, Dwy, + D) dz 4+ 372 + 0(1)
B, B

= / G(Yo) - (¢(Dw + (1 — *)Dwy,, C*Dw + (1 — ¢*)Dw,y,) dz + ¢872 4 o(1),
By
which by (12) immediately implies the key estimate

1imsup/ n*G(Yy) - (Dwpm, Dwy,) dz < / *G(Yy) - (Dw, Dw)dz + ¢ 2 (44)
B,

m— 00 B,

with the function n = ¢(2 — ¢?)'/2. )
According to Hypotheses 1 and 3, Young’s inequality, (18), (19) and the definition of Y;,, we have

v [ (DeP XDl dz < [ Fuf0.0.Dp)ds
B,

T r

<[ G DeDe e [ XD dz,
Br\Er,m Erm

where now ¢ = n(w,, —w). By (31), (4), (12), (43) and (40), this gives

5 Dw,,, — Dw|?> + \92|Dw,, — Dw|%)dz < n?G(Yy) - Dwm—Dw,Dwm—Dw)dz—i—cﬁ%—i—ol.
m

s B,

Thus we infer, using (44) and (12), that

fylimsup/ (|Dw,, — Dw|* + X\72|Dw,, — Dw|?)dz < (1 — 2 + 1)/ n*G(Yy) - (Dw, Dw)dz + ¢ 2.
Bs

m—o0 B,

Bearing in mind that § > 0 was arbitrary we conclude that
m—0Q0

lim |Dw,, — Dw|*dz = 0, lim A;Z,;Q/ | Dw,, — Dw|?dz = 0.
B, m— 00 B,

The last equation implies

m— 00

lim Agﬁ/ | Dw,p, |7 dz = 0,
Bs

and we have shown that (38) and (39) hold. O

Acknowledgements. 1 wish to thank Paul DeStefano for reading the manuscript.
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