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EXISTENCE AND L., ESTIMATES OF SOME MOUNTAIN-PASS
TYPE SOLUTIONS

JOSE MARIA GOMES!

Abstract. We prove the existence of a positive solution to the BVP

(@t)u'(t) = f(tu®), v (0) =u(l) =0,

imposing some conditions on ® and f. In particular, we assume ®(t)f(¢,u) to be decreasing in ¢. Our
method combines variational and topological arguments and can be applied to some elliptic problems
in annular domains. An L., bound for the solution is provided by the L. norm of any test function
with negative energy.
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1. INTRODUCTION

Early since its publication in 1973, the Mountain Pass Theorem of Ambrosetti and Rabinowitz [10] has
provided existence and multiplicity results in Differential Equations as well as a comprehensive perspective of
variational methods. The characterization of Mountain Pass type solutions became itself a subject of interest.
In [5], the multi-peak shape of the solutions to the Dirichlet problem

EAu—u+flu)=0 inQ; v>0inQ andu=0 in Q,

is established as € tends to zero. In the same spirit, Bonheure et al. [3] showed that, for a superlinear elliptic
problem with sign-changing weight, the major contribution of volume of mountain pass type solutions should
concentrate in prescribed regions of the domain as a certain coefficient p affecting the negative part of the
non-linearity tends to +oc0. In the above examples the role played by a parameter as it approaches some limit
is crucial. In [6] the author proved the existence of positive Mountain Pass type solutions to a class of singular
differential equations with an increasing friction term and Dirichlet boundary conditions. In addition, a bound
for the Lo, norm of the solution was provided by the L., norm of any regular function with negative energy.
Our method combined arguments in the direct calculus of variations with phase plane techniques. In fact,
pursuing the nature of the optimal min-max path connecting the origin to some function where the underlying
functional is negative, we were lead to consider a family of minimizers of truncated functionals containing,
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as a particular element, a classical solution to our boundary value problem (BVP). In this work we approach
with similar arguments a more general class of equations that include some elliptic problems in an annulus.
More precisely, we will be interested in positive solutions to

(@®)u' (1) + f(t,u(t) =0, (1.1)

@/(0) = u(1) = 0. (1.2)

By positive solution we mean a C? function u verifying the above equalities and such that u(t) > 0 for all
t € [0,1[. Similar problems have been considered in [1,2,8,9].

2. VARIATIONAL SETTING AND RESULTS

We begin by listing the assumptions on the terms of equations (1.1)—(1.2).
® € C1([0,1]) is strictly positive and we choose m, m > 0 such that, for all t €]0, 1]

0<m<d(t) <m. (2.1)
We assume that
f(t,u)®(t) is decreasing in ¢ for every u > 0, (2.2)
f:10,1] x [0,+00[— R is locally Lipschitz in the variable w, (2.3)
and, for some § > 0,
flt,u) =0 V(t,u) € [0,1] x [0,0] and f(¢t,u) >0 in [0, 1] x ]&, +o0l. (2.4)

The technical assumption (2.4) will be relaxed subsequently to a sub-linear growth near zero. Since we are
looking for positive solutions we assume throughout the paper that f is extended by zero in [0, 1] x |—o0, 0[. The
reader may easily verify that any non-trivial solution to (1.1)—(1.2) with this extension — which we will still
denote by f — should be positive in [0, 1] therefore being a solution of the initial problem. We shall consider the
Sobolev space H C H'(]0,1]) consisting in absolutely continuous functions u such that

1
]| r=/0 W (t)dt < oo, u(l) = 0.

In the sequel we will also refer
lt]| oo := sup{u(t) : t € [0,1]},

the natural norm on the space of continuous functions C([0, 1]).
Note that problem (1.1)—(1.2) may be viewed as the Euler-Lagrange equation of the functional J : H — R
defined by:

1 1
J(u) == 5/ O(t)u'* (t) dt —/ F(t,u(t))dt,
0 0
where F(t,u) = fou f(t,s)ds. We will suppose that .J satisfies the fundamental property:
dh € H : J(h) <O0. (2.5)

Remark 2.1. Property (2.5) can be easily verified if, for some € > 0, f(t,u) > eu® — C for all v > 0 and
t € [0,1], where a > 1 and C > 0.
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We denote M = ||h]|eo. Since
Vw € H, |[w|leo <§ = J(w) >0,

(where § was defined in (2.4)) we have M > . For all M € [6, M |, consider the subset of H
¢y ={u€ H:maxu > M},

and the truncated functional Jp; : H — R,

Tt () = %/O (I)(t)u’Q(t)dt—/O Far(t, u(t)) dt

where
F(t,u) ifu<M
FM(U):
F,M) ifu>M.

Remark 2.2. From the compact injection of H*(]0, 1[) in C([0, 1]) we conclude that €, is weakly sequentially
closed and that Jjs is coercive and weakly lower semi-continuous.

We will be interested 11 the family of minimizers of Jy; in €;;. By Remark 2.2 we know that a minimizer
exists for every M € [5, M ] We also know that:

Lemma 2.3. Let u be a minimizer of Jyr in €y Then

maxu =M and minu = 0.
[0,1] [0,1]

Proof. Given w € €y, let
w(t) = max{0, min{w(t), M }}-
Of course, w € H N &yy. If W # w we have,

/1 d(tyw'*(t)dt < /1 d(t)w'>(t) dt

and ) )
/ Fy(t,w(t))dt = / Fy(t,w(t)) dt.
Then Jy (W) < Jyr(w) which is absul?d and the lemma folcl)ows. O
Given M € [5,M], we define two types of minimizers of Jy; in €.

Definition 2.4. Let u be a minimizer of Jy; in €p;. We say that u is a minimizer of type A if

u € CH([0,1]), u(0) =M, u(t) < M Vt€]o,1].
We say that u is a minimizer of type B if, for some ¢ > 0, we have
u e CH[0,1]), u(t) =M in [0,7], u(t) < M in £, 1] and «/(0) = 0.

Remark 2.5. If u is a minimizer of Jy; in €,/ then u satisfies equation (1.1) in the open set U := u~! (]—o0, M]).
In fact, let v be a regular function with support strictly contained in U. Then, for sufficiently small s, we have,

u+sve €y and u(t)+sv(t) < M Vit € supp(v).
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Since w is a minimizer, we conclude

lir% I (u+ sv) — Jar(u) _ lir% J(u+ sv) — J(u)
§— S §— S

:/ @(t)u’(t)v’(t)dtf/ Ftu(®)v(t)dt =0,
0 0

and the assertion follows. In particular, if v is a minimizer of type A (B), then u satisfies (1.1) in ]0, 1] (]¢, 1[).
If v is simultaneously of type A and B then it is a classical solution to (1.1)—(1.2).

Lemma 2.6. Let u be a minimizer of Jyr in €y, Then w is of type A or B (possibly both).

Proof. Let
t:=sup{t €[0,1] : u(t) =M}
Since H C C([0,1]), we have u (t) = M and we may consider w € H

M ift<t
w(t) =
u(t) ife>t.
Moreover,
1 1
/ Far(t w(t)) dt > / Far(t, u(®)) dt,
0 0
and

/1 D(t)w'> () dt < /1 () (t) dt,
0 0

the last inequality being strict if w # w in [0,¢]. Since Jp(u) < Jp(w), we conclude v = w. If £ = 0, by
Remark 2.5, integrating equation (1.1) between ¢ and a fixed ¢y € ]0,1[, we conclude u € C*([0,1]), being
therefore of type A.

Claim. Ift > 0 then u is of type B.
By Remark 2.5, u € C*([t,1]) and

is well defined, necessarily non-positive. Suppose, in view of a contradiction, that «/(f*) < 0. Choose 6,e¢ > 0
such that u/(t) < —0 for every t € |t,T + €[ and, for € < /2, define the perturbation

ve(t) = (It — ] — ). (2.6)
We assert that, for sufficiently small e,

lim I (u+ sve) — Jpr(u)
s—0 S

< 0. (2.7)

If (2.7) holds, for some s* > 0 close to zero, we have u+s*v. € €y (recall that, by our choice of €, (u+s*v.)(0) =
M) and Jp(u+ s*ve) < Jar(u), a contradiction. In fact, Lemma 2.3 and (2.6) imply u + s*v. < M. Therefore

. JM(U+SUG) — JM(U) o ! < (D - ! u v
limy = [ owuepima- [ feuwudma

s—0 S

t+e t+e
< fo/f o@)dt— | Ftul))v.()dt.

t—e
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Observe that, by (2.1),
t+e
- 9/ O(t)dt < —mbe (2.8)
t
and, for some C' > 0 depending only on f,
t+e
Ftu(t))ve(t)dt > —Ce. (2.9)
t—e

Therefore, by (2.8) and (2.9), we have

Jy(u+ sve) — Jar(w)

lim < —mbe + C€?,
s—0 S
and the claim follows by taking e sufficiently small. O

In the next lemma we prove a necessary ordering relation between type A and type B minimizers of Jys
in Q:M

Lemma 2.7. Suppose that for a certain M € ]O,M} there exist minimizers u and v of Jy; in €py such that u
is of type A and v is of type B. Then u(t) < v(t) for all t €]0,1[ or else u is a classical solution to (1.1)—(1.2).

Proof. Suppose that w is not a solution to (1.1)—(1.2). By Remark 2.5, we have «/(0) < 0. Then u(t) < v(¢) for
all ¢t € ]0, €[ provided e is sufficiently small. Assume, in view of a contradiction, the existence of t* € |0, 1 such
that

w(t*) =v(t*) < M and o' (t*) > o' (t"),
(the case u'(t*) = v/ (t*) is excluded by the Existence and Uniqueness Theorem using (2.3)). Moreover, suppose
that
1t ) 1 1t ) 1
5/@WWWQM—/Eymwmmga/fww%ﬂ&—/fw@wmm, (2.10)
¢ t* t* ¢
and let
o(t) if 0<t <t
vi(t) =
u(t) if t*<t< 1.
Then v* € H and
I (v*) < Jn(v),

i.e. v* is also a minimizer of Jy; in €y;. But this is absurd since v* is not differentiable at ¢*. In case where,
instead of (2.10), we had the reversed inequality we would get the same contradiction by considering:

w(t) if 0<t <t
w(t) = 0
o(t) if t*<t<1.

In the next lemma we establish an important fact concerning the coexistence of type A and type B minimizers
at a same truncating level.

Lemma 2.8. Assume that conditions (2.1), (2.2) and (2.3) hold. Suppose that for a certain M € |0, M | there
exist minimizers u and v of Jyr in Cpy such that w is of type A and v is of type B. Then the minimizer u is a
classical solution to (1.1)—(1.2).
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Proof. Let us prove that v admits an inverse function. By Remark 2.5, we may write

= (00w - [ stsutnas).

Note that, if w(0) < §, then «/(0) < 0 (in case v/ (0) = 0 we would conclude from (2.4), Lem. 2.3 and Rem. 2.5
that u = u(0), contradicting the assumption that v € H). If w(0) > J, (2.4) and Remark 2.5 imply /() < 0
for all ¢ €]0,1]. In both cases we conclude that v/(¢) < 0 in ]0,1]. We may therefore define

ta: [0,M] —[0,1], wuotsa=1tasec C([0,M])NnC*[0,M]),
where T is the identity function. Using similar arguments we may define an inverse function for v(t)
tg: [0,M] — [t,1], wotg=1tge C([0,M])nC (0, M]).
We suppose, in view of a contradiction, that « is not a solution to (1.1)—(1.2). By Lemma 2.7 we have
ta(u) <tg(u) Yu e 0, M].

Consider!

Za [OaM] - Ra U= q)(tA(u))ul(tA(u))a
and

Zp : [0,M] >R, v ®(tg(v))u (ts(v)).
Since u/(0) < 0, (2.1) implies

ZaA(M) < 0= Zg(M). (2.11)
Note that Z4 and Zp are negative in [0, M[. By (1.1), we may write, for u,v € [0, M|,
dZ 4 du dZp dv
i B 4 -2
A = () and - 2L = f(tn(0),0)
. AZs  O(ta(w)) iz O(tp())
u v
%= -2 f(ta(u),u) and —o = —— 2 f(tp(v),v). (2.12)

du Za dw ZB

Claim. Assumption (2.11) implies that Za(u) < Zg(u) for all u € [0, M].

We have Z4(0) # Zg(0). In fact, if Z4(0) = Zg(0), then «'(1) = »'(1). Since u,v € H, the Existence and
Uniqueness Theorem implies u(t) = v(t) for all ¢ € [¢,1]. In particular, (2.11) fails for u = M.
Suppose that, for some u* € |0, M[, we had

Za(u*) = Zp(u®).
We choose u* to be the maximum point satisfying the previous equality. Then

dZ 4 - dZp

(W) <~ (). (2.13)

The equality of the derivatives is excluded by the Existence and Uniqueness Theorem applied to (2.12) and
the fact that Z4(0) # Zp(0). In view of (2.12) and assumption (2.2) (recalling Za(u*) = Zp(u*) < 0 and
tp(u*) > ta(u*)) we have
dZ 4
du
contradicting (2.13) and the claim is proved.

dZp

(W) >—

(u),

L This change of variables is adapted from [7].
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In particular, if u is not a classical solution to (1.1)—(1.2), then Z4(0) < Zp(0) or
u'(1) <'(1) <0.

We conclude the existence of t* < 1 such that u(t*) > v(t*), a contradiction with Lemma 2.7. The proof is
complete. 0

We are now in a position to prove:

Proposition 2.9. Assume that conditions (2.1), (2.2), (2.3), (2.4) and (2.5) hold. Then there exists a positive
solution u to (1.1)—(1.2) such that

[wlloe < lIAlloc
where h was defined in (2.5).

Proof. Recalling our notation M = ||hl|«, let I = [§, M | and consider the following subsets /4 and Ip:
I (Ip)={M € [(5,M} : Jyr has a minimizer in €, of type A (B)}-
By Lemma 2.6 we have I = I4 U Ig. We assert that I4 and Ig are non-empty. In fact 0 € I4 since, as noticed
in Lemma 2.8, if u is a minimizer of Js in €5 and «/(0) = 0 then u = 4, which is absurd.
Claim 1. Ip is non-empty.

Suppose that M ¢ I. In this case, let T be a type A minimizer of J47 in €57 with @'(0) < 0. Let

ft,u) == f(t, min{u,a(t)}).
Define, for u € H, X X
J(u) = %/O ¢(t)u'2(t)dt—/0 F(t, u(t)) dt,

where F(t,u) = fou f(t,s)ds. By (2.5) we have J(u) < 0. Also J is coercive and lower semi-continuous in H
and therefore attains a minimum at some function w € H such that J(w) < 0. In fact

0 <w(t) <u(t) Vtelo,1],

(0 and @ are a pair of well ordered lower and upper solutions respectively) and w is a classical solution to (1.1)—
(1.2) (see for instance [4], Chap. 4, for details). In particular, ||w|« € Ip.

Claim 2. 14 and Ip are closed subsets of I.

Let (M) be a sequence in I4 (Ip) such that M,, — M. Let u, be a corresponding sequence of type A (B)
minimizers of Jys, in €7 . Since (u,) is bounded in H we may extract a weakly convergent subsequence (still
denoted by u,,) such that

Up, = uwin H and wu, — u in C([0,1]).

We assert that u is a minimizer of Jy; in €. In fact, by Lemma 2.3,

b [ Fy (s (t) d = lim lF(t,un(t))dt:/1F(t,u(t))dt:/1FM(t,u(t))dt
0 0

and

1 1
/ B(t)u(t) dt < lim inf / ()2 (t) dt,
0 n—oo Jo

we conclude

Jy(w) < liminf Jyy, (up).

n—oo
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However, if we set w,, = (M,,/M)u, we have w,, — u in H and w,, € €y, , for all n € N. Therefore

and

for all n € N. We conclude

Jy(u) < lminf Jyg, (uy,) < limsup Ja, (u,) < lim Jay, (wy) = Iy (w),

n—oo n—00 n—oo
or

lim Jas, (un) = Jar(uw).

n—oo

If, for some u* in €7, we had Jys (u*) < Jpr(u) then, for sufficiently large n, we would obtain

I, (wy,) < I, (un),

where w? = (M,,/M)u*, and the assertion follows.

Note that so far we have just used the fact that wu,, is a sequence of minimizers. It remains to prove that
the limit function u is of type A (B). If (u,) is a type A sequence, we may suppose, up to a subsequence that
Up — u in Lo and (1.1) is verified for all w, in ]0,1[. We conclude that w satisfies (1.1) in ]0, 1], being in
particular of type A. In case of a type B sequence, the L..,-convergence argument above insures that

/ /!
U, — u'.
H1

Then, up to a subsequence,

Up — U.
Cl

In particular we have v/(f) = 0, where
= max{t: u(t) = M},

and the claim is proved.

We conclude, since [ is connected, that 14 N Ip # @. By Lemma 2.8 it implies the existence of a classical
solution u such that maxu € I4 N Ig. O

In the next result we relax condition (2.4) using a standard approximating technique.

Theorem 2.10. Suppose that f(t,u) is locally Lipschitz in the variable v and
0< f(t,u) < pu+ KuP  for (t,u) € [0,1] x]0, +o0[ (2.14)

for some p>1, K >0 and p such that, for all u € H,

) / LGt dt < (m - Ollull,

where m > € > 0. Also assume (2.1), (2.2) and that condition (2.5) is fulfilled for some non-negative h € H.
Then there exists a positive solution u to (1.1)—(1.2) such that maxu < ||A| -
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Proof. We may suppose that f is bounded above by ||h]|oo. Consider the following translation of the nonlinearity:

fs(t,u) = f(t, (u—10)4),

where uy := max{0,u}. Observe that assumption (2.2) is verified by f5 for all 6 > 0 as well as the right
hand-side of (2.14) for the same constants K and p. Also (2.5) is satisfied for all the functionals

1

Ts(u) := 5 /O () () dt — /O Fs(t,u(t)) dt,

where Fj(t,u) = fou fs(t, s)ds, provided ¢ is small. We may therefore apply Proposition 2.9 and conclude the
existence of a solution us to

(@(t)us’ (1)) = fs(t,us(t), us(0) =us(1) =0, [luslloc < [[hlloc- (2.15)

Since us is a critical point of Js, H is continuously embedded in LP*'(0,1) with p > 1, we have, by (2.14) and
classical estimates, for some K7 independent of ¢,

ml|us]|? S/O GI>(t)’u32(t)dt:/0 fo(t,us(t))us(t) dt

1 1
gp/ u52dt+K/ s [P+ dt < (m — €)|[us||? + K1 [[ug | (2.16)
0 0

We conclude, for k* = (e/Kl)ﬁ,

|us|] > k* > 0,
for all sufficiently small §. Consider a sequence d,, — 0 and the corresponding sequence u,, of solutions to (2.15).
Noting that (||u,||) is bounded, we may consider a subsequence (still denoted by (u,,)) and u € H such that

Up, =~ uwin H and wu, — uin C([0,1]).

Then,
1

1 1
/ F(t,u(t)u(t) di = Jim / o (6 () ()t = T [ (et 2(0) e > mik,
0 n=0Jo n=0Jo
i.e. u is non-trivial. Standard arguments now insure that u is a classical solution to (1.1)—(1.2) with |lu]e <
[172]] -

Remark 2.11. Instead of (1.2) we may consider the more general boundary conditions
u'(r)=u(R)=0 (r<R),

and obtain an equivalent version of Theorem 2.10 with obvious adaptations.

Remark 1. Some type of condition near zero like (2.14) is necessary, as one may deduce from the following
example. Consider the existence of a positive solution to the BVP:

™

u" + 2N - 1)2u=0 o (5) =u(r) = 0.

As the reader may easily verify, all conditions of Theorem 2.10 are fulfilled except (2.14), provided A is sufficiently
large. If A € N there is an infinity of solutions all multiples of sin((2A — 1)¢) functions. If A ¢ N the previous
BVP has no solution.
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Finally we apply our results to an elliptic problem in an annulus.

Corollary 2.12. Let Q := Br\B, C RY, where 0 < r < R and By, is the N-dimensional Euclidean ball of
center 0 and radius L. Consider the following BVP:

~ Bu=g(loluw) in (2.17)
ou
u=0 on OBr and e 0 on 0B,. (2.18)

In view of Remark 2.11, suppose that, for ®(t) = tN=1, the function
ft,u): [, Rl x [0,00] = R, (t,u) — t" " g(t,u)

satisfies (2.2)—(2.5) as well as (2.14). Then there exists a radial symmetric positive solution u to (2.17)—(2.18)
such that ||ullso < ||h]lco, where h is defined in (2.5).

Proof. Observe that a positive radial symmetric solution to (2.17)—(2.18) can be obtained as a solution of
(V' (@) + Y gt u(t) =0, w'(r) = u(R) =0,

and apply Theorem 2.10. O
Remark 2.13. We may apply the previous results to the BVP:

—Au = exp(—L||z|)u? in Q,

u=0 on 0Br and %:0 on 0B,
n
provided L is large and p > 1.
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of the manuscript.
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