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EXACT CONTROLLABILITY OF A MULTILAYER RAO-NAKRA PLATE
WITH CLAMPED BOUNDARY CONDITIONS

ScorT W. HANSEN! AND OLEG IMANUVILOV?

Abstract. Exact controllability results for a multilayer plate system are obtained from the method
of Carleman estimates. The multilayer plate system is a natural multilayer generalization of a classical
three-layer “sandwich plate” system due to Rao and Nakra. The multilayer version involves a number of
Lamé systems for plane elasticity coupled with a scalar Kirchhoff plate equation. The plate is assumed
to be either clamped or hinged and controls are assumed to be locally distributed in a neighborhood
of a portion of the boundary. The Carleman estimates developed for the coupled system are based on
some new Carleman estimates for the Kirchhoff plate as well as some known Carleman estimates due
to Imanuvilov and Yamamoto for the Lamé system.
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1. INTRODUCTION

The classical (three-layer) “sandwich plate” (or sandwich beam) is a model for a plate structure (or beam
structure) consisting of two relatively stiff outer layers which “sandwich” a much more compliant central layer.
Some of the better-known sandwich beam models to be found in the engineering literature include the models of
Mead and Markus [19], DiTaranto [2], Rao and Nakra [20]; also see Sun and Lu [23] for history and comparisons
of the models.

In Hansen [3] several multilayer generalizations of the classical sandwich plate models consisting of alternating
“stift” and “compliant” layers are derived. These models fall into two general types. In the case that all the
kinetic energy (in-plane, transverse and rotational) is accounted for in the stiff layers, a generalization of the
Rao-Nakra model is obtained. In the case that only transverse kinetic energy is accounted for, a simpler model
(see also [4]) is obtained which can be viewed as a generalization of the Mead-Markus model.

In this article we prove exact controllability with locally distributed controls (in a region to be specified,
sufficiently large) for the system (2.12), referred to as the “thin compliant layer Rao-Nakra model with shear
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1102 S.W. HANSEN AND O. IMANUVILOV
damping” in [3]. In the special case of only three plate layers the model under consideration is the following:
mo2w — aly 2w+ KAZw — hdiv,: (Gos? + Godyys?) = fs

hlplé)iovl — 12h1D1L1 L G282 — ég@xOSQ = {fll, f21} in Q % (0, OO) (11)
h3p38§0v3 — 12h3D3L31)3 + G252 + GgamOSQ {ff’, f23}

In the above, and throughout the paper we use xy to denote the time coordinate, while 2’ = {x1, x2} refers to the
spatial coordinates. The variable s? = {s?, 3} represents the shear in the second layer and is defined in terms
of the transverse displacement w and in-plane displacements v! = {v},v3}, v3 = {v} ,v3} (of the first and third
layer, respectively) by

3 1
2 = L7 +h1+2h2+h3Vyw; Vow=( Op,w, Ozw ).
ha 2ho

The symbols L?, i = 1,3 represent the stationary Lamé operators of plane elasticity for the ith layer and other
parameters appearing (m, a, K, h;, Gy, Gy, D, h= (h1 4 2hse + hs3)/2) are various (positive) physical constants
(see Sect. 2).

Various boundary conditions may be specified on I' = 9€). Here, we consider two types of boundary condi-
tions: clamped and hinged. In the case of clamped boundary conditions, one has

Oiw=w=0, v'=v>=00nT x (0,00), (1.2)

where Oz is the derivative operator in the outward normal direction along I, 77 is the outward unit normal. In
the case of hinged boundary conditions, one has

Rw=w=0, v'=v>=00nT x (0,00) (1.3)

(where operator 92 denotes the second derivative in 7 direction).

We prove the exact controllability of the system (1.1) with clamped (1.2) or hinged boundary conditions (1.3)
using controls f3, f! = {fi, f4} and f2 = {f}, f3} which are supported on a set w C € that may be arbi-
trarily small in measure, but satisfies certain geometric conditions related to the existence of an appropriate
pseudoconvex function.

Actually, we prove this exact controllability result for the more general multilayer system (2.12)—(2.14).
(See Thms. 3.1 and 3.2.) For simplicity, the model we consider is described for the case of constant coefficients,
however, all our estimates used in this paper allow for smoothly varying (in time and space) coeflicients. Precise
statements of the main results are given in Sections 3 and 4.

Concerning previous controllability results for layered beam and plate systems, the moment method was used
in [5,22] to obtain exact controllability results for three-layer Mead-Markus beam and the multilayer Rao-Nakra
beam, respectively. In [21] exact controllability of a three-layer Rao-Nakra beam was proved using the multiplier
method. To our knowledge, the results of this paper are the first exact controllability result for a layered plate
system.

On the other hand, there is an extensive literature on the topic of exact controllability of the classical
(single-layer) plate systems, where classical multipliers are applied. As our system (1.1) resembles the Reissner
plate system, we mention in particular the work of Lagnese [13], Lagnese and Lions [14], where boundary
stabilization and exact boundary controllability results for the Reissner plate are obtained. For the Kirchhoff
plate we mention [12,14,15].

Our method is based upon application of Carleman estimates. The system (1.1) (and also the more general
system (2.12)) consists of a Kirchhoff plate (the first equation in (1.1)) coupled with a number of (dynamic)
Lamé systems for planar elasticity (the second and third equations in (1.1)). As the coupling between the
subsystems is of low enough order as to not present a serious difficulty, the main technical issues we must
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overcome are (i) observability/Carleman estimates for Lamé systems, (ii) observability/Carleman estimates for
the Kirchhoff plate.

While there is an extensive literature on application of Carleman estimates to controllability problems for
scalar-valued partial differential equations (see e.g. [24]), much less is known for systems of partial differential
equations coupled through principal terms, as is the case in Lamé systems. Carleman estimates for the Lamé sys-
tems are obtained with the use of recently derived Carleman estimates due to Imanuvilov and Yamamoto [9-11].
(See Lems. 4.2 and 4.3.)

Up to principal terms, the first equation in (1.1) is a Kirchhoff plate:

moz,w — a2 w+ KAZw = f3 in Q x (0, 00) (1.4)
where w satisfies the boundary conditions in (1.2) or (1.3). This PDE has double characteristics and this
prevents standard application of Carleman estimates due a loss of one order of the power of the large parameter
(s in our paper). Much of the effort of this paper is directed overcoming this difficulty through a careful analysis
of the factorization of the principal symbols associated with (1.4).

Our Carleman estimates for (1.4) are given in Lemmas 4.5 and 4.8. As a consequence we also obtain
controllability results for a Kirchhoff plate which are stated in Corollary 3.1.

A difficulty of dealing with equation (1.4) might be easily observed from the following fact. The principal
part of equation (1.4) can be obtained from the hyperbolic analog of the (nonlocal) Stokes system

2 y—K'Ay+Vp= f, divy=0

by introduction of the stream function w; y = (Op,w, —0y, w).

This paper is organized as follows. In Section 2 we describe in detail the multilayer sandwich plate system
and provide some well-posedness results and a-priori estimates. In Section 3 we state the main controllability
results. Section 4 contains the proof of the main results and associated observability estimates. An appendix is
included to provide detailed proof to several technical results.

2. MULTILAYER SANDWICH PLATE MODEL

2.1. Mathematical notations

Throughout the paper we assume the following notations: €2 denotes a bounded domain in the plane with
the boundary I' = 99 of regularity C*; 05 denotes the derivative in the direction of 7, the outward unit normal
to 2 and 8% denotes the second normal derivative. Likewise 0,;, is the derivative in the tangential direction
along T'.

We use the rectangular coordinates @’ = {x1, 22} to denote points in  and x denotes the time coordinate;
x = (xg,2") generally denotes points in (0,00) x . In addition, V = (s, Ouy, Ozy)s Var = (Ony,0y), Dgr =
02 + 02, etc. If A and B are operators then [4, B] = AB — BA stands for the commutator of these operators.

xr2)

We also denote D = (Dy,, Dy, Dyy); Dy = 205, (i =+v/—1, k=0,1,2).

2.2. Model description

The model under consideration is referred to as the “thin compliant layer Rao-Nakra model” in [3]. For the
purpose of defining physical constants and expressions for energy, we give a summary of the derivation of the
equations of motion. See [3] for a detailed derivation.

The multilayer sandwich plate is assumed to consist of NN = 2M + 1 layers of alternating “stiff” and
“compliant” plate layers that occupy the three-dimensional region Q x (0,h) at equilibrium. The layers are
indexed from 1 to A, consecutively, with odd index k € O = {1,3,..., N} for stiff layers and even index
ke &y =1{2,4,...,2M} for compliant layers.
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As is typical in plate theories, it is assumed that the transverse displacement is independent of x3, the
transverse independent variable. Thus we may use the scalar w(zg,z’) to denote the transverse displacement
at the point 2/ € Q. We let v* = {v¢,vi} i =1,2,..., N denote the in-plane displacements along the mid-plane
of the ith layer.

It is assumed in that each layer has a uniform thickness and all the layers are bonded to one another so that
no slip occurs. The Kirchhoff hypothesis applies to the stiff layers (i.e., normal sections remain normal during
deformation) while the compliant layers allow shear. In either case the in-plane displacements are assumed
to vary linearly as a function of the transverse coordinate, with no extension or contraction in the transverse
direction. It follows that any displacement is completely determined by specification of the state variables w
and v, i € Oy

If § and ¢ are r x k matrix-valued functions defined on 2, by (') - £(2") we mean the scalar product in R"*.
We also denote

(0,6) 150 = / 0-€dr (0.6 = / g-gar,

Let JJ(Q, eglk) denote the stress and strain tensors for the ith layer. It is assumed that each layer is transversely
isotropic, with the axis of isotropy normal to the surfaces. Let E; > 0, v; (0 < v; < 1/2), G; > 0 denote the
Young’s modulus, Poisson ratio and transverse shear modulus for the ith layer One can derive the two-

dimensional stress-strain relations as in e.g., Lagnese and Lions [14], assuming os. 3) to be negligible. Then one
obtains for i = 1,2,..., N:

i Ez i i i Ez i i i L; i
ol = ol +ued), o = (el ), ol = e (2.1)

1-— 1/Z — 1/Z 1+vy 12
As Kirchhoff assumptions apply to odd layers, for i € On we have 612 = eg 4 = 0. Viscous damping due to

shear is included in the compliant layers:

o) = 2G;el) + d—2G1 ) k=1,2 ieéy, (2.2)

where G; is the modulus of transverse shear viscosity.
Define the form ¢” (0 < v < 1/2) for functions 6(z') = {61(z'), 02(2’)} by

CO:0) = (0000,0000) o+ (0002,000) | (v0000,0080)
+ (uaxlel, aQL.QéQ) (2.3)

+ ((152) (Ors01 + 02,02) , (D01 + 0,,02) )

L2(Q) L2(Q)

Using the previously described displacement assumptions (more precisely (2.1)—(2.4) of [3]), small strain
assumptions for displacements ((2.6) of [3]) stress-strain relations (2.1), (2.2), and the Rao-Nakra modeling
assumption that the in-plane inertia and bending stiffnesses of the even layers are small (negligible) in comparison
to those of the surrounding odd layers ((3.9) of [3]), one obtains the following expressions for the resulting kinetic
energy £, and potential energy Ep, for the ith layer:

) = 3 o dpihil0uow]? + 0| Vs Opgw|? + pihi|0g (v)[?}da’ i€ On
3 Jo pihilOzyw]? da’ i€ &y
) - { L[ (W3 DV pw; Vw) + 120% (h; Div'sv')y da! - i € O
o 3 Jo Gihilsi|? da’ i€ En.

In the above, D; = E;/12(1 — v?), a; = p;h3/12 where h; > 0 the thickness (assumed constant), p; > 0 the
volume density, all for the ith layer. For simplicity we assume the layers are homogeneous, hence D;, F;, v; are
assumed constant in each layer. (The shear coefficients G; and G; and densities p; can vary spatially.)
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The variable s; is the shear of the ith layer which is a linear combination of the state variables {vo,w},
defined in (2.4) below.
Define the following matrices:

ho = diag(h}ah%a"wh./\oa hg = diag(h2ah4a"'7h./\/fl)a
Do = diag(DlaDB;-"7DN)a PO = dlag(plapia"'ap/\f)a
GE = diag(Gg,G4,...,GN_1), GE = dlag(GQ,G4,...,GN_1).

Also define Tg € RM and Tp € RM*! as the column vectors consisting entirely of 1’s.

Let vo denote the (M + 1) x 2 matrix with rows v*, i € Opr. Likewise, let sp and sg denote the matrices
with rows s, i odd and even, respectively. Since the Kirchhoff hypothesis applies to the odd layers, so = 0.
Using the displacement assumptions it is possible to solve for sg in terms of vo, Vw:

hpsp = Buo + hgNVew; N =hptAholo + 1g, (2.4)
where A = (a;5), B = (b;;) are the M x (M + 1) matrices defined by

2 itj=ierj=itl [ (ST i j=iorj =i+l
Y10 otherwise Y10 otherwise.

Also define
lo(vo, o) = Z (0" 0").
1i€ON

Collecting the energies one finds that the total potential and kinetic energy may be expressed as
EK(:L'O) = C(azovo, azow; azovov aﬂﬂow)/Q gp(l‘o) = a(’Uo, wivo, ’LU)/2,
where ¢(-;-) and a(-;-) denote the bilinear forms

c(vo, w; o, w) = (mw, )20 + ((Pohd J12)1oVw, 1oV, D) 2() + (hopovo, 10) L2 ()
= (mw, ) 2() + (aVerw, Vo) 2(q) + (hoPovo, 90) L2(),

a(’Uo,w;ﬁo,’Lf}) fo(hODolov WS 1ov o) + 12€O(hoDoUo,’Uo) (GEhESE,§E)L2(Q)
ED(KV rw; V /w)+12fo(hoDoUo,Uo) (GEhESEagE)L2(Q)7

where sp and §p satisfy (2.4), and

N
i=1

i€On i€On i€On

Let us assume the plate is clamped on a portion I'y of the boundary I' and simply-supported on the com-
plementary portion I';. We also consider the possibility of transverse and in-plane forces distributed on a
subdomain w of €.

The conservative equations of motion are easily obtained from the energy using Hamilton’s principle. The
equations of motion with damping (2.2) can then be included through the correspondence:

0
Gg —Grp:=Ggp+Gp——
8IQ
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One obtains the following variational differential equation:

(md2,w,0) 12(0) + (V4 02w, Vard) 12(0) + (hoPoda, v0, 10) 12(0) + £ (KV prw, Varib)

+ 120p(hoDovo, 90) + (hpGrsEk, hElBﬁo + NVp)r2(q) = W({vo,w}) = /(ﬁ}f3 + 90 - fo)da'.
w

(2.6)
In the above, f5 is the (scalar) transverse applied force in w and fo is the net in-plane force acting on the odd
layers in w. (fo has rows f' = {fi fi},i=1,3,5,...,2M + 1.) See [3] for a detailed description of the forces.
The test functions w, 0o are assumed to be compactly supported with respect to time (), have dimensions
matching w and vo respectively, and satisfy the satisfy the clamped boundary conditions on Iy (i.e., 0o, W and

its outward normal derivative dzw vanish on I'g) and on I'y, @ and 9o vanish.

2.3. Existence, uniqueness of solutions

Define the spaces

HY () {we HY Q) :w=0onTy}
H%O(Q) = {weHj(Q):0,,we HE (Q), i=1,2}
LQ(Q) = {y={y1,y2} :yi€L2(Q)a i:1a2}’
HY(Q) = {yeL*Q):0,yecl?Q),i=1,2}
H)(Q) = {yeHY(Q): y=0onT}
Ly(Q) = {vo=(v)), i=1,3,5...N, j=1,2:v} € L*(Q)}
HL(Q) = {voeLi(@):vie H'(Q)}
H, () = {voeHLHQ): vo=0o0nT}.

When I' = Ty, H{EO(Q) = HF(Q), k =1,2. In the case Q is replaced with another set, appropriate adjustments
to the above definitions will be assumed.
The energy space is V x H, where

V=Hp,o(Q) x HE (Q),  H=L3(Q) x Hy(Q).

Define ~
b(’Uo, w5 ’ﬁo, 121) = (GhESE, §E)L2(Q)7
where sg is defined in terms of vo and w by (2.4) and §g is defined in terms of 9o and @ by the same equation.
The variational formulation of the initial boundary value problem corresponding to (2.6) with clamped
boundary conditions on I'g and simply-supported boundary conditions on I'y is the following:
Find y = {vo,w} such that

y € C([0,T],Y)nC'([0,T], H) (2.7)

c(02,9:9) + b(0soy:9) + aly;9) = W(G)  V§ = {vo,w} €V (2.8)
(in the sense of distributions on (0,7"))

y(0,-) = 3° given in V, 02,4(0,-) =y given in H. (2.9)

For simplicity, we assume all coefficients appearing in (2.8) are time-independent, positive and continuous on €,
with thicknesses h;, stiffnesses D; and Poisson ratios v; constant in each layer. The forces fs, fo in the definition
of W are assumed to be in the class L?(Q) and L2(0,T; (H*(2))*), respectively, where (H'(2))* denotes the
dual space to H(Q).

We also assume 9Q = I'o UT'1, where o NI’ = 0.
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Using [3], standard variational theory (e.g., [1]) and regularity results of Lasiecka and Triggiani for the
Kirchhoff plate [16]), one can prove the following.

Proposition 2.1. Suppose that y° € V, y' € H, f3 € L*(0,T;(H'(Q))*), fo € L*(0,T;L%/(Q)). There exists
a unique solution to (2.7)—~(2.9). Furthermore, there exists C = C(T) > 0 such that for each xo € [0,T)

I{y(@o, ), 0wy (o, Hivsre < CLUIY v + 1y 12 + I fsll 20,750 ) + ol 20,702 ) }-

2.4. Boundary value problem

Define the Lamé operator with parameter v by L”(D)¢ = {LY(D)¢, L5(D)¢} by

Llf(D)¢ = ax1[8m1¢1 + Vax2¢2] + 6:82[(1771/)(8@(?)1 + 6x1¢2)] = %Aa"(bl + HTyazcl(diV:c’ ¢)a

2.10
LE(D)(b = 6:82 [8x2¢2 + Vax1¢1] + 6:81[(%)(81‘#)2 + 6x2¢1)] = %Am/(m + HTyazcz (divx’ ¢) ( )
Also define the boundary operators B (D)¢ = {BY(D)(¢1, ¢2), BY (D)(¢1,¢=2)} by
BT(D)((blaQSQ) - [(811¢1n1 +Va$2¢2n1)+ (1;_1/) (812¢1 +a$1¢2)n2:| )
BS(D)((blaQSQ) - [(812¢2n2+1/a$1¢1n2)+ (1;_1/) (811¢2+az2¢1)n1] )
where 77 = (n1,n2) is the outward unit normal vector to T.
The following Green’s formula is valid for all sufficiently smooth ¢, ¢:
"(¢,9) = (BY(D)¢, &) p2(ry — (LY (D), 0) 12 (- (2.11)

For the function £ = (E;) (1=1,3,5,...,N, j =1,2) define the matrices Lo(D)¢ and Bo(z, D)¢ by
(Lo(D)§)ij = (LY(D)E),  (Bo(D)E)i; = (By'(D)§"),  i=135.... N, j=12.
Assume that w0 is a sufficiently smooth function that vanishes along with its gradient on I'y. The equations

of motion can be found using the Green’s formula (2.11) and integrations by parts of (2.6). One obtains the
following:

2 w— a2 w+ KA2w —div, NTh =
et Ygata(Dyo s Brgees = £} mOx©e) @)
where sgp = h;levo + NVyw, Ggpsp=Ggsg+ GE&EOSE
Zw= 0} on I'y x (0, 00), (2.13)
Ozw = 0 } on I'y x (0, 00), (2.14)
w=0, vo =0} on I' x (0,00). (2.15)

Appropriate initial conditions compatible with finite energy solutions are of the form
{vo(0,-),w(0,)} = {0, w’} givenin V, {9,,00(0,-),dpw(0,)} = {v,w'} given in H. (2.16)

Since we will need to refer to the literature on two-dimensional Lamé systems, it will be convenient to
express the operators LY and boundary operators BY in terms of effective 2-dimensional Lamé coefficients
ME,v), u(E,v). The three-dimensional Young’s modulus E and Poisson’s ratio v are related to the effective
two-dimensional Young’s modulus E and Poisson’s ratio v by

5 E v
A

(2.17)
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and these are related to the effective 2-dimensional Lamé parameters A, p by

= u(2p+3N) _ A
P 7 _ _ 2.18
N+ "Ta0 ) (2.18)

Since £ >0 and 0 < v < 1/2, it follows from (2.17) that 0 < 7 < 1/3 and E > 0.
Henceforth we let \; = MN(E;, v;), u; = p(E;, v;) denote the effective (2-dimensional) Lamé coefficients for the
ith layer. Using (2.17), (2.18), one finds

12D;L" (D) = Ei SLY(D)p = (\i 4 20) LY (D) = t1ihurd + (i + 1) Vi divs . (2.19)

71/1‘

In terms of two-dimensional Lamé parameters, the boundary operator B”(D) can also be written as
(A+2u)B"(D)p =By u(D)p = (n1011 + n2021,n1012 + N2022), (2.20)
where 7 = (n1,n2) is the unit normal vector on I" and
Ojk = A0jdiver ¢ + p (9, &5 + Ou, di) ; (0;; = 1if i = j and 0 otherwise).

Remark 2.1. The system (2.12) in the case M = 1 becomes the system (1.1) in the introduction. In this case
the various matrix quantities involved are

A=(4% 1)), B=(-1 1), ho = diag (h1, hs3), hg = ho,
— - — — — h 2h h
i (1) Tp=1, N:hglAho1o+1E:1+Tz+3,

Do = diag(D1, D3), po = diag (p1, p3), Gp =Gz, Gg =G,

m = p1h1 + paha + pshs, o= (p1h + pshi)/12, K = Dih} + Dshi, Gghp = Gahs.
1

1,1
The state variables are w and vo, where vp = 53 = ( zé z% ) . The operator Lo is defined by
TR

[ LDyt \ _ [ LDyt Ly (D)ol - .
Lo(D)vo = ( L5 (D)o? ) = ( L%(DWw? LE(Dy? ) where LV is defined in (2.10).

3. STATEMENT OF MAIN RESULTS

In this section we describe our main controllability results. For simplicity, we consider the cases of clamped
and simply-supported boundary conditions separately. In the clamped case, I'1 = () and I' = T’y and in the
simply supported case, I'g = ) and I = I';. In either case, we assume the control is locally distributed on the
subdomain w C €.

3.1. Controllability problem
Denote Q = (0,T) x 2, Q, = (0,T) X w and ¥ = (0,T) x I.
The equations (2.12), (2.13), (2.14) with (fs, fo) replaced by (fs + g3, xwfo + qo) become
P1(D)(w,vp) = m@%ow — an/agow + KA2w — divy NThpGrsp = f3+q3in Q, (3.1)
PQ(D)(w,vo) = hopoazovo — 12hoDoLo(D)”l}o + BTgESE = Xwfo+qo in Q,
where sgp = h;levo + vi/w, Oesg = Ggsg + GE&EOSE.
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Clamped boundary conditions are given by
vo =0, w =0, Omw =0 on X. (3.3)
The initial conditions are
vo(0,) = v, 0z,v0(0,-) =v1, w(0,-) =wp, Opw(0,-) = wy. (3.4)

Here f3 and fo are the locally distributed boundary controls over the subdomain w C €.
We consider the following controllability problem for the system (3.1)—(3.4): Find controls (fo, f3) supported
in Q, such that at time T" the solution {vo,w} to (3.1)—(3.4) satisfies

UO(Tv ) - aﬁovO(Tv ) - U)(T, ) - aﬂ:ow(Tv ) =0. (35)
In the case of simply supported boundary conditions, (3.3) is replaced by
vo =0, w =0, 02w =0 on Ty x (0,T). (3.6)

3.2. Exact controllability results
In order to formulate our results we need to introduce some notation. Let

2

p(a,€) = aoo(2)€5 — Y aij(2)&&;

i,j=1
be a symbol for a second order hyperbolic differential operator with coefficients a;; € CH(Q). Also let {p,q}

denote the Poisson bracket for symbols p, ¢:

2

{p, q}’ = Z(aﬁkp)(axkq) - (6$kp)(6§k q)-

k=0

Definition 3.1. We say that the function ¢ € 02(Q) is pseudoconvex respect to the symbol p(z,§) if for all
£ € R3\ {0} the following inequalities hold:

(1) {p. {p, ¥} }(w,€) > 0 for all w € QN Qo such that p(z,€) = (92(2,€), V()
(2) {p(z,& —isV(x)),p(z, & +isV(x))}/2is > 0 for all z € Q \ Q. such that

=0,
R3

p(z, & +1sVi(z)) = <g—§(ﬂ%§ +isVi(x)), vw@;)) =0.
R3

Assumption A. There exists a function 1(x) for which (i)—(iv) below hold.
(i) v is pseudoconvex respect to the following symbols

L@+ (37)

pi€s — 6D; (1 — ;) (62 + €3), pi€s —12D;(63 +&3) (i € On); & —

and

Vap(z) #0 Vo € @\ Qu. (3.8)
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(il) For all z € (0,T) x (T'\ Ow) the following hold:

Oap < 0, (3.9)
: Hhi B VHiNV A i .
\/f71|3z01/)| < \/m|atanw| + \/m |<9n1/1| 1€ Oy, (310)
pi(02)? — il Ve < 0 Vo € (0,T) x (T\ dw) i€ Oy, (3.11)

where p; = Gﬁi(l — i), Ni +2u; = 12D; and Oyzy 18 the tangential derivative on I'.
(iii) There exists a moment T € (0,T) such that

inf (r,2’) > max<{ sup P(T,z'), sup (0,2') ;. (3.12)

' eQ\w ' €EQ\w ' €Q\w

(iv) _
Oro0(0,2") >0 Opy(T,2") <0 Va' € Q. (3.13)
Lemma 3.1. Let ¥ ¢ Q, the subdomain w taken such that {x' € O : (ii,2' — F)ge < 0} C Ow. Let vy € (0,¢)
where . R
, {K 12D; 6D,(1 yi)}
¢= min { —, , .
i€ON | ' py Pi

Then function ¥(x) = —y(xg — %)2 + |o" — %|? satisfies Assumption A provided that T is sufficiently large and
v s sufficiently small.

Proof. In [7] it is is shown that the function ¢ (x) is pseudoconvex respect to the symbols

N . K
pis —6D;(1 — 1) (& + &), pi&d —12D5(6§ +&3) (i€ On); & — E(ﬁ% +&).

Since 7 is taken outside of 2 the gradient of ¢ is not equal zero on Q. From the choice of 1) the inequalities (3.13)
follows immediately. And (3.9) follows from the fact that {2’ € 9Q : (7,2’ — &)z <0} C Ow.
In order to have (3.12) we take T such that

2
y— >d; —dy, dop= min |2/ —F|?, d; = max |2/ — F|°.
4 z/eQ\w ' eQ\w

Moreover taking v =€, T = ¢~ we still have the previous inequality satisfied for all sufficiently small positive €.
On the other hand

Supm€Q|aaz0w(m)| < 46%
and hence (3.10) and (3.11) are valid for e sufficiently small. This completes the proof. O

Our main controllability result for case of clamped boundary conditions is the following:

Theorem 3.1. Let vy € HlO,O(Q)v V1 € LQO(Q)awo € HOQ(Q)awl € HOI(Q)a qgo € L2(Q); q3 € L2(0aT; (Hl(Q))*)
Suppose that there exists a function v which satisfies Assumption A. Then there exist controls fo € LQO(QW),
f3 € (HYQ))*; supp f3 C Qu,, such that there exists a solution {vo,w} to the problem (3.1)—~(3.5) with

vo € L*(0,T;Hp (), Ozyv0 € L*(0,T5L3 (1)),
w € L*0,T; H3(Q)), Opyw € L*(0,T; H} (Q)).

For the case of simply supported boundary conditions our main controllability result is the following:
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Theorem 3.2. Let v € H{(Q), vi € L2(Q), wo € H2(Q) N HL(Q), w1 € H () and assume Assumption A
holds. Then there exist controls fo € L5 (Q.), f3 € L*(Q.), such that there exists a solution {vo,w} to the
problem (3.1), (3.2), (3.6), (3.4), (3.5) with vo € C°([0, T); H(Q)) N CY([0,T]; L (), w € CO([0,T); H*(Q) N
Hy(Q2)) N CH[0, T]; Hy (%))

Both theorems follow from Hilbert’s Uniqueness method (Lions [18]) using observability estimates that we
derive in the next section.

As a consequence of Theorems 3.1 and 3.2, analogous controllability results can be stated for the Lamé
systems and the Kirchhoff plate. For the case of the Kirchhoff plate equation (1.4), with the initial conditions

w(+,0) = wo, Orow(-,0) = wy, (3.14)

we have the following controllability results.

Corollary 3.1. Assume that T and w C Q satisfy Assumption A. (That is, there exists a function ¥(x) which
is pseudoconvez with respect to the symbol & — £ (&3 + €3) which satisfies conditions (3.8), (3.9), (3.12), (3.13)
of Assumption A.)

(i) Given any wo € HZ(Q), w1 € HF(Q), there exists a control f3 € (HY(Q))*; supp f3s C Q. such that the
solution to (1.4), with clamped boundary conditions (1.2) and initial conditions (3.14) satisfies

w € L?(0,00; HZ(Q)), Ozyw € L*(0,00; Hy (Q)) and w =0 Voo > T.

(ii) Given anywy € H2(Q)NHE(Q), wi € HE(Q), there exist a control f3 € L?(Q.,), such that the solution w
to the problem (1.4) with hinged boundary conditions (1.3) and initial conditions (3.14) satisfies

w e C°([0,T); H*(Q) N Hg(Q)) N C*([0,T]; Hy (Q)) and w(-,T) = dpyw(-,T) = 0.

4. PROOF OF MAIN RESULTS

Before starting the proof we mention some known results on Carleman estimates for the hyperbolic equations
and the Lamé system.

4.1. Some known Carleman estimates
Let Q(D) = 03, — %Axf denote the wave operator and consider the following wave equation

Q(D)y:fana y =g on,
Y(0,) = 92,y(0, ) = 03, y(T,-) = y(T,-) = 0. (4.1)

For a given pseudoconvex function (z) it will be convenient to introduce the function
p(x) = ™), (4.2)

where 7 is a large positive parameter.

Lemma 4.1 ([7,25]). Let fo, f1,f2 € L*(Q), g € L*(X) and f € H Q). Let ¢(z) € C*(Q) be a function
pseudoconver respect to the symbol &3 — §|§’|2 such that 8ﬁw|m < 0 and the function ¢ given by

formula (4.2). Let y € L*(Q) be a solution to problem (4.1) with the right hand side f = f + Z?:o Oz, fi- Then
there exists 7o > 0 such that for 7 > 7o there exists so(1) > 0 such that

2
/QSerQS"’dx <G <|fes“’||§11@) + 3 £l q) +/Q sy’e**Pdz + 8|ges“’|%2(z>> Vs > s0(7), (4.3)

i=0 w
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where Cy is independent of s. Furthermore, if f € L*(Q), g € HX(X), then

/(ST ™I Vy|? + sTie3TVy?)e® P dr < Oy <||fe "°||L2(Q) +/ (s72e™V|Vy|? + s311e37Vy?)e? P dx
Q Q

w

+/(ST(eTw|azog|2 +e™10,,01%) + s’ g%)e S‘PdE) VT > 10, s > 50(7), (4.4)
P

where O, -

o 15 the tangential derivative on T'.

Next we consider the two-dimensional Lamé system

P(z, Dyu = p(¢")0,u — p(a") Apra — (u(a’) + Aa')) Verdive u
—divy uVaA(2') — (Veu+ (Vo) )Veu(z') =f in Q =1[0,T] x Q, (4.5)

uly =0, w(l,2')=0,,u(T,z")=u(0,2') = d,,u(0,z') =0 in Q, (4.6)
where u = {u1,us}, f={f1, fo} are vector functions and I' € C®.

Remark 4.1. With p, A and p picked to be p;, A;, and p; (respectively) the operator P(z, D) in (4.5) is
independent of  and reduces to P(D)u = p;07 u — 12D;L"(D)u, where L”(D) is the Lamé operator defined
n (2.10). Here however, we only shall need to require that p(z'), u(z'), A(z') € C?(2) and satisfy

p(x') >0, p@) >0, p)+Az")>0 inQ. (4.7)

Assumption A’. There exists a function (x) for which:

(i) v is pseudoconvex respect to the following symbols

P& — W& +63), p& — (N +2u)(& + &); (4.8)

(i) for all z € (0,T) x (I'\ Ow) the following hold:

TR,
p(Oreh)? — pl Vet < 0 Ve ( ) x (I 3w)~ (4.11)

Lemma 4.2 ([9]). Let f € L*(Q) and let the function ¢ satisfy (4.2) where 1 satisfies Assumption A’ and
assume the Lamé coefficients satisfy (4.7). Then there exists T > 0 such that for any T > T, there exists
s0 = 50(T) > 0 such that for any solution u € H'(Q) to problem (4.5)(4.6), the following estimate holds for all
s> so(7):

/ (IVul® + s%|u|?)e***dz < Cy <||fes‘p||i2(Q) +/ (|Vul* + 52|u|2)e2wdx) : (4.12)
Q

Qu
where the constant Cy = Ca(7) > 0 is independent of s.

Lemma 4.3 ([9]). Assume that ¢ satisfies (4.2) where ¢ satisfies Assumption A" and (iv) of Assumption A and
the Lamé coefficients satisfy (A.7). Let £ =+ °_( 0, £; with f€ L2(0,T;H () and fo, f1, £, € L*(Q). Then
there exists T > 0 such that for any T > 7, there exists so = so(1) > 0 such that for any solution u € L*(Q)
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to problem (4.5)—(4.6), the following estimate is valid for all s > so(7):

2
/ lul*e®*¢da < Cs ||few||2L2(o,T;Hfl(Q)) JFZHfjewH?ﬁ(Q) Jr/ lu?e**?dz |, (4.13)
Q = Qu
where the constant Cs = C3(7) > 0 is independent of s.

Consider the boundary value problem for the Laplace operator

2
Apu=F+Y 0 f;i inQ ulog =3 (4.14)

j=1
The lemma below refers to a function p(z) = e™ (@) where 7 is a large parameter and 1 is described in the
lemma.

Lemma 4.4 ([8]). Let g € L*(0,T; H=(T)), f € L*(0,T;L3()), f; € L2(0,T;L3()). Let ¢(x) € C2(Q),
Oph <0 on (0,T) xT and V| #0 on [0,T] x Q\ w. Then solutions to (4.14) satisfy the estimate

s s 1~ s 1 r.s
IVarue i) + sl < C(sH13e N ot oy + 1o ez

2
+ V5> I1fie*?llz2(q) + IVarue™ || L2q.) + s||uew|\L2(Qw)) Vs > s, (4.15)
j=1

2
2.8 Lz s Fo.s s
sllue*|[r2(q) < C<Si 196 L2 () +ﬁ|\f‘3 ?ll2@) + V5 Y I1F5e* L2y + sllue "9||L2(Qw)) Vs > so, (4.16)
j=1
where C' = C(7) > 0 is independent of s.
4.2. Proof of main results for clamped boundary conditions
Next we consider the partial differential equation

K(D)v =md2 v —aly 02 v+ KA2v=finQ, (4.17)
vl =0, Ozv|s =0, v(0,-) =v(T,") = 0yyv(0,-) = Ozyu(T,-) = 0. (4.18)

We introduce the Banach spaces
X ={v(z), z€Q:v, Vve L*0,T; H(Q))},

with norm [[v||x = [|Vv||L20,7;m12 () + 8IIVV| L2(0,1:02(0)) + $%][v]|L2(g) and X* is the space of the linear
continuous functionals on X. Also define H"*(2) = H'(Q) with norm [|v|| g1« () = [|v]| a1 (o) + sl|v]l L2
We have:

Lemma 4.5. Let f € X* and ¢ satisfy (4.2) where ¢ € C?(Q) is pseudoconvex with respect to the symbol
&-LE(G+2), 050 <00n (0,T)xT and [Vatp| #0 on [0,T] x Q\ w. Then there exists so > 0 such that for
all solutions to problem (4.17)—(4.18) the following estimate holds true

HUGSLP||L2(O7T;H1,5(Q)) < C(”fe&’p”)(* + HUGSLPHHl,s(Qw)) Vs > sp, (419)

where C' = C(7) > 0 is independent of s.
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Proof. First we prove the Carleman estimate (4.19) for solutions of the problem (4.17)—(4.18) in slightly different
spaces:

2 2

Z 32_“"||\D"‘ves“’||L2(Q) < C(erwHLz(O,T;(HlfS(Q))*) + Z SQ_MHD%GWHLQ(QW)) Vs > so(7).  (4.20)
|a|=0 |a]=0

Here the space (H'*(2))* is the space (H'(Q))* equipped with the norm

I fll¢zrre )y = sup | < f,z>]
N

By the Riesz representation theorem each f in (H')* can be represented uniquely as an element of H! as follows:
(f,0) :/Qfé—i—axlf@xlé—i-@mf@médx' Vo € HY(Q).
Therefore there exists L2(§2) functions f;, i = 0, 1,2 such that
(f,6) = /Qfoé — f10,,0 — f20,,6da’ V6 € HY(Q). (4.21)
Of course for any f; in L?(£2) the functional given by (4.21) remains continuous on H'(Q).

By density of test functions in L?(Q) we can approximate f; by f; . € C5°() such that || fi.c — fill 2(0) < €/3
for i =0,1,2. Define f. by fe = fo.e + Ouy f1.e + Oy fo.e. Define the following linear functional on H!(Q):

(fe,0) = / 10,60 — f1,605,0 — f2.0z,0da’ = / feoda’ Vo € Hl(Q)
Q Q
Since

[(f = e, 6)]

IN

/ o — Forclldl 11 — FrellOs8) + |f — focllOmdlda’ V5 € HY(Q)
Q

A

> 6|‘5HH1(Q)7

fe — fin HY(Q)*. Now consider the scalar product for the space L?(0,T; H*(Q)):

2
(u,v):/ (Z@xkvaxku—i—suz))dx'dxo.
Q

k=1

By the Riesz representation theorem, each element z* of L2(0,T; (H'*(£2)))* is represented as an element f of
L2(0,T; (HY*(2))*), which can be approximated (as above) by C§°(Q) functions f. = Zle Oz, fi,e + fo,e such
that f; . € C§°(Q) and fi — fi in L?(0,2T; L*(2)) for all i € {0,1,2} assuming that we define f;(xo,-) = 0 for
xg >T.

Let ve be the solution to the problem

K(D)ve = fe,  veloa = Orveloa =0, ve(0,-) = Opyve(0,-) = 0.

Then, due to e.g., [16], v — v in H2((0,27) x Q). Let x € C*°(R') be a function such that y(zo) = 1 for
xo < 0 and x(xg) = 0 for zp > 1. We set xe;, = x((x0 — T)/€1) and O ¢, = Xe, ve. Obviously we have

’C(D)Ue,el = Xey fe - [X€17’C]Ue7 U€|(0,T+51)><F = aﬁ’l]e'(O,TJrel)XF = 0;
Ve,er (0,) = OpgVe,ey (0,+) = Ve s (T + €1, ) = OpyVe,ey (T +€1,-) = 0. (4.22)
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Since there exist subsequences €q x, €1, such that ||[xe, ,, Klve, , |22 (0,7;m7 (2))+) — 0 as €k, €1, — +0 it suffices
to prove Carleman (4.20) estimate only for f € C°(0,T;C5°(£2)). Suppose that we have proved the following
estimate:

2
V510206 | sy < c(||few||L2(O,T;(H1,S(Q))*> +3 527|a\||D%eS<P|\L2(Qw>) Vs > so(7). (4.23)
|a]=0

Then applying the Carleman estimates (4.16) and (4.3) to equation (4.17) we have

VA(IQMD)(ve*)llzz(q) + | Aur (D) (ve™®) | 2(@y) < C (I = md2,0)e" | ago,z:(arrs(eye) + ValI920e™ o)
2
+ Z 82—\a|HDaUes‘p||L2(Qw)> Vs > SO(T)7
la[=0
where
2 ’ :
_ 1 . LN D ! ‘ 1 '
Q(D) _ ;amo n ZsamOQO o EAQJ/(D)’ Az,(D) = 2811 + ZSazISD + 2812 + ZSa{EQCP .
Thanks to (4.23)

Vs([QD)(ve*?) | r2(q) + 1A (D) (ve™?)|2(q)) < C(H(f —md,0)e* || L2017y (m1 e ()
2
+ 3 32—‘a|||D%eS<P|\L2(Qw)> Vs > so(r). (4.24)
|a]=0

Applying the Carleman estimate (4.15) to the elliptic operator A, (D) in (4.24) we obtain

2
Va(lQMD) (e 2(g) + 180 (D) (0e* )l 2)) + D 8* D 0e*? | 12 (g

|a|=0,a0=0

2
< C(H(f - m@iov)ew||L2(07T;(H1,5(Q))*) + Z 52—|a\ ||D0€,UeS<PHL2(Qw)) Vs > SO(T). (425)
|a]=0

Then since (19, +i59,,0)> = £A,/(D) + Q(D), we have

2
Vs(1Q(D)(ve?)ll 2 (@) + 1 AMD) (ve*?) [ 12 + (D — 50202 (ve™)12)) + Y s> D we || 2q)

|a|=0,000=0

2

S C(H(f — m@iov)ew|\Lz(07T;(H1,s(Q))*) + Z 82_‘a|||Da’UeS¢||L2(Qw)> VS Z SO(T).
|a]=0

This inequality implies
Va(IlQMD) (el 2() + [[As (D) (ve*?) [ 2()) + llve?||m2.s (@)

2
< C’(H(f —md2 v)e*? || 2o (o) + D 52—|a\||D%ew|\L2(Qw>) Vs > so(7). (4.26)
|| =0
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The term [|m(02,v)e*?|| L2(0,7;(H1.# (2))+) can be absorbed by the third term in the left hand side of (4.26). So
Vs([QD)(ve™?)|L2(q) + 1Az (D) (ve™) [ L2(q)) + [ve™ |2+ (@)

2
< c(||few|\L2(07T;(H1,s(Q))*) + ) 52—\al|\D%eW||L2(Qw)) Vs > so(7). (4.27)
|a|=0

Hence (4.23) implies (4.20).
Before we begin the proof of (4.23), it is convenient to define a weight function ¢ such that ¢|r = ¢|r and
o(x) < @(x) for all x in a neighborhood of ¥. We construct such a function ¢ locally near the boundary T':

o(z) = VD, () = pla) - %Nglm’) L NG, (4.28)

where N > 0 is a large positive parameter and §; € C3(Q) satisfies
Gi(z') >0 V2'eQ, Gilr=0, Vagir #0. (4.29)

Denote Q1 = {z’ € Q|0 < dist (¢/,T') < wz}. Obviously there exists Ny > 0 such that

o(x) < (), Vo € [0,T] x Qﬁ’ N € (Ng, 00). (4.30)

Now we begin the proof of estimate (4.23). As a first step we prove (4.23) under the assumption suppv C
Bs(z*). We assume that the point z* € X. (If Bs(z*) N2 = () then (4.23) is trivially true. If Bs(z*)NX # 0
then Bjs(x*) is a subset of a slightly larger ball centered at a point of ¥.) Without loss of generality we may
assume that z* = 0. Locally near zero the boundary T is given by equation xo — g(x1) = 0. Making the change
of variables y; = 21, y2 = x2 — g(x1), we obtain

R(va)U = Q(va)'A(va)U = 'A(va)Q(va)U =[ ing, (431)

Vly,=0 = Oy, V]y,=0 = 0, (4.32)
where
G = {(yo,y1,72) € R? x RT}
and Q(y, D) = —DZO + A(y, D), and A is the Laplace operator after the change of variables, which is extended

outside of the image of Bs(0) to an elliptic operator on G. Denote w(y) = v(y)el*!*W) where ¢(y) is the
function ¢ after change of the variables and let Dy, = (+9y, + i|s|¢y, ), where D = (Dy,,Dy,,D,,). Then we
have

R(y,D)w = Q(y, D) A(y, D)w = A(y,D)Q(y, D)w = fell* ing, (4.33)

Wly,—0 = Jy,wly,—0 =0, (4.34)

with supp w C Bj(y*), where B;(y*) contains the image of B;(0) after the change of variables.
Denote by a(y, £) the principal symbol of the operators A(y, D):

a(y,€) = & — 2g'(y1)é1& + (1 + |9’ (y1)[*)&3.

We cover the sphere S? by small balls By, (£0.,, &1, 8,), and let {x,} be the partition of unity applied to this
covering: > xu» =1, x» > 0, x» € C§°(Bs,(&0,0:61,0,5,)). We extend the function x, as a homogeneous
function of order 0 on the set |(&,&1,8)] > 1 and up to a C* function on R3. Let v = (y*, &5, &5, %), where
(&5, &5, 8%) is an arbitrary point of S? and w, = x, (D', s)w, D' = (29,,, +0,,).

% i
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Denote wy (y) = Xu(Dyo, Dy, 5)(0(y)el*1*W)), g = x,,(fel*!?) =[xy, R(y, D)]. Then we have

Wylyo=0 =0, Oy, Wy |y,=0 =0, (4.36)
with suppw C B;(y*). Note that [Q(y,D), A(y,D)] = 0.
Let us consider the case when (&7, s*) # 0. We factor the operator A(y, D) as follows:

A(y, D) = A_(y, D,5) A1 (y, D, ) + T(y2) = Ar(y, D, 5)A-(y, D, 5) + T(12), (4.37)
where T'(y3), T(y2) are the operators such that for some x > ,
T(y2), T(y2) € C%(0, k; L(H®*(R?); HF"L5(R3))), k=1,2. (4.38)
Let us write & = (£, &1) and set

T.A(yaflas) = 7(51 +Z|S|¢y1)27
TQ(y7§/75) %(&0 +Z|5|¢yo)2 +TA(y7§153)

and

+ / _ . g/(yl)(gl + Z|5|¢y1) + \/@i(y7§/75)
folneel = it 0+ (7)) |

+ / — lslé i g (y1)(& +i|s|¢y1)+\/ﬁi(y,§1,s).
5. &s) = —lsloyi+ T (o)D) (4.39)

+
Here +/ = refers to the branch of the complex root with positive or negative imaginary part. When
(&7, 8™) # 0 explicitly we have

. [ =sim(E)@ tilsls,) € A0
wes = { ey 820

The principal symbols of operators A in (4.37) are given by
As(y,&.5) =& +T%(1.€.9). (4.40)
We set z1 = A4 (y, D, s)(Q(y, D)w,). Thanks to (4.35), (4.36), (4.37) this function satisfies the equation
A_(y,D,8)z1 =q—TO(y,D)w, inG, zi|y=x=0, (4.41)

with

llg = TQ(y, Dyw||z < Clldllz + [lwyll a2+ (g)), (4.42)
where Z is a dual space to Z = {w : w,dy,w,dy,w € L*(G)} equipped with the norm |lw|| 5 = sl|lwllr2(gy +
10y, wllz2(g) + 10y, wllL2(g)-

For the initial value problem (4.41) the following a priori estimate holds (see e.g., Prop. 2.3 of [11]):
A+ (y, D, 5)Q(y, D)wy || r2(g) < Clllallz + lwyll 2(g))- (4.43)

Next we consider the following boundary value problem with zo = A4 (y, D, s)w, treated as the unknown:

Q(ya D)Z2 = 7[~A+a Q(ya D)]U}V + A+(y, Da S)Q(ya D)U}y, Z2('7 0) = ZQ('? ”) = ay222('a ’i) =0.
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Since operator Q(y, D) is hyperbolic and the pseudoconvexity property is preserved under the change of
variables we may apply to the above equations the Carleman estimate for the hyperbolic equations (from
Lem. 4.1) to obtain

VIsl195,w0 (-, 0) | 22y < Cllgllz + [[wll 2.2 (g))-

Next we consider the case when (&5, s*) = 0.

Since (£,&7,s*) # 0 then ro(y) # 0 and we can factor the operator @ into the product of two operators and
a remainder as

Q(va) = Q—(vavs)Q-‘r(yaDa S) + T+(y2) = Q+(y,D, S)Q—(y7D75) + T—(yQ)a (4'44)

where the principal symbol of the operator Q4 (y, D, s) is

Q:I:(y7£78) - 1+ (g/(yl))2(£2 7]-—‘:5(3/;5/;5))’ (445)
and operators T satisfy
Ty € L(HM5(G), H**(G)) ke {1,2}. (4.46)
We set zo = Q4 (y, D, s)(A(y, D)w,). Thanks to (4.35), (4.36) this function satisfies the equation
Q- (ya Da 5)22 =q— T+.A(y, D)wv in ga Z2|y2:n = 07 (447)
with
lg = T4 Q. Dyw,llz < Clllgllz + w2 0))- (4.48)

For the initial value problem (4.47) the following a priori estimate holds:

VIsll1Q+(y: D, ) Ay, D)wy (-, 0) | -1 (z2) < Cllallz + 1w | 2 ())- (4.49)

A small inconvenience is that the function |£1] is not smooth when & = 0, so the symbol \/ﬁi(y,gl,s)
in (4.39) is not continuously dependent on &f. In order to overcome this difficulty we consider the covering of
St = {(&,5) : 2+ & = 1} by the following set: e; = {(&1,5) € St @ |&1] < 3¢|s|} and ex = {(&1,5) € St
|€1] > €|s|} with some small positive e. Next we consider the partition of unity submitted to this covering of S*:
Xi € C§°(ei), X1(€1,8) + X2(&1,5) = 1. We extend the functions ¥; on the set {£7 + s? > 1} as homogeneous
functions of order zero. Also we extend the functions y; on the set {¢? + s> < 1} as smooth functions. By
X&(Dy,, s) we denote the pseudodifferential operators with symbols xx (&1, s).

For k =1,2 we set 21,1 = A4 (y, D, s)Xx(Dy,, 5)(Q(y, D)w,). Thanks to (4.35), (4.36) this function satisfies
the equation

A (y, D, s)z1k = Xeq — T4 Xk(Dy,, 5) 2y, D)wy + [A(y, D), X ]y, D)w,, in G, (4.50)
with 21 |y,—« = 0 and hence by (4.46)
IXkq = T Xk (Dy,, 8) Qy, D)wy + [A(y, D), Xk (Dy,, )| Qy, D)wy || 2 < Clllgll z + [wullp20(g))- (4.51)

Then we have

||A+(ya Da S))zk (Dyla S)Q(ya D)wV”L2(Q) + ||A7% (Dla S)A+(y, Da S))zk (Dla S)Q(ya D)wu('a 0)||L2(R2)
< Clqllz + llwy | 2.2 (gy).  (4.52)

From (4.52) and (4.49) (again using Prop. 2.3 of [11]) we obtain

VIsl105,w,(, 0l L2re) < Clllallz + llwy [l 2. (g))- (4.53)
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Hence in both cases: (£,s*) = 0 or (&, s*) # 0, we have the same a priori estimate (4.53). Applying the
Carleman estimate (4.3) to equation (4.35) and using (4.53) we have

VIsl(A®y, D)w, || 12 (g) + 1Q(y, D)w, | 12(g) + 195, ws (- 0) | L22)) < Cllallz + lwy || 2.sg))-
This inequality and the Carleman estimate established in Proposition 5.1 of [9] for the elliptic equation implies

2
1 «
VIsl(IAy, D)w, || 12(g) + 1Q(y: D)ws || 2(g) + DG wllr2() + N2 Y [1Dwy|l2(g)

|a|=0,a0=0

+v/Isl107,w, (-, 0) | L2r2) < C(llallz + l|wy || 52.2(g))-

Finally, using the arguments similar to (4.25)—(4.27) we estimate the time (x¢) derivatives of the function w,,:

N Jwy || g2+ gy + V5| A(y, D)wy | L2y + 11Q(y, D)wy || L2(g) + D5 woll L2(g)
+ 1182, w (-, 0)l L2r2)) < Cllgllz + llwollg2.2g)) Vs > so(r, N), N > No.

Increasing the parameter Ny if it is necessary we obtain

Nz ||wy | g2« g) + V(| Ay, D)wy || L2(g) + | Q(y, D)wy || £2(g)
+ D2, w, | 12(0) + 02,10 (- 0)l|2@2)) < Cllallz Vs > so(r, N), N > No. (4.54)

Hence the following estimate is valid Vs > so(7, N), N > Ny

1

1 1 fe S
N2 Jwl 2o (o) + V3105, w(-, 0)l|L2@e) + 57 > [ID*Dyow, |12y < C|lfe||=.
|| =0

Consequently estimate (4.23) holds under the assumption that supp v C Bs(x*). However, by taking N
sufficiently large in the above estimate, we no longer need the assumption supp v C Bs(2*) in the estimate (4.19).
This follows using the same argument as in Lemma 8.3.1 of [6].

We now show that (4.20) implies (4.19).

In order to prove this result, we consider the following extremal problem

2 —s
J(z,v0,v1,v2,v3) :%(HV ((ze™%)||17 2(Q)+||Ze <'o”L?(Q) "'Zk:O%”Uke wH%Q(Qw)

+ 5z |lvse” ¢||L2(Qw) — inf, (4.55)

K(D)z = —e%¢ Ay (ves?) + s2ve?? + 327 _ 02 . vk +v3 in Q, (4.56)
where suppv; C Q,, j=0,1,2,3, vk |gw\r = 0, B =1,2,

Ozl =z|lx =0, 045,2(0,+) = 0y 2(T, ) = 0. (4.57)

Remark 4.2. We understand the equalities (4.56)—(4.57) in the weak sense

(Z,IC(D)(S)L2(Q) = (vl/ (er),vx/(éew))Lz(Q) +/ <(S ve2w + ’U3 (5 + Z’Uk Iomk5> dx (458)
Q k=0

for all § € H*(Q) such that 9,,6(0,-) = 0,,8(T,-) = 0, 9z8|x = d|s = 0.
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Denote by (z,vg, v1,v2,v3) the solution to extremal problem (4.55)—(4.57).
We have:

Lemma 4.6. Under the conditions of Lemma 4.5 for all v € L?(0,T; H*(R)), there exists a unique solution
(2,v0,v1,v9,v3) € H?(Q) x HYQ) to problem (4.55)—~(4.57). Moreover this solution satisfies the optimality
system

K(D)p — e "¢ Ay (2 5%) 4 s%2¢ 2% =0 in Q, (4.59)
aﬁp|2 = p|2 = 07 810]7(0; ) = axop(T7 ) = 0) (460)

1 5
p= 5—21}36_28@ in Qu, Qfoxkp =upe 2%, k=0,1,2 n Qu, (4.61)

2
K(D)z = —e%° Ay (ve’?) + sZpe2s® 4 Zaioxkvk + v3, n Q, (4.62)

k=0
where suppv; C Qu, j € {0,1,2,3}, Uk |gu\r = 0, k=1,2

Onpzls = z|lx =0, 05,2(0,-) = 0y, 2(T,-) =0, (4.63)

and there exists so > 0 such that the following estimate holds true:

2

s so2 .
Hze &pH%{zs(Q) + Z H(@xovk)e <P|‘L2(Qw) + 52H’Uke 6¢||%2(Qw)
k=0

+ ||”U3€75LP||2L2(QW) < 01”’1)65@”?_[1,5(Q) Vs > S50, (464)

where Cy is independent of s.

Lemma 4.6 is proved using a standard argument (e.g., [17]) and is similar to one found in [9]. For the sake
of completeness, we include the proof in the Appendix.
Now we complete the proof of Lemma 4.5. We plug in (4.58) function v instead of §. Then we have

T 2
||Vm/(ve5w)||i2(Q) + 52||ve5<p”%2(Q) = / (f, z)dzo — / (kacﬁoxkv +v v3>d:c.
0 Qu

k=0

Applying (4.64) to this equality the inequality |ab| < £|a|> 4+ &[b|* we obtain

e 2 0,7, m1.0 2y < Co <||fes“"|§<* +/ (IVof* + 52IUIQ)GQS"’d:E) , Vs = so(7).

w

The proof of the Lemma 4.5 is finished. U

Next we consider the system which is formally adjoint to the system (3.1)~(3.5). Let G = Gg — G,
then the adjoint system can be written

md2 q — aly 02 g+ KALq—divy NT(G5(Bzo + hgNV,q)) = honQ, (4.65)
hopd?,20 — 12hoDoLo(D)zo + BTh' (G5(Bzo + hpNV.q)) = gonQ, (4.66)
ZO|E - 07 Q|E = 0; aﬁ(ﬂz =0. (467)

We need the following standard result on solvability of the system (4.65)—(4.67) equipped with the following
initial conditions
ZO("A_a ) = Z?)a amozo('f_a ) = Z%)a Q("A_a ) = qoa amo‘l(i—a ) = ql' (468)



EXACT CONTROLLABILITY OF A RAO-NAKRA PLATE 1121

Proposition 4.1. Let 7 € [0,T] be an arbitrary point. Suppose that 22, € LQO(Q), 2y € H51(Q), @ €
HYQ), ¢' € L3(Q), (h,g) € L*(0,T; H2(Q)) x L*(0,T; H1(Q)). Then there exists a unique solution to the
problem (4.65)—(4.68) which satisfies:

lallcz0,7;m1 ) + lzollz @) = CUI(h, &) L2(0,1:5-2(0)) x L2(0,7:H-1(92))
+ 1128, 20) L ) ezt (@) + 116% € (@) < L2()- (4.69)

The proof of this proposition can be easily done by transposition method.
Using the Carleman estimates obtained in Lemmata 4.3 and 4.5 we arrive to the following inequality:

Lemma 4.7. There exists a constant C such that any solution zo € L%(Q), ¢ € L?(0,T; HY(Q)) to sys-
tem (4.65)—(4.67) satisfies the estimate

lzollLz @) + llallLz0,1;m1(0)) < CUI(R&)lIL20,7:5-2(Q)) x L2075 () + [[20lIL2, (@) + ldllm1 QL)) (4.70)

Proof. Denote
f=g— B"h,' (G5 (Bzo + heNV.q)).

Using the new notation one can rewrite (4.66) as
hopoai()ZO - 12hoDoLo(D)Zo =T

Next we denote
r=h+div, N'(G5(Bzo + hgNV,.q)).

Using this notation we rewrite (4.65) as
m@ioq — ozAl./@zOq + KA2,qg=r.
Let x = x(z0) be a cut-off function such that
X € C°[0,T], Xlpr-5 =1,
where 0 > 0 is sufficiently small such that

inf 1(r,2') > sup W(x). (4.71)
zEQ\w ze([0,6]U[T—8,T]) x Q\w

Denote Zo = xzo, ¢ = xgq. The functions Zp, ¢ satisfy the equations

hopoaiogo - 12hoDOL0(D)§O
moz, G — aly 92 G+ KA G

xf — [x, hopp 02, )20, (4.72)
X+ D, —=mdi, + aly 03 lg. (4.73)

Applying to the equation (4.72) the Carleman estimate (4.19) we obtain for s > so(7) the following:

1Zoe™ Lz @ < O (ng“’“’llngw@ +llaell2@) + IVae*[lL2(q)

+ 120l (o) + (X, BoPO2, 120)e s 1) ) -
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Applying to (4.73) Carleman estimate (4.19) we obtain for s > so(7):

s|qe** 2@y + IV@e* ?|luag)y < C([(he®?,8e™) || L2(0,7: 1205 (Q)) x L2 (0,75 H 15 ()
+5(|Ge*? || L2(q.) + 1IVae™®|lL2(q.) + [[20€™

L2(Q)

+[Vae* ez + 1(Ix, =mdZ, + ale 07 Ja)e™ | x-).

Combining this with the previous estimate gives Vs > so(7):

1Z20e* Lz (@) + sllae™ llLz@) + IVEe™ (L2 @) < Clllzoe*? Lz (qu) + sll@e*ll2(qu.)
+1IVae*#llLz(q.) + [[(h, 8)e™ || L2(0,1: 125 () x L2 (0,751 15 (€2))
+ (. hopod,20)e* [lgg =14 g + (v, =mdZ,q + alder 87 Ja)e™* | x+).

Thanks to Assumption A there exists 7 € [0, 7] and € > 0 such that

Om = min _ o(z) > max _ o(x) = pum.
z€[—e+T,e+7]XQ\w z€[0,e]U[T—e, T X QN\w

We set

E(w0) = |20(w0, )Lz (0 + 1920 20(w0, 3151 ) + 1000(w0, ) T2 () + [ Varalwo, [Tz

Applying Proposition 2.1, obviously we have
SOm Z A8 INa.s ~ s
B(r)e**™ < C(||Z0e* |32 ) + 52 136 |I72(q) + IVEe* [12(q) + ldllF(q.))
+ C(s)([|(h, g)”%Z(O,T;H*?#(Q))><L2(O,T;H*1vS(Q)) + llzollr2(q.))
and
I([x. hopo 3, 120)e* IF- 1.0 ) + (X, =m0, + alw 82 1g)e™? |3 < CE(r)e™™.
o (@)

Finally by (4.74), (4.76), (4.77) we have

B(r)e? < OB + 2002, o) + 5%lae Baqu) + IVae [Eacq.))

+C(s)|(h,g) ||2L2(O,T;H*2v5(Q))XLQ(O,T;H*LS(Q))'

(4.74)

(4.75)

(4.76)

(4.77)

(4.78)

Taking the value of the parameter s sufficiently large by (4.75) from (4.78) we obtain (4.70). The proof of the

Lemma is finished.

O

Proof of Theorem 3.1. This theorem follows from the observability estimate in Lemma 4.7 and the duality
between controllability and observability (Hilbert’s Uniqueness Method; ¢f. Lions [18]). One can alternatively

derive the controls as solutions of a limiting extremal problem. We sketch this approach.
Let P(D)(w,vo) = (P1(D)(w,vo), P2(D)(w,v0)) denote the expressions in (3.1), (3.2).
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Without loss of generality we may assume the initial data vg, v1, wg, wi are all zero. Consider the extremal
problem

F(w,vo, fs, fo) = ||(waUO)H%%O,T;H?(Q)xHIO(Q)) + Hf3||2L2(Qw)

1 .
+ 1 folltzq.) + ZlI(s uo)llzzq) — inf, (4.79)

k=0

2
P(D)(wa UO) - (Z azka,k; fO) + (Q3a QO) = (u3ﬂ UO) in Qa (480)

(w,vo0)ls =0, Jzw|s =0,

(w7v0)|10:0 = (aﬂb’owa 810U0)|10:0 = (wvvo)|$0:T = (amowa aﬂﬂng”zg:T = 0.

Denote the solution to this problem by (., 90, fg,g, fO,a; Us,e, Uo,e). This solution exists and is unique. We
set pe = (P3.e,P0.e) = %(ﬁ37€,ﬂ07€). Define the space of test functions

D = {(0s3,00) € H*(Q) x H'(Q) : P(D)(Js,00) € L*(Q), (J3,00)loq = 0,95ds|aq = 0}.
By Fermat’s theorem,
((the, 90 ¢), (88, 00)) 20,7172 () <111, () + (P2 P(D)(83,00))12() = 0, ¥(ds,00) € D. (4.81)

This implies

P*(D)(pB,E;pO,E) = 7(Ai/'(f}5 + ﬁ}g, 7Az’73075 + TA)O,E), (482)
(p3,€ap0,6)|2 = 07 aﬁp3,5|2 =0. (483)
Note that (ps ., po.) € L?(0,T; H?(Q) x H5(Q)).
Also
azkﬁ&e + EfS,k =0 k= 07 ]-a 2 in Qwa (484)
i0.e+efo.=0  inQ.. (4.85)

Applying to (4.82), (4.83) observability estimate (4.69) we have

[Pell 20,111 (@) <12 (2)) < CUND, 00) || L2 (0,752 (0 x B3 (2)) T HJE3||L2(Qw) + ||fOHL2(Qw))- (4.86)

If we plug in (4.81) instead of (d3,00), the pair (w,00), we have

‘7:(11165’&0,87f3,€7f0,6) = _(p€7 (q3aqo))L2(Q)'

By (4.86) we have
F (e, 00,5 f3,e5 fo,e) < C”(QS;qO)H%ﬁ(O,T;H*l(Q)><L2(Q))' (4.87)
Using (4.87) and the standard a priori estimates for the system (3.1)-(3.4) we obtain:

12(0u) + 1 fo.cll2iqu)
< CO(g3,90) |l 20,1381 () xL2(Q)) - (4.88)

H(wav{)O,E)||L2(0,T;H2(Q)leo(Q)) + HawowaHL?(O,T;Hg(Q)) + Hf376|

By (4.88) we can take a subsequence from (?1)5,170’5,‘]5375, fo,e) which converges weakly in L2(0,7T; H?(2) x
H, () x L*(Q,) to a function (w,vo, f3, fo). Passing to the limit in (4.80) we obtain that the element
(w,vo, f3, fo) is a solution to our controllability problem. The proof of Theorem 3.1 is finished. (|
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4.3. Simply supported boundary conditions

In order to treat the boundary conditions (3.6) we consider the following problem

K(D)v = md2v — aly 820+ KAZ v = f in Q, (4.89)
0 0
vy =0, 2v]s =0, v(0,-) = v(T,-) = 0zyv(0,-) = dyov(T,-) = 0. (4.90)
Lemma 4.8. Let ¢(x) € C?*(Q) be a function pseudoconvex respect to the symbol &3 — §|§’|2 such that
%|W < 0, |Vartb] # 0 on [0,T] x Q\ w, and let the function ¢ given by formula (4.2). Suppose

that v € L(0,T; H*()) is a solution to problem (4.89), (4.90) with the right hand side f = f + Z?:o 0x, [,

with f € H(Q), fi € L*(Q). Then there exists 7o > 1 such that for any T > 1o there exists so(1) > 0 such
that Vs > so(T)

2
H’Ue&p”%{zs(Q) < Cl <|few||§{1,s@) +Z ||fies¢||%2(Q) +/Q (541)2 + 5|Ax/1]|2)628¢d$> (491)
i=0 @
and Ci(1) — 0 as 7 — 0.
Proof. Using the Carleman estimate (4.3) we obtain Vs > so(7) the following
) 2
/ s|Azv[*e®*Pde < Cy <|few||§11(Q) + Z 1£:€°% 1720 +/ S|Ax/v|262wd:c> (4.92)
Q Qu

i=0

and C(7) — 0 as 7 — +0. Thanks to (3.8), we have the Carleman estimate for elliptic equation (see e.g. [8])
which yields:

2
3 / $320el | Doyf2e2 e dz < C ( / |Agv2e?eda + / |v|2e28¢dx) Vs> so(r),  (4.93)
Q Q Qu

|a]=0

where C5(1) — 40 as 7 — +o0.
The estimates (4.92) and (4.93) imply (4.91). The proof of the lemma is finished. O

For the simply supported boundary conditions, the analog of Lemma 4.7 is the following.

Lemma 4.9. Let h = Z?:o Oz, hi, 8 € Hal(Q), h; € L*(Q), i = 0,1,2. There exists a constant C such that
any solution zo € L4(Q), q € L*(0,T; H*(Q)) to system (4.65), (4.66), (3.6) satisfies the estimate

2
lzollez @) + lallzz () < C(Z 1hill 22(@) + gl ()
i=0
+ H'ZOHL"’O(QW) + |Q|L2(O,T;H2(w))>- (4.94)
The proof of the Lemma 4.9 is exactly the same as the proof of the Lemma 4.7. The only difference is that

instead of the estimate (4.19) we use the estimate (4.91). Likewise, Theorem 3.2 follows as a consequence of
Lemma 4.9.
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5. APPENDIX

The following proposition can be found in [16].

Proposition 5.1. Let w € C(0,T, H3(Q)) be a solution to the initial value problem
KD)w=f, wl|y=0wlx=0, w0, )=uwy, Opw(0,-)=1w;
where f € L*(0,T; (H'(Q))*), wo € HZ(Q), wy € H}(Q). Then 02w € L*(X).

Proof of Lemma 4.6. For any ¢ € (0, 1), we consider the following extremal problem

1 . ;
J:(2,v0,v1, v2, V3, w) = 3 / (Ve (ze*%)|? + $%[22e”2%%)da
Q

1 2 1
+—/ me (|v0|2 + |12 + |2 + @) e 2% dx + —/ |w|*dz — inf, (5.1)
2 Jo s 2 Jo
2
Z xoxkvk + vz —e®P AL (ve®?) + $20e?%? + w in Q, (5.2)
k=
ﬁZ|E =2l =0, 8;,2(0,2") = 0po2(T,2') =0, (5.3)

where the penalty function m. satisfies m. € C2(Q2), m. > 0 on Q, with m.(2') = 1 if 2’ € w and m.(2') = % if
dist (z,w) > .

We understand the equalities (5.2)—(5.3) in the weak sense

(2, K(D)d)r2(q) = (Var (ve?), Vo (5€%)) L2(q@) +/ <(5 ve**? 4 v3)8 + Z’Uk 101k5> dz (5.4)
Q k=0
for all 6§ € H?(Q) such that K(D)d € L2(Q) with 9,,6(0,-) = 0,,0(T,-) =0, d|g = 9zd|s = 0.

Denote by (Z, Ve, We) = (Ze, V0,e, V1.e, Ua,e, U3,e, We ) the solution to extremal problem (5.1)—(5.3). We have:

Proposition 5.2. Under the conditions of Lemma 4.6 for allv € L?(0,T; H3(R)), there exists a unique solution
(2., Ve, W) € H*(Q) x HY(Q) x H?*(Q) to problem (5.1)~(5.3). Moreover this solution satisfies the optimality
system:

W (x )
pelr) = g, 5.5)
K(D)pe — e 5P A (Zee %) + s%e 2¥2. = 0 in Q, (5.6)
aﬁpa‘lZ = palZ = 87'1‘26'2 = /Z\alﬂ =0, (57)
a;copa(O, ) = a:copa(Tv ) = a;co/z\a(oa ) = 0;8036(7—’, ) =0, (5'8)
2
D)z, = Z oz, Uke T U3 — €™ P Au (e v) + s2ve?? 4+ o, in Q, (5.9)
k=0
~ _92g . .
=03 4 De MU e > =0, k=0,1,2; in Q, (5.10)

Pe — M ;25 e 2% =0 in Q, (5.11)



1126 S.W. HANSEN AND O. IMANUVILOV

and there exists so > 0 such that the following estimate holds:

2

~ ~ _ 2 ~ _
Hvx/(de S‘»@)”?{LS(Q) + Z H’Uk766 SQOHHLS(Q&/) + 52||’Uk,ae S<PH%2(QW)
k=0
3

~ s 1 . .
+ [|v3,c€ Wﬂiz(Qw) + Z S—gﬂmsvk,sH%z(Q) < 02||Ueé¢|‘%2(0,T;H1fS(Q)) Vs > so, (5.12)
k=0

where Cy is independent of s.

Proof of Proposition 5.2. Since the functional J. is strictly convex and the set of admissible elements is a
linear space, problem (5.1)—(5.3) has at most one solution. First let us prove that there exists a solution
to (5.1)—(5.3): an element (Z,V,w) in the space L?(Q). Obviously (0,0,0,e ¥ A, (e %%v) — s2ve™2%%) is an
admissible element and so the set of an admissible elements is not empty. Hence there exists a minimizing
sequence {(Zj,, Vje, Wj,e)} 72, such that

(Zj,esVje, Wje) = (Ze, Ve, We)  weakly in L2(Q). (5.13)

Passing to the limit in (5.4) and using (5.13), we obtain that (Z., V., @W.) is an admissible element. On the other
hand, since the functional J. is lower semi-continuous with respect to the weak convergence in L?(0,T; H*(Q)) x
L?(Q), this element is a solution to problem (5.1)—(5.3).

In order to obtain optimality system (5.5)—(5.11), we introduce the function q(d), 6 = (do, 01, d2, d3,4) by

q(0) = J-(2: + dodo, Vo,c + 01d1,V1 ¢ + d2d2, V2 e + 03d3, V3 c + 0ads, 7(J)),

where dy € H2(Q) with K(D)do € LQ(Q), di,ds,ds € HQ(Q), dy € L2(Q),
2
7”(5) = ’C(D)(EE -+ 50d0) — (Z 850% (61975 -+ 5k+1dk+1) + ,17375 + 54d4) + QSWAI/ (eS‘Pfu) — 521)628‘P_
k=0

Obviously the function q attains the minimum in R? at 0. Thus Vq(0) = 0. Moreover the equalities d5,q(0) =
95,9(0) = 05,9(0) = 95,q(0) = 0 imply
—é/@ Aeaiomkdkﬂdx + /Q maﬁkﬁdkﬂe_%”dx =0, k=0,1,2,
Vdgy1 € H*(Q) such that dg1(0,-) = dpy1(T,-) = 0,dpr1]s = Ordrsi]s =0,  k=0,1,2,
and  05,d1(0,) = 05,d1 (T, ) =0,

1 U3..d X
f—/ @Ed4dx+/ mev3’—246_2wdm =0, Vdy € L*(Q).
g Q Q S

On the other hand, these equalities are equivalent to

1

0200, 0= —MDpce ¥ =0 k=0,1,2  inQ, (5.14)
Le mEU?’—Q’ae_%‘P =0 in Q. (5.15)
3 S

By the equality Js,q(0) = 0, we obtain

(%, ’C(D)do) +/ 5235(106725(’0(11‘ + (Vm/ (éeeisw), Vm/(doeiskp))L%Q) =0, Vdye€eY, (516)
L2(Q) Q



EXACT CONTROLLABILITY OF A RAO-NAKRA PLATE 1127

where

Y ={do € H'(Q); K(D)do € L*(Q), ddols = do|x =0,
83:0d0(07 ) = awodO(Ta ) = O}

Since Uy . € L*(Q),k = 0,1,2,3 we obtain immediately from (5.14) that V3,,w. € L*(Q). Since do(0, -) and
do(T,-) can be chosen arbitrarily, it follows from (5.16) that

Oy We(0,") = Og, We(T,-) =0 Ozle|s = Welx = 0.

Introducing the function p. by formula (5.5), in terms of (5.14)—(5.16), we immediately obtain equalities (5.5)—
(5.11). Equations (5.5) implies 9,,Vp. € L?(Q). Let pi(xg) € C*[0,T] be a nonnegative function which
vanishes around zg = 0 and p1(z¢) > 0 is positive for zg € [T/2,T].

Let p2(z9) € C°[0,T] be a nonnegative function which is equal zero around zop = T and pa(z9) > 0 is
positive for x¢ € [0,7/2]. We set p.; = pipe. For i =1 or i = 2 this function solves the initial value problem

K(D)pe,i = —[pis m@io — anfé)iO]pa + pie AL (ZeTF) — s2e™ 2% ;2. in Q, (
Oiipe,ils = peils = 0, (5.18

Pe1(0,+) = Oz,pe 1(0,-) =0, or (

Pe2(T, ) = Onope2(T, ) = 0. (

The solution to the problem (5.17)—(5.20) satisfies p. ; € C(0,T; H3(22))NC*(0,T; Hy(€)) and is unique. Hence
pe € C(0,T; H3(Q2)). Since

e P A (Zee ) — s2e 22 € L2(0,T; H 15())

Proposition 5.1 implies 9Zp. € L*(X). This implies 92 p. € L*(Q). Hence p. € H*(Q).

Next we will show that p. € H3(Q).

We extend pe, 2. on the set [—T,2T] x by the formula: p.(zg,2’) = p-(—z0,2'), 2:(x0,2") = 2.(—x0,2)
for x € [-T,0] x Q and p.(xo, ") = pe (2T — xo, "), Ze(x0,2") = 2:(2T — 0, 2') for (xg,2") € [T, 2T] x Q. In the
same way, we extend —e P A,/ (Z.e %) +Z.e~2¥ on the domain [T, 2T x © and denote the extended function
by f. Since d,,¢(T,2') < 0 for all ' € Q and 9y, (0, 2') > 0 for all ' € Q, there exists § > 0 such that we can
continue the function ¢ on [~§,T + 6] x Q up to a C3-function such that 9,,¢(x) < 0 for all z € [T, T + 6] x Q
and 0, () > 0 for all x € [-6,0] x Q. By (5.6), we have

K(D)p. =f in Q=[-6,T+d] x Q. (5.21)
Let Dy f = w and Dy f = M For the function Dy, Ds;p., we have
azoDhDﬁpELnO:O = aa:gDhDﬁpehzng =0. (522)

Note that K(D)Dy, Dyp. = Dy, D+f. Hence

2
(%=, DnDzf)12(@) = D (ke 02O, DnDpe) r2(Q) + (03,0 — 7 Ar (¢%°0) + 5%0€*7 + Wz, Dy Dype) 12(q)- (5-23)
k=0
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Using (5.9), (5.10) and the definition of the function f, we have

1 > ,—S —sp2 1 > =5 —spo
i(Dth/(zee ?), DV (e “’zE))L2(Q)+§(Dsz/(zEe ?), DV o (e7°%2:)) 2 ()

52 2

~ —2spo~ S ~ —2spo~
+ g(thE,Dh(e 2 WZE))Lz(Q) + E(Dgze,Dg(e 2 WZE))L2(Q)

2
~ s ~ s 1 N s~
+ (2, [Dn Dy, e *?)(Agr(ee ™)) L2 () + D <§(thk7€,Dh(m€e 2295, ))12(0)

+ (Dhﬁk,sth(meeQS‘pﬁkye))L%Q))Jr (Dn03c, Dn(s™*mee™ %03 0)) 2(q)

N =

R e 1 1
(D503,e, Di(s ™ *mee” %5 ) 12(q) + 2—5(th57 Dpwe)p2(q) + 2—E(Dgwe, Dwe)r2()

= (—e*? Ay (e°P0) + s%ve®*?, D, Dip.) 12().- (5.24)

N |

+

Hence

3 3
IDRZe || 2 0.0 (@) + D |1 DwBkcllL2@) + IDRZeN| 20 0 ) + D |1 Dabkcll (@)

k=0 k=0
< Cy([lvll 20,111 (2)) + |(Zes Vel L2 0,111 () x12(Q)) (5.25)
where the constant C% > 0 is independent of h. Therefore

02y Vi 2, 00, V:) € L2(Q). (5.26)

Therefore the right hand side of equation (5.9) belongs to L?(0,T; H=*(Q)). Hence z. € H?(Q). From (5.26)
and equation (5.10) we see that d,,p. € H*(Q). The function p.; = p;Oz,pe

K(D)ﬁf:‘,i = —[sz maio - an’ago]axopa + piaxg (e_swa’(/Z\ae_sw))

_SQP'L'a:co (266_2&?) in @, (527)
Jiibe,ils = Pe,ils =0, (5.28)
ﬁs,l(oa ) = aﬂ?oﬁs,l(ov ) = 07 ﬁ5,2(T7 ) = azoﬁe,Q(Ta ) = 0. (529)

The solution to the problem (5.27)—(5.29) satisfies p. ; € C'(0,T; H5(22))NC*(0,T; Hy(€)) and is unique. Hence
92.pe € C(0,T; Hi(S)). Since

e Ay (Fee ") — s%e 292, € L2(0,T; H ()

Proposition 5.1 implies 920,,p- € L*(X). This implies 82 p. € L*(Q). Hence d,p- € H*(Q). Finally solving
the elliptic problem

K 1 ) PO ~ _og
—A%p. = Azfaiope — ﬂaiope + —(e A (Zee %) — 522 29): poly = Oppely =0
a a a

we obtain p. € L2(0,T; H3(2)). Hence p. € H*(Q).

Note that assumption (3.13) for the function ¢ holds true if we replace the domains @, Q. by Q. [0, T+ xw
respectively.
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Let x1 € C5°(=6,T + §) be a cut-off function such that X1|[—%,T+%] = 1. Then

K(D)(x1p:) = xif — [x1, Klp- in [-T,2T) x Q,  x1pe|s = daxapels = 0, (5.30)

where supp [x1,Klp. C ([T + 2,7 + 6] x Q) U ([-6,—2] x Q). We will apply Carleman estimate (4.20) to
equation (5.30).
For this, we observe that

€| Lo (5,14 550 (@) < CllZe™%|| L2, 7502 (2)) (5.31)
I(Dxes Klpe)e*? | L2 (—s,ra 500 (2))+) < L [Ipee®® | 2.s () - (5.32)

Next we prove that in the right hand side of (4.20) we can replace the second term @, by the following integral

/ <|810Vv|2 + 52 |Vo|® + s4|v|2) e®*¢du.

w

Note that thanks to the choice of the extension of the function ¢, we have

2
/ <Z Brn, Cpe) P+ 219 Cap) 2+ s4|xlp€|2> e
(=8, T+0)xw \ -

2
< C5/ <Z |00 Oy 0e | + 52 [Vpe|* + s4|p5|2> e?*?dz. (5.33)

k=0

In fact, let us denote the left and the right hand sides of (5.33) respectively by I; and Iy. For convenience,
let us denote

2

(Nm):<§:Wm&%mf+sﬂvmf+vﬂﬁﬁ>’
k=0

so that Iy = C5 fQ ®(p.)e?*¢dz. First, it is easy to see that

I <CL / ®(p.)e? P du.
(=6, T4+6) xw

On the other hand, since p.(zg, ') = p-(—x,2'), =9 < 2’ < 0 by the extension, we have

0 8
/ / (I)(pa)eQSs@(mo,x')dedxl = / / (I)(pa)e%‘»@(*movfl)dxodm/.
-5 Jw 0 Jw

By (3.13), we have 0,,¢(0,2’) > 0. Therefore, for all sufficiently small § > 0, we obtain d,,¢(x) > 0 for all
2o € [=0,6]. This implies e2s?(~70:7") < e259(x0.2") for 0 < x5 < §. Hence

g 4
/ / ®(pe )0 ) daoda’ < / / B(p.)e2 @) dzoda’ < I,
0 Jw 0 Jw

We can similarly estimate fg“ [, ®(pe)e?*?dxoda’. Thus the verification of (5.33) is complete.
Using equations (5.9), (5.10), (5.11) and estimate (5.33), (4.20) we obtain

Ip=e*?||312.0 () < CoJ (22, Ve) Vs > 50 (5.34)
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and
H@xopaesﬂﬁp,s(@ < CoJ (g 2z, 0xoVe) Vs > 8o. (5.35)

Note that p. is the eligible test function for (5.4)

(Zz:1 i)\k,a agozkpa>L2(Q) + (Vx/(vew), Vx/(pees"’))m(@ + (5)\375 + s2pe2sy + ﬁ}\a, pa)L2(Q)
= (2, K(D)pe)r2(@) = — 126?72 0 1 (-
Then we transform the left hand side of this inequality using (5.9), (5.10). We obtain
2J: (2, Ve, W) = —/ (Var (ve°?), Vo (e59p2)) 4 s2ve?*%p.)du.
Q

By (5.34), we obtain from this inequality that

t\:|>~

5Je (2, Ve, W) < Crl|ve*® || L2, mrs () (Ze, Ve ) 2. (5.36)

Passing to the limit in (5.24) as h — 0 we have

QJE (8930257 aﬂ?UGE) 810@6) = /
Q

{ (—es"’Az/ (ve*?) 4 s2ve?s?, aigps)

2

+ 250000 (Ony 2, 22) € 2% + 25(DngZe)me D (DuyBhe, Dre) € 2% +
k=0

2m6

835030 (81,063,5, ’1}3’5) 672&’9 }dl‘

This equality and (5.35), (5.36) implies

=

Je (020 Ze, Ong Ve, O, W) < CSHUes<p||L2(0’T;H1,S(Q))J (020 Zes Oy Ve) (5.37)

Taking the scalar product of (5.9) with Z.e=2%¢ in L?(Q), we obtain

2
/Q (m((azo + 8¢z (2c7°%))% + Z (0, + 502, )(0y + 590900)(2665@))2) 4
k=1

-K Z (D), + 502, )2 (3ce™ %)) 2da
Q k=1

2
/ <Z{)\ aa:oazk A 725(’0) (US,E - eS@Az’( SWU) +s UQQS(P + w ) 25@) dz.

From this equality and (5.37) we immediately obtain (5.12). The proof of Proposition 5.2 is complete. [

Now we finish the proof of Lemma 4.6. Obviously @. — 0 in L?(Q) and v, — 0 in L%(Q \ Q.) as ¢ — +0.
In terms of (5.37), from the sequence {(Z., V., p:)}, one can extract a subsequence {(Z;,,V:,,pc, )} such that

(Zers Vers =) — (2,9, p)
weakly in H2(Q) x HY(Q) x L2(Q). (5.38)
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Thanks to (5.38), we can pass to the limit in (5.6)—(5.12), so that the element (Z, Vo, p) satisfies the equations

K(D)p — e 5P Au(e™592) + s%e 2¥2 =0 in Q,
Oaply = ply = 2|y = 02|y =0,
6950]7(0, ) = al‘op(Ta ) = 69602(07 ) = 81‘0/2\(7—17 ) =0,
2
K(D)z = Z D20 0k + U3 — € Ay (e90) + s%ve®? in Q,
k=0
02, p+Ore 2 =0, k=0,1,2 p— Z_;efm -0 in Q,

where supp; C Q,, j=0,1,2,3, Uknglowr =0k =1,2.

Estimate (4.64) follows from (5.13). Finally we note that J.(Z., Ve, w:) < J(z,v) for all € € (0,1). Hence

J(z,

v) < J(z,v), the element (Z,V) is a solution to extremal problem (4.55)—(4.57). Since a solution to this

problem is unique, we have (Z, Vo) = (2, vo, v1, v2,v3). The proof of Lemma 4.6 is complete. O
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