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WEAK NOTIONS OF JACOBIAN DETERMINANT
AND RELAXATION

Guipo DE PHILIPPIS!

Abstract. In this paper we study two weak notions of Jacobian determinant for Sobolev maps,
namely the distributional Jacobian and the relaxed total variation, which in general could be different.
We show some cases of equality and use them to give an explicit expression for the relaxation of some
polyconvex functionals.
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1. INTRODUCTION

The aim of this paper is to study weak notions of Jacobian determinant, det Du, for maps u: Q C R — R"
in the Sobolev class WP for some p.

If u is a diffeomorphism, the change of variable formula and Lebesgue differentiation Theorem give a clear
geometric meaning to det Du(z), it is the “infinitesimal” change of volume due to the deformation u. If u is
not a bijective map the area formulas (in the unoriented version (1.1) or in the oriented one (1.2))

/ | det Du(x)|da = N(u,Q,y)dy (1.1)
Q R™

/detDu(m)dx:/ deg(u, 2, y)dy (%) (1.2)
Q n

relate the integral of the Jacobian determinant to how many times the image of u covers the target space.

If u is merely a Sobolev map it is still possible to consider the area formula and the “pointwise” Jacobian
det Du (see [26]), however if u is not sufficiently regular (more precisely if u € WP and p < n) this gives only
a partial information about the behaviour of w.

If p > n, Holder inequality implies det Du € L ; moreover the map

WP — L
u +— det Du
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is continuous if we endow both spaces with the strong topology. What is more surprising is that if p > n this
map is still (sequentially) continuous also if we endow the spaces with the weak topology (see Thm. 2.2). If
p = n we don’t have continuity if we consider the L! weak topology for Jacobians, however we have it if we
consider the weak-* topology (see for example [12], Chap. 8), however if det Duy > 0 we still have continuity
with respect to the L' weak topology (see [10,35]).

This implies the semicontinuity with respect to the weak convergence of the functional:

u— TV (u, ) ::/ | det Du (1.3)
Q

and, more in general, of polyconvex functionals, i.e. the ones that can be represented as the integral of a convex
function of the minors of the gradient:

F(u,Q):/Qg(Du,Ml(Du),...,detDu).

If p < n, in general det Du is not a summable function; moreover also if det Du € L' we lose continuity and
semicontinuity properties. In particular it is possible to see that:

e the function u(x) = |;"—| is in W1P(B) for any p < n, det Du = 0 almost everywhere but for any sequence

of smooth functions strongly converging to u in W?(B) N L™ with p > n — 1 we have:

det Duy, BN wndo (3)

in the sense of distributions.

e For any smooth function u there exists a sequence {uy} € WP, with p < n, weakly converging to u
and such that det Duj = 0 almost everywhere (see Ex. 3 at p. 284 in [26] where it is shown for the map
u(x) = x, this implies the result for any smooth function).

The main reason for this behaviour is that the pointwise Jacobian det Du doesn’t count in any way the
presence of fractures in the image of u.

We now introduce the two weak formulations we are going to study. The first one is based on the particular
structure of the Jacobian determinant and it leads to the notion of distributional determinant (introduced by
Ball [3] in the context of non-linear elasticity and widely studied also in different contexts, see for example
[1,9,11,14,15,28,34,36-38] and references therein). The second one is based on the Lebesgue-Serrin extension
and it leads to the relaxed total variation (first introduced by Marcellini in [30] and then systematically studied
in [6,20-23,31-33 ,41]).

Let u be a C? map, thanks to the divergence free property of the cofactor matrix (see Sect. 2 for a precise
definition)

> 0;(adj Du)! =0 (1.4)

we can express the Jacobian as a divergence
1 4 ; 1
det D =— 0j ! dj D 7] = —div(adj Du - u).
et Dufi) = 30, (Zu () ad] u<x>>z> — div(adj Du - u)
Therefore formal integration by parts suggests that we may define the distribution:

(Ju, ) = —% /Q(adj Du-u) - Dy 0 €D(Q) (4. (1.5)

3We denote with w;, the Lebesgue measure of the unit ball B and with dg the usual Dirac distribution.
4D(Q) is the usual space of test functions.
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Notice that for smooth maps we have Ju = det Du and this can be extended by density to u € VVII "' However
the distribution (1.5) is well defined as far as uadj Du € Li. ., for example if u € W'? N L>* and p € (n —1,n).
The distributional Jacobian enjoys continuity properties with respect to weak convergence and may differ from
det Du if p < n. For example if u(z) = ‘7””‘ we have

Ju = wpdy,

while det Du = 0.
If Ju is a Radon measure and v € WP with p > n — 1 we have the following theorem (see [36] for the case

p>n—+21and [16] for the case n —1 < p <

Theorem 1.1. Let u € WhP(Q) N L{®

loc?

n+1)

if Ju is a Radon measure then
Ju = det DudL™ + Ju®.

The second formulation we consider is the Lebesgue-Serrin extension of the functional (1.3) (see Sect. 2.4 for
a more detailed discussion). We define for every p € (n — 1,n)

TV?(u,Q) = inf { hmmf/ | det Dug|: uy € VVIOC Jug — u in WLP}, (1.6)

If w € WH™ and p > n — 1 semicontinuity results below the natural growth exponent (see [13,30,31]) ensure
that:

TV?(u,Q) :=/ | det Dul.
Q

Observe we had underlined the dependence on p, however in all known example we have that TVP(u, Q) =
TV(u,Q), as long as p,q € (n — 1,n) and v € WHP N W4 it seems natural to conjecture this to be always
true.

Recently it has been shown by Schmidt [43] that the relaxed total variation enjoys the following quasi-
convexity property”:

TVP(ua, Q) <TVP(us+ ¢, )
for any affine map u4 and deformation ¢ € Wol P,

When p € (n —1,n), v € L™ and TVP(u,Q) < oo, then TVP(u,-) can be extended to a Radon measure
on {2. Moreover in this case it is possible to show that also Ju is a Radon measure and that, for any open subset
ACQ

[Jul(A) < TVP(u, A) (1.7)
where |Ju| is the total variation of the measure Ju (see [22,23] and Prop. 3.2 below).

In this paper we discuss equality cases in previous inequality (Thms. 4.3 and 5.6) and we show how to obtain
explicit representation formulas for the extension of general polyconvex functionals satisfying suitable growth
conditions (Thms. 6.1 and 6.2).

The paper is structured as follows. In Section 2 we recall some preliminary results, in particular the notion
of Brouwer degree for Sobolev maps, the measure representation theorem and a theorem of Brian White about
minimal mass currents. In Section 3 we begin the comparison between |Ju| and TVP showing which are the
main obstructions to equality in (1.7). In Section 4 we prove that equality holds for maps with values in the
(n — 1)-dimensional sphere. In Section 5, inspired by Miiller and Spector INV condition [38], we introduce

5Recall that a map f: M"*"™ — R is said to be quasi-convex if
£(O)IB| < /B e+ D) Vi € CL(B)

i.e. every affine map is a minimizer with respect to its boundary condition.
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a particular class of Sobolev maps for which we are able to obtain equality in (1.7). In Section 6 we show the
general relaxation result.

2. NOTATIONS AND PRELIMINARY RESULTS

Throughout this paper €2 is an open subset of R™ with Lipschitz boundary. Points in R™ will be denoted
by x, their ith component by ¢, |z| is the usual Euclidean norm and we will also consider the co-norm:

|T|0o = max{|z’]: i=1,...,n}.

We write B(xo,r) for {z: |x —z¢| < r} and Q(zo,r) for {x: |z — zo|eo < 1}, if it is clear from the context we
will drop the dependence on xy and simply write B, and @),.. C' and M will be constants, possibly depending on
previous ones, whose value could change from line to line. £" and H* will denote the n-dimensional Lebesgue
measure and the k-dimensional Hausdorff measure, we will write dz to mean d£". Given a measure u we denote
with g LU the restriction of p to U and with || its total variation, we write u® and u® respectively for its
absolutely continuous and singular part with respect to the Lebesgue measure. If f is a function f LU means
its restriction to U.

For any matrix A € M™*™ and vectors v, w € R™ we will denote with:
° A{ the entry in the jth row and ith column, A7 is the transpose of A, A-v the usual action of a matrix
on a vector and w - v the Euclidean scalar product between v and w;
o Mp(A) € R, with 7 = (2)2, the vector of minors of order h of A (i.e. the vector formed by the
determinants of all & x h submatrices of A);

e adj A the n x n matrix that satisfies:
(adj A)A = (det A)Id
i.e. the transpose of the cofactor matrix of A.

2.1. Sobolev maps and precise representative

We will denote with W1P(Q; R™) the space of Sobolev maps and we refer to [17] for its main properties and
notations. In the sequel we will need to consider the restriction of a function u to lower dimensional subsets,
mainly to the boundary 0D of Lipschitz subsets. This can be done in two ways:

(1) considering the trace v(u) € LP(9D);
(2) considering the pointwise value of the precise representative of the class of u defined by:

1
lim ——— u(y)dy if the limit exists
H(I) =¢r=0 |B($, T)' B(z,r)
0 otherwise.

It turns out that @ = u H" '-almost everywhere and v(u) equals W LOD. Being this understood we will
simply refer to the restriction of u to 0D.
Given a domain D with Lipschitz boundary we say that a function is in W1P(9D) if its restriction satisfies:

/ lulP + [DTuPdH" " < o0
oD

where DTu(x) = Du(x) LT,(0D)®. The definition could equivalently be given locally by flattening the boundary.
With an abuse of notation we say that u € W?(D) if u € W1P(D) N WLP(OD).

67,(8D) is the tangent space defined H"~! L dD-almost everywhere.
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Proposition 2.1. If u € WYP(D) there exists a sequence of Lipschitz maps uy converging to u in WYP(D),
i.e.

v = ukllwro ) = llu — ukllwrep) + lu — ukllwie@p) — 0.

Proof. By standard arguments we can reduce to the case where u € W?(B¥) and sptu is a compact subset of
Bt ={z=(2/,2"): |z| <1, 2" > 0}. Moreover if we consider the sequence:

_Ju(2',0) ifo<am < ¢
uk(-f) - {u(l‘l,l'n _ %) if 2™ >

we have that uy — win WP (ﬁ) so we may suppose u to be a constant function of 2™ for small 2", say smaller
than 4. Consider now a sequence of smooth maps {v;} converging to u in W1?(D). Then we have

s
/ / (@' £) — vp(a' )P + [Du(a’, 1) — Dog(a, £)[Pda’dt — 0.
0 Rn—1
Hence there exists an s € (0, d) such that, up to subsequences:

/ lu(x, s) — ve(2', 8)|P + |Du(’, s) — Dug(2', s)[Pdz’ — 0.
Rr—1

Recalling that u(z’,0) = u(a’, s) it is easy to see that the sequence defined by:

wp () = ve(a’,s)  H0<az"<s
T vp(a',2™) ifa™ > s

satisfies |lup — uHWLP(F) — 0. O

We end this section by stating the following theorem about continuity of minors (see [12], Thm. 8.20).

Theorem 2.2 (Reshetnyak). Let ux € WHP(Q) weakly converging to u, if h < p we have:
My, (Dug) = My (Du) in Lk (). (2.1)

2.2. Brouwer degree

In [38] (see also [7,8,19,25,39,40]) a definition of Brouwer degree has been given for the class of, possibly
discontinuous, Sobolev maps W1 with p > n — 1 (see [11] for the case p = n — 1). Here we report some of its
main properties.

Recall that for a smooth map v: © — R™ the Brouwer degree is defined for any y € R™ \ v(992) by:

deg(v,Q,y) :== Z sign(det Dv(x)).
zev—1({y})

Moreover the oriented area formula (1.2) says that for any h € L*(R™; R):

/n h(y) deg(v, Q, y)dy = /Q h(v(zx))det Dv(x)dz. (2.2)
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Recalling equation (1.4) we have for any g € C*(R™;R™) N W1o°:
/ deg(v, Q,y)divy, g(y)dy = / divy g(v(z)) det Dv(z) dz

)) det Du(z) dx = )" det Dv(z) dz

= [ 3 g (0l o Do)

= / div, (adj Dv(z) - g(v(x))) dz = / (adj Dv(z) - g(v())) - vaodH™ .
Q

o0

The previous equations reveal the following facts:

(1) deg(v,,y) depends only on v LIS,
(2) deg(v,€,-) is a BV function (see [17] for the definition and for the main properties of BV functions),
moreover:

D, (deg(v, 2, y))|(R") < / |adj Du| < ¢ / |Duf™! (2.3)
o0 o0

and spt Dy (deg(v, Q,y)) C v(0€).

According to this we give the following definition:

Definition 2.3. Let u € WHP(Q,R") with p € (n—1,n). For every D CC § with Lipschitz boundary and such
that u € WP(D), we define the degree of u on D, Deg(u, D, y), as the only BV (R",Z) function satisfying:

[ Des(u. D) divg(widy = [ (adiDu- glu(w)) - vopdr (2.4)
n 6D
for every g € C*(R™; R™).

Using Proposition 2.1 and equation (2.3) it is easy to see that Deg(u, D, y) is well defined.

It is clear from the definition that Deg(u, D,y) depends only on the value of u restricted to D. By Sobolev
embedding Theorem, we have that u € C°(dD), and classical theorems imply that there exists a continuous
function ¢ : D — R™ such that ¢ LD = u LAD. It is possible to show (see [38]) that:

deg(, D,y) = Deg(u, D, y).
The Brouwer degree enjoys the following continuity property:

Proposition 2.4. Let ug, u € WHP(Q,R™), then for every domain D CC Q with Lipschitz boundary such that
ur — u in WHP(9D)

we have:
Deg(ug, D, ) — Deg(u, D, -) in LY(R™). (2.5)
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Proof. Thanks to the weak convergence and the Sobolev embedding Theorem we have
sup ||ukl| Lo (ap) + | DullLr(ap) < C.

Equation (2.3) ensures that the sequence {Deg(ug, D, -)} is relatively compact in L!(R"). Call d(y) € BV (R",Z)
its limit. Recalling that, thanks to our hypothesis,

(ad] Duk)T -vpp — (adj Du)T - VsD

in L771(0D) and g(ug) — g(u) in any LI(OD) (see Thm. 2.2) we can pass to the limit in both sides of (2.4) to
show
d(y) = Deg(u, D, y). O

2.3. White’s Theorem

In this section we report a theorem about approximation of minimal mass rectifiable current due to White [44].
We will use it only in the simplified form expressed by Proposition 2.6 which doesn’t involve currents.

Recall that a k-current in R, T' € Dy, (R"™) is defined as linear continuous functional on the space of compactly
supported k-forms D¥(R™). A current T is said rectifiable, T € Ry (R™), if its action on a k-form can be expressed
as:

T(w) = /M<w<x>7w<x>>e<x>dwk

where M is an H¥-rectifiable set, 7ps(z) is a k-vector orienting 7,,M and 6(z) is an integer-valued positive
function (see [18,26] for a precise definition and the statements of the theorems we use in the sequel). If
T € Dr(R™) we define:
e the boundary 0T € Dj_1(R™) as 0T (w) = T'(dw);
e the mass M(T) = sup{T(w): |w| < 1};
e the push-forward by a smooth proper map f as fxT(w) = T(f#w)".
We can now state:

Theorem 2.5 (White). Let f:9B(0,1) C R® — R¥ be a Lipschitz map and 3 < n < k then:

min {M(T), T € Rn(R¥), OT = f#[0B]} = inf {/ Jug(z)dz, g: B — Rk, g Lipschitz, g LOB = f}
B

where J,g = +/det DgT Dg.

Notice the restriction n > 3, which is a consequence of Hurewicz Theorem about the relation between
homotopy and homology groups (see [27]). Example 3.5 shows that this restriction is sharp.
As said before we will use the theorem only in the following form:

Proposition 2.6. Let u: B C R™ — R™ be Lipschitz, n > 3. Then for every o > 0 there exists g: B — R"
Lipschitz such that g =u on OB and:

[ 1aet Dyfa)ide < [ | degu, Boy)ldy+ o
B R‘n
Proof. We have only to show that:
/R | deg(u, B,y)|dy = min {M(T), T € R"(R") 0T = ux[0B]}.

7f#w is the usual pull-back of a differential form.
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We will show more, namely that the current 7' = ux[B] = L™ Ldeg(u, B,y)e1 A ... A ey is the only finite
mass current in the class of competitors of the previous minimum.
First of all notice that uy[0B] = duy[B] and:

uy [Bl(¥(y)dy* A ... Ady™) = [B](¥(u(z))du' A...Adu™)

/ P(u(z)) det Dudx = P(y) deg(u, B,y)dy
RTL

so that:
M(T) = / | deg(u, B, y)|dy.

Let now S € R™(R™) be such that 05 = 9T, then by Constancy Theorem (see [18] 4.1.7) we have that there
exists ¢ € R such that:

S =T+ c[R"]
and so M(S) = oo unless ¢ = 0. O

2.4. Lebesgue-Serrin extension

We briefly recall the definition of Lebesgue-Serrin extension of a functional below its natural growth exponent.
See [21,30,31] and references therein for a more detailed exposition and [6,20] for the proof of the cited results.
Suppose we have a continuous function f : M™*™ — [0, c0) satisfying the growth assumption:

f(&) < eI+ 1€])*

F(u, Q) /fDu

Then F is finite and strongly continuous only on W14 (in our case we are considering f(¢) = |det £| and so
q = n). There is a standard way to extend F' to WP for p < ¢ by defining:

and define:

oc y U
k—oo

FP(u,Q) = inf { liminf F(uy, Q) up € W,o4 up, — u in Wl’p}.

We remark that the choice of sequences in W'licq prevents some problems at the boundary of € if this is
not smooth, see [20]. Observe that if F' is p-coercive (i.e. F(u) > c||lu|lw1.») then FP is the largest lower-
semicontinuous functional below F.

In general F cannot be (extended to) a measure in the second variable, however we have the following result:

Theorem 2.7. Let p < q < p;%5 and let u € WP be such that FP(u,) < oo. Then there exists a Radon
measure pt on Q such that:

1 (A) = FP(u, A)
for any open set A C Q). Moreover if f is a quasi-convez function we have that the Radon-Nykodim derivative
of ¥ equals f, that is:

almost everywhere in 2.

In the sequel we show, under appropriate hypotheses, how to characterize the singular part of u?.
We end this section by recalling two classical theorems about continuity and semi-continuity for functionals
defined on the space of Radon measures (see [2] for a proof).
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If g: R — [0,00) is a convex function, we define the recession function as:

g(st) — 9(0)

gels) = Jip

)

which turns out to be a positively homogeneous, lower semicontinuous function. Moreover if g(t) < ¢(1 + |t])
we have that g, is locally bounded and hence continuous.

Theorem 2.8. Let p be a positive Radon measure and g: R — [0, 00) be a convex function. Then the functional

defined on M(Q;R)® by:
dA dA
G(\) = — |d +/ oo | == |d|A
e /Qg<du>u K (dMl)II

s lower semicontinuous with respect to weak-* convergence.

Theorem 2.9 (Reshetnyak). Let h : R™ — [0,00) be a continuous, convex and positively homogeneous function

and for any A € M(Q;R™) consider:
dA
H(\ :/h — |d]}A|.
w= [ (dw> X

Then if g iu and |pg|(2) — |p|(2) we have:
H(ux) — H().

3. TV VS. Ju

First of all we show the continuity of the distributional Jacobian:

Proposition 3.1. Let {ux} C W1P(Q) such that ux, — u, suppose p >n — 1 and
Sup [uk]| Lo (r) < C(K)
for any compact K C 2, then
Jup — Ju
as distributions.

Proof. We have to prove that for every ¢ € D(Q):

Z/ ul (adj Dug) 950 — Z/ u'(adj Du)!9;, .
j spt ¢ j spt ¢

From Theorem 2.2 we have adj Duy — adj Du in L%, moreover the sequence is L* bounded on spt ¢, hence

. ) Y P\ *
we have uld;j¢o — u'd;p in LP—(n—1) = (Lnfl) , so the thesis follows. O

8 M(£%;R) is the set of finite Radon measures on Q.
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*
It is clear from the proof that if up — u in WP with p > n”—jl then Jup — Ju as distributions without any

p
boundedness assumptions, in fact in this case Sobolev embedding theorem implies that uy — w in LP—(=1),
Consequence of this is the following comparison result (see [22,23]):

Proposition 3.2. Suppose p € (n —1,n) and u € WHP(Q;R™) N L§S, satisfies TVP(u, Q) < oo, then Ju is a
Radon measure and for any open subset A C Q:

| Ju|(A) < TVP(u, A). (3.1)

Proof. Suppose u € L>°(Q) and let uy, € Wli)cn(ﬂ) be a sequence weakly converging to u and satisfying
hminf/ | det Duy| < oo.
k—oo o

Applying Lemma A.1 we can find a sequence {vy}, also weakly converging to u, such that ||vk|lcc < 2||u|leo and,
for any open set A C (,
lim inf/ | det Dvg| < lim inf/ | det Duy|. (3.2)
A k—oo Ja

k—oo

Then, thanks to Proposition 3.1, det DvidL™ is a sequence of Radon measures with equi-bounded total variation
which converges to Ju in the sense of distributions, hence the first part of the theorem follows. The second
part is a consequence of equation (3.2) and of the semicontinuity of the total variation with respect to weak-x
convergence of measures.

Let now u be in L (€), by the previous part the distribution Ju is a Radon measure when restricted to any
open set A CC €, moreover for any ¢ € D({2) we can choose an open set U such that spto C U CC €, then
we have

(Ju, ) < lellocTVP(u,U) < [[@llccTVP (u, Q),

and hence, thanks to the Riesz theorem, Ju is a Radon measure also in 2. Equation (3.1) can now be extended
to any open set A C € by approximation. O

Equality in (3.1) is not achieved in general. The reasons for this gap being essentially of two types: cancellation
and topological obstruction. In order to show this we prove two propositions which link the Brouwer degree for
Sobolev maps to the Distributional Jacobian and the Total Variation. The first one is well known (see [28])
while the second one is an immediate generalization of Theorem 1.4 of [33].

We call a map u € WHP(B(0,1); R™) 0-homogeneous if there exists a Lipschitz map ¢ : S"~! = 9B — R"
such that u(z) = @(‘7””‘) Observe that u € Lip,,.(B \ {0}) N WP for every p < n.

Proposition 3.3. Let u be a 0-homogeneous map, then:

Ju = </ Deg(u,B,y)dy)dO.

Proof. Let v: B — R™ be a Lipschitz map coinciding with ¢ on 0B, then:
Deg(u, B, y) = deg(v, B, y).

Moreover the sequence:

wo(z) = <p(|;—‘|) ife<|z|<1
: v(%) if 2] <€
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converges to u in WP, Thanks to Proposition 3.1 we have:

det Du, N Ju

in the sense of distributions. Let 1) be a test function, then:

1
/w(ac)det Duc(z) = — P (x) det Dv(£>dx
€7 JB(0,e) €
= / Y(ex) det Dv(z)dz — w(O)/ det Dv
B(0,1) B(0,1)
and thanks to (1.1) we have:
/ det Dv(x)dz = / deg(v, B, y)dy. O
B n

Proposition 3.4. Let u: B — R™ be a 0—homogeneous map and n > 3. Then for any p € (n — 1,n):

TVP(u,B)z/ | Deg(u, B, y)|dy.

n

Proof. Let w be a Lipschitz map that agrees with ¢ on dB. Thanks to Proposition 2.6, for any positive o there
exists a Lipschitz map g which agrees with w on 0B and such that:

/|deth|g/ |deg<w,B,y>|+a:/ | Deg(u, B y)| +o.
B R™ R™

Considering
" .
we(z) = e(i%5) ?fs <|z| <1
g(%) if |[z| <e
we have

TV?(u, B) < / | Deg(u, B, )|dy.
]Rn

To prove the reverse inequality we recall that for 0-homogeneous maps the approximation sequences could be
chosen to satisty up, = u on 9B (see [22], Lem. 22). So for any such sequence we have, thanks to the unoriented
version of the area formula:

/ | det Duy| :/ #{x € Q: ug(z) = y}dy
B Rn

> / | deg(ur, B,y)|dy — / | Deg(u, B, )|dy. =

It is clear now that for 0O-homogeneous maps and n > 3 a necessary and sufficient condition for equality
in (3.1) is that Deg(u, B, y) does not change sign (i.e. there must not be cancellation).

The following example, considered for the first time by Maly in [29], shows that the situation for n = 2 is
more involved (see also [22-24]). Some kind of homotopic topological obstructions prevents the equality in (3.1).



192 G. DE PHILIPPIS
Example 3.5. Consider the following function ¢: S* — R?:

(—1 + cos 49, sin 49) ¥ e

(1 — cos 49, sin 49) v e [5,m7]
(=1 + cos4d), —sindd) 9 € [, 2T]
(1 — cos 449, — sin 499) 9e|

p(V9) =

which covers the “eight” curve:

X ={(z*,2?) eR?: (z' —1)2 + (zH? =1}
U{(z', 2% eR?: (2" +1)2 + (2?)? = 1}

two times with opposite orientation. Define its 0-homogeneous extension to the unit ball u(p, ) := p(1). We
have that Deg(u, B,y) = 0 and so:
Ju=20
however:
TV?(u,-) = 2mdo.
In fact, because of the non trivial homotopy type of ¢(S*) in R? \ {(1,0), (—1,0)}, any smooth map approxi-
mating u must cover one of the disks bounded by X at least two times (see [41] for a precise discussion).

4. SPHERE-VALUED MAPS

In this section we show how to get equality between Ju and T'V? in the case of functions whose image
is contained in the (n — 1)-dimensional sphere S™~!. This result, conjectured in [23] and proved in [41] for
0-homogeneous maps, is a simple consequence of Bethuel’s approximation Theorem 4.2 and of the structure of
Distributional Jacobian for sphere-valued maps (Thm. 4.1).

The following can be found in [28] (see also [1] for a different proof with more general hypotheses).

Theorem 4.1. Let u € WHP(Q; 8" 1Y), p > n — 1 and suppose that Ju is a Radon measure, then exist
{z;}*, C Q and d; € Z such that:

m
Ju = wy, Z dily,
i=1

where d; = deg(u, 0B (x;,7;),S" 1) with r; small enough.

Observe that if p > n — 1, thanks to Sobolev immersion, « LOB,.(x) is continuous for almost all radii, so the
degree considered in the theorem is the classical Brouwer degree of a continuous map (in the case p = n—1 one
should refer to the theory of Brouwer degree in BMO, see [7]).

Theorem 4.2. Let u € WHP(Q; 8" 1), p > n — 1 then there exists a sequence {uy} C C(Q;S"~1) strongly
converging to u if and only if
Ju = 0.

This theorem has been proved for the case p = n—1 in [4] but the technique used there cannot be generalized.
The proof for the case p € (n — 1,n), instead, is an easy consequence of the techniques used in the proof of
Theorem 1 of [5]. Another proof has recently been given in [42].

With these tools we are now able to prove the following:

Theorem 4.3. Let u € WHP(Q;S" 1), p > n — 1, such that TVP(u,§) < oo, then:

| Jul(Q) = TV (u, Q).
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Proof. Recall that TV?(u, ) < co implies that Ju is a Radon measure hence, thanks to Theorem 4.1, we have
m
Ju = wy, Z didy, .
i=1
For simplicity we assume

Ju = wnd by,

for some zg € Q with d = deg(u, dB(zo,7), S™ 1), the proof in the general case being equal. By translation we
can suppose g = 0.
Choose an r < %dist(O, Q), we clearly have

Ju(2\ B(0,7)) =0

and so we can find a sequence wuj of smooth maps with values in S™ ! strongly converging to u in
whp (Q \ B(0, r)) Thanks to a Fubini type argument we can find s € (r,2r) such that:

* [[ux = ullwreap0,5)) — 03

° |DulP < — | Du?.
9B(0,s) T JB(0,2r)

From Sobolev Embedding Theorem we have that |[ux — u| r~@B(0,s)) — 0 and so, for k large, we have:
deg(uy, dB(0,s), 5" 1) = deg(u, 9B(0,s),S™ ') = d.
Denote with w: dB(0,s) — S"~! a smooth map such that:

deg(w,0B(0,s),S" ') =d
#{x € 0B(0,s): w(x) =y} = |d|

where the last equality holds for all points in S”~! except two. Hopf Theorem implies that for every k there
exists a continuous homotopy Hy: 9B(0,s) x [0,1] — S™~! such that

Hi(-,0) = w(-) and Hg(-,1) = up LOB(0, s)(-).

Mollifying Hj, and projecting again on S"~! we can suppose the homotopy to be smooth, see [41], Lemma 3.
Let o < s and consider the map:

wp(x) if 2 € Q\ B(0,s)
() if z € B(0,s)\ B(0,20)
Uk,s,0 = Hk( e |I|g*@> if z € B(0,20) \ B(0, 0)

S
mw@%) if 2 € B(0, o).
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Then (recall that the area formula (1.1) implies that if v : A — R™ is Lipschitz and v(A) € S"~! then det Dv = 0
a.e. on A):

/|detka,s79| :/ | det Doy s o
Q B(0,0)

= e mw s x = e zlw| s—
lé@mdtD<g (Iﬂ))d .@@ndtDO' (u&)
= /n#{x € B(0,1): |z|w<s|z—|> y}dy

:/ #w€0B(0,5): w(z) = L by = wld| = |Tul(Q),
B(0,1) |y

dx

since Proposition 3.2 gives the opposite inequality to conclude the proof we just have to show that vy s, — .
Actually we can show more, in fact we have strong convergence.
Observing that ||vg s ollec < 1 we obtain:

[ onse=a < [ =l £ 21B(0.0)] 0
Q Q\B(0,r)

for k — oo and r — 0 (recall that s € (r,2r)).
Moreover:

/ |Dug,s,o — DulP < / |Duy, — DulP
Q Q\B(0,r)

P
+C / |Du|p+/ D ug P
B(0,s) B(0,s) ||

We now estimate the second and third terms inside the brackets.
The second one can be majorized as follows (see Lem. A.2):

/ D(uy, S
B(0,s) ||

Finally the last term can be estimated by:

P
1 1
/ |ka,s,g|p < maX{Lip Hk, Lipw} / — 55—
C

(n, p)(max{Lip Hy, Lip w})¢" .

+/ |ka,syg|p}. (4.1)
B(0,2p)

p

< Cs/ | Dy |P
9B(0,s)

< 205/ DulP < 205 \DulP < 4C Dul?.
9B(0,s) " JB(0,2r) B(0,2r)

Hence, looking at (4.1), we have

/WDW@ngmpgawnv+ﬂu»+&hm
Q
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where G(r) — 0 for r — 0, a(k,r) — 0 for k — oo (and fixed r) and §(p, k) — 0 for o — 0 (and fixed k). It’s
now clear that
HU7U;€’57@HW1,;}(Q) —»0 |:|

We remark that, thanks to the strong convergence and a standard diagonal procedure, the previous theorem
gives a sequence of smooth maps such that for any open cube Qr C Q such that z; ¢ dQg:

o / | det Dvg| — TVP(u, Qr);

° 1imsup/ |Dug|P < M |Dul?.
k—oo JQr Qr
Notice that this is a fine cover of €2, this fact will be used in the proof of Theorems 6.1 and 6.2.

5. MAPS WITH POSITIVE DEGREE

According to the discussion in Section 3 we have to impose some conditions about the sign of Brouwer degree
of u if we want to get equality between |Ju| and TV?. The following one turns out to to be sufficient.
In the sequel we will always assume p € (n — 1,n).

Definition 5.1. We say that u € WhP(Q) weakly preserves orientation (v € WOP(Q)) if for every z € Q and
almost every radii 7:
Deg(u, B(x,r),y) > 0. (5.1)

WOP condition is inspired by the INV condition of [38] and in some sense generalizes it. In fact in [38] it is
showed that if u satisfies the INV condition and det Du > 0 almost everywhere, then Deg(u, B(z,r),y) € {0, 1}
for almost all r.

If u is a smooth map then v € WOP(Q) if and only if det Du > 0 in Q. For a generical Sobolev map
WOP condition is stronger that det Du > 0 almost everywhere. Roughly speaking we are asking to preserve
orientation also in the discontinuity points.

Example 5.2. Consider u: B(0,1) — R?:
1-
u(z) = 2] (—zt, z?)

||

then det Du > 0 a.e., but Deg(u, B(0,r),y) < 0, in fact a continuous map coinciding with v on dB(0,r) is the
affine function:

for which deg(w, B(0,7),y) < 0.

Observe that the class WOP N {||lu]lcc < C} is weakly closed. This is an immediate consequence of the
continuity of degree with respect to weak convergence and of the following well-known result see [38], Lemma 2.9.

Lemma 5.3. Let {ur} C WHP(Q), up — u then for every x € Q and almost every r € (0,dist(z,09)) there
exists a subsequence, depending on x and r, such that ux; — u in WhtP(0B(z,7)).

The following proposition gives some useful properties of the distributional Jacobian of WOP maps, the
proof follows the one for INV maps in [38]:
Proposition 5.4. Let u € WOP(Q) N WYP N L then:

(1) Ju is a positive Radon measure;
(2) for every x and almost every r:

n

Ju(B(x,r)):/ Deg(u, B(x,r),y)dy. (5.2)
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Proof. The first statement will follow if we are able to prove that (Ju * g.)(z) > 0 where . are standard
mollifiers. Choose a function f € C*°([0,1)) with f’ < 0 such that g.(z) := fo(|z|) is a family of mollifiers,
where fc(r) := EL (%)
(Juxge)(x) = (Ju, 0c(- — x))

1

- ! / (adj Du(y) - u(y)) - Do-(x — y)dy
N JB(xz.e)

= ,l/ fe’(s)/ (adj Du - u) - vdH™ 'ds
nJo OB(z,s)

= _%/0 fé(S) Deg(u,B(m,s),y)dS >0

SRS

where in the last equality we have applied (2.4) with ¢g(y) =

To prove the second statement choose:

1 o<r—29

fslo)=05% r—d<o<r

0 o>r
then for a.e. r:
Ju(B(z,r)) = lim (Ju, f5(] - —)

— lim —+ / (adj Du(y) - u(y)) - Dy f(Jy — ])dy
B(z,r)

—0 n
: 11 " : n—1
= lim —— (adjDu - u) - vdH" " ds
5—0n o r—& JOB(x,s)
1
= — / (adj Du - u) - vdH" ' = / Deg(u, B(x,r),y)dy. O
" JoB(z,r) n

In the sequel we will need to have a criterion to establish if equality (5.2) holds. Suppose that u € W1P(Q)N
L and TV?(u, ) < co. Choose a sequence w,, € C1(Q) N W™ weakly converging to u and such that

limsup/ | det Dw,| < C.
Q

n—00

Notice that you can also suppose sup ||wy, || < C without loss of generality (see the proof of Thm. 5 in [23]).
Then (up to subsequences) there exists a positive Radon measure o such that

det Dw, dL"™ = Ju and | det Dw,|dL™ — 0.

Now for any Lipschitz D C € such that

o(0D) = 0 and w,, — u in WHP(9D)
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we have
Ju(D) = lim/ det Dw,,
" JbD

~tim [ deg(u,, D.y)dy = [ Deg(u. D,y)dy

n Rn n

thanks to Proposition 2.4.
We will need the following lemma due to Bethuel [5].

Lemma 5.5. Let Q = [0,R]", u € W'P(Q). Then there exists a constant M such that for almost every
r > 0 small enough we can find a partition of Q in n, = O( L ) cubes QS-I) with edge v and n!. = O(#)

= rn—1
)

parallelepipeds P,Si , with edges l; € [7, %], j=1,...,n such that:

n n,
T ks M
| DufPdH™ ! + |Du[PdH" ' < — [ |DulPda. (5.3)
=170 i=1 JoP "Jq

Moreover we can suppose u LOQ:L € WhP(9QL) (respectively u LOP: € WHP(OPY)).

Proof. Let r € (0,R), t € (%, 34—T) and i € {1,...,n}, define

, R—
H,.ﬂ-,t:{er:x’:t—i—j?“, j:O,...,{ " TJ}

Fubini’s Theorem implies that for every i:

3r

4
/ </ |Du|”dH”_1> dtg/ | DulPda
z Hr,m,t Q

4

31) such that:

T
2
/ | Dul[PdH™ ! < —/ | Du|Pdx.
H, i ey rJq

Repeating this procedure for every direction ¢ = 1,...,n we obtain the desired partition of @, in fact:

and so there exists £(i) € (

Z /aQ(i) |Du|pd’H”_1 + Z /5P<i) |Du|den_1
i=1 T i=1 r

2 o+ 1
< —”/ |Du|pdx+/ \Dufpanr—t < 2F / |DulPdz
rJe 2Q roJe

if r is small enough. O

In the sequel we are going to denote both the cubes and the parallelepipeds with the improper name of
cubes. Observe that for each parallelepiped there exists an affine bijection L: P! — [0,7r]" such that the
Lipschitz constant of L (and of L~1) is bounded by an universal constant not depending on .

The following is the main result of this section.
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Theorem 5.6. Let u € WHP(Q)N LS, p € (n—1,n) and suppose n > 3 and uw € WOP and TVP(u,Q) < oo.
Then:

| Jul(Q) = TV (u, Q).

Moreover for any cube Qr CC § such that u € WYP(Qpg), there exists a sequence of Lipschitz maps vy, — u
such that:

/Q |det Dug| — TV?(u, Qr) = Ju(Qr)

and

1imsup/ |Dvg|P < M/ |Dul?,
k—oo JQgr Qr
where M is a universal constant not depending on R.
Proof. Theorem 2.7 implies that there exist a Radon measure p,, such that
TVP(u, A) = piy(A)
for any open subset of A C €. So by Besicovitch covering theorem it is sufficient to show that
TVP(u,Qr) = p5(Qr) = Ju(Qr)

holds for any cube Qr CC 2 such that u € WHP(QR).
Since R is fixed we will denote Qg simply by @. Recalling Proposition 3.2 we have just to show that

TVP(u,Q) < Ju(Q).

By Proposition 2.1 we can find a sequence of Lipschitz maps {u} converging to u in W'?(Q) and satisfying:
(W) Nunllze@) < Ml
@ [ 1w <2 [ |Dup:
Q

Q
(3) Z lun — ullwre < oco.
h

Using Lemma 5.5 we can find a sequence of radii 7y, — 0 and a partition of Qr in ngy = (C’%)n small cubes

¢ with edges at most £t for which:

(1) Ju(QL,) =/Deg(u7Qik7y)dy;
(2) Ju<Uan;k) =0;

' M
3 Y /8 o 1P S5 /Q |Dul?;
(4) up — u in Whe (U@Qik>.
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The only point that it is not immediate is the first one but it follows from the remark after Proposition 5.4. In
fact it is easy to see that the sequence of radii r; could be chosen such that

o(0Q1,) =0 and w, — u in W"P(0QL, )

where w,, is the same sequence appearing in the remark.
Thanks to Proposition 2.4 for every k we can find an h(k) for which:

1
(1) [ungey — ullLe U oQi, ) < 7
. 1 )
/|Deg an:kay) 7deg(uh(k)7Q:“k7y)| < k—nk for i = ]-a' sy N

We now construct the sequence of Lipschitz maps that satisfies the claim of the theorem on every small
cube of the partition. For simplicity we make the construction only on the inner cubes (which are cubes with
edge 2r; and hence of the form Q(z;,r)). For the ones at the boundary, which are actually parallelepipeds,
we have to do same work considering in place of u LQf.k the map v = u LQf.k o L, where L is the affine function
mapping Qik to [0,7%]™, it is easy to see that everything still works.

For k € Nand ¢ =1,...,n, we apply Proposition 2.6 to the map uy) L Q;, and obtain, for every positive o,
a Lipschitz map g, such that gj = up) on 9Q;, and

. . g
/ | det Dgf| < / des(uney, @b, )y +

Define now on Qv :

(@) = {uh(k) (mm +xz) if o < | — Xiloo <7
gk (Ge) if 2 — 2i]o < o1

where z; is the center of the cube, and o is a sequence to be chosen later.
Observe now that:

ng
/|detka|=Z/ | det Dy |
Q i=1Y Q%
N r n r ng
k [ Tk ;
= — det Dg;, | —x | |do = / det Dg;,(z)|dx
Z<gk> /i| i (22 > [, decnsiio)
sZ/ﬂldeguh ,C,y|dy+a<2/ Deg(u, Qb )y + 1 +0

_ZJ’U, )+ — +a—Ju(Q)+E+U

so the first claim will follow if we are able to show that vy — w.
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First of all we notice that we can suppose ||g||occ < 2|t s, in fact thanks to Lemma A.1 we can truncate
the sequence in [—2]|u| oo, 2||¢t||00]™ without increasing the value of:

/ | det Dgl|.
p

i
Tk

Nk
o ,u|p:2/ lvg — ul?
/Q =1 Qik
ng
< Zc{ [+ alad
=1 :'k

Xr — X
+/ Uy () — Upy | TR + T
Qi |z —
Ok
< C{ /Q [u — up [P + (a) [[ull5
2k xr —I;
+ Z /Q Un (k) (T) — Un(k) <7"k7_Z + Iz‘)
i=1 Y W@r,
o) S
<C / [u — upwy|P + <—k> flull5 + TZ/ |Duh(k)|pdﬂf}
{ Q Tk ; Qi

sc{ / |u—uh<k>|p+<%> Julze ++% | |Du|p}
Q Tk Q

where we have used the fact that n, = O(%n) in the second inequality and Lemma A.3 in the third one.
k

Consider now the gradient of vy:

n
Do =Y [ Dul
/, 2 o
Tk xr — I;
< / Dy | upgy | re———— +
; Qi l( ()< |7 — 2|00

n n—p

1 k ,
Zm/ _ |Duh(k)|p+c(n7R)<%> max Lip(g;)”
i=1 Q1.

P P
Tk . i
+ 2", | — | (o))" max Lip(gz)?
<9k> (ox) ief1,..ny} (9

IN

n—p < Tk ie{l,...,nx}

n n—p
2 k ;
S |Du<z>|p+c<n,R><%> max Lip(g))”
=1 Qs

n—p < Tk ie{l,...,ni}

n—p
SM/ |Du|? 4+ C(n, R) Ok max _ Lip(g})?.
Q T ie{l,...,nx}
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If we choose gy to satisfy:

n—p
a><%> max  Lip(gi)” — 0

Tk ie{l,...,np}

2) <%> -0,
Tk

we have that v, — u and so the first claim is proven. Moreover with the previous choice we have:

1imsup/ |ka|p§M/ | Dul?
k—o0 Q Q

and so also the equi-boundedness hypothesis is satisfied. ]

6. GENERAL RELAXATION RESULTS

In this section we give some closed formulas for the relaxed functional F?(u) when the hypothesis of Theo-
rems 5.6 and 4.3 are satisfied. This extends some results for radial maps proved in [31], see also [22,23].

Theorem 6.1. Let g: R — [0,00) be a convex function such that:
alt] < g(t) <b(1+t]). (6.1)

Consider:
G(u)z/g(detDu)
Q

and the relaxed functional:

oc?

G(u,Q) = inf { 1ikminfG(uk), up € W, up —u € Wl’p}.
—00

Ifu e WhP(Q;R™) N L®

loc

with p > n — 1 satisfies G(u, Q) < oo and
u e Whr(Q; s

or
u€ WOP(Q) and n > 3,

then we have:
d (Ju)® s
Q) = det D ——— |d|(J . 6.2
6(u.) = [ gae w+[gm<dumﬂ>|<w| (62)
Proof. Thanks to Theorem 2.7 there exists a Radon measure p,, such that for every open subset A C

Using again Theorem 2.7 we only need to show that

’U,S
ufgm<§%§5ﬂ>dquﬂ (6.3)
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in fact, in this case

G(u, Q) = pa(Q) = 1 (Q) + 1 (Q)

- d (Ju)® WS
/Qg(detDu)+/§2goo<d|(Ju)S|>d|(J )7

From now on suppose u € L.

Step 1. Lower bound.
Equation (6.1) implies that TVP?(u, ) < co and so Ju is a Radon measure. Thanks to Lemma A.1, for any
sequence uj € W’licn weakly converging to u we can find a sequence vy € W’licn still converging to u such that

liminf/ g(det D) < liminf/ g(det Duy,)
k—oo ) a k—oo )

for any open set A C Q and ||vg||oo < 2||t]|co. According to Proposition 3.1 we have that

*
det Dvp, L™ — Ju
as Radon measures. Consider now the functional

U S
H(u,A):/Ag(detDu(z))der/Agoo <%>d|uu)ﬂ.

Since, thanks to Theorem 1.1, (Ju)* = det DudL™ we can apply Theorem 2.8 to obtain (recall that if v is in
W™ then (Jv)® = 0)

loc

likm inf G(ug, A) = likm inf/ g(det Duy)
— 00 A

— 00

> liminf/ g(det Duy,)
A

k—o0

= liminf H (v, A) > H(u, A)
k—o0

_ d(Jw)® W)
/Ag(detDu(:c))d:ch/Agoo<d|(JU)S|>d|(J )]

and so, taking the infimum on all sequences, the lower bound holds.

Step 2. Upper bound.
Thanks to (a variant of) Besicovitch covering Theorem, for every € > 0 we can find a finite family of disjoint
cubes {Q% } contained in A such that u € W?(Qp,) and:

fu(A) < ZNU(Q?&) +e.

Consider now for every cube Ql}%i the sequence of maps {uy} € Wl’"(Q%i) provided by Theorems 5.6 and 4.3.
This sequence satisfies:

det DuydL™ - Ju,
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and
/_ | det Dug| — |Ju|(Q§%l)
R;

So we have:

(@) < liminf /Q g(det Duy)

—00 i
R

< lim sup {g(O)|QiR7’| —l—/_ Joo(det Duk(ac))dx}
k—o0 Qi

R;

d (Ju)
+/QiRigoo<d|(Ju)|>d|<Ju>|

d (det Du) d (Ju)? g
o0 BRIV D o0 EEYE Y-
+/ng <d|detDu|>d|det u|+/ng <d|(]u)5| d|(Ju)”|

’ZLS
— Q|+ [ gmoldet Du(@)dz + [ g [ SN g 10y
. oy =\ dl(7u)s]

Qi

= 9(0)|Qk,

< 9(0)|Q%,

where we have used Reshetnyak continuity Theorem 2.9, the sub-additivity of g, the trivial inequality

g9(t) < g(0) + goo(t)
and the fact that if » and \ are mutually singular measures then

dv+2A) _ dv
dv+ A dy|

|v|— almost everywhere.
Then we have:

HalA) <D (@) +

m S
< Z{Q(ONQiRJ +/Q7.- goo(detDu(ac))dx—i—/Qi Joo <%>dwu)s|} +e

d (Ju)®

< g(0)|A] + [ goo(det Du(z))dz + | goo| =gt |d1(Ju)| +e.
A A d|(Ju)?|

Letting € — 0 and taking singular parts we get the desired upper bound.

Consider now u € L2, since TVP(u,Q) < oo Proposition 3.2 implies that Ju is a Radon measure in .

Thanks to the previous part of the theorem we know that equation (6.2) holds for any open set A CC § and,
since both members are Radon measures, by approximation it holds for €. O

We can also prove the following theorem:

Theorem 6.2. Let f: M"*"™ — R be a positive quasi-convex function satisfying the growth estimate:

g(det §) < f(§) < (1 + [¢]7) 4 g(det &)
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where g : R — [0,00) is a convex function satisfying the assumptions of Theorem 6.1. If u € WHP(Q; R™) N L°

loc

with p > ;5 satisfies F(u,§2) < oo and
u€ WHP(Q; 8" 1)
or
u€ WOP(Q) andn >3
then:

F(u, Q) /fDu / (dIEJU; |>d|(Ju)|

Proof. Since p > %= the remark after Proposition 3.1 implies that any admissible sequence ur — u with
bounded energy satisfies

Jup A Ju
as Radon measures. Consider now the measure p,, given by Theorem 2.7 which represents the relaxed func-

tional F, following the same lines of the proof of Theorem 6.1 and recalling that sequences given by Theorems 5.6
and 4.3 satisfy

1imsup/ | Duy|P §M/ | DulP
Q Q

k—oo

we obtain, for any open subset A CC €2, the bounds

d (Ju)S
/A g(det Du(x))dz + /A oo (W)d [(J0)] < 1a(A)

and

pa) et [ (15 Dul?) + 0)14] + [ gmcldet Duto))ao

d (Ju)® )5S
+/Agoo<—d|w)sl>d|u )l

Taking the singular parts we obtain:
s d(Ju)®
uugoo< g7 |dIw)?].

Since Theorem 2.7 gives
pry = f(Du)dL"
we obtain the claim exactly as in Theorem 6.1. (|

A careful inspection of the proof of Theorem 5.6 shows that in the previous theorem the assumption v € LiS.
can be dropped.
We remark that this theorem applies to functionals related to non-linear elasticity whose model case is:

F(u) = /Qg(det Du) + |Dul?

and to Geometric Measure Theory, as the area of the graph of u:

w = [ 1M(Dw)

where M(Du) is the n-vector tangent to the graph of w.
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A. APPENDIX

We collect here some useful results.

Lemma A.1. Let g: R — [0,00). Let u € WHP(Q)NL>® and uy, € Wli)Cn(Q) a sequence weakly converging to u
in WYP and satisfying

liminf/ g(det Duy,) < oo,
Q

k—o0

then there exists a sequence vy € Wli’C”(Q) weakly converging to u such that ||vg]|eo < 2||t]lee and

k—oo k—o00

liminf/ g(det Dvy) < liminf/ g(det Duy)
A A

for any open set A C Q.

Proof. Up to a subsequence we can suppose that uj — u almost everywhere. Let vy = 7!V (ur) where

x if |[2] <N
Ni otherwise
||

with N = 2|Ju||c. Clearly vy € Wi, vp — u in WP and [Jog]|ce < 2||t]|oo. To verify the last assertion notice
that

det Duy(z) = det Duy ()14, <N} () ae.
and hence

1iminf/ g(det Duy,) Sliminf/
A k—o0

g(det Dug) + limsup g(0)|{|ug| > N} N A|
ko0 A k—00

:liminf/g(detDuk). O
A

k—o0

Lemma A.2. Let u: B(xg, R) — R™ be a smooth map and consider v defined by

v(z) =u R0 + 0 |.
| — 20|

Then, for p <n

[ ppscwpr| o
B(IU,R) aB(CEo,R)

Proof. We can suppose o = 0 and R = 1. We have
p

L) = ()

1
_ / / | Du(w)[PdH" ()™ P do <
o Jom
Lemma A.3. Let u € C1(Q(z0, R)) and define:

p
1

[P

/ | Du(w)PdH™ L. O
n—"pJoB
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Then, for every p > 1, we have

/ lu —wl? < C(n,p)R”/ |DulP.
Qr Qr

Proof. We can suppose that o = 0 and R = 1. Consider the change of variable:

we have

Multiplying both sides by o

w = \;ﬁ? S an
¢ = |7 € [0,1]
p 1
u(z) —u |x| = |u(ew) —u(w)[” < (1 - 9)”’1/ | Du(tw)[Pdt.
oo 0
n—1

and recalling that o <t we obtain

Ju(ow) — u(@)Pe™ ™t < (1 - g)" / | Du(tw)Pedt.

Integrating both members with respect to w € 9@ and p € [0, 1] and recalling the co-area formula we have the
result. O

Acknowledgements. I would like to thank Emanuele Paolini for his invaluable advice, Matteo Focardi and Paolo Marcellini
for many useful discussions and suggestions and Francesco Maggi for suggesting me the proof of Lemma A.3. Finally
I would like to thank the anonymous referee for her or his suggestions and remarks and for pointing out an error in the
proofs of Theorems 6.1 and 6.2.

(1]
2]

(3]

[12]
[13]
[14]

[15]
[16]

REFERENCES

G. Alberti, S. Baldo and G. Orlandi, Functions with prescribed singularities. J. Eur. Math. Soc. (JEMS) 5 (2003) 275-311.
L. Ambrosio, N. Fusco and D. Pallara, Functions of bounded variation and free discontinuity problems, Ozford Mathematical
Monographs. The Clarendon Press Oxford University Press, New York (2000).

J.M. Ball, Convexity conditions and existence theorems in nonlinear elasticity. Arch. Rational Mech. Anal. 63 (1976) 337-403.
F. Bethuel, A characterization of maps in H'(B?3, S?) which can be approximated by smooth maps. Ann. Inst. Henri Poincaré
Anal. Non Linéaire 7 (1990) 269-286.

F. Bethuel, The approximation problem for Sobolev maps between two manifolds. Acta Math. 167 (1991) 153-206.

G. Bouchitté, 1. Fonseca and J. Maly, The effective bulk energy of the relaxed energy of multiple integrals below the growth
exponent. Proc. R. Soc. Edinb. Sect. A 128 (1998) 463—479.

H. Brezis and L. Nirenberg, Degree theory and BMO. I. Compact manifolds without boundaries. Selecta Mathematica (N.S.)
1 (1995) 197—-263.

H. Brezis and L. Nirenberg, Degree theory and BMO. II. Compact manifolds with boundaries. Selecta Mathematica (N.S.) 2
(1996) 309-368.

H. Brezis, J.-M. Coron and E.H. Lieb, Harmonic maps with defects. Comm. Math. Phys. 107 (1986) 649-705.

R. Coifman, P.-L. Lions, Y. Meyer and S. Semmes, Compensated compactness and Hardy spaces. J. Math. Pures Appl. (9)
72 (1993) 247-286.

S. Conti and C. De Lellis, Some remarks on the theory of elasticity for compressible Neohookean materials. Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (5) 2 (2003) 521-549.

B. Dacorogna, Direct methods in the calculus of variations, Applied Mathematical Sciences 78. Springer, New York, second
edition (2008).

B. Dacorogna and P. Marcellini, Semicontinuité pour des intégrandes polyconvexes sans continuité des déterminants. C. R.
Acad. Sci. Paris Sér. I Math. 311 (1990) 393-396.

C. De Lellis, Some fine properties of currents and applications to distributional Jacobians. Proc. R. Soc. Edinb. Sect. A 132
(2002) 815-842.

C. De Lellis, Some remarks on the distributional Jacobian. Nonlinear Anal. 53 (2003) 1101-1114.

C. De Lellis and F. Ghiraldin, An extension of Miiller’s identity Det = det. C. R. Math. Acad. Sci. Paris 348 (2010) 973-976.



[17]
18]
[19]
[20]

[21]
[22]

[43]

[44]

WEAK NOTIONS OF JACOBIAN DETERMINANT AND RELAXATION 207

L.C. Evans and R.F. Gariepy, Measure theory and fine properties of functions, Studies in Advanced Mathematics. CRC Press,
Boca Raton, FL (1992).

H. Federer, Geometric measure theory, Die Grundlehren der mathematischen Wissenschaften, Band 153. Springer-Verlag
New York Inc., New York (1969).

I. Fonseca and W. Gangbo, Degree theory in analysis and applications, Ozford Lecture Series in Mathematics and its Appli-
cations. The Clarendon Press Oxford University Press, New York (1995).

I. Fonseca and J. Maly, Relaxation of multiple integrals below the growth exponent. Ann. Inst. Henri Poincaré Anal. Non
Linéaire 14 (1997) 309-338.

I. Fonseca and P. Marcellini, Relaxation of multiple integrals in subcritical Sobolev spaces. J. Geom. Anal. 7 (1997) 57-81.
I. Fonseca, N. Fusco and P. Marcellini, On the total variation of the Jacobian. J. Funct. Anal. 207 (2004) 1-32.

I. Fonseca, N. Fusco and P. Marcellini, Topological degree, Jacobian determinants and relaxation. Boll. Unione Mat. Ital.
Sez. B Artic. Ric. Mat. (8) 8 (2005) 187-250.

M. Giaquinta, G. Modica and J. Soucek, Graphs of finite mass which cannot be approximated in area by smooth graphs.
Manuscr. Math. 78 (1993) 259-271.

M. Giaquinta, G. Modica and J. Sou¢ek, Remarks on the degree theory. J. Funct. Anal. 125 (1994) 172-200.

M. Giaquinta, G. Modica and J. Soucek, Cartesian currents in the calculus of variations I, Cartesian currents. Springer-Verlag,
Berlin (1998).

A. Hatcher, Algebraic topology. Cambridge University Press, Cambridge (2002).

R.L. Jerrard and H.M. Soner, Functions of bounded higher variation. Indiana Univ. Math. J. 51 (2002) 645-677.

J. Maly, LP-approximation of Jacobians. Comment. Math. Univ. Carolin. 32 (1991) 659-666.

P. Marcellini, Approximation of quasiconvex functions, and lower semicontinuity of multiple integrals. Manuscr. Math. 51
(1985) 1-28.

P. Marcellini, On the definition and the lower semicontinuity of certain quasiconvex integrals. Ann. Inst. Henri Poincaré Anal.
Non Linéaire 3 (1986) 391-409.

P. Marcellini, The stored-energy for some discontinuous deformations in nonlinear elasticity, in Partial differential equations
and the calculus of variations II, Progr. Nonlinear Differential Equations Appl. 2, Birkhduser Boston, Boston, MA (1989)
T67-786.

D. Mucci, Remarks on the total variation of the Jacobian. NoDEA Nonlinear Differential Equations Appl. 13 (2006) 223-233.
D. Mucci, A variational problem involving the distributional determinant. Riv. Mat. Univ. Parma (to appear).

S. Miiller, Higher integrability of determinants and weak convergence in L'. J. Reine Angew. Math. 412 (1990) 20-34.

S. Miiller, Det = det. A remark on the distributional determinant. C. R. Acad. Sci. Paris Sér. I Math. 311 (1990) 13-17.

S. Miiller, On the singular support of the distributional determinant. Ann. Inst. Henri Poincaré Anal. Non Linéaire 10 (1993)
657—696.

S. Miiller and S.J. Spector, An existence theory for nonlinear elasticity that allows for cavitation. Arch. Rational Mech. Anal.
131 (1995) 1-66.

S. Miiller, Q. Tang and B.S. Yan, On a new class of elastic deformations not allowing for cavitation. Ann. Inst. Henri Poincaré
Anal. Non Linéaire 11 (1994) 217-243.

S. Miiller, S.J. Spector and Q. Tang, Invertibility and a topological property of Sobolev maps. SIAM J. Math. Anal. 27 (1996)
959-976.

E. Paolini, On the relaxed total variation of singular maps. Manuscr. Math. 111 (2003) 499-512.

A.C. Ponce and J. Van Schaftingen, Closure of smooth maps in WP (B3;S2). Differential Integral Equations 22 (2009)
881-900.

T. Schmidt, Regularity of Relaxed Minimizers of Quasiconvex Variational Integrals with (p, q)-growth. Arch. Rational Mech.
Anal. 193 (2009) 311-337.

B. White, Existence of least-area mappings of N-dimensional domains. Ann. Math. (2) 118 (1983) 179-185.



	Introduction
	Notations and preliminary results
	Sobolev maps and precise representative
	Brouwer degree
	White's Theorem
	Lebesgue-Serrin extension

	TV VS. Ju
	Sphere-valued maps
	Maps with positive degree
	General relaxation results
	Appendix
	References

