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DYNAMIC PROGRAMMING PRINCIPLE FOR STOCHASTIC RECURSIVE
OPTIMAL CONTROL PROBLEM WITH DELAYED SYSTEMS *

L1 CHEN! AND ZHEN WU?

Abstract. In this paper, we study one kind of stochastic recursive optimal control problem for the
systems described by stochastic differential equations with delay (SDDE). In our framework, not only
the dynamics of the systems but also the recursive utility depend on the past path segment of the
state process in a general form. We give the dynamic programming principle for this kind of optimal
control problems and show that the value function is the viscosity solution of the corresponding infinite
dimensional Hamilton-Jacobi-Bellman partial differential equation.
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1. INTRODUCTION

The classical stochastic control system is governed by a nonlinear stochastic differential equation (SDE). This
kind of stochastic optimal control problems has been studied extensively, both by the dynamic programming
approach and by the Pontryagin stochastic maximum principle. In our paper, we are concerned with the dynamic
programming principle. There are many works concerning this subject. Such as Yong and Zhou [13] for the
classical stochastic control system, and Peng [10,11], Wu and Yu [12] for the stochastic recursive case.

The research of many natural and social phenomena shows that the future development of many processes
depends not only on their present state but also essentially on their previous history. Such processes can be de-
scribed by the stochastic differential delayed equation (SDDE). Many examples can be found in Mohammed [8, 9].
Whereas the dynamic programming principle can also be extended to stochastic control problems with delay
(see e.g. [6]), most problems remain practically intractable because of the complex infinite-dimensional state
space framework. In [7], Larssen and Risebro consider a class of optimal consumption problems with the stochas-
tic delayed systems for some special cases, which shows that the financial application of this kind of dynamic
programming principle.
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However, Duffien and Epstein [2] showed that the personal utility at time ¢ is not only a function of the
instantaneous consumption rate, but also of the future utility (corresponding to the future consumption). Also,
from [3], we know that this kind of recursive utility can be described by backward stochastic differential equa-
tion(BSDE), and the stochastic differential recursive utility is an extension of the standard additive one. So one
of our goals in this paper is to obtain the dynamic programming principle for the delayed stochastic optimal
control problem with the recursive utility.

For this, we study one kind of delayed stochastic recursive optimal control problem with the cost functional
described by the solution of a BSDE. We prove that the celebrated dynamic programming principle for this
kind of optimal control problem still holds. Because of the absence of [t6’s formula for the function of the
history state and the infinite-dimensional difficulty, it is not easy to obtain the Hamilton-Jacobi-Bellman (HJB)
equation which the optimal value function satisfies. To overcome this difficulty, with the help of the theory of
generator for the operator and the semigroup properties, we obtain the corresponding HJB equation and show
that the value function of the recursive optimal control problem is the viscosity solution of HJB equation.

The paper is organized as follows. In Section 2, we present some notations which will be used throughout
the paper, and we formulate the recursive optimal control problem with delay. In Section 3, we prove that
the celebrated dynamic programming principle still holds under our framework. In Section 4, we give some
properties of the optimal value function. We obtain the corresponding HJB equation and show that the optimal
value function is the viscosity solution of the HJB equation in this section. Moreover, in some special case, we
can get the uniqueness result of the viscosity solution.

2. NOTATIONS AND FORMULATION OF THE PROBLEM

Let (£2,F, P) be a probability space. Given 0 < T < oo denoting a fixed terminal time. Let 0 < § < oo be
a fixed constant, and [—J, 0] be the duration of the bounded delay of the systems considered in our paper. For
the sake of simplicity, denote C := C([—0,0]; R™), the Banach space of continuous paths v : [-4,0] — R™ with
norm || v |[c:i= sup |y(s)|, where | - | is the Euclidean norm on R™. And let n,d > 1 be integer.
§<s<0

If p € C([—0, T]_; ]li”) and 0 <t <T, let ¢ be defined by
wt(0) =pt+0), —5<6<0. (2.1)
We note that ¢; is the segment of the path of ¢ from ¢t — § to .
Throughout the end, let {W(¢)}o<i<7 be a d-dimensional Brownian motion on completed filtered probability

space (£2,F, P;{Fi}+>0), where F; is the natural filtration of {W(¢)} with F{ contains all P-null sets of F.
We also use the following notations in our paper:

L?*(2,F,P) = {¢is an Fr — measurable random variable s.t. E[¢[* < 400},

T
H%(0,T) = {(gpt, 0 <t <T)is an adapted process s.t.]E/ e 2dt < —1—00} ,
0
S%(0,T) = {(gpt,O <t <T)is an adapted process s.t. E ( sup |g0t2) < —I—OO} ,
0<t<T
L*(02,C; F) = {<p 12 — CisFy — measurables.t. | ¢ H%Q(Q’C):: E[|| p(w) |2] < oo} .

Moreover, we denote by (:|-) the inner product in L?(£2,C;F;), and {-,-) the inner product in R". Given ¢
and ¢ in C, we have defined as follows,

O 1
(old) = / (0).6(0)) 0,00 | ¢ = (el
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We introduce the admissible control set U4,4 defined by
Una = {v(-) € H2(0,T)|v(-) takes value inU € R*}.

Here U is a compact subset of R*, an element of Uy,q is called an admissible control.
For a given admissible control, we consider the following system of controlled stochastic functional differential
equations with a bounded memory:

{ AX (8) = b(t, Xy, v(t))dt + o (t, Xy, v(t))dW (L), t € [, T], 22)

X = ps.

Here X, and ¢, are defined similarly as in (2.1), i.e., for any 0 < s < T, Xg = X(s+6),ps = @(s + 0),
—§<60<0,and ¢ € L%(2,C; Fs) is regarded as the initial path. The maps

b:[0,T]xCxU—=R" 0:[0,T] x C x U — R4

satisfy the following assumptions:
(A1) b and o are continuous in t;
(A2) for each integer m > 1, there is a constant L,, > 0 (independent of ¢) such that

b(t, &, v) — bit, 6, )] + o (t, &, 0) — o(t,,0)| < Ln(ll & — & llc +]o — 1),
for any 0 <t < T, qﬁ,de C with || ¢ |[c< L, || q@ lc< Ly, and v, © € U;
(A3) there is a constant K > 0 such that
b(t, ¢,0)[ +[o(t, ¢, v)] < K(1+ | ¢ [|c +|v]),

forany 0 <t <T,¢pecC,vel.

Under the above assumptions, for any v(-) € U4, the control system (2.2) with the aftereffect has a unique
strong solution {X*¥¥(t),0 < s < ¢t < T}, and also we have the following estimates by the existence and
uniqueness theorem of SDDE in Mohammed [8,9]:

Proposition 2.1. For all s € [0,T], ¢, p € L*(2,C; Fs), v(-), 9(-) € Uy,

B[l X9 18] < A+ [ ¢ 112). (2:3)

If we define the following mapping

TP L*(02,C;Fs) x U — L*(02,C; F),
(¢, v) = X7,

then we have

E7[

T (pv) = TP (#,0) I2] < 4 (I o=@ llg +E”

T
/ lo(t) — @(t)?dtD . (2.4)

Remark 2.2. From now on, let A be a constant which can be changed line by line throughout our paper.

Now for any admissible control v(-) € Upq, 0 < s <t < T, we consider the following BSDE:

T T
YR () =BG [ XY ), 25 ) o)~ [ 2 aw ), (25)
t t



1008 L. CHEN AND Z. WU

where
fi0T]xCxRxR*xU =R, &:C—R

satisfy the following conditions:
(A4) f is F; measurable and it is continuous in t;
(A5) for some constant L > 0, and for any ¢, ¢ € C, y, § €R, 2, 2 € R? v, 6 € U, a.s.

f(t by 2,0) = f(t:0,,2,0)| +18(6) — 2(9)] < LI ¢ = & o +ly = 91 + |2 = 2| + [0 = 9]),

and V(¢,v) € C x U, we have
[£(t,9,0,0,0)| + [@(0)] < K(1+ || ¢ [o)-

Then from the result of the classical BSDE, we have that BSDE (2.5) has a unique solution triple
(Ysww Z59v) € §2(0,T) x H%(0,T). Moreover we get the estimates for the solution of (2.5).

Proposition 2.3. (A1)-(A5) hold, we have
s<t<T s

T
E” { sup [Y= 0 (2)|? +/ IZS’“‘””(t)zdt} <A+ e l2) (2.6)

and

T
]Efs{ sup \YSW(t)—YSW(t)FJr/ ZSW(t)—ZSW(t)th}
S

s<t<T
. (2.7)
< Alle-¢ & +AE™ {/ o(t) = f)(t)zdS} :
S
Given a control process v(-) € Ugq, we introduce the associated cost functional
J(s,050()) i= V2P0 (H) o=, (s,0) € [0, T] x C, (2.8)

For each initial datum (s, ) € [0, 7] x C, the optimal control problem is to find v(-) € Uaq so as to maximize
the objective function J.

Remark 2.4. The problem we formulated is one kind of stochastic recursive optimal control problem with
delay. In the financial market, X *%(¢) can represent the wealth of the investor and Y * %" (¢) represents the
recursive utility cost functional, (see, for example, Ref. [3]).

3. DYNAMIC PROGRAMMING PRINCIPLE OF THE PROBLEM

In this section, we will prove that the dynamic programming principle still holds for the above optimization
problem.
We define the value function of the optimal control problem

u(s, @) 1= esssupy(yeu,q.J (s, ¢;0(-)), (s,) €10,T] x C. (3.1)

For each s > 0, we denote by {F7,s <t < T} the natural filtration of the Brownian motion {W (t)—W (s), s <
t < T} augmented by the P-null sets of F. Also we introduce the following subspaces of Uyq:

Uy = {v()) € Una| v(t) is F; progressively measurable,Vs <t < T},

a

N
15, = v(t) = Zvj(t)lAj |07 (t) € US,, {Aj}éyzl is a partition of (£2,F;), N=1,2,---
j=1
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Lemma 3.1.
5,05 w1 N J
P2 j=1 i 8,50
Xy = § :1A.7’Xt )

Yo v () = 301, yeer ()

1a, 259 (1).

M=

Zs,¢;2§v=1 Ulej (t) —

Jj=1

Proof. The main idea of the proof is essentially the same as that in Peng [11], hence we only give sketch for the
different points. If v = Z 1 14,07, for each j we denote

(X7(),Y7(1), Z7 (1) = (X9 (1), Y90 (t), Z°9(8)|omos, and XT = Xr[ymps-

We can see that X7(t),Y7(t), Z1(t) are the solutions of the following SDDE and BSDE respectively,
t . .
XI9( / b(r, X307 (r )dr—I—/ o(r, X)), v (r)dW (r), t € [s,T],
S

T
YI(t) Xj / f(r, X3 Y(r),Z (r),vj(r))dr—/t ZI(rydW (r), t € [s,T).

Multiplying 14, on both sides of the above functions, we have

N N
Zlfl Xi(t ZlA@ /tb rY 1a X0y a0l (r) | dr
j=1 j=1

N N
/ r,ZlAjXﬂ,ZlAjvj(r) dW(r),
j=1 j=1
N N
DAY =@ | Y 14, X] | + / ZlAXT,ZlAYJ ZlA Zi(r) | dr
j=1 j=1
T N
- [ Sz mawe,
t—

by the virtue of 3, #(x;)1a;, = (3, ;14,). Since Z;V:1 14, = ¢ and the uniqueness of solutions for SDDE
and BSDE, we have

X () = X b Z La, X0t

YO () = y S lay v (t) = La, Y7 (t),

‘MZZ

Jj=1

1a, Z7(t).

J

M-

7590 (1) = 79N 1 () =

Jj=1
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And also we have

B N
XS#PW _ X&%Zj\;l 1AjUJ _ 1 Xj O
t — At - § Ajg -
j=1

Proposition 3.2. Under the assumptions (A1)-(A5), the value function u(s, @) defined in (3.1) is a determin-
istic function.

Proof. Firstly, we will prove that

e885UPy(yeu,q (8,95 0()) = esssupv(,)eg;dJ(s, w;0(+)). (3.2)
From the fact that Z;{(fd is a subset of U4, we have

e885UPy (et (5,95 0()) > esssupv(_)egng(s,go;v(~)).

Consequently, we only need to prove the inverse inequality. For any v(-),0(-) € Uaq, we have
A T
(Y *(s) - Y )} < 4B [ [ole) — o(0)Pa

by Proposition 2.3. Note that U, is dense in Uqaq under the norm of HZ%(0,T), so we know that, for each
v(-) € Uaa, there exists a sequence {v,(-)}0L, € U7, such that

lim E{[Y*# (s) - Y*#(s)]?} = 0.

n—o0

Thence, there exists a subsequence, we also denote {v,(-)}22,, such that

lim Y% (s) = Y*¥"(s), a.s.

n—oo
1.€.,

lim J(Sa@;vﬂ(‘)) = J(S’@;U('))a a.s.

n—oo

By the arbitrariness of v(-) and the definition of essential supremum, we get
esssup,(yey:,J (5,93 0(+)) 2 esssupy(yeu,,J (s, 05 v("))-

Then (3.2) is proved.
Secondly, we want to prove

esssupy(yeus,J (8, 050())) = esssupy(yeus,J (s, 930()). (3.3)

Obviously,
esssupy(yeus,J (s, 0;0())) = esssupy(yeus,J (s, p30()).

On the other hand, from Lemma 3.1, we have

N N
T, 0000 =T [ 5,053 1407 () | = S0 14, T (5,507 ()
j=1 j=1

for all v(-) € UZ,. Note that v/(:)(j = 1,2,...,N) are {F;} progressively measurable, then J(s, ;v (-))(j =
1,2,...,N) are deterministic. Without loss of generality, we assume that

J(s,030' () = J(s,0307 (),  Vj=23,... N
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Then

J(s,030() < J(s,030' (1)) < esssupu(yeus, (s, 950().
Since v(-) is arbitrary, we obtain that

esssup,(yey:,J (s, 03 0(+)) < esssupy(yeus,J (s, 05 0(:)).

The desired equality (3.3) is obtained.
From the definition of ¢/?;, we know that the cost functional J(s,;v(-)) is deterministic when v(-) € U?,.
Hence we get
u(s, ) = sup J(s,p;0(-))
v(-)EUS,

is deterministic which is our desired result. O
Next, we will explore the continuity of value function u(s, @) with respect to ¢.
Lemma 3.3. For each s € [0,T], and ¢, ¢ € C, we have

(0) [u(s, ) —uls,@)> < All o = ¢ I8
(i0) [u(s, o)l < A+ || ¢ [lo)-

Proof. From Proposition 2.3, for each admissible control v(-) € U,q, we have

[J(s,030()) < A+ [ ¢ lle), (3-4)

[ T(s,050()) = I (s, 30N < Al o =22 - (3.5)
On the other hand, for each € > 0, there exists a v(-),0(:) € Uaq $-t.
J(5,050()) Suls, ) < J(s,050() + 6 J(s,450() Suls, @) < J(s,4;0()) + e
Then from (3.4) , we get
—A+ [ ¢ lle) < J(s,0:0() < uls, @) < J(s,030() +e< A+ | @ [lo) + e
Then (ii) comes from the arbitrariness of e. Similarly,

J(s,0:0(-)) — J(s,8:0())) — € Suls, o) —uls, 9) < J(s,030())) — J(s,050(-)) + €,
[u(s, ) —u(s, )|
< max{|J(s,p;0(-)) = J(s,P30())], [(s,030(-)) — J(s,8:0())[} + €,
lu(s, ) —u(s, @)|?
< 2max{|J (s, o;0(-) = J (s, &;0(-))%, [T (5,0, 0(-)) — J(5,8;0(-)) [} + 2¢€°
<2A || o — @ ||% 262

So (7) holds. O
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From (2.8), we know Y*¥%(s) = J(s,¢;v(-)) for deterministic ¢ € C. About ¢ € L?(£2,C; Fs), we need the
following result:

Lemma 3.4. For any bounded ¢ € L*(2,C; F,), we can find a sequence
m .
M = Y _1a,¢’ (3.6)
j=1

converges to ¢ in L?(2,C;Fs), where ¢’ is a function defined on [—5,0] for 1 < j < m and {4171, is a
partition of (2, Fs).

Proof. For any bounded ¢ € L?(£2,C; Fs), we also denote it by ((r,w), r € [s — 4, s]. We define

1 )
Z ¢ (2%5,w> 1[2:-” 5, 5L 5)(7“), —6<r<o.

i=—2m

For every w € 2, since the trajectory is continuous on a closed interval [s — 4, s], so the continuity is uniform.
We have
lim ||Gn(-,w) —C(-,w)|lo =0, forany w € £2.
m—00

Since (,, is uniformly bounded, by Lebesgue’s dominated convergence theorem, we have
. 2 . 2
W}Enoo 1Gm — C”L?(Q,c) = W}EHOOE |:HCm(7w) - C(aw)”c} =

So, for any given € > 0, there exists M > 0 such that, whenever m > M, we have

€

[Gm — CHL?(Q,c) < 3 (3.7)
For each 7 and m, let us turn to analyze the Fs-measurable random variable ¢ (zm ) It is easy to know
that there exists a partition {AZ m} of (2, Fs), and there exists a sequence of ¢z M eR" j=1,2,...,Nim,
such that
Nim
Z 1A;z_,m(w P — ¢ < ) w) < %, for any (i, m). (3.8)
j=1

We notice that the partitions above depend on (i, m). Without loss of generality, we will use a thinner partition
{Am}N'"i of (£2,F,) to keep (3.8) to hold for all 7, and the new partition is generated by the all partitions

{Az m} "". The advantage of the thinnest partition is that only depending on m. Then we have

N’VYL
ZlA;_n(w oo —C(—(S w) < %, for any (i,m).
j=1

We define

-1 Np
Mn(rw) = 3 D07 Lap @[ s ) (1)

i=—2m j=1

— ZlAm Z ¢zm

i=—2m

N’VYL
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And for any m, we calculate

—1 N —1 .
[ (r,0) = G ) = | D2 D67 Lap (w)l > C(zim‘;’”%[?:n 5, i25)(7)

i=—2m j=1 i=—2m

ol

IA
(]
\eh

3
<
ey
3

—_
3
£

|
'Y
YO
=E
>
&
~—
—
ER

i=d
3
=
©

INA
Wl ™
(]!
—
—
E

=g
ol
e
=%
S—
—
=
S—

Moreover

< (3.9)

Wl m

||77m - CmHm(Q,C)

Combining (3.7) and (3.9), we obtain the conclusion: for any given € > 0, there exists M > 0 such that, whenever
m > M, [[nm = Cll 20,0y < € We complete the proof. O

Lemma 3.5. We have
I(s,Gu(-) = Y*4(s) (3.10)
for any s € [0,T), v(-) € Uaq and for any ¢ € L*(2,C; F).

Proof. First, we consider a simple case that { = ZJ 11,47 with {4; }J 1 is a finite partition of ({2, F), and
¢! € C[-6,0]", for 1 < j < N. The similar argument in Lemma 3.1, we deduce that

Y5 (s ZlA Ve ( ZlAsz v( ZlAcp v(-) | = J(s,Go(s)).

That implies (3.10) holds for the above simple case.
Next, given a bounded ¢ € L?(§2,C; F5), we can choose a sequence of simple process {¢;} similar to the form
of (3.6) such that {¢;} converges to ¢ in L?(£2,C; Fs). Then, from Proposition 2.3 we can derive

E[[Y*59(s) = Y9 ()] < Al ¢ = ¢ llr2(0,0)— 0, as j — oo
At the same time, form (3.5) we have the following result about .J
E[|J(s, G () = (5, Gs o)) < A ¢ =G llz2(a,0)— 0, as j — oo

As a result of Y% (s) = J(s,(j;v(-)), we get our desired conclusion. If ¢ is unbounded, we can define (" =

(¢ An)V(—n), then ¢™ is bounded and
E[[Y550(s) = Y (s)2] < A || ¢ = ¢ lz2(.0)— 0, asn — .

Repeat the processes similarly as the bounded case, and we can also get our desired results. O
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In order to prove the dynamic programming principle, we need the following lemma:
Lemma 3.6. For each v(-) € Uga, fized s € [0,T) and ¢ € L?(2,C; Fs), we have
u(s, ) > Y55 (s). (3.11)
On the other hand, for each € > 0, there is an admissible control v(-) € Uyq, such that
u(s,0) S Y*5V(s) + e, a.s. (3.12)

Proof. Same as that in the proof of Lemma 3.5, we first consider the case: { = Z;V:1 14,¢7. Then, for each
v(-) € Ugq, we have

Ys,C;v(s) _ Ys,Ej\;l 1A]-LPJ§U(S) _ Z 1Ajys,ap1;v(s) < Z 1Aju(5, o) = u(s, Q).
j=1 j=1

Furthermore, if ¢ € L*(£2,C; F5), we can also choose a sequence of simple process {¢;} which converges to ¢
in L2(02,C; F,). So,

E[[Y*¢"(s) = Y>97 () "] — 0; Elu(s,¢) —u(s,§)*] = 0, (j — o0).
Then there exists a subsequence which we also denote it by {(;} such that

lim Y9 (s) = Y*%%(s), as., lim u(s,¢;) = u(s, (), a.s.
j—o00 j—o00
With the help of Y% (s) < u(s, (), j=1,2,..., we get (3.11).
We can use the similar method to prove (3.12). We first consider that ¢ € L>®(£2,C; Fy) with || ¢ ||c< M,
then we can construct a random variable n € L*°(£2,C; F,) with the form n = Z;\;l la,¢%, 97 € C, {Aj}éyzl
is also the partition of ({2, F) such that

€
— < .
I ¢=nll20,0)< 3
For any v(-) € Uqq, we have
|Y3’<”’(5) —YS(s)| <

u(s, ¢) —uls,n)| < (3.13)

Wl ™

€
3 )
Then, For each 7, we can choose an Fj-adapted admissible control v7(-) such that

us,?) < YV (5)

Wl

If we set v(+) = Zj\;l 14,07(+), we can derive the following result with (3.13):

N
YR () 2 Y s) = Y)Y ) 2 — 2+ D1,V (s)
j=1

N N
, € 92 A
# 2 ule ) = ) = 5e+ (e

Jj=1

2_

e+ u(s,n) > —e+u(s, Q).

Wi wlao

That is to say that (3.12) holds for any ¢ € L*>°(£2, C; Fs).
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For the general case ¢ € L?(£2,C; F,), fortunately we know that ¢ can be decomposed as

C = Z 1A_7' C]a
j=1

where {A;}52, is also a partition of (2, F) and ¢; € L>(£2,C; F) with || (; [[c< j, j =1,2,---. Thence, for
each (;, there exists v7(-) € Uy,q such that

u(s, () <Y (5) e

Denoting v(-) = 72, 14,07 (:), we get

Q) = u(s, Z 1A_7<j) = Z 1Aju(3v CJ Z (Y™ va (s)+e)
Jj=1 Jj=1 7j=1
=314, YIS (5) e = YIOU(s) + e,
Jj=1

Then we complete our proof. O

Next, we will introduce a family of backward semigroups which is embedded in [11].
Given the initial condition (s,¢) € [0,7T") x C, and an admissible control v(-) € Uyq. If 7 < T — s is a positive
number, and ¢ € L?($2,C; Fqy,), we denote

Gl = Yo (s),

§,8+T

where (Y®#(t), Z%¥"(t)s<t<s+ 1s the solution of the following BSDE

{ CAYSE(L) = f(E, XPP Y (L), 2595 (1), u(t))dE — 2590 () dW (L), te [s,5 4 7],
YS90(s 4 1) = (.

Obviously,
Gi:?v[@(x;sﬂw)] — GS,SD;U [Ys,tp;v(s + T)} (3.14)

8,8+T

Then we can get the main result of this section, the generalized dynamic programming principle for our
stochastic recursive optimal control problem with delayed system.

Theorem 3.7 (the generalized dynamic programming principle). Let (A1)-(AS) hold. Then the value function
u(s, @) defined by (3.1) for our optimal control problem with the delayed system has the following property: for
each 0 <7 <T —s,

(5 90) - esssupv( Euang 9+UT[ (3 + T, Xk:l&fz:v)] (315)

Proof. We have

u(s, ) = esssupv(_)euade’“{i;v[@(X;’(’m)] = esSSUPy( e, Go win [V 570 (s + 7))

S,8+T
o ER%R)) s+7, X%
= esSSUPy( et Go win [V 4 (s 4 7).

From Lemma 3.6 and the comparision theorem of BSDE, we have

u(s, ) < esssupy(eu,, Gl fuls +7, X35,
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Moreover, also by Lemma 3.6, we can conclude that: for every € > 0, we can find an admissible control
0(+) € Uyq such that _
u(s + 7, X5 S YT (s ) e

For each v(-) € Uya, we denote 0(t) = 1{1<s710(t) +1¢5547)0(t). From the above inequality and the comparison
theorem, we get

YS-&-T,X:JE;@;E(S +7)> u(s + 7, Xgﬁrxf)) — €, u(s, p) > esssupﬁ(_)eujdgs,w;i [u(s + 7, X;:ﬁ_’ﬁ) . 6]7

§,8+T

and here A
Uyg = {0(-) € Uaa|0(t) = 1<spmyv(t) + 1ipssqry 0(t) for somev(-) € Uaa -

From the estimates of BSDE, there exists a positive constant Ay such that
u(s, ) > eSSSUPE(')eu;jdG:ZfoT [u(s + 7, X287)] — Age.

Letting € | 0, we obtain ) )
u(s, ) > eSSSUpﬁt)EMLGi:ffT [u(s 4+ 7, X5
From the definition of o(-) and the arbitrariness of v(-) € Uyq, we know
u(sa 90) > €SSSUPU(')euadG§:ffT [u(s +, X;:ﬁ:v)}
Then (3.15) is obtained. U

Remark 3.8. (3.15) implies that the value function u(s, ) obeys the dynamic programming principle which
holds also for the usual optimization case without the recursive utility (see Refs. [6,7]).

4. THE HAMILTON-JACOBI-BELLMAN EQUATIONS

We call (3.15) the dynamic programming equation. It seems impossible to solve such an equation directly.
In this section, we will prove that, under some smooth conditions, the value function u(-,-) defined by (3.1)
satisfies a kind of partial differential equations-HJB equations.

4.1. The notions and definitions

We first introduce some notations and definitions which also used in [1,4,5,9].
Let Cj, be the Banach space of all bounded uniformly continuous functions @ : C' — R with the sup norm

| 2 [lc,:= sup |®(n)|, ® € Cy.
neC

Define the operator P; : C,, — Cy, t > 0, on Cy by
Py(®)(n) :=E[®X)], t>0, ®eC, nedC.

For any @ € Cj, and any finite Borel measure p on C, define the pairing

(@, ) = / _Bd(n).

We also define a generator A : D(A) C Cp — Cy of {P;}4>0 by the weak limit

A@)n) =w — tim D=2,

here @ belongs to the domain D(A) of A if and only if the above weak limit exists in Cj.
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Then we can easily obtain:

Lemma 4.1. d
(@) = AP () = P (A(P)), t =0,
for any ® € D(A).
Let I, = {klyoy : k € R"} and C @ F,, := {n + k1) : n € C, k € R"} with norm
| n+ k1o ==l n llc +|s| for n € C, K € R"™, where 1} : [-6,0] — R is defined by

Loy (6) = 0, for 0 € [—0,0),
0 (0) = 1, for 6 = 0.

For a Borel measurable function @ : C' — R, we also define

S(@)(n) = lim M

for all n € C, where 7 : [-9,T] — R™ is an extension of 7 defined by

{ ﬂ(t)»t € [_5’ 0)7

1= o)t = 0,

and 7j; € C is defined by 7j,(0) := 7j(t +0), 6 € [0, 0]. Let D(S), the domain of S, be the set of & : C' — R such
that the above limit exists for each n € C. Define D(S) as the set of all functions @ : [0,T] x C' — R such that
&(t,-) € D(S),Vt € [0,T).

In addition, for each sufficiently smooth function @, we will denote its first and second Fréchet derivative

with respect to n € C' by D® and D?*@. And let C}if([o, T] x C) be the set of functions @ : [0,7] x C' — R such

that %—f, D® and D?@ exist and they are globally bounded and Lipschitz.

Then we can derive a formula for the generator A.

Theorem 4.2 (([9]). Suppose that ¢ € Cllii([O,T] x C)N D(S). Let v(-) € Uga, and {X(t),t € [s,T]} be the
C'—valued Markov solution process of equation (2.2) with the initial data (s,ns) € [0,T]x C. Then for & € D(A),

A@)(X) = Da(t, X)) + S@)(X,) + DBE X (b{t, X1 0(0)) o)

ot
1 (4.1)
+3 > D20(t, X;) (o (t, X, v(t))eilqoy, ot X, v(t))eil(qy),

i=1

where D& : C ® F, — R, D2®: (C @& F,) x (C & F,) — R are the continuous linear and bilinear extensions of
D®, D?® respectively, and {e; le is the standard basis in R?.

4.2. Some properties of the value function

We will explore some more properties of the value function defined in previous subsection.

Lemma 4.3. Under the assumptions (A1)—(A5), for any (s,¢) € [0,T) x L*(2,C; Fs) and v € Unq, we have

Jim | X7 = ¢ lr2a.0)=0. (4.2)

Proposition 4.4. Suppose (A1)—(A5) hold, then the value function u(s,p) is continuous in (s, ) € [0,T] x C.
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Proof. By Lemma 3.3, u(s, ) is uniformly continuous in ¢ with respect to s. Therefore we only need to show

that u(s, ¢) is continuous in s for each (.

Let us start by fixing ¢ € C. We desire to know the difference between u(s1, ) and u(sq,¢) for 0 <
s1 < s9 < T. From the generalized dynamic programming principle in Theorem 3.7, for all € > 0, there exist

v1(+), v2(+) € Ugq such that

Gsl#”;UQ [’U/(SQ, X:QLSD?U’Z)] S ’U/(Sl, SO) S Gsl#”;Ul [’U/(SQ, X:;?‘P?Ul)} + €.

51,82 51,82
Then
u(s1, ) —u(se, @) < "+ 1% +¢
where . . .
I' = GEE [u(sg, X305)] — GE u(ss, )]
12 = G35 [u(sz, )] — ulsz, ¢).

By the virtue of G (see Refs. Peng [11] or Wu and Yu [12]) and Lemma 3.3, we have

1] < (AE71 [Ju(s, X2 9%) — sz, 0) %))
S U 1
< (AET [ X309 — ¢ |22 (0,002

=

And 12 can be rewritten as

S2
> = B [u(sy, ) + / Fr, XS09mn Youei (p), Z50ev (7)) dr
S1

. /52 Z50# (P) AW (r)] — u(s2, @)

S1

82
— EFs [/ f(r, Xﬁl#ﬁ?vl’y«?h@?”l (r), /51,4501 (r))dr],
S1

by the fact that E7«1 [u(sq, p)] = u(sa, ©).
Applying the Schwartz’s inequality, and by (A5), Proposition 2.3, we can deduce that

1
S2 b
‘[2| < (32 — 31)% (E/ |f(r, Xﬁmo;m’ym,som (T)’ 751,451 (r))|2dr>
s1
< C(sg — s1).
So, letting so | s1, we can get

u(s1,9) — u(sa, ) < (CEF1 [|| X319 — ¢ H%?(Q,C’)])% +C(s2—51)+e—0

as a result of Lemma 4.3 and the arbitrariness of e.

Similarly, we can prove u(sz,¢) — u(s1,p) — 0, when s | s1. Then the continuity of w is proved.

4.3. HJB equation

Now we desire to obtain the HJB equation for w.
By Lemma 4.1, we have

t+e
Elu(t + €, Xete) —ult, )] = / E {Eu(r, X)) + Au(r, X,.) | dr,
t

(4.3)
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i.€.

Efu(t, X;#)] = E [u(T, X;’Xf’“’)] - E/tT {%u(r, X,) + Au(r, X,«)} dr.

Since XXt is independent of F; for ¢ < » < T. Then by the uniqueness of the solution for SDDE, the above
equation can be rewritten as

s, T
u(t, X%) = EX[u(T, X;’X* )] — EFt /t {%u(r, X,) + Au(r, Xr)] dr
"To
= EX[u(T, X3¥)) - B / [Eu(r, X.) + Au(r, X,«)] dr
t

T
= R [u(T, X%"P)} _E” / {%U(T, XT) + .A’LL(’I“, Xr):| dr

t
+EF / {%u(r, X,) + Au(r, Xr)] dr

t
= R ("] + EFt / l:%u(’r, X,) + Au(r, XT):| dr,

where n* = w(T, X7%) — fT[a%u(r, X,) + Au(r, X,)]dr. We can see that E7¢[n*] is a martingale, then by the

S

representation theorem of martingales, there exists a predictable process ZeH 2 such that
t ~
B ) = BX B ) + [ 20w )
S

t
—u(s.¢)+ [ Znawe)
i.€.
t a t
u(t, X;%) = u(s, p) —|—/ {8—u(r, X3%) + Au(r, X;f’“")] dr —|—/ Z(r)dW (r). (4.4)
S r S
Then we compute the joint quadratic variation with W?* of the processes occurring at both sides of the above

equality on an interval [s,T'] C [s,T). Considering the right-hand side, we obtain fST/ Z'(r)dr by the rule of
stochastic calculus. By the Theorem 3.7 in [5], we have

T/
<u('a X.s,tp)7 Wi>[s7T/] = / ai(ra X';?’LP)VOU(T? X:#P)dr_

Therefore we have Z(r) = Vou(r, X5%)o(r, X2%).

Remark 4.5. Suppose E = C([a,b];R™), where a,b € R, a < b. We recall that the dual space of C([a,b]) is
the space of finite Borel measures on [a,b]. Let u : [0,7] x C' — R be a function such that u(¢,-) is Gateaux
differentiable on C' for every ¢ € [0, T]. Then the gradient V, u(t, z) at point (¢,2) € [0,T] x C is an n-tuple of
finite Borel measures on [—¢, 0], we denote V,u(t, z)({0}) by Vou(t, ).

Then (4.4) can be rewritten as

t t
. X0 =ulop) + [ |t X294 Aulr Xe9)| ar [ o X2 Vouln X)W G (05)
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Also we have
s+7 a
o) =ulo e n X+ [ |- puln X ) - dutr x| ar
s+T
- / Vou(r, X2 %)o(r, X2¥)dW (r).
S
Now let us consider the following BSDE:
s+ s+T
(s —uls tm XIE) + [ f XY, 2 ) e — [ 2w, (40)

and
Yi(s) = /S+T F(r, X2, YY(r), Z (r),v(r))dr — /S+T ZN(r)dW (r). (4.7)
Here F(t,z.,y,z,v) = %u(t,x.) + Au(t,z.) + f(t, .,y +u(t,z.), z + Vou(t,x.)o, v).
Proposition 4.6. For any t € [s,s + 7|, the following relationship holds
Y(t) = YS90 (1) — u(t, X%).

Proof. Firstly, we have

sS+T T
vor(s) —ulsp) = [ | S XEE Y, 290, 00) + gl XE9) + Aulr X2#) | dr
s r

s+T7
- / 25959 (1) — Vou(r, X22)o(r, X2, v(r)|dW (1), (4.8)

s+T7
VU6 = [ |l X3%) o Aulr, Xp) + X0,V 0) + atr, X79),
s %A

Z1(r) + Vou(r, X5#)o(r, X%, u(r), W))} dr - / P maw ). (4.9)
If we let Y*9() — (-, p) = Y2(), Z9%() — Vou(-, X**)o = Z2(-), equation (4.8) can be written as
Y2(s) = / W %u(r, X59) 4 Au(r, X39) + f(r, X359, Y2 (1) + u(r, X5%),
Z2(r) + Vou(r, X59)o(r, X5, u(r), v(r))] dr — / " 2 waw ). (4.10)

Then by the uniqueness of the solution for BSDE we get
Y2(t) =Y(t), Z%(t) = Z'(t), t € [s,5+ 7] a.s. O

Moreover, we can turn to a more simple BSDE than (4.9)

s+T7
V= [ gl ) + Autrp) + Frp Y0+l

3 _ T s
Z°(r) + Vou(r, p)o(r, ap,v(r)),v(r))} dr / Z>(r)dW (r). (4.11)

Then we can derive the following estimate about the solutions of (4.9) and (4.11).
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Lemma 4.7. For BSDEs (4.9) and (4.11), we have

¥i(s) — Y3(s)| < Arpa(7)
where p1(+) : RT — R is a function such that p1(7) | 0 when 7 | 0 and p1(-) is independent of the control v(-).
Proof. From Proposition 2.1, we have

1 X759 e .0y= B7 [ X777 18] < A+ || ¢ 112)-

And from Lemma 4.3, we have
[ th’wv - ||2L2(Q,c)_> 0, when t — s™.

For BSDEs (4.9) and (4.11), we have the following estimates
s+7 . 9
E”: / [|Y1(t) Y3 + |2 (s) — Z5(t))| ] dt

s+T
S,5v 2
< AE” / 2 (| X9 = ¢ [le)] ™ dt
S
< ATET:p*(67),
where p(-) satisfies p(€) — 0 when € — 0 and p(e) < C(1+¢) foralle > 0. And 37 = sup | X;*"—¢|c-
te[s,s+7]

By Lemma 4.3, we have 37 | 0 when ¢ | sT.
On the other hand, since Y!(s) and Y?3(s) are Fs-measurable, then

YVi(s) = Y3(s)| = [E7= (Y(s) = Y*(s)) |

s+T7
= ‘Eﬂ/ [F (¢, X770, Y (1), Z'(t),0(t)) — F (t,0,Y3(t), Z°(t),v(1))] dt‘

s+
<E7 [ [l X077 — ¢ o) + AJY () - Yo+ 4|20 - 2] de

< 7B p(g7) + Art {n«:fs / v - v P+ 1240 - 22<t>2>dt}
So
Y1 (s) = Y¥(s)| < Ar{E™[p(87)] + {E™ [0 (57)]}F }.
Notice that p(37) is square-integrable for each 7 > 0, then we have
Y (s) = Y3(s)| < Arpy (7). 0
Lemma 4.8. We have

sup Y3(s) = Y'(s),
U(')euad

where YO(+) is the solution of the following ordinary differential equation

= YOt) = Fo(t, 0, YO(t),0), t € [s,5 + 7],
Yo(s+7) =0,

here F()(t,QO,y,Z) = sup F(t7<p,yazav)’
velU
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Proof. By the definition of Fj, we know
Folt,@,y,2) = F(t, 0y, 2,0(t)), Vo(-) € Uaa, Yo, y, 2, 1.
From the comparison theorem of BSDE, we have
Y3(t) <YOt), t € [s,5+ 7], Yo(-) € Uya,

where (Y, Z%) is the solution of the following BSDE

(4.12)

—dYO(t) = Fy(t, 0, YO (1), Z°(t))dt — Z°(t)dW (1), t € [s,s + 7],
YOs+7)=0.

Noticing that Fp is a deterministic function, we have the solution of (4.12) is (Y°(¢),0), where Y°(t) satisfies
- Yo(t) = FO(ta <P7Y0(t)a 0)7 le [Sa s+ T]v
YO(s+17)=0.
By the above analysis, we know that, if we can prove

YO(s) = sup Y3(s),
v(-)EUo

Uy is the collection of deterministic admissible controls, then the desired conclusion can be obtained. In fact,
for each v(-) € Up, Y3(t) is the solution of

—Y3(t) = F(t,,Y?(1),0,0(t)), t € [s,s+7],
Y3(s+7) =0.
So our lemma can be obtained obviously. O
Now we can obtain our HJB equations from the dynamic programming principle for the delayed system.

Theorem 4.9. If we assume that the value function u(s, @) € Clli’;([(), T x CYND(S) in our stochastic recursive
optimal control problem, then u(s, ) solves the following Hamilton-Jacobi-Bellman partial differential equation

0

%U(S, ()0) + SUB{AU(S, 90) + f(S, 2 U(S, ()0)’ VOu(sa (p)O', U)} =0, (413)
ve

with the terminal condition u(T, p) = P(p).

Proof. From the general dynamic programming principle-Theorem 3.7, we have

u(s,p) = sup  GOZ [u(s + 7, X370

8,841 s+T
v(-)EUga
= sup Y?*¥Y(s).
U(')euad

So we can get Y2(s) <0 in (4.10) and sup Y?(s) <0, i.e.
U(')euad

s+T
sup / F(t, X9V Y2(t), Z2(t),v(t))dt < 0.
U(')euad S
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By the fact that F' is Lipsichtz with respect to (¢, y, z) and Lemma 4.7, we have

s+ S+T1
IE/ F(r, @,YS(T), Zg(r),v(r))dr —p1(r) < IE/ F(r, X>%%(r), Y2(r), Zz(r),v(r))dr
<0.

This will lead to

sp Y3(5) < ().
v(-)EUqa

From Lemma 4.8, we have
YO(s) <0, 710,

and
FO(Sv ®s Oa 0) = sup F(Sv ©s Oa 07 U) <0.
vel
On the other hand, there exists a v(+) s.t. for a small enough 7,
u(s, ) SY3(s) +er,

i.e.
Y2(s) > —er.

That implies

s+T
sup ]E/ F(r, 0, Y3(r), Z3(T), v(r))dr > —er — Cp1(7),
U(')euad S

sup Y3(s) >0,
v(-)EUga

and Fy(s,p,0,0) = sup F(s,¢,0,0,v) > 0.

velU
Then
sup F'(s,¢,0,0,v) =0,
velU
i.e. 5
%U(S, SO) + SUB{AU(S, 90) + f(S, ®, U(S, (p)a VOU(Sa (p)O', U)} =0. O
veE

4.4. Viscosity solution of the HJB equation

In this section, we will show that the value function u defined by (3.1) is actually a viscosity solution of the
HJB equation (4.13). Firstly, let us define the viscosity solution of (4.13) as follows.

Definition 4.10. Let ¥ € C([0,T] x C).
(a) We say that ¥ is a viscosity subsolution of (4.13) if

U(T,p) < P(p), forall p € C

and for any I" € C}if([o, T] x C) N D(S), whenever I' — ¥ attains a local minimum at (s, ¢), we have

0
&F(Saw) + SEE{AF(&@) + f(S,(p,F(S,QO),V()F(S,QO)U, ’U)} > 0.
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(b) We say that ¥ is a viscosity supersolution of (4.13) if
U(T,p) > P(p), forall p € C

and for any I" € C}if([o, T] x C) N D(S), whenever I' — ¥ attains a local maximum at (s, ), we have

0
@F(s,w) + Sgg{flf(s,w) + f(s,0,T(s,9), VoI '(s, )0, v)} <0.

(¢) ¥ € C(]0,T] x C) is said to be a viscosity solution of (4.13) if it is both a viscosity sub- and supersolution.
Theorem 4.11. u(s, p) defined by (3.1) is a viscosity solution of HIB equation (4.13).

Proof. The proof of Theorem 4.11 is similar to the Theorem 4.9. We will outline the proof.
Let us define

or(s,
Hs,0,9,%0) = 200 AP (5,0) 4 15, 0,0+ Do, 0), 2 + Vol (s, 910, 0).

We also consider the following BSDE defined on [s, s + 7],

—dY*(t) = H(t, X7, Y4(t), Z4(t), v(t))dt
—ZAt)dW (t), t € [s,s + 7],
Yi(s+7)=0.

Same as Proposition 4.6, we have the following relationship holds
YA(t) = GRS [T (s + 7, X350 = T(t, X797), as., (4.14)

for any t € [s, s+ 7]. We also have
[Y4(s) = Y?(s)| < Cpa(7),

here p1(7) is the same as Lemma 4.7, and

—dY5(t) = H(t, ¢, Y5(t), Z°(t),v(t))dt — Z5(t)dW (t), t € [s,s + 7], (4.15)
Y3(s+71)=0, '
with ¢ € C.
We can also prove that
sup Y(s) =Y5(s), (4.16)

U(')euad
where _
_YG(t) = HO(t7 P, YG(t),O), t e [Sa S + T]a
YS(s+71)=0.
Wlth HO(Sa ©, Y, Z) = sup H(Sa ©, Y, z, U)'
velU
Let I € Cllif([O,T] x C)N D(S) and I' — w attains minimum (maximum) at (s, ¢), and I'(s,¢) = u(s, ¥).

Then from the dynamic programming principle-Theorem 3.7, we have

I(s,0) =u(s, ) = sup GoI[uls + 7. X35,
U(')euad
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From I" > w (resp., I’ < u) and the monotone of G we have

sup {Go80 [u(s + 7, X257)] = I'(s,0)} >0, (resp., <0).

s,5+T
v(-)EUqa
From (4.14), we can get
sup Y*(s) >0 (resp., <0).
v(-)EUga

Then

sup Y?(s) > —71p1(7) (resp., < 7p1(7)).

U(')euad

Moreover, by (4.16),
Y6(s) > —7p1(7) (resp., < 7p1(7)).

Consequently,

HO(S, ¥, 070) = sup H(S, ¥, 0703’0) >0 (resp., < 0)
velU

Then from the definition of H we know that u is a viscosity subsolution (resp., supersolution) of HJB equa-
tion (4.13). Thus u is the viscosity solution of (4.13). O

Remark 4.12. The uniqueness for the viscosity solution of equation (4.13) is not easy to be obtained. However,
for some special case, we can prove that the value function defined by (3.1) is the unique viscosity solution of
the corresponding HJB equation.
We consider the controlled delayed system (2.2) with coefficients satisfying (A1)-(A3). The cost functional
is given by J(s,p;v(+)) =Y (t)|t=s, (s,) € [0,T] x C, where Y is a solution of the BSDE
—dY (1) = [a(t, X¢,v(t)) + b()Y (t) + g(t) Z(t)]dt — Z(t)dW (t), (417)
Y(T) = &(Xr). '

We also need the following assumptions:

(A6) a(-,-,-) : [0, T]xCxU — Rand ¢(-) : C — R satisty (A4)—(A5). Moreover, b(+), g(-) are given uniformly
bounded deterministic functions with respect to t € [0, T7.

Then, by the Girsanov’s theorem, we can rewrite (2.2) and (4.17) as

AX () = [b(t, Xe, v(t) + o(t, Xe, v())g(®)]dt + o (t, Xe, v(£))AW (1), t € [5,T],

K= . (4.18)
—dY (1) = [a(t, X, v(t)) + b)Y (£)]dt — Z(£)dW (1),
Y(T) = &(X7).

Here W (t) = W (t) — fgg(s)ds. We define a probability measure @ on (£2, F) by

T T
% ~— exp {/0 g(BAW (1) — %/0 g2(t)dt}.

Obviously, W(t) is a standard Brownian motion on (£2, F, Q). By the definition of U4, we known that there
exists a unique solution of (4.18).
Under the new probability measure @), the cost functional can be written as

T ot T
J(s,030()) = Eq [ / el ¥rg (1, X, w(t))dt + el *’md%(XT)]-

S



1026 L. CHEN AND Z. WU

Then we have the following result:

Proposition 4.13. We define the value function of the above recursive optimal control problem with delay by

u(s, p) = esssup J(s,p;0()), (s,¢) € [0,T] x C. Then u(s, ) is a viscosity solution of the following equation
v(-)EUqa

9 (5. ) + sup{Au(s, ) + als, 9. v)} = 0 (4.19)
63 velU

with u(T, @) = el (M@ (). Moreover, there exists unique viscosity solution of HIB equation (4.19) in the
class of continuous functions with at most a polynomially growth.

Proof. First, by Theorem 4.11, we know that the value function u(s, ) is a viscosity solution of (4.19). And
from Lemma 3.3 and Proposition 4.4 we can see that equation (4.19) has at least one solution in the class of
continuous functions with at most a polynomial growth.

On the other hand, if u!(s,¢) and u?(s, ) are both continuous viscosity solutions of (4.19) which grow at
most polynomially, i.e. there exists a constant A > 0 and a positive integer k£ > 0 such that

' (s, )| < A+ [ ¢ [12)", (s,9) € [0,T] x C, i =1,2.

By the definition of viscosity solution, without loss of generality, we can suppose u!(s, ¢) and u?(s, ) are respec-
tively viscosity subsolution and supersolution of (4.19). Then applying the comparison principle in Theorem 5.1
of [1], we have

ul(s,0) <u?(s,9), (s,0) €[0,T] x C.

Conversely, we also have
ul(s,0) > u?(s, ), (s,0) €[0,T] x C.

We have u!(s, ) = u?(s, ) immediately. The proof is completed. O
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