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WASSERSTEIN GRADIENT FLOWS FROM LARGE DEVIATIONS
OF MANY-PARTICLE LIMITS

MAaNH HoNG DUONG!, VA10S LAscHOS! AND MICHIEL RENGER?

Abstract. We study the Fokker—Planck equation as the many-particle limit of a stochastic particle
system on one hand and as a Wasserstein gradient flow on the other. We write the path-space rate
functional, which characterises the large deviations from the expected trajectories, in such a way that
the free energy appears explicitly. Next we use this formulation via the contraction principle to prove
that the discrete time rate functional is asymptotically equivalent in the Gamma-convergence sense to
the functional derived from the Wasserstein gradient discretization scheme.
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1. INTRODUCTION

Since the seminal work of Jordan, Otto and Kinderlehrer [12], it has become clear that there are many more
partial differential equations that can be written as a gradient flow than previously known. Two important
insights have contributed to this: the generalisation of gradient flows to metric spaces and the specific choice of
the Wasserstein metric as the dissipation mechanism. The paper by Jordan, Kinderlehrer and Otto introduced a
gradient-flow structure by approximation in discrete time. More recent work have shown how these ideas can be
studied in continuous time [14], and how they can be generalised to any metric space [3]. This paper is mainly
concerned with the time-discrete scheme, which we shall first explain.

In the space L?(R%), a gradient flow is an evolution equation of the form

atpt = —graszf(pt), (11)

for some functional F, where grad;.F(p) denotes its functional derivative. For a gradient flow it is natural to
use the following time-discrete variational scheme. If pg is the solution at time ¢ = 0, then the solution at time
7 > 0 is approximated by the minimiser of the functional

1
p— F(p)+ ZHP — poll72 (gay-
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Indeed, the Euler-Lagrange equation is then 22=£% = —grad;.F(p;), which approximates (1.1) as 7 — 0. In

the same manner, one can define a variational scheme by minimising the functional

1

where Wy is the Wasserstein metric. Convergence of this variational scheme was first proven in [12] with the
choice of F(p) :=S(p) + E(p), where

£(p) = /R Wp(dx)  and S(p) = {ig”’(x)log”(x)dx’ iizgfv‘izl:p(x)dx (1.3)

for some potential ¥. In this case, the minimisers converge to the solution of the Fokker—Planck equation

Later, in [14], this result was extended to more general F, but we will be concerned with the specific choice (1.3).
Physically, S can be interpreted as entropy, £ as internal energy, and F as the corresponding Helmholtz free
energy (if the temperature effects are hidden in ¥); hence it is not surprising that this free energy should decay
along solutions of (1.4). However, it is not intuitively clear why the dissipation of free energy must be described
by the Wasserstein metric.

As we will explain in Section 3, for systems in equilibrium, the stochastic fluctuations around the equilibrium
are characterised by a free energy similar to (1.3). Recent developments suggest a similar principle for systems
away from equilibrium [1,2,7,13,15]. To explain this, consider N independent random particles in R? with
positions Xp(t), initially distributed by some py € P(R?), where the probability distribution of each particle
evolves according to (1.4). Define the corresponding empirical process

1 N
LN = N};éXk(t)

Then, as a consequence of the Law of Large Numbers, at each 7 > 0 the empirical measure Ly(7) converges
almost surely in the narrow topology as N — oo to the solution of the Fokker—Planck equation (1.4) with initial
condition pg [8]. The rate of this convergence is characterised by a large deviation principle. Roughly speaking,
this means that there exists a unique J, : P(R?) x P(R?) — [0, cc] such that (see Sect. 3)

Prob (Ly(7) = p| Ln(0) = po) ~ exp (—N J-(plpo)) as N — oo.

In [13], Proposition 3.2 and [15], Corollary 13, it was found that

J-(plpo) = inf {H(’Y|Po pr) i€ H(po,p)} (1.5)

where H is the relative entropy (discussed in Sect. 3), p, is the fundamental solution of the Fokker—Planck
equation (1.4) and IT(po, p) is the set of all Borel measures in R? x R? that have first and second marginal pg
and p respectively. In this paper, we characterise a class of potentials ¥ and initial data py for which (1.5) is
equal to

) 1t 9 T [t _ 9 1 1
inf {E/o 10epel®,, dt + Z/o 140 + div(pVI)IIZ, ,, di 4+ 5F(p1) = 5 (po) - (1.6)

Py ECw, (po,p)

where the || - ||=1,, norm and the exact meaning of 0;p;, Ap; and div(p, V&) will be defined in the sequel. In the
main theorem, by using the above equality, we show that the Wasserstein scheme (1.2) has the same asymptotic
behavior with J; for 7 — 0, in terms of Gamma-convergence (see [5] for an exposition of Gamma-convergence).
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Theorem 1.1. Let py = po(z)dz € P2(R) be absolutely continuous with respect to the Lebesgue measure
and with density po(x) being bounded from below by a positive constant in every compact set. Assume that
Jx IV¥(2)? po(dx) and the Fisher information I(po) (introduced in Sect. 2) are finite, and that ¥ satisfies
either Assumption 4.1 or 4.4 (introduced in Sect. 4). Then we have

W22(p07 ) r

1
Jr(' \Po) - At 0 2

1 .
F() - 57(P0), in P2(R). (1.7)
Here P2(R) denotes the space of probability measures on R having finite second moment. Actually, we will prove
Mosco convergence of (1.7), 4.e. in Theorem 5.1 we prove that the Gamma-convergence lower bound holds
for any sequence in Pa(R), equipped with the narrow topology, and in Theorem 6.1 we prove the existence of
the recovery sequence in the Wasserstein topology. This is equivalent to having Gamma convergence in both
topologies.
In the Wasserstein topology, the Gamma-convergence (1.7) immediately implies:
r 1

7J:(po) —

o Wi, ) in P (R). (1.8)

For a system of Brownian particles, i.e. ¥ = 0, statement (1.8) can also be found in [13]. Together, the two
statements (1.7) and (1.8) make up an asymptotic development of the rate J, for small 7, i.e.

1 1
Jr(plpo) = 5 F(p) — EF(PO) + EW22(P07P)-

N —

Apart from the factor 1/2 and the constant F(pg), which do not affect the minimisers, this approximation
indeed corresponds to the functional defining the time-discrete variational scheme (1.2) from [12].

For ¥ = 0, the main statement (1.7) was proven in [1] in a subset of P3(R) consisting of measures that are
sufficiently close to a uniform distribution on a compact interval. In [15], it was proven that whenever (1.7) holds
for ¥ = 0, then it also holds for any ¥ € C’f([}?d). Both papers make use of the specific form of the fundamental
solution of (1.4). In [7], (1.7) was shown for Gaussian measures on the real line. The novelty of the present paper
lies in the use of large deviations in the space of trajectories rather than conditional large deviations of the
form (1.5). The conditional large deviations are obtained by a contraction. This provides us with an alternative
formulation of the rate functional from which, formally, the Gamma lower bound follows immediately. Moreover,
this approach allows us to prove the Gamma convergence in a much more general context.

All theorems in this paper are valid in higher dimensions except for the existence of the recovery sequence.
There are a number of reasons why, at least by the approach of this paper, the argument fails in higher
dimensions. First of all, in the proof of Lemma 6.3 we use an explicit formula of optimal transport maps in
terms of cumulative distribution functions. Secondly, the proof of the same lemma in higher dimensions would
require regularity and global estimates of derivates of the transport map, which are still unknown today (see
for example [17], p. 141).

The required concepts of this paper are introduced in Section 2. In Section 3, we explain the concept of large
deviations in the case of an equilibrium system, introduce the dynamical particle system that we study more
precisely, and discuss the conditional large deviations for this system. The alternative form of the functional .J;
is proven in Section 4 wvia the path-wise large deviation principles. Finally, in Section 5 we prove the Gamma-
convergence lower bound, and in Section 6 the existence of the recovery sequence.

2. PRELIMINARIES

By the nature of this study, we need a combination of techniques from probability theory, mostly from the
theory of large deviations, and from functional analysis, mostly from the gradient flow calculus as set out in [3].
Let us introduce these concepts here.
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2.1. Topological measure spaces

Unless otherwise stated, the space of probability measures P(R?) will be endowed with the narrow topology,
defined by convergence against continuous bounded test functions:

pt — past— 0 if and only if / odpy — / odp forall ¢ € Cb([Rd).
R R

We sometimes identify measures with densities when possible, which is typically the case if a measure has finite
entropy. The space P2(R?) = {p € P(R?) : [|x|? p(dx) < oo} will be endowed with the topology generated by
the Wasserstein metric Wa. The Wasserstein distance of two measures pg, p € P2(R?) is defined via

W3 (po,p) = _inf //\X—Y\Zdv :
YEI(po,p) (JRd JRE

We note that convergence in the Wasserstein topology is equivalent to narrow convergence together with con-
vergence of second moments [17], Theorem 7.12.

2.2. Continuous and absolutely continuous curves

We write C([0,1], P(R%)) for the space of narrowly continuous curves [0,1] — P(R%), and C(po, p) for the
space of narrowly continuous curves [0, 1] — P(R?) starting in py and ending in p. Similarly, for Wasserstein-
continuous curves in P2(R?) we write Cy, ([0, 1], P2(R?)) and Cyw, (po, p).

Furthermore, we use two different notions of absolutely continuous curves. The first notion is taken from [6],
Definition 4.1. Let D = C>(R?) be the space of test functions with the corresponding topology (see [16],
Sect. 6.2), let D’ be its dual, consisting of the associated distributions, and let (, ) be the dual pairing between
D' and D. We will identify a measure p € P(R?) with a distribution by setting (p, f) := [ fdp. Denote by
Dx C D the subspace of all Schwartz functions with compact support K C R?. Then a curve pey [0,1] = D' is
said to be absolutely continuous in the distributional sense if for each compact set K C R? there is a neighborhood
Uk of 0 in Dk and an absolutely continuous function G : [0, 1] — R such that

[(ptas £) = ot F)l < |Gk (t2) — Gr ()],

for all 0 < ¢, < 1 and f € Ug. Note that if a curve p(.y : [0,1] — D’ is absolutely continuous then the
derivative in the distributional sense 0;p; = lim,_,q %(pH_T — pt) exists for almost all ¢ € [0, 1].

Secondly, we say a curve p(. : [0,1] — P2(R?) is absolutely continuous in the Wasserstein sense if there exists
a g € L*(0,1) such that

ta
W2(pt17pt2) S / g(t) dt

t1
for all 0 < t; <ty <1 (see for example [3], Def. 1.1.1).
Sufficient conditions for absolute continuity in the Wasserstein sense are given by the following useful lemma:

Lemma 2.1 ([3], Theorem 8.3.1). Let py: (0,7) — P(R?) be a narrowly continuous curve and let v(.y be a
vector field such that the continuity equation holds:

Orpr +div(prve) =0 i distributional sense. (2.1)
If
po € Pa(RY) and / [Vel2(y,,dt < o0 (2.2)
0

then p; € P2(R?) for all 0 <t < 7 and p(.) s absolutely continuous in the Wasserstein sense.

Remark 2.2. We point out that the hypothesis in Lemma 2.1 requires a priori that the curve p(. lies in
P5(RY), but the proof actually shows that the condition (2.2) implies the whole curve to be in Py(R?) (and it
is absolutely continuous in the Wasserstein sense).
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2.3. The tangent space
For an absolutely continuous curve in the Wasserstein sense p(.) there is a unique Borel field v; € V(p;) :=
—
{Vf:feD} “ such that the continuity equation (2.1) holds [3], Theorem 8.3.1. This motivates the iden-
tification of the tangent space® of Pa(R?) at p with all s € D’ for which there exists a v € V(p) such that
s+div(pv) =0 in distributional sense. (2.3)

The following inner product on the tangent space at p is the metric tensor corresponding to the Wasserstein
metric [14]

(81,82)71,;) :=/ vy - vadp,
R4

where v; and vo are associated with s; and sy through (2.3). The corresponding norm coincides with the dual
operator norm on D’

5121, sup {200.9) = [ (9 sPanf. (2.4

This norm is closely related to the Wasserstein metric through the Benamou-Brenier formula [4]

1
Walpn,p0)* = min { [ 100pil? 1, a0 plico = po a0 pilis = 1 }. (25)
0

2.4. Relevant functionals

We sometimes write Ap and div(pV¥) for the functionals in D’ defined by
(Ap, [) / Afdp and (div(pV¥), f /V@ Vfdp.

For p € P2(RY), we define the Fisher information

(o) {f[Rd |V5((;)\ dz if p(dz) = p(z)dz and \/p € H'(R?), (2.6)

otherwise,

where Vp is the distributional derivative of p. By using (2.4), it is straightforward to see that [[Ap[|, , < I(p),
where the inequality turns to equality when the right hand is finite. Similarly we have that || div(pV¥)[%, , <
[ IV%|2dp. Here equality holds whenever [.|V¥|*>dp < oo, which is certainly true if ¥ satisfies assumptions (4.1)
and p € Pa(RY).

Observe that in Theorem 1.1 we assume finiteness of I(pg) and [;|V¥[*> dpo. As a consequence of the HWI
inequality [18], Corollary 20.13, these conditions, together with Assumptions 4.1 and 4.4, imply that the free
energy S(po) + E(po) is also finite.

2.5. Chain rule
We conclude this section with a chain rule for the free energy (1.3) on absolutely continuous curves.

Lemma 2.3. Let ¥ € C?*(R?) be bounded from below and A-convex for some A\ € R (see [17], Sect. 2.1.3).
Assume also that p(.y: (0,7) — Po(RY) is an absolutely continuous curve in the Wasserstein sense, that satisfies
the conditions E(p;),S(pt) < oo Vit e [0,7] and

/OT (/le (V& ()| pe () d + I(pt)> dt < 0. (2.7)

3Here we like to point out that in [3] the tangent space is identified with the set of velocity fields V(p).
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Then t — F(pt) is absolutely continuous and for a.e t € [0, 7] we have

d

77 () = = (Ape + div(p, VW), 0ipr) (2.8)

—1,p¢ *

Proof. This lemma is a direct consequence of [3], Theorem 10.3.18. All conditions of this theorem are easily
checked; the only non-trivial condition may be [|0F|(p¢) [p¢| dt < oo, where [0F|(ps) is the metric slope and
|p¢] is the metric derivative (see [3], Sects. 1.1 and 1.2). This is true, since by [3], Theorems 10.4.13 and 8.3.1
and (2.7):

1
/ OF|(p0) |pn] dt < = / OF ()t + - / PARY

3 o

T 1 T
g/ /\VM'/(gg)|2pt(x)dxdt+/ I(pt)dt+§/ H&eptHQ_Lpt dt < 0. O
0 0 0

pt(x)dwdt+§/ 19epe]12 1, dt
0

3. PARTICLE SYSTEM AND CONDITIONAL LARGE DEVIATIONS

In this section we first explain the concept of large deviations with a simple model particle system. Then, we
introduce the dynamic particle system that we study more precisely, and discuss the large deviation principle
for this system.

Consider a system of N independent random particles in R? (without dynamics), where the positions
Xi,..., Xy are identically distributed with law pg. Then, as a consequence of the Law of Large Numbers,
the empirical measure Ly = + ij:l 0x, converges almost surely to pp in the narrow topology as N — oo ([8],
Thm. 11.4.1). Naturally, this also implies weak convergence:

J\;im Prob(Ly € C) = 6,,(C)

for all narrow continuity sets C' C P(R?). A large deviation principle quantifies the exponential rate of conver-
gence to 0 (or 1). More precisely, we say the system satisfies a large deviation principle in P(R?) with (unique)
rate J : P(R?) — [0, 0c] if J is lower semicontinuous, and for all sets U C P(R?) there holds (see, for example [9])

1 1 —
—inf J <liminf — log Prob(Ly € U°) < limsup — log Prob(Ly € U) < —inf J.
Ue° N—oo N Nooo IN U
In addition, we say a rate functional is good if it has compact sub-level sets. By Sanov’s Theorem ([9],
Thm. 6.2.10), our model example indeed satisfies a large deviation principle, where the good rate functional J(p)
is the relative entropy

Hol) = Jlog(55) dp, it p < p°,
0, otherwise.

In this example we see the (relative) entropy appearing naturally from a limit of a simple particle system.
Let us now consider our particle system with dynamics, and study its Sanov-type large deviations. To define

the system more precisely, let X (t), X2(t), ... be a sequence of independent random processes in R?. Assume
that the initial values are fixed deterministically by some X;(0) = x;, X5(0) = X, ... in such a way that?
Ln(0) — po narrowly for some given py € P(R?). (3.1)

4The reason behind this specific initial condition is that we want to somehow condition on Ly = p, which is a measure-0 set.
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The evolution of the system is prescribed by the same transition probability for each particle Prob(Xy(t) €
dy|X,(0) = x) = pi(dy|x). Naturally, for such probability there must hold p;(dy|x) — dx(dy) narrowly as
t — 0, and it should evolve according to (1.4). We thus define p; to be the fundamental solution of (1.4)°.
Again by the law of large numbers Ly (7) — p, almost surely in P(RY), where p, = po * p,, the solution
of (1.4) at time 7 with initial condition pg. In addition, the empirical measure Ly (7) satisfies a large deviation
principle
Prob (Ly (1) = p) ~ exp (—NJ-(p|po)) as N — 00

with good rate functional (1.5). Observe that J.(-|po) > 0 is minimised by pg * p.

4. LARGE DEVIATIONS OF TRAJECTORIES

In this section we prove, under suitable assumptions for pg and ¥, the equivalence of the rate functionals (1.5)
and (1.6). The latter form will be used to prove the main Gamma convergence theorem. First, the large deviations
of the empirical process is derived. To this aim we will need to distinguish between two different types of
potentials ¥. Next, we transform these large deviation principles back to the large deviations of the empirical
measure Ly (7) by a contraction principle, and finally show that the resulting rate functionals are the same for
both cases.

In the first case we consider potentials that satisfy the following

Assumption 4.1 (The subquadratic case). Let ¥ € C2?(R?) such that

1. ¥ is bounded from below,

2. there is a Cy > 0 such that |x||V¥(x)| < Co(1 + |x|?) for all x € R,

3. ¥ is A-convex for some A € R,

4. there exists constants 0 < C; < § and C3,C3 € R such that |A¥(x)| < C1|V¥(x)|* + Co¥(x) + Cs.

Note that the second assumption indeed implies |¥(x)| < Co(1 + |x|?). Under Assumption 4.1, combined with
initial condition (3.1), the empirical process { L (t)}o<i<, satisfies a large deviation principle in C([0, 7], P(RY))
with good rate functional [6], Theorem 4.5

1

T(p0) = 7 [ oo = A = div(pVD) ., (4.1)

if the curve p(.) is absolutely continuous in the distributional sense; else we set J» to oo. It follows from a con-
traction principle [9], Theorem 4.2.1 and a change of variables t — t/7 that the conditional rate functional (1.5)
can also be written as

1 ! 9
Jr = inf — / Oepr — T(Apy + div(p V)12, - dt. 4.2
(plpo) byt 37 0epe — T(Ape v(pe V)24, (4.2)

Remark 4.2. The first assumption guarantees that the functional £ : P(R?) — (—o0, 0o] is well defined. The
last two assumptions are not necessary to derive (4.1); however we will need them in the sequel.

Remark 4.3. In (4.2) we implicitly set - fol 101pr — T(Apy + div(p,V¥))|2, ,, dt = oo if the curve is not
absolutely continuous in distributional sense. Therefore, from now on, we shall only consider curves in C(pg, p)
or Cyw,(po, p) that are absolutely continuous in distributional sense.

5Equivalently7 we can define the dynamics of X1,..., Xy by the Ito stochastic equations
dXp(t) = V(X (t) dt + V2dW(t), k=1,---,N

where W1,..., Wy are independent Wiener processes.
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In the second case we require a combination of assumptions on ¥ that were taken from [10,11]:
Assumption 4.4 (The superquadratic case). Let ¥ € C*(R?) such that:

1. ¥ is Ag-convex for some Ay € R;

Jra ¥ (x)e™ 20 dx < oo;

¥ has superquadratic growth at infinity, i.e. limy| o % = +00;

There exists an w € C(Ry U {0}) with w(0) = 0 and an o > 1 such that lim, o % — 0, and for all
x,y € R?

Ll

(ly =x[)(1 + ¥ (x)),

U(y) = ¥(x)
2 <w(ly —xDA+ VI + ¥(x));

W (y) = ¥(x)|
5. 2A¥ < A|VV¥|? + B for some 0 < A < 1 and B > 0;

6. ¢ := |V¥|* — 2A¥ has superquadratic growth at infinity, i.e. limy) o % = +o0;
7. ¢ is A¢-convex for some A¢ € R.

<w
<w

Whenever Assumption 4.4 and initial condition (3.1) hold, then by ([10], Thm. 13.37) the process { Ln (t) }o<t<~
satisfies a large deviation principle in Cyy, ([0, 7], P2(R?)) with good rate functional (4.1).

Remark 4.5. Contrary to the subquadratic case, the latter is actually a large deviation principle on the set of
all continuous paths in Py(R?) with respect to the Wasserstein topology. Although we strongly believe that this
is also true for the subquadratic case, it is very difficult to prove due to the fact that the functional J, does not
have Wasserstein-compact sub-level sets, and therefore it can not be a good rate functional in Cyy, ([0, 7], P2 (R%))
when ¥ is subquadratic.

Again, by a contraction principle and a simple change of variables, it follows from (4.1) that (1.5) must be
equal to:

I >
J- = inf — Orpr — T(Apy + div(p V) ||~ dt.
o) = _jnf = [0 = (g (v,

Observe that in this case the infimum is taken over Wasserstein-continuous curves, while in the subquadratic
case (4.2) the infimum was over narrowly continuous curves. However, we will prove that under the extra
assumption that py € P2(R?) and F(pg) is finite, even in the subquadratic case the infimum can be taken
over Cw, (po, p). Actually, we will prove something even stronger, that we will need in the sequel, namely the
following:

Proposition 4.6. Let ¥ € C%*(R?) satisfy Assumption 4.1. Let py € P2(R?) with F(py) < oo and assume
py € Clpo, p) with jT(p(_)) finite. Then we have that p; € P2(R?) for every t € [0,1] and, furthermore, the
curve p(.y is absolutely continuous in the Wasserstein sense, and F(pt) is absolutely continuous with respect
to t. Finally, there holds:

e :
= | 10— ap 4 dv (v,
0

e 5 [ . 9 1 1
= [ 100l T [ 10+ divan) I, a4 500 - 30

Before we prove this theorem we prove two auxiliary lemmas.
Lemma 4.7. Assume that

1. E(po) < o0
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2. W e C*(RY) satisfies Assumption 4.1,
3. p(y € Clpo, p),

4. JT(p(.)) < 00.

Then

/ " V) Rp(dx) dt < oo, (4.3)
0 R4

Proof. For simplicity we take 7 = 1. We will prove the following statement: there exist 0 < <1 and «, 8 > 0
that depend only on ¥ such that

)
a sup / 7| dpy —1—5/ / (V@[ dpy dt < 8J1(p(y) + 4 |inf ¥| + 2/ U dpg + 26Cs5. (4.4)
t€[0,5) J Re 0 JRd R¢
Obviously (4.3) follows from (4.4) by repeating it 1/J times.
By [6], Lemma 4.8, for any 0 < s < 1 we have

. - s 1
(o) 2 40p0) = sw [ rap~ [ fam- [ ] (Af—W/-Ver§Vf2) dpedt.  (45)
feCc2(RY) JRY Rd 0o Jre

It is worth highlighting that in the above equality, the supremum is taken over C2(R?) functions instead of D.
The idea is to use two approximations of ¥ so that it can be chosen as a test function f in (4.5). The first
approximation is used to show that this inequality still holds if we take replace C2(R?) by

A:={fe C%(RY) : f,Vf, Af,xf,|Vf||x| are all bounded } .
Take an arbitrary f € A. Define the bump function
1
oy = {or (1= ) <1,
0, x| > 1,

and set (x(x) := ((x/k). Then surely (i f € C%(R?

~—

. It is easy to check that

and |AG (%) < -5+

el

G <1, VG (x)| <

By the Dominated Convergence Theorem, as k — oo

/{Rdefdps —>/[Rdfdps,

/Rdckfdpoe/wfdpo,
/0 s [ A dpeat = /0 S | (FAG+2VG - VF 4 GAT) dpude — /0 S | Arana,

/ VW - V(G f) dpy dt = / V- (fVG + GV ) dpy dt — / V-V dpy dt,
0 R4 0 R4 0 R4

/OSAdV(Ckf)zdptdt=As /[Rd|fVCk+Cka2dptdt—>/os /Rd\Vf\zdptdt,

where the absolute finiteness of the right-hand integrals is guaranteed by the properties of the set A. There-
fore (4.5) indeed becomes

4J1(py) > supAdfdps—Adfdpo—A /R (Af—vw-Vf+§Vf2) dpydt. (4.6)

feA
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For the second approximation we take

n(x) i=exp(1 - VT+P)
and set 75 (x) := n(x/k). Then the following estimates hold
1 1
()] < 1, V()] < 2 (x) and | Ak ()] < 5me(x). (4.7)

Since ni¥ € A by the subquadratic Assumption 4.1, we can substitute 7% in (4.6):

- S S 1
11 (o) 2/ nk!I/dps—/ nklpdpo—/ A(e) dpy dt+/ / (vw-vmkm——vmkm?) dpy dt.
Rd Rd 0 JRd 0 JRd 2

(4.8)
for any k € N and s € [0, 1].
We now estimate each term in the right-hand side of (4.8). For the first two terms, we have
[omwdn— [ nwdp = [ mwiap,— 2t~ [ parap, (4.9)
R4 R4 R4 R4

For the third term of (4.8), we find

- / A(ne¥) dpy dt = — / / (W Ang + 2V, - V& + g AW) dpy dt
0 R4 0 Rd

- / / (18] 2] + [V (V[ + 1) + 14| AP]) dpy i
0 R4

(4.7) s 1 Nk 2
> _// W+ (VP 4+ 1) + i AP| ) dp, di

Ass41

/ / (ankw+”k(|W|2+1)+nk (01|W|2+02J/|+03)> dpy di

1
> — ( 2+Cg> sup / ndept—(——i—Cl)/ / 77k|V&l7|2dptdt———ng.
k te[0,s] JRY k 0 JR k

(4.10)

Finally, for the last part of (4.8)
° 1
[ L (77 5o = 5902 aps
0 R4
S 1 1
— / / (——|V77k|2gp2 + (1 —=n)Vne - IV + (1 — 577k)77k|V!P|2> dpy dt
(4 7) ) ,
/ /[Rd kznkw — 277k]—&17| |—VLT/| + 4%\VW\ dpy dt,
3 1 9
/ /W ( kank <Z - Z) 6| V| ) dpy dt.

3Cu(1 + kz) 1 ,
/ /W( T okz ne|?] + 577k|VW| dp, dt

35Co(1 + k2 ’ 1
> 2O [ wlan+ [ (WWQ) dpsdt, (4.11)
R 0 JR4

2k? te[0,s]
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where the fourth line follows from Young’s inequality, and in the fifth line we used subquadratic Assump-
tion 4.1(2). Substituting (4.9), (4.10) and (4.11) into (4.8) we get

s 1 ~ . S
/ || dps —I—/ / Enk\Vy'/\det dt <4Ji(p(y) +2|inf ¥| +/ W dpo + % + sCs
Rd 0 JRre Rd

1 3CH(1+ k2 1 °
+s ( 5 +Co+ %) sup / || dps + <—+C'1)/ / k| V|2 dp; dt.
k 2k tel0,s] JRY k 0 JR4

If we first discard the first term on the left-hand side and maximise the equation over s € [0,d] for some
0 < § <1, then discard the second term and maximise, the sum of the inequalities can be written as

1 3Co(1+ 1) 1 5 2
1-2 — - 3 V4 —__ - _9 v
( 5<k2+02+ 252 té%%]/w"’“ et {5 =7 20 /O/RJV " dpedt

265
< 8Ji(p. )+4\mfu7|+2/ ﬁkkpdpo-i-?-l-Q(SC'g.

For § such that 1 > 2§ (C2 + %) , we get 1 > 2§ (k% +Cy + %ﬁ) for suffiently large k, and therefore

from Fatou’s Lemma

a sup / \&T/|dpt—|—ﬁ/ / \V@\detdt<8<]1( )—|—4|1nf¢\+2/ U dpy + 26Cs,
te[0,6] J R d

with a:=1—2§(Cs + %) >0and 3 := % — 2C. The latter is positive by Assumption 4.1(4). O

The second auxiliary lemma is:

d
2

(2

Lemma 4.8. Let ¢ > 0 and p(x)dx € P(R?) be given. Let 6(x) := (=) e 35 be the density of the
d-dimensional normal distribution. We define 0.(x) := e_de(f) and pe := p*0.. Then there exists a constant C.
that depends only on € such that I(p.) < C..

Proof. We have

Vo) = (V000 = [ plx =3IV dy == [ plx—y)ydely) dy
Furthermore
[Vpe(x)|* < e /{Rd p(x —y)ly[*0(y) dy /{Rd p(x —y)0c(y) dy < e *pe(x) /{Rd p(x = y)|y|*0c(y) dy

Now

FeolF dx<e_4/ / (x —y)|y[*0.(y) dy dx
R4 6( R4

= / / p(x — y) dx [y[20.(y) dy
Rd JR4

<e_4/ ly|0.(y) dy =: C.. O
Rd

I(pe) =

We are now ready to proceed with the
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Proof of Proposition 4.6. Let p(.) satisfy the assumptions (of Prop. 4.6). By Lemma 4.7 we have

/o1 /[Rd V¥ (x)|? py(dx) dt < oo

and therefore

1 ! 1 ! ' -t
_/ 10upr — 7 Apil|2 4, dt < —/ 10000 — 7(Dpy + div(p V)2, dt+ / / V0|2, (dx) it < 0.
4T 0 ’ 2T 0 Pt 2 0 R
Take a 0 < s < 1. Since
1/ )
= | Vo= am?,, at < o
we have that [|0yp; — TAp||? ,, < oo for almost every ¢. By ([10], Lem. D.34) there is a v € L*(p;) such that
atpt — TApt = — diV(Vt ,Ot)
in distributional sense. Take the Gaussian 0.(x) as in Lemma 4.8. Then we have
Oeprie — TApre = — div(vee pr.e),

where

v *0.(x
pre = prx0e(x),  Vie= (tpt;i()~
t,e

By ([3], Thm. 8.1.9) we have

]. s 2 1 s 5 1 s )
E/O 1Bepr.c _TApt’eufl’pt dt < E/O ||Vt’6||L2(pt,e) dt < E/o ||VtHLz(pt) dt =
1 s 9
E/o 10 pi _TAPtH_Lpt de. (4.12)

Furthermore by Lemma 4.8 we have that

S
/ | Ap.c
0
S
/ 10epr.c
0

From (4.13) and since py € P2(R?), by using ([10], Lem. D.34) and Lemma 2.1 we get that the curve p; . is
absolutely continuous in Py(R?). In addition, it is straightforward that S(p;.) is finite for every 0 < ¢ < s.
From (4.13), (4.14) and by Lemma 2.3, S(p¢.) is absolutely continuous with respect to t. Hence we obtain

|2*17Pt,e dt = / I(pt,e) dt S Cea (413)
0

and therefore

2, dt < occ. (4.14)

E/o 0ept,e — TAprelZ ,,dE

1 S
=— 0Pt e
47/0 10:pr,

1 S
=— 0Pt e
47/0 10:pr,

T [° 1 /7
Pipdt+ T [ 1amdBapdt=5 [ Aoty d

T [ 1 1
2, dt + Z/ 1Apeell” 1, + 55(%,5) - 55(p0,5)~
0
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It follows from this and (4.12) that

I ) T ) 1 1 e )
= [ 1ol T [ 1At 5800 = 580 < 1= [ o = AR

Now letting € go to zero and by the lower semicontinuity of the entropy and the Fisher information functionals
we get S(ps) < oo and fos | Apel|? ;1 ,, dt < co. Therefore

S S S
/0 [10epe)|* 1, dt < 2 (/O \|atpt—TApt\|3Lptdt+T2/o 1 Apel12 1, dt) < 0.

and

/ | Ape 4 div p, V&, ,, dt <2 (/ [ Ape]?, , dt —l—/ /d |V (%)% pt(x) dxdt) < 00.
0 0 o JR

By Lemma 2.1, the curve p; is in ACwy, ([0, 1]; P2(R?)). Moreover, t — F(p;) is absolutely continuous and (2.8)
holds. Hence we have

I _
32 [ 10— (B die (T,
1 1
L oy at+ [ 11 Ap + div(o, VO, d+ 1
=g Jy 10 di g 1A AN VOIS, L+ 5 (1) = 57 o).

This finishes the proof of the proposition. |

Remark 4.9. For the superquadratic case, the above Proposition was proved by Feng and Nguyen in [11] by
using probabilistic tools. In addition, they obtain an estimate for the growth of F along the curves.

Now the following is a straightforward result:

Corollary 4.10. Let pg € P2(RY) with F(po) < co. If W € C%(RY) satisfies either Assumption 4.1 or 4.4, then

1

Jr = in —
(p|p0) Py ECW, (po,p) 4T

1
/ 1801 — 7(Apy + div(p VD)2, . dt.
0

5. LOWER BOUND

In this section we prove the lower bound of the Gamma convergence (1.7) in our main result, Theorem 1.1.

Theorem 5.1 (Lower bound). Under the assumptions of Theorem 1.1, we have for any py € P2(R?) and all
sequences p] € Pa2(R?) narrowly converging to py

W3 (po, pT)

200 ) > S5 (o) - 55 ow) (-1

lm inf (upﬂpo) -

Proof. Take any sequence p] € P2(R?) narrowly converging to a p; € Po(R?). We only need to consider those
p7 for which J-(p7|po) < oo. For each such p], by the definition of infimum there exists a curve p] € C(po, p])
satisfying

1 1 T T : T 2 T
- / 0107 — 7(Ap7 + div(p] V|| - dt < T (pTlpo) + 7 < o,
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By Proposition 4.6 for the subquadratic case and [11], Lemma 2.6 for the superquadratic case, we have

dt

P

T 1 ! T T H T 2
Jr(pilpo) +7 > E/o |0:p7 — 7(Apf + div(p] vw))Hfl,pt

1 ! T 2 T ! T : T
= (/ 1007 (1, 7 dt +27(F(p]) = F(po)) +72/ 1Ap7 + div(p] VO)[I2 dt)
0 . 0
1 T 1 ! 12 T ! T . T 2
= 5(-7:(01) — F(po)) + E/ ||8tpt ||71,p; dt + 4 | Apf + div(p; vg’)”%,p; dt
0 : 0
1 - e 112
2 5(FeD) = Floo) + = | Mooty
1, . 1 .
> S(F (D) = Flpo)) + 7=W5 (po, pD)-

In the last inequality above we have used the Benamou-Brenier formula (2.5) for the Wasserstein distance.
Finally, using p7 — p; narrowly with the narrow lower semi-continuity of F, we find that

W3 (po, p7) 1 1
1. . f T o 2 s M1 > _ _ . |:|
imin (JT(P1|P0) B — 27(P1) 27:(P0)

6. RECOVERY SEQUENCE

In this section we prove the upper bound of the Gamma convergence (1.7). This will conclude the proof of
Theorem 1.1.

Theorem 6.1 (Recovery sequence). Under the assumptions of Theorem 1.1, for any p1 € Pa(R) there exists a
sequence p] € P2(R) converging to p1 in the Wasserstein metric such that

W%(ﬂo%))

1 1
< = - = .
At S(Pl) QS(PO)

lim sup (JT<pz|po> - <3

T—

As mentioned in Section 1, our approach for the recovery sequence only works for d = 1. Hence throughout this
section, we will consider d = 1.

The existence of the recovery sequence is proven by making use of the following denseness argument, which
is also interesting in its own®:

Proposition 6.2. Let (X,d) be a metric space and let Q be a dense subset of X. If {K,,n € N} and K are
functions from X to R such that:

(a) Kn(q) — Koo(q) for all g € Q,
(b) for every x € X there exists a sequence q,, € Q with g, — x and Ko (qn) — Koo(2),

then for every x € X there exists a sequence r, € Q, with vy, —  such that K, (r,) — Kso(2).

Proof. The proof is by a diagonal argument. Take any « € X and take the corresponding sequence ¢,, — x such
that Koo(gn) — Koo (). By assumption, for any ¢ € @ and L > 0 there exists a np, 4 such that for any n > ny, 4
there holds d(K,(q), K (q)) < 1/L. Define

1
Ly =142, ngg <n<max{ngg,N3qt

9 1Sn<n2#]27

6A more or less similar idea can be found in ([5], Rem. 1.29); Proposition 6.2 is slightly stronger.
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Take the subsequence r, := ¢, . Observe that I,, — oo as n — oo such that indeed ¢;, — =, and:

d(Kn(q,), Koo(z)) < d(Kn(q, ) Keo(a,)) +d(Koo(q, ), Koo (x)) — 0. 0

For a fixed pg satisfying the assumptions of Theorem 1.1, we want to apply Proposition 6.2 to the situation
where

X =P2(R),
Q=Q(po) = {p(w) dz € P2(R) : p(x) is bounded from below by a positive constant in every compact set,

I(p),/ W' (2)|*p(x) dz < oo, and there exists a M > 0 such that po(x) = p(z) for all |z| > M},
R

W3 (po, p)
41,

Kolp) = 57(0) = 5F(po).

K, (p) = J., (plpo) — , for an arbitrary sequence 7,, converging to zero,

Assumption (a) of Proposition 6.2, i.e. pointwise convergence for every p; € Q(po), can be proven as follows.
Take p1 € Q(po) and let p; be the geodesic that connects pg and p;. In the following Lemma 6.3, we will prove
that I(p;) and [; [¥'(2)|?p¢(2z)da are uniformly bounded, so that we have

1
/ 101 — 7Ot + Dulp W I 1,
0
1 ) ) 1 5 9 ! INTE
<3 [ 10wl dt+37 [ 0pl2y, dt 372 [ 0,002, dt < oo.
0 0 0

By Proposition 4.6 for the subquadratic case or [11], Lemma 2.6 for the superquadratic case, together with
Young’s inequality:

sy (o) — TE L) <y [g [ (] (s i) ar) a
() - %f(po)] = S F (o) — 5 F ().

The pointwise convergence then follows from this together with the lower bound (5.1).
To prove the uniform bounds:

Lemma 6.3. Let W € C?(R) with W(x) > —A— Blx|? for some positive constants (this includes both our cases).
Let po = po(xz)dz € P2(R) be absolutely continuous with respect to the Lesbegue measure, where po(z) is bounded
from below by a positive constant in every compact set. Let py € Q(po) and py be the geodesic that connects po
and py. Assume that E(po), I(po) and [ W' (x)*po(z)da are all finite. Then F(py), 1(pt) and [, W' ()| pe(x) da
are uniformly bounded with respect to t.

Proof. Let T'(x) be the optimal map that transports po(dz) to p1(dz). The geodesic that connects pg and p; is
defined by

pila) = (1 = ) + ¢T());po(2).



WASSERSTEIN GRADIENT FLOWS FROM LARGE DEVIATIONS 1181

First we prove that I(p;) is uniformly bounded with respect to ¢. In the real line, the map 7T'(z) can be determined
via the cumulative distribution functions as follows ([17], Sect. 2.2). Let F(x) and G(z) be respectively the
cumulative distribution functions of pg(dz) and p;(dz), i.e.

F@) = [ i 6@ = [ pa

— 00 — 00

Then T = G~ ! o F. We have
F(M) +/ po(z)de = G(M) +/ p1(z)dx =1. (6.1)

From (6.1) and by the assumption that po(x) = pi(x) for all |z] > M we find that F(M) = G(M). Hence for
all z such that |x| > M we have

T

polz) dz = G(M) + / p1(z) dz = G(z).

M

Consequently, for all z with |z| > M we have T'(z) = (G~ o F)(z) = x. Therefore T'(x) = 1 for all |x| > M. Also
since the densities pg, p1 are absolutely continuous (by assumption) we get that F(z), G(z) are differentiable
everywhere with G’ (x) = p1(z) > 0. We deduce that T'(z) has a classical derivative everywhere and moreover
since G(T'(x)) = F(z), by differentiating we get that T'(x) satisfies the Monge-Ampere equation.

po(z) = p1(T(2))T" ().
or equivalently (since p;(z) > 0),

’ _ po(x) .
T = @) (62)

Because of (6.2) we have that T"(x) is absolutely continuous and strictly positive. Therefore the derivative of
T’ exists almost everywhere. Now for the derivative of 77 we have

T"(x) _ oY
T/(Z‘) - (log(T (1')))

= (log(po (@) — log(p1(T'(x)))’

_pole)  pA(T()T'(z)
po(@)  pi(T())
Set Ti(x) =tz + (1 —t)T(x). For 0 <t <1 we have
pe(x) = p1(Ti(2)) T} (), (6.3)

Since p1(T3(x)) and T} (z) are both absolutely continuous so is p;(z). Hence the derivative appeared in (2.6) for
I(p:) is the classical derivative. Substituting (6.3) into (2.6) we get

[, _ [ (nGETEE,
R R

e o (T} (z)
-/ TN T/ (@) + ()T @)
: o (Ty(@) T} ()
(A (T (@) (T ()" (1 (T(2))TY ()
<2/R o (T4 () T} (@) d”””/R TN @)
(Ti(x)))? (T
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Note that in the inequality above we have used (a + b)? < 2(a? + b?). To proceed we will estimate each term in
the right-hand side of (6.4) using the fact that |7”(z)| is bounded and I(po), I(p1) < oco. For the first part we
have

[ ey e = [ CEEE we@ e ra

o [ (P (Ti(x)))?
e /[Ri(Tt (T (w) dr

- [

= C?%I(p1). (6.5)

Let B be the ball of radius M centered at the origin. Since 7" (x) = 0 for all || > M we can restrict our
calculation for the second part in the ball B.

(@, NG
[ @) dr= [ (i) S

B N (e 15)
= [ ey gl

- o () (58
oot (E RS (3

<2 [ i) (42) a

+

1
(o()? |, [ AT
UB it [y ”)
< C(I(po) + 1(p1))- (6.6)

From (6.4), (6.5) and (6.6) we find that

[ W@,
) = [ LEDE de < O(1(m) + ().

Next we are going to prove the boundedness of the functional [, [¥'(z)|?p;(z)dz
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Since T'(x) = « for |z| > M we have p(z) = p1(x) for |x| > M. Hence
Lr@ra@ar= [ wePa@as [ @@k
— [WePna@as [ @R
B |z|>M
<c [ pla)dos /lM 9 (@)1 (2) da
<c+ / 7 (2) s () dz < 0.

Now we repeat the same argument for £(p;). Finally by [18], Corollary 20.13 we get that S(pg), S(p1) are finite
and the result for S(p;) comes from the fact that S is geodesically convex. O

Finally we prove that for py satisfying the assumptions in the main Theorem 1.1, the set Q(po) is dense in
P2(R), thus satisfying assumption (b) of Proposition 6.2. The idea behind the lemma is a simple modification of
a cut and glue argument (see Fig. 1). For a given measure p; € Pa(R), we construct a measure that is in some
sense nice and close to p; in a compact set, and equal to pg outside of it. To do so, we first find an interval such
that the contribution of both measures pg, p1 to the functionals S and £ is small outside that interval. We cut
out the part of pg that lies outside the interval, mollify it to ensure both positivity and smoothness, and then
add a quadratic decay to get finiteness of the Fisher information functional”. For py we just keep the tails and
add a quadratic decay. The approximating probability measure is then produced by a linear combination of the
above constructed measures.

Lemma 6.4. Assume that po € P2(R) such that the density is bounded from below by a positive constant in
every compact set, and F(po), [|¥’'|>dpo and I(po) are all finite. Let W € C*(R) satisfy either Assumption 4.1
or 4.4. Then for any p1 € Pa2(R) there exists a sequence p™ in Q(po) such that p™ — py in the Wasserstein
topology, and F(p") — F(p1).

Proof. Take a p1 € P2(R) with F(p1) < oo (otherwise the construction is trivial). First observe that, because
[2?p1(dz), [22po(dz) and S(po),S(p1) are all finite, [|p1logp1l, [|polog po| are also finite [12], equation (15).
Secondly, [|¥|dpy and [|¥|dpo are also finite since ¥ is bounded from below in both Assumptions 4.1 and 4.4.
Therefore, for any 7 > 0 there exist Lebesgue points M~ < —1 and M > 1 of p; such that (to ease notation
we assume that —M_- = M+ =: M,)

T T T T
“M,), pr(—My) < mind ———— T4 and po(M,), pr (M) < min{ ——— .
ol pr(=17) < min{ T T and w8 00 < min{ s
/II Ny (po + |polog po| + 2po + [¥|po) < T, (6.7b)
x|>M,
[ (ot lontogm] + 2%y + lpr) <7 (6.7¢)
|x|>M-

Define a new density by cutting the tails of p;, and mollifying it by the Gaussian 8; from Lemma 4.8:

T

1= (pr Aoar, ar,) * Or,

Tt is easy to check that a linear decay, which would have been a simpler choice, is not enough to keep the Fisher information
functional finite.
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where ¢, is chosen sufficiently small such that

M,

| -l (6.32)
M, M,

/ |Uu™ —¥pi| < 7 and / le?u” — 2py| < T, (6.8b)
—M, —-M,

M,

‘ / (u"log ™ — prlogp1)| < T, (6.8¢)
—M,

NT(_MT) < min {m, MLE} and MT(MT) < min {m, MLE} s (68d)

#"(x) >0  whenever |z| < M. (6.8¢)

Observe that property (6.8d) is feasible, because — M., and M, are Lebesgue points of p; and
w7 (My) < (p1 + 01, ) (M) and 1T (=My) < (pr % 01,) (— M),

In order to construct a suitable approximating sequence for p;, small intervals around — M, and M, are needed
where bounds of the type (6.7a) and (6.8d) still hold. Indeed, because of (6.8d) and the continuity of ¥, there
exists 0 < a, < 1 such that for all x € [-M,; — a;, —M; + a;]:

po(x) < T, and po(—M;) < min { |¢(Tw)| , %} , (6.92)
p(x) <, and w (—M;) < min{ |¢(Tw)| , %} , (6.9b)

and for all z € [M; — a., M, + a;]:

po(x) < T, and po(M;) < min { |¢(Tw)| , %} ) (6.9¢)
u(x) <, and u"(M;) < min { ﬁ, %} . (6.9d)

Note that by assumption M, > 1, so that the two intervals can not overlap.
Now, using these intervals, replace the tails of ©”, which were introduced by the mollification, by quadratically
decaying tails (see Fig. 1)

u(z), , |lz| < M7,
(w) w" (M), M, <z < M+ ar,
2
(w> w(=M.), —M;—a; <x<-—-M,,
0, |l‘| > M. +a-.

On the other hand, the approximation sequence for p; requires the same tails as pg; these tails are captured by
(see Fig. 1)

? |l’| < M‘I’ —ar,
2
Meten) oo (M), My —ar << M,

2
w) pO(_M‘r)v _M‘I’ <z < _M'r + Qr,
o(z), 2| = M;.
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ro

(a) Cut the tails, add quadratic decay. (b) Crop the tails, add quadratic decay.

FIGURE 1. The construction of v™ and vj.

Finally, the approximating sequence is defined as a normalised sum of v and vy:

p’(x) = ar v (z) + 15 (),
I-|lvglh

. . . HVT H B ) . . . .
Now we check that the sequence p” indeed lies in Q(pg). By construction, p™ has the same tails as pg, and it is
bounded from below a positive constant on compact sets. Moreover, it is straight-forward that [ 22 dv], I 227,
[1¥')?dvg, [|P'|?dv™ and, I(v]) are all finite; I(v7) is finite by Lemma 4.8. Then the functionals [z?dp7,
[1¥'|>dp™ are also finite. To check that the Fisher information remains finite:

v 4+ ut)?
R QU+
2 2
a; v’ vy’
SQ/udx_FQ/de
R Qr VT + 1] R Or VT + 1

N2 77\2
<2/E2114M+2/Qﬁldw
R R

=
arvT v

where || - |1 abbreviates the L'(R) norm, and o, :=

=20, I(v7) + 21(v]) < o0,

so that indeed p™ € Q(po).
Next, the convergence properties of the sequence p” are checked. First we show that p™ — p; in L'(R). Since
lv5]l1 — 0 and ||[¢7|)1 — 1, the normalisation constant also converges: a.; — 1. Therefore,

[ =il = [laes +55 =i
R R
M, M,
<[ Tl —wl+ [ Cwe—pld [ e [t [
— M, — M, |z|>M- |z|>M- R

M- M, e ,
S/ |azp” — pT| +/ lr — p1l +a7/f(—MT)/ (H%ﬂ)
—M, M

—M.—a-

-

Mr+ar 2
caur ) [T (=) s [ e g
M. |z|>M,

M, M,
<lao=1l [ w [ e = pil s asan (M) avar w00 + [ g gl
—M, -M || > M.

< Jar = 1]+ 7+ ar i (=My) + " (M) + 7+ [ s — 0,
(6.10)
where the last line follows from a, < 1 together with (6.8a) and (6.7c).
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Secondly, we check the convergence of the second moments f[Rx2 pr— kaz p1. Observe that there is a uniform

bound on
Moy M 2 Mr , (680) 2 2
/ x/fg/ |w,u7—:rp1|+/ x“py <T+/xp1§1+/xp1 (6.11)
M, - - R R

T T

for 7 < 1. Moreover, for the right-side quadratic tail of v7:
Mr+ar Mr+ar _ M _ 2 M:+ar (G.Qd)
/ 22" = / 2 <u> w"(M;)dz < / 22T (M)dz < Ta,<T, (6.12)
M, M, ar M-

and similarly for the other quadratically decaying parts of 7 and . Therefore

/\x2pT—x2p1\ < /|Ot-,—.%‘21/-,— — 2?7 —I—/\lef—xzpl\ +/x2yg
R R R R

M. M.
< \a7—1|/ 220"+ oy — 1 x21/7+/ \x%f—x%ﬂ—i—/ 2"
— M, |z|>M- — M, |z|>M-

M,
2 2 2
—|—/ xp1+/ :cug+/ x“po
|z|>M- — M- || >M-

<aT—1|(1+/x2p1+27)+7T—>0
R

as 7 — 0, where the last line follows from (6.11), (6.12), (6.7b), (6.7c) and (6.8b). Since the sequence p”
converges strongly in L'(R) to p; by (6.10), it also converges narrowly. Together with the convergence of the
second moments, this implies convergence in the Wasserstein distance [17], Theorem 7.12, which was to be
shown.

Thirdly, we need to check that £(p”) — E(p1); this is proven in the same way as the convergence of the
second moments above, where 2 is replaced by the potential ¥(z).

Finally, we prove the convergence of the entropies S(p™) — S(p1). Because of

1S(p7) = S(p) < [SWT) = S(p1)| +[S(p7) = ST, (6.13)
it suffices to show that both differences on the right-hand side vanish. For the first difference:
M, M,
ST = / (I/T logv™ — pylog pl) —l—/ p1 log p1 +/ v logv™ — S(p1).
— M, — M, M. <|z|<M:+ar,

Here, the first term vanishes by (6.8c), and the third term, containing the quadratically decaying tails, vanishes
because p”(—M-) and p7 (M) vanish. For the second difference in (6.13):

M:—ar

S7) =807 < [ 7 Jalogaru” i log |
—M-+a-

(€3]

+/ lp" log p” — v" log 7|
M;—a,<|z|<M;+ar

(I1)

+/ |polog pol -
|z|>M-+ar

(I11)
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It will now be shown that each of the three parts convergence to 0 as 7 — 0. For the first part, because of (6.8¢),

M:—ar
(1) =/ larp” log (arp”) — p” log u|
—M:+a-
M;—ar M;—ar
<lay -1 o |+ aclogar [T | .
—M.+a-, —M:+a-

For the second part, observe that by assumptions (6.9a), (6.9b), (6.9¢), (6.9b), there holds for M, —a, < |z| <

M,

V(@) < po(My) <7, v () = w7 (2) < 7,

and for M, < |z| < M, + a,:

vi(x) = po(z) <, V() < u(My) < T

Therefore, since a, < 1:

an=< [ o Ttz o)
r—ar<|z|<M;+ar

|(arv™ + v§) log(av™ + 1) + / [V log 7| — 0.

/M7a7<w<MT+aT M;—a,<|z|<M;+a-

Finally, part (I11) converges to 0 by assumption (6.7b). O
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