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NASH EQUILIBRIUM PAYOFFS FOR STOCHASTIC DIFFERENTIAL GAMES
WITH REFLECTION
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Abstract. In this paper, we investigate Nash equilibrium payoffs for nonzero-sum stochastic differ-
ential games with reflection. We obtain an existence theorem and a characterization theorem of Nash
equilibrium payoffs for nonzero-sum stochastic differential games with nonlinear cost functionals defined
by doubly controlled reflected backward stochastic differential equations.
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1. INTRODUCTION

In this paper, we study Nash equilibrium payoffs for nonzero-sum stochastic differential games whose cost
functionals are defined by reflected backward stochastic differential equations (RBSDEs, for short). Fleming
and Souganidis [7] were the first in a rigorous way to study zero-sum stochastic differential games. Since the
pioneering work of Fleming and Souganidis [7], stochastic differential games have been investigated by many
authors. Recently, Buckdahn and Li [3] generalized the results of Fleming and Souganidis [7] by using a Girsanov
transformation argument and a backward stochastic differential equation (BSDE, for short) approach. The reader
interested in this topic can be referred to Buckdahn, Cardaliaguet and Quincampoix [1], Buckdahn and Li [3],
Fleming and Souganidis [7] and the references therein.

El Karoui, Kapoudjian, Pardoux, Peng and Quenez [5] introduced RBSDEs. By virtue of RBSDEs they
gave a probabilistic representation for the solution of an obstacle problem for a nonlinear parabolic partial
differential equation. This kind of RBSDEs also has many applications in finance, stochastic differential games
and stochastic optimal control problem. In [6], El Karoui, Pardoux and Quenez showed that the price of an
American option corresponds to the solution of a RBSDE. Buckdahn and Li [4] considered zero-sum stochastic
differential games with reflection. Wu and Yu [12] studied one kind of stochastic recursive optimal control
problem with the obstacle constraint for the cost functional defined by a RBSDE.

Buckdahn, Cardaliaguet and Rainer [2] studied Nash equilibrium payoffs for stochastic differential games.
Recently, Lin [9,10] studied Nash equilibrium payoffs for stochastic differential games whose cost functionals
are defined by doubly controlled BSDEs. Lin [9,10] generalizes the earlier result by Buckdahn, Cardaliaguet
and Rainer [2]. In [9,10], the admissible control processes can depend on events occurring before the beginning
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of the stochastic differential game, thus, the cost functionals are not necessarily deterministic. Moreover, the
cost functionals are defined with the help of BSDEs, and thus they are nonlinear. The objective of this pa-
per is to generalize the above results, i.e., investigate Nash equilibrium payoffs for nonzero-sum stochastic
differential games with reflection. However, different from the earlier results by Buckdahn, Cardaliaguet and
Rainer [2] and Lin [9,10], we shall study Nash equilibrium payoffs for stochastic differential games with the
running cost functionals defined with the help of RBSDEs. For this, we first study the properties of the value
functions of stochastic differential games with reflection. In comparison with Buckdahn and Li [4], we shall study
nonzero-sum stochastic differential games of the type of strategy against strategy, while Buckdahn and Li [4]
considered the games of the type strategy against control. Combining the arguments in Buckdahn, Cardaliaguet
and Quincampoix [1] and Buckdahn and Li [4], we can get the results in Section 4. Then we investigate Nash
equilibrium payoffs for stochastic differential games with reflection. Our results generalizes the results in Lin [9]
to the obstacle constraint case. In Lin [9], the cost functionals of both players do not have any obstacle con-
straint, so our results in Section 5 are more general. The proof of our results is mainly based on the techniques
of mathematical analysis and the properties of BSDEs with reflection. The presence of the obstacle constraint
adds us the difficulty of estimates and a supplementary complexity.

The paper is organized as follows. In Section 2, we introduce some notations and present some preliminary
results concerning reflected backward stochastic differential equations, which we will need in what follows. In
Section 3, we introduce nonzero-sum stochastic differential games with reflection and obtain the associated dy-
namic programming principle. In Section 4 we give a probabilistic interpretation of systems of Isaacs equations
with obstacle. In Section 5, we obtain the main results of this paper, i.e., an existence theorem and a charac-
terization theorem of Nash equilibrium payoffs for nonzero-sum stochastic differential games with reflection. In
Section 6, we give the Proof of Theorem 4.2.

2. PRELIMINARIES

The objective of this Section is to recall some results about RBSDESs, which are useful in what follows. Let
B ={B, 0 <t <T} be a d-dimensional standard Brownian motion defined on a probability space ({2, F,P).
The filtration F = {F;, 0 <t < T} is generated by B and augmented by all P-null sets, i.e.,

ft:a{Br,Ogrgt}\/Np,

where Np is the set of all P-null sets. Let us introduce some spaces:
L*(2, Fr,P;R"™) = {g | €: 2 — R" is an Fr-measurable random variable such that E[|¢]?] < +oo},

S%(0,T;R) = {go | ¢ : 2 x[0,T] — R is a predictable process such that E[ sup |¢:|%] < +oo},
0<t<T

T
HQ(O,T;]Rd) = {@ | p: 2x[0,T]— R? is a predictable process such that IE/ loe|2dt < +oo}.
0

We consider the following one barrier reflected BSDE with data (f,¢,S):

T T
Yt:u/ f(s,Ys,Zs>ds+KT—Kt—/ Z,B.,
t

t t
Y, > S,  telo,T], (2.1)
T

Ko =0, / (Y, — S,)dK, =0,
0
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where {K,} is an adapted, continuous and increasing process, f : 2 x [0,7] x R x R — R and we make the
following assumptions:

(H2.1) £(0,0) € H2(0,T; R),

(H2.2) There exists some constant L > 0 such that for all 4,7’ € R and z, 2’ € R,

‘f(t,y,Z) - f(t,y/v'z/” < L(‘y - y/| + ‘Z - Z/D’
(H2.3) {St}tejo,r) is a continuous process such that {S;}o<i<r € S2(0,T;R).
The following the existence and uniqueness theorem for solutions of equation (2.1) was established in [5].

Lemma 2.1. Under the assumptions (H2.1)~(H2.3), if € € L?(2, Fr,P;R) and St < &, then equation (2.1)
has a unique solution (Y, Z, K).

We refer to [5,12] for the following two estimates.

Lemma 2.2. Let the assumptions (H2.1)-(H2.3) hold and let (Y,Z,K) be the solution of the reflected
BSDE (2.1) with data (€, g,5). Then there exists a positive constant C' such that

T T 9
E[ sup Y2 +/ |Zs|? + | K1 — K{|*| Fi] < CE[€? + (/ g(s,0,0)ds) + sup S?|F.
t<s<T ¢ ¢ t<s<T
Lemma 2.3. We suppose that (£,9,5) and (&',9',5") satisfy the assumptions (H2.1)~(H2.3). Let (Y, Z,K)
and (Y',Z', K') be the solutions of the reflected BSDEs (2.1) with data (£,g,S) and (£',9',5’), respectively.
We let
Ag=¢-¢, Ag=g-4¢, AS=5-9,
AY =Y - Y/, AZ=27-7" AK =K - K'.

Then there exists a constant C' such that

T
E [ sup |AY,[? —I—/ |AZ,|*ds + |AKT — AKt|2‘.7:t]
t<s<T t

t<s<T

T 2 1/2
< CE ||Ag]? + (/ Ag(s,YS,ZS)ds> ‘ft +C <E{ sup |AS|? ]—'t]) wj/;,
t

where

T 2 T 2
Uy =E [|¢7+ (/ 9(8»0,0)|d3> + <SU£T 196> + 1€ + (/ |9/(8»0,0)|d3> + sup |Si?|F
t t<s< t

t<s<T

We also need the following lemma. For its proof, the interested reader can refer to [5,8] for more details.

Lemma 2.4. Let us denote by (Y1, Z', K') and (Y2, Z2, K?) the solutions of BSDEs with data (f!,¢&t,S?)
and (f?,£2,5%), respectively. If 1,62 € L*(2, Fr,P;R), St and S? satisfy (H2.3), and f* and f? satisfy the
assumptions (H2.1) and (H2.2), and the following holds

(i) & <€ P—as.,
(ii) fl(t,y2,22) < f2(t,y?, 22), dtdP — a.e.,
(iii) S* < S?, P — a.s.
Then, we have Y} < Y2, a.s., for all t € [0,T]. Moreover, if
(iv) f(t,y,z) < f2(t,y,2),(t,y,2) € 0,T] x R x R, dtdP — a.e.,
(v) S'1=82P—a.s.
Then, K} > K}, P —a.s., for allt € [0,T], and {K} — Ktz}te[o,T] 1S a increasing process.
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3. NONZERO-SUM STOCHASTIC DIFFERENTIAL GAMES WITH REFLECTION
AND ASSOCIATED DYNAMIC PROGRAMMING PRINCIPLE

In what follows, we assume that U and V are two compact metric spaces. The space U is considered as
the control state space of the first player, and V as that of the second one. We denote the associated sets of
admissible controls by U and V, respectively. The set U is formed by all U-valued F-progressively measurable
processes, and V is the set of all V-valued F-progressively measurable processes.

For given admissible controls u(-) € U and v(-) € V, let us consider the following control system: for ¢ € [0, T,

{ng,z;u,v = b(s,Xg,z;u,v’us,vs)ds + J(S,Xg,z;u,v’us,vs)st, s € [t,T], (3 1)

Xpot =z e R,

where
b:[0,T]xR"x U xV — R", o [0,T] xR x U x V — R"™ 4,

We make the following assumptions:

(H3.1) For all z € R", b(-,x,-,-) and o(-, z, -, -) are continuous in (¢, u,v).
(H3.2) There exists a positive constant L such that, for all ¢ € [0,T],z,2’ e R", u € U,v € V,

|b(t, z,u,v) — b(t, 2", u,v)| + |o(t, x,u,v) — o(t, o', u,v)| < L|z — 2’|

Under the above assumptions, for any u(-) € U and v(-) € V, the control system (3.1) has a unique strong
solution {X?“”“”’, 0 <t<s<T}, and we also have the following standard estimates for solutions.

Lemma 3.1. For all p > 2, there exists a positive constant C), such that, for allt € [0,T], z, 2’ € R", u(-) e U
and v(-) €V,

E { sup |X§’x”"”|p‘ft] <Cp(l1+|zP), P-—a.s,
t<s<T

p

]E sup |Xt,z;u,v _ Xt,x';u,v
s s
t<s<T

ft} < Cplz—2'|P, P-—a.s.,

where the constant C), only depends on p, the Lipschitz constant and the linear growth of b and o.

For given admissible controls u(-) € U and v(-) € V, let us consider the following doubly controlled RBSDEs:
for j =1,2,

T
j ; t,ziu, Tiu,v o Jytwiu  j ot
j}/st,x,u,'u :Qj(XTx u v) +/ fj(,,““)(;f;ruv7 j)/rtﬂcu'u7 JZﬁmuv,Ur,Ur)dT
s
T
St . . : .
+IRETWY — TR b —/ igbewrdp,, s et T,

. s

j}/st,x;u,'u Z hj(S’)(iz;,z;'u,,v)7 s [t,T],

ij,x;u,v — 07 / (j}/rt,x;u,v _ hj (,,“7 Xﬁ,x;u,v))d jKﬁ,x;u,v — 0’
t

(3.2)

where X% ig introduced in equation (3.1) and

@j :Spj(l‘) ZR" —>R, ]’Lj :hj(t,l‘) : [O,T} XR" —>R,
fi=fittz,y, 2,u,0)  [0,T] x R" x Rx RYx U x V — R.
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We make the following assumptions:

(H3.3) There exists a positive constant L such that, for all t € [0,T],z,2" € R, 4,9/ € R, 2,2’ € R4, u € U
andv eV, &;(x) > hj(T,x) and

|fj(t7$7yazauvv) - fj(t,x’,y’,z’,u,vﬂ + |¢](l') - ¢]($l)| + ‘h](tax) - hj(tvx/”
<Lz =2+ ly — o[+ ]2 = &)

(H3.4) For all (z,y,2) € R"xRxRY, f;(-,z,y,2,-,-) is continuous in (¢, u,v), and there exist positive constants
C and a > % such that, for all ¢t,s € [0,T],z € R™,

|hj(t,x) — hj(s,x)] < C|t —s|*.

Under the assumption (H3.3), from [5] we know that equation (3.2) admits a unique solution. For given control
processes u(-) € U and v(-) € V|, let us introduce now the associated cost functional for player j, j = 1,2,

Ji(t, zu,v) = TYLEY| (t,x) € [0,T] x R™.

s=t’
From Buckdahn and Li [4] we have the following estimates for solutions.
Proposition 3.2. Under the assumption (H3.1)-(H3.3), there exists a positive constant C such that, for all
te[0,7), u(-) €U and v(-) € V, x, 2’ € R,

YR < O Jaf), P as,

. . . ’.
|g}/tt,x,u,v _ g}/tt,x ;U < C|l‘ _ .T/‘, P—a.s.

We now recall the definition of admissible controls and NAD strategies, which was introduced in [9].

Definition 3.3. The space U 1 (resp., Vi,r) of admissible controls for 1th player (resp., 2nd) on the interval
[t, T] is defined as the space of all processes {u, } e[t 1) (resp., {vr}rept, 7)), Which are F-progressively measurable
and take values in U (resp., V).

Definition 3.4. A nonanticipative strategy with delay (NAD strategy) for 1th player is a measurable mapping
o : Ve — Uy, which satisfies the following properties:

1) « is a nonanticipative strategy, i.e., for every F-stopping time 7 : 2 — [t,T], and for vi,ve € V. with
v1 = vg on [[t, 7]], it holds a(v1) = a(v2) on [[t, 7]]. (Recall that [[t,7]] = {(s,w) € [t,T] x 2,t < s < 7(w)}).

2) « is a strategy with delay, i.e., for all v € V;r, there exists an increasing sequence of stopping times
{5, (v)}n>1 with

i) t=250(v) <Si(w) <...<8(w) <...<T,
i) U,>1{S () =T} =1, P-as.,
such that, for all n > 1 and v,v' € Vy 1, I’ € F, it holds: if v = v" on [[t, Sp—1(v)]] N([t, T] x I"), then
iii) Sj(v) =S (v'),on I, 1 <1l <n,
iv) a(v) = a(v’), on [[t, Sn ()] ([, T] x I').

We denote the set of all NAD strategies for 1th player for games over the time interval [t,T] by A . The
set of all NAD strategies 3 : Uy — Vi1 for 2nd player for games over the time interval [t,T] is defined in a
symmetrical way and we denote it by B; 7.

NAD strategy allows us to put stochastic differential games under normal form. The following lemma was
established in [9)].
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Lemma 3.5. If (o, ) € Ayp X By, then there exists a unique couple of admissible control (u,v) € Uy 7 X Vi1
such that

If (o, B) € Ay 7 x By, then from Lemma 3.5 we have a unique couple (u, v) € U7 x V7 such that (a(v), B(u)) =
(u,v). Then let us put J; (¢, x; o, 8) = J;(t, x;u,v). Therefore, let us define: for all (¢,z) € [0,T] x R,

W;(t, x) = esssup essinf J;(¢, z; o, B),
aC A BEB:, T

and

Uj(t, x) := essinf esssup J; (¢, ; o, ).
BEB:, T ac Ay 1

Under the assumptions (H3.1)-(H3.3) we see that W;(¢,z) and U;(t,z) are random variables. But using the
arguments in [1,10], we have the following proposition.

Proposition 3.6. Under the assumptions (H3.1)-(H3.3), for all (t,x) € [0, T]xR", the value functions W;(t, x)
and Uj;(t,x) are deterministic functions.

Let us now recall the definition of stochastic backward semigroups, which was first introduced by Peng [11]
to study stochastic optimal control problem. For a given initial condition (¢,2) € [0,T] x R", 0 < § < T —
t, for admissible control processes u(-) € Upt1s and v(-) € Viyis, and a real-valued random variable n €
L2(2, Fiy5,P;R) such that n > hj(t + 6, X" i "), we define

t+o
t, s —t,T;U,v
JGt tx+1jsv[ ==Y, )
where (7 yh U, J Et’xm’v, J ft’xm’v) is the unique solution of the following reflected BSDE over the time interval
[t,t + d]:
j?Z,x;u,v_n+/ fJTthuv thxu'u anxuvur’vr)dr
—t,T;u,v —t,T;u,v t+o —t,T;u,v
+'7Kt+5 - IK)7 —/ 77 dB,, s e [t,t+ 4],
S
IV > hy(s, XETY), s € [ty t+ 6],
t+68
jKtacuv 0’ / (thacuv hj(?", X:’I;u’v))djftxuv o 0’
t

and X% ig the unique solution of equation (3.1).
For (t,x) € [0,T] x R™, (u,v) € Uy X Vor,0 <6 <T —1t,5=1,2, we have

Jj (t, Tiu, ’U) — jGt,x;u,v[Qp .(Xt,x;u,v)} o JG: ?ﬁgv[gi/t:ag u, v}
=G 1t + 6, X5 u ).
Remark 3.7. We consider a special case of f;. If f; is independent of (y, z), then we have

t+6 —t,T;u,v

Ji(t, zu,v) = JGifﬁ;"[n]:E n+ fi(r, XE50 g v )dr + TR
¢

7.
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Proposition 3.8. Under the assumptions (H3.1)-(H3.3) we have the following dynamic programming principle:
forall0 < <T —t,xeR",

Wj(t,z) = esssup essinf jGi:fﬁ;’ﬁ[Wj(t—I—& Xttfga’ﬁ)],
€A 115 BEB:,t+s

and
Uj(t,x) = essinf esssup jGi’fﬁ;’ﬁ[Uj(t + 4, X:fg;a’ﬁ)}.
BEBy,t+s Q€A 145 ’

The proof of the above proposition is similar to [1,10], we omit the proof here.

Proposition 3.9. Under the assumptions (HS3.1)-(H3.4), there exists a positive constant C' such that, for all
t,t' €10,T] and x,2’ € R, we have

(i) W;(t,z) is +-Hélder continuous in t:
Wj(t, @) = W;(t',@)| < O+ |}t — /|5
(i1) |W;(t,z) — W;(t,2")| < Cle —2'|.
The same properties hold true for the function U;.
By means of the standard arguments and Proposition 3.8 we can easily get the above proposition. The proof

of the above proposition is omitted here.

4. PROBABILISTIC INTERPRETATION OF SYSTEMS OF ISAACS EQUATIONS WITH OBSTACLE

The objective of this section is to give a probabilistic interpretation of systems of Isaacs equations with
obstacle, and show that W; and U; introduced in Section 3, are the viscosity solutions of the following Isaacs
equations with obstacle, for (t,z) € [0,T) x R™,

. 0 _
{ 11 {WJ (tv x) - hj (ta x)a _EWJ (ta x) - Hj (ta €, Wj (t, 1'), DWJ (t, 1'), D2Wj (ta x))} =0, (4]_)
Wj (Ta x) = @j(x)a
and
. 0
{mln {Uj(t,w) — hy(t@), =5 Uy(t,2) = Hf (t,2,U;(t,2), DU, (¢, ), D?Uj(t,x))} —0, (42)
UJ(T’ T) = P; (z),
respectively, where
1
H(t,x,y,p, A, u,v) = §tT(UUT(t,ZL’,U,’U)A) + pLb(t, x, u,v)
+f](t7 x, yapTo-(tv €, u, U)a u, ’U)v
(t,z,y,p,u,v) €[0,T] X R* x RxR" x U x V and A € S (S™ denotes all the n x n symmetric matrices),

Hji(taxayvpa A) = sup inf Hj(taxayvpaAvuav)a
uelU veV

and

Hj'ﬁ'(t,ac,y,p7 A) = inf sup H;(t,z,y,p, A, u,v).
veV yeu
We denote by Cf;b([o, T] x R™) the set of real-valued functions which are continuously differentiable up to the
third order and whose derivatives of order from 1 to 3 are bounded. Let us recall the definition of a viscosity
solution of (4.1). The definition of a viscosity solution of (4.2) can be defined in a similar way.
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Definition 4.1. For fixed j = 1,2, let w; € C([0,T] x R™;R) be a function. It is called
(i) a viscosity subsolution of (4.1) if
w; (T, x) < $j(z), for all z € R”,

and if for all functions ¢ € C7, ([0, T] xR™), and (¢, z) € [0,T) x R™ such that w; — ¢ attains a local maximum
at (¢, ),

0
min {wj(t,x) — hj(t,2), —5e(tT) - H;(t,x,wj(t,x),Dgo(t,x),D2<p(t,x))} <0,
(ii) a viscosity supersolution of (4.1) if
w;(T,z) > @j(x), for all z € R,

and if for all functions ¢ € C2, ([0, T] xR™), and (t,z) € [0,T) x R™ such that w; — ¢ attains a local minimum
at (¢, ),

min {uy (,2) — byt 2), — 2 (6, ) — Hy (1,2, (1,), Dt 2), D(t,2) } 2 0,

(iii) a viscosity solution of (4.1) if it is both a viscosity subsolution and a supersolution of (4.1).

We adapt the methods in Buckdahn and Li [4] and Buckdahn, Cardaliaguet and Quincampoix [1] to our
framework. We can obtain the following theorem.

Theorem 4.2. Under the assumptions (H3.1)-(H3.3), the function W; (resp., U;) is a viscosity solution of the
system (4.1) (resp., (4.2)).

Let us now give a comparison theorem for the viscosity solution of (4.1) and (4.2). We first introduce the
following space:

O:= {ap € C([0,T] x R™) : there exists a constant A > 0 such that

| llim lo(t, )| exp{—Allog((|z|> + 1)%)]2} =0, uniformly in ¢ € [O,T}}.

Theorem 4.3. Under the assumptions (H3.1)-(H3.3), if an upper semicontinuous function uy € O is a viscosity
subsolution of (4.1) (resp., (4.2)), and a lower semicontinuous function us € O is a viscosily supersolution
of (4.1) (resp., (4.2)), then we have the following:

up(t,x) <ws(t,x), forall (t,x) € [0,T] x R™.

By means of the arguments in Buckdahn and Li [4], we can give the proof of this theorem and the proof is
omitted here.

Remark 4.4. By Proposition 3.9 we see that W; (resp., U;) is a viscosity solution of linear growth. Therefore,
from the above theorem we know that W; (resp., U;) is the unique viscosity solution in © of the system (4.1)

(resp., (4.2)).
Isaacs condition:

For all (t,z,y,p, A,u,v) € [0,T] xR" x RxR" x §" x U x V, j = 1,2, we have

1

sup inf {—tr(aaT(t,w,u,v)A) + pTb(t, z,u,v) + fj(t,x,y,pTJ(t,w,u,v),u,v)}

well VEV 2 (4 3)

) .

= ll’l‘f/ sup {_tr(JJT(t, z,u, ’U)A) + pr(ta €, u, U) + fJ (t’ T, Y, pTU(t, z,u, 'U)a u, U)} .
veV ueU
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Corollary 4.5. Let Isaacs condition (4.3) hold. Then we have, for all (t,z) € [0,T] x R™,
(Ur(t,2), Uz(t, ) = (Wi (t, x), Wa(t, ).
In a symmetric way, for all (t,z) € [0,7] x R™, we put

W ;(t,x) := esssup essinf J;(t,z; a, B),
BeByr a€ALT

and

U;(t,z) := essinf esssup J;(t, z; , 3).
a€ALT BEB, ¢

Using the arguments in [1,10], we have the following propositions.

Proposition 4.6. Under the assumptions (H3.1)-(H3.3), for all (t,x) € [0,T] x R", the value functions
W,(t,x) and Uj(t, ) are deterministic functions.

Proposition 4.7. Under the assumptions (H3.1)-(H3.3) we have the following dynamic programming principle:
forall0< 6 <T —t,xeR”,

W(t,x) = esssup essinf Gi f_ﬁ;’ﬁ[ (t+ 6, XEmeey)

BEB: 115 VEAL 11 s

and

U,;(t,r) = essinf esssup G: xfgﬂ[ J(t+ 0, Xpne M.
€A 46 BEB: t+s

Isaacs condition:
For all (¢, z,y,p, A, u,v) € [0,T] x R* xR xR" x S" x U x V, j = 1,2, we have

1
inf sup {—tr(oaT(t, x,u,v)A) +pr(t, z,u,v) + f(t, z, y,pTJ(t, T, U, ), U, v)}
wel yey

1
=sup inf {—tr(oaT(t,x,u,v)A) +pr(t,w,u,v) + fj(t,x,y,pTJ(t,x,u,v),u,v)}
vev uel L2

By virtue of arguments in this section, we have the following proposition.

Proposition 4.8. Let Isaacs condition (4.4) hold. Then we have, for all (t,x) € [0,T] x R™,
(Ut 2), Us(t, x)) = (Wilt, z), Wa(t, x)).

5. NASH EQUILIBRIUM PAYOFFS

The objective of this section is to obtain an existence of a Nash equilibrium payoff. For this, we consider two
zero-sum stochastic differential games associated with J; and Jo, i.e., the first player wants to maximize J; and
the second player wants to minimize J1, while the first player wants to minimize J, and the second player wants
to maximize Jo.

In what follows, we redefine the following notations which are different from the above sections: for (¢,z) €
[0,T] x R™,

Wi (t, z) := esssup essinf Jy (¢, x;a, ), Wa(t,z) := esssup essinf Ja(t, z; , 3)
a€A, p BEBT BEBy p ¥EALT
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We suppose that the following holds:
Isaacs condition A:

For all (t,z,y,p, A,u,v) € [0,T] x R” x R x R” x §" x U x V, we have

1
sup inf {—tr(UUT(t,JJ, u,v)A) —I—pr(t,ac,u, v) + fi(t,z,y, pLo(t, z, u,v),u, v)}
wel YEV 2

1
= inf sup {_tr(UUT(t’ T, U, U)A) +pr(t7 €T, u, U) + fl (t’ €, yvaU(ta T, U, ’U)v u, U)} )
vEV 4 cU 2

and

1
inf sup {—tr(aaT(t,x,u,v)A) +pr(t,£L',U,’U) + fg(t,x,y,pTJ(t,x,u,v),u,v)}
wel ey | 2

1
= Ssup inf {—tr(oaT(t,x,u,v)A) +pr(t,£L',U,’U) + fg(t,x,y,pTJ(t,x,u,v),u,v)} .
veV uelU 2

Under the above condition, from the above section we see that: for (¢,z) € [0,T] x R™,

Wi (t, ) = esssup essinf Jy (¢, x; v, §) = essinf esssup Ji (¢, z; o, (),

acAy T BEB, T BEB:, T aEAs T
Wa(t, z) = essinf esssup Ja(t, z; «, 3) = esssup essinf Jo (¢, z; o, ). (5.1)
a€ALT BEB, 1 BEB, p AEALT

In order to simplify arguments, let us also assume that the coefficients b, 0, f;, @}, f; and h; (j = 1,2), satisfy
the assumptions (H3.1)-(H3.4) and are bounded.

We recall the definition of the Nash equilibrium payoff of nonzero-sum stochastic differential games, which
was introduced in Buckdahn, Cardaliaguet and Rainer [2] and Lin [9].

Definition 5.1. A couple (e, es) € R? is called a Nash equilibrium payoff at the point (,z) if for any & > 0,
there exists (ae, B:) € Ay X By p such that, for all (o, 8) € Ay 7 X By r,

Ji(t,zyae, Be) = it as o, B:) — e, Ja(tyxsae, Be) > Jo(t, 500, 8) — e, P—a.s., (5.2)
and
[E[J;(t, w500, B)] — el <&, j = 1,2,
From Lemma 3.5 it follows that the following lemma holds.
Lemma 5.2. For any ¢ > 0 and (a., B:) € Avr X By, (5.2) holds if and only if, for all (u,v) € Upr X Vi,
Ji(t, zsae, Be) > Ji(t,zsu, Be(w) — e, Jo(t, x5 a0, Be) > Jo(t, 2500 (v),0) —e, P—a.s. (5.3)
Before giving the main results in this sections we first introduce the following lemma.
Lemma 5.3. Let (t,2) € [0,T] x R" and u € Uy 7 be arbitrarily fized. Then,

(i) for all 6 € [0,T —t] and € > 0, there exists an NAD strategy o € Ay 7 such that, for all v € Vy 1,

a(v) = u,on [t,t + 9],

YL < Wt + 0, X500 e, P—as,
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(i1) for all 6 € [0,T —t] and € > 0, there exists an NAD strategy o € Ay 7 such that, for all v € Vi 1,

a(v) = u,on [t,t+ 4],
LS = Wt 46, X[ — e, Poas.

Using arguments similar to Lin [9] we can prove this lemma. The proof is omitted here. We also need the
following lemma, which can be established by standard arguments for SDEs.

Lemma 5.4. There exists a positive constant C such that, for all (u,v), (W' ,v") € Upr X Vi, and for all
F,—stopping times S : 2 — [t, T] with X§""" = X"V | P — a.s., it holds, for all real T € [0,T],

3 t,ziu,v t,xu' w2
E[oilg |X(S'+s)/\T_X(S+S)/\T| Fi) <Ct, P—a.s.
SSST

Let us now give one of main results in this section: the characterization of Nash equilibrium payoffs for
nonzero-sum stochastic differential games with reflection. We postpone its proof to Section 6.

Theorem 5.5. Let Isaacs condition (4.3) hold and (t,x) € [0,T] x R™. If for all ¢ > 0, there exist u® € Uy
and v¢ € V.1 such that for all s € [t,T] and j = 1,2,

IP( TyLeutvt > (s, XbmutvTy g | ]—'t) >1-¢, P—as., (5.4)
and
|]E[Jj(t’x;u5’1}5)] - ej‘ <e, (55)

then (e1,e2) € R? is a Nash equilibrium payoff at point (t,z).

Before giving the existence theorem of a Nash equilibrium payoff we first establish the following proposition,
which is crucial for the proof of the existence theorem of a Nash equilibrium payoff.

Proposition 5.6. Under the assumptions of Theorem 4.2, for all € > 0, there exists (u®,v%) € Upr X Vi
independent of F; such that, for allt < s; <so <T,j=1,2,

]P’( Wj(81,X§’lme’Ua) —e< JGtswiut,v° [Wj(s%X;,?x;ua,va)]‘ft) >1—e¢.

S1,82

Let us first give some preliminary result. Since the proof of the following lemma is similar to that in [9], we
omit here.

Lemma 5.7. For alle >0, all § € [0,T —t] and x € R™, there exists (u®,v%) € Upr X Vi1 independent of Fy,
such that, j = 1,2,

Wit,x) —e < IGEES " Wit + 6, X5 )], P - aus.

Let us establish the following Lemma.

Lemma 5.8. Let n > 1 and let us fix some partition t = tg < t1 < ... < t, =T of the interval [t,T]. Then,
for all e > 0, there exists (u®,v%) € Uy r X Vi1 independent of Fi, such that, for alli=10,...,n —1,

Wj(t“XZﬁ;x;uE,vE) —e< jGt,x;uE,vE [Wj(ti+1,Xt7w;uE7vE)]7 P—a.s.

tistit1 tit1
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Proof. Let us prove this lemma by induction. By the above lemma, it is obvious for ¢ = 0. We now suppose
that (u®,v®) independent of F;, is constructed on the interval [t,¢;) and we shall define it on [t;, ¢;41). From the
above lemma it follows that, for all y € R™, there exists (u¥,v¥) € Uy, 7 X V4, 7 independent of F, such that,

titit1 tit1

13 . Y Y Y .
Wi(tiy) = 5 < IGET VT W (g, XEVUY P —as,j = 1,2, (5.6)
For arbitrarily j = 1,2, for all y,z € R™ and s € [t;, t;11], we set
1 - ti7 ; !I7 Y ti7 ; ZU’ Y 2 - ti7 ; y7 Y ti7 ; !I7 Y
Ys = jG&t?ﬁ ! [Wj(ti+17Xti+y1u ‘ )]’ and y = jGSJf—%—ul ‘ [Wj(ti'*‘l’thzlu ! )]
Then let us consider the following BSDEs:
tig1
ti,ysu? oY iyu? v?
y% :Wj(ti+1aXt7:+y1u ! )+/ fj(T,Xﬁ g ,yi,Zi,u%,U,‘y)dT
s tit1
+ 1Kt71+1 - 1Ks _/ ZidBr’
1 1 S
Ys = hj(SaXéif;uy’vy)a s € [t tiya],

i1
1 iyiu?,vY 1 _
'Ky, =0, / (ys — hj(s,Xﬁ yiusriNYd K, =0,

t;
and 2 t Y Y t1+1 t Y Y 2 2

25U,V i,2U7,
Ys :Wj(ti+17Xti+l )+/ fj(T’Xr sy ,yr,zr,ufi,vf{)dr
s tit1

+ 2Kti+1 - 2KS _/ ngBT7

. Y Y S
y? > hj(SaX?’:’u v )v s e [ti’tiJrl]a

it Y Y

Ky, =0, / (y2 = hy(s, X554 ))d K = 0.
ti

From the Lemmas 2.3 and 3.1 it follows that

|jGt717y;uy7v” [Wj(ti+1,Xt’y;uy’vy)] _ jGti,Z;u”,vy [Wj (ti_‘_l,Xf“Z;uy’vy)W

tistit1 tit1 titita i+1

v oY P T
< C]E[‘Wj(tiJrl’Xt“y’u " )_Wj(tiJrl?Xt“Z’u " )|2‘ft»}

tit1 tit1
+CEH fj(raXr“%u v ,yr,zr,uﬁ{,vf{)dr—/ fj(T’Xr“Z7u " ,yr,zr,uf{,vff)dﬂ ’}_tq]
t; ti
. tiysu¥o¥y g ti,z;u? 0¥y |2 i
+CE[ sup  |h;(s, X ) — hj(s, X )| Fel?

ti<s<tit1

Yy Y

+1
3 e Y 3
| X Loviu’ v Xtz v?
T T

t;

< CE[XEE™ ™ - XU 2| 7,] + CE] /

tiy1 tit1
t;

2d7"‘.7:ti]

Cuu¥ Y e Y Y 1
—|—CE[ sup |X§z7y7u v _Xﬁuz,u U |2‘]:ti}2
ti<s<tit1

< Cly — z|.
Combining the above inequality, Proposition 3.9 and (5.6) we see that
Wj(ti,2) — & < Wylts,y) — e+ Cly — 2|3

- e Y Y Y 2 Y i) 1
< TGP Wb, X0 - 5 +Cly—=[2
i ¥ oY ¥ oY 3 1
< TG W (b, X0T)] - 5 TCly—=[?
;. Y Yy Y Yy
< TG W (b, X)) P - aus,

for Cly — 2|2 <

N ™
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Let {O;}i>1 C B(R") be a partition of R with diam(0;) < % and let y; € O;. Then, for z € Oy,
Wjti,2) —e < TG Wy (tigr, X027, P —as. (5.7)
Let us put
uE =3 o (XPE Ty, pf = 3 10, (X,
I>1 I>1
Then

j txiut ot ] t,x;u®, v
Gti7£i+1 W tit1, Xt i1

tozsus v tyx;u,v®
_jGti’XtiT YU v W tuXtiM Y u 1 Xt,m;us,’us
- tiytita tiy1, X tit O, t;
l>1
B jGti7Xtt1;m;“€71)€ e W tuXZ w0t ) Xt,m;us,vs
- tiytita tiy1, X tit O, t;
1>1
v € € =
St thrlz,u, IR RPN T) ti Xt,mm 0 ¥l oYl e &
_ J R ’ ’ X . ’ t,x;us,v
- § : Gti,ti+1 WJ t“rl’X tit1 ]‘Ol (th ) ’

>1

which together with (5.7) yields

jGt,x;u ) [W ( z+17Xt Jxius v )] > Z[WJ (ti’Xtt;x;uw,vyz) B 6}101 (Xtt;x,u Ky )

ti,tita tita
I>1
t,x;u¥l oYl t,xu’,v° o t,xiu v
= E Wj(tiaXti )101(Xt7: ) —ec= Wj(ti,Xti ) — &,
1>1
from which we get the desired result. O

Let us come to the proof of Proposition 5.6.

Proof. Let t =ty < t; < ...<t, =T be a partition of [t,T], and 7 = sup(tiH — t;). By Proposition 3.9 and
Lemma 5.4 we see that, for all j = 1,2, 0 <k <n, s € [tg,tp+1) and (u,v) € Uy X Vi 1,

]EHW] (tk’ Xf;;m;u’v) - W (3’ Xﬁ,x;u,v)‘2]
< 2B[W (b, Xp77) = Wi (s, X))
F2RE[|W; (s, X1 7Y) — Wi(s, XD 0)|?]
< Cls — o] (1 + B[ X" ) + CE|IX;" — gl
< CrT. (5.8)

Here and after C' represents a generic constant which may be different at different places.
We let (u®,v°) € Uy, X Vi1 be defined as in Lemma 5.8 for ¢ = ¢¢, where g9 > 0 will be specified later.
Then, for all 7,0 <i<mn,
Wj(ti,Xtt;w;u v ) —¢e0 < jGt,x;u v [W ( z+1,thu v )], P— a.s.

titita tita
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For t < s1 < s9 < T, let us suppose, without loss of generality, that ¢;_1 < s1 < t; and t}, < s9 < tpy1, for some

1 <i <k <n— 1. Therefore, applying the Lemmas 2.3 and 2.4 we deduce that
TG Wit XUl = G DG W (e, XU

tite+1 tht1 trtet1 tr41
j tziu vt ) tou vty
2 Gti,tk [WJ (tk? th ) 60}
i ~t,xiut v t,xu’,v°
>I1G [Wj(tk,th )} — Ceg

= tite

vV

tistiv1 titv1

> W(ts, X{7) = Ok — i+ 1)eo,

from which we see that

th,z;uE,vE [Wj(tk:Jrla Xt,x;us,vs)} _ jGt,z;us,vE[ jGt,x;uE,'uE [Wj (tk+1, Xt,z;us,'us)H

S1,tk+1 tht1 S1,t4 tiye41 tet1
>IGUTET Wy (1, X ) = Ok — i+ Do
> IGUE W (1, X )] = Ok — i+ 2)20
. vn)E o€ vny € )€ £
> jGiﬁﬁ " [Wj(tivxzxw " )] - 57
where we put g = % We set
n
. ) E ,.E L E . E . L E . E L E & £
L =G Witer, X007 )] = TG Wk, X7 )] + 520,

i . . . 3
12 _ jGt,ﬂ’,‘,UE7'UE [W] (827X§,23’:,u571}5)] . WJ (Sl,X;;w7uE7vE) + <

81,82 2
In what follows we shall prove the following:

E[|I, — LJ*] < O7.

Let us put

Ys = ]Gt’x;us’vs [WJ (ti, Xfi’x;us’vs)], S € [81, ti].

ER7]

Then we consider the associated BSDEs:

t; t;
Yo = Wilts, Xg™ ")+ [ fi(rn Xp5Y Ly, 2z ug, of)dr + ke, — ki —/ zrdBr,
s

S

Ys Z hj(S’X%,x;uE,vE)’ ERS [Sl,ti]a
kg, =0, / (yr — hj(r, X2=))dk, = 0,
S1
and
Yo = Wj(s1, X5W00), s € [s1,t].
Thus, applying Lemma 2.3 we conclude
‘jGt,w;uE,uE [Wj (ti, thi,z;us,ue)] . Wj(sl, Xz,lx;us,vs)‘Z

s1,ti

< CE[|W;(t, XY ) — Wy(s1, X572 |7y,

123
+CE] / L, XE g ) 2| Fun]

S1

FOE sup [hy(s, X ) = hy(on, X7 ) Pr| 7 )
1585t

< CE[|W;(t, X0 ) — Wy(s1, X557 2| Ay,

+O(t =) + CE[ sup |XL0 - X P, ),
S18504

> TGP W (g, XU = Ok — i)eo
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where we have used the assumptions (H3.3) and (H3.4) and the boundedness of f;. Since (u®,v%) € Uy X Vi1
is independent of F; we have

B[ G5 [Wyts, X050 )] = Wls1, X550 2|7

< CE[|W (¢, X557 ) = Wy (s1, X57) P+ C(ts — s1)

. t,x;u®, v t,xus,v |2 1
+ CE| Zugt | X% - X" |“|F]2.
8158515

By virtue of (5.8) we have

B[ Gt (W (s, XE0)) = Wi(sy, X575 < O3, (5.10)
By a similar argument
j z;uf,v® zus,ve ,xus v 1
B[ G W (thr, XEZ )] = W (s, X175 )P) < O, (5.11)

For s € [s1, s2] we put

1 _ jotau® vl ) txut v\ jvtmus v rj otasus o ] t,xius, v
Yo = TG Wilter, X000 0 ) = GO Y PGy Wik, X000 7 )]

and
Y2 = TG Wy (50, X))

8,82

Let us consider the associated BSDEs:
t .
1 i ~txius s Jayus,vf twsuo® 11
Ys = ]GSQ,tk+1 [Wj(tk+17th+1 )] +/ fj(T’ er ‘o ,yr,zr,uf,vf)dr
S
52
+kL — k! —/ z}dB,,
S

yl > hj(s,Xﬁs’w?“E”’E), s € [s1,82],
2

kil =0, (yr — hj(r, XE=4))dEL = 0,

S1

and
52
y2 = Wj(sg, XLmnov") +/ £, XEmo™ g2 22 s of)dr
s s2
+k2, — k2 —/ 22dB,,
S

yz 2 hj(SaX%x;us,vs)a s € [81,82},
2

k2 =0, (yr — hy(r, XE59 V) dE2 = 0.

s1

From the Lemmas 2.3 and 3.1 it follows that

PG W (e, X)) = G W (s, X)) 2

S1,tk+1 trk41 81,82

< CE[P Gl Wyt XG5 = W(sa, X550 2| 7]

S2,tk41 tht1

Hence, by (5.11) we see that

BTG (W, XA = IGHT W (55, XL )] < Crb.

S1,tk+1 th+1 81,52

N
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The above inequality and (5.10) yield

E[l — L|*| < Cr3.

Therefore,
P < —5) < B(L — L] > £y < 2ElD L] _407F
2S-5) S 1-hiz3)s 2 Sz =6
g3\ 2
where we choose 7 < (E) , and by (5.9) we have

B( Wy (o1, XE70) — 2 < IGLTE W 0, Xt )] ) 21—

We also refer to the fact that since (u®,v°) is independent of F;, the conditional probability P(-|F;) of the
event {Wj(sl,Xg*l‘”?“E’”E) —e < IGhEMYT [Wj(SQ,Xgéz?“E’”E)]} coincides with its probability. Indeed, also

S$1,82

{Wj(sl, Xty —e < jG?ff?;;E’”E [W;(s2, Xgéx?q‘avva)]} is independent of F; The proof is complete. O

Finally, we give another main result: the existence theorem of a Nash equilibrium payoff.

Theorem 5.9. Under the Isaacs condition A, for all (t,x) € [0,T] x R™, there exists a Nash equilibrium payoff
at (t,x).

Proof. By Theorem 4.2 we only have to prove that, for all € > 0, there exists (u,v®) € Uy X Vi p which
satisfies (5.4) and (5.5) for s € [t,7],5 = 1,2. For ¢ > 0, let us consider (u®,v%) € Upr X Vi1 given
by Proposition 5.6, i.e., in particular, (u®,v°) is independent of F;. Setting s; = ¢t and s; = T in Propo-
sition 5.6, we get (5.4). Since (u®,v®) is independent of F, J;(t,z;u®,v%),j = 1,2, are deterministic and

{(Jl(t,x;us,vs),Jg(t,w;ug,vg)),s > 0} is a bounded sequence. Therefore, we can choose an accumulation

point of this sequence, as ¢ — 0. We denote this point by (e1, e2). From Theorem 4.2 we see that (e1,es2) is a
Nash equilibrium payoff at (¢,2). The proof is complete. O

6. PROOF OF THEOREM 4.2
We now give the Proof of Theorem 4.2.

Proof. For arbitrarily fixed e > 0 and some ¢y > 0 (g9 depends on e and will be precise later), let us assume
that (u®0,v°0) € Uy 7 x V. satisfies (5.4) and (5.5), i.e., for all s € [¢t,T] and j = 1,2,

IP’( Fy et 5 gy e xhewTwy g ]:t) >1-¢cy, P—as., (6.1)
and
|E[J; (¢, z; u®, v%°)] — ;| < 0. (6.2)

We fix some partition: t =ty <1 <...<t,, =T of [t,T] and put 7 = sup |[t; — t;11]. Let us apply Lemma 5.3
i

to u® and t 4+ = tq,. .., Ly, successively. Then, for €1 > 0 (1 depends on ¢ and is specified later) we have the
existence of NAD strategies a; € Ay 7,7 =1,...,m, such that, for all v € V; 7,

a;(v) = u®,on [t, ],

2Yti,m;oci v),v < W, (tia Xtt;fE;Oéi(’U)a’U) e, P—as. (6.3)
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For all v € V. 7, we set
SU = inf{s >t | A{r et ] v #£050)) > o},

t":inf{tizsv | i:l,...,m}/\T.

1205

Here A\ denotes the Lebesgue measure on the real line R. We see that SV and tV are stopping times such that

S <tV < SV 4T
We put
w0, on [[t,t"],
oz (v) = {ai(v), on (1, T] x {£ = t;},1 < i < m.

Then, «. is an NAD strategy. It follows from (6.3) that
QY;;%?O‘E(U)W _ Em: 2}/—;,%;%(11)7@1{“:“}
i=1
m
< S Wt XN ey
i=1

= Wa(t?, Xf;z;ai(v)’v) +¢e1, P—as.
Let us show that, for all ¢ > 0 and v € V; 1,
Jo(t, x5 ae(v),v) < Jo(t,x;u™,0°°) + &,  a.(v™°)=u".
Thanks to (6.4), from Lemmas 2.3 and 2.4 we see that there exists a positive constant C' such that
Jo(t, @, e (v),0) = 2GRy o)
< 2Gi:;ja5(v)’v[WQ(tv,X;’;I;QE(’U)W) +ei
< QGijﬁaE(v)’v[Wg(t",X;’,z;ai(v)’v)} 4+ Cey.
Therefore, from Lemma 2.3
| 2G Wa(, XET] = G (e, Xy )|
< CEHWQ(tu’Xf;w;uEU,vEU) _ Wz(tv’XttZ}%;@s(U),U)F ft}%

< CE |Xt,x;u50,v50 _ Xt,z;ag(u),v

tv tv

2 ft]%

[

<C7t2, P—a.s.,
for the last two inequalities we have used Proposition 3.9 and Lemma 5.4. Then, (6.6) yields
Ta(t, w, 02 (v),0) < 2Grat s E W0, X )] + Cey
+] QGEZﬁ%(U)’U[WQ(t”,Xtt;,w;“io’vso)] . 2G§:f$a5(v)’v[Wg(t”,th’,m;af(v)’”)]‘
< zGiijas(U)’"[WQ(t”,Xttr;x;uso’”m)] +Ceqy + Crs.
Putting

Qs = { Qth,z;uEO,vEO > WQ(Sa Xz,m;uso,'uso) - 50}’ s € [taT]a
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we have
m
Jg(t,x; CVE(U),U) < 2G§:ﬁas(v)7v [Z Wo (ti,X:i,z;u 0, 0)1{“:”}
=1
m
< 2G§:twqiag(v),v [Z W, (tiaXf;x;u 0.y 0)1{”:“}19”

=1

where

QGE tzuag v) [Z W2 z7)(t RRVAUR ALY )1{t7’—t }] zGisz;aE(v),v
=1

m
lz W2 (tia Xf;xyu 0 p=0 )1{”:“}19#.

+ Cei + Cr2

+Ce +Cr2 +1, (6.8)

i=1

Since @, fo and hy are bounded, from Lemma 2.2 we conclude that W5 is bounded. Therefore,

m
Z |W2(ti,Xtt;w;u 0w °)|21{tv:ti}19§i

7

I<E
i=1
m . 1
< CY P(2|F)7 < Cmeg, (6.9)
i=1

where we have used (6.1) for the latter estimate. From the Lemmas 2.3, 2.4 and (6.7) we have

[ m
QGE txuas (v),v [Z Wz tz,Xt ,zuf0 0 )1{t7’—t }1_(2, ] < 2G§:§U;as(v),v Z(Qyti,x;u 0,90 +€O)1{t7)—ti}1ﬂti]
i=1 Li=1
[ m
< 2G§:;ia5(v),v Z 2Ytti7x;u 0 10 1{t“:ti}19ti + e
Li=1
['m
< 2G§:ﬁ@s(”)7v Z QYZ,I;U 0,90 1{“:“}10” + 050,

Li=1

and using the above arguments we also have

m <0 0 m 1
QGZﬁ%(U)’U lz 2Yttzu v 1{“:”}19”1 _ QGi Z’/'uas (v),v [Z 2Yti,x;as(v) U].{tu t}] < Cm&tg.
i=1 i=1
Consequently,
m
Gyt [Z Walts, X3 ) ey La, 1
1
<? i fuaf(v)’ [Qth,w ut } + Cep + Cmeg
t, c s t, O, €0 t, O, €0 t, O’ £0
S ‘ 2Gt :?va (v),v |:2}/tvzu v ] 2Gt t:vvu v |:25/tvxu v j|

2 ~t,x;u0 v<o
G

2 ~t,x;ac (v) t,x;ufo v=0
- ‘ Gt tv N |: }/tv ] - t,tv

1
+Jo(t, x;u®,v%°) + Ceo + Cmef

1
< Jo(t, z;u™, v%°) + Ceg + Cmed + CT%,

2Gt,x;u50,v50

t,a;u0,v®0 3
[ 2] 4 Ceg + Ome]

2y t,x;uf0 ,v=0
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where we have used the fact that

‘ 2G§:twqiag(v),v[ 2)/£;ac;u507v50] o 2G§ chu €0y 0[ 2}/;”30 ;uf0 0 H <Cr %
Indeed, let us consider the following BSDE

tY v
Ys = QY;:%I;U hv +/ fg(?", X:’I;QE(’U),U,yT, ZT,OZE(’UT),’UT)dT + kt“ - ks - / Z’rdBra
s s
ys = ha(s, X0T ), s € [t.t],

"
ke =0, / (g — ha(r, X500\ g, — 0,
t

which compared with

r oo Yr

0 <0 t,x;u0 v=0 ~uE0 &0 -0 <0 -0
2}/St,ac,u U — 25/” / fg(’l“,X:’x’u v , 2}/Tt,ac,u Ko , 2Z:,x,u ,v°0 ueo ’Uso)d’l“
s

e
+ 2RI 2Rt / 2zbme AR,
2yt,x;u50,v50 > h ( Xt,x;uso,vio) totv s
s = N2(s, s ) s € [ i ]a
t

t,x;uc0 0 €0 mEO0 €0 7E0 €0 7EO
2Kt,z,u ,U :0, / (QY:’I’U K _hQ(T,Xﬁ’I’u U ))d 2K£,z,u U :0,

t
Note that a.(v) = u®, on [[t,t"]], v = v°, on [[¢, SV]], and from Lemma 2.3 we obtain

‘ 2G§:ﬁ@s(ﬂ)7v[QY;%I;MEO,UEO} o 2G§ t:vuu 0,90 [ZYt \T5U 0,1150”2

< CEJ / | fa(r, XEmiee g o 0 (), 00 )dr — fo(r, XETV g 2 uf0, vE0) |2 F
t

rTorr

—I—O]E[ sup |h2(7“ Xtmag(v v) hg(’l“ thuov )|2|~7:t]%
re(t,tv]

v
= CE[/ ‘f?(’ra Xﬁ,x;as(v),v,yr’ Zr, CVE(U)T,’UT)dT - fg(T, X':’x;u o an’r‘a Zry U us® UEO)| ‘ft]

r oo Yr
+CE[ sup |X7§,I;as(v),v _ X:,z;uso,v”’ ‘2‘}‘4%
T‘E[S’”,t’”]

"
< CE[/ 1y, o0} | Fe] + C72 < CE[t* — §°|F) + Cr® < Cr?,
S'u

where we have used the boundedness of fa,b and o. Consequently,

1
2Gyyiee [ZWQ (ti, XE7 " N oy 1o, | < OTF + Ja(t, 23u%,0%0) + Ceg + Cmeg,
=1

and thus, (6.8) and (6.9) yield

To(t, 23 e (v),0) < Ja(t, 30, v%) + Ceg + Cmel + Cey + Ot
1
We can choose 7 > 0,g9 > 0, and €; > 0 such that Ceg + Cmeg + Ce; + C7% < ¢ and go < €. Thus,

Ja(t, x5 e (v),v) < Jo(t, 2500, 0%°) +e,v € Vyp.



1208 Q. LIN

Using a symmetric argument we can construct . € B; r such that, for all u € U r,
Ji(t, wyu, Be(u) < Ji(t z3u™,v%0) + ¢, Be(u™) = v®. (6.10)

Finally, from (6.5), (6.10), (6.2) and Lemma 5.2 it follows that (a., ) satisfies Definition 5.1. Hence, (€1, e2)
is a Nash equilibrium payoff. O
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