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STABILITY OF AN INTERCONNECTED SYSTEM OF EULER—-BERNOULLI
BEAM AND HEAT EQUATION WITH BOUNDARY COUPLING *

JUN-MIN WANG! AND MIROSLAV KRSTIC?

Abstract. We study the stability of an interconnected system of Euler—Bernoulli beam and heat
equation with boundary coupling, where the boundary temperature of the heat equation is fed as
the boundary moment of the Euler—Bernoulli beam and, in turn, the boundary angular velocity of
the Euler—Bernoulli beam is fed into the boundary heat flux of the heat equation. We show that
the spectrum of the closed-loop system consists only of two branches: one along the real axis and
the another along two parabolas symmetric to the real axis and open to the imaginary axis. The
asymptotic expressions of both eigenvalues and eigenfunctions are obtained. With a careful estimate
for the resolvent operator, the completeness of the root subspaces of the system is verified. The Riesz
basis property and exponential stability of the system are then proved. Finally we show that the
semigroup, generated by the system operator, is of Gevrey class § > 2.
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1. INTRODUCTION

Engineering applications give rise to fluid-structure interactions, composite laminates in smart materials and
structures, structural-acoustic systems, and other interactive physical process, which are modeled by partial
differential equation (PDE) cascades or interconnected PDEs. Control design and stability analysis for such
systems have become active over the past decades, see [5,6,8,19,20,23,24] and the references therein.

The stability and controllability analysis for a heat-wave system, arising from the fluid-structure interaction,
were treated in [23,24]. Feedback controllers for several classes of coupled PDEs and structural-acoustic models
were introduced in [8]. The stability and Riesz basis property of the composite laminates and the sandwich
beam with boundary controls were analyzed in [19,20].
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FIGURE 1. Euler—Bernoulli beam (1.1) and heat equation (1.2).

We consider Euler—Bernoulli beam and heat equation (see Fig. 1) governed by the equations:

Wit (2, ) + Wagge (2, 1) = 0, 0<z<l1,t>0,
w(0,t) = w(1,t) = wy(1,¢) =0, >0,
Euler—Bernoulli beam : We (0,8) = f1(2), t>0, (1.1)
y1(t) = —we(0,1), t>0,
w(z,0) = wo(x), wi(z,0) =wi(x), 0 <z <1,

and
up(x,t) — ugg(x,t) = 0,0 <z < 1,t >0,
u(l,t) = 0, t>0,
Heat equation : ug(0,t) = falt), t>0, (1.2)
y2(t) = —u(0,1), t>0,
u(z,0) = up(x), 0<z<1,

where the Euler—Bernoulli beam is hinged at the right hand, the right side of the heat equation is kept at
zero temperature, fi(t) and f2(t) are the boundary controls applied at the left ends of the beam and the heat
respectively, y1(¢) and ya(t) are the observations, and (wg(z),w;(x)) and ug(x) are the initial conditions. We
denote the two dynamic systems with the mappings

€: fi—uy
and
N fa e
It is well-known that the feedback law
fi(t) = = (t) (1.3)
achieves exponential stability of the Euler—Bernoulli beam system, as well as that the feedback law
fa(t) = —y2(t) (1.4)

guarantees exponential stability of the heat equation. In this paper we study the case where the two subsystems
are interconnected via the feedback laws (see Fig. 2)

fi(t) = —pa(t) (1.5)
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(wo(x), wi(z)) (w(z, 1), we(, 1))

Euler—Bernoulli beam

Wet (LU, t) = _'wmxmx(ﬂﬁ, t)

Wz (0,1) = u(0,t)

u(0, t) —wg (0, 1)

Heat equation

ue (2, t) = Uge(z, 1)
Uz (0,t) = —w4e (0, 1)
wo () u(x,t)

FIGURE 2. Block diagram for the closed-loop system (1.7).

and
f2 (t) =1U1 (t) .
The interconnection (1.5) and (1.6) can be interpreted in three ways. The first interpretation of (1.5) and (1.6)
is as
f1(t) = (=9Hy1)(1),
namely, as replacing the unit-gain static feedback (1.3) of the Euler—Bernoulli beam by a dynamic feedback
law governed by the heat equation. The second interpretation of (1.5) and (1.6) is as

fat) = (€(=y2)) (1),

namely, as replacing the unity-gain static feedback (1.4) of the heat equation by a dynamic feedback law governed
by the Euler—Bernoulli beam. The third interpretation of (1.5), (1.6) is simply as a coupled PDE system given
in Figure 2.

Under the feedback laws (1.5), (1.6), the interconnected system of Euler—Bernoulli beam and heat equation is:

Wit (2,1) + Wozza (2, 1) = 0, 0<z<1,t>0,

ug(x,t) — ugq(x,t) =0, 0<z<1,t>0,

w(l,t) = wee(1,t) =0, t>0,

u(1,t) =0, t>0,

w(0,t) = 0, t>0, (1.7)
We(0,1) = u(0,1), t>0,

Uy (0,1) = —wye (0, 1), t>0,

w(x,0) = wo(x), we(x,0) =wi(x), 0 <z <1,

u(z,0) = up(x), 0<z<1

The energy function for (1.7) is given by

1
B(t) = % /0 (w2 (@, 1) + wl, (2, ) + oz, £)] de.
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Then we have
—E(t) = /01 [wi(z, wie (2, 1) + Wag (X, ) Wame (x, 1) + ula, t)ue(z, t)] do
= /01 [—wi (2, ) Wozra (X, 1) + Waa (T, V) Wage (2, 1) + u(x, t)ugs(x, t)] do

- / u?(x,t)de = —/ u?(x,t)dz <0
0 Jo 0

0 + Wyt W

1

= T WtWgzx o + uuy

and E(t) is non-increasing.

We provide a detailed spectral analysis for the system (1.7). We show that there are two branches of eigen-
values of (1.7): one is along the real axis, and another is along the two parabolas symmetric to the real axis
and open to the imaginary axis. The latter branch of eigenvalues generated by the beam is very similar to the
case studied in [4], where the well-posedness and exponential stability of an Euler—Bernoulli beam with non-
monotone boundary feedback wg4(0,t) = —kwy:(0,1), proposed early in [11], were considered for the feedback
gain k > 0 with k& # 1. Later on, its Gevrey regularity was treated in [1,14,17].

In this paper, the asymptotic expressions of the eigenvalues and eigenfunctions, the Riesz basis property and
exponential stability of (1.7) are studied. Moreover, we show that the Cp-semigroup, generated by the system
operator, is of Gevrey class § > 2 (Gevrey regularity is described in terms of the bounds on all derivatives
of the semigroups. The differentiability of the Gevrey semigroup is slightly weaker than that of an analytic
semigroup [1,14,17,18]). The Gevrey regularity for a Schrodinger equation in boundary feedback with a heat
equation is obtained in [21].

We proceed as follows. In Section 2 we formulate the problem as an evolution equation in Hilbert energy
space. The Cy-semigroup approach is used to prove the well-posedness of the system. Section 3 is devoted to the
spectral analysis and the asymptotic expressions of eigenvalues and eigenfunctions are presented. By estimating
the resolvent operator of the system, the completeness of the root subspace of the system is proved in Section 4.
In Section 5, the Riesz basis property and exponential stability are established. Finally, Gevrey regularity of
the semigroup is obtained in Section 6.

2. WELL-POSEDNESS OF THE SYSTEM (1.7)
We consider the system (1.7) in the energy space
H = H?(0,1) x L*(0,1) x L*(0,1)

where H?(0,1) = {f| f € H?(0,1), f(0) = f(1) = 0} and the norm in M is induced by the following inner
product

(X1, X5) = /01 [ V(@) f5 (@) + g1(2)ga() + h1(w)hz(x)} dz,
where X; = (fi,9:,hi) € H, i = 1,2. Define the system operator by
A(f,9,h) = (g, =D, 0"), ¥ (f,9,h) € D(A),
h(1) = f"(1) = 0, } (2.1)

— 4 2 2
D(A) = {(f,g,h) € (H" x H x H ) N'H g'(0) = —1'(0), (0) = h(0)

Then (1.7) can be written as an evolution equation in H:

ax()
T —.AX(t),t > 0,

X(0) = Xo,
where X (t) = (w(-,t),we (-, t), u(-,t)) and Xo = (wg, w1, ug).
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Theorem 2.1. Let A be given by (2.1). Then A~ exists and is compact. Moreover A is dissipative in H and A
generates a Co-semigroup e of contractions in H.

Proof. For any given (f1,91,h1) € H, solve
A(f.g:h) = (9. = F @ 0") = (fr, 91, ha).
We get g(x) = f1(z) directly. To get h we solve
W'(z) = hi (),
{h(l) =0, h'(0) = —¢'(0) = —f1(0)

obtaining
1

hz) = F(0)(1 ) — [ / a-am@de+ [ - @hl(g)dg} . (2.3)

To get f we solve

obtaining

fla = | " o(s)(@ — s)ds —x [ e -

x 1
o(z) = / g1(s)(s — 2)ds + / 7 (3)(1 - 5)ds + h(0)(1 - 2), (2.4)

1
hO) = £10)~ [ (1= m(©)d
0
By (2.3), (2.4) and g(z) = fi(z), we get the unique (f,g,h) € D(A). Hence, A~! exists and is compact on H

by the Sobolev embedding theorem. Now we show that A is dissipative in H. Let X = (f,g,h) € D(A). Then
we have

(AX,X) = (g9, =D, 0"), (f,9.1)) = /Olg“ﬁdx - /01 F@gde + /01 W' Tdx

1 T T 1
—I—/ g”f”dac—/ f”g”dx—/ |h'|2dx
0 0 0 0

1 1 1
— — ["(0)g(0) — K (0)R(0) + / o' Fdz — / Fgde — / W[2de
0 0 0
1 o 1 o 1
:/ g”f”dac—/ f”g“dx—/ |h'|2dx
0 0 0

1
Re(AX, X) = —/ |n'[2dz < 0. (2.5)
0

1 1 —
:_f//lgo_'_f//g/o_'_h/h

and

Hence A is dissipative and A generates a Cp-semigroup e** of contractions in H by the Lumer—Philips
Theorem [15]. O

Remark 2.2. As an elementary consequence of the compactness of A~!, o(A), the spectrum of A, consists of
isolated eigenvalues of finite algebraic multiplicity only.
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3. SPECTRAL ANALYSIS

Let us now consider the eigenvalue problem of A. AX = AX, where X = (f,g,h) € D(A), if and only if
g(x) = Af(z), and f, h satisfy the following eigenvalue problem:
FO(@) + X f(z) =0,
h'(x) — Ah(z) =0,

f(0)=f(1)=f"(1) =h(1) =0, (3.1)
f7(0) = h(0),
Af/(0) = —h/(0).

Lemma 3.1. Let A be defined by (2.1). Then for each X € o(A), we have ReA < 0.

Proof. By Theorem 2.1, since A is dissipative, we have for each A € o(A), ReA < 0. So we only need to show
there are no eigenvalues on the imaginary axis. Let A = iu? € o(A) with p € RT and X = (f,g,h) € D(A) be
its associated eigenfunction of A. Then by (2.5), we have

Re(AX, X) = Re (ip*(X, X)) / W |?dz =0

and hence h'(x) = 0. By h(1) = 0, we have h = 0. Moreover AX = iu?X further gives that g = iy?f and f
satisfies the following
{ O (@) —ptf(a) =0
7(0) = £(1) = £7(0) = £(1) = £(0) = 0.

A direct computation yields that the above equation only has the trivial solution. Hence f = g = h = 0 and
X = 0. Therefore, there are no eigenvalues on the imaginary axis. O

Due to Lemma 3.1 and the fact that the eigenvalues are symmetric about the real axis, we consider only
those A which are located in the second quadrant of the complex plane:

)\::ip2,pGS::{pE(C|0§argp§%}. (3.2)

Note that for any p € S, we have

Re(—p) < Re(ip) < Re(—ip) < Re(p), (3.3)
and
Re(—p) = —|p| cos(arg p) < —L|p| <0,
LWWZ—pW®%MSO2 (34

Moreover, if we denote S = S§1 U Sy with

Sii={peC|Z<agp<I}, (35)
Sy={peCl0<argp<Z}, .
then we have .
Re(ip) = —|p|sin(arg p) < —|p|sin <§7r> <0, Vp e Sy,
(3.6)

3
Re(—Vip) = —|p| cos (% + argp) < —|p| cos (§7T> <0,Yp € Ss.
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Now substituting A = ip? into (3.1), we have the eigenvalue system of (1.7) in p:

f(4)(.T) - p4f(33) = 07

h"(x) —ip*h(z) = 0,

f0) = f(1) = f"(1) = h(1) = 0, (3.7)

f"(0) = h(0),
ip* f'(0) = —h'(0).

Let
f(z) = c1”” + coe "% + e3¢ 4 e, h(z) = dieViT 4 dye=Vier, (3.8)
where ¢y, s = 1,2,3,4, dy,ds are constants, and i = elf = 72(1 + 7). Substituting these into the boundary

conditions of (3.7), we have

c1+cy+ce3t+cqg =0,

c16P + coe™P 4 czelf + cqe” P = 0,

c1p’e? + cap?e P — c3p?el? — cyple P =0,

dle‘ﬁ” + dge_\ﬂ” =0,

c1p? + cop® — c3p® —cap® —dy —dp =0,

c1ip® — cpip® — c3p® +cup® + dlﬂp — dg\ﬁp =0.

Then (3.7) has the nontrivial solution if and only if the characteristic determinant det A(p) = 0, where

o1 1 1 1 0 0 7
e’ e P elr e~ ir 0 0

p26p p2€7p _p2€ip _p267ip 0 0
Alp) = : . (3.9)
( 0 0 0 0 eVire Vi

p2 p2 _p2 _p2 -1 -1

Lip® —ip® —p® PP Vip —Vip

Lemma 3.2. Let A\ = ip? with p € S and let A(p) be given by (3.9). Then the following asymptotic expansion
holds:
det A(p) = —2p°e” {alei”e‘ﬂp + azePe Vi 4 gze Vi 4 gue e ViP L O (e"”')} , (3.10)

where

{a1:1+\/§+i(1—|—\/§)aa2:ﬂ_1+i(‘/§_1)’ (3.11)

a3 =1-v2—i(1+v2), a4 = -1 —v2—i(~/2—1).

Moreover, we have a more accurate asymptotic expansion, that is, when p € S; and p € Sz, det A(p) has more
accurate asymptotic expansions respectively,

det A(p) = —2p°ePe™? {age‘ﬂp +age VP 4 (’)(efkl‘p‘)} , pES, (3.12)

and
det A(p) = —2p5e”e\ﬁ” {alei” +aze™ " + 0O (e_k"’l”l)} , PpES (3.13)

where k1 and ko are positive constants.
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Proof. From (3.9), a direct computation gives

1 1 1 1
A()) eVio o=Vip|| ef e P P e~ i
det A(p) = — ) .
1 1 p2ep p2efp _p2€1p _p2671p
ip® —ip® —p? e
1 1 1 1
eVie o=Vio|| er  emP  Elp e~ ip
_ \/Ep _\/ip pzep pzefp _pzeip _p2efip
P p =pt =P
=’ [eﬁp - e’ﬁ”} Gi(p) + Vip® [eﬁp + e’ﬁ”} Ga(p),
where
1 1 1 1
eP e P el e7iP ) )
Gi(p) = _ | =2e" [(14i)e” + (1 —i)e ™+ O(e”)] (3.14)
el 7P —e'f —e P
i —i —1 1
and
1 1 1 1
el e P el e ) )
= = —2¢e” [2e'P — 2P . 1
Gal) el e=P —eiP —e~ip ¢ [ ¢ G )] (3.15)
11 -1 -1
Hence,

det A(p) = — 2psep{ [e‘ﬂp - e*\ﬂp} [(1+4)e” + (1 —i)e 7]
+2Vi [e‘ﬂp —I—ef\ﬂp} [ —e™] + (’)(ep)}
= — 2p5ep{a1eipe‘ﬁ” + ageipe_\ﬁ” + age_ipe\ﬂp + a4e_i”e_\ﬂp + (’)(e_”)},

where a;,7 = 1,2,3,4, are given by (3.11). Moreover, when p € S and p € Sa, from (3.6), we have

e — 0o, as |p| — o0, p€S,
e\ﬂp—>oo, as |p| — oo, pé€ Sy,

and hence, det A(\) has more accurate asymptotic expressions given by (3.12) and (3.13) in S; and So,
respectively. O

Theorem 3.3. Let A be defined by (2.1). The spectrum o(A) has two families:

o(A) = {X,n e N} U (A, A, n € N}, (3.16)
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where AP and XS, have the following asymptotic expansions:
112
A= — [mr + 591,} + O (ne hm),

1 1
A = {mr + 599} Inr+ 1 [(2nm +6.)% — (In7)?] i + O(ne~k=m),

and
2 3
szw—arctan%/i, He:arctani, r= V3 <1, Inr<0.
2 1+v2
Therefore,
ReAl ReA;, — —o0, as n — o0.

Proof. Let det A(p) = 0. By (3.12), p € S; satisfies
a3e‘ﬂp + a4e*\ﬂ” + O(e*kl‘p‘) =0.
By (3.11), azeV? + age~ViP = 0 yields

wip_ 04 _1+V2+i(V2-1)  —14+2V2 g,

e =

az 1—V2—i(1+V2) 3 ’

where 6, is given by (3.18). Hence, the roots of azeV'? + age=ViP = 0 are
- 1 Vi
b= n7r+§0p i, n=0,1,2,...
By Rouché’s theorem, the roots of (3.20) have the following asymptotic expression

1
PP = {mr + 591,] Vit O™, n> Ny,

where N; is a sufficiently large positive integer. Similarly, from (3.13), it follows that p € Sy satisfies

a1 4 age™ " + O(e~k2lely = 0.
By (3.11), a1e”” + age™"? = 0 yields

2ip_ G _ 1-V2-i(l4+V2) 24 V24i(14V2) _

a1 HV2+i(1+42) 3422 ’

where 0, and r are given by (3.18). Hence, the roots of aje” + aze™"” = 0 are

e

1
Py = ?[lnr—l—(er—l—He)i], n=0,1,2,...
1
By Rouché’s theorem, the roots of (3.23) have the following asymptotic expression

1
Py = % lnr 4+ (2n7 + 0.)1] + O(e_k2n)a n > Na,
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(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

where N, is a sufficiently large positive integer. Finally, by using A = ip?, we eventually get A2 and \¢ given

by (3.17).

We now investigate the asymptotic behavior of the eigenfunctions.

O
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Theorem 3.4. Let A be defined by (2.1), let o(A) = {\2,n € N} U{A\e,\¢,n € N} be the spectrum of A,

and let NP :=i(pP)? and NS = i(p%)? with p?, p& given by (3.22) and (3.25), respectively. Then there are two
families of approximate normalized eigenfunctions of A:

(i) One family {P2 = (f2, AP fP hP) n € N}, where P is the eigenfunction of A with respect to the eigenvalue
AP has the following asymptotic expression:

(f2)"(x) —2V [}, () + hs ()]
Nifi(@) | = | 2iVileh (@) = hala)] | + O™, (3.26)
h (2) a3z () + asph ,(2)

where ¢}, (), j = 1,2,3,4, have the following forms:

6

2402 | [nm+10,]a+0(e ™)
)

P () = ePh® = lVilnm+30,]a+0(e ™) _ e[_

= —phx — —\/;[nﬂ+19p}$+0(e*k1rﬂ) — [7\/757272] [nﬂ-+%9p:|x+0(e_kln)
S e 2 ) ; (3.27)
7 3) = e — gl ianferoe
Pna(z) = e~ Virhe — e—i[m+%9p]w+o(e,kw)’

a3, as,0, are constants given by (3 11) and (3.18), respectively, and O (e*’“”) is uniform with respect to
x € [0, 1]. Furthermore, ®¥ = (fP, AP fP hP) are approximately normalized in H in the sense that there exist
positive constants by and by independent of n, such that for all n

by < 151 = 11(£2)" 20,1y + 1IN fR Il 20,0) + 171 220,1) < D2 (3.28)

(i) The other family {®¢ = (fS, N fS,he), e = (&, N f¢, han),n € N}, where ¢, and ®¢, are the eigenfunc-
tions of A with respect to the complex conjugate ezgenvalue pairs S and NS, respectively, has the following

asymptotic expression:

()" (x) @1 () = @ha(x) + 2sinh [ In7 + (n7 + 30.)i] @3 (x)
Mofi(x) | = | dgga(x) —ips (x) + 2isinh [2Inr + (nm + 26.)i] po5(z) | +O (e*’””) , (3.29)
he (z) 4sinh [$In7 + (nm 4 £6.)i] @84 (2)

where @5, (), j =1,2,3,4, are given by

08 () = ePh(1=2) = e3Inr+@nr00il(1-2)+0( ")

02 (x) = e~ Ph(1=) = = Flmr+@nTt0e)il(1-2)+O( "),

@ q(x) = e PhT = e3lilnT—(nm+he)a+O(e™ ") (3.30)
0, (2) = e~ Virhe = o3 Vililnr—(2nm+0e)]a+O(e™"2")

Oc,7 are constants given by (3.18), and (’)(e_k2") is uniform with respect to x € [0,1]. Furthermore,
D = (fe, N fe,hS) are approzimately normalized in H in the sense that there exist positive constants bs
and by independent of n, such that for all n

by < 201 = Il f2nll20.0) + 1ALl 2c0,0) + 1Al L2(0,1) < Da (3:31)
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Proof. First we look for &7 of A with respect to A\2. From (3.4)—(3.9), and some linear algebra calculations, for

p € 81, hP(x) is given by

11 1 1 0 0
e’ e P elr e~ ir 0 0
p2ef p2eP —p2elP _ple=ip () 0

Sl IR 0 eVirr e Viee
P o = =yt -1

ip® —ip® —p> PP Vip —Vip

= —p® [V — Y] Gy (p) 4 Vip® [V 4 eV G (),
where G1(p) and Ga(p) are given by (3.14) and (3.15), respectively. Hence,
W (z) = —2psep{alei”e‘ﬁ”w + ageipe_\ﬁp“c + ag,e_i”e‘ﬁp“c + a4e_ipe_‘ﬁ”x + (’)(e_”)},

where a;,7 = 1,2,3,4, are given by (3.11) and O(e™") is uniform with respect to « € [0, 1]. Since p € S, we
have e ¥ — oo, as |p| — 0o, and hence,

hP(z) = _stepeip{age\ﬂpw + a4e*\ﬂpz + O (efk”p') }’

where O (e*kl‘P‘) is uniform with respect to x € [0, 1]. Similarly,

1 1 1 1 0 0
el e P elr e~lr 0 0
2p27p_2ip_27ip0 0
PP() = pref pe prer —pe — _4vipPePeir |:eipac e T L0 (e—kllpl):|
ePT o PT eipx efipx 0 0
> p —pr —p -1 -1
ip® —ip® —p* P Vip—Vip
and
(f2)"(z) = WipPere P [eipx +e PP+ 0O (e_kllpl)} .
By setting
f2() Y SR CP)
o= | Wfnla) | =—5(pn) e e | i(pn) Pz, ) |
i () hP(z, ph)
we get
(f5)" () —21/ielPn® — 2/je~PhT
M fE@) | = | 2ivieshe — 2ivierhe | + O I, (3.32)

- b o
age\ﬂpnw + ase Viehe
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where as, aq are given by (3.11) and O (e*kl“’ﬁ‘) is uniform with respect to = € [0, 1]. Substituting pP given
by (3.22) into (3.32) yield (3.26). Noting that from (3.27), we have

2 - 2 -
||<sz1||L2(o,1) =0(n™), H‘PizHL?(o,l) =0(n™),

2 - 2 _
||<sz3||L2(o,1) =14+ 0(e™Mm), ||<Pfl4||L2(o,1) =14+ 0(e™™m),

2 _
las s + asehall?a 0.0 = lasl® + las]? + O(n ).

These together (3.26), (3.27) yield (3.28). Now we are going to look for &¢. For p € Sz, we have eViP - 0, as

|p| — oco. Similarly, we get

11 1 1 0 0
e’ e P elr e~ ir 0 0
p2ef ple—f —p2eif —p2e=ir () 0
L I 0 eYir eVie
p*> p —pt —p* -1 -1
0 0 0 0 eVire g~ Viee

= 8ip4e” eVirg—Viez _ e_\ﬂp(l_w)} [Sinp + O(e_p)] ,

1 1 1 1 0 0
e’ e P elr e~ ir 0 0

erp er—p _p2€ip _p2€—ip 0 0

fe(x) = : :
0 0 0 0 eVire Vi
P> p =pr = -1 -1
ePT emPT  glrT e~ lpz 0 0

= —2p%e” {e‘ﬁp — e_\ﬂp} [ei”(l_x) — e ir(l=2) _ 9y sinpe™ " + O (e_"")}

and
(f)"(x) = 2pte? [e\ﬁ” — e_‘ﬂ”} {eip(l_w) — e ip(=2) 4 9; sin pe™”* + O (e_lplﬂ .
By setting
f;;‘(x) 1 4 . \/ . ) fe2(1,’p76;)
o, = [ XFa@) | = S e he i it |
hy,(2) he(z, pr,)
we get
(fe)”(l‘) elpn (1—x) _ o—ip}, (1-2) + 24 sin pze—pix
Mfi(e) | = | im0 i 00 ggin prerie | 4.0 (ebabi) 539

hi () 4i sin pieﬂﬁp;x
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where O (e*’”‘p:}') is uniform with respect to « € [0, 1]. Substituting p¢ given by (3.25) into the above equation
and nothing that sin p¢ = —isinh [$Inr + (n7 4 20, )i] + O(e~*2"), we get (3.29). Noting from (3.30), we have

”9021”%2(0’1) =[r— 1][lnr}71 + O(e*kzn)’
e 1 _ Com
||‘Pn2||2L2(071) = |:1 — ;:l [lnr] 1 + (’)(e ko )’

||9023||2L2(0,1) = O(nfl)» ||90$L4||2L2(0,1) = O(”fl)a

1 - -
s = il = |r = 7] el + 0@
These together with (3.29), (3.30) yield (3.31). The proof is complete. O

To end this section, we remark that the same process can be used to produce asymptotic expansions for the
eigenpairs of A*, the adjoint operator of A,

A*(f,9,h) = (=g, fW,0"), ¥ (f,9,h) € D(A),

h(1) = f"(1) = 0, } (3.34)
g'(0) = W'(0), f"(0) = h(0) |

Tt is because when A is a discrete operator, so is A* ([2], p. 2354); and when the eigenvalues of A are symmetric
about the real axis, then A* will have the same eigenvalues as A ([10], p. 26) with the same algebraic multiplicity
for the conjugate eigenvalues ([2], p. 2354 or [3], p. 10). Moreover, we can get the asymptotic eigenfunctions

of A*. Actually, from A*X = AX, where X = (f, g, h) is the eigenfunction of A* with respect to the eigenvalue A,
we have that ¢ = —\f and that f, h satisfy the following equation:

SO () + N f(z) =0,

D(A") = {(f,g,h) € (H* x Hf x H*)N'H

This problem is the same as (3.1). So the eigenfunctions of A* are obtained as in the proof of Theorem 3.4.

Theorem 3.5. Let A* be defined by (3.34), let o(A*) = o(A) = {M2,n € N} U{Xe,\e,n € N}, and let
M= i(pP)? and ¢ = i(pC)? with pP, pS given by (3.22) and (3.25), respectively. Then there are two families
of approzimate normalized eigenfunctions of A*:

(i) One family {¥? = (fP, =N fP hP),n € N}, where WP is the eigenfunction of A* with respect to the eigen-
value A, has the followmg asymptotic expression:

(fR)"(x) —2Vi [h (z) + Phy ()]
ez | = | 2ivileta) - e | +0E ), (335)
hh () azpyz(r) + aspp 4 (2)

where cpfw(x),j =1,2,3,4, are given by (3.27), az, as are constants given by (3.11), and O(e~*1") is uniform
with respect to x € [0,1]. Moreover, U = (f£, =\ fP hP) are approrimately normalized in H.
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1 e other famaly = , — , ye = e —ALTE NS ), n € , where Wy, an _gn are the eigen-
ii) The oth ily {5 o =ASfERE), U = e fe he), N here Wa,, and ¥ th
functions of A* with respect to the complex conjugate eigenvalue pairs X and NS, respectively, has the

following asymptotic expression:

(f3)"(x) i1 (@) = @ha(@) + 2sinh [3Inr + (a7 + 30, )i] @5s(2)
“Xfe() | = | ity (x) — igly(x) — 2isinh [$Inr + (nm + 10.)i] pos(z) | + O (e7%"),  (3.36)
he (z) 4sinh [LInr + (nm + 16,)i] 954 (2)
where o5, (x), j = 1,2,3,4, are given by (3.30), O, are constants given by (3.18), and O(e*2") is uniform
with respect to x € [0,1]. Moreover, Wa, = (f5, =S fS, hS) are approzimately normalized in H.
4. COMPLETENESS OF THE ROOT SUBSPACE OF THE SYSTEM
In this section, we are going to show the completeness of the root subspace of the system (2.2).
Lemma 4.1. Let A be defined by (2.1) and for x € [0,1] and p € C, let
Qi(x,8) = —51gn( —&p° {ep(w—f) — e P@=8) 4 jeir(e—E) _ ie—ip(x—@} ,
L (4.1)
Qo) = -t - ) [Vior¥ie-6 o]
For any A\ = ip? € p(A) with X # 0 and (¢,,x) € H, let R(\, A) = (A — A)~! be the resolvent operator of A
and let )
Foe.p) = [ @u(a.©) if0() + 0(©)] & Holo.p) / Qalr. E)x(€)de. (12)
Then the solution of the resolvent equation R(X, A)(p, v, x) = (f,g,h) is given by
F(z,p) H(z, p)
fl0) = qaiss: oa) = M) = 6le).  hia) = TGl (43)
where A(p) is defined by (3.9),
ePr eTPT  Qipr  o=ipz () 0 Fo(x, p)
1 1 1 1 0 0 F
ef e*f’ elr e*ip' 0 0 Fy
F(z,p) = pe? pe P —p2elf —p2e”iP 0 0 E3
0 0 0 0 eVireVie H,
N Y A B | Fs — Hs
ipd —ip® —p? p* Vip —Vip Fs+ Hs — ¢/(0)
0 0 0 0 eviereVier  Hy(z,p)
1 1 1 1 0 0 "
el e P elr _ e~ _ 0 0 Fy
H(z,p) = p2el pe P —p2elf —p2eir () 0 E3
0 0 0 0 evVir e Vir H,
> p —pr —=p* -1 -1 F5 — Hs
ip* —ip® —p*  p* Vip —Vip Fs+ Hs — ¢/(0)




A
Note that () (z)—p*f(z) = ip*¢(z) +U(z
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and Fj,j =1,2,3,5,6, Hy,s = 4,5,6 are constants given by

Fi= g [ i i [0 + (e

Fy = ép* /01 [eP“*ﬁ) — eP(1=8) 4 gelp(1=6) z‘e*ip“*@} [i9?6(€) + 1 (€)] d,
Fy= Lot /0 1 /170 —e=r01-9) o019 4 i [ip26(6) + 4(©)] de,
R _%pfl /0 [e7#¢ — ¢ —ie#¢ 4+ ieiot] [ip26(€) + (€)] de,

Fo = —it /0 [o77¢ 4 0P€ — em0E — €] [ip(E) +1h(6)] de,

Hs = —zip—l / 1 [Vie™ s - VieVie| x(g)ae,
0

Hg = 1/01 {ef\ﬂpé +e\ﬂp§} x(€)de.

4

Proof. For any (¢,%,x) € H and any A\ = ip? € p(A) with p # 0, solving the resolvent equation

(A _A)(fvgvh) = (¢vwaX)

yields g = Af — ¢ with f, h satisfying

O (@) = p*f(x) = ip*¢(a) + ¥(x),
W'(x) —ip*h(x) = —x(z),

1043

f0) = (1) = f"(1) = h(1) =0, (4.4)
f"(0) = n(0),
f'(0) + n'(0) = ¢'(0).
) and A" (2) —ip?h(z) = —x(x) have the general solutions respectively
{ () = c1e”” + coe™P" + 3" + cqe T 4 Fy(x, p),
. . (4.5)
h(z) = dieVirr 4 dye=Vier 4 Hy(zx, p),

c1+cate3teyg=—F,

c1ef + ce™P + cze +cge 0 = I,

c1p?ef + cop’e P — c3p?ell — cypPeTV = —F3,

dreViP 4+ dye=Vir = —Hy,

c1p? + cap® — c3p® — cap® —dy — dy = —F5 + Hs,

c1ip® — coip® — e3p® + cap® + diVip — doVip = —Fs — Hg + ¢/ (0).

where Fy(z, p) and Hy(z, p) are given by (4.2). Hence, by the boundary conditions of (4.4), ¢;,7 = 1,2,3,4 and
d1, do satisfy the following algebraic equation:
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Since A = ip? € p(A), det A(p) # 0 and hence (4.6) have a unique solution. Moreover, the solution f(x, p) and
of h(x, p) of (4.5) can be written as (4.3). O

Proposition 4.2. Let A be defined by (2.1). Then all X = ip?> € o(A) with sufficiently large moduli are
algebraically simple.

Proof. We only prove the case when p € S since the proof for A = —ip? is similar. From Lemma 4.1, the order of
each A € 0(A), as a pole of R(\, A), with sufficiently large modulus is less than or equal to the multiplicity of A
as a zero of the entire function det(A(p)) with respect to p. Since it is easy to see that X is geometrically simple
and from (3.20) and (3.23) all zeros of det(A(p)) = 0 with large moduli are simple in S; and S, respectively,
the result then follows from the formula: m, < p-m, (see e.g. [12], p. 148), where p denotes the order of the
pole of the resolvent operator and m,, my denote the algebraic and geometric multiplicities respectively. [

To estimate the norm of the resolvent operator, we recall the Lemma 1.2 of [16] (see also [7]).
Lemma 4.3. Let .
DOY =1+ Qu(Ne,
where Q; are polynomials of \, o; are some complex mzmlbers, and n is a positive integer. Then for all A outside
those circles of radius € > 0 that centered at the roots of D(-), one has
DN = C(e) >0
for some constant C(e) that depends only on e.

Theorem 4.4. Let A be defined by (2.1) and for X € p(A), let R(\, A) = (A — A)~! be the resolvent operator
of A. Then there exists a constant M > 0 independent of A such that

IR\ A < M(L+[A),
for all X = ip? with p € C lying outside all circles of radius € > 0 that are centered at the zeros of det(A(p)).

Proof. We first consider those A = ip? with p € S. Let p € S with p # 0. For (¢,4,x) € H, (f,g,h) =
R(\, A)(¢, v, x) has the expression given by (4.3). In order to estimate R(\,.A), since in sector S, we have
from (3.3), (3.4) and (3.6) that

Re(—p) < Re(ip) <0 and Re(—Vip) <0,

we need to use the transformation of the determinant to make the elements Fj,j = 1,2,...,6 given by (4.1)
and (4.1) stable. So, for F(x, p) and H(x,p) given by (4.1) and (4.1), multiply

1
the first column by — %p_?’/o e [ip®(€) + ¥ ()] dg,
1
the second column by — %pfg/o et [iﬂ2¢(f) + w(f)] dg,
1
the third column by %p_‘?/o ie 1t [ipz¢(§) + w(f)] dg,

1
the fourth column by %p_‘?/ ie't [ip2¢(f) + 7/’(5)] dg,
0

1 ! -
the fifth column by — Zp71 / i\/ieﬂﬂng(f)dfa
0

1 ! -
the sixth column by — Zp_l/ i\/Z_'e\ﬂng(f)dfa
0
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and add these columns to the last column of F(z, p) and H (z, p) respectively, we have

F(z,p) = p26p(17i+ﬁ)ﬁ(xap)a

H(x,p) = p*e? 0=V H(z, p)

where
0 0 0 0 eVier o= Vipr Ho(z, p)
e 1 1 e 0 0 PR
1 e=P el 1 0 0 p_2F2
FI(Z‘, p) = 1 e ? —e? -1 0 0 p2Fy
0 0 0 0 1 e~ Vir H,
e 1 —1 -t —p e Vie p=2 p=2 [ﬁg_ﬁ;]
ip?e™ —ip? —p? pPe? VTV Vi Fg+ Hs—¢/(0)

and for s =0,1,2,

r—1 SA—pPT ;SLipx \Saip(l—x dsFO('T’p)

eP(=1) (—1)%er® j5cirT (—j)selr(1=2) 0 0 —
~ e’ 1 el? 0 0 Fy
1d°F(z,p) | 1 e P eir 1 0 0 Fy
ps drs |1 -7 —1 0 0 F

0 0 0 0 1 e~ Vir p2H,
e P 1 -1 —elP —pfze*\ﬂp —p2 Fvg, — ﬁ;
ipPer  —ip®  —p*  pPe¥ Vie™Vir —Vi p*(Fs + Hs — ¢/(0))

Here
7 L1 [ Visa—g) ! o~ Vin(e—o)
Ho(w,p) = 5—= | [ e VXS + [ e VPETx(§)dE]
2Vi Lo @
d*Fy(z,p) 1 /1 OP(x,€) -
A R S VA d =0,1,2
W =1 T liete(@ +u@)ag s =01,
with
—e PE=8) 4 jelr(@=8) > ¢
P(x,§) = { _e P& 4 ieip(ﬁfw)’ z <&,
oP(z,€) e PlE=8) _ eip(x—ﬁ)’ > €,
or | —e P LlrlEn) g g
O?P(x,¢) - —e P8 _jelr(@=8) 0 > ¢
022 | —e Pl _jelelem) g
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and
Ri=- [ et o] ipote) + v(6)] ac
Fo=-3 [ om0 —ien=9) o) + i@, [ =3 [ e iongac
Fy = iAT‘WwaW“GM 0(€) +0(9)] e, | H = ;7/ fe“%<m5
E:—EAWe%+wﬂhﬁaa+waNa iﬂzéAl Vit (€)de
ﬁg:-4illkﬂf—aﬁ]ﬁﬁ¢@>+¢@ﬂd@

So, by (3.2)—(3.6), the asymptotic expression of det A(p) given by (3.10) in S, (3.12) in Sy, and (3.13) in Ss,
respectively, and Lemma 4.3, there is M; > 0, such that

|<n<%ﬂ/nﬂwn+wm+x@mm+wwy

1
g@ﬂé%ﬂé[MMO+W@H¢KWM+W@@+¢@L

|W<%/MMHW@+MW§

for all A = ip? with p € S lying outside all circles of radius € > 0 that are centered at the zeros of det(A(p)). Since
['(z)] < [[I"]| g2 and [I(z)] < ||U'||z2 < [[I”|| 2 for any x € [0,1] and | € HZ[0,1], it follows that V (¢, %, ) € H,

. M - - -
AT ()] < |7|1 167 1lz2 + I lllze + A Ixllzz + X107 122]

M . - . .
A g(a)| < ‘—‘1 6" lze + I Il + I ixllee + TG ] + I 22,

M _ _
WHMM-ﬁmwm+w1wm+w1me

It is seen from the above that we can find constants My, K > 0 independent of A such that

1(£59, Wl < M2(1+ M) (¢, 9, X) |

for all |\| = [p?| > K > 1 with p € S lies outside all circles of radius € > 0 that centered at the zeros of
det(A(p)). Moreover, there is M > My such that for |\| < K, we have ||(f,g,h)| < M||(¢,v, x)|. Therefore,
we get

1(£59, Wl < M1+ [ADIH(e: 9, )]

for all A\ = ip? with p € S lying outside all circles of radius € > 0 that are centered at the zeros of det(A(p)).
This result can be extended to all the other p’s by the exact same arguments of ([13], pp. 56-60). O

Theorem 4.5. Let A be defined by (2.1). Then both the root subspaces of A and A* are complete in H, that
is, Sp(A*) = Sp(A) = H.
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Proof. We only show the completeness for the root subspace of A since the proof for that of A* is almost the
same. It follows from Lemma 5 on page 2355 of [2] that the following orthogonal decomposition holds:

H =000 (A") © Sp(A)

where 0, (A*) consists of those Y € H so that R(\, A*)Y is an analytic function of A in the whole complex
plane. Hence, Sp(A) = H if and only if 0.(A*) = {0}. Now suppose that Y € 0. (A*). Since R(A, A*)Y is an
analytic function in A, it is also analytic in p. By the maximum modulus principle (or the Phragmén—Lindel6f’s
theorem) and the fact that || R(\, A*)|| = [|[R(X, A)||, it follows from Theorem 4.4 that

[BOA ANY [ < M+ DY VA €C,

for some constant M > 0. By Theorem 1 of ([9], p. 3), we conclude that R(\, A*)Y is a polynomial in A of
degree <1, i.e., R(A\, A*)Y =Yy + AY; for some Yy, Y] € H. Thus Y = (A — A*)(Yy + AY1). Since A* is a closed
operator, Y7 belongs to D(A*) and so does Yy. Therefore,

—A Yy + AYo — AY1) + XY =Y, VA e C.

Comparing the coefficients of A%, A and A? in two sides of the above equation, we get Y; =Yy =Y = 0. O

5. RIESZ BASIS PROPERTY AND EXPONENTIAL STABILITY

In this section, we show the Riesz basis generation and exponential stability of the system (2.2). To establish
the Riesz basis property of the system (2.2), we recall the following two lemmas:

Lemma 5.1. An approzimately normalized sequence {e;}2, and its approximately normalized biorthogonal
sequence {e}}$2, are Riesz bases for a Hilbert space H if and only if ([22], p. 27)

(a) both {e;}2, and {e;}2, are complete in H; and
(b) both {e;}2, and {e}32, are Bessel sequences in H, that is, for any [ € H, two sequences {(f,e:)}2y,
{(f.€7)}Z1 belong to £°.

Lemma 5.2 ([16], Lem. 3.2). Let {un} be a sequence which has asymptotics
pn =an+iflnn)+01), a#0,n=1,23,..., (5.1)

where [ is a real number. If u, satisfies sup,~; Rep, < oo, then the sequence {et"*}>2 , is a Bessel sequence
in L2(0,1). B

Lemma 5.3. Let ¢} (x) and ¢f;(x), j = 1,2,3,4, be given by (3.27) and (3.30), respectively. Then all
{or; (@)} and {@5;(x) Yoy, 5 =1,2,3,4, are Bessel sequences in L*(0,1).

Proof. By (3.27), if we take a = iv/im, B = 0in ¢, (z), @ = —/im, B = 01in ¢’ (7), a = im, 3 = 0 in "4 (), and
a = —im,=01n ¢, (x), respectively, then it follows from Lemma 5.2 directly that {(pf;j(x)};’ozl, j=1,2,3.4,
are four Bessel sequences in L?(0,1).

Similarly, by (3.30), if we take v = im, 8 =01in ¢5;(x), a = —im, =0 in pSy(z), a = —m, =0 in pi4(x),
and o = —/ir, 3 =0 in ©%, (), respectively, then it follows from Lemma 5.2 directly that gprj(ac), i=1,2,3,4,
are Bessel sequences in L%(0,1). O

Now we can establish the Riesz basis property of the system (2.2).
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Theorem 5.4. Let A be defined by (2.1). Then the generalized eigenfunctions of A form a Riesz basis for H.

Proof. Let a(A) = {\2, )%, 05,122, be the eigenvalues of A. By Theorem 3.3 and Proposition 4.2, we have
that each eigenvalue of A w1th sufficient large modulus is simple, and hence there exists an integer N > 0
such that all A2 \¢ )\T with n > N, are algebraically simple. For n < N, if the algebraic multiplicities of AP
and A§ are mP and ms,, respectively, we can find the highest order generalized eigenfunctions @ﬁ’l and &7, |
from respectlvely

(A= X)) | =0, (A= A0)" 1@ | #0
and

(A=A, =0, (A—A)™ 1, £ 0.
Furthermore, the other lower order linearly independent generalized eigenfunctions associated with AP and A¢,
can be found through @0 - = (A—X0)/~1@) | j=23,... ,mb, and &, = (A—X;)*'D¢ |, s =23,...,m,
respectively, where @ » and b7 ,me are elgenfunctlons of A Wlth respect to AP and AY respectlvely Assume P
and @¢, are the normahzed elgenfunctlonb of A corresponding to AP and \¢, Wlth n > N respectively. Then

{to ) uieenU{en, 3} u{en i),y (5.2)

are all linearly independent generalized eigenfunctions of A. On the other hand, we also have that

{we s} vt U{w, oyn ) vl (5.3)

are all linearly independent generalized eigenfunctions of A*. Let

* Wp‘
@ﬁj::,j n<N7j:1,27...7m,€”
, <¢17)L]?!p _7>
5 (5.4)
(P, W)
and
€
@6*4 - :7‘7 N —1 2 e P
n,j < - > > n < .7 )4y My,
;’ ™ (5.5)
€
(25, ¥5)
Then

{tomy} ety U e, &) uler @), . (5.6)

are all linearly independent generalized eigenfunctions of A* and they are bi-orthogonal to the sequence given
by (5.2). Actually, it is easy to see that

(P SZ,@P*>:5Slx(5ij, for 1 <s,l<N,1<i<mb1<j<ml,
(D55, P5) = 0s1 X bij, for 1 <s,l <N,1<i<mg1<j<mf,
(P, @p*> = g1, (D5, D7) = b, for N < 5,1 < o0,

(@0, ®75) = (DL, B7%) = (D, D)) = (B2, 07) =0, for 1 <5,l <N, 1<i<mb,1<j<mf,
(PP, Bf*) = (B0, PEF) = (PS, DY) = (P2, PV™) = 0, for N < 5,1 < o0,

PP DY) = (PP . ) = 0, for1<s< N,N<Il<oo,1<i<mP,

S,1 S,1 l s

(P55, 977) = @gj,@f*):(), for 1<s< N,N<l<o0,1<j<m?,
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where d;; is Kronecker delta and satisfies
_JLi=y,
b = {0, i#].
Hence, the set (5.6) is the bi-orthogonal sequence of (5.2). From Theorem 4.5, we have that all the sequences

given by (5.2), (5.3) and (5.6) are complete in H.

Hence, in order to prove the Riesz basis property of the system, since both {{(sz,j };ﬁ:ﬁi, {@i7j}§l}n<N and

e };n:ﬁl, {2 };n::‘l}n<N are finitely many, it suffices to show that both the eigenfunctions {®?, &¢}, > n and
{PP* 9}, >N of A and A*, respectively, are Bessel sequences in H. Moreover, it follows from (5.4) and (5.5),
that {&P*, c*},,>n is a Bessel sequence if and only if {¥? ¥}, > is a Bessel sequence. So we only need to
show that {®F &¢ 1}, > n and {PP, ¥}, >N are Bessel sequences in H.

Without loss of generality, we may assume that ®2 = (f2 N2 fP hP) @ = (fe NCfe he) and WP =
(fP, =M fP RPY), We = (fS, =S [, hS) given by (3.26), (3.29) and (3.35), (3.36), respectively, for all n > N. It
then follows from Lemma 5.3 and the expansions of (3.26), (3.29) and (3.35), (3.36) that all of {(f2)"}> y,
{9 100 s {EAB PO o {ENE FE12 v, {RE 22  and {h&}52  are Bessel sequences in L?(0,1). Hence both
of {PV, D7 }p>n and {PP,UC}, > v are also Bessel sequences in H. Therefore we get that both of {2, &5 },>n
and {PP* &c*},>n are also Bessel sequences in H. The desired result of the theorem then follows from

Lemma 5.1. O

Theorem 5.5. Let A be defined by (2.1). Then the spectrum-determined growth condition w(A) = s(A) holds
true, where w(A) is the growth bound of the Co-semigroup et and

s(A) :=sup{ReX | A € 0(A)}

is the spectral bound of A. Moreover, the system (2.2) is exponentially stable, that is, there exist two positive
constants M and w such that the Co-semigroup et generated by A satisfies

HeAt” < M67Wt.

Proof. The spectrum-determined growth condition follows from Theorem 5.4. By Lemma 3.1, for each A € o(A),
we have ReX < 0. This, together with (3.16)—(3.19) and the spectrum-determined growth condition, shows that
et is exponentially stable. O

6. GEVREY REGULARITY

In what follows, we show that the Cy-semigroup e”* generated by A is of a Gevrey class § with any § > 2.
We recall the definition.

Definition 6.1 ([1,18]). A Cp-semigroup T'(t) is of a Gevrey class 6 > 1 for ¢ > ¢y if T'(t) is infinitely differ-
entiable for ¢ >ty and for every compact subset K C (o, 00) and each § > 0, there is a constant C = C(K, 0)
such that

IT™ ()] < CO™(n))°, Vte K, n=0,1,2,....

In order to get the Gevrey regularity of the system (2.2), we need the following theorem established by Taylor
in ([18], Thm. 4, Chap. 5).

Theorem 6.2. Let e be a Co-semigroup satisfying ||e|| < Me“t. Suppose that for some p > w and «
satisfying 0 < a < 1,

‘ l‘im sup [7|*||R(p + i1, A)|| =C < o0, T€R.

T|—00

Then et is of Gevrey class § with § > 1/a for t > 0.

Now we establish the Gevrey regularity of the system (2.2).
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Theorem 6.3. Let A be defined by (2.1). Then the semigroup et, generated by A, is of a Gevrey class § > 2
with to =0.

Proof. From Theorem 5.5, A generates a exponentially stable Cy-semigroup e** in H. So, by Theorem 6.2, we
only need to show
| llim IT||R(iT, A)||? =C < 00, TER. (6.1)

By Theorem 5.4,
{{Qs }3 1} N U{stz}nzNU{{@i,j’@,j}ﬁi} u{o;, o }nZN

forms a Riesz basis in H. Then for each Y € H, we have

e

N—1m}, N—1mg, 00
Y= ZamzﬁZM”ZZ @+ VTl 4 D [+ U] (62)
n=1 j=1 n=1 j=1 n=N
and
N—1m}, N—1m, 00
Y12 =" fab P + Z jaf)? + > Z ag, ;1> + 165571+ > [lasl® + [0 )7] - (6.3)
n=1 j=1 n=1 j=1 n=N

Let 7 > 0. Then we have iT € p(A), and, in addition,

N—1m} N—1 mg, o
n a .pe be oe . e@e bhe pe
AY nJ ”aJ n,J " 1,g n,J nJ 6.4
R Ay = Y3 Ty Yy (it Sty 0 BT (0.0
nlgl n=1 j=1 n=N

s N1 N—1
+n§=;\f /\p+ _1O<i7—)\fz|2>+7l§::l{O<|i7—)\g|2>+0(|i7_g2>]

and
N—1m} ap‘
|R(iT, A)Y|? < + (6.5)
St X
N—lmi 2 2 00
2551 195,51 { Ja | b5 | ]
+ + HA + _n + nl__ |
;;b” A2 i = X2 ,;V it = Ag2 it — Ag)?

where {\?,n € N} and {\¢,\¢,n € N}, given by (3.17), are eigenvalues of A.

ny’‘n’

Now we estimate |i7 — A2|2, |iT — A¢|? and |iT — ¢ |2. By (3.17), for n large enough, we have

2

2 4
1 1
liT — A2 |2 = |iT + {mr + 591,] +0(e )| =72 4 [mr + 501,] +0 (e*(klfs)”) > M,72, (6.6)
where € denotes a small positive constant, and
|iT—A$L‘ |T+ZA6 ’T_ pn | |\/_+pn| |\/__pn ’

— _ 2
it =] = |7+ ixg)* = ]T_ﬂ(pg)z] = |Vr+ipe| VT — i),
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where A& = i(p%)? with p¢ given by (3.25), and M; > 0 is a constant. Noting that

2
|\/7_'+.0$L|2: VT + mr—i—l@e +l,1nr+(9(e*k2”)
2 24

_ 1 ? 1 2 —(ka—e)n
= {\/7_——1—7177—1—596] +Z(lnr) —|—(’)(e ),

2

1 1
|\/7_'_PZ|2 = ‘\/_— (mr—l— 595) - Zlnr—i—(’)(e_’”")

= {f - (mr + %96)] 2 + i(lnr)z +0 (e—(k2—€)") :

_ 1 1
|\/7_'+ipg|2 = ‘\/_— ilnr—l— (nﬂ'—l— 59(3) i+ O(e2m)

1 2 1,77
= — — 7(k27€)n
{\/7_'—1—21117"@ + {nﬂ+296] —|—(’)(e ),

2
_ 1 1
V7 —ipg|? = ‘\/ﬂ 5 - <m+ 5(96) i+ O(e )

2

1 ? 1
= —_ = — 7(k27€)n
{\/; 2lnrq + {m+205] —|—(9(e ),

there are My, M3 > 0 such that

2
1
lir — X2 = VT + 05 |F VT = p5 | > My T+<m+§oe> ] (6.7)
and
. ~ 2 —2 —2 1 2
i = Xa|" = V7 + g VT —ibf]” = Ma |7+ [ - (6.8)
Hence, by (6.3)—(6.8), there is an M > 0 such that
lim |7[|R(iT, A)||* = M < cc. (6.9)
T—00

On the other hand, when 7 € R and 7 < 0, the same argument yields

4
1
I—i|r| — A2 = |72 + {nﬂ'—l— 5913] L0 (e—(kl—e)n) > Mi|rP2,

2

2
’\/W—ipi

- 2 . 2 . 2 .
|[=ilr] = A1 = el =X, |” = [l = 203, | =’\/IT|+H)Z

1
> Ms |:|T| + Z| lnrz] ,
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and

2

b

|—ilr| = Xg |

2 JR—
VI -7

P |2 -
1rl = )" = |1l = 22| = |Vl + 7%

v

1 \2
M |||+ (mr + 595)

Hence, as 7 — —o0, we have

lim ||| R(iT, AP =M < co.

Therefore, this together with (6.9) yields (6.1), and by Theorem 6.2, the semigroup e*, generated by A, is of
a Gevrey class § > 2 with £y = 0. O
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