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BOUNDARY NULL-CONTROLLABILITY OF TWO COUPLED
PARABOLIC EQUATIONS: SIMULTANEOUS CONDENSATION
OF EIGENVALUES AND EIGENFUNCTIONS*

EL HADJI SAMB**

Abstract. Let the matrix operator L = D8y, + q(x)Ao, with D = diag(1,v), v # 1, g € L*=(0, ),
and Ap is a Jordan block of order 1. We analyze the boundary null controllability for the system
y+ — Ly = 0. When /v ¢ Q. and ¢ is constant, ¢ = 1 for instance, there exists a family of root vectors
of (L*, D(L*)) forming a Riesz basis of L*(0, ; R?). Moreover F. Ammar Khodja et al. [J. Funct. Anal.
267 (2014) 2077-2151] shows the existence of a minimal time of control depending on condensation of
eigenvalues of (L*, D(L")), that is to say the existence of To(v) such that the system is null controllable
at time 7' > Tp(v) and not null controllable at time T' < Tp(v). In the same paper, the authors prove
that for all 7 € [0, +00], there exists v €]0, +oo[ such that To(v) = 7. When ¢ depends on z, the property
of Riesz basis is no more guaranteed. This leads to a new phenomena: simultaneous condensation of
eigenvalues and eigenfunctions. This condensation affects the time of null controllability.
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1. INTRODUCTION AND MAIN RESULTS

This paper deals with the controllability of two coupled one-dimensional parabolic equations, with different
diffusion coefficients, where the control is exerted at one boundary point. Let us fix T > 0 and consider the
following control problem:

y+Ly=0 in Qr := (0,7) x (0,7,
y(0,-) = Bu, y(m,-)=0 on (0,7), (1.1)
y(70) =% in (O,ﬂ'),
where
. . 0 1 0
L =—-D0,, + q(x)Ag, D = diag(1,v), with v > 0, 4g = ( 0 0 ) and B = < 1 ) , (1.2)
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2 E.H. SAMB

q € L>(0,7) is a given function, yo is the initial datum and u € L?(0,7) is the control function. Equivalently,
the previous system (1.1) can be written as

eyr = Ozatt — QU2 in Qr = (0,7) x (0,7,

Osyo = VOzzYo in Qr, (13)
11(0,-) =0, 42(0,:)=w, y(m,-)=0 on (0,T),

y(-,0) = yo in (0, ).

It is known (see [13], Prop. 2.2) that for any given initial data yo € H~1(0,m;R?) and u € L?(0,T), system (1.1)
possesses a unique solution defined by transposition which satisfies

y € L? (Qr;R*) NnC ([0, T); H (0, m; R?))

and depends continuously on the data u and yo, i.e., there exists a constant C' = C(T') > 0 such that

1Yllz2(@rm2) + 1Yllco o m-10,mm2)) < C (Yol -1 (0,mr2) + lull20,1)) -

Let us introduce the notion of null and approximate controllability for this kind of systems.

1. System (1.1) is approximately controllable in H (0, 7;R?) at time T if for every yo,yq € H (0, 7;R?)
and for every € > 0, there exists a control u € L?(0,T) such that the solution to (1.1) associated to yo
and wu satisfies

Hy(7T) - yd”H*l(O,ﬂ';R?) <e.

2. System (1.1) is null controllable at time T if for every initial condition yo € H (0, m;R?), there exists a
control u € L?(0,T) such that the solution y to (1.1) satisfies

y(-,T) =0 in H*(0,7;R?).

The null controllability of parabolic partial differential equations has been widely studied since the pioneering
work of [12]. From the works of [14, 16], it was commonly admitted that, in the context of parabolic partial
differential equations, there is no restriction on the final time 7. But recently the study of particular examples
highlighted the existence of a positive minimal time Ty for null controllability. Actually, such an example was
already provided in the 70s in [8]. The more recent results concerning such strictly positive a minimal time have
been obtained in contexts of control of coupled parabolic equations [2, 3, 9] and more generally see [4].

The main goal of this article is to address a new phenomenon arising in the null controllability issue for
system (1.1). Let us first recall some known results about the controllability properties of scalar parabolic
systems. The null controllability problem for scalar parabolic systems has been first considered in the one-
dimensional case. In [11, 12], using the moment method, H. O. Fattorini and D. L. Russell gave a positive
answer for null controllability problem of considered parabolic system. Also, the authors proved a general result
on existence of a bi-orthogonal family to {e=***};~; in L?(0,T) which fulfils appropriate bounds if the sequence
Ay C Ry satisfies the following gap property:

1
g — <oo and |Ap—AN|>plk=1], VkI1>1, (1.4)
k>1 Ay
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for a constant p > 0. In 1973, S. Dolecki addressed the pointwise controllability at time T" of the one-dimensional
heat equation (see [8]). S. Dolecki exhibited a minimal time which depends on the point x¢. To our knowledge,
this was the first result on null-controllability of parabolic problems where a minimal time of control appears.
System (1.1) is a particular class of more general n x n parabolic control systems of the form:

Oy — (DOgz + A(z))y =0 in Qp := (0,7) x (0,7T),
y(0,-) = Bu, y(m,-)=0 on (0,7), (1.5)
y(" 0) = Yo in (Ovﬂ-)'

Here, D = diag(ds,..,dy), with d; > 0 for ¢ : 1 < i <n, A = (ai)1<i<n € L=((0,7); M,(R)) and B €
L(R™ R™). In system (1.5), u € L*(0,T;R™) is the control and we want to control the complete system (n
equations) by means of m controls exerted on the boundary condition at point = 0. Observe that the most
interesting (and difficult) case is the case m < n.

The first results of null controllability for system (1.5) was obtained in [13] in the case n = 2, m = 1 and
D =1d, A € M,(R). This result was generalized by [1] to the case n > 2, m > 1. In these two papers, the
authors used the method of moments of Fattorini-Russell to give a necessary and sufficient condition of null
controllability at any time T' > 0 for system (1.5). In both cases, the sequence of eigenvalues A = {Ax}r>1 C Ry
of the matrix operator A = Id0,, + A with Dirichlet boundary conditions continue to satisfy the gap condition
n (1.4). As in the scalar case, this gap property (together with appropriate properties for the coupling and
control matrices A and B) provides the null controllability result for system (1.5) at any positive time.

In [2], the authors are interested in the extension of the previous null controllability results for system (1.5)
to the case where D # Id, A € M,(R), n > 1 and m < n. The main difference with the case D = Id lies in
the behavior of the sequence of eigenvalues of the matrix operator A := D0, + A. The operator —A admits
a sequence of eigenvalues A = {Aj}r>1 which does not satisfy the gap condition appearing in (1.4) but the
operator —A is diagonalizable, i.e., its eigenfunctions form a Riesz basis. As a consequence, the authors show
the existence of a minimal time of control Ty € [0, +00], depending to the so-called condensation index, c(A), of
the sequence A of eigenvalues of the operator —A. To our knowledge, this condensation index has been introduced
for the first time by V. Bernstein (see [6]) for increasing real sequences and later extended by J. R. Shackell
(see [19]) to complex sequences. Roughly speaking, if we consider the complex sequence A = {Ag}r>1 C C, the
condensation index of A, is a measure of the way how A,, approaches A,, for n # m.

In [3], the authors consider the case where D = Id, A(x) = q(x)Ap, with ¢ € L*°(0,7) , n =2 and m = 1.
In this case the operator L* := —Id0,, + q(z)Aj{ admits a sequence of eigenvalues A = {Ay}r>1 which satisfy
the gap condition appearing in (1.4) moreover using the eigenfunctions and the generalized eigenfunctions of
the operator L*, we can construct a Riesz basis for the space L?(0,7;R?) . As a consequence, the authors
show the existence of a minimal time of control Ty(g). They also proved that for any 7 € [0, 400], there exists
g € L>(0,7) such that Tp(q) = 7.

In this paper, we study the null controllability properties of system (1.5) to the case where D # Id and
A(z) = q(x)Ap, ¢ € L™(0,7), n = 2 and m = 1. This situation may seem like a simple perturbation of previous
cases (in [2, 3]). It is not true, it contains a new phenomenon: simultaneous condensation of eigenvalues and
eigenfunctions. This phenomenon was excluded from all previous cases because of the property that the family
of eigenfunctions of the operator (L*, D(L*)) form a Riesz basis for the Hilbert space where the system is posed.
This condensation of eigenfunctions can compensate the condensation of eigenvalues and the minimal time of
control is affected. In [2] as in [3] the authors proved the controllability by using the usual moments method
but this method does not take into account such phenomena of eigenfunctions condensation. Under appropriate
assumptions on D and ¢ € L*°(0, ), the operator L* = —D0,, + q(x)A§ admits a sequence of eigenvalues
A = {Ag}r>1 which does not satisfy the gap condition appearing in (1.4) however the sequence of associated
eigenfunctions is complete but it is not a Riesz basis (see Prop. 2.4) for some /v ¢ Q% and ¢ € L>(0,7) . As a
consequence, we will see that a minimal time of control Ty € [0, +00], depends simultaneously of condensation
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of eigenvalues and associated eigenfunctions of (L*, D(L*)). To this end, we will use the block methods moment
developed by A. Benabdallah, F. Boyer, M. Morancey (in [5]).

The plan of the paper is the following one: In Section 1, we address some known results about the controlla-
bility of parabolic system and we give the main result of this work. In Section 2 we study the null-controllability
of system (1.1) when /v ¢ Q% , /v > 1 (resp. /v < 1). Section 3 is devoted to null-controllability of system
(1.1) when /v € Q% . Finally, in the Appendix we give additional properties of our main result.

Let us present our first boundary control results, when /v ¢ Q% . Let us first introduce some notations. Let
B, Ap and D given by (1.2) and a function ¢ € L (0, 7). Let us consider the operator

L* := =Dy + q(z) A : D(L*) € L*(0, m;R?*) — L*(0,m; R?) (1.6)

with domain D(L*) = H?(0,m;R?) N HE (0, 7;R?). Given k > 1, let us consider

e (7 )ome= (0 ) (1)

where vy, is the unique solution of problem:

v + kP = qpr in (0,7), (18)
$(0) = ¥ (m) = 0.
Assume that B*Daq‘;—i”“(()) # 0, for all k > 1. Let us defined, for any k € N*| iy (resp. ji) as the nearest integer
to \/vk (resp. \%), i.e., |[\/vk —ix| < 5 (resp. ‘% —jk’ < 1). Let us denote
ik :
Vi == ——ga—, Yk 21, Vi=12 (1.9)
B*D=525(0)
In the same way, denote
o1, P35
Uiy = ———h— and g, = ———d VR > 1 (1.10)
B*D" (0) B*D 2 (0)

One has
Theorem 1.1. Suppose \/v ¢ Q7.

1. The spectrum of (L*,D(L*)) is given by o(L*) = {k*}r>1 U {vk?*}r>1 and the corresponding family of
eigenfunctions, {(IDT o 95 k} , is complete in L?(0, w; R?).
y P>t
2. System (1.1) is approzimately controllable at time T > 0, if and only if

*

07 .
B*"D—2(0) £0, Vk > 1. (1.11)
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3. Introduce

||1b1,ik*1b2,k||Hé

~ . log |1kl logw _

To:=  max q limsup——7——=, limsup o = max {T17T2} € [0,4oc],  (1.12)
k—4o0 k k——+o00 vk

and
H’l[f'l,k—wz.jk” 1

~ . log |91 kll g1 log‘iniij"HO R

To:= max hmsup720,hms p : k — max {T1,T2} € [0, +00]. (1.13)
k—+o00 k k—+o00 k

(a) If /v > 1 then: system (1.1) is null-controllable in H='(0,7m;R2) for T > Ty. On the other hand, if
To > 0, system (1.1) is not null-controllable in H=(0, ; R2) Jor T < Tp.

(b) If /v < 1 then: system (1.1) is null-controllable in H~1(0,m; R?) for T > To. On the other hand, if
To > 0, system (1.1) is not null-controllable in H=(0,m;R2) for T < Tp.

Remark 1.2. 1. In Appendix A, we will write in a simple form the expressions of Theorem 1.1 and show
that, TO and TO strongly depends on diffusion coefficient \f ¢ Q% and the coupling function ¢ € L>(0, 7).
Moreover we will remark that Ty = T > Ty and T > T (see (1.12) and (1.13)).

2. Condition (1.11) characterizes the approximate controllability property of system (1.1). Thus, (1.11) is a
necessary condition for the null controllability at time T > 0 of this system.

3. The approximate controllability result stated in Theorem 1.1 does not depend on the final time T": approx-
imate controllability of system (1.1) at a time Ty > 0 is equivalent to the approximate controllability of

system at any time 7" > 0. _ R
4. We will prove, in Proposition A.2, that Ty (resp. Tp) could take any value on the interval [0, co]. Thus, when

fo, Ty € (0, 00], from Theorem 1.1 we deduce that system (1.1) could have the approximate controllability
property at a positive time T without being null controllable at this time T'.

Let us now present our second boundary control results when /v = ;—‘C’) € Q1 , where iy and jo are co-prime
(io A jo = 1).

Theorem 1.3. Let us consider \/v € Q%.. Let B, Ay and D given by (1.2). To the function ¢ € L>(0,7) and
v, we associate the sequence {I;}r>1 , defined by

hna) = [ aononfFom (Lm0 as (114)

1. System (1.1) is approximately controllable at time T > 0, if and only if

Then, one has:

In(v,q) 0, Vk>1. (1.15)

2. Assume (1.15) holds and define

“log|I
To(v, q) == limsup M € [0, +o0). (1.16)
k——+oo k
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Then if T > To(v,q) system (1.1) is null-controllable at time T. On the other hand, if To(v,q) > 0,
system (1.1) is not null-controllable at time T in H~1(0,m;R?) for T < Ty(v,q).

Remark 1.4. Under condition (1.15), the minimal time Ty(v,q) is well-defined. Moreover, the sequence
{I(v,q) }k>1 is bounded and Ty(v, q) € [0, +oc].

Let ¢ € L*°(0,7) and Ay given by (1.2). We introduce the backward adjoint problem associated with
system (1.1):

—0; — (DOyy — qA)0 =0 in Qr,
0(07 ) = 9(7(7 ) =0 on (OaT)v (117)
0(,T) =6, in (0,7),

where 6y € L?(0,7;R?) is a given initial datum. Let us first see that this problem is well posed. One has:

Proposition 1.5. Assume that 0y € L*(0,7;R?) is given. Then, system (1.17) admits a unique solution 6 €
L2(0,T; HY(0,m;R?)) N CO([0, T); L2(0, m;R?)) and in addition satisfies

||9||L2(O,T;Hé(0,7r;R2)) + HQHCO([O,T];LQ(O,W;Rz)) < C(T) ||90||L2(0,7r;]R2) )

for a positive constant C(T) > 0 independent of 0y. Furthermore, if 0y € H}(0,7;R?), then the solution 6 of
the adjoint problem (1.17) satisfies

0 € L*(0,T; H*(0,m; R?) N Hy (0, mR?)) N C([0, TT; Hy (0,73 R?))
and, for a positive constant C(T) > 0

Ho”L2(07T;H2(O,7r;]R2)ﬂHé(O,ﬂ;RQ)) + ||0||C°([O,T];Hé(O,TF;RQ)) < C(T) ||90||H3(0,7T;R2)

The next proposition provides a relation between systems (1.1) and (1.17):

Proposition 1.6. Let us consider Ay and B given by (1.2) and q € L>(0, 7). Then, for any yo € H (0, m; R?),
u€ L*0,T) and 6y € HE(0,m;R?), one has

T
/ u(t)B* DO, (0, t)dt = (y(-,T),00) -1,y — (Y0, 0(,0)) -1 113,
0

where y € L? (Qr; R?*) N C° ([0,T]; H(0,m;R?)) and
6 € L*(0,T; H*(0,m; R?) N H (0, m;R?)) N CY([0, T]; HY (0, w5 R?))

are, resp., the solution to (1.1) and (1.17) associated with (u,yo) and Oy.

For a proof of the previous results see for instance [20] or [13].

The controllability of system (1.1) can be characterized in terms of appropriate properties of the solutions
to the adjoint problem (1.17). More precisely, we have

Proposition 1.7. The following properties are equivalent:
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1. There exists a positive constant C > 0 such that, for any yo € H~'(0,m;R?), there exists a control u €
L?(0,T) such that

lull20,7) < Cliyollzr-1(0,x:r2)

and the associated state satisfies

y(,T) =0 in H (0, m;R?).

2. There exists a positive constant C' such that the observability inequality
2 T 2
1000y mzey < C [ 1B DO 0,0 a (L18)

holds for every 0y € H}(0,m;R?). In (1.18), 0 is the adjoint state associated with 6.

This result is well known, the “Hilbert Uniqueness Method”, see [15].

2. APPROXIMATE AND NULL-CONTROLLABILITY RESULT WITH AN
IRRATIONAL DIFFUSION COEFFICIENT

2.1. Some preliminary results

Let us consider the vectorial operator
L:= —D3,, + q(x)Ap : D(L) C L*(0,m;R?*) — L*(0, m; R?)

with domain D(L) = H?(0,7;R?) N H}(0, m;R?) and also its adjoint L* given by (1.6).

Proposition 2.1. Let Ay be given by (1.2) and consider the operator L given by (1.6) and also denote its
adjoint L*. Assume that \/v ¢ Q, then,

1. The spectrum of L* is given by o(L*) = {k*}>1 U {vk*}i>1.

2. Givenk > 1, if
1,k ( wk ) s F20k < O ) )

where 1y, is the unique solution of the following problem:
vl + kP = g in (0,7),
’(/Jk(O) == ’(/)k(ﬂ') =0.

then

(L~ ) ¥, =0 and (£ — k) W5 =0
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Moreover, an explicit expression of 1y is given by:

wnlo) =Y sin (2] Y7 [sin (L@ - 0) a1 (2.1)

AN

where

Remark 2.2. Consider the following problem

y'+ Ay = f(z) in(0,7),
{ y(0) =0, @3)
where A € R* . The general solution to (2.3) is given by
sin(vAz) * .
y(x) =a————+ oy + \f sin (\/X(.%‘ - s)) f(s)ds, aeR", (2.4)
and
y'(x) = acos(VAz) + /0 cos (\f)\(x - s)) f(s)ds, (2.5)
consequently
" f(s)sin (VX(m —s) ) ds
y'(0)=a= _fo /) ( ( )) . if V¢ N (2.6)

sin <\/X7T)
On the other hand, for all v\ ¢ N*:

Z f() 9071 @n(x)

_ n2
n>1

Proof of Proposition 2.1.
Let us assume /v ¢ Q. Let A be an eigenvalue of L* and y = (y1,y2)7 an associated eigenfunction. Thus y
is a solution of the following problem:

_yll/ = )‘yl in (0, ,/T)a
qy1 —vyy = Ay2in (0,7),
y1(0) = 42(0) =0, y1(7m) = y2(m) = 0.
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If y; = 0, then, A = vk? is an eigenvalue of L* and taking y, = ¢, we obtain @3\, as associated eigenfunction

of L*. Now assume that y; # 0, then A\ = k2 and y; = ¢}, is a (normalized) solution to the first o.d.e. Inserting
this expression in the second equation, we get for ys:

) .
{ Y5 + 5y = Sapein (0,7), (2.7)

y2(0) = ya(m) = 0.

This proves that @} ,, is the second eigenfunction of L*, associated to k* . Moreover (2.1) (resp. (2.2)) can be
deduce from (2.4) (resp. (2.6)). O

Lemma 2.3. The sequence B* = {@T’k,‘b;k ke N*} is complete in L?(0,m;R?).
Proof of Lemma 2.3 .
Indeed, if f = (fi1, f2) is such that

<.f7 ;,k> = Oa vk > 1a VM = 1a25

then in particular

(fa,0k) =0
k=1 {<f1,wk>+<f2,wk>=o.

This implies that f1 = fo = 0 (since {¢ }x>1 is an orthonormal basis in L?(0,7) and proves the completeness
of B*. g

Proposition 2.4. There exists /v ¢ Q% and ¢ € L>(0,m) such that B* = {(I)T,k’ Pk € N*} is not a Riesz
basis for L2(0,7;R?).

To prove this result we will need the following two lemmas.

Lemma 2.5. For a sequence {fx}r>1 in Hilbert space (H,(,)) the following conditions are equivalent:

1. {fx}tr>1 is a Riesz basis for H.
2. {fe}r>1 is complete, and its Gram matriz ({f, JiD js1 defines a bounded, invertible operator on I2(N)
the space of square summable scalar sequences. B

Proof of Lemma 2.5. See for instance [7], Theorem 3.6.6, page 66. ]

Lemma 2.6. For any o € (0,00), there exist an irrational number v > 0 and a sequence of rational numbers
{kp, Jptp>0 such that k, and j, are co-prime positive integers, the sequences {kp}p>0 and {j,}p>0 are strictly
increasing and

ot

Jp

k2+a

lim e"» =0. (2.8)

In particular, we deduce the existence of a positive constant C' > 0 such that

7k2+47

ljpV/v — kp| < Chpe ™™ ", Wp>1. (2.9)

Proof of Lemma 2.6 . See [2], Lemma 6.22, page 47. O

We now have all the ingredients to prove Proposition 2.4.
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Proof of Proposition 2.4. The determinant of the Gram matrix associated to the normalized vectors of B* is
equal to

(P14, Ba5) [
1911l 7 1®2,511 7

det [Gy, j, (1, q)] =1 —

T 2
/ Ul () (2)de
=140
-2 2 2
72 (k2 + e, )
T 2
I / o(@) i (@) ()da (2.10)
0
= — - 2
v | [ a@hor@)en(os 2
k2 + . k2 — 52|
HZZ:I k2 — vn2|?
=1— 1
{14 Uk, (v,q) K2+ Vi ; (v, @)1}
where
T 2
12— o v | [ a@)onaren(oyis
U,j(v,q) = p 5 Vii(vq) = Z : 5 2
5 _ oyt |k?2 — vn?|
J q(x)or(z)pj(x)d
0

Remark that, there exists a constant C(v, ||q||L) > 0 such that,
Viij(,q) <CWllglle=), Vk,j=>1.

Thanks to Lemma 2.6, we can extract a subsequence (k, + jp)p>0 of even numbers only or odd numbers only,
such that this two situations:

1. By choosing the subsequence of even numbers with ¢(z) = sin(x), = € (0,7), we obtain

g - ()da :3 4kpjp
|, e @) =L e

Consequently

2 g
kpUk p:oo 0, thus det [ka,jp] — 0.

pyJp p—r+o0

2. By choosing the subsequence of odd numbers with ¢(z) = sin(2z), = € (0,7), we obtain

! i (z)dz _2 Shindy
 aen@en o] = ot
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Consequently

szk — 0. thus det[G, ;] — O
p—r+o0

psJp p—r+o00

Indeed, take the first point (1) and let us fix ¢ > 0 and /v > 0. We have

kp\/Up,jp = kp,ki_ng!

i / " g(@)on, (@), (2)da

_ mhylhy 4 Vil [Gp = R =[Gy ) 21

2 2j2k,
™ |kp + ﬁjp| [(jp - kp)z - 1] [(jp + kp)2 - 1] 2 —k2te
<3 - ke " — 0.

2 2j2kp P p—r+oo

Thanks to formula (2.10),
det [ka,jp} — 0.
p—r+o0

The point (2) can be similarly shown. O

Concerning the approximate controllability of system (1.1), it is well known that can be characterized in
terms of a property of the solutions to (1.17). More precisely, system (1.1) is approximately controllable if and
only if the following unique continuation property holds:

“Let 0y € H}(0,m;R?) be given and let 0 be the associated adjoint state. Then, if B*D,(0,t) = 0 on (0,T),
one has 6y =0 in Qr”.
Fattorini gave an interesting characterization of the approximate controllability under a general abstract frame-
work. In his paper [10], he proved that, under some reasonable assumptions, the only observation of the
eigenfunctions completely characterizes the approximate controllability. Actually, this theorem has been proved
for bounded observation operators but G. Olive (in [17]), give a generalization to the case of relatively bounded
observation operators. We deduce that system (1.1) is approximately controllable at time 7" > 0, if and only if
for any s € C and any u € D(L*) = H?(0,m;R?) N H}(0, m; R?) we have

L*u = su,

B* Do, u(0) = 0} = u=0 in (0,7). (2.11)

This previous relation (2.11) justifies the second point of the Theorem 1.1 and will be used to prove the
approximate controllability of system (1.1).

2.2. Proof of Theorem 1.1: first point (a)

In this subsection, our objective is to prove that system (1.1) is null controllable at time T"if T' > To € [0, c0),
when /v > 1. If y is the solution of system (1.1) associated with yo € H~1(0,7;R?) and v € L?(0,T), then it
can be checked that y(T") = 0 in (0, 7) if and only if

T
/ u(t)B*DO,(0,)dt = —(yo,0(-,0)) -1z, V6o € Hg (0,75 R?), (2.12)
0
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where 6 is the solution of the adjoint problem (1.17) associated with 6. Taking

O = By, VE>1,0=1,2,

the corresponding solution to the adjoint problem (1.17) is given by

0" (2,1) = e H TN (a),
60%F (z, 1) = e M 003 | (), Vk > 1.

Since the sequence B* = {tl){,k, 5, ke N*} is complete in L2(0,7;R?), the null controllability problem for
system (1.1) is equivalent to find u € L?(0,T) such that:

T
2 2
/ e F (T —t)ydt = —e* T<?JOv¢1,k>H*1,H§v
0 (2.13)

T
/ e—ukztu(T _ t) dt _ _e—yk2T<yO7w2’k>H,1’Hé, Vk 2 1,
0

where 1 j, and 2 ;, are defined in (1.9) . We are now going to give some results that will be crucial, to solve
(2.13). One has:

Proposition 2.7. Let /v > 1. Let us define

I: N* — N*
kK — i

where, for any k € N*, iy, is the nearest integer to \/vk i.e
, 1
‘\/Ijk' — Zk| < 5
Thus for any k € N*,
. 1 ) .
\ﬁk—z|>§, Vie N, i#ig.

Then

1. The function I is injective. R
2. I =N*\I(N*) = {iy : k > 1}, is a infinite set, where the elements of I are classified in ascending order.

Proof of Proposition 2.7.

1. Let us assume that I(k1) = I(ks), where ki, ko € N*. We have iy, = iy, with |\/vki —ix,| < 3 and
|\V/Vks — ix,| < 1. This leads to

-1+ (ikl - ikz) < ﬁ(kl - kQ) <1+ (ikl - i"v‘z)v

and thus |k — ko] < % < 1, which implies ki = k.
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2. Assume /v > 1, /v ¢ Q7.
o If /v > 2 then, Vn € N*, i,q — iy, > 1.
e Suppose 1 < /v < 2. There exists a sequence of integers (ny)ren+ strictly increasing, such that i, +1 —
in, > 1. Actually, let us take for instance

2k + 1 2k + 1
ng € + -1 + k>1.

2Vv—1)  2r-D |

We deduce

1

—f<f—f+1<nkf—(nk—|—k;)

5 i.e in, =ng+Ek.

l\J\»—A

Moreover

\/;(nk+1)7%7nk7k
npy/v — (g + k) + v — 3
i-Ww+1+w-1=1

ink—&-l - an = ink—&-l — Nk — k

Vo v

2.2.1. Positive null controllability result

Thanks to Proposition 2.7 we can reformulate (2.13). We say that the null controllability property at time
T for system (1.1) is equivalent to find u € L?(0,T) such that:

T
)
e_lkt —t)dt = _e_lkT<yo71/)13k>71,1,
0
T 2
/ e~ tu(T — t)dt = —e % (yo, 41511, VE> 1. (2.14)
0
T 2
/ R RWT — t)dt = e vh T lyo,b2k) 1,15
0

We can now state our following main result.

Proposition 2.8. Let us introduce the (closed) space Er C L*(0,T) given by

L?(0,T
Er = span{e=k*t e~vk*t . k> 1} ( ).

Then
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1. There ezists a family {qr}r>1 C Er such that
T BT
ek Qk(t) dt = —e™ ' <y07’l/)1$k>—1,17
0
T —i%t —i2T
e Kap(t)dt = —e7* (Yo, Y0 ) -1,1,
0

T —vk?t —vk3T (2'15)
€ qk(t) dt = —e¢ <y051/}2,k>—1,17 k Z 17
0

T — T R T R
/ e 'klq;(t)dt =/ e 'klq;(t)dt =/ e lg (At =0, k# .
0 0 0

2. If T > Ty = max {Tl, fg} (see (1.12)) then we infer that an explicit solution u of moment problem (2.14)

is given by
u(t) =Y qu(T —1).
k>1

Proof of Proposition 2.8. Let us start by recalling classical properties of the Laplace transform (see for instance
[19], pp.19-20). Let H?(C,) the space of holomorphic functions ® on C, = {z € C,R(z) > 0} such that

sup [|®(o + ie)||L2r;c) < o0,
a>0

endowed with the norm

I12132(c,) = sup 1®(0 + i®)[|72 i) = /R | (i7)[*dr.

Then the Laplace transform

L:L%*0,+0;C) —> H?*(Cy)
f — (@ AeCt— / e”f(t)dt) .
R

is an isomorphism. In the sequel, We shall construct for each k, a function J, € H?(C, ) satisfying appropriate
properties, and take advantage of the isomorphism property of the Laplace transform to conclude. Let us fix
k > 1, we define Ji, for A € C4, as

T = {an = YA =T + Be(h = vk (A = ) + e h = vk (A = i) | Li(V),
where ay, B and -y, are constants to be determined and Ly, is the following Blaschke-type product

1 A—wi?\ [A—i2\ [A=7i2
Lk()‘):(1+/\)3 11 <)\+1/j2> ()\—H’?) (,\H?) (2.16)

Jz1,j#k
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Notice that for any k > 1,

Ly (i7)|* = -, VT eR.

o
(1+72)
This implies J;, € H?(C.), moreover

Te(wi?) = Ji(i2) = k(@) =0, Vj>1,j#k.

So, using that the Laplace transform is a isomorphism from L?(0, oo; C) into H?(C. ), we infer the existence of
a nontrivial function g, € L?(0, c0; C) such that

+oo
Je(\) = / e MG (t)dt, YA e Cy.
0

Now, we can choose ay, B and 7y such that

Jk(sz) = _e_yk2T<y07¢2,kr>—l,la
Ji(i3) = *eiiiT<y0a7/)1,ik>—l,1a Vk > 1.

> _2
Te(i7) = —e (Y0 0y 5 )1,

We obtain

e—uk2T

Qp = — ) /=11

F TR R ok Lk

Be = — e (Yo, V1,1, ) Vk > 1 (2.17)

k (Zi —1//4;2)(1% —%)Lk(ii) Yo, V1,ig)—1,15 = L. .
2T
(o, %1 5,)

Ve = — ~ Yo, ¥15,./-1,1

(i — vk?) (@ — 3 Li(i3) b

The Parseval equality gives

+o00o
[l 0y = | 1tim) P
(o9}

400 ’(ZT —/Z\]Zc) {(ak + Bk)(iT — li) + ﬂk(’éz - sz)} +’Yk(i7' — Vk2)(i7' — ’L%)‘Q
-/ [P "
2
+oo ’(ak + Be)(iT — i3)(iT — i) + Br(i} — vk?) (it — i7) + k(i — vk?) (i — ig)]
-/ e

< CvPk*igin {(on + Br)® + BR (i — vE*)? + 47} .
In the sequel, we will show that there exists g, € L?(0,7T) such that

lall2 0.7y < CUPRYiEE { (e + Br)? + BR(iF — vk*)* + 97} - (2.18)
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Assume that a countable family A satisfies the weak gap condition.! On one hand, let us consider the closed
space A(A,T) C L?(0,T;C) given by

A(A,T) = Span{e 5 A€ Ay

For any T € (0, +00), the restriction operator
Rar:¢€ A(A,00) = Rard = ¢j0,1) € AN, T) (2.19)
is an isomorphism. Moreover there exists a constant Cr such that
1Rx 7l < Cr. (2.20)
Indeed, the fact that Ra r is an isomorphism is proved in [18]. The proof of the bound (2.20) can be done by
contradiction (see [2]. Lem. 4.2 and [5], Prop. 2.4).

On the other hand, for any T' > 0, there exists a constant Cr such that for any ¢ € L?(0, +o00; C) there exists
q € L?(0,T;C) satisfying

T “+o0
/ q(t)e Mdt = / qt)e Mdt, VA €A,
0 0

and

||Q||L2(0,T7C) <Cr ||a||L2(07+w,C) :

Indeed, from [1] Corollary 4.3, it comes that A(A, o0) is a proper subspace of L2(0, +00; C). Let I1 the associated
orthogonal projection and ¢ € L?(0, +o0; C). Then, by construction, we have

+oo +oo
/ MaG(t)e Mdt = / qt)e Mdt, VA€ A. (2.21)
0 0

Since the restriction operator Ry defined in (2.19) is an isomorphism, choose ¢ := (RX}T)*HA@ thus, there
exists Cr such that

||Q||L2(0,T7C) <Cr ||a||L2(07+w,C) :

Using (2.21), for every A € A

T
| ot = (B M) e o,
0
= <HAq~(')7RX71TRA,T€_X>L2(0,+OO)7

T
= / Gr(t)e Mdt.
0

This proves inequality (2.18).

IThis notion was introduced in [5].
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Now, thanks to equalities (2.17), we obtain for all k > 1:

2
(ak + Br)? = L |y e Ty e Ty,
(k2 —i)? \\7 7 (vk? =) La(vk?) (@ —)Le() ), |
2
. 2 —222T | /,0 )
1 e 2T ‘<yov¢1,ik>—1 1’ ¢ <y 7wl’ik>—1 1
62(1'2 _ Vk2)2 + 2 _ i E
o L (i2 —i2)? L. (i2)[? e o2 |7 o[
b g @ - vi?)? |[La ()|
Thus the control u defines an element of L?(0,T) if
2
(kigig)* 0 e Tihy e~ T, in
U= Uy= . , ’ - ’ < +o0, 2.22
;1 i ;(W@ —212 |\" (k2 —2)Lp(wk?) (i3 —i2)Le(i3) ) | (2.22)
and
2
2 o
R o2 23T < 0 oy ~ >
V=>Vi=)" (kirin)* | € ‘<yo’d’1v"k>flvl‘ S A\ Y < 400 (2.23)
= k= ~ — 5 : :
= ke (i) | Lo (i) (2 — vk?2)2 ‘Lk@)’

Let us give first some properties of Ly (see (2.16)).
Lemma 2.9. Assume /v > 1, /v ¢ Q.
1. For every € > 0 there exists positive constants C1(g), Ca(e), and Cs(g), independent of k, such that

|Li(i3)| > Cl(a)e_”i, |Lk(?,2€)| > 02(5)6_8/{%, and | Ly (vEk*)| > Cg(a)e_a”kz7 Yk > 1.
2. There exists a constant C' > 0, independent of k, such that
|IL.(N)|<C, vYA>0.

Proof of Lemma 2.9.
1. Let us fix £ > 1 and work with Ly (vk?). We have

2 k2
1 - -l -

Ly (Wh?)| = e ; . (2.24)
(1 +vk2)? jl;ll (14 25) (1+ 55) (1L+ 55
itk

e Let us fix £ > 0, there exists N(g) such that
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Using the inequality 1 + x < e, z € R, we can estimate the denominator of (2.24) as follows:

. vk? vk? vk?
P12k v % %

Nt 3 vk? vk? vk?
233 2
<@+vk?)?® I (t+vk?)” ] <1+Vj2><1+2_2><1+42>
J=1 J=N(e) J '

N(e)—1
1 1 1
< (1 +vk?)? H (1+Vk2)3exp vk? Z <V‘72+2+Z2>

j=1 JZ2N(e)

< (1+vk2PNE e < O(e)e* ) Wk € N¥,

for a positive constant C'(g).
e Let us now work on the numerator of (2.24).
Let us recall that (see Prop. 2.7), for all k,j > 1 with j # k, we have

1 ~ 1
Wi — k| >, i —Uk| > 5 and lij —/vk| > 3

we deduce that, the conditions (1.8) et (1.9) of Theorem 1.1 in [12] are satisfied. Thus for every € > 0
there exists positive constants C(g), Ca(e) and Cs(e) such that

vk? vk? vk?
H 1— W > Cl (5)6751%2’ H 1— T > C2(5)676Vk2 and H 1-— 7 > 03(6)6751/]@2.
J21,j#k Jj21,j#k J J21,j#k J
. For all A > 0, one has
L\ d -3 22 A+l w2 A+ v 22 A+ i
) _ g Li(d) = T Z 5 5+ - i2)2 +Vj‘z + o) 5]
Lp(N\)  dX 1+ i VA +2)2 A =23 A+vi2)2A—vj (A+i5)2 A — i3
consequently

+oo
1 1 1
LA <3+2) (4 + g+ | < +oc,
=1 \Y% J J
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Let us now show that V (see (2.23)) is a convergent series, when T' > T} (see (1.12)). One has

. 2
2T

—2i;T 2 P, =~
€ k ’<y0a7/}1,ik>,1’1’ Yo, 1,ig ~1,1

14 < CZkAZka

o\ 12 .
k>1 |Li(i7)] ’Lk@i)‘
4 . ,
Ol w7k (287 g |74 20 o, )
k>1
E)”yO”%leLllizie_mcz
k>1
(©)llyolZ—, S ktifite 2K (T eellvell
k>1
”yO”H 12]642%7,4 —2k*(T—T1 —2¢)
k>1

If we take, £ € (0, 7511), we deduce that V converges if T > Ty. Let us see now that U (see (2.22)) is a

convergent series, when T' > T (see (1.12)). One has, for all k > 1s

A _ 2 _ k2 2
Uy = ki, yo, —° g, e Ty
Wk —i)* \"7 (2 = 2)Le(i3) (k2 =) Le(vk?) /|
2 2 5 2
kit yol2, ||e T (Y13, — Y2.k) + ( < — e T ) Yok
9\ 2 . ) . . > . > s ’
w2 —2) | @-mL@)  \@ L@ 0 — ) Lwk?)
Y2,k —P1,i
1og||’7’c 2 Y
k2—i? —2X} & _ ek
< E4ERC (@) lol|2 | exp § —2i7 T*#—s 4o PRITRES) | k(T )
k

< k47’i/7'\ic(€/)”y0”2—1 (E_Qii[T_TQ_EI} + e*ZA,’:(T725') + 672uk2(T75')) 7

where A} = (1 — 0y )vk? + 0432, with 0, €]0, 1[. If we take, &’ € (0, L 2T2) we deduce that U converge if T > T.

This gives the proof of null-controllability of system (1.1) if T > To = max {Tl, T 2}. O

2.2.2. The negative null controllability result

Let us prove that if 0 < T < T 0, then system (1.1) is not null controllable at time 7. We argue by contradiction.
In particular, we assume that fo > 0, otherwise there is nothing to prove. By Proposition 1.7, system (1.1) is
null-controllable at time 7" if and only if there exists C' > 0 such that any solution 6 of the adjoint problem (1.17)
satisfies the observability inequality:

T
\|9(0)||§,§<MR2) < C’/O |B*D0,(0,¢)|*dt, V6° € Hj (0,m;R?). (2.25)
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Let us recall that

To = max {Tl,fg}

with
Hw2,k*'¢'1 ik | H'l/lz,k*’ll)l,z‘k |
. log [kl = . log |vk2—i2 log [vk2—i3
Ty = limsup ———5——+, Tz =limsup 5 = lim sup 5
k—> 400 k k——+o00 vk k—4o00 3

e Let us suppose fo = Ty, and work with the particular solutions of the adjoint problem (1.17) associated
with initial data

02 = qul,k,a

where 1  is given by (1.9). With this choice, the solution 6}, of the adjoint problem is given by

O (2, 1) = by p(x)e ¥ (T,

The observability inequality reads as

2

p2%0:0 o [ 4.

B*
or

T
104, 0)]1%, < C /

From the definition of fl, there exists a sub-sequence {ky,},>1 such that:

log [[¥h1,k, || 2

Tl = o k% 6]0, +OO]

in this case, for every € > 0, there exists a positive integer n. > 1 such that
2 —
1k, g > €179, ¥ > n,

thus

_9ok2 2 _ok2 [T —
||9kn('70)|ﬁ15 = 2T ||¢1,kn||Hé > e 2l Tite] . +0o0,

T T
0 t
/ |B*Dak"7(0’)(0,t)\2dt:/ e 2utdt — 0.
0 Ox 0 n—-+oo

This proves that the observability inequality does not hold

e Let us suppose now, Typ = T> . Let us fix k£ > 1 and work with the particular solutions associated with
initial data

0 = V1,0, — Yok,
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with this choice, the solution 8 of adjoint problem is given by

Or(x,t) = 114, (m)e*ii(T*t) _ ¢27k(x)efuk2(T7t).

We have

2

)

166 0) 3y = [T (60 = w2) + o (747 — 7T |

T 2 T
0 Ox 0

H;

B (0,t) eIkt _ vkt

dt,

thus we obtain
.2 -2 .
10k, 0l sz > €257 [lgpn i, — Voel|* — 27T ||y s — okl [kl |13 — vE?]
S 1B D2EON (o )2 ar < |i2 - vk?|?,

and

2

91,6, — Y2,k

10k (-, 0)1 2 . - 2 or | - vk?
Hy > 672ZiT||w1’7«k Yol 1 —261271 | k | | i ]l ] -

T\ 15e 12 001 (0, = .
Ji |B*D2%0D (0,42 dt |i2 — k2|
From the definition of T, there exists an increasing unbounded sub-sequence (ky),~, such that

V2 kp —W1,ip,
g L2 |
it . ‘an_%nl
T2 = lim "
n——+o0o 152

n

€]0, +o0],

in this case, for every € > 0, there exists a positive integer n. > 1 such that

Y2 =i, |

.2 =
iy (T2—e¢)

k2 =2 | > e'kn ,  Vn > ne,
n kn

thus

e—iinTH%”ZQ_ Vi, IS eta@era oo, Ve e (0T T).
vk; — an n—-+oo

21

This proves that the observability inequality does not hold and finishes the proof of the negative null

controllability result of (1.1).

2.3. Proof of Theorem 1.1: second case (b)

In this subsection, our objective is to prove that system (1.1) is null controllable at time T if T > Tp € [0, 00),

when /v < 1. Thus, in the sequel we consider /v < 1.
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2.8.1. Positive null controllability result

Let us start with the following crucial result.

Proposition 2.10. Let /v < 1. Let us define the function

J: N* — N*
k ’—>jk7

% i.e ‘% —jk‘ < % Thus for any k € N*,

where, for any k € N*, ji. is the nearest integer to
k _ 1 . L,
’ﬁ —J‘ > 3 VjeN, j# jk.

Then

1. The function J is injective. R
2. J=N*\ J(N*) = {ji : k > 1} is a infinite set, where the elements of J are classified in ascending order.

Proof of Proposition 2.10. The proof can be done in the same way as in Proposition 2.7. (I
Thus, thanks to Proposition 2.10 we can reformulate (2.13). We say that the null controllability property at
time T for system (1.1) is equivalent to find u € L?(0,T) such that:

T
/ e M (T —t)dt = —e M T (0, 1 1) 14,
0

T
/ e VIR (T — £) dt = —e ™ IRT (40 4o ) 1.1, (2.26)
0

T
52 —vj?
/O e Vikty(T — t)dt = —e JkT<y07¢27;k>71’17 k>1.

We can now state our following main result.
Proposition 2.11. There exists {qi}x>1 C Er such that
1.

T
k2 1.2
e Mgty dt = —e T (0 ) -1,

~

.2 -2
eiyjthk (t) dt = 767V]kT<y07 w17jk>—1,17

!

J
J
/ eI (t) At = —e T (0 = Y g, k21
0
/

T 2 T -2 T 2
e Mg (t)dt = / e Viktg(t)dt = / e Viktg(t)dt = 0, k # i.
0 0
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2. If T > Ty = max{Ty, Ts} (see (1.13) then we infer that an explicit solution u of moment problem (2.26)

given by
u(t) =Y (T =)
E>1
Proof of Proposition 2.11. Just use here the same reasoning as in the previous Proposition 2.8. O

2.3.2. The negative null controllability result

Let us prove that if 0 < T' < T, 0, then system (1.1) is not null controllable at time 7. We argue by contradiction.
Let us first recall that

T\Q = maxr {Tl,fg}

where

Y1,k —V2,5, Y1,k—P1,5
log [[41,¢ll A log vl log =l
T1 = lim sup 720 and 75 = limsup 3 = limsup 5
k—s+oc0 k k—+o00 k k—+o00 V)i

Assume that system (1.1) is null-controllable at time T < Tp. System (1.1) is null-controllable at time 7T if
and only if there exists C' > 0 such that any solution 6 of the adjoint problem (1.17) satisfies the observability
inequality:

T
\|9(0)||§,é(0m2) < C/O |B*D0,(0,¢)|*dt, V6° € Hj (0,m;R?).

e Let us suppose fo = T and work with the particular solutions of adjoint problem (1.17) associated with initial
data

92 = ¢1,ka

where 91 , is given by (1.9). With this choice, the solution 6 of adjoint problem is given by

O (2, 1) = Py g (z)e ¥ (70,

The observability inequality reads as

2

960, 1) (0,8)] dt.

B*D
ox

T
10003 < €
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From the definition of T3, there exists a subsequence {ky },>1 such that:

log [[th1,k,, || 2
T = lim log 1.k llrg €]0, +o0),
n——+0o k%

in this case, for every ¢ > 0, there exits a positive integer n. > 1 such that

2
H} > ekn(Tl_E)a n > Ne,

191 k.,

thus,
||9k (s )||§{1 = e 2kT le,k‘nH?{l > e 2KLT-Titel 4o whenn — +oo,
0

90, (0,2) 2 g —2k2t
|B DT(O,M dt = e “"n*dt — 0, when n — +o0.
0

This proves that the observability inequality does not hold.
e Assume Ty = T5 . Let us fix k > 1 and work with the particular solutions associated with initial data

O = V1,6 — V2j,.-

With this choice, the solution 6 of adjoint problem is given by
Ou(,1) = Y1 p(@)e™ T — gy, (a)e 7T,
We have
2 2 2 2
1060, 003y = [le77 Wk = w30) + sy (57 =T

Hy
T T
/ 80k(03 t) dt = / ‘€_k2t _ e—l/j,?t 2
0 Ox 0

_9k2 2 L2 .
10,0111y = €2 T [[pn k= 2, |17 = 267 bk — 23, || 192,50 | [B = wdR]
2

2

B*D (0,¢) dt.

Thus we obtain

T
0
and
2
||9k(~,0)||Hg S _kaTw 1 _ 9ok°T |k Ujk‘ .
T 90x(0,1) 2 =°¢ |2 —1/'2|2 ¢ 1.5 — Vo | 12,5l | -

/ D#(O,t) dt Jie ok 2,jk
0 8:8

From the definition of 75, there exists an increasing unbounded subsequence (ky,), -, such that

log 140 —V2i, |

- ‘kQ VJknl

€]0, +o0],
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in this case, for every ¢ > 0, there exits a positive integer n. > 1 such that

11k, — V2,0,

.
3 5 > efn(T2=8)  yp >,
|kn - V]kn|

thus,

w192, =V, |

2 (7 o~
k2 =2 | >efne=T=8) 4 100, Vee (0,15 —T).

This proves that the observability inequality does not hold and finishes the proof of the negative null
controllability result of (1.1).

3. NULL-CONTROLLABILITY RESULT WITH AN RATIONAL DIFFUSION
COEFFICIENT

3.1. Some preliminary results

In this subsection we will give some properties which will be used below. We are interested in studying the
spectrum of the operators L*. Let us define the sets

)
Ay = {’,gf LjeN* \joN*} :
Jo
Ay = {k*: k € N*\ ipN*},
As = {iglz > 1}.
Observe that A1, A and A3 are disjoint sets.

Remark 3.1. If iy = 1 then Ay =0, A; := {i—z :j € N*\ joN*} and A3 := {I? : | > 1}. Thus in the sequel, the
0

controllability of the system (1.1) will be studied in only when /v = ;—3 € Q7 and ip > 1. The case 79 =1 is
much easier and it is left to the reader.

In the sequel, for the proof of Theorem 1.3, we shall use the following notations

I(¢) = /07r Q(S)sﬁ\/z(S)\/isin (\/E(w — s)) ds, ¢(e€MyUAs={k:k>1},

and Ty(v, q) becomes

To(v,q) :== lim sup M

€ [0, +o0]. (3.2)
CGAgUAg, ¢(—+oo C

Proposition 3.2. Let Ay be given by (1.2) and consider the operator (L, D(L)) given by (1.6) and its adjoint
L*.
1. The spectrum of L* is given by

O'(L*) = A1 U A2 U A3. (33)
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2. Given j € N*\ joN*, k € N* \ ioN* and | > 1, let us introduce

0\ -~ Pk ~ Piol
Q5 ;= Pl =1 ~ | and @7,:= 2.
’ ®j ’ VY ’ (]

(a) Given j € N*\ joN*, then
(L* = vj*Iq) @5 ; = 0.

(b) Given k € N* \ ioN*, then

(L* - K1) @7, = 0.

where, Jk is the unique solution of following problem:

~ k2 < 1 )
—t — —Yp = ——qpr  in (0,m),
14 12

Vi (0) = Y (m) = 0.

Moreover, an explicit expression of Yy is given by:

o) = 0 s () + 7 [sin (e -0 a@hente) ac

ANV Vo

vk Jo

with (see Rem. 2.2)

I(k?)

Ui(0) = —————
; V\/gsin (%)

(¢) Givenl > 1, then

(L* —igl*1a) @3 ;1 =0,
(L* —i3121,) @3, = I(31%)®} 5, VI>1,

and 1}\[ is the unique solution of following problem:
I .
- — ]Ol Y= ;[I(ZOZ )Sojol - q@iol] m (Oa 77)7

i1(0) = di(m) =0,
/0 Do)yt () da = 0,

(3.4)

(3.5)
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an explicit expression of 1])\1 is given by:

~

Yi(z) = awpjoi(x) + Bi(z), forall z € (0,m), (3.8)

where

x

Bi() = ——— [ sinGol(x — €)) T(212)0501(€) — a(E)piot(€)] €

- vjol Jo
1

M vl

/07T /0m sin (jol(x — €)) L (i31%)@jo1(€) — 4(&)ig1(€)]jor(x) A€ d.

Moreover (see Rem. 2.2 for instance)

i(z) = —% /0 " cos (ol — €)) [1G317)51(6) — (€)1 (€)] & (3.9)

thus B](0) = 0.

In the next result we are going to give some properties of 1;1@ (see 3.6) and 12)\1 (see 3.8). These properties will
be used later and will be crucial in the proof of Theorem 1.3.

Proposition 3.3. 1. Let us fir ¢ € L>°(0,7) and take k € N* \ ioN*. Then, one has:

Fola) = - —L &) e ("“) 3 " cos ('“(:c - 5)) a(€)pn(€) de. (3.10)

v/ sin (k—’; Vv v Vv

In addition, there exists a constant C > 0 such that

2. Let us take 1l > 1. There exists a constant C' > 0 such that

<C, keN*\ipN*.
L~ (0,m)

¥k

i <C, 1>1. 3.11
i, .. om = > (3.11)

lay| < C  and ’

Proof of Proposition 3.3.



28 E.H. SAMB

1. Let us fix k € N* \ ioN*, the expression (3.10) can be deduced from (2.5) and (2.6). Moreover, there exists
a constant C' > 0 such that

C

¥} < —F—7+C,
H k1l Lo (0,m) sin (M)‘
Vo
i
= ¢ . +C (for each k, ny is the nearest integer of JO) ,
sin (ﬂ(nk — %))‘ 10
kj 1 2
S—WC — +C <0< nk—f.jo Sf,Vxé[O,E], x<sinx>,
2 | (i — k) fo |~ 2 2o
; 1 kj 1
gﬁ-kC since 0 < — < k—ﬂf* .
2 10 10 2

2. The properties (3.11) can be deduced from (3.8) . This finalizes the proof.

O

Proof of Proposition 3.2.
First, let A be an eigenvalue of L* and y = (y1,y2)” an associated eigenfunction. Thus y is a solution of the
following problem:

—yi =y in (0,7)
qyL — vy = N2 in (0,7)

y1(0) = y2(0) =0, y1(m) = ya(m) = 0.

o If y; = 0, then, A = vj2 is an eigenvalue of L* and taking y» = ®j, we obtain @3 ; as associated
eigenfunction of L*.

e Now assume that y; # 0, then A = k? and y; = ¢y, is a solution to the first o.d.e. Inserting this expression
in the second equation, we get for ys:

noR L log i
{ Y2 + ny ngok m (O,ﬂ-) (3'12)

Y2(0) = y2(m) = 0.

Let us multiply (3.12) by sin (%(ﬂ — 5)) and using partial integration, we obtain:

/ _ foﬂ q(s)pr(s) sin %(77 — s)) ds I(k?) . '
(0) = = , itk # gl

Ya Vsm(%) V\anl(,%) 0
/0 q(5)piot(s)pjor(s)ds = I(i (2) ) =0, if k = igl.

o Observe that, suppose k = igl, thus (3.12) admits a solution if and only if I(i3/?) = 0. In this case, 31>
is a double eigenvalue of L* (take j = jol). From the above considerations, it is clear that if I(i31%) # 0,
then the eigenvalue igl* of L* is simple and @} joi 1s an associated eigenfunction. Observe that, taking
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T T . * 272 I _ . : .
O}, = (21,22)" the equation (L igl* 1) @7, = cPo ;o1 writes:

I’z =0 in (0, 7),
— vl — 322 = [cpjo — q71] in (0, ),
21(0) = 22(0) =0, 2z (7) = 22(w) = 0.

— 2 — i

Thus, choosing z; = ¢;,; and inserting this expression in the second equation, we get:

— 2 — 5Pz = ~lewior = api] 0 (0,7),

22(0) = zo(m) = 0.

(3.13)

A necessary and sufficient condition for the previous no-homogeneous Sturm-Liouville problem to have
a solution is that

/[C<P?OL($)—q(x)%oz(x)%ol(w)]dw=0a ie C=/ APiglPjords.
0 0

With this value of ¢, (3.13) has a continuum of solutions. This proves that, for k& = igl, 6171 is a
generalized eigenfunction of L* associated to A = i3[°.
Otherwise, if k # igl, then

(0) = Jo a(s)er(s) sin (%(w - s)) ds B 1(k?)
2(0) = — = - )
vsin (%) u\/gsin (’%)

and &)uc is a eigenfunction of L* associated to A = k2 with k # iol.

Lemma 3.4. The family B* = {@;yj 1jeN* \jON*;&)’{’k th € N"\igN*; @5, .
L?(0,m; R?).
Proof of Lemma 3.4. Indeed, if f = (f1, f2) is such that

(f,@5;) =0, j€N"\jN,
(f, @) =0, keN"\iN,
(£,230) =0, 1>1,
(f.®1)=0, 1>1.

Then in particular

(f2,05) =0, J € N"\ joN*,
(fi,00) + (fo, ) =0, k€ N"\igN*,
(f2,¢jo1) = 0, 1>1,
(f1,0i00) + (o) =0, 1>1.

&)il > 1} is complete in
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This implies that f; = f2 = 0 (since {¢k }r>1 is an orthonormal basis in L?(0, 7)) and proves the completeness
of B*. g

3.2. Proof of Theorem 1.3

3.2.1. Approximate controllability

This subsection is devoted to proving the approximate controllability of system (1.1), that is to say, the first
point of Theorem 1.3. To this end, we are going to apply the property (2.11).

Necessary condition: Let us suppose that condition (1.15) does not hold i.e. there exists kg € N* \ ioN*
(resp. lp € N*) such that I(k3) = 0 (resp. I(i3l2) = 0).

o If I(k2) =0, with kp € N* \ igN*, then we deduce that

bt = ( 1‘%2 ) (see (3.4)),

is an non-trivial eigenfunction associated with the eigenvalue k2 of the operator L* satisfying

0%} ~ I(k2
B*D—22(0) = v}, (0) = —————— '( O)k —~ =0 (see (3.7)).
\/gsm (%)
o If I(i31%) = 0, with Iy € N*, then we deduce that

‘T’T,zo =, @5 1, = ( g;(’l" > (see (3.4) and (3.8)),
0

is an non-trivial eigenfunction associated with the eigenvalue i3[3 of the operator L* satisfying

A* *
9 (q’uo - aloq)2,jol>

B*D
Ox

(0) =vf,(0) =0 (see (3.9)).

Thus, system (1.1) is not approximately controllable at time 7.
Sufficient condition: Let us suppose that condition (1.15) hold. The set of the eigenvectors associated with
the eigenvalue vk? of L* is generated by @3, (see Prop. 2.1). In this case, we remark that for all k € N*

L, 093, , \/5
B*D o (0) = vy} (0) = kv p # 0.

Moreover, the set of the eigenvectors associated with the eigenvalue k2, k € N* \ ioN*, of L* is generated by

®7 ;. (see Prop. 2.1). In this case, we remark that for all k € N* \ joN*

(9&)*{ k i I<k2)
=(0) = vh,(0) = ———————— #0 (see (3.7)).
O g \/gsin (k—’;)

We conclude with the help of (2.11).
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3.2.2. Positive null controllability result

In this subsection, our objective is to prove that system (1.1) is exactly controllable to zero at time T if
T > Ty € [0,00) (see (1.16)). To this end, for yo € H~1(0,m;R?) we will reformulate the null controllability
problem as a moment problem. Let us first observe that condition (1.15) is a necessary condition for having the
null controllability property of system (1.1) at time 7" > 0. Using Proposition 1.5 and Proposition 1.6 we deduce
that the control u € L?(0,T) drives the solution of (1.1) to zero at time T if and only if u € L?(0,T) satisfies

T
/ u(t)B* DO, (0,t)dt = —(y°,0(-,0)) -1 g3, V6" € Hy(0,m;R?),
0

where 6 is the solution to the adjoint problem (1.17) associated with . Since B* is complete in Hg (0, 7; R?),
the null controllability property at time T for system (1.1) is equivalent to find u € L?(0,T) such that

T

| 0B DO 0,1t = (4. 0290 sy G NG
0
T o~

/u(t)B*D@i’k(O,t)dt 0B, 0) sy, R €N\ i,
0

T
/ u(t)B*DO27N0,8)dt = —(y°, 029 (-,0)) g1 g1, 1> 1,
0

T
/ w(t) BT DB 0, )t = —(3°, B (0 o gy, 121,
0

where 62 is the solution of adjoint problem (1. 17) associated with ° = @3 ., and gLk (resp. O11) is the solution
of adjoint problem(1.17) associated with 6% = <I>’{ . (resp. 00 = B} )+ One has:

1. If we take 6° = @3 ;, the solution of the adjoint problem is 629 (-, t) = e*”jg(T’t)CI)S)j and we obtain:

T , % ,

/ (T — 1) dt = Ty, ) 0 = e My, i), Vi € NT\ o,

0 V@](O)
where

% .
M(y%,vs?) = (4°, —2L) - s Vi€ N7\ joN™.
V‘Pj(o)
Moreover
|M(y°, )| < Cliyoll s ommey s Vo€ A1 (see (3.1)), (3.14)

for a positive constant C' independent of o € A; and Y. 2 B
2. If we take 69 = <I>1 - the solution of the adjoint problem is oL Kty =eF (T_t)q)’l‘,k and we obtain:

T ) o o k2T
e M tT —t)dt = e F T (0, —LE )y | = M(y°, k%), Vk € N* \ igN*.
/0 v () T I(k2) ’
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. Let us now take #° = &

E.H. SAMB
where
AT . km Tk * 0\ NI*
M(y°, k%) = vy/7/2sin (ﬁ) <y07(I)1"k>H*1,Hé ,  Vk e N*\{N*

Using the properties of the function 1;;@ stated in Proposition 3.3, one has

IM(1°, 8)] < Clly Il o,mmzy, VB € Ao, (3.15)

for a new positive constant C' independent of 8 € Ay and 7°.

3ol (resp. 0° = 61‘71), the solution of the adjoint problem is

G0l (1) = eI Dps (resp. GLi(- 1) = e~ (T=1) [6;1_(T_t)f(igﬂ)q»;‘jol]), for all I > 1.
Thus, the control u must also satisfy

0 - vl >1,
—igl*T
/ te~ (T — ¢y dt = SN (y°,i212)
0 I(igl) ’

where

and, for all [ > 1

Jol Jol

W3 = s (0w (O e ) e, )
@\ T 0 )
Using the properties of the function @c stated in Proposition 3.3, one has

M%) < Clly®llmr0mmzy, V7 € As,
{I @M < Cly Ny ompe):  ¥v € As (3.16)

|M*(y077)| < C”yO”Hé(Oﬂr;Rz)v vf}/ € A37

for a new positive constant C' independent of v € Az and 7/°.
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Summarizing, we have proved that u € L2(0;T) is such that the solution y of system (1.1) satisfies y(-,7) = 0
in (0;7) if and only if, u € L?(0; T) satifies

T
/ e My(T —t)dt = e *TM (% a), Vaec A,
T e BT
e Pu(T —t)dt = M(y",B), VB € As,
T (3.17)
/ e V(T —t)dt = e T M*(y°,7), Vv € As,
0
T ¢ e —
te""u(T —t)dt = ——M(y",7), Vv € As.

Proposition 3.5 (gap-condition).

1
Va,B8 € o(L*), with a#p, |a—5|>j—2.
0

Proof of Proposition 3.5. For all a,, B € o(L*), there exist p,q € N* where p # g, such that j2a = p? and j25 = ¢*
(see (3.1) and (3.3)), consequently

1 1
la =Bl = 7’ — ¢ 2 .
Jo Jo
O
Thus, from the results in [13] (see Lemma 3.1. (b), page 1725-1726), we know that the sequence

{e " te” " }eo(r)

admits a biorthogonal family {q1 a,¢2,a }aco(r+) in L2(0,T), i.e., a family satisfying

T T
/ e_atqug(t)dt =048, / e_"tqg,g(t)dt =0,
0 0

T and .

/ te”qy p(t)dt = 0, / te”* qa 5(t)dt = G,
0 0

where «, 8 € o(L*),

), which moreover satisfies that for every € > 0 there exists a constant C, 7 > 0 such that

lgj.6llz20m) < Ceyre®, Bea(L?), je{l,2}. (3.18)

Using now the formulas in (3.17) and the property (3.18), we infer that an explicit formal solution u is given by

u(T —

_ _ﬁTM(yOa /B)ql (t)
— E (XTM 0 E € B
aGAle (y ,Oé)ql’a(t) +ﬂEA2 I(ﬂ)

c (3.19)
+ Z€_7T< (v’ v)ql,w(t)Jr—M(y ’wg?ﬁ(t))

= I(v)
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Let us see that this series defines an element of L?(0,7T) when T > Ty , i.e., the previous series converges in
L2(0,T) if T > Tp. Indeed, from the definition of the minimal time Ty (see (3.2)) and for any fixed £ > 0, we
can infer that there exists a positive constant C. such that

L st

|I(C)| s VCEAQUA?,.

On one hand, we can use (3.18), (3.14) and (3.16), and get for any o € A; and v € A3 , a positive constant
Cer > 0 for which

HeiaTM(y(%O‘)‘Il,a(t)Hp(mT) + HeivTM* (yov'Y)ql,’y(t)Hp(o,T) <Cer HyOHH(} (ea(ng) + 6V(67T)) :

On the other hand, we can use (3.18), (3.15) and (3.16), and get for any 8 € As and v € A3 , a new positive
constant C. 7 > 0 such that

—BT eBle=T)

1(5)]

< M(yo,ﬁ)@,ﬂ(t)H < Cer ||
L2

1(5)

< O [y 207,
0

6_’YT —

o 0 eV(e=T)
00 My ,v)qm(t)HL? < Cer ||y

()l

< Cur ] gy 772
0

These previous two inequalities prove the absolute convergence of the series (3.19) which defines the control u

since € may be chosen arbitrarily small (take ¢ € (0, T5) for instance). This proves the null controllability of

system (1.1) at time T when T > Tp.

3.2.3. The negative null controllability result

Let us prove that if 0 < T' < Tp, then system (1.1) is not null controllable at time T'. We argue by contradiction.
Let us first remark that

To = max {To,1,To2}

with

1
log‘ # log W
TOJ = hm Sup ﬂ and T072 = hm Sup M

12 a7 (3.20)
kEeN*\ioN*, k—+o00 IEN*, I—+00 [

Assume that (1.1) is null-controllable at time T < Tp, system (1.1) is null-controllable at time T if and only if
there exists C' > 0 such that any solution 6 of the adjoint problem (1.17) satisfies the observability inequality:

T
\|9(0)||§1§<MR2) < C’/O |B*D0,(0,¢)*dt, V6° € Hj (0,m;R?). (3.21)
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Let us suppose Ty = Tp,1. Let us work with the particular solutions ), associated with initial data

27k
v, (0)

With this choice, the solution 6 of (1.17) is given by

6) =

@*
O(z,t) = —2—e F(T=0 e N"\ igN".
vip(0)

From the definition of Ty,1 (see (3.20)), then there exists an sub-sequence (k,),~, C N*\ ioN* such that:

log%
Toa = lim —5" € (0,+oc],
thus
~ 2
Hq)l,kn HY _op2 2 o2
160k.. (- Ol 573 (0,mm2) = T 2 = ~ 2 "
vt <o>\ vy, 0]
sin ( Eaz
ST AV Vv o2k T szi 1 o2k T
=2 IR ~ T2 1k ’
4 —2k2 {T_ﬁf“’g‘”k%”
Z kiﬂ- 26 ! o )
214
> k277 4 —2k2 [T =Ty 1+¢] 0.T T
=gy 26 nj@"'oov e€(0,To1 —T),
and

T T
0, (0,
/ |B*DM(0,t)\2dt=/ e 2utdt — 0.
0 8(E

0 n—-—+oo

This proves that the observability inequality (3.21) does not hold.
Let us suppose now, Ty = Tp 2 . Let us work with the particular solutions 0 associated with initial data

0° = al:ﬁil + blq)g,jolv 1 >1,
with a;, b; € R, to be determined. Recall that
/ (@) pjor(z)dz =0 (see (3.5)).
0
With this choice, the solution @' of (1.17) is given by

el(‘,t) = aleiiglz(Tit) [61,l + (T - t)I(igl2)(I);,jol:| + bleiiglrz(Tit)(I);,jol, vl > 1,
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thus, the observability inequality (3.21) becomes
A < CAyy

with, for all [ > 1

Ay

)

—924212 . . . 2 _9;2]2

| = e 20T {zgl2|al|2 + [|al|2||¢;||iz(0,,r) + 3202 (by + Ta,I(i212)) }} > =202,

T

Ay = / =28 |t (0) + (b + ta L (i212))y,(0)] dt.

0
We can choose a; = I(i31?) and b = —I(i§1*)1;(0)/¢,,(0), we obtain for a new constant C' > 0 not
depending on [, such that:
A =201 T =205 T

a1, = 5 >—— 0, Wizl
U @) ) S e ear TG

From the definition of Tp o (see (3.20)), there exists a sub-sequence {l,, }»>1 such that:

1
log 17z

T()’Q = lim S (0,+OQ]

n—+oo Zgl%
Assume 0 < Tj2 < 400. In this case, for every € > 0, there exits a positive integer n. > 1 such that
11 C s R VAR,
. 9 - (58]
13303

thus, Vn > n.

—2:212T )
Ay, o € S Q20302 (Th o —T—c)

Ao, 1@

. . To-T
Taking for instance e = ~*5—, we have

e2igln (To2—T—e) _ oigly (To2=T) +00.

n——+oo

This proves that the observability inequality (3.21) does not hold and finishes the proof of the negative null
controllability result of (1.1).

APPENDIX A. REFORMULATION OF MINIMAL TIME IN THEOREM 1.1

Let us begin this section by reformulating the minimal times introduced in Theorem 1.1. Let us first recall
that

* Tq(s s)sin (= (m — s)) ds
ypf%%m:¢um:_kQ(”“) (lr=9)ds .

v sin (k—”)
v
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In all the sequel, assume that condition (1.11) is holds. We have
Proposition A.1. Let us consider the definitions of the Theorem 1.1. One has

1.
. sin (42
Ty = limsup ¢ - log € [0, +o0].
k—+too | K o q(s)pr(s)sin (%(T( - s)) dS’
If Vv > 1, then
~ . 1 1
T, = limsup § — log . € [0, +o0].
k—+oo | U Iy a(s)i, (s) sin (’—\/’“;(w - 3)) ds‘
2. If Vv <1, then
~ L 1 1
T5 = limsup { — log > 1T,

consequently

Poof of Proposition A.1 . Let us recall that for all £ > 1, one has

e (0 ) w= (0, ) e,

and
o, o,
Y1 = - = . (see (1.9)),
Bp%ie)  v¥i(0)

where (see (2.1))
D) = (0 L sin (kx) Y7 [ sin (}@c - 9) a(©en(e) dc.
Moreover, one has

W) = 94(0) cos (\"%) s i/o cos (

We immediately see that there is a constant C' > 0 such that

19kl720.m) < Clok(0)]* + C.

37

(A.2)
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1. On one hand, using the previous inequality (A.2), one has

K < [rxlZ = _ R AL PO OP+C B2+ C
[, () ~ o oy (0))2 v (0)[2 A
thus
log [[¥1,k |l ] /
Ty = lim sup72Hé = lim supw
k—+o00 k k— 400 k
1 S (%)‘
= limsup ¢ 5 log — ; (see (A.1))
k—-+o0 o 4(8)pr(s)sin (W(ﬂ' - s)) ds‘
On the other hand, for all £ > 1 and /v > 1, one has
1
where i, is the nearest integer to \/vk, thus |1—\/’% — k| < ﬁ < %. Consequently
9 . [T (72
9| M k| < BT < | 2 gl .
- < |sin = )| = T - k (A4)
7
Thus
2
116 — Yokl ( L ek (00, — vy, (0)<PL||2Lz>
i — vk > IR —Vk2|2 |V1/)’ vy, (0)? vy (0)[2
< L2 2k )
\Zk—V’fz RANIZY |V¢ O)F  |ver(0)
i+ C’
C
< <|m// s+0+)
2
in(32)
— k2|2 2
‘Z Vk | $)i, (8) sin T(ﬂ' - s)) ds’
clii  n? 1

< o
- ‘Zk + \/Dk|2 v

‘ 2 |

$)i, (8) sin (Lf;(w — s)) ds
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and
2
Vi = Vorlly 1 ( g ek, — v, <o>so;||i2)
lif, — vk |? i, — vk 2 \ [vey, (0)12 vy, (0)]2[ve),(0)]2
o1 i2
i = vER? v, (0)]2
2
ik sin (47|
= 1,2 _ 212 . 2
ik — vk $)pi, (s) sin %(ﬂ' - 5)) ds’

- iz 4 1
= Jix + Uk U ’

$)i, (8) sin (T(w - 5)) ds ’

and then, we deduce that

i hmsup_ log ‘fo 8)pi, (s) sin (—\}(ﬂ' - s)) ds‘ |

k—+o00 vk?

2. Similarly, we show that, for /v < 1

L —1og | [y a(s)n(s)sin (& (m — 5)) ds|
To = T3 = limsup

>T.
k—4o00 k2 =

|
In the following Proposition A.2 we will give a positive answer to the natural question: Let 79 € [0, +0o0], is
there /v ¢ Q* and g € L*(0,7) such that Ty = 79 (or Ty = 70)?

Proposition A.2. Let /v ¢ Q.
1. For any 1 € [0, +00], there exists \/v > 1 and g € L>=(0,7) such that

TO = maX{Tl,Tg} =1T70-
2. For any 19 € [0, +00], there exists /v < 1 and q € L>(0,7) such that

TO :T2 = 1T0-

Proof of Proposition A.2 In the sequel, we will work with To. The arguments to prove that fo =719 € [0, 400],
are similar. Let us recall

Lemma A.3. 1. Let us fized 79 € (0,00), g € [0,00) and € > 0. Then, there exist an irrational number
v >0 and a sequence of rational numbers {py/qr},~, such that pi, and qi are co-prime positive integers,
the sequences {pi};~, and {qx};~, are strictly increasing,

Pk
v — =&

ol =L (A.5)

. 2
lv—xzo| <e and khm eTodk
bde el
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Moreover, for any k > 1 one has
0<|gev —pil <lgv—p|, Vp,q €N", withq < gy (A.6)
2. For any o € (0,00), g € [0,00) and € > 0, there exists an irrational number v > 0 and a sequence of

rational numbers {pr/qr}>, such that pr and g are co-prime positive integers, the sequences {pi}.~,
and {qi};~, are strictly increasing and

v —xzp| <e and lim et ‘1/ ya— (A.7)
k—o00 qk
Proof of Lemma A.3 See for example [3] Lemma A.1, page 35. O
Note that by choosing ¢(x) = 1, « € [0, 7], we obtain
’Sm (%) B 1 € _ it
’fo sin (\%(77—5)) ds‘ ‘fow 0k (s) sin (\%(TI—S)) ds’ 2 v
and thus 77 = 0. But
1 1 T ik|1/ - 1|

‘fo 8)@i, (8) sin (L’“V(T( — s)) ds‘ - ‘foﬂ ©i, (s) sin (L’L(Tr — s)) ds‘ 2y

thus in this case

sin (

IO —log
Ty =T, = limsup =
k—+oo 1

o
—

Finally, we have
Lemma A.4. Let v ¢ Q* and iy nearest integer to \/vk, for each k > 1. If v > 1 then

—1og)sm e ‘ 1 L
lim supz(\f) = lim sup 0g [sin (Vv W)|

k—4o00 1 k—+4o00 vk?

Proof of Lemma A.} We have

P (%)) I v K ( (A.4), and lim & 1)
imsup———————— = limsup , see (A.4), and lim —% =
k—+o00 Zz k—4o00 sz vk?
—1 vk —
= lim sup—Og ‘\/; i
k——+oco vk
—log |si k
= lim supM (see (A.3)).
k—+oco vk



BOUNDARY NULL-CONTROLLABILITY OF TWO COUPLED PARABOLIC EQUATIONS 41

Let us fixed g > 0 et € > 0. We will distinguish three different cases in the proof of Proposition A.2. Case
70 = 0: Given g > 1 and € > 0 such that zg — e > 1. Taking v > 1 a irrational algebraic number of order
n > 2, we deduce the existence of a positive constant C' > 0 such that

C
|Sin(ikﬂ'/\/17| > e Vk > 1,
™
Consequently fo = TQ =0.

Case 19 € (0,00): Given 79, zg > 0 and £ > 0 such that zo —e > 1. We deduce the existence of a irrational
algebraic number v > 1 which fulfills (A.5) and (A.6) for the sequences of positive integers {pi }x>0 et {qx }x>0-
From (A.5) we deduce lim(pg — qr+/v) = 0, lim pi/qr, = /v. Thus from the Lemma A.4, we have

- —log |sin (M)‘ —1 : k
To = lim sup% = lim sup 0g |sin gﬁ Wl ,
k—+oc0 1 k—+o00 vk
—1 i km—h
= lim sup %8 |sm(\/g il 7T)|, Vh € N,
k—+o00 vk
> lim sup— log |sin (\/qur — hm)| ’
k—+4o00 L,
1 ; _
= lim sup og [sin (\zﬁ% P)| ,
k—+oo VQk
—1 _
i sup 1981 (V7 — )|
k—+o0 vqy
—log ‘71'(11@@_70(1’% To
= lim 5 = —.
k——+oo0 vq; v
Let us now show TQ < 79. Note that we can deduce from the previous result that
—1 ; _
Jim sup og\smw(;ﬁqk Pr)] _ E’
k—+4o00 qu 14
thus, there exists ko(g) > 1 such that
| ; _
og [sinm (vvar — pr)| LUV ko(e). (A.8)

vg; v

for every n > 1, there is ,, € N* for which
) 1
Vn —i,| < 3 Vn > 1.

Let us take no(€) = giy(e) > 1. Thus, using that the sequence {qx}r>1 is strictly increasing, if n > ng(e), we
infer the existence of k > kq(e) such that ¢ < n < gx+1. These last properties together with the second formula
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in (A.6) allow us to write

. 1
WVvae — pr| < Wvn —i,| < >

and

|sin(yvnm)| = |sin(r(v/vn —i,))|

sin(m|vvn — i),

sin(7|v/var — pl)

= |sin(m(vrvgr — pr))|, Yn > ng(e), such that g <n < gpi1.

v

Since g < n < gr+1, the previous inequality and (A.8) give

_1 ; _1 ; _
og [sin (;ﬁmr)\ < og [sin (W(\Qﬁqzc Pr))| < To 4, Wn>noe), such that gp < 1 < quits
vn vq; v
and
- 1 :
Ty — lim sup — 281510 (Qﬁmﬂ <04 veso.
vn v

Case 19 = oo: Fix 0 > 0 and take zg € (0,+00) and € > 0 such that 2o — e > 1. We apply the second item
in Lemma A.3 with, for instance, ¢ = 1/2. We deduce the existence of a positive irrational number v > 1 and
two sequences of positive integers {pi }x>0 and {qx }x>0 which fulfills (A.7). Thus, we deduce

—log |sin (y/vkT)|

T> = lim sup

k—+o00 vk?
> lim sup— log |sin (2ﬁqk7r)|
k—+oo vqx
_1 ; _
— lim sup—> sin (m <qff 2i))
k—+oo vqy
1 _
— lim sup og |m (Qk;f i)
k—+4oc0 Vg

240
—log ‘que_qk ’

= lim 5 = 00.
k—+o00 vq;,
This shows that 75 = 0o and finishes the third case and the proof of Proposition A.2. O
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