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A HIERARCHY OF MULTILAYERED PLATE MODELS

MIGUEL DE BENITO DELGADO AND BERND SCHMIDT*

Abstract. We derive a hierarchy of plate theories for heterogeneous multilayers from three dimen-
sional nonlinear elasticity by means of I'-convergence. We allow for layers composed of different
materials whose constitutive assumptions may vary significantly in the small film direction and which
also may have a (small) pre-stress. By computing the I-limits in the energy regimes in which the
scaling of the pre-stress is non-trivial, we arrive at linearised Kirchhoff, von Kdarmén, and fully linear
plate theories, respectively, which contain an additional spontaneous curvature tensor. The effective
(homogenised) elastic constants of the plates will turn out to be given in terms of the moments of the
pointwise elastic constants of the materials.
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1. INTRODUCTION

The derivation of effective theories for thin structures such as beams, rods, plates and shells is a classical
problem in continuum mechanics. Fundamental results in formulating adequate dimensionally reduced theories
for three-dimensional elastic objects have already been obtained by Euler [18], Kirchhoff [30] and von Kérman
[55], ¢f. also [9, 10, 37].

A physical plate, given by a domain Qj = w x (—h/2,h/2) C R3, is identified with a hyperelastic body of
height A “much smaller” than the lengths of the sides of w. The plane domain w C R? constitutes the mid-layer
of the plate. We assume that the body has a (possibly non-homogeneous) stored energy density W (precise
conditions on W will be specified later) and, after deformation by ¢ : €, — R3, the total elastic energy

EL(g) = A W(z,Vy(z))dz.

The problem amounts to identifying effective functionals in the limit h — 0 operating on dimensionally reduced
deformations of the mid-plane. In spite of its long history, rigorous results in this direction relating classical
models for plates to the parent three-dimensional elasticity theory have only been obtained comparatively
recently.

In order to avoid working on a changing domain, a rescaling x3 = z3/h is performed to obtain a fixed €.
We set zp, (21,79, 73) = (21,72, has) and we consider instead of a deformation 7 : €, — R3, the rescaled one
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yn s — R, yp(z) =
variables becomes

(2n(x)). We define the energy per unit volume as Jj, = +Ej,, which after a change of

Jn(y) = ; W(z, Viy(z)) dz,

where Vh = (81, 82, 83/]1)

After first results in linear elasticity had been established, see [2, 4], perhaps the first work to derive a non-
linearly elastic, lower dimensional theory with a rigorous analysis using variational convergence was [3] for the
case of strings. In the context of nonlinear plates we consider the rescaled functionals

7w = 57 | Wi Vis(e) o

Inspired by the work in [3], a non-linear membrane theory is derived in [33] for 8 = 0. The range 5 € (0, 2)
is the so-called constrained membrane regime, which still is not fully explored, except under certain kinds of
boundary conditions or assumed admissible deformations, see, e.g., [5] and the work in [13]. For minimizers
under body forces, convergence results have been obtained in [11].

Most significant in view of our setup are the contributions to the cases 8 > 2. In [22] Friesecke, James and
Miiller prove the fundamental geometric rigidity estimate which carries Korn’s inequality to the nonlinear setting
and utilise it to obtain the non-linear Kirchhoff theory of pure bending under an isometry constraint in the case
B = 2. This estimate is at the core of most of the later developments in this area. In their seminal paper [23],
the same authors exploit the quantitative geometric rigidity estimate of [22] in a systematic investigation of
limits for the whole range of scalings 8 € [2,00), deriving the first hierarchy of limit models. They also provide
a thorough (albeit succinct) overview of the state of the art around 2006. The lecture ([41], Chap. 2) provides
a nice walkthrough of this paper, as well as abundant references and open problems as of 2017.

This variational approach has been extended and revisited in a variety of different contexts, among them more
complex shell geometries [21, 36], more basic atomistic models [8, 50], or more complicated material properties
as incompressibility [12], brittleness [53] or oscillatory dependence on the space variable [27, 28, 44]. Moreover,
the convergence of equilibria [40, 43] and even dynamic solutions [1] have been established.

The focus in this contribution is on materials whose reference configuration is subjected to stresses (one
speaks of pre-strained or pre-stressed bodies) and whose energy density exhibits a dependence on the out-of-plane
direction (modelling multilayered plates). Examples of these situations are heated materials, crystallisations on
top of a substrate and multilayered plates.

For 8 = 2 the second author derived in [51, 52] an effective Kirchhoff theory for stored energy densities
of the form W(z3, F) = Wy(xs, F(I + hB"(x3))), depending explicitly on the out-of-plane coordinate z3 and
a “mismatch tensor” B”(x3) which measures the deviation of the energy well argmin W (xs,-) from the rigid
motions argmin Wy(x3, ) = SO(3). We remark that the regime 8 = 2 is precisely adapted to capture the effects
of a misfit hB" scaling linearly in h. In the simplest case with linearly changing B"(x3) = axz3I one obtains a
I-limit IKi with

1

IKi(@/):ﬂ

/ QI —aqI) — as dz,

ify € A (and Ik;(y) = 400 if not), where A is a suitable class of admissible deformations (isometric immersions).
Q is a quadratic form acting on the shape tensor II (the second fundamental form of y). The coefficients of @
and the numbers a1, as can be explicitly computed. In [51, 52] also a thorough investigation of the shape of
energy minimisers (for free boundary conditions) is provided which shows that the optimal configurations are
rolled-up portions of cylinders whose winding directions and radii are determined by the material parameters
and the misfit tensor.
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The main goal of our work is to extend such an analysis to the energy regimes g > 2. This will in particular
allow for a more subtle investigation of the effect of general pre-strain scalings of the form h*~1B"(z3), a > 2.
Indeed, as we will see, such pre-strains will result in contributions to the limiting functional which are both
finite and non-trivial precisely if 8 = 2a — 2. A main source of motivation are physical experiments which
show that there are situations in which optimal configurations are spherical caps (paraboloids with positive
Gauf} curvature) rather than cylinders, [17, 19, 20, 29, 39, 49]. We will see that indeed this discrepancy can be
explained in terms of different energy scaling regimes, where the von Karman scaling 8 = 4 is critical. In the
present paper we lay the foundation for this by deriving effective plate theories for pre-strained multilayers. We
analyse the functionals obtained here in depth in our companion paper [15].

From a more general perspective, a thorough theoretical understanding of multilayers is not only interesting
from a mathematical point of view. Such structures are of great interest in engineering applications, see [48].
In particular, the mechanism through which a pre-strain provokes mechanical displacement has been of great
interest: It allows to access and manipulate objects even at the nanoscale in a convenient and feasible way,
see, e.g., [24, 45, 47, 54], where a misfit of the equilibria of the constituents is used to achieve a self-organised
fabrication of nano-scrolls. On a macroscopic scale one also observes rather complicated material behaviour that
is caused by pre-strains which induce a non-Euclidean target metric, see e.g. [31]. In [17] recent experiments are
reported on elastomer polydimethylsiloxane bilayers which fold into complex three dimensional configurations
in response to programmed misfit distributions.

In fact, the derivation of effective models for thin plates with a pre-strain has received a lot of attention in
recent contributions. With no attempt to be exhaustive we mention [6, 16, 32, 34, 35, 38, 51, 52]. Yet, as we
are primarily interested in modeling multilayers, our set-up is quite different from those contributions, where
the pre-strain and elastic moduli depend only on the in-plane variables. In particular, in [35] the authors derive
the von Karméan functional with a spontaneous curvature term for pre-stressed plates in the case § = 4. The
same functional also arises in a special case of our setting, cf. (1.1) with 8 = 1 below. However, their setup is
not comparable to our situation. On the one hand, it is even more general as an explicit (z1,22) dependence
of the misfit is allowed. On the other hand, there is no explicit x3 dependence, neither on the pre-strain nor
on the material properties, as would be necessary to model multilayers. As discussed above, in the bending
dominated regime, models in which both pre-strain and material parameters were allowed to vary in the thin
film direction were already discussed in [51, 52]. Generalizing [35, 52|, the recent paper [34] considers a variety
of scaling regimes also for thickness dependent pre-strains. However, our treatment of energy densities which
may vary considerably in the thin film direction is, as we will see, quite subtle. A main source of technical
difficulties is the fact that in our situation we can no longer expect the mid plane to follow the limiting plate
deformation exactly. This phenomenon can be observed already in the simplest situation of a bilayer with one
layer being much softer than the other. If rolled up, the unstretched plane will move into the stiffer layer, to an
extent which depends on the local curvature.

From a technical point of view, it turns out that in our setup the von Kédrmén case 8 = 4 is in fact a rather
straightforward extension of [23, 52]. The regime § > 4 is however a bit more involved. In contrast to the
homogeneous case in [23], the dependence of the resulting limiting theory on the in-plane displacements may be
non-trivial so it cannot be discarded by setting it to 0 without loss of generality. The scaling in the linearised
Kirchhoff case § € (2,4) turns out to be the most difficult. In order to construct recovery sequences we need to
provide a representation result for symmetric tensor fields on w in terms of symmetrised gradients and solutions
to the non-elliptic Monge-Ampere equation det Vv = 0, c¢f. Theorem 7.3.

From a modelling point of view, a main novelty is in our introducing a new interpolating regime in between
the linearised Kirchhoff case § < 4 and the fully linear case § > 4. This is motivated by our findings in [15]
which show that minimisers (after rescaling) coincide for all 5 € (2,4) (parts of a cylinder) and for all 5 € (4, c0)
(parts of a parabolic cap). In this sense, the exponent 5 = 4 in the von Kérman case is critical. We introduce
an additional fine scale inducing a new scaling regime h* with 6 € (0, 00) and obtain von Kérmén functionals
that upon varying 6 continuously connect the extreme cases § — 0 and # — oo, which turn out to reduce to
the functionals obtained for 8 > 4 and 8 < 4, respectively. In the simplest non-trivial example, the prototypical
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limit functional is of von Karman type:
0 4 1
ok (u,v) = 5 QQ(V u+ 5V ® Vo) der— QQ 2y —I)dz. (1.1)

In contrast to the cases 5 # 4 minimisers of this functional are not explicit. We discuss their behaviour in detail
n [15], in particular, how they interpolate in between 8 < 4 and § > 4.

With a view to the applicability of our results in engineering problems, we emphasize that our effective
models are completely explicit. The effective elastic moduli and spontaneous curvature terms in the limiting
plate theory are explicitly computable from the elastic moduli and pre-strain of the constituents of the multilayer.
Explicit formulae identifying the limiting homogenised material constants in terms of the moments in x3 of the
corresponding parameters within the individual layers are provided in our companion paper [15]. There, we also
discuss a BGaAs/InGaAs bilayer in order to give a concrete and explicit example which connects our theory to
experimental results.

Outline

Having fixed the precise setup in Section 2, in Section 3 we present our main results: Theorem 3.1 on T'-
convergence in a hierarchy of energy scalings and Theorem 3.3 on the asymptotic behaviour of the interpolating
von Karmén functional for 6 — 0 or § — oco. We then recall some basic results on compactness and explicit
representations for the limit strains from [23] in Section 4. Proofs of lower and upper bounds in Theorem 3.1
are collected in Section 5, where we obtain (1.1) and more general functionals. In Section 6 we show how the
von Karmén functional interpolates between different theories. Finally, in Section 7 we prove some density
and matrix representation theorems essential for the construction of recovery sequences and identification of
minimisers in the linearised Kirchhoff regime.

Notation

We denote by e1,es,e3 the standard basis vectors in R? and write x = (2/,z3) € R3, 2’ € R2. The spaces of
symmetric and antisymmetric n x n matrices are RZ%" and R{", respectively. Agym =sym A = $(A+ A7) is

the symmetric part and A = ant A = 1(A — A7) the antisymmetric part of a square matrix A.

Attaching a row and a column of zeros to a matrix G € R?*? leads to G := Zi,ﬂ:l Gapea @ eg € R3¥3,
conversely, B € R2*2 is the matrix resulting from the deletion of the third row and column of any B € R3*3. If
Q(+) is a quadratic form, we denote the associated bilinear form by Q[ -].

For a scalar function f : R® = R, Vf = (01 f,02f,0sf)" is a column vector, whereas for y : R? — R?® we
have Vy € R**3 with rows V Ty, i.e., (Vy)ij = vi; = Ojvi, 1,5 € {1,2,3}. Its left 3 x 2 submatrix is V'y, its
rescaled gradient Vi,y = (81y, 02y, 1/h d3y). Moreover, V,u = £(Vu + V'u), is the symmetrised gradient of
u : R? = R?, V20 the Hessian matrix of v : R* — R.

Let w C R2. We set Vo := (01v,02v,0)" € R3 for v :w — R, Vu = ZZ)BZI(V’U)QBQX ®es € R3*3 for
wiw—R2and Vb= | 35 (V'b)apea ® eg € R¥*? for b:w — R,

The norm on Sobolev spaces is || - [|k,p.0 = || - [lwr» (o) and, in particular, || - [[o,p,o is the LP-norm. We will
omit the domain when it is clear from the context.
We abbreviate Ay := Vug + 5 va ® Vg, mostly in Section 6 and set (f) le f f(z')da’ is the average

of f over w
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2. THE SETTING

As described in Section 1, we consider a sequence of increasingly thin domains €, := w x (—h/2,h/2) C R3
and rescale them to

Q) = wx (—1/2,1/2) C R3,

where w C R? is a bounded domain with Lipschitz boundary. As a consequence of the rescaling, instead of maps
7 : Qp, — R3, we consider the rescaled deformations

y: 0 =R e y(x) = (a1, x2, has),

belonging to the space Y := W12(Q1;R?). For each scaling' a € (2,00), and for all deformations y € Y, define
the scaled elastic energy per unit volume:

TH) = s , WhGes Vinte) d, (21)

where V), = (81,0,05/h)T is the gradient operator resulting after the change of coordinates described in
Section 1. For the sake of conciseness, we will present most results below for all scalings simultaneously, adding
the parameter a to much of the notation. The energy density for o # 3 is given by

Wh(x3, F) = Wo(xs, F(I + h*~'B"(23))), F € R3>*3,

where B : (—1/2,1/2) — R3*3 describes the internal misfit and Wy the stored energy density of the reference
configuration. In the regime o = 3 we include an additional parameter 6 > 0 controlling further the amount of
misfit in the model:

Wiy(ws, F) = Wo (s, F (I +h*VOB" (z3))), F e R,

and we later write B" = v/AB". Note that given the choice A%~ for the scaling of the misfit, the fact that in
the limit it will be again scaled quadratically entails our choice of rescaling the energy with A=2(®=1_ Indeed
on coarser energy scales h?, 3 < 2(a — 1), such a misfit will not contribute to the limiting functional. (This
case is indeed also covered in our analysis below by considering Iﬁ_ 8/2 with B" — 0.) On the other hand, on

finer energy scales h®, 8 > 2(a — 1), the pre-strain will typically lead to diverging energy terms in the limit (see
(2.5), (2.6) and the computation of the lower bounds in Thm. 5.1). Our assumptions for B" and W} are those
of ([52], Asm. 1.1):

Assumption 2.1.
(a) For a.e. t € (—1/2,1/2), Wy(t,-) is continuous on R3*3 and C? in a neighbourhood of SO(3) which does
not depend on t.

(b) The map t — Qs(t,-) = D*Wy(t,I)[-, ] is in L ((—1/2,1/2) ; R?*?).
(¢) The map

w(s):= esssup sup |[Wo(t,I+F)— 1Qs(t, F)]
—1/2<t<1/2|F|<s
shall satisfy w(s) = o(s?) as s — 0.

TIn the notation of Section 1 we have 8 = 2a — 2.
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(d) For all F € R®*3 and all R € SO(3)
Wo(t, F) = Wy(t, RF).
(e) Forae.t e (—1/2,1/2),Wy(t,F) =0 if F € SO(3) and

essinf Wy(t, F) > cdist?(F,SO(3)),

—1/2<t<1/2
for all F € R3*3 and some ¢ > 0.
(f) B" — Bin L™ ((—1/2,1/2) ;R3*3).
The Hessian

2
Wt 1)

. N2 . TU\»7/ .
QB(tvF) =D WO(tvl)[FvF]_ aFijaFij g5

for t € (—=1/2,1/2),F € R3*3 is twice the quadratic form of linear elasticity theory, which results after a
linearisation of Wy around the identity. By Assumption 2.1.e it is positive definite on symmetric matrices and
vanishing on antisymmetric matrices. We note in passing two consequences of the above conditions. First, frame
invariance (Assumption 2.1.d) extends to the second derivative where defined, i.e.

D*Wy(t, R)[FR, FR] = D*Wy(t,I)[F, F] = Q3(t, F).

Second, the energy W, grows at most quadratically in a neighbourhood of SO(3), i.e., there exists a C > 0 such
that for sufficiently small |F'| it holds that for all t € (—1/2,1/2):

Wo(t, I + F) < Cdist*(I + F,S0(3)).
Define @5 to be the quadratic form on R?*? obtained by relaxation of Q3 among stretches in the x5 direction:

Q2(t,G) = gel%@@g(t, G+c®es), forte (—1/2,1/2),G € R¥*2, (2.2)

where e3 = (0,0,1) € R3. (See the last paragraph of Sect. 1 for the definition of G’) This process effectively
minimises away the effect of transversal strain. Solving the minimisation problem yields a map £ : (—=1/2,1/2) x
R2*2 5 R3, linear in its second argument, which attains the minimum:

Qa2(t,G) = Qs(t, G + L(t,G) @ e3). (2.3)

In particular, also the Q(t,-) are positive definite on symmetric matrices and vanishing on antisymmetric
matrices. In fact, by Assumptions 2.1.b and 2.1.e we have the bounds
Q2(t, F) 2 |[F|? VF eRZ  and  |L(t, F)| S|F| VF € R¥?, (2.4)
uniformly in ¢t € (=1/2,1/2).
For the regimes a > 3, we define the effective form

. 1/2

Q,(E,F) := Q2(t, B +tF + B(t))dt, (2.5)
—1/2
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with E, F € R?*? (see the last paragraph of Sect. 1 for the definition of B). For o € (2,3) we consider its
relaxation

_ _ 1/2 N
Qs (F) = pmin Qy(F,F) = mip, D Qo(t, B+ tF + B(t)) dt. (2.6)

For the case o = 3, we include an additional parameter 8 > 0 as discussed in page 5 and later write B =+/#B.
Both @, and @; are non-negative quadratic polynomials. Solving the quadratic minimization problems in (2.2)
and (2.6) and computing the ¢-integrations in (2.5) and (2.6) one obtains explicit formulae for their coefficients
in terms the first moments

1/2 1/2
/ t*Qa(t, ) dt, / " B(t) dt,

-1/2 —-1/2

k =0,1,2, in the small film direction of the elastic moduli and the misfit tensor, respectively. This is made
explicit in Section 2.2 of our companion paper [15].

For fixed o € (2, 00) we say that a sequence (3")s~0 C Y has finite scaled energy if there exists some constant
C > 0 such that

lsupZ” (y") < C.
h—0

After some corrections we will have precompactness of such sequences, thus essentially proving that the family
T" is equicoercive, the essential condition for the fundamental theorem of I'-convergence showing convergence
of minimisers and energies. This compactness takes place in adequate target ambient spaces
X Wh2(w;R) if o €(2,3), 2.7)

“T | WE2(w;R?) x WH2(w;R)  if a > 3, ’

equipped with the weak topology.

An essential ingredient in arguments with I'-convergence is the choice of sequential convergence to obtain
(pre-)compactness. For the lower bounds we may suppose that a sequence (y");~ has finite scaled energy, which
enables Lemma 4.1 for the identification of the limits, cf. Section 4. This requires us to work with the corrected
deformations p(y") := (Eh)Tyh 2", for some constants R € SO(3) and &" € R? depending on y", see (4.1).2
We choose to encode this transformation into the definition of T'-convergence via maps P (Def. 2.3) for general
transformations p with arbitrary R" € SO(3) and ¢* € R3. Despite adding clutter to the notation, this helps to
highlight and isolate the technical requirement of the sequences involved with special rigid transformations.?

Definition 2.2. Let Y := W12(Q;R3) and X, as in (2.7). We say that a sequence (y"),~0 C Y P"-converges
to some w € X, if and only if there exist constants R" € SO(3),c" € R? which define maps

prY =Y,y e py") = (R Tyt — ",
such that

Pl(y") = w  weakly in X,,

2These maps “remove” rigid movements from the y" bringing them close to the identity. Note that the energy is not affected
by this change because of frame invariance (Assumption 2.1.d).

3We only require that there be some constants R", ¢ for P"-convergence. In order to obtain compactness and in the lower
bounds we will take the specific ones given in Lemma 4.1 whereas for the recovery sequences we will use R = I, cP = 0.
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where
ot if o € (2,3),
PhY = Xoy" e {0 (ulk,oh) if a =3,
(ul,vh), if a > 3,

and we defined:
For a # 3 and z’ € w, the scaled, averaged and corrected in-plane and out-of-plane displacements:

wh(e) = g J1 (") () — o) das, 03
() = ks [0, p(y")s (e ws) das,
where p(y")'(z',23) = (p(y")1, p(y")2)(2', 23) and
] 2(a—2) if a€(2,3),
v= a—1 if a>3.
For o = 3 and 2’ € w, introducing the additional parameter 6 > 0:
uh(ac/) — 1 172 [n( h)/( ' as) — 2']d
{ ] = BRz J-1/2 pLY T,Ts3 xz €3 (2 9)
1/2 .
() = e [0, p(y")s(a!, w5 das.

For o = 3, we overload the notation with the parameter  writing (u},v) and P} instead of (u”,v") or P,
letting the letter used in the subindex resolve ambiguity.

With Definition 2.2 we can specify precisely what we mean by I'-convergence of the energies (2.1):*

Definition 2.3. Let a > 2. We say that the family of scaled elastic energies {Z” : Y — R},~q, b > 0, -
converges via maps P" to 7, : X, — R iff:

(a) Lower bound: For every w € X, and every sequence (y");~0 C Y which P"-converges to w as h — 0 it
holds that

linf Z" (") > T (w).
h—0

(b) Upper bound: For every w € X, there exists a recovery sequence (y")y~o C Y which P"-converges
tow as h = 0 and

lsupIg (yh) < Zp(w).
h—0

Finally, we identify what the space of admissible displacements for the limit theories will be:

50 . | Wikw:R) if ae(2,3),
o W172(w;R2) % WQ’Q(M;R) if a> 37

where the space of out-of-plane displacements with singular Hessian

W?/Lz(o.)) = {U € W*%(w;R) : det Vv = 0 a.e.} ,

TWe refer to the notes [7] for a quick introduction to I'-convergence.
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will be central in the linearised Kirchhoff theory. We will define the functionals to be +oco for inadmissible
displacements in X,\XJ.

3. MAIN RESULTS

Our first goal is to prove that in the pre-strained setting described above one has a hierarchy of plate models
a la [23]. The proof is split into several theorems in Section 5. For notation we refer to the end of Section 1, for
details on our particular use of I'-convergence, see Definition 2.3.

Theorem 3.1 (Hierarchy of effective theories). Let
h 1 h
Ioc (y) = h20—2 o Wa (3:3’ vhy(m)) daz.
1

If a € (2,3) and w is convex,® then the elastic energies I T'-converge to the linearised Kirchhoff energy

1 A o2 . 2,2
Tiki(v) := { 5 ), Q(=V?) ifve Wi (w), (3.1)
oo otherwise,

where Qy is defined in (2.6). See Theorems 5.1 and 5.2.
If a =3 and 0 > 0 then the energies I)} := %I(}j:g I'-converge to the von Karman type energy®

3l Q4(0Y%(Vu + Vv ® Vo), —V?0)
Thc(wv) := if (u,0) € W2 (i R?) x W22(w; R), (32)
00, otherwise,

where Qo is defined in (2.5). See Theorems 5.1 and 5.4.
Finally, if a > 3 then I T-converges to the linearised von Kdrman energy

3 Jo @2 (Vsu, =V20),
Tk (u,v) = if (u,v) € Wh2(w; R?) x W22(w; R) (3.3)
o0, otherwise.

See Theorems 5.1 and 5.5.

Moreover, in all cases o > 2 for every sequence (y")n>o of finite scaled energy there erists a subsequence
(not relabelled) such hat (y")p~o P"-converges to v € X, (if a € (2,3)), respectively (u,v) € X, (if a > 3), see
Lemma 4.1.

Remark 3.2.

1. We will not be considering body forces for simplicity, but including them in the analysis as in [23] is
straightforward.

2. A standard argument shows that almost minimisers of Z" P"-converge (up to subsequences) to minimisers

of the limiting functional Zyk;, respectively Z,k, respectively Zj k.

Explicit formulae for Q5, @, can be found in ([15], Sect. 2.2).

4. Convexity of the domain is required for the representation theorems in Section 7 which are used in the
construction of the recovery sequence for a € (2,3). Thanks to the results in [25, 26] the theorem is also
true for general simply connected domains whose boundary satisfies a (mild) regularity assumption, more

©w

°Also certain non-convex domains can be treated, see Remark 3.2.4 below.
6 Again, we slightly overload the notation in what would be a double definition of IQ, trusting the letter used in the subindex to
dispel the ambiguity.



10 M. DE BENITO DELGADO AND B. SCHMIDT

precisely, if there exists ¥ = ¥ C dw with H!(X) = 0 such that on its complement dw\¥ the outer unit
normal to w exists and is continuous. This is verified, e.g., if Jw is piecewise continuously differentiable.
For the sake of clarity we explicitly address the case of convex w, but we do include all the necessary
arguments to cover the other case as well.

The functional Zik; is said to model a linearised Kirchhoff regime because the isometry condition V'yVy = I
of the Kirchhoff model is replaced by det V2v = 0, a necessary and sufficient condition for the existence of an
in-plane displacement u such that Vu 4+ Vv 4+ Vv ® Vv = 0. This condition is to leading order equivalent to
VTyVy = I for deformations y = (h?*~*u, h*~2v).” The functional Z%, is of von Kdrmdn type with in-plane
and out-of-plane strains interacting in a membrane energy term, and a bending energy term. For simple choices
of Q2 and B", one recovers the classical functional (1.1). Finally, we say that the third limit Z;,x, models a
linearised von Kdrmdn (or fully linear) regime by analogy with the classical equivalent, but it is of a different
kind than the one expected from the hierarchy derived in [23], since it again features an interplay between
in-plane and out-of-plane components.®

Our second goal is to show that the limit energy I\?K interpolates between Zjk; and Zj,k as the parameter
f moves from oo to 0, so that one can say that the theory of von Karmén type bridges the other two. More
precisely, in Section 6 we prove:

Theorem 3.3 (Interpolating regime). The following two T'-limits hold:
r
T2 P Tiki,
if w is conver? (Thms. 6.4 and 6.5) and:
9 r
Tok T Tivk

m. 6.6 and 6.7). Furthermore, sequences (ug,vg)o>o of bounded energy are precompact in suitable spaces
Thm. 6.6 and 6.7). Furth bounded 0« t in suitabl
as @1 oo orf0 (Thm. 6.5).

Example. The easiest non-trivial situation is given by a linear internal misfit in a homogeneous material with
B(t) :=tI3 € R¥3 and Qs(t,-) = Qa(").
Then

IgK (u7 U) =

N D

1
/ Q2(Vsu+ Vv @ Vo) + ﬂ/ Q2(V2v — 1.
for (u,v) € Wh2(w; R?) x W22(w;R). We refer to [14, 15] for more worked out examples.

4. COMPACTNESS AND IDENTIFICATION OF LIMIT STRAIN

We collect here some basic results proving compactness of sequences of finite scaled energy and providing

explicit representations for the limit strains, as required for the proofs of I'-convergence in Section 3. These
In the numerical analysis literature, the denomination linear Kirchhoff is sometimes used for a pure bending regime without
constraints.
8This is in contrast to [23]. In our setting with the additional dependence on the z3 coordinate, it is not possible to simply drop
terms while bounding below the energy in the proof of the lower bound as is done in ([23], p. 211). Indeed, our keeping track of
both in-plane and out-of-plane displacements is essential to capture the effect of pre-stressing with the internal misfit B".
90r simply connected with dw satisfying the condition in Remark 3.2.4
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results are direct consequences of the homogeneous case treated in ([23], Lem. 1). We recall the definition of
the scaled elastic energies (2.1):

74(0) = armg |, Wolea, Vaale) 0 + 17 B (ax)) di

Lemma 4.1. Let o € (2,00) and let (y")no C Y have finite scaled energy I". For every h > 0 there exist
constants R" € SO(3) and c" € R3 such for the corrected deformations

7= p(y") == Ry - (4.1)

there exist rotations R" : w — SO(3) (extended constantly along x5 to all of Q1 outside {0} x w) approzimating
Vig" in L*(Q1). Quantitatively:

IVA§" = R*lo2,0, < ChO1.
Furthermore,
IR" = Illo2.0, < Ch*2.

Finally there exists a subsequence (not relabelled) such that for the scaled and averaged in-plane and out-of-plane
displacements from (2.8) there exist (u,v) € W12 (w;R?) x W22(w) such that, if o # 3:

ult = win WH2(w;R?) and o — v in WHE(w),

If « = 3 an analogous result holds with ul} and v} from (2.9).

In particular, in the sense of Definition 2.2 we have that (y"),~o P"-converges to v € X, (if a € (2,3)),
respectively (u,v) € X, (if a > 3).

Proof. This is exactly a particular case of ([23], Lem. 1), estimates (84) and (85) and estimates (86) and (87),
once we prove that if (y"),~¢ have finite scaled Z" energy, then they have finite scaled energy in the sense of
[23].

Note first that among all choices we can make for the energy density W which fulfil the assumptions in [23],
we can pick dist?(-,SO(3)). Therefore we will bound this quantity. Write d(F) := dist(F, SO(3)). We begin by
using Assumption 2.1.e:

Ch?*72 > Wo(zs, Viy(z)(I + ho‘_lBh’(a:g)))
1951

> / A (Vay(a) (I + hoLB" (z5))).

Consider now the following:

d2(F(I+hoc—lBh)) Q(F)_|Fha—lBh‘2
2(F) = Ch** 721+ d&*(F)]

Q(F) _ Oh2a72.

\\YARR\VARR\V]
I I N
QA A
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But then we are done since:
202 2
w2 [ 4.
1

O

Lemma 4.2. ¥Let a € (2,00) and let

(y")ns0 be a sequence in'Y which P"-converges to (u,v) € X, in the
sense of Theorem 3.1 and R" : w — SO(3)

(extended constantly along x3 to all of Qy outside {0} X w) such that

IViy" — R"lo2.0, < Ch*1.

Then:
Al = hal_Q (R"—1)— { fA Zse =5 iy 2w RP),

where

A:e;;@ﬁv—@v@eg,
and

T h

-1
gh o= B Vayt =1 hZf? — G in L*(Q; R*?),

where the submatriz G € R?*? is affine in x3:

G(Ji/, 333) = Go(l‘/) + achl(x’)

and
[ =6V if a=3,
Gr= { —V2u  else, (4.2)
_ H(Vsu—&—%VU@Vv) if a=3,
sym Go = { Vsu if a>3, (4.3)
and
Vst + %Vv ®@Vu=0,if a € (2,3).
Proof. See (23], pp. 208-209). O

10This is almost word for word ([23], Lem. 2) with the very minor addition of the factors 6, V0. For other scaling choices see
([23], p. 208). Note that this is inspired by ([9], Thm. 5.4.2) (itself based in ([9], Thm. 1.4.1.c)).
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5. I'-CONVERGENCE OF THE HIERARCHY

This section proves the lower (Thm. 5.1) and upper bounds (Thm. 5.2, 5.4 and 5.5) required for deriving the
hierarchy of models in Theorem 3.1. Recall that we are always using weak convergence in the spaces X,,.

Theorem 5.1 (Lower bounds). Let a € (2,3). If (y")ns0 C Y is a sequence P"-converging to v € X, then

liang (yh) } I]Ki(’l]).
h—0
Now let o = 3. If (y")n>0 C Y is a sequence PJ-converging to (u,v) € X, then for all § > 0
celonn 0
}nge"[a(y ) = IvK(”’”)

Finally, let a > 3. If (y")n>0 C Y is a sequence P"-converging to (u,v) € X, then

liang (yh) > Tivk (u, v).
h—0

Proof. If a = 3, we define B" := v/B" and B = V0B, otherwise B := B and B" := B". Following closely the
techniques in [22, 23, 51, 52] we use a Taylor expansion of the energy around the identity which allows us to
cancel or identify its lower order terms. For this we must correct the deformations with an approximation by
rotations and work in adequate sets where there is control over higher order terms.

Upon passing to a subsequence (not relabelled) which realises linf; .0Z"(y") as its limit, we may w.l.o.g.
assume that (y"),>o has finite scaled Z" energy and pass to further subsequences in the following.

Step 1: Approximation by rotations. We will be working with the corrected deformations

as given in Lemma 4.1. For simplicity we use the same notation " for these functions. Also by Lemma 4.1 there
exist rotations R" : w — SO(3) (extended constantly along z3 to all of ; outside w x {0}) which approximate
Viy" in L2(Q4) and are close to the identity, as required for the identification of the limit strain in Lemma 4.2.

Step 2: Rewriting of the deformation gradient. The functions

h (RMTVpyt -1
Gh o= S =

are uniformly bounded in L? by invariance of the norm by rotations:
1G™lo,2,0, = P~ Vay" = R"[lo2,0, < C. (5.1)

Now, by the frame invariance of W"(z3,-)

W (s, Viy") = W (23, (R") T Viy")
= Wo(xs, (R") " Viy" (I + h* "' B (x3)))
= Wo(xs, I +h"1AM),

where we have set

(@)= LI L ()T, 2) B )

= G"+ (R") V" B".
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Step 3: Cutoff function. Let x" be the characteristic function of the “good set” {z € Q; : |G"| < h~1/2}, where
(RMTV,y" is close to I. Here we have:

h1/2 > ha—3/2 > Xh|ha_lGh‘ _ Xh|(Rh)thyh _ Il _ Xh|vhyh _ Rh|,

which, because |R"| = v/3, implies that \"|V,y"| < C. Consequently, since the B" are uniformly bounded as
well:

Xh|ha71Ah‘ _ Xh|hoc71Gh + hafl(Rh)thyhBh‘
< Xh|ha_1Gh‘ 4 O(ha—l)
= o(h'/?),

and then
dist (I +h*'x" A", SO(3)) < |I +h*~ X" A" — I| = o(h!/?),
so in the good sets we may indeed expand around I for small values of h. Now, the sequence (G")~¢ is bounded
in L2 by (5.1) so we may extract a subsequence converging weakly in L? to some G' € L?(€;), which we consider
from now on without relabelling. Furthermore the sequence (x"),>o is essentially bounded and x* — 1 in
measure in ;. Indeed [{|x" — 1| > ¢}| = |[{|G"| > h='/?}| = 0 as h — 0 because ||G"||p.2.0, < C uniformly.
Consequently we have
X"G" — G in L*(Qy).
Analogously, the sequence (XhBh)h>0 is essentially bounded and converges in measure to B because |{\XhBh -
B| > &} < |{|B" — B| > ¢}| + {x" = 0} n{|B| > €}| — 0. Hence, using again the strong convergence
(RMTVpyh — T'in L2(Qy) (Lem. 4.1):
(RM)TVLy"x"B" = B in L*(Q,).
So we conclude

X"A" ~ A:= G+ Bin L*().

Step 4: Taylor expansion. Because Wy(x3,-)|so(s) = 0, for any fixed 3 the lower order terms of its Taylor
expansion

1
Wo(zs, I + E) = Wo(z3,I) + DWo(xs, I)[E] + §D2W0(T/3, D[E, E] + o(|E|*)
vanish and we have (for small enough h, as explained above)
1
WO (1‘3,] + ha—IXhAh) _ 5@3 ((Eg, ha—lthh) + nh <$3,ha_1XhAh) ,

where (x5, R4~ 1x" AP) = o(h2*=2|x" A"|?) represents the higher order terms. Defining the uniform bound

w(s) := esssup sup |n"(r, M),
—1<2r<1|M|<s
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we have w(s) = o(s?) by Assumption 2.1.c, and integrating over the rescaled domain §2; we obtain the estimate:

1
W/ Wh(.'L'g,Vhyh) dx
1951

1
> W/ Wh($37l+xhha_114h)dx
Q1

1 h2o2 h qh 1. h gh
> i [ Quls A (e A
1
1 1
= 5 [ @ueaxah - [l A (5.2)
2 Jo, 3153 h2a=2 Jo.

Step 5: The limit inferior. In order to pass to the limit, for the first integral on the right hand side of (5.2) we use
that )5 is positive semidefinite, therefore convex and continuous, and the integral is sequentially weakly lower
semicontinuous. For the second integral we use again Assumption 2.1.c and the fact that |[h®~1y"A"| < h'/2 to
obtain the bound (uniform over £;):

w(lhe "ty AM) w(s)
2 U< osu —0ash—0.
[he—Tyh AR |2 \s|<£/2 52

But then, because x" A" converges weakly in L?, we have [[x"A"|3,, < C and

|2
dzx

1 a1 h gh _/ w ([ReTIx AN ety AR
hZa—2 /Qlw(|h X" AM) dz = 0, |ho—lyhAh|? h2a—2

< sup w(s)/ |XhAh|2 dxe — 0

|s|<ht/z S 9N

uniformly bded.

as h — 0. Taking the liminf at both sides of (5.2) we have:

. 1 h h el h AR
}LIEEW /QIW (z3,Vpy")dz > ;111325 /Q1 Qs (»T:%X A ) dx

: 1 a—1 ph

1 .
> 0uws. G4 B da
2 Jo,

1 . <
2 o QQ(Z‘g,G‘FB)d.T,
2 Ja,
where the last estimate follows trivially from the definition of Q5.

By Lemma 4.2 the limit strain G has the representation

G(z) = Go(z') + 3G (2)),
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with G and sym Gy as in Lemma 4.2. We plug both into the last integral and use the fact that Qs (x3, -) vanishes
on antisymmetric matrices to obtain

with with G and sym Gg given respectively by (4.2) and (4.3). In particular, if a = 3, we have again:

hnff/ Wl (xs, Viy") /Qz (sym Go, G1) dw

h—00h4

=5 / Q(0"*(Vou+ 1V @ V), —V20).

If a € (2,3), then sym Gy is unknown, so we must further relax the integrand. With the definition of @; we see
that the final integral above is

1 . 1 [ —
5 Qg(l‘g, Go — xgvz’u + B) dx > 5/ QQ(—V21}) dz’.

Q1 w

We proceed now with the computation of the recovery sequences for each of the three regimes discussed.
Theorem 5.2 (Upper bound, linearised Kirchhoff regime). Assume w is convez'!, let o € (2,3) and v € X, 1=

Wh2(w). There exists a sequence (y")n~o C Y which P"-converges to v such that

IsupZ (y") < Tixi(v),

h—0

with Tik; defined as in (3.1) by

T = { LTV de' ifo e WR W),

oo otherwise.

Proof. We set ¢ = h®~2 so that h < ¢ < 1 and h? < eh < 1.

Step 1: Setup and recovery sequence. The functional Zjk; is strongly continuous on Wff (w) by the continuity

and 2-growth of @; By Theorem 7.1 we have a set Vy of smooth maps with singular Hessian which is W?22-
dense in Wf}f, see (7.2). Therefore, by a standard argument (see, e.g., [7]) it is enough to construct here the
recovery sequence. Take then a smooth function v € Vy. Because ||Vv||o < C, for € small enough there exist by
([23], Thm. 7) in-plane displacements u. € W22 (w; R?) N W2 (w; R?) with uniform bounds in e such that the

deformations
—oon | 2+ Eu()
y€($ ) = < EU(I/) s
17

nstead of convexity one may assume that w be simply connected and dw satisfy the assumption detailed in Remark 3.2.4,
because Theorem 7.1, Corollary 7.4 and ([23], Thm. 7) also apply in this situation.
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are isometries.'? That is: V'5_Vy, = I, where

1 0 \Y
Vy5=<020)+5<v720>+52( OUS)ER“Q.

Additionally the following normal vectors are unitary in R3:

bE(x/) = ys,l('rl) Ay€72($/)
€SVU52 . (’U 2, = 1)
= —¢ <V0v> + e3Vuer - (—v2,v.1)
1+ &2 tr Vu, + et det Vu,

= e3 —eVu(a) +ro(2),
where the rest r. satisfies
[rellt,o0 = O(e?),
by virtue of ||ucll2,00 < C and ||Vv||e < C. Consequently the matrices

0 —Vuo

R.:=(Vy,,b.)=I+¢ ( ar 0

> +7r. Res +52@u5
| S —

=T
are in SO(3) for every 2’ € w, with the remaining matrix 7. satisfying

I7<ll1.00 = O(€),

17

by the same arguments as before. Now, for some smooth functions «,g1,92 € C®(w@;R), g := (g1,92) and

d € L*(Q1;R3) with V'd € L>(Q1;R3*2) and D € C*°(21;R?) to be determined later, set

y" (¢, w3) := Yo (2') + h(zs — a(@’))b (') + h(g(x),0)
e / d(z/,€)d¢ + 2D (a', zs).
0

We will prove
h(y") — Tiki(v),
h—0

as well as P(y") — v in W2 for R" =1 € SO(3), " =0 € R3.

Step 2: Preliminary computations. In order to compute the limit of th,Q le Wo(xs, Viy"(I + ehB")) we start

with the gradient of the recovery sequence:

Viy" = (V7.,0) + bV [(25 — )b
+eh[Vg+d® es] + hD 3 ® ez + o(ch).

2T

he uniform bounds for ||uc||2,2 follow from ([23], Thm. 7), equation (181), and those for ||us||2,00 from the explicit construction

done in the proof, in particular equations (183), (186) and (190).
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For the first term in h we have

Vil(zs — a)b.] = (x5 — a)@bg —b. ® Va + %bs ® es
= (a— :@,)(5@2@ — @rg) —b.®@Va+ %bg ® es.
Substituting back into the gradient yields:
Viy" = R. +eh[(a — 23)V20 + Vg + d ® e3 + o(1)]

=:Ah
—hb. @ Va+ hD 3 ® e3.

Because we intend to use the frame invariance of the energy, we will need the product of V53" with R;'— =

I+ O(g). First we have:
ehRI A" = eh A" 4 o(ch) = eh A",
where we have subsumed terms o(eh) into the o(1) inside A". Therefore

RIVuy" = I3+ chA" —hes @ Va+ RIhD 3 @ e3.

=:hFh

(5.4)

Step 3: Convergence of the energies. The next step is a Taylor expansion around the identity. Given that the
energy is scaled by (¢h)~2, only those terms scaling as ¢h in (5.4) will remain: anything beyond that will not

be seen and anything below will make the energy blow up. This means that we must choose D so that

F'"=Djs®es+e(v1Ds3,v9D33,—v1D13—v2D23) ® ey
—e3® Va + o(e)
= o(e).

Although these equations have no solution the symmetrised version does,'® so that for every smooth choice of

a we can pick a bounded D such that
F'=0, and F"=0(1),
a fact that we will exploit next. By frame invariance and (5.4), we can write

Wo(xs, Vay" (I + ehB")) = Wy (23, R] Viy" (I + ehB"))
= Wo(zs, (I +chA" + hF")(I +chB"))
= Wo(zs, T+ h (E(Ah + Bh) + Fh 4 0(¢))).

=:Ch

3Dividing by h we arrive at:
D13 +eviDss =
D3 +evaD3zz = a2+ o(e),
D33 —¢evi1D13—¢evaD23 =
with solution:
D(z',z3) = z3Va + z3eVv - Vaes.

(5.5)
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Because of (5.5) by our choice of D we need to subtract the antisymmetric part of F*, which we do by means
of another rotation and frame invariance:

Wo(xs, I +hC") = Wo(xs,e " (I + hC™))
= Wo(zs, I + hC" — hEM + O(h?))
= Wo(xs, I +eh(A" + B") + o(eh)).

Now whenever h is small enough that I + hC" belongs to the neighbourhood of SO(3) where W, is twice

differentiable, we can apply Taylor’s theorem and the fact that 3 vanishes on antisymmetric matrices to see
that, as h — 0:

o Wols, Vg (T +<hB") = JQses, (A" + B'),) + o(1)
— %Q3($3,As + By),
where
Ay = (0 — 23) V20 + Vg + (d® e3)s.
We choose
d(z',x3) = L(x3, (@ — £3)V?v + Vsg + B,) — B,

with £ the map from (2.3), which by (2.3) and (2.4) is linear in the second component and satisfies |L(t, A)| < |A]
uniformly in ¢, and B.3 the third column of B. Because the matrix (a — 23)V2v + Vg + By is bounded uniformly
in 2, by the bound (2.4) the map

P / L (0 — )P0+ Vg + B(€)) de,

is in W1 (Q1;R3) and y* € W12 as required (for the derivatives with respect to 2’ note that v, g are smooth
and B independent of z').
Now, all quantities being bounded, by dominated convergence:

1 N .
Ihy") = 3 Qs(x3, (0 — 23) V0 + Vg + (d ® e3)s + By)
Q1

1 .
= 5 Q2 (3733(057393)V2U+V89+Bs) .
Q

Note that a final step is required to obtain convergence to Zik;(v).

Step 4: Convergence of the deformations: P"(y") — v in W12, Choose R" = I € SO(3),c" = 0 € R? in the
definition of p for (2.8). We have

Rk

Pg(yh) = g/ y yg(xlaxa)d%,
—1/2
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where in (5.3) we defined y#(2/, 23) = ev(2’) + h(x3 — a(z'))bes(2') + O(eh). Then:

hy, h 2 1 2
[Py (y") —v|® = |- [ev + h(zs — a)b.s + O(eh)] dzs — v

€J-1/2

= O(e72h?),

and consequently ||P?(y") —v|o2 — 0. An analogous computation for the derivatives shows strong convergence
in Wh2,

Step 5: Simultaneous convergence. Finally, as in ([52], Thm. 3.2), in order for the energy to converge to

the true limit, we must pick o and g in (5.3) so as to approximate the minimum @Q,. This is done with
Corollary 7.4, substituting sequences of smooth functions (o )ren, (9x)ren for the functions a, g. Then, for each
fixed k£ we have:

N
h—0 2

1 [
_ 5/QQ(_v%) Ao’ + 0(1)je—so0s

T (yr) /Q Q2 (w3, (k — 3) V>0 + Vagi + Bs)

and
IPL(yp) = 75 < C(k)e™2R.

And by a diagonal argument we can find (y"),~o whose energy converges to Ziki(v) while maintaining the
convergence of the deformations.
O

Remark 5.3. The recovery sequence defined in (5.3) is substantially different from the recovery sequence
constructed in [23] for homogeneous layers. While the summand depending on d, which allows for relaxation of
the strain in the thin film direction to account for the Poisson effect, is of a more complicated form, it still has
a direct counterpart in the homogeneous case. The contributions involving «, g and D, however, are particular
to heterogeneous layers. The mapping « is used to re-adjust the height x5 = 0 to z3 = a(z’) at which the film
follows the isometry y. to leading order. Considering, e.g., a bilayer consisting of a soft material on top of a
material with large moduli, one typically has o < 0. This, however, leads to new terms in the strain depending
on Va. The last term involving D, in combination with the microrotation e =% 2 introduced in the above proof,
is used to compensate for these terms. Finally, the summand involving the in-plane term g, together with the
strain induced by ab., by Corollary 7.4 allows for a full relaxation of the x3-independent strain contributions
and thus to pass to the relaxed quadratic form @;, which only depends of the linearized curvature term V2v.

Theorem 5.4 (Upper bound, von Kdrmén regime). Let « = 3 and consider displacements (u,v) € X4z 1=
W2(w;R?) x WH2(w;R). There exists a sequence (y")n~o CY which P}-converges to (u,v) such that

1 h(, h\ _ 70
%’L}Hloéza(y )*IVK(IZ‘L’/U%

with I%; defined as in (3.2) by

T (u,v) == / Q,(0"*(Vou+ 1V @ V), —V?0)

w

| —

over X_, = WH2(w; R?) x W22 (w;R) and as co elsewhere.
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Proof. In order to build the recovery sequence (y")n>o we will use the map £ : (=1/2,1/2) x R?*? — R? given
by (2.3), which for each t realises the minimum of Q3(¢, A + ¢ ® e3), A € R?*2_ ij.e.

Qa(t, A) = Qs(t, A+ L(t, A) ® e3) = Q3(t, A+ (L(t, A) ® e3)s),
where the last equality follows from the fact that Q3 vanishes on antisymmetric matrices. Recall from (2.4) that
L(t,-) is linear for every ¢ and that |£(¢, A)| < |A| uniformly in ¢.

The functional Z% is clearly continuous in X0 = W2(w; R?) x W?22(w;R) with the strong topologies, so a
standard argument [7] shows that it is enough to consider (u,v) € C*(w;R?) x C*(w;R), which is dense in

X9, We define:
= () () oon (747)

+Oh3d(z’, x3),

where d € W5 (Qy;R?) is a vector field to be determined along the proof.
Step 1: Approximation of the energy. A direct computation yields

0h*Vu |-hVOVou oy (2307 12V 0
- — %0
WovVTe| 0 0 0
+h%003d ® e3 + O(h?)
=TI+ hV(e3 ® Vo — Vo ® e3)
E
+h20(Vu — 23072V + 03d ® e3) + O(R®).

F

vhyh:[+(

For later use we note here the product:

Vo y"Viy" = (I+hVOET + h*0F ) (I + hVOE + h?0F) + O(h®)
= I+ hVO2E, + h*0(2F, + ETE) + O(h®),
=0 N
where we used that F is antisymmetric. For any matrix M with positive determinant we have the polar decom-

position M = UVMTM = U/T+ P, with U € SO(3) and P = M "M — I. By the frame invariance of the
energy and a Taylor expansion around the identity of the square root

Wo(xs, M) = Wo(z3, VMTM)
=Wy (23, I+ (MM —I)+o(|M"™M - 1I|)),

and, assuming that a Taylor expansion of W around the identity can be carried, 7.e. that M is close enough to
SO(3), this is equal to:

%Qg (x5, 3(M "M — 1)) +o(|MTM — I?).
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In view of the definition of Wy, we set
M" == Vyy"(I + h*B"),
where B" = \/B" — B = v/6B in L. Then
(MM TM" = Wy (I + B2B™")] T [Vay" (I + h2B")]

(I +h*(B™")(I + h?ON)(I 4+ h®B") + O(h®)
= I+ h%0N + h?2B, + o(h?).

To compute the first term in h%, N = 2F, + ET E, we have
2F, =2 (@gu — 250”2V + (03d® 63)5) ,

and:

ETE = (@’U®63 — e3 ®@U)(e3 ®@’U — @q}@eg)
= Vo Vu+ |@v\263 ® e3.

Since these quantities are independent of h, for sufficiently small & the product (M") " M" does lie close enough
to SO(3) and we can perform the desired Taylor expansion:

W (25, Viay") = Wo(zs, Vay" (I + h2B"))
Wo (s, (M) 2")12)

= Qs (s, HOMN MY — 1))+ o(| (MM M”12,

Define now G := 9(@Su + %@v ® ?v), G1 = —0Y2V2p as in Lemma 4.2. Bringing the previous computations
together we obtain:

2()

1 N R

5[(Mh)TMh — I = h*[Gy — 23G1 + B,
+\/§(B(t)3 ® 63)5 + g|@v|2€3 ® es + 9(83d® 63)5]
+O(h )a H

hence
% [Qs (3, 2 (M™)TM" — 1)) + o(|(M™) T M" — 1|?)]
= Q3 ($3,é0 — 3Gy + VOB, + H) +o(1).

We now choose the vector field d to cancel one term and attain the minimum for the others by solving for dsd
in:

H= (L (9637 Go — 23G1 + \/éBs(-TS)) ® 63)S )
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that is:
07V 2B(t) 5 + L|Vol?es + Dsd(2/, 23) = 1L (xg, Go — 235Gy + \/éBS(xg)) .

Consequently, we set:

1 -
d(z',x3) := —§|Vv|2x363
1 [*s .
+§/ L (t, Go — Gy + \/§Bs(t)) —VOB(t).3dt,
0
and we obtain

Qg (1‘3, GO — 1‘361 + \/EBS(.’L?,) + H) = Q2 (£U37 GO — .Z‘3G1 + \/533(33‘3)) .

As in the proof of Theorem 5.2, (2.3) and (2.4) imply that d € W1>°(Q;R3).

Step 2: Convergence. By the previous step we have #Wo(l'?” Vhyh) — %Qg (1133, Go + 23G1 + \/@Bs) a.e. as

h — 0, and the sequence is uniformly bounded so we can integrate over the domain and pass to the limit:

1 1 .
o /Ql Wh(zs, Viy") — 20 /Ql Q2 (I:S,Go — 3G + \/éBs)

1 —
=3 / Qo (0" (Vou + iV ® Vv), —V?v).

Step 3: Convergence of the recovery sequence. Note that PJ(y") — (u,v) in X, as h — 0 with the choice R" =
I € SO(3),c" = 0 € R? in Definition 2.2 since

1 1/2 '
W/ / " (- 23) — 2')dws — v in WH2(w;R?),
—1/2

\/@h/ ) yh (-, x3)des — v in WH2(w;R).
—1/2

O

In the next result, there is a departure from the analogous functional in [23] beyond the dependence on the
out-of-plane component z3. In the preceding cases, if one sets Q2(t, A) = Q2(A), and B = 0 then the same
functionals are obtained as in that work. However, in the regime « > 3 their limit has no membrane term,
but we have @, (Viu, —V?0) = 1 [ Q2 (Vou) + 55 [ Q2(V?v), with the membrane term. The reason is that [23]
discard the in-plane displacements by minimising them away. In their proofs, they drop the first term in the
lower bound and build the recovery sequence with no u term in A*~ 1.

Note that it is by keeping the membrane term that our model is able to take into account and respond to
the pre-stressing (internal misfit) B" e. g. compressive or tensile stresses in wafers.

Theorem 5.5 (Upper bound, linearised von Kdrmén regime). Let a > 3 and consider displacements (u,v) €
Xo = Wh2(w;R?) x WL2(w;R). There exists a sequence (y")nso C Y which P"-converges to (u,v) such that

limIf; (yh) = Tivk (u,v),
h—0
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with Tiyk defined as in (3.3) by

Tivk (u,v) :=

/@2 (Vsu, —V?v) do’,

DN =

on X2 and by +oo elsewhere.

Proof. We follow closely the notation and path of proof of Theorem 5.4. By a standard density argument it is
enough to consider (u,v) € X, N C*®(w). Define

Y (o ws) = ( v ) + ( ZZ:?;EQ ) — By ( RSe ) +hod(@ ),

hl’g
with d € W1>°(Qy;R3). Then

Viy' =1+ ho2 (e3® Vo—Vo® e3)+ho! (@u — 25V + 83d ® es)

=K =F

+O(n%),
and, using that F; = 0:

V3" Vi = (I +h*2ET + h* L FTY(I + b 2E 4+ h*71F) + O(h%)
=T +2n7'F, +o(h71).

Define now M" := V,y"(I + h*~1B"). A few computations lead to

[(M")TM" 1) = h*7H(Fs + Bs) + o(h*7Y),

1
2
from which follows, after a Taylor approximation (recall from the proof of Theorem 5.4, that this can be done

for sufficiently small h):

1
2h2(x—2
+o(|(M")TM" —I?)]

Wh(23, Viy") = [Qs(xs, [(M™)TM" - 1]/2)

h2a—2

= %sz(l‘s, Fy+ Bs) +o(1).
Picking d such that:
((B(x3).3 + 03d) ® e3)s = (L(ws, Vu — 23V + By(x3)) ® e3)s,
e.g.

d(z',z3) = / L (t,Vsu—tV2v+ By(t)) — B(t).3 dt,
0

the term with £ in Q)2 cancels out and we obtain

Qs(z3, Fy + By) = Q2 (23, Vsu — 23V?0 + By(3)) .
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Note that as proved in Theorem 5.4, the properties of £ imply that the function d € W1>(Q;;R?) so the
previous computations are justified. We have therefore

1

1 .
WWg(JCg, Vi) = 5@2 (x5, Vou — 23V%0 + B,(23)) ae. in w,

and also Q2(73, A) < |A]? by Assumption 2.1.b. Because u;,v € C®(w) and By € L™, all arguments of Q5 are
uniformly bounded and we can apply dominated convergence to conclude:

1 1 .
7202 / Wo(xs, Vay") — 5 | Q2 (w3, Vou — 23V?0 + By(23)) da
o hio 2 Jo,
1 [~
— §/wQ2 (Vsu, —V?v) da’.

Set now R =1 ¢€ SO(3),c =0 € R3 for the rigid transformation p in Definition 2.2. It remains to note that
indeed P"(y") — (u,v) in Xg:

1 1/2
T i s,
—-1/2

1 1/2
/ (" (-, x3) —2')das — u  in WH2(w; R?),

and the proof is complete. O

6. I'-CONVERGENCE OF THE INTERPOLATING THEORY
Notation. Throughout this section we write Ag := Vsug + %va ® Vg for the strain induced by a pair of

displacements (ug,vg). As before, 6 > 0.

We now set to prove Theorem 3.3, which states that the functional of generalised von Karmén type that we
found in the preceding section,

1 1/2 3
IfK(ug,vg) = 5/ / Q- (a:g,, VOAy — 23V30g + B(ch)> dzs dz’,
wJ—1/2

interpolates between the two adjacent regimes as § — oo or 8 — 0. As 0 approaches infinity, we expect the
optimal energy configurations to approach those of the linearised Kirchhoff model, whereas with 6 tending to
zero they should approach the linearised von Kérméan model.

For this section we restrict ourselves to spaces where Korn-Poincaré type inequalities hold.

Definition 6.1. Let

X, = {ueW1’2(w;R2):/VGu:0and /uzO}7

X, = {UEWQ’Q(w;R):/szoand /U:O}.

and
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We set X, := X,, x X,, with the weak topologies.

Additionally, from now on we assume without loss that the barycenter of w be the origin so that fw ' dz’ = 0.
Finally, for the I'-limit § — oo we require that w be convex or simply connected with Ow satisfying the condition
in Remark 3.2.4 and recall the definition of the space of maps with singular Hessian

W2 (w) = {veW»?(w;R) : det Vv =0 ae.}.

S

Remark 6.2. There is no loss of generality in reducing to the space X, x X,: First we can always add an
infinitesimal rigid motion to v and any affine function to v without changing V,u or V2v. Second, although the
nonlinear term Vv ® Vv does change after adding an affine function, the extra terms appearing happen to be
a symmetric gradient which can be absorbed into V,u with a little help: For any g(z) = a -z + b for a,b € R?,
we have

Viv+g)@Vw+g)=VvaVv+a®a+a®@Vv+Vo®a
=Vo® Vv 4+ Vyz (6.1)

where we set z(z) := (2v(x) + a - z)a € W??(w;R?). Therefore, for any fixed u € W?(w; R?),v € W22(w) one
can choose g(z) = —[(Vv), - ¢ + (v),,] and define

t=u+z+r, v=v+g,
with 7(z) = Rz + ¢, for constants R := ﬁ [, Vau+Vazdr € R2%% and ¢ := ﬁ J., u(x) + z(x) + Rz dz. For @, 0
we then have on the one hand [@ =0, [V,a=0and [9 =0, [ Vo =0 and on the other (note that Vs = 0):

T (u,v) = The (it — 2 — 1,0 — g) &) T (i — 1, 0) = T (i1, D)

A%

as desired.

Our first theorem identifies the types of convergence required in order to obtain precompactness of sequences
of bounded energy. We use these definitions of convergence for the computation of the I'-limits.

Theorem 6.3 (Compactness). Let (ug, vo)g>o0 be a sequence in X, with finite energy

supZ9 (ug,vg) < C.
0>0

Then:

1. The sequence (vg)groo s weakly precompact in W22(w) and the weak limit is in X, N Wf}f (w). Additionally
(ug)otoo is weakly precompact in W2 (w; R?).

2. The sequence (0%/%ug,vg)gi0 is weakly precompact in W12(w;R?) x W22(w) and the weak limit is in
X, x X,.

Proof. By assumption:

1/2 )
¢z / / Q2 (3337 VOAg — 23V + B(l’g)) dzz da’,

—1/2
and the uniform lower bound on @2 in (2.4) yields

Q2(z3, F) 2 |F|? for all symmetric F and z3 € (—1/2,1/2),
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so that f 12 Q2(z3, F(x3)) 2 f 12 |F(x3)|?. Now split the inner integral in half, and normalise to use Jensen’s
inequality. In the uppcr half.

1/2
oz/ / ‘\fAe—xgv v9+B(x3)‘ dzs da’

2 [ |2
w | JO

= [ |VOAy — 1V2u5 + ¢ *
[ VoA = 1w g

1/2 2

VOAy — 23V%0g + By(x3) das| da’

2 H\/éAg — %VQ’U@H(Q) , A|wl.
An analogous computation for the lower half of the interval results in
> Vo il
and bringing both bounds together we obtain:
H\/§A9H02 <C and |[Vuglloz < C. (6.2)

Two applications of Poincaré’s inequality to the second bound yield:
[lvgll2,2 < C for all 6 > 0.

Therefore a subsequence (not relabelled) vg — v for some v € X,,. Now consider (6.2) again and observe that
with the Sobolev embedding W'2(w) < L*(w) we know that

IVvo ® Vwgllo,2 = [[Veollg 4 S 1 Vwollf 2 < [lvgll3 < C.

Together with (6.2) this implies

H\/évsugHo < C+OVA, (6.3)

)

so, by the Korn-Poincaré inequality, the sequence (ug)g=o is bounded in W2 when 6§ — co and there exists a
subsequence (not relabelled) ug — u for some u € X,.
Now if 2. — z in W12(w;R?), by the compact Sobolev embedding W12 < L* we have z. — z in L* and

/\zs®zs—z®z\2dx—>0.
w e—0

So Vg ® Vg — Vo ®@ Vo in L? and from (6.2) and lower semicontinuity of the norm we deduce

[Vsu+ 3Voe Vol|, < Jinf [[Agflo.2 = 0.

([23], Prop. 9) (applied to every ball contained in w) shows det V2v = 0 a.e., and this concludes the proof of the
first statement.
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For the second statement we take 6 | 0. It only remains to prove precompactness for ug since the pre-
vious computation for (vg)g=o applies for all . But it follows directly from (6.3) above: again with the
Korn-Poincaré inequality, the sequence (91/ 2up)g>0 is bounded in W2 so it contains a weakly convergent
subsequence 0'/2ug — u € X,,. O]

We begin the proof of I'-convergence in Theorem 3.3 with the lower and upper bound and a few technical
lemmas for the passage from o = 3 to o < 3.

Theorem 6.4 (Lower bound, von Kérmdn to linearised Kirchhoff). Assume w is convex and let (ug, vg)oso be
a sequence in X, such that vg — v in X, as § — co. Then

linf 7% (ug, vg) > Tiki(v).
6100

Proof. By Theorem 6.3 we only need to consider v € X2 := X, N W?;LQ (w), hence Ziki(v) < co. We can minimise
the inner integral pointwise and obtain a lower bound:

1/2
T (ug,ve) = / Qz 3337\[140 — 23V + B(:vg,)) dzs da’

~1/2
1/2 i
= 3 /w Agﬁ{lznX2 s Q2(23, A — 23V?vg + B(x3)) dws da’
= Tiki(ve).

—x . .
As Q) is a convex quadratic form, we have by the convergence V2vy — V2?0 in L?:

éiTHfI\?K(Ug, ’Ug) Z éiTIlfl'lKi(Ug) 2 I]Ki(’l)).

O

Theorem 6.5 (Upper bound, von Kdrmén to linearised Kirchhoff). Assume w is convez** and fix some v € X,.
There exists a sequence (ug,Vg)proo C Xu such that vg — v in W2%(w) and L0 (ug,ve) — Tixi(v) as 6 — oo.

Proof. Without loss of generality we may assume that v € X0 := X, N Wszﬁ (w). By Theorem 7.1 we can work
with functions v € Vg, see (7.2), which are smooth with singular Hessian, since they are dense in the restriction
to X0. By ([23], Prop. 9) there exists a displacement u : w — R? in W22(w; R?) such that

Vsu+ $Vo@Ve = 0. (6.4)

Fix > 0 and, using Corollary 7.4, choose smooth functions a € C*°(w), g € C°°(w;R?) such that
||vsg + aV2v - Amin”i 2 < 53

where Apin € L™ (w; RZ%?) is defined as
1/2 §
Apin 1= argmin Q2(t, A — tV%v + B(t)) dt.
AERZ)Z J—1/2

T Alternatively we may assume that w be simply connected and Ow satisfy the assumption detailed in Remark 3.2.4, because

Theorem 7.1, Corollary 7.4 and ([23], Prop. 9) also apply in this situation.
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Define now the recovery sequence (ug, vg)g=o with

g = U+ %(O&VD +9), vo:=v— Lo

3

Clearly vg = v — 0~1/2a — v as § — oo in W?2(w). Furthermore

VOV sup = VOV ou + Vsg+ (Va® Vu)s + aV3v

YOVvg @ Vg = YV @ Vo + 55-Va ® Va — (Va @ Vo),

and

2 o2 Tt o2
-tV = tVU—i—\/@Va,

so that, using (6.4) and the fact that the product [|[Va ® Val|o2 = [|[Val|§ 4 is bounded we have

1/2
IfK(UQ,UG) = / / 91/2149 — tV?uy —|—B( )) dt da’
1/2

—1/2

Now subtract and add A,,;, inside Q2 and use Cauchy’s inequality to get

1/2 3
/ Q2 (t,Vsg + aViv — tV?v + B) dt

—1/2
1/2 3
< (1+ x/S) Qa(t, Ain — tV%0 + B) dt
—1/2
1/2
Q t  Veg+aViv— Apin) dt
4\[ —1/2 2 )
SIIVag+aV2o—Amin |2 ,<8
1/2 §
= Q2(t, Amin — tV?0 + B) dt + O5,0(6/?).
—1/2

We plug this in and obtain:

1 1/2 5
T (ug,v9) < f/ Q2 (t, Ain — tV%0 + B(t)) dt da’
wJ—1/2

+O(07/2) + Os540(6"?)

(\}

o 1 1/2 .
0T—> 5 / QQ(ta Amin - tVQU + B(t)) dt da’ + O5¢0(51/2)'
—1/2

The proof is concluded by letting 6 — 0 and passing to a diagonal sequence.

1/2
/ Q2 (t, Vg + (o — )V + B(t )) dtda’ + O0=1/2).

29
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We finish the proof of Theorem 3.3 with the lower and upper bounds for the transition from o = 3 to o > 3.
The lack of constraints in the limit functional makes the proofs straightforward.

Theorem 6.6 (Lower bound, von Kdrmén to linearised von Karmén). Let (ug,vg)oso be a sequence in X,
such that (0Y/?ug,ve) — (u,v) in X, as @ — 0. Then

linf Z% (ug, vo) = Tivk (1, v).
0—0

Proof. We may assume that supgs o Z% (ug,vs) < C. Then by Theorem 6.3 (Vvg)g=o is bounded in W12 and
by the Sobolev embedding W'? < L* we have as before ||[Vvg ® Vugllo,2 = [[Vogl|§ 4, < C. Consequently

VOAy =VOV sup + ?va ®@ Vg — Veu inL?as6 0.

By convexity of the quadratic form Q2 we conclude

1/2
lian (up, vg) // Q2 xd,V u— 23V v—l—B(m)) dzs da’
040 1/2

= IlVK(u7’l)>.

O

Theorem 6.7 (Upper bound, von Kérmén to linearised von Kdrmén). Let (u,v) € X,,. There exists a sequence
(ug,v9)o>0 C Xy such that (0 %ug,vp) — (u,v) in X, and T (ug,ve) — Tivi (u,v) as @ — 0.

Proof. Define
Uy 1= 0124 and vy 1= V.
Clearly (0'/?ug,v9) = (u,v) and using again W2 < L* we have:

VOAg = Veu+ 30Y2Vv @ Vo P Veu in L%

Consequently:
1 1/2 5
IfK(ue,vg = 5/ / ) Qg z3,V0Ag — 23V %04 + B(mg)) dzs dz’
w 1/2
5/ / :L'g,V u— x3V 'UJrB(xg)) dzs dz’
= (u,
as stated. O

7. APPROXIMATION AND REPRESENTATION THEOREMS

A key ingredient in the proofs of the upper bounds is the density of certain smooth functions in the space
where the energy is minimised. In particular, for the case o € (2,3) we obtain a result proving that W22 maps
with singular Hessian can be approximated by a specific set of smooth functions with the same property. In
order to apply the results of [52] we may restrict ourselves to isometries which partition w into finitely many
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so-called bodies and arms. More precisely, suppose y : w — R? is a W22 isometric immersion and denote by
IT = Il its second fundamental form, i.e., IT;; = ;- (y,1 Ay,2) ;. Then Il is singular, and there exists f, € w2
such that V f, =II. We call 7 : [0,1] — w, parameterised by arclength, a leading curve if it is orthogonal to the
inverse images of f, on regions where f, is not constant. We denote by x and v the curvature and unit normal,
respectively, i.e., 4" = kv. In fact, x must be bounded, hence v € W2, A subdomain «’ C w is said to be
covered by a curve -y if

W () +sv(t) s eRt € [0,1]}).

As shown in [46], if w C R? is a bounded convex domain, it can be partitioned into so-called bodies and arms.
Here a body is a connected maximal subdomain on which y is affine and whose boundary contains more than
two segments inside w. An arm is a maximal subdomain w(7y) covered by some leading curve . Such a covering
is possible also for general bounded Lipschitz domains, see ([26], Thms. 3 and 4).

In [52] (built on [46]) it is shown that for convex w the set

Ao = {y € C™(w;R?) : y is an isometry finitely partitioning w} , (7.1)

i.e., the set of C>-smooth isometries with only a finite number of bodies and arms, is dense in the W?22-
isometries. For Lipschitz domains, a direct application of the results in [26] only leads to approximations with
possibly a countable number of arms within portions near the boundary. However, for domains w for which there
exists X = 3 C Ow with H!(2Z) = 0 such that on its complement dw\X. the outer unit normal to w exists and is
continuous, cf. Remark 3.2.4, Hornung constructs in [25] C°°-smooth approximations to a given W?2-isometry,
which are non-affine only on a finite number of arms. In this sense, the set Ay in (7.1) is still dense in the
W?22_isometries if it is understood as the set of C°°-smooth isometries y with only a finite number of bodies
and arms on which y is non-affine.

Here we show that, additionally,

Vo :={v € C®w) :3In > 0s.t. nv =y for some y € Ay}, (7.2)

. . 2,2
is W%2-dense in W;~.1

Theorem 7.1. Let w C R? be a bounded, convex'® domain. Then the set Vo is W?-dense in W22(w). In
particular det Vv = 0 for all v € V.

Proof. Step 1: Approximation. Let v € Wf,f (w) and € > 0. By ([23], Thm. 10), we can find some © € Wff(w) N
Whee(w) s.t. |[v — |l22 < £/2 and, for n = n(e) > 0 sufficiently small, ||[V7?|/o < 1/2. One can now apply
([23], Thm. 7) to construct an isometry 7 € W22(w; R3) whose out-of-plane component g3 = no. By the density
of Ay we find a smooth y € Ay such that ||y — §ll22 < en/2 and in particular |ys — Jsl|2,2 < en/2. Setting
Y :=ys3/n € Vo we conclude

lo =]

22 < [[v =022 + [0 —ll22 <e.

15 The density of C?(w) N Wsth (w) in thQ (w) was first announced in [46] to follow along the same lines as the density of smooth
isometric immersions in the class of W22 isometric immersions. As this seems not to be straightforward, we follow a different route
reducing the density of Vg in WS2;L2 to the density of Ag in the set of W22 isometric immersions. We are grateful to Peter Hornung
for the help provided with this proof.

16 Again the assumption of convexity may be dropped if one requires that w still be simply connected and dw satisfy the assumption
detailed in Remark 3.2.4, because Ay is still dense in the set of W22 isometric immersions and ([23], Thm. 7) holds true also in
this situation.
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Step 2: Inclusion. Let v € Vy with nv = y3,17 > 0 for some smooth isometry y € Ag. Recall that the second

fundamental form I, of any smooth isometric immersion y is singular and the identity VQyj = —II(yyn; holds
for all j € {1,2,3}, where n = y1 Ay2.!” Therefore det(nV?2v) = det(— I,y n3) = 0 and the proof is complete.
O

As it appears to be of independent interest we state here the following condensed version of our previous
considerations.

Remark 7.2. Let w C R? be a bounded, simply connected, Lipschitz domain whose boundary contains a set
¥ =3 C dw with H!'(X) = 0 such that on its complement dw\Y¥ the outer unit normal to w exists and is
continuous. Then the set Wf};z (w) N C>(w) is W*2-dense in Wfﬂz (w).

Once one can work with smooth functions, the essential tool for the construction of the recovery sequences for
a € (2,3) is the following representation theorem for maps with singular Hessian and its corollary, both inspired
by [52]: In ([52], Lem. 3.3) it was shown that if y € Ay and A € C*°(w;RE%?) vanishes over a neighbourhood
of N = {IlI(,) = 0}, then there exist &, gi,g2 € C°°(@) vanishing on N such that A = Vg + &Il,). While w
was assumed to be convex in [52], the same proof applies to the situation of domains w where dw satisfies the
assumption detailed in Remark 3.2.4. This is because &, g1, g2 are chosen to vanish on bodies and those arms
where y is affine and the construction in ([52], Lem. 3.3) is done over the finitely many covered domains over
which y is non-affine only.
Theorem 7.3. Let w C R? be a bounded convex'® domain and v € Vo and A € C>(w; R2%2) such that A =0

sym

in a neighbourhood of {V?v = 0}. There exist maps a, g1, g2 € C®(@) such that a = g; = 0 on {V?v = 0} and
A=V,9+aV3u.

Proof. Let n > 0,y € Ag s.t. nv = y3. Using that V?y3 = —II(,yn3 holds by virtue of y being an isometry, with
n = y,1 Ay, being the unit normal vector, we have that A =0 in a neighbourhood of {II,;) = 0} U {n3 = 0},
and

{V?v =0} = {II,) = 0} U{n3 = 0}.

We can apply the above stated ([52], Lem. 3.3) to y in order to obtain functions &, g1, g2 € C*°(w) s.t. &, g1,92 =0
on {II,y =0} and A =V g+ all,.

By examining the proof of this Lemma one can see that &, g = 0 in a neighbourhood of {n3 = 0}: since over
bodies one has @, g1,g92 = 0 by construction, we need only consider arms. On these sets, if nz vanishes at a
point then it vanishes at a whole line perpendicular to the leading curve, because the latter is orthogonal to the
level sets of the gradient. Now, because A = 0 in a neighbourhood of this line, when solving the equations in
the proof of the Lemma which determine g then &, one obtains us s = 0 and us; = 0, and with the boundary
conditions us = 0 then u; = 0 is a solution to the remaining equation. Hence ¢ = 0 and & = 0 on these lines.
Since the functions so obtained are C*°, we can define o := —an/n3 if nz # 0 and o = 0 otherwise, and this is
a smooth function such that

A=V,9+ aV3u.

T7See ([42], Prop. 3) for a proof for W22 isometries on Lipschitz domains.

18 Again instead w being convex one may assume that it be simply connected and Ow satisfy the assumption detailed in
Remark 3.2.4. Theorem 7.1, Corollary 7.4, ([23], Thm. 7) and ([52], Lem. 3.3) (and its proof) are valid in this situation as well.
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Corollary 7.4. Let w be as in Theorem 7.3, v € Vy and define for every ' € w

1/2 )
Amin(2) = argmin Qa2(t, A — tV%v(2) + B,) dt.
A€ERZ)2 J—1/2

Then Amin € L*(w; R2X2) and there exist sequences of functions ay, € C™ (W), gr € C*(w;R?) such that

Sym

Hvsgk+akv20—Amin| — 0 as k — 0.

|L2(w;R2X2)

Proof. Let k € N be arbitrary. First, on the set {V?v = 0} we trivially have A, = Ao a constant matrix. Now
let Ay, € C°°(w;R?**?) with support in {V?v # 0} such that

HAk - (Amin - AO)HLZ(UJ;RQXZ) < %7

and use Theorem 7.3 to pick smooth «y, g on w with

Ap = Vigr + o V30.

Set gk(x/) = gk(QT/) + Aoz’ Then:

Vg + x V0 = Aminl| 2 = || Vs + V0 = (Amin — Ao)|| 1> < 7

O
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