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PROBABILISTIC INTERPRETATION OF A SYSTEM OF COUPLED
HAMILTON-JACOBI-BELLMAN-ISAACS EQUATIONS*

JuaN L1, WENQIANG L12 AND QINGMENG WEI***

Abstract. By introducing a stochastic differential game whose dynamics and multi-dimensional cost
functionals form a multi-dimensional coupled forward-backward stochastic differential equation with
jumps, we give a probabilistic interpretation to a system of coupled Hamilton-Jacobi-Bellman-Isaacs
equations. For this, we generalize the definition of the lower value function initially defined only for
deterministic times ¢ and states z to stopping times 7 and random variables 1 € L2 (2, Fr, P;R). The
generalization plays a key role in the proof of a strong dynamic programming principle. This strong
dynamic programming principle allows us to show that the lower value function is a viscosity solution
of our system of multi-dimensional coupled Hamilton-Jacobi-Bellman-Isaacs equations. The uniqueness
is obtained for a particular but important case.
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1. INTRODUCTION

This paper is devoted to the study of a probabilistic interpretation of the following multi-dimensional coupled
system of Hamilton-Jacobi-Bellman-Isaacs (HJBI, for short) equations:

Bg‘f (t,x) + sup igé{bi (t,x, Wi(t, z), DW;(t,z)o;(t, x, W;(t, x),u, v),u,v)DWi(t,x)
uelU v
+itr (o307 (t, , Wi(t, z), u,v) D*W(t, z))
+fi (t7 z, W(ta .T), DWz(ta (L‘)O’i(f, x, Wi(t7 JJ), u, ’U), u, U) } = Oa (11)

(t,x) €[0,T) xR, i € K,
Wi(T,z) = gi(z), z € R, i € K,
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where T' > 0 is an arbitrarily fixed finite time horizon, U and V are two compact metric spaces, k > 2 is an
integer, K = {1,2,---k} and

W(t, z) = (Wi(t,x), Wa(t,x),..., Wr(t,x)), (t,z) €[0,T] x R.

The precise assumptions on the functions b;, 0y, fi, g;, 1 < i < K, will be given in Section 3. Note that the
system of k HJBI equations (1.1) is coupled through the k-dimensional solution W (¢, x).

The probabilistic interpretation for partial differential equations (PDEs, for short) has been investigated by
many authors, but for such coupled system of PDEs has been studied by few authors. When both U and V are
single point sets, Pardoux, Pradeilles and Rao [8] obtained a probabilistic interpretation for the system (1.1)
with the help of backward stochastic differential equations (BSDEs, for short) associated to a diffusion jump
process. When either U or V' is a singleton, the stochastic representation for (1.1) was studied by Buckdahn, Hu
[2] by a stochastic control problem. We emphasize that the functions b;,0;, i € K, in (1.1) also do not depend
on the variables y and z in [2, 8], and PDE (1.1) is totally new. On the other hand, for the case k = 1, the
system (1.1) is reduced to a generalized HIJBI equation whose probabilistic interpretation has been obtained by
Li, Wei [7] using the lower value function of a stochastic differential game problem. The reader is also referred
to [3-5, 9, 10] for the probabilistic interpretation of a HIJBI equation and the references therein.

In this paper, we introduce a stochastic differential game problem on a Wiener-Poisson space in order to
give the probabilistic interpretation for (1.1) in the general case. Let us be more precise: The dynamics of our
stochastic differential games is given by the following coupled FBSDE with jumps

t,n,u,v ) t,n,tu,v t,n,i;u,v t,m,5u,v ) t,n,i;u,v t,m,5u,v
dxtn = byra(s, X7 Y b , Zbn s Us, Vs )ds + oy (s, X7 LY , Us, Vs )dBs,
t,m,;u,v
X s1,05U, = 7
t ’
£, 7 tnyi £, £, tn,i LSS
s1,7U,V o — . s1,U,V 31,78,V 31,78,V 1,3,V 1,3,V
dY; = —fyri(s, X5 , Y] JHE VA yus,vs)ds + A > HE (I)ds
=1
k—1 -
+ZgmEdBs + 30 HomE U (AN (1), s € [t T,
=1
t,m,iu,v _ t,m,i5u,v
YT - gN:tF"(XT )a
(1.2)

where N*# is a K-valued Markov process which will be specified in the next section, and f; is introduced to
overcome the difficulties related with the coupling in (1.1) (i = 1,...,k). The relationship between f; and f;,
i € K, will be given in Section 3. We study the game of the type “strategy against control”, so the lower value
function is defined as follows:

Wi(t, ) := essinf esssup ¥, B e K, (t,z) € [0,T] x R, (1.3)

BEB:, T u€Us, T

where U; 7 is the set of admissible controls of player I and B; 7 is the set of nonanticipative strategies for
player II; for the precise definitions of U; 7 and B; 7, see the Definitions 3.4 and 3.5, respectively. We first prove
that W;(¢t,z), 1 < i < K, satisfy some regularity properties: They are deterministic, Lipschitz continuous in x
and 1-Hélder continuous in ¢. In order to establish the relation between the lower value function (1.3) and the
coupled system (1.1), the crucial step is to get the dynamic programming principle (DPP, for short) for W;(¢, x),
i € K. However, the classical DPP is not sufficient anymore in our framework, since stopping times are involved
in the transformation between f Nt and fl, 1 € K, in the proof of the existence of a viscosity solution. Then we
consider the DPP (Thm. 3.17) in strong sense, Wlth the help of the notion of the backward stochastic semigroup
introduced by Peng in [10]. It is worth mentioning that this strong DPP is far from being obvious and its proof
is not a standard generalization of the classical DPP. The key step is to deduce an important equality

t, ’L
Wyti(r,m) = essinf esssup Yy 5("), i € K,

BEBr T wel, T
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(see Prop. 3.16) which is the extension of the definition for the lower value function (which is originally defined
only for deterministic times ¢ and states ) to stopping times 7 and random variables n € L?(Q, F,, P;R). This
generalization needs a series of auxiliary results, for which we provide the details in Section 3. The DPP will
allow to prove that the lower value function W(t,z) = (Wy(t,x), Wa(t,z), ..., Wi(t,z)) defined by (1.3) is a
viscosity solution of the system of HIBI equations (1.1). Moreover, the uniqueness of the viscosity solution is
also proved when the coefficients ¢;, i € K, in (1.1)—(1.2) are independent of y.

In addition, our stochastic differential game problem has the upper value function U;(t, z) := esssup ess{}inf
€A T veVi, T

Y,;t’x’i;a(v)’v, 1 € K (for the notations, see the Defs. 3.4 and 3.5) and it has properties similar to W;(¢,z), i € K.
To avoid repetitions, we only state the main results for U;(t, z): The upper value function U;(t, ), i € K, of the
stochastic differential game is the (unique) viscosity solution of the following coupled HIBI equation:

BBU;, (tv ZE) + lg‘f/ sup {bz(t7 €z, Ui(t7 1'), DUl(ta 13)0'1'(15, €T, Uz(ta I): u, U)v U, U)DUZ(ta I)
v uelU
+itr (007 (t, 2, Ui(t, ), u, v) D?U;(t, x)) (1.4)
+fi(t, 2, U(t, z), DU;(t,x)o;(t, x, U;(t, x), u,v),u,v)} =0,

Ui(T, x) = gi(x),

where U(t,z) = (U1(t,x), U2(t, ), ..., Uk(t,x)), (t,z) € [0,T] xR, i€ K ={1,2,...k}, k > 2. As a byproduct,
we obtain that the stochastic differential game has a value under the well-known Isaacs’ condition.

Our paper is organized as follows. In Section 2, we introduce the underlying probability space and some
notations, and we recall the preliminaries of BSDEs with jumps. Section 3 is devoted to the formulation of the
stochastic differential games and the study of the properties of the lower value functions W;, i € K. Moreover,
we show that they satisfy the strong dynamic programming principle. In Section 4, we present the details of
the relationship between the lower value functions of the stochastic differential games and the coupled HJBI
equations. In the appendix we give the detailed illustration on the comparison theorem for FBSDEs with jumps
and the proof of Theorem 3.17, respectively.

2. PRELIMINARIES

2.1. Some notations

Let K = {1,2,...,k}, where k > 2 is a given integer. Let (2, F, P) be the completed product of the probability
spaces (Q1, F1, P1) and (Qa, Fa, Py), where

— (1, F1, Py) is a classical Wiener space, namely Q; = Co(R; R?) is the set of all continuous functions from
R to R? with value 0 at time 0, F is the completed Borel o-field on Q4, P; is the Wiener measure such
that the canonical processes Bs(w) = w(s), s € Ry, w € Q1 and B_;(w) = w(—9), s € Ry, w € Qq, are
two independent d-dimensional Brownian motions. We denote by FZ = (FB )s>0 the completed filtration
generated by the Brownian motion B, i.e., FZ = o{B,,r € (—00, 5|} V Np,, where Np, is the collection
of null-sets of P;.

— (9, F2, P) is a Poisson space: A point function p : D, C R — L is a map defined on a countable subset
D,, of the real line R, where L = K — {k} is equipped with the o-field £ of all subsets of L; §9 is the set
of all point functions p on L.

The counting measure N on R x L at p € (25 is defined as follows

N(p, (s,t] x Ay ={re D,N(s,t] : p(r) e A}, Ae L, s,teR, s<t,
where # denotes the cardinal number of elements of the set. We identify the point function p with N(p,-).

The o-field F5 is defined as the smallest one on €5 with respect to which the coordinate mapping p —
N(p,(s,t] x A), A e L, s,t € R, s <, is measurable. For fixed A > 0, we consider the probability
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measure P5 on (€2, F2) such that the coordinate measure N becomes a Poisson random measure with the

compensator N((s,t] x {I}) = (t — s)A kii 0n,(l) = A(t — s), | € L. Denoting by {N((s,t] x {1} he

s<t ¢
Poisson martingale measure defined as {(N — N)((s,] x {I})} ., = {N((s.] x {I}) = A(t — 5)} ,_,, for
all [ € L, we recall that the processes {N((&t] X {l})}0<s<t<T7 1 <1< k-1, are independent. Above

dn(-) is the Dirac measure over L, that is, 6,(I) = 1, if [ = n, and §,(l) = 0, otherwise. By defining
FN = o{N((s,71] x A): —co < s <r <t,A€L}, t>0,we get the filtration generated by the Poisson

random measure N is (F¥);>0: F¥ = (N FN)V Np,, t > 0.
s>t

Finally, put Q@ = Q; x Qo, P =P, ® P, F = (F1 ® F2) V Np, where F is completed with respect to P. We
denote by F = (F;);>0 the filtration generated by Brownian motion B and Poisson random measure N, and
augmented by all P-null sets, i.e., F; = (FF @ FN)V Np, t > 0.

For0<t<s<T,ieKandleL,weput N, = N((0,s] xL), Ny(l) = N((0, s] x {I}) and N,(I) = Ng(I) — As.

k=1
We introduce a K-valued Markov process N as N& = (i + Y IN((t, s] x {I}))mod(k), where (j)mod(k) is
=1

identified with 7/ € K such that j — j’ is a multiple of &, for an37 given natural j > 1.
Let T > 0 be a finite time horizon. We introduce the following spaces of processes:

- 82(t,T;R) := {ww :Q x [t,T] = R is an (F;):>0—adapted cadlag process, and E[ sup |[¢s]%] < +oo};
s€t,T]

T
— M2(t,T;R%) := {gp\gp : Q x [t,T] — R% is an (F;);>o—predictable process, and E[/ |<pt|2dt} < —1—00};
t

- [LAP@ L)) = {H|H = (H(1), - ,H(k—1)) : Qx [t,T] x L - RF~! is P ® L—measurable! and

Tk-1 1
1 zzpoeye= (B [ S m20as])" < +oc}:
— [LA(L;R)F! = {H()\H() lzii — R}. Moreover, for a map H(-) : L = R we introduce the norm ||
H |liz2 @y = [j;l H2(1)]z.
We set B2[t,T] = S%(t,T;R) x S2(t,T;R) x [L>(P ® L)]F~1 x M2(t,T;R?).

2.2. BSDEs with jumps
We consider the following BSDE with jumps:

k—1 _
dY;g = —g(t,}/t,Ht, Zt)dS —+ thBt —+ Z Ht(l)dNt(l), te [O,T],
=1

; (21)
Yr = ga

where T > 0 is an arbitrary but fixed time horizon, and the coefficient g : Q x [0, T] x R x [L?(L; R)]*"1 xR — R
is P-measurable, for every fixed (y, h,2) € R x [L?(L;R)]*~! x R%, and satisfies:

(H1) (i) There exists a constant C' > 0 such that, P-a.s., for all t € [0,T], y1,y2 € R, 21,20 € R%, hy, hy €
[L2(L; R)F,
lg(t,y1, b1, 21) — g(t, y2, ha, 22)] < C(ly1 — ye|+ || b1 — ha [|[2@mys-1 +lz1 — 22]);

1P denotes the o-field of (F);>o-predictable subsets of Q x [t, T].
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T 2
() 5[( [ 1o(5.0.0.0)0d5) ] <+
0
Let us recall some well-known results.

Lemma 2.1. Under the condition (H1), for any random variable ¢ € L?(Q, Fr, P;R), the BSDE with jumps
(2.1) has a unique solution

(Yy, Hy, Zt)iepo,r) € S*(0, T3 R) x [LA(P @ £)]F~1 x M?(0,T;RY).

For some g : Q x [0,T] x R x [L?(L; R)]*~! x R? — R satisfying (H1), and for i € {1,2}, suppose the drivers
g; are of the form

gi(s, YI HL, ZY) = (s, YE, HY Z1) + i(s), dsdP-a.e.

sy L5 » s

Denote by (Y1, H, ZY), (Y2, H?, Z?) the solution of the BSDE with jumps with the data (£;,g1) and (&2, g2),
respectively. We have the following classical estimate:

Lemma 2.2. Under (H1), the difference of (Y1, H', ZY), (Y2, H?, Z?) satisfies:

1 T ‘ k—1
¥ - YR+ 5E[/t (V= Y22 4|2 = 222+ AN JHA0) — HE)?)ds | 7]
=1

T
<E[/T0]g — & | 7 +E[/ HDg1(s) = pa(s)Pds | Fr], P-as., te[0,T],
t

where > 2+ 2C + 4C2.
For the details on the above results, please refer to Lemma 2.3 in Li, Wei [7]; see also Barles, Buckdahn and

Pardoux [1].

3. STOCHASTIC DIFFERENTIAL GAMES

3.1. Formulation

First we introduce the definitions of the sets of admissible control processes. Define
U .= {u 1[0, T) x Q@ — U is (Fy)i>o0-progressively measurable process},

V= {v 1[0, T) x Q@ — V is (F;)¢>0-progressively measurable process}7

where the control state spaces U and V are supposed to be compact metric spaces. U (resp., V) is the set of
admissible control processes for player I (resp., II).
For every i € K, we consider continuous maps

bi i [0, T xRXxRXxRIXxUxXxV =R, 0;:[0,T]xRxRxUxV =R
fi: 0TI xRxRF xRIXUXV - R, g;i:R—R.
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Here we adopt the definition fp as [2, 8]. For every p € K, we define fp S0, T]xRxRxRFIXxRIXU XV =R
by

fp(tvxaya ha 2, 7_L,’U) = fp(tawv ap7zaua ’U),

where h = (h(1),...,h(k — 1)), and a? = (af,...,a}) are related by

af = y+hk—p+j) Jj<p
a =y, j=p (3.1)
ail = y+h(j-p), j>np.

The vector a? = (af,--- ,a}) given by the right-hand side of (3.1) will be denoted by a?[y, h]. It is easy to check
that, for all (t,z) € [0,T] xR,z € RY, uec U, veV,

fl(t,x,mz,um) = fl(t7x1a17h1127u7v)1
fg(t,x,a,z,u,v) = f2(taxaa25h2azvuav)a
fk(taxaavzauav) = fk(tvxvakvhkvzauav)v

where h? = (hP(1),...,hP(k — 1)) with

pr o apg —ay, 1<5<k—p,
h(])—a(p+j)mod(k) ap—{apﬂ._kap’ k—p+1<j<k-1.

We assume that for every i € K, b;, 0;, fi, g; satisfy the following conditions:

(B1) b;, 0y, g; are Lipschitz continuous in (x,y, z), uniformly with respect to (¢, u,v);
fi is Lipschitz continuous in (z, a, z), uniformly with respect to (¢, u,v).
(B2) Forallt € [0,T), ue U, veV, (z,y,2), (z/,y,2) ERx Rx R h k' € [L*(L;R)*

(l) (bi(ta T, Y, %, U, U) - bi(ta xlv y,7 Z/a U, U))(y - y,) + (Ui(ta T, Y,u, U) _kj‘li(tv xlv ylv u, U))(Z - Z/)
—(filt,z,a’[y, h], z,u,0) = fi(t,2' @'y’ W], 2w, 0) (2 — 2f) + A l; (h(l) = W' (1)) (z — )

k-1
< —Pile =2 = Baly — o/ = Bslz — 2 — Ba 121 [R(l) = B (D),
(i) (gi(@) = gi(a")(@ — ) = puw — ',

where the relationships between h, y and a'[y, h], are presented in (3.1), similar to A/, v’ and a'[y’, '];
and uy, B1, B2, B3, B4 are nonnegative constants with 51 + 82 > 0, 1+ 83 >0, B1+ 84 >0, Bo+ 1 >
0, B3+ p1 >0, and B4 + 1 > 0.

(B3) For fixed A > 0, there exists a constant K; > 0 such that for all i,j € K, j # i, (t,x,2) € [0,T] x R x R4,
and u € U, v € V, a,d’ € R¥ with ap = ay,, ¥ p# j, and a; > a,

fi(t,ﬂ?,d,Z,U,'U) - fi(t,x,a/,Z7U,U) > Kl(aj - a;)
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For given admissible controls u € U, v € V, i € K, and initial data (¢,1) € [0,T] x L*(Q, F;, P;R), let us
consider the dynamics of our stochastic coupled controlled system

dXﬁ’"’““’ = bNﬁ"" (s, Xg,n,z;u,v’ yst,n,z;uw7 Zﬁﬂmmm7 Us, Vs)ds
0y (s, XEmiww YinGur y o )dB,, s €[t T),
t,m,5u,v
X 31505ty J—
t 1,
dYSt’n’““’” _ _fN;’i(s’ Xﬁ’"’““’”, ystﬂm;uﬂ’7 H;”W’“’7 Z?”’““’”, Us, Vs )ds (3.2)

k—1 ) ) k-1 ) -
+A > H;f’"’““’”(l)ds + Z?w;u,vst + 3 H;:”]ﬂ;u;v(l)st(l)7

HIRY =1 UV =1
Y%W,L ) — gN;i(X%ﬂw ) )

Remark 3.1. Note that, the involved coefficient in BSDE (3.2) is f,, not f,. From the definition of f, and
assumptions (B1)-(B3), it is easy to check that for every i € K,

(i) f; is Lipschitz with respect to (z,y, h, z), uniformly with respect to (¢, u,v);
(ii) Forall t € [0,T), u € U, v € V, (x,y,h, 2), (2,9, h',2') € R x R x [L}(L; R)]*~! x R,

(bi(t7x7ya Z,U,U) - bi(t,l’l, y/7 Zl)“’?’u))(y - y/) + (Ui(t,ﬂ?, Z%UJJ) - O'i(t, x/ay/au’ U))(Z - Z/)
- - k—1
7(f1(ta z,Y, h’a Z,U,’U) - f’i(ta‘rlvylv hlv Z/? U, ’l}))(l' - I/) +A Z (h(l) - h/(l))(l' - IE/)
=1

k-1
< =Bz =22 = Boly — /1> — Bslz — 2/ = Ba > |W(1) — W'(1) %,
=1

where 81, B2, B3, B4 are the same constants as in (B2).

(iii) (B3) is equivalent with the condition that, for any i,j € K, j # i, t € [0,T], (x,9,2) € R x R x R%, and
weU, veV, hh' R with h, = hy,, ¥p # j, and h; > R,

ﬁ(t7z7y7haz7uvv) - fi(t,x,y,h’,z,u,v) 2 Kl(hj - h’;)

Remark 3.2. The authors of [2] used the assumption K; > —1. However, if K; < 0, examples show that
the comparison theorem does, in general, not hold, while for K7 > 0 the comparison result follows from the
comparison theorem in [11] and a passage to the limit. We give more details in the Appendix A.1.

Remark 3.3. In fact, FBSDE (3.2) is a special case of fully coupled FBSDEs with jumps considered in
[6, 7]. Thus it follows from Lemma 2.1 in [6] that for every w € U, v € V, (3.2) has a unique solution
(Xtmiwy ytngue prtniue ztniuey e B2t T] under the assumptions (B1) and (B2). Moreover, standard
estimates for coupled FBSDEs with jumps (see, Prop. 3.1 in [6]) show that, there exists some constant C' > 0
such that, for all t € [0,7], i € K, u €U, v €V and 1,1 € L*(Q, F;, P;R),

T
() B[ sup [Xtwims — Xt wnrf2 4 gup [yhusns —yiainel2 g [z - gtz
S S S S S S
t<s<T t<s<T ¢

T k—1

[ )~ H e (Pds | 7] < O P
to=1

T T k—1
(ll) E|: sup ‘X;t,n,i;u,v|2+ sup |Y;t,n,i;u,v|2+/ ‘Z}é,n,i;u,v|2ds+)\/ Z|H§Jhi;u,v(l)‘2ds|ft}
t<s<T t<s<T t t
< CL+ nf).
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Given control processes u € U, v € V, and the initial data (¢,z,7) € [0,T] x R x K, the cost functional of
our stochastic differential game is defined as

J(t,x,i;u,v) = YO0 (3.4)

where the process Y%#%? is the first component of the solution of FBSDE (3.2) with the initial condition
(t,x,7). The relations (3.3) and (3.4) imply that, there exists a constant C' > 0 such that for any z, 2’ € R,

(i) [J(t, i u,0) — J(¢, 2/, i;u,0)] < Cle — 2);

(ii) |J(t, z,i;u,v)| < C(1+|z|), forall ie K, uel, ve. (3.5)
As a consequence, for all i € K, t € [0,T], n € L?(Q, F;, P;R), we also have
J(t,n, u,0) = J(t, 2,8 U, 0)|g=y = YmEeY Plas., (3.6)

which is a classical result in stochastic control theory, see, for example, Theorem 3.1 in [6].
Now we introduce the following subspaces of admissible controls. Let 7;, 75 be two stopping times such that
t <71 <7 <T, P-a.s. We define the random interval [[1y, 72]] := {(t,w) € [0,T] x Q, 71 (w) <t < 72(w)}.

Definition 3.4. Let u’ € U, v € V. A process u = {u,(w), (r,w) € [[t1,72]]} (resp., v = {v.(w), (r,w) €
[[71,72]]}) is an admissible control for player I (resp., II) on [[r1,7o]], if wljr, -y + u®Ijjo o\ [r1,7)) (TESD.
VI[ry 7)) + vOI[[O7T]]\[[Tl772]]) is (F,)-progressively measurable and with values in U (resp., V). The set of all
admissible controls for player I (resp., II) on [[11,72]] is denoted by U, -, (resp., Vi, r,) - We identify two pro-
cesses w and @ in Uy, -, and write u = @ on [[r1, 7o]], if P{u = @ a.e. in [[11,72]]} = 1. Similarly we interpret
v="0on [[r, )] in V5.

The nonanticipative strategies for the game are defined as follows:

Definition 3.5. A nonanticipative strategy for player I on [[r1,72]] is a mapping « : Vi, r, = Ur, 7, such
that, for all F-stopping time S : Q@ — [[71,72]] and all vy,v2 € V;, 5,, with v1 = vy on [[71,5]], it holds that
a(v1) = a(ve) on [[r1, S]]. Nonanticipative strategies for player II on [[11,72]], 8: Ur 7, = V., are defined
similarly. The set of all nonanticipative strategies a : V., -, — Uy, -, for player I on [[11,72]] is denoted by
A, 7, while the set of all nonanticipative strategies 8 : U, -, = V5, », for player II on [[11, 72]] is denoted by

BTl 372"

The lower and upper value functions of our stochastic differential game are defined respectively as follows:

(lower)  W;(t,z) := essinf esssup J (¢, z,4; u, B(u)),
BEBy, T wel,

(upper)  U;(t,z) := esssup essinf J(t, z,i; a(v),v), (t,z) € [0,T] xR, i € K.
a€A T vEVL,T

(3.7)

Now we intend to establish the relationship between FBSDEs (3.2) and PDEs (1.1) via the lower value function
W;, i € K. In the last section , we will explain which system of HJBI equations the upper value function U;, i € K
will be related with. As the essential infimum and the essential supremum of the F;-measurable cost functional
J(t,x,4;u, B(u)) over a family of control processes and strategies, W; (¢, z) is an F;-measurable random variable.
But it turns out to be deterministic. From now on, we only present the properties of the lower value function,
the upper value function U; can be analyzed in the same manner.

Proposition 3.6. For any (t,z,1) € [0,T] X R x K, the lower value function W;(t, x) is a deterministic function:
E[W;(t,x)] = W;(t, z), P-a.s.

Proof. This result is a direct consequence of Proposition 3.1 in Li and Wei [7]; see also Buckdahn, Hu and Li
[3]. O
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From the definition of the lower value function combined with (3.5), we see that the following results hold
true.
Lemma 3.7. There exists a constant C' > 0 such that, for alli € K, z, 2’ € R, ¢t € [0,T],

() [Wit,z) = Wi(t, 2")| < Clo —2];

(i) (Wit 2)| < C(1+ |z]). (3.8)

Lemma 3.8. Suppose that (B1) and (B2) hold true. Then, for allu € U, v € V, the cost functional J(t,x,i;u,v)
is monotonic in the following sense: for everyi € K, z, T € R, t € [0,T],

(J(t7m7i; U, v) — J(tj,i;u,v)) (:r — :E) >0, P-a.s.

Furthermore, the lower value function W;(t,z) is monotonic: (W;(t,z) — Wi(t,z))(z —z) >0, i € K, t €
[0,T], z,Z € R.

For the proof, please refer to Lemma 3.4 in Li and Wei [7].

3.2. Dynamic Programming Principle

To get the dynamic programming principle (DPP, for short), we adapt the notion of the stochastic backward
semigroup which was first introduced by Peng [10] to our problem. Given (¢,z,7) € [0,T] xRx K, u €U, v €V,
for all stopping times ¢, 7 such that t < ¢ <7 < T, P-a.s., and £ € L?(Q, F,, P;R), we define

Gz,,i,i;u,v[ﬂ = Y;t’w’i;u’v, (39)

where ()A(g’x’i?“’“,Kt’x’i;“’“,ﬁg’x’i?“’”, Zf““”‘?“)se[ti] is the solution of the following FBSDE with the random
time horizon 7:

dX;t,:z:,z;u,v — bNt,i (S, X;&,m,z;u,v’ Y’St,a:,z;u,v, Zz,z,z;u,v’ Ug, vs)ds
s A . A .
+0'N§,i (8, X;,II:,’L,U,U, }/St,m,z,um7 Ug, ’Us)st,
-t 0,0 )
X HEnU, =
t ’
YR BT _ r X vt,x,iu,w Vtx,iu,w Irta,iu,n  ota,iiu,v
dY; - 7f]\[.§*1 (57Xs aYs aHs aZs aUSaUs)dS (310)
k=1 . . k=1 _ -
A Hom()ds + ZETEUdBs + 30 Hom U (DdNG(1), s € [t,7],
=1 =1
Yt,z,i;u,v — g
P

Remark 3.9. (i) By Lemma 2.5 in [7] equation (3.10) has a unique solution (Xb#éuwv yhiuv frieiuw,
ZAQ”’““’”)SE[W] under the assumptions (B1) and (B2)-(i).

(ii) When the terminal YT”““’ also depends on the solution of the forward SDE, i.e., YT”““’ = U(r,
Xtwiuv) where U : Q x R — R is F, ® B(R)-measurable, linear growth and Lipschitz in z, then, by Theorem
3.2 in [6], there exists some dy > 0 independent of (¢,z) and (u,v), such that for any 0 < § < dg, (3.10) has a
unique solution on the small interval [t,¢ 4+ ). Then we will consider ¢t < ¢ < 7 < t+ 4§, and £ = (7, XL 5wv),
and have

2, t > e t ye At ye
Y*g VTLEUY ngf_,z,u,v[qj(,r, ‘X—’Ijav,z,u,'u)]7

where V%% is the first component of the solution of (3.10) with the terminal (7, X-##%?) at the random
time horizon 7.
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For the solution (Xt®Gwv yhaiuwe ptaeiue zteiue) of FBSDEs (3.2) with n = x, it is easy to check that
Gijf’i;uw[Y:’x’i;u’”] _ Gi:?i;um[g]v;i (X;,:mi;u,v)] _ Yttw,i;u,v — J(t7 T, i; u, 1)). (3.11)

With the help of the notion of the backward semigroup, we have the following classical DPP which is the
weak one in our paper.

Theorem 3.10. (Weak-DPP) Suppose (B1), (B2) and (B3). There exists some 09 > 0 small enough such
that, for any 0 < § < dp, t € [0,T — 6], z € R, i € K, we have

W;(t,r) = essinf esssup Gi’fj:gu’ﬁ(u) [(Wyri (496, X:féi;"’ﬁ(u))], (3.12)
BEBt 145 ucly 15 t+35

where (Xbo i yhuiuwy ghoiue [Fteiue) s the solution of the following coupled FBSDE with jumps on
[t,t+d]:

AXLDEEY = b (s, XEoiwe yhodue Zteduy g g )ds
oy (s, Xbmie Yheau y oy 0dB, s € [tt+ 4]
o t,T,05U, )
X by, -
1 )
d}/st,z,l;u,v = _fN;f’i (S,X;,z,z;u,v’y'st,z,z;u,v’H;,z,z;u,v7Zﬁ,m,z;u,v’us’vs)ds (313)

k=1 _ ) . k=1 _ ) -
+A Y Hbwuwr(l)ds + 2555w d By + Y HE®5w(1)d Ny (1),
=1 =1

bz, iu,v _ ot,x,iu,v
Y;H-é - WN (t + 57 Xt+6 )

t,i
t+8
Its proof uses the same arguments as those in the proof of Theorem 3.1 in [7] and therefore is omitted. We

will provide the proof of the strong DPP, which generalizes Theorem 3.10.

Remark 3.11. From Lemma 3.8 it follows that, foralli € K, ¢t € [0,T], z,Z € R, (VVi(t7 x) — Wi(t, f)) (J: —i) >
0, which doesn’t mean (B2)-(ii). However, Lemma 3.7 tells us that, for all i € K, ¢ € [0, T], W;(¢t, x) is Lipschitz
in z. Therefore, from Remark 3.9-(ii), the stochastic backward semigroup in (3.12) makes sense.

Next we recall the following continuity property of the lower value function W;(¢,x) in ¢, which is also a
consequence of Theorem 3.2 in Li, Wei [7].

Proposition 3.12. Assume (B1), (B2) and (B3). Then, there exists a constant C' such that, for every x €
R7 /l: 6 K’ t7 t/ 6 [07 T]7

\W;(t,2) — W;(t,2)| < C(1+ |zt — 2.

That means, W;(t,x) is +-Hélder continuous in t.
To prepare the strong DPP, we need the following auxiliary results.

Lemma 3.13. For any stopping time 7: t < 7 <T, we have

essinf esssup Y7548 — egsinf esssup Y75 pog g, (3.14)
BEBy, T weldy,r BEBr 1 weld, 1

Proof. Here, we briefly present the details for (3.14) in two steps.
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(i) The first one is to prove

essinf esssup Y758 < essinf esssup Y705 - poa g, (3.15)
BEBr T weld, BEBy, T weldy

For any arbitrarily fixed 8 € By r, given any ug € Uy -, we define the restriction 51° of 8 to B r:

10(ur) = Bluo @ U1)|[7-7T], uy € Urp,

where u 1= ug ® uy = uol| ) + urly, 7] € Uy . It is easy to check that, according to Definition 3.5, By € By r.

Note that Y755 denotes the state of the solution Y of (3.2) with initial data (r,,4) at 7. Combining
this with the definitions of u and 5}, we get

YTT,m,i;ul,ﬁ;‘O (u1) _ Y:,z,i;u,ﬁ(u). (316)
Thus, for all § € B, r,

. ;e ’ @, i5u1,6, 0 (u i i
essinf esssup Y5008 (1) < egssup Yy LA () esssup Y@ b0 @unBuodun) < eggqup Yo iwAW)

’ B ’
B'€Br,T w1 €U T w1 €U T w1 EUL T u€Uys, T

which yields

o )
essinf esssup Y0P (1) < asing esssup Yoo iAW)
B'€Br, 1wy ey BEBL,T ucldy, 1

Hence, (3.15) holds true.

(ii) We prove now the converse relation

essinf esssup Y758 > essinf esssup Y725 | poa g, (3.17)
BEBr T weld, BEBy T weldy

For any € > 0, there exists a 5] € B, r such that

. i T,x,iu1,85 (u
essinf esssup Y@ 5481 (1) > egssup V7 A1 (u)

—¢, P-as.,
B1EBr,T ceUr w1 €U T
for the proof it is standard now, see, for instance, Remark 3.7 in [7].
Given an arbitrary fo € By r, for any u € Uy 7, define uy as the restriction of u to [1,7T7], i.e., u1 = ul[, 1y,
and 3 as the extension of 3] to [t, T]: 5%(u) := Bo(ulj,-)) @ B (u1). Obviously, 4° € By r. Similar to (3.16), we
also have Y, ®HuA (u1) _ Y:’x’i;u’ﬁa(u). Therefore,

@GP (ur) esssup Yﬂ%i?ulaﬁf(ul) _
- T

essinf esssup Y;r 15
Br1E€Br.T uy €U, 7 w1 €U,
T,2,5;u,8 (u) . T,2,%5;u,8(u)
= esssup Y- — € > essinf esssup Y- — ¢, P-as.
wEUs T BEBy, T ueldy

From the arbitrariness of €, we get (3.17).
Combining the above two steps, we complete the proof.
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For any ¢ € [0, T}, let T be a stopping time such that ¢t < 7 < T'. For any positive integer N, let tN =+ It t)J
0<j<N, t]fl := 0. We define

N

TN = Ztévf{t;\gl<fgt§v}’ (3.18)
=0

then 7 is o{7}-measurable stopping time, and 75 | 7, as N 1 oc.

Lemma 3.14. For the stopping time 7 in (3.18) and n € L?(Q, F,, P;R), we have

Wi(7n,m) = essinf esssup E[Y, " wh) | F], P-a.s.
BEB:, T weldy, 1

Proof. For n € L*(Q, Fr, P;R), (u,v) € Upr X Vi, we know (XT1Ewe Y Tmiue frmiuy Zmmniuv) iy the

unique solution of FBSDE (3.2) with 7 instead of ¢.
From the uniqueness of solution (X745 YTNEHWY ITNLLWY - ZTNL5WY) and the fact that also
i=0

(X ey e prtlaeduy zihaieoy o solves FBSDE (3.2) with v instead of ¢, it follows that
J

N
(XTN,:c,i;u,v YTN,ac,'L;u,U HTN,:c,i;u,v ZTN,ac,i;u,v) —_ § (Xt;-v,;c,i;u,v Yt;-\’,x,i;u,v Htjv,w,i;u,v Zty,;c,i;u,v)l{ tN}
’ ’ ’ ’ ) ) TN=t}>
J
j=0
and in particular,
N N N
i 2,2, iu,v
TNZ,U,0 g bt —_ N i
Yy = E Y. Lirgmeyy = E J(t; ,x,z,u,v)l{m:t%, P-a.s.
J
7=0 j=0

Hence,

N N
Wi(tn, ) ZW G = —v) = Z {rv=t} 4 essinf esssup J (Y iy iiu, Bu))
7=0

=0 BeB NTuEZ/{NT

= essinf esssup Y V'* wwB) poag.,
Be t, T ueut T

where the latter equality follows from standard arguments for the essential infimum and the essential supermum
of families of 7., -measurable random variables as well as Lemma 3.13.

Again, from the above relation and from standard arguments (see, for example, Rem. 3.7 in [7]) it follows
that for fixed i:
i) For any € > 0, any (8 € B; 1, there exists some u® € Uy 1, such that
Yy y ; )
Wi(tn,x) < Y:}é‘“x’ma’ﬂ(“a) +e, P-as.

(ii) For any € > 0, there exists some ¢ € By 7, such that for all u € U, p,

Wi(rn, z) > YTTJ\JIV’I’i;“’ﬁE(“) —e¢, P-as.
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As W;(7n, ) is Fr-measurable (W; is continuous, and hence Borel measurable, and 7y is o{7}-measurable),
we have

(i) For any € > 0, and any 8 € By r, there exists some u® € Uy r, such that
W;(tw,z) < E[y/3m6us B0 | 14 ¢ Poas.
(ii) For any € > 0, there exists some ¢ € By 7, such that for all u € Uy p,
Wilry,a) 2 B[V #00) | £] = ¢, Pas
Hence,

Wi, x) = essinf esssup E[Y7V@5whW | 10 Poas.
BEBt, T wel; o Y

Finally, (3.5) and (3.8) combined with a standard approximation argument for n € L?*(Q, F,, P;R) allow to
show

Wi(ta, 1) = Wi(Tnr, )| o=y = essinf esssup E[Y7 V15w | £ 1 Poas,
BEBy, T wel; N

Next, we have the following estimate.

Lemma 3.15. For all stopping time 7 (t <7 <T), n€ L*(Q, Fr, P;R), i € K, (u,v) € U T X Vi1, we have

’}E[Y;;\]]V’n’i;“’” | ]:T] _ YTT’n’i;“’U‘Q < C<7'N _ 7_)(1 + |77|2)7 P-a.s., N > 1.
Proof. First of all, we have
‘E[y&\um;u,v | Fr] — mi?,i;u,v’ < |E[er’n’i;u’” _ YTTA,,n,i;uw | ]:T” + |E[ij\’{"’“"’” | Fr] — y:mﬂ';u,v‘. (3.19)

Now we work on the two terms at the right side of the above inequality. To simplify the notations, we omit
the indication of the controls u, v in the following proof. For the forward equation, from (3.3)—(ii) (extended to
stopping times), we get

Elln — XT0 1 | )
= 1EH / byri (s, XD YT ZTm4)ds + / o i (s, XTI YT d B,

2
| fT} (3.20)
C+ nf*)|rw = 7l.

IN

For the backward equations with the different data (7,7,7) and (7, 7,), we apply Lemma 2.2 by setting

6= g (XF7), € = gy (XPM), 1 (5) =0,

o F ) T i T 4 T 4 T i P Tn,i T i T i T 4
@2(8) = fN;'Nﬂ(&XSN’n’ 7YSN7U7 7HSN7U7 7ZSNJI, ) _ fNST*”(S»XsJL ’YS N1, 7]_‘[51\7,77, 7ZSNJL )’ s € [7—N7T]7
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then we get

B[y YR | 7

T
<OE[lgyz  (X77™) = g TP | 7] + CE[ [ Joats)Pds | 7]
_ _ ™ (3.21)
<CElgpyrse s (XPY™) = gyt (XTI | 7
T

T
+C1E[/ X7~ X7 2ds | F | +C1E[/ 17 (s) 2ds | F ]
TN

TN

_f ) T [ T i T i T [ ¢ ) TN s1,1 T 1 T 1 T, i
where If(S) - fNSTN”(&)(st7 ?}/s Nt 7H3N,777 7ZSN7717 ) - ngvl(SaXsN K 7Y; N1 7HSN7717 7Z5N7n7 )

Firstly, we consider E[|gNTN,i(X;N’”’i) - gN;,i(X;’"’i)P | ]-'T] Obviously,
T

E[lgyrs (XPY ™) = gpepe (XTI | 7
SC]E {1{N7‘,:]\]1 =i} |gN;N,i (X;Nv"hi) _ gN;vl (X;a"hi)|2 | ]:T:|
+ CE [I{N:I\;#Z}MN;N’ (X;Nan,l) _ gN;,;(X;NWﬂ”Q | .F-,—i|

+ CE[I{N:§#Z}|9N;,1(X;an,l) _ gN;,i(X;’nvi)|2 | fT:| = Il + 12 + 13,

where
J5t BT
Iy =CE [I{Nllgj:i}mN;N’i(X”}N ) - QN;J(X:;” IIE ]:T}v
3158 MY |12
I = CE 1y L lgyon (X ) = gpr s (X | 7,
I3 =CE [1{N:i\j¢i}|gN;*i(X;N’n’z) _ gN;,i(X;’n’l)F | ]:-r:|
; j NI ; . .
For I, on {N7} =i}, we know, NV = N;N N = Ny*, and from the uniqueness of the solution we get

TNGX T N ™, X

X=X, TN TN = X N ’i, P-a.s. Hence, from (3.3)—(i) and (3.20), we know

TN Nyt TN,X:’n’i’i
I = CE[]'{N:I'\;:Z}]EHQN;NL(XTN n ) — gN’;J (XT N )|2 ‘ ‘FTN] | ./—"7—:|
< CE [1{NI;\}':¢}‘77 — XTI | ‘FTi|

< CA+ [nl)lry =7l
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For I, from the linear growth property of g;, ¢ € K and (3.3)-(ii),

I = CE[1{yr iy Bllgyrn s (X 7) = g (XP P2 | Fry] | F ]
< OB 1 ypo i B(1+ [XP2) | Fry] | 7]
< CE[1(nripsy | Fo| (L4 Inf2) = CPINZI # (1 + Inf?)
= C(1— e XDV A 4 [n?) < C(1+ [nf*)rn — 7.

For I5, from the Lipschitz property of g;, i € K, (3.3)—(ii), and (3.20),

I = CE[L 7o Ellgngs (X7 = e (X | Fry] | Fr |
o T~ XD N
< OB |1 (yr o BIXP ™ = X778 N2 | F )| F
< CE [1{1\,1#1.}(1 + [nf® 4+ [XT?) | J—'T}

< COU+ P)lrn = 7|+ CE[1yr oy IXT0 | 7]

TN

< CU+ )y =71+ CE[1 yr g |XE0 =0l | F | + CE[1(yrey Il | 7|

<O+ )y —7l.
Therefore, we get

E[lgyon « (XF™) = gy (XFP) | o] < O+ ) — 71,

15

(3.22)

Now we focus on E{fTTN | XTvomE — X T2 s | ]-'T] Similarly, from (3.3), (3.20) and the proof for I5, we have

T
]E[/ ‘X;’Nﬂ'l’i 7X;,n’i|2d5 | ]:T]
TN

STIE{ sup \XSTN’W — XST”7’i|2 | ]:T}

s€lrn,T)
S TN, XTI
=TE |:1{N:].\']i:i}E[ G?UPT] |XSN177, — X N 2 | ./—"TN} | ‘/—"7'}
S TN,
oo TN, XD NTE
+ TE[ Lz El S R A RN
S TN »

STE |:1{N;_j\;_:i}|XT,77,i _ 77|2 ‘ ]:T:| +TE |:1{N:1’\;7$1} (1 + ‘77|2 + |X7'7777i 2) | ]_—Ti|

TN TN

<C(7v — 7)1+ [nf?).

(3.23)
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Combined with (3.21), (3.22) and (3.23), using (3.3)—(ii) and the proof for I, we have
B[y YR | F

T
<C(1+ Py = 7l + CE[ [ 11(s)Pds | 7]

TN

<C(L+ )7 — 7|

. (3.24)
+ CE[L g Bl (U X Y 2N ST O )ds | ]|
T =1

<CO+ )y = 71+ CO+ PE[L e sy | F]
<C(1+ [n*)lry — 71,

where we have used the linear growth properties of fi, 1€ K.
On the other hand, as 7y > 7 is {7 }-measurable and still from (3.3)—(ii) we know

Bl | o] - Yo

- ‘]E[ / Frza (s, XD Y704 BT, 270 ds — / AZH;mvl(z)ds‘fT}

1 - ‘ g T | (3.25)

< C(ry - 1)} (E] / (1 X702 o Y2 ST T )2 4 |27 ) ds | F))
T =1

[N

< C(ry —7)2(1+|n]), P-as.

Therefore, from (3.19), (3.24) and (3.25), we get

B[y~ Fr] = Y72 < Cry — 7)(1 + [nf?), P-as., N > 1.
O

Based on the above results, we generalize the results for the lower value function W;(t, x), (t,z) € [0,T] x R,
i € K to the case for stopping times 7 and random variables n € L?(Q, F,, P;R)

Proposition 3.16. For every fized initial data (t,i) € [0,T] x K, every stopping time T with values in [t,T],
and alln € L*(Q, Fr, P;R),

. NP,
Wyei(T,m) = essinf esssup Y7777 P pas.
T BEBrT weld, v

Proof. As Lemma 3.15 implies that

essinf esssup E[YTZV’”’W’B(“) | F,] — essinf esssup YTT,n,z,uﬁ(u)
BEB:, T wEUy, BEB:, T wely, 1

T—1t
<C(rnv —71)(1+ |n\2) < CT(l + |77|2) — 0, as N — oo, P-a.s.,
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and W; is continuous, we get from Lemma 3.14 that

W;(1,7n) = essinf esssup YTT’"’““”B(“), P-as., i € K.
BGBMT wEUL, T

As K is finite, and N% is F,-measurable, it follows that from Lemma 3.13

. 7, N S, B(u . 70, NE 5, 8(u .
Wi (7,m) = essinf esssup Yz mNwB) _ gginf esssup Y, " A( ), P-as., 1 € K.
T BEBy T ueld, BEBr.T ueld,

O

The following result is the strong DPP which plays a crucial role in the proof of the existence of a viscosity
solution.

Theorem 3.17. (Strong-DPP) Suppose (B1), (B2) and (B3). There exists some §y > 0 small enough such
that, for allt € [0,T — &o], and all stopping time 7 with 0 <t <7 <t+ 8§ < T, z € R, i € K, we have

W;(t, z) = essinf esssup Gijf’i;“"g(“) (Wi (1, XboiwB) - pog.s., (3.26)
BEB:,+ ucUy - T

where (XH@Gwe ytrdue ztaeiue frtriuey s the solution of the following FBSDE with jumps on [t,T]:

vit,r,iuv ) vitz,iuv VVixiu,v rzt.xiu,v
dX: = bNSt,1,(5,Xs , Y] A , Us, Vs )ds
) vi,z,iuv VVt,x,iu,v
+o (s, X§ Y ,Us,Us)dBs, s € [t, 7],
vi,x,iu,v
X LEuu, =
t )
v t,z,iu,v _  _f ) vix,iu,v yvta,iu,v fgta,iuv  ztx,iu,v
dY} = S (s, XL , Y JH VA ,Ug, Vg)ds (3.27)
E - E < E :
k—1 _ ) _ ) k—1 _ ) -
+A T HEmEwU(l)ds + Zg®HvdBs + 37 Hom v (1)dNg(1),
_ . =1 _ . =1
Yt,x,z;u,v = W i(T t,;c,z;u,v)
T Nz »ErT .

We postpone the proof to the appendix.

4. VISCOSITY SOLUTION
4.1. Existence

In this subsection, we take advantage of the above results to prove that the value function W(t,z) =
(Wit x), Wa(t,x), -, Wi(t,z)), (t,x) € [0,T] x R, is a viscosity solution of the following system of coupled
HJBI equations:

ag;i (t,x) + sup ig‘f/{LZmWi(t,x) + fi(t,x, W (t,x), DW;(t, )0 (t, x, W;(t,x),u,v),u,v)} =0,
uelU v
Wi(T,z) = g;(x), (t,x,i)€[0,T) xR xK,

where for each t € [0,T), i € K, ¢ € C%([0,T] x R), the differential operator is

Lip(tz) = gtr (oo} (t,z,¢(t,2),u,0)D3p(t, x))
+bi(tv xz, @(tv I), D@(ta ‘T)O—i(ta Z, @(ta ‘T); u, U), u, ’U)DSO(ta ‘T)

First we present the definition of viscosity solution for HJBI equation (4.1).
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Definition 4.1. Let W = (W, Wy, --- , W},) belong to C([0,7] x R;R¥). The function W is said to be

(i) a viscosity subsolution of the system (4.1) if W;(T,z) < gi(x), i € K, x € R, and for all i € K, ¢ €
CPy([0,T] x R), for all (t,x) € [0,T) x R such that (t,z) is a local maximum point of W; — ¢, we have

(‘3¢ —(t,x) + sup inf { L0, x) + fi(t,x, W(t,z), DP(t, x)o;(t, x, W;(t, x), u, v),u,v)} > 0;
ot uelU VeV

(ii) a viscosity supersolution of the system (4.1) if Wi(T,z) > gi(z), i € K, z € R, and for all i € K, ¢ €
C?,([0,T] x R), for all (¢,x) € [0,T) x R such that (¢,z) is a local minimum point of W; — ¢, we have

o9 (t,z) + sup inf

> sup inf { SOt @) + fi(t7x,W(t7m),D(;S(t,x)oi(t,x,Wi(t,x),u,v),u,v)}SO;

(iii) a viscosity solution of the system (4.1) if W is both a viscosity subsolution and a viscosity supersolution
of (4.1).

Here C},([0,T] x R) denotes the set of the real-valued functions that are continuously differentiable up to
the third order and whose derivatives of order 1 to 3 are bounded.

The following is the main result.

Theorem 4.2. Assume that (B1)-(B3) hold. Moreover, suppose that 0 < A < A 1) . Then the function W is
a viscosity solution of the system (4.1) of coupled HJBI equations.

We begin with proving some auxiliary results first in order to prepare for the proof of Theorem 4.2. Let
(t,x,i) € [0,T) x R x K. For any given § > 0 with ¢ + § < T, the stopping time 79 is defined as

70 = (t46) Ainf{s >t : Nb¥ £ i},

We consider the following system:

dX®Y = bi(s, XV, YU Z00 ug vg)ds + (s, X0, Y0 ug,vs)dBs, s € [t, 79,
X' =
. k—1
AV = = fills, X0 Y0, HE, 200wy, 0)ds + A S0 HE(1)ds
k1 ) =1 (4.2)
+Z3"dB;s + Z H®»V(1)dN,(1), s € [t, 7],
YR o= e(r X5 {N”—l}+ Z (t+i)mod(k )(T X5 {N'i=(+imod(k)}’

where ¢ € G, ([0, T] x R). From the wellposedness and regularity results of FBSDEs (see the Thms. 3.2 and 3.4
in [6]), under the assumption (B1), we know there exists some dy > 0 only depending on the Lipschitz constants
of the coefficients, such that for all 6 € (0,d], (4.2) has a unique solution (X%, Y%V H®vV Z%v) c B2[t,1°);
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and for all p > 2, there is some constant C, > 0 such that for all § € (0, 60},

)

O =] sw xeeps s e ([0 jzepas)”
t

t<s<Tt9$ t<s<Tt9$

k=1 »
/ Zmuv Pds)” | B < Cyl1 +]af?), Pas:

(4.3)

(ii) E[t<su<pé | X fx|p | ]—"t] < C,8(1+ |zfP), P-as;

S8 » 8 k—1 P

i) E( / 2z Pds)” / S IHFWPs)” | B < Gt (1t [al?), Peas.
t =1
Now we define

Tl = (s, X0 + 3 / (W ormoda (1 X2) — 6(r, X)) dN, (1), s € [t, 7). (4.4)

Lemma 4.3. Let the process (Ysl’i>“’”)s€[t7Ta] be defined as the first component of the solution (Y 1iwv Zliuv,
HYH%Y) of the following BSDE with jumps:

k—1
14,u, - _ ) 14,u, 1,4,u, 1,d,u, 1,i,u,
dY'S T,U,V — F(S,X:U,Y; zuv,HsZUU,ZSZUU7’U/S,’US)C18+>\ZHslu’U(l)dS
=1

1, Sy Y 5 (4.5)
+Z;"VdBs + > Hp""Y(1)dNs(l), s € [t,T°],
=1

14
Y (;z,u,v 07
r

where we have used the notations

L(s,Z,y,h,z,u,v)
- gf(s x) + t’l”(O'Z (S z Y, W, U)D2¢(S ZL')) +bi(87§7ayazau7 U)D¢(S7j) +fi(8a'i‘7y7h7zau7v>7

F(s,Z,y,h,z,u,v)
= L(87£'7 Y+ (]5(873?1), h+ W(i+-)mod(k) (S,{f) - ¢(S7j)17 z+ D¢(S7‘%)O—i(s7jvy + ¢(S75E)a u,v)7u7v),

and h"‘w(w.)mod(k)(s’j) —¢(s,)1 = (h; + (z+g)mod(k)(8757) — ¢(s,%))1<j<k—1. Then, for all s € [t,T)],

l,3,uv _ ~t,xz,2u,v 5 u, v 6 u,v 1,2,u,v
Ys/wé Gsmé,fé [¢(T vXT {N’ J=4} + Z l+z)m0d(k ’XTS )I{Nj;;:(m)mod(k)}] Ys/wé :

Remark 4.4. There exists some constant C' > 0 such that for all (Z,y, h,2), (#,y',h’,2') € Rx R x RF~1 x R4,
for any s € [t,T],u e U, v €V,

(l) |L(s,£,y7h,z,u,v) - L(swfj/ay/a h/,Z/,’U,,’U)|

S CQA+[2[+ 2] + [yl + [y'D(Z = 2| + |y — ') + C(|h = W'| + |z = 2]),
(ii) |L(s, 2,9, h, z,u,v)| < C(1+ |2 + |y|* +[h] + |2]),
(ii) |F'(s,2,y, b, z,u,0)| < O+ 12> + [y[* + [A] + [2]).
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It is easy to check that F(s,Z,y,h, z,u,v) is Lipschitz in (h, z), uniformly with respect to (s,Z,y,u,v), and
|F(s,%,0,0,0,u,v)| < C(+|%]?), (s,7,u,v) € [0,T] x R x U x V for some constant C' > 0.

Proof of Lemma 4.3 Let (Y™¥, H*“", Z"") denote the solution of the BSDE in (4.2). From the definition of
the backward semigroup we have,

u, v __ ~tx,iu,v
Yinrs —GsATS,Té ¢( {N“ z}+Z (i+i)ymod(k) (T X )1 (Nt = (l+z)mod(k)}}
On the other hand,

PLI = (% XN + 2( s mod(k)mx;i;“)—as(ré,Xr;”))ANTa(l)

uv uw (4.6)
- ¢(76’Xr5 )I{Nj’;:i} + l; W(l+i)mod(k)(767X76 )1{N:’;:(l+i)m0d(k)}

= Y75, (see (4.2)).
Moreover, applying It6’s formula to Y/Sl’i’“’” —Y™" and using (4.2), we get

g‘b( XYY + ;tr (007 (5, X2V, Y ug, v5) D% (s, X))
S

b5, X2 Y 20 g 0) D(s, XV) 4 fils, XU, VI HEY, 200 g, v,) | ds

d(i}sl,i,u,v _ Y—Su,v) _|:

—A Z [HE (D) = Wi ymod e (5, X2) + é(s, X{7)] ds

[Z"v“ D(s, X")oi(s, X2V, Y, ug, vs) | dBs

S

H

Z [H (1) = Wiy modge (85 X&) + é(s, X2 | dN, ().
=1

By setting
Yl 7,U,V Y'su U Yl 7,U v

leuv 7zgv Dd)(s Xu U)O'l(s Xuv Yuv Usavs) (47)

Hi buv(l) = H&V (1) — W(Z-H)mod(k)(s Xs V) + (s, X0Y), 1<I<k—1, s€t,T],

we get BSDE (4.5). The uniqueness of the solution (X**, Y“? H"Y Z%“Y) of (4.2) gives the stated result.

Lemma 4.5. For some C € Ry independent of § > 0, it holds

s k-1

E[/t(

for all § € (0,60), and all w € Uy 15, v €V}, 15, where 5o > 0 is small enough .

)] + |2 ds | ft} < 063, P-as, (4.8)
=1
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Proof. From (4.7), (4.6) and (4.4), we know

l3,uv u,v 1,%,u,v
}/S/(Téy B )/3/\76 u_v}/S/\Téuv 1,73,u, 1zuv
)
_E[YT Y; 5 ‘ ]:s/\‘r‘s} +E[Y - S/\T | ‘FS/\T‘S]
5 = k—1
T

= E[ [ R XEYRHP P ) dr / NI HE () | Fopes]

SATS sAT

FE[9(r, X15) = 65 AT XU | Fones|

SATO
k—1

+E|:Z//\ s (W(Z.H')mod(k) (7'7 X;’hv) - ¢(T, X:"L’U))dNr(l) ‘ ‘7:5/\7'5:|7 s € [tat"_ 5]
1=1 Y SAT

Therefore, from (4.3)

-6 k—1
Yl < CE| / (e e+ Z [ (0] + 122 )dr | Fonrs |
SAT —

+OE[|¢(75,X%”)—¢(8AT X Fonrs

SATS
k-1
B[S [ 07 omodnr X20) 60 XN )| o]
lr‘sl k—1
< C]E{/ (L (X2 + (Y20 4 ) [H (D] + |23 ) dr | F3A75:|
SAT® =1 (4.9)
+C6+ C'EHX“ = X505 | Fonre ]
k=1 b
’AE[ /A \ (Wrsymodaw (- X5") — é(r, X)) dr | ]‘_smé}
=1
t+9 k—1

SIS

< CoH(B[ [ PPV 4 S R 4 |2 )dr | Fone))
SAT =1

+C54 083 (14X,

SATO

< CFF(1+|X"%",]), P-as., s€[t,t+d].
From (4.7), we get

|1 < O X2 4 Y2+ |22,

Z |[HL w0 (1) < O(1 + | X (4.10)

v(1)]), P-as., s € [t,70].
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Applying Ito’s formula to |Y.14%?|? from (4.5) we obtain

S k—1

Té T
D/tl,i,u,vlz +E |:/ |Z3,i,u,v|2dr + )\/ Z |H,}’i’u’v(l)|2d7“ | ]:t:|
¢ b=t

s
r
_ 2E|:/ Y;}’l’u’vF(T, X;:L,U’ le,l,u,v’ ‘H'Tl,z,u,'u7 Z’},z,u,'u7 U, ’Ur)dT | -Ft:|
t

k—1

7_5
—E| /t AV ST N (1) |

=1
5

IN

5 k=1

7_6
+CIE[/ |le’i’“’”|2dr\Ft}+%E[/ SoEE @) ar | F.
t =1

Thus, combing this estimate with Remark 4.1, (4.9), (4.10) as well as (4.3) yields

IA

IA

IN

<

78 78 k-1
|Y;/1,i,u,v|2 + E[/ |Zrl,i,u,v|2d7, + )\/ Z |Hi’i’u’v(l)|2d7" | ]:t}
t t =1

)

T 7'6
1E| / Y P, X, Y L ZL ) dr | F] + CE| / Yl 2dr | 7
t t

- k—1
CE[ [ [YR8uwl( X2 4 VR0 2200 4 Y e )| 7]
t

=1
5

+0E[/ Y, bt 2dr | ft}
¢ 5 5

05%1@[/ (1+ X2 4+ X0 ) | 7 +01E[/ Y P | F|
t t
)

+0s B[ [ pxeniyetiar | ]+ ostE[ [ izl | 7
t t
5 |

- E—1 70

+05%E[/ (L4 125000 D [H () | ft} + 05“‘3[/ (+ X2 r | ft}
t =1 t

Cs3.

Therefore, from (4.9), (4.12) and (4.3)—(i) we have

s

- k—1
B[ [ (wheee ]+ ziom a3 e @) dr | 7]
t 1=1

<
+C5? (E{/jé kf |HYw (1) 2dr | ]-"tD%
< 05%, P-a.s. -

-
1,%,u,v u,v 1,%,u,v 1,%,u,v 1,%,u,v
B[ [ YRR X Y I 210 )i | 7
t

05%1@[/76(1 X0 )dr | ft} et (E[/ | Z w2y | ]-'t])%
t t

(4.11)

(4.12)
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Let us focus now on the following BSDE with jumps:

. . . k71 .
dy2iwe = —F(s,x,0, H2bw0 726wy gy v )ds + A S H24%Y(1)ds
=1

. k—1 . -
FZ2AB, 4 Y B2 (ANL(1), s € [1,70), (4.13)
=1

Y2§,i,u,v = 0.
r

Lemma 4.6. There is some C € Ry such that, for all § € (0,60) and for all w € Uy 5, v € Vy +5, where g is
small enough, it holds

(i) [0 — Y2t < 065, P-as.
s

= (4.14)
(i) E| / (A HHE e @) = 2 (1) 4 | gt -zt |
t =1

Q)dsm} <08, P-as

Proof. As F(s,Z,y,h,z,u,v) is Lipschitz in (h, z), uniformly with respect to (s,Z,y,u,v), a classical BSDE
estimate yields

25 k-1
|thl,i7u,v _ Ytz,i,u,v|2 i ]E[/ (AZ |Hslzuu(l) _ H?lui}(l)lQ n ‘Zsl,i,u,'u _ ZSQ,i,u,v|2)dS|]_~t}
t =1
8

.
]E{/ |F(s, X;MJ’ Ysl,i,u,v7 Hsl,z}u,v’ Zsl,i,u,v’ us, Us) _ F(s, , 07 Hsl’i’u’v, Zsl’i’u’v, Us, ’l)s)|2d8‘ft} (4,15)
t

IA

)

IN

YR 2(XEY — ] 4 V) 2ds | F).

CE[/ (1+ || + [ X2
t

Consequently, from (4.3) (1)—(ii) and (4.9),

1,%,u,v 2,i,u,v
Y, Y

£ k-1
D[ [ (A ) - HR @ 4 |Zhe - 22 as | )
t 1=1

< CSE| sup (1+|X27))? X;“”—_2+5 L+ ]X0)?) | F
[ oo, (L X (X8 o7 50+ X20)?) | 7] (4.16)
< O3(B[ swp (1 1xe0) | A])T(B] swp (X300 —af +ot @+ x| A])
s€[t, 9] s€[t, 7]
< C8(5% +6) < CoF,
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for all (u,v) and all § € (0, dp), for some dy > 0 sufficiently small. On the other hand,

1,%,u,v 2,i,u,v
Y, Y

r
u,v 1,2,u,v 1,2,u,v 1,2,u,v 2,1,u,v 2,1,u,v
= ‘IE[/ (F(s, XY, JH, 2y U, Us) — F(s,2,0, H; VA L Us, Vs ) )ds| Ty
t
S k—1

[ [ - e @)l £|
to

=1
s

< oz (U fal X YR (XK ] ¥R
ot
FADD IR (1) B2 ()] 4 |21 2200 ) ds|
=1 L5
< CE[/ <|X;"“ — @] 4 [YRE| 4 | X g2 4 [y L 2)ds | ]—'t]
t

5 k-1
+Cot (E| / (A (L0 (1) = B2 4 |21z 2)ds| F )
¢ 1=1

SIS

and from (4.9) as well as (4.3) and (4.16) we obtain

|}/tl,i,u,v _ }/tQ,i,u,vl
u,v 2 uU,v 4 % 2 u,v |2
C3(E[ sup (X — o +1x2" —al') | A])" +COIE[ sup (1+|X27P)|F]

<
s€t, 0] s€[t,7°]
, A . , , 1
+C62 (E[/ ()\ Z |Hsl,z,u,v(l) _ Hg,z,u,v(l)|2 + |Z81,1,u,q; _ Zs,z,u,v|2)ds|]_-t])
t =1
< (0§% + (085 <083, P-as.
O
Lemma 4.7. Let Y3 be the solution of the following equation:
. _ k=1 .
A3 = —Fo(s,2,0, H,0)ds + = HI D[N, (1) + Ads], s € [1,7°], wn
, =1 .
YTS(;Z _ 0,
where the function Fy is defined by
Fo(s,z,y,h,z) = sup inf F(s,z,y,h, z,u,v). (4.18)
welUVEV
Then, there is some 69 > 0 small enough such that, for all § € (0,dy), P-a.s.,
esssup essinf Y, 21"V = Y27 (4.19)

u€U, s VeV, s
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Proof. Let us define F(s, z,y, h, z,u) = in%"/ F(s,x,y,h,z,u,v), (s,2,y,h,z,u) € [0,T] x Rx Rx RF"1 x R4 x U,
ve
and consider, for u € U, ,s, the following BSDE:

. s kel . _
AYBin = —F(s,x,0, H¥", 7300 u)ds + 3 H3"(1)(dN,(I) + Ads) + Z3+dB,, s € [t, 7],
=1

yie =,
(4.20)
for all § € (0,8p). It is clear that there exists a unique solution (Y34, H3:4u 73:44) to (4.20). Moreover,

3,4, e 20,
Y, = essinf Y7, P-a.s., for all u € U, ..
vEV, _5 ’

t, T

Indeed, from the definition of F' and the comparison theorem for BSDEs with jumps (see Thm. 2.5 in [11]), we
have

3, ; 2,i,u,
Yt < es\s}lnf Yo", P-as., for all u € U 5.
ve t 7'6 ’

On the other hand, there exists a Borel measurable function v? : [0,7] x R x R¥=1 x R? x U — V such that

F(s,z,0,h,z,u) = F(s,z,0, h, z,u,v*(s,x, h, z,u)), for any (s,z,h, z,u).
By setting 92 = v?(s, z, H>"", Z3% wy), s € [t, 9], we see ¥? € Vi.r6, and

F(s,x,0, H3 Z30% 4)) = F(s,z,0, H3 2304 4, 02, s € [t,7°).
From the uniqueness of the solution of the BSDE with jumps, we conclude that

(Y3,i,u’ H3,i,u’ Z3,i,u) _ (Y2,i,u7527H2,i,u,’172,22,i,u,172)

)

: : 3,4, 2,4, 3,4, ~ 2,4,u,
and in particular, ;""" = Y,>""" | P-a.s., for all u € U, ,s. Consequently, ;""" = es‘s)mf Y, P-as., for
’ ve t,,ﬂ"s

all u € Uy ;5.

Finally, as Fo(s,z,y,h,z) = sup F(s, x,y, h, z,u), by a similar argument we get the desired result:
uelU

3,1 3,1 : 2,1,
Y," = esssup Y,"" = esssup essinf Y,"""") P-a.s.
uGZ/{t”T{s u€7xit17_5 vevt,r‘s

O

Remark 4.8. Notice that the solution (Y% H>%) of (4.17) is independent of the Brownian motion B but still
depends on the Poisson random measure V.

Now we extend equation (4.17) to the interval [t,t + d] as follows:

k—1 B
dY20 = —1y, s51(s)Fo(s, 2,0, H,0)ds + > HY(I)[dN,(1) + Ads], s € [t,t + 0],
=1

0,6 _
vl4 =0,

(4.21)
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Remark 4.9. It is easy to check that

YO,(S _ }/‘93,1', ERS [taTé]v H0,5 _ H?’iv s € [thé],
s 0, s€[r0,t+4], s 0, s€[r0t+4],

0,6 3,0 : 2,
So we have Y, = Y,;>" = esssup essinf V;"""", P-a.s.
u€U, 5 VEVy o6

Furthermore, we consider

dYSO"S = —Fy(s,2,0,0,0)ds, s € [t,t + ],
t+6 —
and we can estimate the difference between Yto"S and 17,50’6 as follows:
Lemma 4.10. There exists a constant C € Ry such that for all § € (0,8p), for some §g > 0,
0 — v < Cs3, P-as.
Proof. We notice that
_ _ k=1 _ -
dY2® = —Fy(s, 2,0, H?® 0)ds + >° HY()[dN,(I) + M\ds], s € [t,t + 4], (4.23)
=1 .
>0,
Y, .5=0,
where H%° =0, s € [t,t + §].
~ t+06
On the other hand, from (4.22), YTO(;(; = / Fy(s,2,0,0,0)ds, and as |Fy(s,2,0,0,0)| < C(1+ |z|?) = C
76
(indeed, z is fixed), we have from the definition of 7°,
k—1
|YTos’6| SCOMt+3—7°) <Y COLiN((ti4s]x 1)) >1}
=1
that is,
B[V | 7] < CK25° (1 — P(N((t,t+ 6] x {1}) = o)) = Ok?6%(1 — M) < OMK265,
As we have
_ _ k=1 _ -
dY9? = —Fy(s, 2,0, HO? 0)ds + > HYO(1)[dN4(l) + Mds], s € [t, 0], (4.24)
=1 .
}_/TO{;(S = :;Hs Fy(s,x,0,0,0)ds,
and
k=1 .
dY9® = —Fy(s, 2,0, H*? 0)ds + > HY?(I)[dN4(l) + \ds], s € [t,79] (4.25)
I=1 .

Yi =0,
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we get from a BSDE standard estimate,

79 k—1
V0 — v 02 +IE / Z\H” — HY%(1)]ds | ft} <CE[Y% Y% )2 | R] <08 §€(0,8), P-as.

(4.26)
Consequently,

V2 — v < €53, 5 €(0,6), P-as.

Now we give the proof of Theorem 4.2.

Proof. (1) Let us show that W is a viscosity supersolution. For this we suppose that i € K, ¢ € C’Eb([O, T] xR)
and (t,z) € [0,T) x R are such that W; — ¢ attains its minimum at (¢, ). Without loss of generality we may
also suppose that ¢(¢,z) = W;(t,z). Then

§ yusv
o(r » X3 )1 (Nt = -yt Z Wl+z)m0d(k)(7— X )1 {Nt=(+imod(k)}

IA

Wi(m%, X 5°)1 (Nti=iy T Z (tromoder) (70 X15° )l{N:gz(l-&-i)mOd(k)}
WNt,(sz( X: v), (’LL ’U) € Ut 6 X Vt 5.

Recall from (4.4) that ¥;"""" = ¢(t,z), and recall also Lemma 4.3. Then, from the comparison theorem (the
proof is similar to Theorem 3.3 in [6]) for fully coupled FBSDEs with jumps we have, for all § € (0, dp) and for
3.11 u e Z/[tﬂ-&, 5 S Bt,‘l“57
thl,i,u,ﬁ(u) _ Y;u,,B(u) . ¢(t,$)
k—1
_ t,,5u, 8(u) 5y wB(u) _ 5 yuw.Bu)
= G o XN iy + = Wieromodu (" X151 (v—(romodiy) — 9(t:)

Gy T (W (20, X000 | - Wi @),

t, T

IN

(4.27)
where Gi’:f;u’ﬁ(u)[-] is defined in (3.9), and (Xbt®swh(w) yteiuplu) frteseb) zteiufw) s the unique
solution of the following FBSDE with jumps on [t, 79]:

AREPIIO) (s, REIB gheins) pLaint g )ds

borgea (5, RETRI0) GEIID 800 )ABy, s € 7],
X—:,r,i;mﬁ(u) =
AYLEE (s, XL gl it gteied y g, )ds

A kz_jl "YW (1) ds 4 205 P M aB, + kf HE5P (VAN (1)
=1 =1

FLEOW gy (g8, REA)

T

Combined with the strong DPP (Thm. 3.17), this yields

essinf esssup Y1 siuB(u) < essinf esssup Gt @t fw) [WNt,i(T‘s,)_(i’f’i;u’ﬁ("))] — W;(t,x) =0, P-as.
BeB tr5u€ut s BeB tréueu 8 6
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Furthermore, Lemma 4.6 implies that

. 2,i . 1, 4 4
essinf esssup Y bhu,Blu) < essinf esssup Y; Au.Bu) + C63 < C6H3, P-a.s.
BEB, .5 uEU, _s BEB, .5 u€EU, s

Consequently, from veesgini Yf’i’“’v < Yf’i’u’ﬁ(u), B € B, s, we get
t, T

. 2,i,u, . 2,4,u,8(1 4
esssup essinf Y;7""" < essinf esssup Y, Alu) < (Cé3, P-as.
u€l, s VE€V: -6 BEB, L5 uel, _s

On the other hand, according to Lemma 4.7, Yf”i = esssup es%inf Yf’i’“’” < 05%, P-a.s. It then follows from
uEZ/{,q_,_(s vEV, s

Remark 4.9 and Lemma 4.10,
v < 065,

Therefore, from equation (4.22), sup in‘f/ F(t,z,0,0,0,u,v) = Fy(t,z,0,0,0) < 0, that is,

u€U VE
%(1,2) ~
+ Slglg 1}2‘{‘/ {L:uv(ﬁ(tv l‘) + fl (ta z, ¢(t7 $), W(i+.)1nod(k) (t7 l‘) - ¢(t7 J?)]_, D¢(t7 JJ)O’i(t, T, (b(ta .’E), u, U)7 u, U)}

= %2(t,0) + sup inf {1, 0(,2) + it 2, W(t,), DO(t, 2)ou(t,2, §(t, ), 0),,0) } < 0.
uelU v

Hence, W is a viscosity supersolution of (4.1).

(2) We now show that W is a viscosity subsolution of (4.1). Suppose i € K, ¢ € C,([0,T] x R) and (t,z) €
[0,T) x R are such that W; — ¢ attains its maximum at (¢,z). Without loss of generality, we assume again that
o(t,x) = W;(t, x).

For this, we only need to prove that sup in‘f/ F(t,z,0,0,0,u,v) = Fy(t,2,0,0,0) > 0. Let us suppose that

wel VE
this is not true. Then there exists some 6 > 0 such that

sup inf F(t,z,0,0,0,u,v) = Fy(t,2,0,0,0) < —6 < 0, (4.28)
welU VEV

and we can find a measurable function g : U — V such that
3
F(t,x,0,0,0,u,g(u)) < —19, for all u € U.

Moreover, since F(-,x,0,0,0,-,-) is uniformly continuous on [0,7] x U x V, there exists some T —¢t > R > 0
such that

1
F(s,2,0,0,0,u,g(u)) < —59, forallu € U and |s — t| < R. (4.29)
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On the other hand, notice that now we have

k—1
5 ywBu) , 5 ywB(u) )
A%, X 5 )1{N:;:i} + z; Wi omodn (77 X5 )I{Njﬁz(uri)mod(k)}
5 xruBw) = 5 x By
WilT®, X3 ) iy + l; Wiriymoda (7> X)Lt giymod i)

= Wye(r, X5,

Y

Similar to (4.27), from the comparison theorem for fully coupled FBSDEs with jumps (see, Thm. 3.3 in [6]) and
Lemma 4.1 we have
1,2,u,8(u u,B(u
Yl =y e, )
k=1

_ b, 50, 8(u) 5y wB(u) _ u,B(u) )

- G [o(r, X5 ey + l; (modge (7 X" )1 (vt =(imodgy] — 9(42)

> Gtﬂcﬂ';uﬁ(u) [WN‘; (76,)2:%96,1';%[3(“))] — Wit, z),

t, 79
-

where Gi’f’;;u’ﬁ(u)[-] is defined in (3.9). Then, the strong DPP gives Bessinf esssup Ytl’i’u’ﬂ(u) >0, P-a.s., and in

€B, s ueld, s

particular, esssup Y, """ 9 > 0, P-a.s. Here, by putting gs(u)(w) = g(us(w)), (s,w) € [t,T] x Q, we identify
uel, s

g as an clement of B, rs. Given an arbitrary ¢ > 0 we can choose u® € U, ;s (depending on ¢ > 0) such that

Ytl’i’“a’g(ua) > —&6. From Lemma 4.6 we have
Yf?i,uig(us) > (085 — &5, P-as. (4.30)

Recall that

)

}/tz)i7us7g(us) _ / F(S7.’,U,O,H327i’us’g(u€)’ Zs,i,us’g(u ) b’g( dS —/
t

7.

ZHZZu ,g(u®) )d
70 k—1

_/T ZQZuvg(u )dB / ZHQ’Lu,g(u )(l)dN (l)
t

Using that (h,2) = F(s,,0,h, z,u,v) is Lipschitz, uniformly in (s, x,u,v), we have
F(s 2,0, H2W900) z20uw5000) e g(us))

k—1
<P (5,,0,0,0,u5,9(u5)) + O (3 [H 900 () |22790)).
=1
Hence,

7_5
Yf’i’us’g(ue) < IE[/ F(s,2,0,0,0,us, g(uf))ds | ft}
¢

T (4.31)
+C]E[/ (AZ|H2’“’9(“ (1)] + |z 9(w) |)ds|ft]
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Notice that, from (4.8) and (4.14)—(ii) we have

s k-1

[ (S seor sz sn)ans]
t

=1

25 k-1
< B[ [ (AXjEi )+ iz 0w asl 7]
t _
-0 17161_1
SB[ [ (A a0 @) < R s @) 4 |zl a0 - g2 a0 a7
t —
=1 o .
< C5F 40t (E[/ (AD it s ) () — g2t at )2 4 | ZLiet a0 g2iat st ) ag| F ] )
t 1=1
< C6F 4065 <O,

Substituting this in (4.31) yields

-6

veo o) < [ P(s,,0.0,0,0 glu)ds | 7] + Co1. (4.32)
t

Consequently, from (4.29), for all § € (0,9 A R),
i,ut,g(u® 1 5
Yot < oE [Té _—y ]-"t] + oot (4.33)
From the definition of 7°, 70 = ¢ + § on {Nttj:(; = i}. Thus,

E[T‘S | }'t} > (t+6)P{N}, =i | Fi} = (t+ 6)P{N}, = i}

= (t+OP{N((t,t+ 8] x {I}) =0, 1 <I<k—1}
— (£ 4 8)eAED8 = 4b(5).

As ¢/(0) = e M1 — Nk — 1)(t + 6)) > e 2F=D(1 — X\(k — 1)T) > 0, the function ¢ : [0,7] — R is
increasing, and there exists some & € [0,4], such that 1(8) — 1(0) = ¢/ (8)4, i.e.,
E[T5 _y ft} > (8) — (0) = ¢/ (§)8 = e A=D1 — Nk — 1)(t +8))8 > e D1 — A(k — 1)T)3(> 0).

Hence, from (4.33),
y2iuta() —%em 7 11 7] + oot < —%96—“’%1)5(1 Ak —1)T)5+ 5t (4.34)

From (4.30) and (4.34), —Cd3 —e < —20e=2E=19(1 — \(k — 1)T) + C6%, P-a.s. Letting § | 0, and then ¢ | 0,
we deduce that 8 < 0, which induces a contradiction. Therefore,

sup inf F(t,x,0,0,0,u,v) = Fy(t,z,0,0,0) >0,
weld VEV

and from the definition of F' we see that W is a viscosity subsolution of (4.1).
Therefore, we obtain W is a viscosity solution of (4.1). O
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4.2. Uniqueness

First we define the following space of continuous functions:

0 ={peC(0,T] xR): I A>0such that lim o(t,z)exp{—Allog((|z|> 4+ 1)2)]2} = 0,

|| =00

uniformly in ¢ € [0,T}.

The uniqueness result of viscosity solution of the following HJBI equation (which is a special case of (4.1) when
the diffusion coefficients o;, i € K, are independent of y) will be presented in ©:

6 N .
L(t,x) + sup inf
ot ( ) ueg veVv

{%tr (030t (t, 2, u, v) D2 Wi (t, )
+0;(t, x, Wi(t, x), DW;(t, z)o;(t, x, u,v), u, v) DW;(t, x) (4.35)
+fi(t,z, W(t,z), DW;(t, x)o;(t, z, u, v),u,v)} =0,

Wi(T,z) = gi(x), (t,x,i)€[0,T] xR xK,

where W(t,z) = (Wi (t, z), Wa(t,x), -+, Wi(t,z)), (t,x) € [0,T] x R.

Theorem 4.11. Under the assumptions (B1)-(B3), the lower value function W is the unique viscosity solution
in © of the coupled HIBI equation (4.35).

Proving the uniqueness of the viscosity solution similar techniques as those in 7] can be applied in our case.
So the details are omitted here. We only study the lower value function W (¢, z). For the upper value function
U(t,z) = (Ur(t,z), Us(t,x), - ,Ug(t, x)), we have the same result.

Theorem 4.12. Under our assumptions (B1)-(B3), the upper value function U(t,x) = (Uy(t, x), Ua(t, ),
< Uk(t, ) is a viscosity solution of the following system of HJBI equations:

i (t,2) + 125 sup {bi(t7x, Ui(t,z), DU(t,x)o;(t, x, U;(t, x), u,v),u,v) DU (L, x)
veV ueU

+itr (0,07 (t, 2, U(t, @), u, v) DUy (t, z)) (4.36)
+fi(t,z, U(t, z), DU;(t, x)o;(t, z, Ui(t,x),u,v),u,v)} =0,
Ui(T,z) = gi(z), (t,z) €[0,T] xR, 1 e K={1,2,---k}.

When o;, i € K, do not depend on y, we also get the uniqueness of the viscosity solution U(t,x) in ©.

Remark 4.13. If for all (¢,z,i) € [0,T] x R x K, (y,p, 4) € R x R x R, a € R¥, the following Isaacs’ condition
holds true:

sup inf {%tr (Uiaz‘(t,x, u,v)A) +bi(t, .y, poi(t, z,u,v),u,v) - p+ filt,z,a,poi(t, v, u,v),u,v)

uel veV }
= in‘f/ sup {%tr (aiaf(t,@u,v)A) +bi(t, 2, y, poi(t, z,u,v),u,v) - p+ fi(t,z,a, poi(t, z,u,v), u,v)},
veV yeU

then the equations (4.35) and (4.36) coincide (when o, ¢ € K, do not depend on y). The uniqueness of the
viscosity solution implies that W (t,2) = U(t,x). That is, there exists a value for our stochastic differential
games under the Isaacs’ condition.
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APPENDIX A.

A.1 Comparison theorem for FBSDEs with jumps

In this section, we show that the comparison theorem for the dynamics (3.2) holds true only when K; > 0,
where K is the constant in the condition (B3). For simplicity, we suppress the controls (u, v) in equation (3.2),
i.e., the following FBSDE with jumps,

AXEPT = byea(s, XML YN ZE00)ds 4+ o s(s, X0, YEM)AB,, s € [1,T),
xpmo= o,
dygni = —(th,fi(87X£’"”}1?’"”}Hﬁ”“}Zﬁ””)—Akaﬁ’"’i(l))ds
. " z (A1)
+Z5m1d By + l; H(D)ANG (L), s € [t,T),
Y= g (XET),

where i € K, and initial data (t,n) € [0,T] x L?(Q, F;, P;R). From Remark 3.3, we know that, under the
assumptions (B1) and (B2), equation (A.1) has a unique solution (X®m¢ Ytmi ftni ztniy ¢ B2[t T)|. We
now show that under the additional condition (B3) the comparison theorem for this equation holds true (or,
equivalently, if condition (iii) in Rem. 3.1 is satisfied).

In fact, when the constant K7 > 0 we get the comparison theorem by arguments similar to those in Theorem
2.5 in [11]. For the situation K; = 0, we consider an increasing positive sequence {A,}>2; C Ry with A\, < A,
A T A, n — oo, and the FBSDE with jumps (A.1) with A replaced by A, (but we keep N(I) defined in
Subsection 2.1 with \), that is,

dX.g’n’im = sztl (Sa X?n’i’na Y'St,n,z',n) Z;’n,im)ds + UN;M (Sa X?n’i’na Y;tﬂm,n)dB& ERS [t7 T]7
Xtt;n;i”ﬂ = 1,
dytmin = _(th,i(S’X;f,n,z,vl7yst,n,z,n’ Hbmin, gtniny .\ 3 Hﬁv’“’"(l))ds (A.2)
° =1 .
4 k=1 , ~
+ZLn"d B + l; HEe(1)dNg(1), s € [t,T],
Yj{mmﬂ _ gN;i(XT,nﬂ,n).

It is easy to check that, for every n € N, this equation has a unique solution (X&m&n ytmin ptmin_ ztmnin) ¢
B2[t,T). For n € N and i € K, we introduce

k—1
=1
Then the equation (A.2) can be rewritten as
dX;"”‘ = sz,i(s,Xﬁ’"’i*",)ﬁ’"’i’",Zﬁ””i’")ds —|—UN;,i(s,Xg’"’i*”,);t’"’i’")st, s € [t,T],
tmin
t ,
- k—1
d}/st’n’i’n _ _( nt,i(s, X;,n,i,n’ Y;t,n,i,n,Hg,n,i,n, Z;&,n,i,n) Y Z H;W,Zm(l))ds
N = (A.3)

k—1 .
—i—Zﬁ””“‘st + > H?"’i’"(l)st(l), s€t,T],
‘ , =1
Y}”’”’” _ gN;,i(Xf,z”’“").
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Since the coefficient f7(s, z,y, h, z) satisfies the condition (iii) in Remark 3.1 with K; + (A —\,) > K; = 0, we
get the comparison results for the FBSDE with jumps (A.3) for all n € N. Note that it follows from standard
arguments that

T

t,n,i t,n,i(2 tn,i t,n,i(2 tom,i, 1,02

E|: sup ‘XSJI,%" _ XS,7N| + sup |Ys 1HLM Ysﬁml +/ |ZS men Zs n Z| ds
s€[t,T) s€[t,T) t

k—1 T
Y / VL) — HE(1)[2ds] > 0, as n— oo
=17t

Thus, also for the limit equation (A.1) with K; = 0, we have the comparison theorem. This proves that we
obtain the comparison theorem for FBSDE with jumps (A.1) when the constant K; > 0.

It is worth to point out that, in general, there is no comparison result for FBSDEs with jumps of the type
(A.1) when K; < 0. Let us give a counter-example.

Example A.1. We choose K = {1,2}, i.e., k = 2. Referring to the notations introduced in Subsection 2.1, we
put

N((s,t]) :== N((s,t] x {1}), N((s,t]) = (N—N)((&t} x{1}), 0<s<t<T.

Let the coefficients b = 0, o = 0, and fi(s,x,y,h,z) = —y kil h(l) = —vh(1), for some > 0. Moreover, for
K, = —v <0, we have =
fils,w,y,h,2) = fils,w,y, 0, 2) = K (h(1) = B(1)),
but as K7 < 0, (B3) or condition (iii) in Remark 3.1 is not satisfied. Notice that now (A.1) takes the form
dY, = (v + N\ H.ds + H,dN, = vH,ds + H,dN,, s € [0,T]. (A.4)

Endowed with a terminal condition & € L? (Q,U{N((O,T])},P), BSDE (A.4) has a unique square integrable
adapted solution (Y, H).

Let us consider the both terminal conditions £' = 0, €2 = N((0,7T]), and denote by (Y?, H*) the unique
solution of (A.4) with Y} =&, i = 1,2, respectively. Obviously,

(Y, HY) = (0,0),
(Y2, H?) = (N((O, s]) — (T - s), 1), s €[0,T].

We observe that, although &' < &2 with P{£? > ¢!} > 0, we have Y@ = —T < 0 = Y}, for any v > 0 (and,
hence, for any K7 < 0). This shows that, if K; < 0, the comparison theorem fails. -
If we consider 1’ =i + N((O, T]), i =1,2, and denote by (Y?, H') the unique solution of (A.4) with Y} =’
i =1, 2, respectively. It is easy to check that, for i = 1,2,
(V1) = (i+ N((0,5]) = (T = 9),1), s € [0,7].
Then, although ¢ < %, i =1, 2,

_ 2
Yi=i—T<2-~T<0=Yy, ifT> =,
5
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which also implies that the comparison result fails for K1 = —y < —%. We see, in particular that, choosing
T > 0 large enough, we can have K; < 0 arbitrarily near to zero.

Remark A.2. We consider 7’ in order to get the explicit solution, instead of considering the terminal condition
Yi=Ni= (z +N((0, T]))mod(2) € {1,2}. But, as i + N ((0,T]) > (i + N((0,T]))mod(2) > 0, the comparison
theorem should also hold for ¢ + N((0,7) if we had the comparison theorem.

A.2 The proof of Theorem 3.17 (Strong-DPP)

For convenience, we set

W i(t, z) = essinf esssup Gi’f’i;u’ﬁ(u) (Wi (T, Xbwiupu))),
ﬂeBt,T Ueut,r ’ g

We want to prove that W;(t, z) and W;(¢t, z) coincide. For this we only need to prove the following three lemmas.
Lemma A.3. Foralli € K, (t,z) € [0,T] x R, W;(t,z) is deterministic.

The proof of this lemma is similar to the proof of Proposition 3.6; so we omit it here.

Lemma A.4. For alli € K, (t,z) € [0,T] x R, it holds W(t,x) < W;(t,x), P-a.s.

Proof. Let 8 € B r be arbitrarily fixed. For any given uy € U, 7, we define, for u; € U ,,

Bi(u1) == Bur © u2)| 1,

where u1 @© ug := w11y ;] + u2l(, 7], belongs to Uy . It is easy to check that 81 € By and 3; is independent of
the special choice of uy € Uy 1 due to the nonanticipativity property of 3. Consequently, from the definition of
W(t,x), Lemma 5.1 and Remark 3.7 in [7], we know for any € > 0, there exists uj € U, . such that

Wi(t, z) SGt,m,i;ui»B1(uf)[VVNH,(7_7 va_,m,i;uivﬁl(u?))} +¢, P-as. (A.5)

t,T

We now estimate Wi (T, Xﬁ’r’ml’ﬁl(ul)). For uy € U, 1, we define

=

2 (u2) := B(u] & ug)l(rm).

X—?ﬂﬁd;ﬂiﬁl(ui)

Then ﬁ;i € B; . From Proposition 3.16 with choosing n = , we have

Wi (T, Xﬁ’m’i;ul’ﬁl(ul)) = essinf esssup J(7, Xﬁ’z’i;ul’ﬁl(ul),Nﬁ’i;ug,ﬁg(ug))

B2€Br, 1 useld,
otx,iud, B (uf i uf
< esssup J (1, X7 1A ”,Nﬁ”;u%ﬁzl(m)), P-a.s.
u2 €U, T

By similar arguments to (A.5) it follows that there exists u§ € U, r such that

WNi,z‘(T, X?w,i;ulﬁl(ul)) < J(T, X‘;‘:7$,i§u1a61(u1),Niyi;u;7ﬂgl (ug)) +¢e, P-as.
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It is easy to check that B(u®) = By (uf) @ By ( 5), where u® = uj @ u§ belongs to U, 1. Then we have

W (1, Xp2 5000y < () Xp2EO0D) N s 55 (u5)) +
’ (A.6)
J

(7, XL iun Bs) NEEwf B(uf)) + ¢, P-as.

Therefore, from (A.5), (A.6) and the comparison theorem for FBSDE with jumps (see Thm. 3.3 in [6]) we obtain

W ( ) tx,i,ul,ﬂl(ul)[WNfl(T Xtrlul,ﬁl(ul))] +e

G
Gtmul,ﬂl(ul) (7. X Xbaiut b)) Nty B (uf)) el +e (A7)
< GL RO (7, b ) N0, 65 ()] + Ce, Pas,
where the last inequality follows from Corollary 3.1 in [6]. Finally, from (A.7) we get
Wi(t,$) < G::f’i;us’ﬁ(ug)[J(T, X,,t_’w’i;us’f@(us),Nri;ue,ﬁe(ua))] + Ce

_ Gizi,i;us,ﬁ(us)[Y:,J;,i;ui,ﬁ(ua)} +CE

= Y/ O = (826", B(0F) + Ce

< esssup J (¢, z,4;u, S(u)) + Ce, P-a.s.

u€Uy, T

From the arbitrariness of 5 € By 1, we conclude that

W(t,x) < essinf esssup J (¢, z,i;u, B(u)) + Ce = W;(t,z) + Ce, (A.8)

BEBy T ueldy
which yields the desired result by letting € | 0.

Lemma A.5. For alli € K, (t,z) € [0,T] x R, it holds W,(t,x) > W;(t,x), P-a.s.

Proof. From the definition of W;(t,z) and the standard arguments, we know that for any e > 0, there exists
B € By - such that for all uy € U -,

Wilt,z) > Gy iy o, Xpt i Ay o pas, (A.9)

We now give the estimate of Wy.:(7, xbmiunBin)y 1t follows from Proposition 3.16 with choosing n =
g v 7
Xi,w,i;ulﬁf(ul) that

W (T, Xhmbu ﬁl(ul)) = essinf esssup J(7, Xheiunhi(n) , Nbt su2, Ba(uz)), P-as.
B2E€BrT uyelts 1

Using a similar method, we deduce that there exists 85 € B, 1 (depending on u;) such that for all us € U, 7,
WNt L(T Xt , T, u1,51(u1)) > J(T Xt T, 41,87 (u1) Nt i, u27ﬁ2(u2)) — ¢, P-a.s. (AlO)

For w € Uy 7, we define

B (u) := B (u1) @ B5(u2),
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where u1 = ulf, -], u2 = ul(r,r). Then 3° € B; 7.

Indeed, let S : Q2 — [t,T] be an F-stopping time and u, 4 € Uy 7 be such that u = 4 on [[t, S]]. Decomposing
u, U into uy, @1 € Uy -], Uz, iz € Uy ) such that u = uy @ ug, @ = Uy © 2. Then we have u; = @y on [[t, S A 7]]
which yields that 85(u1) = B5(41) on [[t, S A 7] since 85 is nonanticipating. On the other hand, we have ug = @9
on |7, SV 7]] which gives that 85(us2) = f5(i2) on ]]7,S V 7]]. Therefore, we get 5°(u) := 55 (u1) & B5(u2) =
B5 (1) @ p5(uz) = B°(u) on [[t, S]], from which it follows that 8% € By r.

Let u € Uy 7 be arbitrarily given and decomposed into uy = ulp ;) € Us - and uz = u(+,7) € U . Then from
(A.9), (A.10) and Corollary 3.1 in [6], we get

Wi(t,x) > Gizf,i;ulyﬁf(ul)[(](ﬂ X:—’m7i;ul’ﬁi(ul),Ni’i;uz,ﬁg(uﬂ) . E] e
> G A (7, xpr ) N, 55 (1)) — Ce

_ Gi:iﬂ;’“«aﬁs(u) [Y:,m,i;u,ﬁ’g(u)] —Ce

= Ytt’w’i;uﬁs(u) — Ce = J(t,z,i;u, 3 (u)) — Ce, P-as.

Consequently, it follows from the arbitrariness of u € Uy 7 that

W(t,x) > esssup J(t, x,i;u, B°(u)) — Ce > essinf esssup J (¢, z,4;u, f(u)) — Ce = W;(t,z) — Ce, P-as. (A.11)

uEU, T BEB:, T wEU, T

Finally, letting € | 0 we get W, (t,z) > W;(t, x).

2]
(3]
(4]
(5]
Fi}
(8]
(9]
(10]

(11]
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