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SHAPE DERIVATIVES FOR AN AUGMENTED LAGRANGIAN
FORMULATION OF ELASTIC CONTACT PROBLEMS*

BASTIEN CHAUDET-DUMAS™ AND JEAN DETEIX

Abstract. This work deals with shape optimization of an elastic body in sliding contact (Signorini)
with a rigid foundation. The mechanical problem is written under its augmented Lagrangian formula-
tion, then solved using a classical iterative approach. For practical reasons we are interested in applying
the optimization process with respect to an intermediate solution produced by the iterative method.
Because of the projection operator involved at each iteration, the iterate solution is not classically
shape differentiable. However, using an approach based on directional derivatives, we are able to prove
that it is conically differentiable with respect to the shape, and express sufficient conditions for shape
differentiability. Finally, from the analysis of the sequence of conical shape derivatives of the iterative
process, conditions are established for the convergence to the conical derivative of the original contact
problem.
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1. INTRODUCTION

Structural optimization has become an integral part of industrial conception, with applications in more and
more challenging mechanical contexts. Those contexts often lead to complex mathematical formulations involv-
ing non-linearities and/or non-differentiabilities, which causes many difficulties when considering the associated
shape optimization or optimal control problem.

In this article, we study a shape optimization problem in the context of contact mechanics. Especially, the
physical system models an elastic body (without restriction on its dimension) coming in sliding contact with a
rigid foundation, which takes the mathematical form of an elliptic variational inequality (VI) of the first kind.
As variational inequalities involve projection operators, differentiation with respect to the control parameter (in
order to derive optimality conditions or use a gradient descent optimization method) is not an easy task.

Using the terminology from [15], let us gather the approaches to treat optimal control or shape optimiza-
tion problems for variational inequalities in two families: the ones following the first optimize then discretize
paradigm, and the others following the first discretize then optimize paradigm. In the first one, the idea is to
work with a weaker notion of differentiability, namely conical differentiability (see Def. 2.3), in order to get
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optimality conditions. Let us mention the pioneer work [24], as well as other works in the same direction [25],
the series of works [28-35] and also [15, 19]. In those works, the conical derivative of the solution with respect to
the control parameter is expressed by means of a variational inequality. Thus the optimality conditions obtained
might be difficult to use in practice. However, in [27], for the two-dimensional Signorini problem, the authors give
conditions for some specific functional to be shape differentiable. This allows them to get an explicit expression
for the shape derivative of the functional using an adjoint state. In the second family of approaches, first the
variational inequality is discretized, then tools from subdifferential calculus are used in the finite dimensional
setting. The interested reader is referred to [11, 12, 21, 22] for shape optimization for the two-dimensional Sig-
norini problem discretized using finite elements. The way the authors define the set of admissible shapes enable
them to prove existence of an optimal design for the non-disctretized problem. Moreover, in [13], convergence
analysis with respect to the discretization parameter is performed. In the same spirit, we finally mention the
series of papers [1, 2, 14] dedicated to shape optimization for the contact problem with Coulomb friction, which
is much more cumbersome. There, the authors manage to characterize an outer approximation of the shape
subdifferential of the functional to minimize, then use a bundle algorithm.

The approach proposed here follows the first optimize then discretize paradigm. The goal is to express first
order optimality conditions for the shape optimization problem associated to some generic cost functional. It can
somehow be understood as a continuation of [27]. In order to facilitate shape sensitivity of the contact problem,
we write the sliding contact conditions using the normal to the rigid foundation instead of the normal to the
body, as in [3]|. Furthermore, the variational inequality arising from the basic formulation of sliding contact
problems is transformed using an Augmented Lagrangian formulation (ALF) which we plan on solving using a
basic iterative approach, the Augmented Lagrangian method (ALM). Aiming at practical use of the ALM in
a numerical shape optimization process, we study consistency of this iterative process with respect to shape
differentiation. In other words, we aim at deriving conditions for the shape derivatives of the iterates generated
by this method to converge to the shape derivative of the solution to the original problem.

This work is structured as follows. Section 2 presents the original problem, its different formulations as well
as some notations and notions related to convex analysis and conical differentiability. We also introduce the
augmented Lagrangian method (ALM) applied to this problem. Section 3 is dedicated to shape optimization
and is divided in three parts. In the first one, we give a proof (adapted from the classical one) that the solution
of this formulation is conically differentiable. In the second one, we prove the same property for each of the
iterates generated by the iterative algorithm. Convergence analysis of those conical shape derivatives to the one
obtained for the original formulation is studied in the third part. Finally, we give the expression of the derivative
of a general cost functional J for a mechanical system in sliding contact with a rigid foundation.

2. PROBLEM FORMULATION

2.1. Geometrical setting

Here, the body Q C R, d € {2,3}, is assumed to have C! boundary, and to be in contact with a rigid
foundation €,;4, which has a C* compact boundary 99,4, see Figure 1. Let I'p be the non-empty part of
the boundary where a homogeneous Dirichlet condition applies (blue part), I'y the part where a Neumann
condition 7 applies (orange part), I'c the potential contact zone (green part), and I' the rest of the boundary,
which is free of any constraint (i.e. homogeneous Neumann boundary condition). Those four parts are open,
mutually disjoint and moreover: I'p UTy UT¢ UT = 09Q. In order to avoid technical difficulties, it is assumed
that T NTp = 0.

The outward normal to 012 is denoted n,. Similarly, the inward normal vector to 0€),;4 is denoted n.

2.2. Notation, function spaces and preliminaries

Throughout this article, for any @ C R?, LP(Q) represents the usual set of pth power measurable functions
on O, and (L”((’)))d = LP(0O). The scalar product defined on L*(0) or L*(O) is denoted (without distinction)
by (-,-)» and its norm || - [|o,0-
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The Sobolev spaces, denoted W™P(Q) with p € [1,+00], p integer are defined as
WmP(O) ={u e LP(O) | D*u € L?(O) V]a| < m},

where a is a multi-index in N¢ and W™P(0) = (W™?(0))*. The spaces W*2(0) and W2(0), s € R, are
denoted H*(O) and H*(O) respectively. Their norm are denoted || - ||5.0.

Without distinction for the dimension, we denote the duality pairing between Hz (0) and its dual H~z (O)
(or between H%(O) and H_%(O)) by (-,-)o. More generally, for a space V and V* its dual, we denote the
duality pairing by (-, )y« v.

The subspaces of functions in H*(Q) and H*(O) that vanish on a part of the boundary T' C O are denoted
Hg(0) and H{(O). In particular, we denote the vector space of admissible displacements X := Hy. 5 (Q).

The sets T? and T* are the sets of real valued tensors of order 2 and 4 respectively. For any v vector in R?
or second order tensor in T2, the product with the normal v - n, (respectively with the normal to the rigid
foundation v - n) is denoted vy, (respectively vy). Similarly, the tangential part of v is denoted vy, = v — vp, 1o
(respectively vy = v — vy n).

Finally, we introduce some notations from convex analysis. The indicator function and the characteristic
function of an arbitrary set S are denoted Is and xg, respectively, that is

Ig(z) = 0 ifzeld, () = 1 ifzesS,
SWE 40 if2 g S, XSW= V0 ifxegs.

Let H be a Hilbert space, and C a non-empty closed convex subset of H, then for any x € H, the unique
projection of x onto C is denoted Proj~(x). Moreover, if b is a bilinear form inducing an inner product on H,
the projection of x onto C' with respect to this inner product is denoted Projbc(w).

Let us now recall some notions related to conical differentiability, see [24].

If H denotes a Hilbert space and b a coercive symmetric bilinear form on H x H, then for any K C H and
y € K, we define:

the polar cone of K with respect to b as [K]g ={zrxeH :VzeK, b(z,z) <0};

the radial cone of K at y as Cy(K):={we H : 3t >0, y+twe K},

the tangent cone of K at y as Sy(K) := Cy(K);

the cone SY(K) := Sy (K) N [R(v — y)]gv where v € y + [Sy(K)]g and R(v —y) :={n(v—y) | n € R}.

Definition 2.1. Let K C H be a closed convex set. K is said to be polyhedric at v € H if, denoting y = Projl;((v),
one has:

Definition 2.2. Let K C H be a closed convex set. K is said to be polyhedric in H if it is polyhedric at each
veH.

Definition 2.3. Let Vi, V5 be two Banach spaces. A continuous function f : Vi — V5 admits a conical derivative
at x if there exists an operator @ : V7, — V5 positively homogeneous such that:

Vhe Vi, V>0, flz+th)=f(z)+tQ(h)+ot) .

Using these notations, we may recall one of the main results on the differentiability of projection operators,
namely [24], Theorem 2.1.
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FI1GURE 1. Elastic body in contact with a rigid foundation.

Theorem 2.4. Letv € H and y = Projl}((v). If K 1is polyhedric at v, then the projection Projl}< s conically
differentiable at v, with conical derivative Projgy(K), In other words, for allw € H and t > 0:

Projl (v + tw) = y + tProjgy(K) (w) + o(t) .

2.3. Mechanical model

In this work the material is assumed to verify the linear elasticity hypothesis (small deformations and
Hooke’s law, see for example [4]), associated with the small displacements assumption (see [20]). The phys-
ical displacement is denoted u, and belongs to X. The stress tensor is defined by o(u) = C : €(u), where
€(u) = 3(Vu+ Vu”) denotes the linearized strain tensor, and C is the elasticity tensor. This elasticity tensor
is a fourth order tensor belonging to L>°(£2, T#), and it is assumed to be elliptic (with constant ap). Regarding

external forces, the body force f € L*(Q), and traction (or surface load) 7 € H? (Tw).

2.4. Non-penetration condition

At each point x of T'c, let us define the gap g, (z), as the oriented distance function to the rigid foundation
at x, see Figure 1. Due to the regularity of the rigid foundation, there exists hq sufficiently small such that, for
all h < hg

897]}29 = {I € Rd | |gn(‘r)| < h}a

is a neighborhood of 9,4 where g, is of class C3, see [5]. In particular, this ensures that n is well defined on

89’;”1-(], and that n € CQ(GQf}iq, R9). Moreover, in the context of small displacements, it can be assumed that the
: ‘ h

potential contact zone I'¢ is such that I'c C 8Qrig'
n are of class C® and C2, respectively. Especially, this implies that the function g, n € C2(9QF, ,R9). It can

197
thus be extended to a function g € C?(R?) such that g = 0 on R¢\ BQ%Q for some A’ > h. Since Tc NT'p = 0,
one has that T'p C (R%\ o0k ) for h, b’ small enough. Consequently, g € X.

rig
The non-penetration condition can be stated as follows: u, < g,, a.e.on I'c. Thus, we introduce the closed

convex set of admissible deformations that realize this condition, see [8]:

Hence there exists a neighborhood of I' such that g, and

K={veX|vy<g, aeonlc}=g+Kp,

where Ky is a closed convex cone defined as Ko :={ve X | v, <0 a.e.onT'¢}.

Remark 2.5. Our definition of K differs from the usual one since we compute the gap in the direction of
the normal n to the rigid foundation instead of the normal n, to 992. Actually, under the small displacements
hypothesis, the normal vector n and the gap g,, to the rigid foundation can be replaced by n, and g,, (we refer
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to [20], Chap. 2 for the details). This ensures that in our context, using ne or n to write the formulation has
no impact on the solution. However, it will be seen in the next sections that using n will be really convenient
when dealing with shape optimization.

2.5. Mathematical formulation of the problem

Let us introduce the bilinear and linear forms a : X x X — R and L : X — R, such that:

a(u,v) :z/Q(C:e(u):e(v), L(v) ::/QfV—F/FNTv.

According to the assumptions of the previous sections, one is able to show (see [4]) that a is X-elliptic with
constant g (ellipticity of C and Korn’s inequality), symmetric, continuous, and that L is continuous (regularity
of f and 7).

The unknown displacement u of the frictionless contact problem is the minimizer of the total mechanical
energy of the elastic body, which reads, in the case of pure sliding (unilateral) contact problems:

. . 1
vlg}f{ o(v) = Jg}f{ §a(v,v) —L(v). (2.1)

It is clear that the space X, equipped with the usual H' norm, is a Hilbert space. Moreover, under the conditions
of the previous section, since K is obviously non-empty and the energy functional is strictly convex, continuous
and coercive, we are able to conclude that u solution of (2.1) exists and is unique, see for example [9].

It is well known that (2.1) may be rewritten as a variational inequality (of the first kind):

a(u,v—u) > L(v—u), VveK. (2.2)

Even if this variational inequality is very well known from the theoretical point of view such formulation
is not well suited for computational purposes. One approach to get around this difficulty consists in rewriting
the formulation so that the constraint is implicitly verified. One of the most frequently used formulation (in
practical applications) is the penalty formulation. In [3], we suggested a method based on directional derivatives
in order to derive optimality conditions for the penalty formulation.

The penalty formulation of (2.2) is numerically robust and relatively simple to implement, but its solutions
depend on the penalty parameter. From a numerical point of view the simplest way to avoid this inconsistency
while retaining the simplicity of the penalty approach is the augmented Lagrangian formulation. The rest of
this work is related to the augmented Lagrangian formulation and the basic iterative process to solve this
formulation, namely the augmented Lagrangian method.

It should be noticed that both formulations write as non-linear non-differentiable variational equations (pos-
sibly mixed), and thus lead to the same kind of technical difficulties (related to regularity) when studying the
associated shape optimization problem. Here, an approach similar to [3] will be followed.

2.6. Lagrangian formulation

The content of this paragraph is based on [36]. The reader is referred to the chapter 4 of this monograph
for all proofs and technical details. A mixed formulation of problem (2.1) can be recovered in the framework
of Fenchel duality theory by deriving the dual problem associated to this minimization problem. This result is
formally stated in the following theorem.

Theorem 2.6. If u € K is the solution of (2.1), then there exists a unique dual variable A\ € H=2('¢) such
that:

a(u,v) — L(v) + (\,va)r, =0, VveX, (2.3a)
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(\Ore >0, V(eH*(c), (>0, (2.3b)
(A un —gu)re = 0. (2.3¢)

Remark 2.7. It is important to note that, in general, the regularity of A is only H~2(I'¢:).

2.7. Generalized Moreau—Yosida approximation

The goal of this paragraph is to transform conditions (2.3b), (2.3c), into pointwise conditions using Moreau-
Yosida regularizations. Since (2.1) is a non-smooth convex optimization problem, one may follow the approach
from [18], Chapter 4 and introduce a consistent Moreau—Yosida regularization of (2.3), provided that the
Lagrange multiplier belongs to a Hilbert space. From Theorem 2.6 this is not the case since A € H _%(FC).
However, it is known (see, e.g. [36], Chap. 4) that the additional regularity A € L?(T'¢) can be obtained if the
set {u, — g, = 0} is strictly contained in I'¢, which can be formulated as follows:

Assumption 2.8. {u,—g, =0} CT¢.

Remark 2.9. From the mechanical point of view, this assumption means that the points at the boundary of the
potential contact zone I'c do not come in contact with the rigid foundation. Intuitively, in the context of small
displacements, it should be the case when I'c is chosen large enough. Moreover, in practice, this assumption
can be checked easily a posteriori.

From now on, it is assumed that Assumption 2.8 holds, thus, one may follow the steps of [18]|, Chapter
4, which directly leads to the desired consistency result for the regularization. Before stating this result, we
introduce a last notation, the projection onto Ry in R (also called the positive part function) will be denoted
p+ (p+(y) := max{0,y}, for all y € R). We are now ready to introduce an Augmented Lagrangian Formulation
(or characterization of the solution) of the sliding contact problem.

Theorem 2.10. Suppose Assumption 2.8 holds. If (u,\) € X x L?(T'¢) denotes the solution of (2.3), it verifies,
for any v >0,

a(u,v) = L(v) + (A, va)p, =0, VveX, (2.4a)
A—pir(A+7y(un—g,)) =0 ae onTe. (2.4b)

Conversely, if a pair (u,\) € X x L?(T'¢) satisfies (2.4) for some v > 0, then u is the solution of (2.1).

Proof. Let us start by rewriting (2.1) in a more suitable form. For this purpose, let A € £ (X, L?(I'¢)) denote
the normal trace operator, such that for all v € X

Av=v, .

We also introduce the convex closed set K := {¢ € L?(I'¢), ¢ < g,, a.e. on I'c}. Using these notations, problem
(2.1) rewrites as an unconstrained non-smooth convex optimization problem:

‘}g( o(v) + Ig(Av). (2.5)

Ik being non-smooth, we introduce Ik . its generalized Moreau-Yosida regularization, with regularization
parameter v > 0. Given (, p € L?(T'¢), one has:

. g
DG = it Ik + (=g + 5 1€l } -
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Now, due to the indicator function in the inf, one gets:

2

L )2
RN
0,Tc 2y Ore

2

IKﬂQp%:gﬂ{gHg+C—n

- % H(Id — Projx) (5 + C)

L2
— 52 IPllo,re -
0,Tc 2y ¢

Then, [18], Theorem 4.45 ensures that the complementarity conditions (2.3b), (2.3c) can equivalently be
expressed as

0
A= 71}(,7((:) P)

ac , (2.6)

(Au,X)

for any ~ > 0, where the pair (u, A) is the solution of (2.3). Moreover, due to definition of K, one has for any
(e L2(Fc),

Projg(¢) = min{¢,g,} -

Therefore, condition (2.6) directly leads to the desired result. O

2.8. Augmented Lagrangian method

The augmented Lagrangian method consists in an iterative algorithm to solve formulation (2.4) using an
update strategy for the multiplier. The reader is referred to [10] for further details about the application of such
methods to the numerical resolution of problems in mechanics. We briefly recall the steps of the algorithm.

Algorithm: ALM

1. Choose \° € L?(T'¢) and set k = 1.
2. Choose v* > 0, then find u* € X the solution of,

a(u®,v) + (p+ (V7' + 7 (ug —g4)) s va)p, = L(v) VveX, (2.7)
3. Update the multiplier following the rule:
MNo=pir (W 445k —g,) ae onlc. (2.8)

4. While a chosen convergence criterion is not satisfied, set k = k 4+ 1 and go back to step 2.

It has been shown (see, e.g. in [36] for a detailed proof) that one gets the following convergence result for
this algorithm.

Theorem 2.11. Suppose Assumption 2.8 holds, and (u,\) denotes the solution of (2.4). Then for any choice
of parameters 0 < v' < 42 < ... the iterates u* converge to u strongly in X. Moreover, the iterates of the
multiplier \* converge to X weakly in L?(T'¢c).

Remark 2.12. When \° € H%(Fc)7 the iterates generated by the ALM satisfy (uk, /\k) €EXxH? (T¢) for all
E>1.
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3. SHAPE OPTIMIZATION

Given a cost functional J(Q) = J (22, u(?)) depending explicitly on the domain 2, and also implicitly, through
u(?) the solution of (2.2) on £, the optimization of J with respect to Q or shape optimization problem associated
to the original contact formulation reads:

{ minimize  J(Q) over Q € Uyq,

subject to  u(Q) solves (2.2). (3.1)

where U,q stands for the set of admissible domains.

Thanks to Theorem 2.11, from an analytical point of view, determining u and A\ using the ALM or any
other method has limited impact on the computation of the shape sensitivity of (2.4) (or even (2.3)). The
shape sensitivities would simply be defined relatively to the converged results of the ALM process. However, in
practice, given a convergence criterion, the ALM will stop at some iteration k, meaning that even though u*
is assumed to be a good enough approximation of u, it is not the solution of (2.4). Therefore, the sensitivities
of (2.4) do not correspond to the sensitivities of the equations defining u*. As mentioned in the introduction,
the idea in this work is to perform shape optimization on the approximate formulation (2.7) instead of the
original formulation (2.1). Then, we look for a domain in U, that minimizes J*, a cost functional defined by
JR(Q) == J(2,u*(Q)) where u* () is the solution of (2.7) defined on 2. The new shape optimization is thus
given by:

{ minimize J*(Q) over Q € Uyq ,
X X (3.2)
subject to  u”(Q) solves (2.7).

Obviously, since we are interested in the optimality conditions associated to those problems, we also want to
study the consistency of the sensitivities of the iterates u* obtained from the ALM with respect to the sensitivity
of u.

Let D C R? be a fixed bounded smooth domain, and let T'p C D be a part of its boundary which will be the
“potential” Dirichlet boundary. This means that for any domain 2 C D, the Dirichlet boundary associated to
Q will be defined on I'p := 9Q N T p. With these notations, we introduce the set U,q of all admissible domains,
which consists of all smooth open domains ) such that the Dirichlet boundary I'p C 9D is of strictly positive
measure, that is:

Upg == {Q C D|Qis of class C' and [0Q2NTp| > 0}.

3.1. Derivatives

The shape optimization method followed in this work is the so-called perturbation of the identity, as presented
in [26] and [16]. Let us introduce Cp(R?) := (C1(RY) N W1 (R?))’, equipped with the d-dimensional W1
norm, denoted ||-||; ... In order to move the domain €, let @ € C}(R%) be a geometric deformation vector field.
The associated perturbed or transported domain in the direction 8 will be defined as: Q(t) := (Id +t 8)(Q) for
any t > 0. It is known that for ¢ sufficiently small, more specifically for ¢ such that ¢ |0, ., <1, Id+t0 is a
diffeomorphism, see for example [16]. This enables to rely on the classical notion of differentiability in Banach
spaces to define shape differentiability. To make things clear some basic notions of shape sensitivity analysis
from [34] are briefly recalled.

Let y(€2) be the solution, in some Sobolev space denoted W (£2), of a variational formulation posed on Q. For
any fixed 6, for any small ¢ > 0, let y(Q(t)) be the solution of the same variational formulation posed on ().
If the variational formulation is regular enough, which will be assumed to be true, it can be proved (see [34])
that y(2(t)) o (Id 4+t 0) also belongs to W ().
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e The Lagrangian derivative or material derivative of y(£2) in the direction 6 is the element y(Q2)[0] € W(Q)
defined by:

If the limit is computed weakly in W (Q) (respectively strongly), we talk about weak material derivative
(respectively strong material derivative). Moreover, when the map 6 — y(2)[6] is positively homogeneous,
we will use the term conical material derivative.

e If the additional condition Vy(€)8 € W() holds for all € Cj(R?), then one may define a directional
derivative called the Fulerian derivative or shape derivative of y(Q2) in the direction 0 as the element dy(2)[6]
of W(9) such that:

dy()[0] := y(2)[0] = Vy(2) 6 .

e The solution y(Q) is said to be directionally shape differentiable if it admits a directional derivative for any
admissible direction . If, in addition, the map 6 — dy(Q)[6] is positively homogeneous from Cj (R?) to W (Q),
y(Q) is said to be conically shape differentiable. Furthermore, if this map is linear continuous from Cj(R?) to
W(Q), y(£2) is said to be shape differentiable.

Remark 3.1. Linearity and continuity of 8 — ¢(2)[0] is actually equivalent to Gateaux differentiability of
the map 0 — y(€2(0)) o (Id + ). The reader is referred to [6], Chapter 8 for a complete review on the different
notions of derivatives.

Notation 3.2. Following the notations in [34], when there is no ambiguity, y(€2) will be replaced simply by y,
and for some fixed direction 8, we define y; := y(Q(t)), y* := y; o (Id +t ). In the same way, the material and
shape derivatives of y at {2 in the direction 8 will be denoted ¢ and dy, respectively.

3.2. Shape sensitivity analysis of the original formulation

In this section, we prove that the solution u to problem (2.1) admits conical material/shape derivatives in
some specific directions 6. It is well known that u is not classically shape differentiable because the projection
operator onto the closed convex K is not Fréchet-differentiable. However, it is known from [24] that projection
operators are conically differentiable. Using this result, it has been proved in [33] that the Signorini problem
admits conical material /shape derivatives in 2d and 3d. Here, since formulation (2.1) is slightly different from
the classical one due to our choice of n instead of ne for the contact, the proof in [33] needs to be adapted.
Therefore, we will redo it, for some specific directions 8. Then, we derive sufficient conditions for the conical
material /shape derivative of (2.1) to be solution of a more regular optimization problem.

Restriction on the directions 0. In view of the Zolésio-Hadamard structure theorem, we choose to limit
ourselves to geometric deformation fields 6 € C},(Rd) along the direction of the normal n,, i.e. vector fields of
the form:

6 = 0n, , where 0 € C}(R?), (3.3)

where n, has been extended to C!(R?), which is possible (see [16]) since 95 is assumed to have C' regularity.
Moreover, this choice is well suited to our numerical algorithm, as it will be seen in the last section. The set of
all these 6 is denoted ®. Obviously, © is a closed subspace of C}) (R9), thus it is a Banach space.

Let 8 € © be a fixed direction. In order to perform sensitivity analysis with respect to the shape, let us
first characterize u® = u; o (Id +t ) for ¢ > 0. This will be done by writing the problem solved by u; on the
transported domain (), then by bringing it back to Q by a change of variables. Before that, some additional
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assumptions on the data are required. Indeed, since the domain is transported, the functions C, f and 7 have to
be defined everywhere in R?. They also need to enjoy more regularity for usual differentiability results to hold.
In particular, we make the following regularity assumptions :

Assumption 3.3. C € C}(R%, T*), f ¢ H'(R?) and 7 € H*(R?).

Notation 3.4. For the solution u; to the transported problem on Q(t), we introduce X; := H%D(t)(Q(t)) and
the convex subset of admissible displacements:

Ki:={veX;|van<g, aconlc(t)}.

Composition with the operator o (Id 4+t 8) will be denoted by (t), for instance, C(t) := Co (Id +t ). Besides, the
normal component associated to n(t) of a vector v is denoted vy (). For integral expressions, the Jacobian and
tangential Jacobian of the transformation give Jo(t) := Jac(Id +t8) and Jr(t) := Jacp)(Id +t ). Finally, we
introduce the transported strain tensor €’, the bilinear form a’ on X x X and the linear form L on X, which
are the versions of €, a and L corresponding to the problem solved by u’, and are defined as follows:

a'(z,v) = /Q(C(t) c€l(z)  €'(v) Jo(t) Vz,veX,
€(v) = % (Vv (I+tVO) " + I+t VBT)_1VVT> VveX,

L'(v) ::/Qf(t) v Jp(t)+/ () v Jot) YveX.

I'n

Lemma 3.5. Let v € X; and 6 € O, then v € K, if and only if v(t) € g(t) + Ko.

Proof. The result is a direct consequence of our choice, (3.3), of direction . Indeed, n = n, on I'c gives
n(t) = n on I'c. The rest follows from the definitions and the fact that Id 4+¢ 6 is an isomorphism:

veK; <« (v(y)—g(y)) n(y) <0 forae yecle(t),
— (viz+t0(z)) —glz+t0(x))) n(x+t0(x)) <0 forae zeTlc,
<~ V(t) S g(t) + Ky .

A%

A%

Remark 3.6. For ¢ sufficiently small, I'p(t) C (R?\ OQﬁgg

) and thus g € X;, which yields g(¢) € X.

From Lemma 3.5, it follows that u’ solves: find u’ € g(t) + Ky such that,
t (it t t t
ad(u’,v—u") > L'(v—-u"), Vveglt)+Kp.

Let us introduce the auxiliary unknowns w := u—g and w' := u’ —g(¢) which both belong to K. Those
functions satisfy the following variational inequalities:

Liv—-w)—a(g,v—w), VveK, (3.4a)
Li(v—w'") —ad'(g(t),v—-w'), VveKg. (3.4b)

a(w,v—w) >
a(wh,v—w') >

Before stating the conical differentiability result for w and u, some additional notations are required.
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Notation 3.7. If (u, A) denotes the solution of problem (2.4), let A, Z and B be the subsets of I'c associated
to the constraint u € K in problem (2.1):

A:={ze€T¢c : ANz) >0, up(x) — g, (x) =0},
IT:={zelc : ANz)=0, up(z) —g,(x) <0},
B:={zxecTc : ANz)=0, up(z) —g,(z) =0}.

The subsets A, Z and B are usually referred to as the active, inactive and biactive sets. Note that they are at
least measurable due to the regularities of A, u and g,,. Moreover, we only consider cases where contact occurs,
which means that A4 is non-empty.

The bilinear form a’ and the linear forms €', L, which will be naturally appear when differentiating (3.4b)
with respect to the shape, are introduced: for any u, v € X,

a(u,v):= /Q {C:€(u):e(v)+C:e(u): €(v)+ (divd C+VC 0) : e(u) : e(v)},

€v):= (VV \Y +V0TVVT> ,

1
2
L’(v):/Q(diVO erVfQ)er/F (divp@ T+VTO)V .

N

Moreover, for any smooth function f defined on R, and that does not depend on Q, we denote f’[6] or simply
/' the following directional derivative:

f'0]=1lim — (f(t) - f) = (Vf)0 . (3.5)

Using this notation, n’ := (Vn) @ and for any v € X one has vy, := v-n'. For the gap (g,) = (Vg,) 0
and since g, is the oriented distance function to the smooth boundary 09,5, Vg, = —n, which implies
that (g, )’ = — 0 -n. However, we will still use the notation (g, )’ to emphasize that this term comes from
differentiation of the gap.

Remark 3.8. From the definition of ®, one gets that any 0 € © satisfies @ = n on I'. This implies that:
n' :=(Vn)6=0(Vn)n=0 on ¢
since n is a unit vector. Therefore, one automatically gets for the gap:
(8n)'=(g'm)=g''ntgn'=g''n onTc.

Thus, using the notations introduced earlier, it is possible to replace (g,)’ by g, =g’ -n on I'c.

We can now use some of the results on the conical differentiability of projections on closed convex sets. In
the next two results, material derivatives will be characterized using some concepts of capacity theory. More
precisely the cones containing those derivatives will be defined up to a set of zero capacity (denoted q.e. for
quasi-everywhere). The reader is referred to [24] and [7] for further details about capacity theory.

Theorem 3.9. Under Assumption 3.3, the solution w of (3.4a) is conically shape differentiable on © and its
conical material derivative in the direction @ € © is given by the solution of the problem: find w € S™(Ky) such
that,

a(W, @ —w) > L'(¢—W) —d'(u,¢—W) —a(g',¢p—W), Ve S(Ko), (3.6)
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Moreover, one has the characterization SV (Ko) = {¢p € X | ¢,, <0 ¢q.e.on AUB and a(u, ) = L(p)}.

Proof. We follow the same steps as in [23], Section 5.2, and adapt each of them to our specific formulation. The
idea is to write w’ as the projection onto K of some element in X. Then, using the conical differentiability of
the projection (see [24]), one is able to perform a first order expansion of w' around ¢ = 0%.

First, let us prove strong continuity of the map t — w? at ¢ = 07 in X. Taking respectively v = w and
v =w' as test-functions in (3.4b) and (3.4a), then adding the two formulations, one obtains

a(w—w',w—-w') < (L' - L)(w—-w") —a'(g(t),w—w') +a(g,w—w').
Using ellipticity of a, one deduces the following estimation:
aollw=w'[lx < [|I" = Ll[x. + C ([|a" = af| + lg(t) — &llx) ,

which yields the result since the right hand side goes to 0, due to the properties of a, L?, and the regularity of
g. Next, using this result and again the properties of a, L!, we proceed to the expansion of each term in (3.4b),
which leads to:

a'(wh,v—w") =a(w',v—w') +td (w,v—w') +o(t),
L'(v—w")=Lv-—w")+tL'(v—w') +o(t),

a'(g(t),v—w") = a(g,v—w') +td(g,v—w') +talg,v—w') +o(t).
Plugging these expansions in (3.4b) yields: for all v € K,
aw',v—w') > Lv-w')—a(g,v-w") +t (L'(v-w') —d'(u,v—w') —a(g,v—w")) +o(t). (3.7)
Let [, I, al, € X such that for all z € X:

a(l,z) = L(z) , a(l',z) = L'(z), a(ay,z) =d (u,z).

Then relation (3.7) can be equivalently rewritten as:
w! = Projic, (1— g +(l' — a, — &) + o(t))
= Proji, (I — g +t(I' — a, — &) +o(t) -

As seen in Remark 2.5, one has the approximation n = no on I'c under the small displacements hypothesis.
Thus we directly get from [23], Lemma 5.2.9 that K is polyhedric. Therefore, from Theorem 2.4, it follows that
Projy, is conically differentiable and that:

w' = w4+t Projgw k) (' —a, — g') +o(t)

which yields (3.6). Finally, the characterization of SW(Kj) is also given by [23], Lemma 5.2.9. O

Corollary 3.10. Under Assumption 3.3, the solution u of (2.1) is conically shape differentiable on © and its
conical material derivative in any direction @ € © is given by the solution of: find 0 € S such that,

a(u,p —a) > L'(¢p —a) —d'(u,ep—1a), V€8S, (3.8)

where S :=g'+SV(Ko) ={veg' +X | ¥, <g, geon AUB and a(u,vp —g') = L(¢p —g')}.

Proof. This is a direct consequence of Theorem 3.9 since u? = w! + g(¢) and therefore 1 = w + g'. O
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As formulations (3.6) and (3.8) relies on zero capacity sets they are not easy to handle. However, under some
mild additional regularity assumptions, it is possible to rewrite those formulations as standard optimization
problems. In the same way as in [17], Section 4.1 for the obstacle problem, we introduce the following regularity
assumption:

Assumption 3.11. AUB = int(AUB).

Remark 3.12. This assumption implies that not only A U B is closed, but also it has a non-empty interior.
Moreover, for every ¢ € X it is obvious, that

¢, <0q.e. on int(AUB) = ¢, <0ae. on int(AUB).

Regarding the converse implication, we invoke the result stated in [34], Lemma 4.31, from which we get that
the subspace

H o= {¢n cH¥(Te)| ¢ e X}

associated with the appropriate bilinear form (expressed in [34], Eq. (4.192)) is a Dirichlet space in the sense
of [24], Definition 3.1. Therefore, ¢, admits a unique quasi-continuous representative in the equivalence class
related to the “q.e. on I'¢ equality”. Considering this specific representative, one gets from [7], Theorem 5 that

¢, <0ae on int(AUB) = ¢, <0q.e. on int(AUB),

since int(A U B) is an open subset of I'c. Quasi-continuity of ¢,, on I'c also implies that ¢, < 0 q.e. on
int(AUB) = AUB.

Before stating the optimization problem that w solves when Assumption 3.11 is fulfilled, let us define the
subspace X 4 C X, and the cone K 4 such that:

Xq4:={peX| p,=0ae on A}, Ky={¢pecXy| ¢, <0a.e onB}.

Clearly, X 4 is a closed subspace of X, therefore it is a Hilbert space, and K 4 is a non-empty closed convex
cone.
Theorem 3.13. If Assumptions 3.3 and 3.11 hold, then W is the solution of (3.6) if and only if it solves:

inf Sa(,8) - I'(9) +d(w ) +alg9). (39)

PEK A

Proof. Tt suffices to prove that SW(Kg) = K 4. First of all, let us point out that in the characterization of
SW(Kp) given in Theorem 3.9, since ¢ € X and u solves (2.4a), condition a(u,¢) = L(¢) is equivalent to
(A, Pn)r, =0. As A € L?(T¢), A>0on Aand A =0 on I'c\ A it follows that:

(peX st. ¢, <0ae on AUB and (A @)y, =0) < ¢pcKy.

And Remark 3.12 gives us the equality of both sets. O

Finally, some obvious results are obtained, introducing the following assumption.

Assumption 3.14. The biactive set B is of measure zero with respect to I'c (a (d — 1)-dimensional submanifold
of RY).
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Remark 3.15. Assumptions on the biactive set are often made when considering optimal control problems for
variational inequalities (see, e.g. [17]) because this is the set of points where non-differentiabilities occur. From
the mechanical point of view, a point x € B is a point such that u,(z) = g,(z) and A(z) = 0, that is z is in
contact but there is no contact pressure. The set B is often referred to as the set of weak contact points. For
example, Assumption 3.14 is verified when all weak contact points represent a countable number of point in 2D
or a countable number of curves in 3D.

Corollary 3.16. If, in addition to the assumptions of Theorem 3.13, Assumption 3.14 holds, then w is the
solution of (3.6) if and only if it solves: find W € X 4 such that

a(W,¢) = L'(¢p) —d'(u,¢) —a(g',¢), VoeXyu. (3.10)

Proof. When B is of measure zero, K4 = X4 and the result follows as problem (3.9) can be equivalently
rewritten as a linear variational formulation. [

Remark 3.17. Under the assumption of Corollary 3.16, the material derivative becomes linear with respect
to @, which implies that u is strongly shape differentiable in L?(£2), and its shape derivative in any direction
0 € O is given by:

du=u-Vul=w+g —Vuo,
where w € X 4 is the unique solution of (3.10). Note that this conclusion is similar to the one in [27], Remark 4.1.

3.3. Shape sensitivity analysis of the augmented Lagrangian formulation

The goal of this section is to prove, at every iteration of the ALM algorithm, the differentiability of u* with
respect to the shape. As py fails to be Fréchet differentiable it is not possible to rely on the implicit function
theorem as in [16]. However, as it is a projection operator, it is conically differentiable, which enables us to show
existence of conical material /shape derivatives for u* following the approach in [34]. Then, under assumptions
on some specific subsets of I'c (this will be presented and referred to as Assumption 3.23), classical shape
differentiability of u* is proved.

First of all, let us briefly recall some properties of function p.

Lemma 3.18. The function py : R — R is Lipschitz continuous and conically differentiable, with conical
derivative at u in the direction v € R:

0 if u<0,
dpy(u;v) = ¢ pi(v) if u=0,
v if uw>0.

Lemma 3.19. The Nemytskij operator p, : L?>(T'c) — L?(T'¢) is Lipschitz continuous and conically differen-
tiable.

Remark 3.20. These results are well known if “conically” is replaced by “directionally”, a proof can be found
in [37], for example. Conical differentiability then follows directly because for any u € R, dp4(u;-) : R = R
is obviously positively homogeneous, and the same property holds for dp, (u;-) : L?(T'¢) — L*(T¢) for any
ue L? (Fc)

Theorem 3.21. If Assumption 3.3 holds and \° € H3 (T¢e), then for any k > 0, the pair (uk,/\k) defined by
(2.7)-(2.8) is conically shape differentiable on ©, strongly in X xL?(T'¢).
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Proof. As the solution of (2.7) at each step k + 1 depends on the previous iterate, the result will be proved by
induction.

Base case For k = 0, given 4! > 0, the first iteration of the ALM gives u' € X the solution of

a(u',v) + (R,ll(ul),vn)F = L(v),

c
where we have introduced the non-linear map RL : X — H B (T'¢) defined as,
RL(v) =ps (A +7'(va—g,)) VveEX.

Obviously, RL(u'!) = A, but we prefer here to denote R (u') to emphasize that \! is defined explicitly from
u! and the data. Using the same arguments as in [3], one gets that, due to the regularity of the data, especially
A% u' admits a strong material derivative u' € X in each direction 8 € ©, which is the unique solution of

a(a',v) + (R;/(ul), Vn) = L'[0)(v),

I'c

where, for any v € X, with material derivative v € X, we have

Ry'(v) :=dpy (A +7" (va — )i \) +7" (n —g1)) -
LYO)(v) :=L'(v) —d'(u',v) - /1“ M v, divr 6,

where the notation introduced in (3.5) has been used for (A)’. Moreover, as A! only depends on A\° and u', it
is clear that it also admits a strong material derivative in L?(I'¢) in the direction @, which is simply obtained
by differentiating (2.8):

A =R, (3.11)

which finishes to prove that (ul7 )\1) is directionally shape differentiable. Moreover, one has that a is bilinear,
the maps 6 — L'[0], (\°)’, g}, are linear and dp; (A + ' (u}, —g,);-) is positively homogeneous. Thus one
deduces that the map 6 — ' is positively homogeneous. The same property holds for 8 — AL due to (3.11).

Inductive step Let k£ > 1 and assume (uk , )\k) is conically shape differentiable, strongly in X x L?(T'¢). This

implies that A\* admits a strong material derivative \¥ € L2 (T'¢). Hence, using the arguments of the case k = 0,
one may differentiate (2.7), which leads to existence of a unique material derivative u**! € X for uf*! that
solves:

a(@* V) + (BE (@), v) = LM6)(), (3.12)

T'e

where the same notation as in the case & = 0 has been used for L¥¥1[0], while the notation for Rﬁ"’l/ has been
slightly adapted:

! N .
REFY(v) := dpy (/\‘“ + A (Vi — g )i A A (Ve — g’n)) ~
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Especially, this also proves that A\**! admits a material derivative in L?(I'c) defined as
ARHL = Rh+1 gkt (3.13)

Again, since a is bilinear, 8 — L¥*1[0], g/, are linear, and dp; (A* + /*T1(ubt —g );-), 0 — AF are positively
homogeneous, one deduces that 8 — (ﬁkH, )'\kH) is positively homogeneous as well.
O

Remark 3.22. Existence of directional (even conical) material/shape derivatives in all directions does not
guarantee that the solution u” is shape differentiable. Indeed, as these derivative depends on p., even when
the solutions of the previous iteration u*~! and A\*~! are linear with respect to 6, the derivative u” may fail to
have that property if the set {A*~! +~*(uk —g,) = 0} is not of null measure.

In light of the previous remark, we get interested in sufficient conditions for shape differentiability of u*. We
introduce the corresponding subsets for problem (2.7), for each k > 1,
AP =Lz ele : W47 (ub—g,)) (@) >0},
Th = {x ele : ()\k_l + Ak (ufl—gn)) (z) < O} ,
BY:={zelc: W 1++4"(uf-g,))(@)=0}.
Using these notations, for any k& > 1, we are able to state conditions that guarantee shape differentiability of
u®, and will be referred to as Assumption 3.23 at rank k:
Assumption 3.23. For each j € {1,...,k}, the set B/ is of measure zero.

Remark 3.24. This assumption is similar to Assumption 3.14, but in the case of the regularized formulation
obtained at each iteration.

Corollary 3.25. Let k > 1, (u¥, \¥) still denotes the solution of (2.7)-(2.8) and (0", \F) its material derivative,
defined by (3.12)-(3.13). Under the assumptions of Theorem 3.21, if Assumption 3.23 holds at rank k, then the
map 0 — (ﬁk7}\k) is linear continuous from @ to X xL?(I'c). Therefore, u* is (strongly) shape differentiable
in L2(Q), and its shape derivative in any given direction @ writes:

du* =u* —vu*e .

Proof. Here again, let us proceed by induction.

Base case Let k= 1. From Assumption 3.23 at rank 1, one gets that |[B!| = 0, which implies that
A =R (") =y (A ++" (uy —gl)) ae onTc.

Therefore, u' is the solution of a linear variational formulation. Moreover, due to the regularities of \°, g, n,
and the expression of L'[0], the maps

©360 — (\Y eL*T),
®50 — g € L>Tc),
©360 — L' c X*,

are all linear continuous. Therefore, @ — (', A!) is also linear continuous, from © to X xL2(I'¢).
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Inductive step Let & > 1 and assume the result of the corollary is true at iteration k. Now, suppose Assump-
tion 3.23 holds at rank k + 1. This exactly means that Assumption 3.23 holds at rank k and |B**!| = 0. Thus,
one has

AR — Rﬁ‘*‘ll(uk"*‘l) = X_Ak+1 ()\k 4 ARFL (ﬁﬁ"'l — g’n)) a.e.on ¢ .

Hence, the variational formulation (3.12) is linear. Using the result at iteration k, one gets that 6 — AF is linear
continuous from ® to L?(I'c). This, combined with the properties of g,,, n, and linear continuity of LF*1[]
from © to X*, enables us to conclude. O]

3.4. Convergence of the directional shape derivatives
In this section, we aim at establishing the consistency of the augmented Lagrangian method with respect to
shape differentiability. In other words, for any 8 € ©® fixed, we get interested in convergence properties of the
sequence {(ﬁk , )\k)} as k — oo. Especially, we would like to derive sufficient conditions for {ﬁk} to converge
k k

to 1 the solution of (3.8).

Remark 3.26. As we will manipulate in this section the material derivatives of u* and X\, it will be required
that Assumption 3.3 holds (see Theorem 3.9).
As for the original problem, let us define w* := u* — g € X. Since the existence of strong material derivatives
in all directions has been established for u* (Thm. 3.21), we get that w* admits a strong material derivative in
the direction @ given by w* = u* — g’ € X_ It follows from (3.12) and (3.13) that w* solves:

a(v'vk,v)_L’€[¢9](v)+a(g’,v)+(Ak,vn)F —0, VYveX, (3.14a)

C

N —dp, ()\k_l + P wk. PLt ka'vfl) =0, aeonl¢. (3.14b)
Note that (3.14b) can be equivalently rewritten as:

M= Ak on A*
k—J0 o0 on IF | (3.15)
P+ (}\k_l + ’ykv'vﬁ) on BF .

In order to have a valid expression for all k¥ > 1, the notation A0 = A% will be used. Finally, we give some

straightforward but very useful properties of dp.:

e for all u, v € R, one has dp (u;v)v = |dp(u;v)|?,
e dp, is continuous on R?\ ({0} x R).

Theorem 3.27. For any increasing sequence of strictly positive parameters {’yk}k, there exists a subsequence

of { (v'vk, /\k) }k that is bounded in X x H= = (T'¢).

Proof. For now, let {’yk} » C RY be any increasing sequence, from which the ALM algorithm generates iterates
(u*, A%). From Theorem 2.11, one gets that {(u”, )\k)}k is bounded in X x L?(T'¢), from which one deduces that
{Lk[G]}k is bounded in X*. Thus, taking v = w" as test-function in (3.14a) yields

2 .
o HWkH + (Ak,wﬁ) < CHW’“H . (3.16)
X T'e X
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Now, we rewrite the second term, then use the properties of dpy and Young’s inequality:

. 1 /., . 1 /.. .
P — = (k31 ko k L ()\k )\k—l)
< 7Wn)rc 'Yk ( b +'Y Wn>rc ’Yk k) Fc
_ L HA'@HQ - () (3.17)
~k ore vk ’ T'o :

1 L2 . 2
e (0 S Dl A
T 2k (H 0,lc 0,lc

Plugging this into inequality (3.16) leads to

2 1 91,2 1 . 2 1 . 2
.k -k k k—1 k—1
il i P B R R =1 L R
a0 HW Hx Willx + 2k 0c ~ 2k 00c — 2yk-1 0,lc (3.18)
since v¥ > ~*=1. From here, let us distinguish the two possible cases.

2

(i) Case {Wlk H)\kH
Boundedness of the whole sequence {wk} in X follows directly from (3.18).

(ii) Case {w’“ ore
In that case, let us sum (3.18) from 1 to k, with k > 1:

} bounded.
0.Cc )}

2

} unbounded.
k

k 2 1 2 1 2
! iy Lk {0
Z (ao HW HX Wix + 2k 0rc — 29! 0.l

If we denote W* the first term of the left hand side, it follows that the sequence {Wk} . 1s unbounded

below. Thus there exists a subsequence (denoted ¢ (k)) such that {W#*)} , is strictly monotone and tends
to —oo. Especially, strict monotonicity of this subsequence implies that, for all & > 1,

p(k+1) 9
o5 o, el ) <o

1ot X X

=¢

2
Hence, for all k > 1, there exists (k) € [p(k), ¢(k + 1)] such that ag Hv’vw(k) HX -C Hv’vw(k) Hx < 0, which

proves that {v'vl/’(k)}]C is bounded in X.

Then, boundedness of {)\k}k or of a subsequence of {)\k}k in H=2(['¢) immediately follows from (3.14a) and
the subjectivity of the trace operator from X to H%(I‘C). O

Corollary 3.28. There exists an increasing sequence of strictly positive parameters {Vk}k such that the whole
sequence {(v'vk, )\k)} defined by (3.14) is bounded in X XH’%(FC).
k
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Proof. From estimation (3.18), it is clear that if the sequence of parameters {’yk} . is built from some ~1 >0
following the rule, for k > 1,

k_ k—1
4% = max {'y , ’ ore

A’HHQ } : (3.19)

then one automatically gets boundedness of the whole sequence {Wk} in X. In other words, such a choice of

parameters ensures that we are in case (i) of the previous proof. Again, boundedness of {/\k}k in H ‘%(FC)

follows.

Of course, the previous result implies that for any sequence of parameters, the associated iterates (v'vk, )\k)

converge weakly in X x H -3 (T'¢) to some limit (W, 5\), up to a subsequence. In order to specify this limit, we
need to make the following additional assumption.

Assumption 3.29. The iterates \* generated by the ALM converge to A a.e. on I'c.

Remark 3.30. Because of the non-continuity of dp; on {0} x R getting a convergence result without
Assumption 3.14 seems rather difficult (maybe even impossible).

Lemma 3.31. Let {v*}, be any increasing sequence in R% , (u¥, \¥) still denotes the solution of (2.7)~(2.8), and
(u, \) the solution of (2.4). When Assumptions 3.14 and 3.29 hold, the characteristic functions x 4» (respectively
Xgr) converge to x4 (respectively 0) strongly in LP(T'¢), for each 1 < p < 400, up to a subsequence.

Proof. First of all, note that since A¥ and A are measurable, so are y 4 and x4, for any k > 0. Since those
functions are also bounded on I'c which is of finite measure, they both belong to L!'(I'¢), and thus to any
LP(T¢) with 1 < p < +00. Now, let us begin with proving pointwise convergence, from which we will deduce
weak then strong convergence.

Since u* — u strongly in L?(I'¢), there exists a subsequence, still denoted u*, that converges a.e. on I'c.
From now, we consider this subsequence. Then, from Assumption 3.14, for a.e. x € I'¢, « is either in A, or in Z.

e If z € A, then there is some ¢ > 0 such that A(z) > §. From Assumption 3.29, one gets that kg > 0, Vk > ko,
|NE(x) — A(x)| < §/2. Especially, for all k& > ko,
NH () = py (W (@) + 95 (it (2) — (@) > 6/2.

Thus, for all k > ko + 1, x4r(x) =1 = xa(x), and xzx(z) = 0.
o If x € Z, then A\(z) = 0 and there is some &’ > 0 such that u,(z) — g, (z) < —d¢' /4. Moreover, 3k} > 0 such
that Vk > k{, | uk (z) — un(z)| < §'/29" and M\¥(z) < §’/4. Consequently, for such values of k, one has

A (@) + A (u (2) — gal@)) < 6'/4— 4 18 29t < =67 /4.

Hence, for any k > k{, + 1, one gets x 4»(x) = 0 = x4(z), and xzx(x) = 0.

This proves that x 4+ — x4 and xsx — 0 a.e. on I'c.. Let 1 < p < 400. For {xpx },, strong convergence follows
directly from Lebesgue’s dominated convergence theorem and the fact that |ypr|[? <1 a.e. on I'c. For {x 4« },.,
since the sequence is bounded in LP(T'¢), weak convergence in LP(T'¢) follows. Taking for example p = 2, one
gets that

/XAk:/ Xak -1 — XA -
I'c I'e I'c
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Obviously, this also proves that [|x ax ||z ) = [[Xall 1o (rg)- For such values of p, LP(I'¢) is uniformly convex,
therefore weak convergence and convergence of the norms imply strong convergence. O

Theorem 3.32. Suppose Assumptions 3.14 and 3.29 hold. Then, choosing the parameters ¥* as in Corol-
lary 8.28 leads to one of the two following cases:

(i) {’yk}k is bounded, then the whole sequence {Wk}k converges to w, the solution of (3.10), strongly in X,

(i) {’yk}k 1s unbounded, then {v'vk}k converges weakly to some limit w € X 4, up to a subsequence.

Proof. As mentioned above, a direct consequence of Theorem 3.27 is that, up to a subsequence, the iter-

ates (vvk,}\k) converge weakly to some limit (w’j\) eX xH’%(FC). In the following, let us consider that

subsequence, which we still denote using the superscript ¥. Due to strong convergence (uk,)\k) — (u,A) in
X xH~2(T¢), it is clear that L¥[@] — L[] strongly in X*, where L[6] is defined as: for all v € X,

L6](v):=L'(v) —d'(u,v) — / Avndivp 0 .

Te

Consequently, the weak limit satisfies:

a(w,v) — L[B](v) + a(g',v) + (\,va)ro =0, VveX. (3.20)

From now, we distinguish two possible cases.

(i) Case {y*}, bounded.
From the definition of {fyk}k (see (3.19)), it follows that {/\k}k is bounded in L?(T'¢). Therefore, there

exists a subsequence that converges weakly in L?(I'¢) to A (due to uniqueness of the weak limit), which
also proves that A € L?(T¢). As {y"}, is an increasing bounded sequence, it converges, say to § > 0.
Now, let € L*(I'¢), one has:

(), = () o+ (),

:(?\kfl,xAkn) + A" (W'Z,XAW) +(X’“,><Bw) :
I'c e e}

We know that A, v'vf1 converge weakly in L?(I'¢), and using the results of Lemma 3.31 with p = 4, it

follows that x 4x7m, xgrn converge strongly in L?(TI'¢). Thus, passing to the limit on both sides of the
equality yields:

A= xa (X+&vvn) in L# (Do) .
From this, one deduces that w € X 4 and
a(w,v) = L'(v)+d'(u,v)+a(g,v)=0, VveXyu,

which means that w = w, since the solution of this problem is unique. Uniqueness also proves that the
whole sequence converges weakly to w.
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Finally, to get strong convergence, let us take v = w" as test-function in (3.14a). Since the embedding
Hz(T¢) — L2(T¢) is compact, one obtains for the second term of (3.14a):

(58), (),

from which we get that a(w", w*) — a(w, w). The ellipticity of a finishes the proof.
(ii) Case {’yk}k unbounded.
Again, let us take v = w* as test-function in (3.14a), and rewrite the second term of the formulation.

(Aeowh) = (Wt ybwh,wh) o (A wh)
I'c Ak Bk
2

e (S IS L 1
0,4k —1/2,T¢ —1/2,T¢ X

2
o Ak} is bounded. Using Lemma 3.31 with
: k

k||, k
s

Using this estimation in (3.14a), one obtains that {7’“ wa1

p = 2 and the continuous embedding H %(Fc) — L*(T'¢), one obtains, up to a subsequence,

2
-k

.k .2
= [ e AR = el
’ C

On the other hand, since {vk} . 1s unbounded, there exists a subsequence (of the previous subsequence)

2
that diverges to +o00. Hence, boundedness of {fyk Hwﬁ Ak} implies that ||vifn||g 4 =0, that is w € X 4.
0,AF | :

O

Remark 3.33. The previous result relies on a specific choice of parameters {7’“} .+ defined by (3.19), that
may not be easy to build in practice. Moreover, Assumption 3.29 is essential in the proof of Lemma 3.31, and
thus of Theorem 3.32. However it seems difficult to give an interpretation of Assumption 3.29 and, although
Theorem 2.11 ensures weak convergence of {\*}; in L?(I'¢), convergence almost everywhere seems to be a
strong assumption. For those reasons, this (partial) convergence result should be understood as follows: there
exist cases where we are able to prove consistency of the ALM with respect to shape sensitivity analysis.

3.5. Shape derivative of a generic criterion
As we aim at expressing first order optimality conditions related to problem (3.2), we need to find an

expression for the shape derivative of the functional J*. From now, let us consider functionals which take the
generic form:

TEQ) = J(Q,ub(Q)) = /

Q

1(u*(Q)) —l—/ m(u*(Q)). (3.21)

o0

Let us make the usual regularity assumptions: the functions I,m are C!(R% R), and their derivatives, denoted
I, m', are Lipschitz. It is also assumed that those functions and their derivatives satisfy, for all u, v € R¢,

(W) < C 1+ [u?), Im(u)| < C (1+ [u?) , (3.22a)
[ (u) - v| < Clu -], |m/(u) - v] < Clu-v|, (3.22b)
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for some constants C' > 0. Let us state the well known shape differentiability result for such functionals J* (see,
e.g. [16]).

Theorem 3.34. Let k > 1. Under the assumptions of Theorem 3.21, J* is conically shape differentiable at Q,
and its derivative in the direction 8 € © writes:

dJ*(Q)]6] = / (m'(uk) ¥ + m(u®) divy 0) . (3.23)

Q

(l'(uk) RS l(uk)divé’) +/

o0

Corollary 3.35. Let k > 1. In addition to the previous result, when the assumptions of Corollary 3.25 are
verified, the map 0 s dJ*()[0] is linear from © to R. Thus, J* is classically shape differentiable at ).

Remark 3.36. It follows from Theorem 3.27 that d.J* is bounded for suitable choices of parameters 7*. There-
fore, formula (3.23) produces usable shape derivatives, regardless how many iterations of the ALM algorithm

are performed. Moreover, a sufficient condition to get convergence of {dJ*}, is that {uk}k converges weakly
in X.

4. CONCLUSION

In this work, we have expressed sufficient conditions for shape differentiability of u, the solution to the original
Signorini problem. We also got interested in shape differentiability properties for the sequence of the iterates u*
(approaching u) obtained when applying the augmented Lagrangian method to this problem. After proving that
these iterates were always conically shape differentiable, we have given sufficient conditions for the associated
shape derivatives to converge to the shape derivative of u. On the other hand, we also found conditions that
guarantee shape differentiability of the iterates.

A natural extension of the present work would be to consider the contact problem with Tresca friction.
For this model, proving conical shape differentiabilty of u® and expressing sufficient conditions for u”* to be
shape differentiable is rather straightforward since the arguments from [3] apply. However, proving conical
shape differentiability and deriving sufficient conditions for classical shape differentiability of the solution to the
associated variational inequality seems more difficult. Indeed, for this problem, conical shape differentiability
has been proved only in the two-dimensional case and for specific directions 8, see [33].
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