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SHAPE DERIVATIVES FOR AN AUGMENTED LAGRANGIAN
FORMULATION OF ELASTIC CONTACT PROBLEMS∗

Bastien Chaudet-Dumas∗∗ and Jean Deteix

Abstract. This work deals with shape optimization of an elastic body in sliding contact (Signorini)
with a rigid foundation. The mechanical problem is written under its augmented Lagrangian formula-
tion, then solved using a classical iterative approach. For practical reasons we are interested in applying
the optimization process with respect to an intermediate solution produced by the iterative method.
Because of the projection operator involved at each iteration, the iterate solution is not classically
shape differentiable. However, using an approach based on directional derivatives, we are able to prove
that it is conically differentiable with respect to the shape, and express sufficient conditions for shape
differentiability. Finally, from the analysis of the sequence of conical shape derivatives of the iterative
process, conditions are established for the convergence to the conical derivative of the original contact
problem.
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1. Introduction

Structural optimization has become an integral part of industrial conception, with applications in more and
more challenging mechanical contexts. Those contexts often lead to complex mathematical formulations involv-
ing non-linearities and/or non-differentiabilities, which causes many difficulties when considering the associated
shape optimization or optimal control problem.

In this article, we study a shape optimization problem in the context of contact mechanics. Especially, the
physical system models an elastic body (without restriction on its dimension) coming in sliding contact with a
rigid foundation, which takes the mathematical form of an elliptic variational inequality (VI) of the first kind.
As variational inequalities involve projection operators, differentiation with respect to the control parameter (in
order to derive optimality conditions or use a gradient descent optimization method) is not an easy task.

Using the terminology from [15], let us gather the approaches to treat optimal control or shape optimiza-
tion problems for variational inequalities in two families: the ones following the first optimize then discretize
paradigm, and the others following the first discretize then optimize paradigm. In the first one, the idea is to
work with a weaker notion of differentiability, namely conical differentiability (see Def. 2.3), in order to get

∗This work was supported by the Natural Sciences and Engineering Research Council of Canada (NSERC).

Keywords and phrases: Shape and topology optimization, unilateral contact, elliptic variational inequalities, conical differentia-
bility, augmented Lagrangian method.

Groupe Interdisciplinaire de Recherche en Éléments Finis de l’Université Laval, Départment de Mathématiques et Statistiques,
Université Laval, Québec, Canada.

*∗ Corresponding author: bastien.chaudet.1@ulaval.ca

Article published by EDP Sciences c© EDP Sciences, SMAI 2021

https://doi.org/10.1051/cocv/2020063
https://www.esaim-cocv.org
mailto:bastien.chaudet.1@ulaval.ca
http://www.edpsciences.org


2 B. CHAUDET-DUMAS AND J. DETEIX

optimality conditions. Let us mention the pioneer work [24], as well as other works in the same direction [25],
the series of works [28–35] and also [15, 19]. In those works, the conical derivative of the solution with respect to
the control parameter is expressed by means of a variational inequality. Thus the optimality conditions obtained
might be difficult to use in practice. However, in [27], for the two-dimensional Signorini problem, the authors give
conditions for some specific functional to be shape differentiable. This allows them to get an explicit expression
for the shape derivative of the functional using an adjoint state. In the second family of approaches, first the
variational inequality is discretized, then tools from subdifferential calculus are used in the finite dimensional
setting. The interested reader is referred to [11, 12, 21, 22] for shape optimization for the two-dimensional Sig-
norini problem discretized using finite elements. The way the authors define the set of admissible shapes enable
them to prove existence of an optimal design for the non-disctretized problem. Moreover, in [13], convergence
analysis with respect to the discretization parameter is performed. In the same spirit, we finally mention the
series of papers [1, 2, 14] dedicated to shape optimization for the contact problem with Coulomb friction, which
is much more cumbersome. There, the authors manage to characterize an outer approximation of the shape
subdifferential of the functional to minimize, then use a bundle algorithm.

The approach proposed here follows the first optimize then discretize paradigm. The goal is to express first
order optimality conditions for the shape optimization problem associated to some generic cost functional. It can
somehow be understood as a continuation of [27]. In order to facilitate shape sensitivity of the contact problem,
we write the sliding contact conditions using the normal to the rigid foundation instead of the normal to the
body, as in [3]. Furthermore, the variational inequality arising from the basic formulation of sliding contact
problems is transformed using an Augmented Lagrangian formulation (ALF) which we plan on solving using a
basic iterative approach, the Augmented Lagrangian method (ALM). Aiming at practical use of the ALM in
a numerical shape optimization process, we study consistency of this iterative process with respect to shape
differentiation. In other words, we aim at deriving conditions for the shape derivatives of the iterates generated
by this method to converge to the shape derivative of the solution to the original problem.

This work is structured as follows. Section 2 presents the original problem, its different formulations as well
as some notations and notions related to convex analysis and conical differentiability. We also introduce the
augmented Lagrangian method (ALM) applied to this problem. Section 3 is dedicated to shape optimization
and is divided in three parts. In the first one, we give a proof (adapted from the classical one) that the solution
of this formulation is conically differentiable. In the second one, we prove the same property for each of the
iterates generated by the iterative algorithm. Convergence analysis of those conical shape derivatives to the one
obtained for the original formulation is studied in the third part. Finally, we give the expression of the derivative
of a general cost functional J for a mechanical system in sliding contact with a rigid foundation.

2. Problem formulation

2.1. Geometrical setting
Here, the body Ω ⊂ Rd, d ∈ {2, 3}, is assumed to have C1 boundary, and to be in contact with a rigid

foundation Ωrig, which has a C3 compact boundary ∂Ωrig, see Figure 1. Let ΓD be the non-empty part of
the boundary where a homogeneous Dirichlet condition applies (blue part), ΓN the part where a Neumann
condition τ applies (orange part), ΓC the potential contact zone (green part), and Γ the rest of the boundary,
which is free of any constraint (i.e. homogeneous Neumann boundary condition). Those four parts are open,
mutually disjoint and moreover: ΓD ∪ ΓN ∪ ΓC ∪ Γ = ∂Ω. In order to avoid technical difficulties, it is assumed
that ΓC ∩ ΓD = ∅.

The outward normal to ∂Ω is denoted no. Similarly, the inward normal vector to ∂Ωrig is denoted n.

2.2. Notation, function spaces and preliminaries
Throughout this article, for any O ⊂ Rd, Lp(O) represents the usual set of pth power measurable functions

on O, and (Lp(O))
d

= Lp(O). The scalar product defined on L2(O) or L2(O) is denoted (without distinction)
by (·, ·)O and its norm ‖ · ‖0,O.
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The Sobolev spaces, denoted Wm,p(O) with p ∈ [1,+∞], p integer are defined as

Wm,p(O) = {u ∈ Lp(O) |Dαu ∈ Lp(O) ∀|α| ≤ m} ,

where α is a multi-index in Nd and Wm,p(O) = (Wm,p(O))
d. The spaces W s,2(O) and Ws,2(O), s ∈ R, are

denoted Hs(O) and Hs(O) respectively. Their norm are denoted ‖ · ‖s,O.
Without distinction for the dimension, we denote the duality pairing between H

1
2 (O) and its dual H−

1
2 (O)

(or between H
1
2 (O) and H−

1
2 (O)) by 〈·, ·〉O. More generally, for a space V and V ∗ its dual, we denote the

duality pairing by 〈·, ·〉V ∗,V .
The subspaces of functions in Hs(O) and Hs(O) that vanish on a part of the boundary Γ ⊂ ∂O are denoted

Hs
Γ(O) and Hs

Γ(O). In particular, we denote the vector space of admissible displacements X := H1
ΓD

(Ω).
The sets T2 and T4 are the sets of real valued tensors of order 2 and 4 respectively. For any v vector in Rd

or second order tensor in T2, the product with the normal v · no (respectively with the normal to the rigid
foundation v ·n) is denoted vno (respectively vn). Similarly, the tangential part of v is denoted vto = v− vno no

(respectively vt = v − vn n).
Finally, we introduce some notations from convex analysis. The indicator function and the characteristic

function of an arbitrary set S are denoted IS and χS , respectively, that is

IS(x) :=

{
0 if x ∈ S ,

+∞ if x /∈ S , χS(x) :=

{
1 if x ∈ S ,
0 if x /∈ S .

Let H be a Hilbert space, and C a non-empty closed convex subset of H, then for any x ∈ H, the unique
projection of x onto C is denoted ProjC(x). Moreover, if b is a bilinear form inducing an inner product on H,
the projection of x onto C with respect to this inner product is denoted ProjbC(x).

Let us now recall some notions related to conical differentiability, see [24].
If H denotes a Hilbert space and b a coercive symmetric bilinear form on H ×H, then for any K ⊂ H and

y ∈ K, we define:

• the polar cone of K with respect to b as [K]
0
b := {x ∈ H : ∀z ∈ K, b(x, z) ≤ 0};

• the radial cone of K at y as Cy(K) := {w ∈ H : ∃t > 0, y + tw ∈ K};
• the tangent cone of K at y as Sy(K) := Cy(K);
• the cone Sy(K) := Sy(K) ∩ [R(v − y)]

0
b , where v ∈ y + [Sy(K)]

0
b and R(v − y) := {η(v − y) | η ∈ R}.

Definition 2.1. LetK ⊂ H be a closed convex set.K is said to be polyhedric at v ∈ H if, denoting y = ProjbK(v),
one has:

Sy(K) = Cy(K) ∩ [R(v − y)]
0
b .

Definition 2.2. Let K ⊂ H be a closed convex set. K is said to be polyhedric in H if it is polyhedric at each
v ∈ H.

Definition 2.3. Let V1, V2 be two Banach spaces. A continuous function f : V1 → V2 admits a conical derivative
at x if there exists an operator Q : V1 → V2 positively homogeneous such that:

∀h ∈ V1, ∀t > 0, f(x+ th) = f(x) + tQ(h) + o(t) .

Using these notations, we may recall one of the main results on the differentiability of projection operators,
namely [24], Theorem 2.1.
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Figure 1. Elastic body in contact with a rigid foundation.

Theorem 2.4. Let v ∈ H and y = ProjbK(v). If K is polyhedric at v, then the projection ProjbK is conically
differentiable at v, with conical derivative ProjbSy(K). In other words, for all w ∈ H and t > 0:

ProjbK(v + tw) = y + tProjbSy(K)(w) + o(t) .

2.3. Mechanical model
In this work the material is assumed to verify the linear elasticity hypothesis (small deformations and

Hooke’s law, see for example [4]), associated with the small displacements assumption (see [20]). The phys-
ical displacement is denoted u, and belongs to X. The stress tensor is defined by σ(u) = C : ε(u), where
ε(u) = 1

2 (∇u +∇uT ) denotes the linearized strain tensor, and C is the elasticity tensor. This elasticity tensor
is a fourth order tensor belonging to L∞(Ω,T4), and it is assumed to be elliptic (with constant α0). Regarding
external forces, the body force f ∈ L2(Ω), and traction (or surface load) τ ∈ H

1
2 (ΓN ).

2.4. Non-penetration condition
At each point x of ΓC , let us define the gap gn(x), as the oriented distance function to the rigid foundation

at x, see Figure 1. Due to the regularity of the rigid foundation, there exists h0 sufficiently small such that, for
all h < h0

∂Ωhrig := {x ∈ Rd | |gn(x)| < h} ,

is a neighborhood of ∂Ωrig where gn is of class C3, see [5]. In particular, this ensures that n is well defined on
∂Ωhrig, and that n ∈ C2(∂Ωhrig,Rd). Moreover, in the context of small displacements, it can be assumed that the
potential contact zone ΓC is such that ΓC ⊂ ∂Ωhrig. Hence there exists a neighborhood of ΓC such that gn and
n are of class C3 and C2, respectively. Especially, this implies that the function gn n ∈ C2(∂Ωhrig,Rd). It can
thus be extended to a function g ∈ C2(Rd) such that g = 0 on Rd \ ∂Ωh

′

rig for some h′ > h. Since ΓC ∩ ΓD = ∅,
one has that ΓD ⊂ (Rd \ ∂Ωh

′

rig) for h, h′ small enough. Consequently, g ∈ X.
The non-penetration condition can be stated as follows: un ≤ gn a.e. on ΓC . Thus, we introduce the closed

convex set of admissible deformations that realize this condition, see [8]:

K := {v ∈ X | vn ≤ gn a.e. on ΓC} = g + K0 ,

where K0 is a closed convex cone defined as K0 := {v ∈ X | vn ≤ 0 a.e. on ΓC}.

Remark 2.5. Our definition of K differs from the usual one since we compute the gap in the direction of
the normal n to the rigid foundation instead of the normal no to ∂Ω. Actually, under the small displacements
hypothesis, the normal vector n and the gap gn to the rigid foundation can be replaced by no and gno

(we refer
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to [20], Chap. 2 for the details). This ensures that in our context, using no or n to write the formulation has
no impact on the solution. However, it will be seen in the next sections that using n will be really convenient
when dealing with shape optimization.

2.5. Mathematical formulation of the problem
Let us introduce the bilinear and linear forms a : X×X→ R and L : X→ R, such that:

a(u,v) :=

∫
Ω

C : ε(u) : ε(v) , L(v) :=

∫
Ω

f v +

∫
ΓN

τ v .

According to the assumptions of the previous sections, one is able to show (see [4]) that a is X-elliptic with
constant α0 (ellipticity of C and Korn’s inequality), symmetric, continuous, and that L is continuous (regularity
of f and τ ).

The unknown displacement u of the frictionless contact problem is the minimizer of the total mechanical
energy of the elastic body, which reads, in the case of pure sliding (unilateral) contact problems:

inf
v∈K

ϕ(v) := inf
v∈K

1

2
a(v,v)− L(v) . (2.1)

It is clear that the space X, equipped with the usual H1 norm, is a Hilbert space. Moreover, under the conditions
of the previous section, since K is obviously non-empty and the energy functional is strictly convex, continuous
and coercive, we are able to conclude that u solution of (2.1) exists and is unique, see for example [9].

It is well known that (2.1) may be rewritten as a variational inequality (of the first kind):

a(u,v−u) ≥ L(v−u) , ∀v ∈ K . (2.2)

Even if this variational inequality is very well known from the theoretical point of view such formulation
is not well suited for computational purposes. One approach to get around this difficulty consists in rewriting
the formulation so that the constraint is implicitly verified. One of the most frequently used formulation (in
practical applications) is the penalty formulation. In [3], we suggested a method based on directional derivatives
in order to derive optimality conditions for the penalty formulation.

The penalty formulation of (2.2) is numerically robust and relatively simple to implement, but its solutions
depend on the penalty parameter. From a numerical point of view the simplest way to avoid this inconsistency
while retaining the simplicity of the penalty approach is the augmented Lagrangian formulation. The rest of
this work is related to the augmented Lagrangian formulation and the basic iterative process to solve this
formulation, namely the augmented Lagrangian method.

It should be noticed that both formulations write as non-linear non-differentiable variational equations (pos-
sibly mixed), and thus lead to the same kind of technical difficulties (related to regularity) when studying the
associated shape optimization problem. Here, an approach similar to [3] will be followed.

2.6. Lagrangian formulation
The content of this paragraph is based on [36]. The reader is referred to the chapter 4 of this monograph

for all proofs and technical details. A mixed formulation of problem (2.1) can be recovered in the framework
of Fenchel duality theory by deriving the dual problem associated to this minimization problem. This result is
formally stated in the following theorem.

Theorem 2.6. If u ∈ K is the solution of (2.1), then there exists a unique dual variable λ ∈ H− 1
2 (ΓC) such

that:

a(u,v)− L(v) + 〈λ,vn〉ΓC
= 0 , ∀v ∈ X , (2.3a)
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〈λ, ζ〉ΓC
≥ 0 , ∀ ζ ∈ H 1

2 (ΓC) , ζ ≥ 0 , (2.3b)
〈λ,un−gn〉ΓC

= 0 . (2.3c)

Remark 2.7. It is important to note that, in general, the regularity of λ is only H−
1
2 (ΓC).

2.7. Generalized Moreau–Yosida approximation
The goal of this paragraph is to transform conditions (2.3b), (2.3c), into pointwise conditions using Moreau-

Yosida regularizations. Since (2.1) is a non-smooth convex optimization problem, one may follow the approach
from [18], Chapter 4 and introduce a consistent Moreau–Yosida regularization of (2.3), provided that the
Lagrange multiplier belongs to a Hilbert space. From Theorem 2.6 this is not the case since λ ∈ H− 1

2 (ΓC).
However, it is known (see, e.g. [36], Chap. 4) that the additional regularity λ ∈ L2(ΓC) can be obtained if the
set {un−gn = 0} is strictly contained in ΓC , which can be formulated as follows:

Assumption 2.8. {un−gn = 0} ⊂ ΓC .

Remark 2.9. From the mechanical point of view, this assumption means that the points at the boundary of the
potential contact zone ΓC do not come in contact with the rigid foundation. Intuitively, in the context of small
displacements, it should be the case when ΓC is chosen large enough. Moreover, in practice, this assumption
can be checked easily a posteriori.

From now on, it is assumed that Assumption 2.8 holds, thus, one may follow the steps of [18], Chapter
4, which directly leads to the desired consistency result for the regularization. Before stating this result, we
introduce a last notation, the projection onto R+ in R (also called the positive part function) will be denoted
p+ (p+(y) := max{0, y}, for all y ∈ R). We are now ready to introduce an Augmented Lagrangian Formulation
(or characterization of the solution) of the sliding contact problem.

Theorem 2.10. Suppose Assumption 2.8 holds. If (u, λ) ∈ X×L2(ΓC) denotes the solution of (2.3), it verifies,
for any γ > 0,

a(u,v)− L(v) + (λ,vn)ΓC
= 0 , ∀v ∈ X , (2.4a)

λ− p+(λ+ γ(un−gn)) = 0 a.e. on ΓC . (2.4b)

Conversely, if a pair (u, λ) ∈ X×L2(ΓC) satisfies (2.4) for some γ > 0, then u is the solution of (2.1).

Proof. Let us start by rewriting (2.1) in a more suitable form. For this purpose, let Λ ∈ L (X, L2(ΓC)) denote
the normal trace operator, such that for all v ∈ X

Λv = vn .

We also introduce the convex closed set K := {ζ ∈ L2(ΓC), ζ ≤ gn a.e. on ΓC}. Using these notations, problem
(2.1) rewrites as an unconstrained non-smooth convex optimization problem:

inf
v∈X

ϕ(v) + IK(Λv) . (2.5)

IK being non-smooth, we introduce IK,γ its generalized Moreau-Yosida regularization, with regularization
parameter γ > 0. Given ζ, ρ ∈ L2(ΓC), one has:

IK,γ(ζ, ρ) = inf
η∈L2(ΓC)

{
IK(η) + (ρ, ζ − η)ΓC

+
γ

2
‖ζ − η‖20,ΓC

}
.
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Now, due to the indicator function in the inf, one gets:

IK,γ(ζ, ρ) = inf
η∈K

{
γ

2

∥∥∥∥ργ + ζ − η
∥∥∥∥2

0,ΓC

}
− 1

2γ
‖ρ‖20,ΓC

=
γ

2

∥∥∥∥(Id−ProjK)

(
ρ

γ
+ ζ

)∥∥∥∥2

0,ΓC

− 1

2γ
‖ρ‖20,ΓC

.

Then, [18], Theorem 4.45 ensures that the complementarity conditions (2.3b), (2.3c) can equivalently be
expressed as

λ =
∂

∂ζ
IK,γ(ζ, ρ)

∣∣∣∣
(Λu,λ)

, (2.6)

for any γ > 0, where the pair (u, λ) is the solution of (2.3). Moreover, due to definition of K, one has for any
ζ ∈ L2(ΓC),

ProjK(ζ) = min{ζ,gn} .

Therefore, condition (2.6) directly leads to the desired result.

2.8. Augmented Lagrangian method
The augmented Lagrangian method consists in an iterative algorithm to solve formulation (2.4) using an

update strategy for the multiplier. The reader is referred to [10] for further details about the application of such
methods to the numerical resolution of problems in mechanics. We briefly recall the steps of the algorithm.

Algorithm: ALM

1. Choose λ0 ∈ L2(ΓC) and set k = 1.
2. Choose γk > 0, then find uk ∈ X the solution of,

a(uk,v) +
(
p+

(
λk−1 + γk(ukn−gn)

)
,vn

)
ΓC

= L(v) ∀v ∈ X , (2.7)

3. Update the multiplier following the rule:

λk = p+

(
λk−1 + γk(ukn−gn)

)
a.e. on ΓC . (2.8)

4. While a chosen convergence criterion is not satisfied, set k = k + 1 and go back to step 2.

It has been shown (see, e.g. in [36] for a detailed proof) that one gets the following convergence result for
this algorithm.

Theorem 2.11. Suppose Assumption 2.8 holds, and (u, λ) denotes the solution of (2.4). Then for any choice
of parameters 0 < γ1 ≤ γ2 ≤ · · · , the iterates uk converge to u strongly in X. Moreover, the iterates of the
multiplier λk converge to λ weakly in L2(ΓC).

Remark 2.12. When λ0 ∈ H 1
2 (ΓC), the iterates generated by the ALM satisfy

(
uk, λk

)
∈ X×H 1

2 (ΓC) for all
k ≥ 1.
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3. Shape optimization

Given a cost functional J(Ω) = J (Ω,u(Ω)) depending explicitly on the domain Ω, and also implicitly, through
u(Ω) the solution of (2.2) on Ω, the optimization of J with respect to Ω or shape optimization problem associated
to the original contact formulation reads:

{
minimize J(Ω) over Ω ∈ Uad ,
subject to u(Ω) solves (2.2). (3.1)

where Uad stands for the set of admissible domains.
Thanks to Theorem 2.11, from an analytical point of view, determining u and λ using the ALM or any

other method has limited impact on the computation of the shape sensitivity of (2.4) (or even (2.3)). The
shape sensitivities would simply be defined relatively to the converged results of the ALM process. However, in
practice, given a convergence criterion, the ALM will stop at some iteration k, meaning that even though uk

is assumed to be a good enough approximation of u, it is not the solution of (2.4). Therefore, the sensitivities
of (2.4) do not correspond to the sensitivities of the equations defining uk. As mentioned in the introduction,
the idea in this work is to perform shape optimization on the approximate formulation (2.7) instead of the
original formulation (2.1). Then, we look for a domain in Uad that minimizes Jk, a cost functional defined by
Jk(Ω) := J (Ω,uk(Ω)) where uk(Ω) is the solution of (2.7) defined on Ω. The new shape optimization is thus
given by:

{
minimize Jk(Ω) over Ω ∈ Uad ,
subject to uk(Ω) solves (2.7). (3.2)

Obviously, since we are interested in the optimality conditions associated to those problems, we also want to
study the consistency of the sensitivities of the iterates uk obtained from the ALM with respect to the sensitivity
of u.

Let D ⊂ Rd be a fixed bounded smooth domain, and let Γ̂D ⊂ ∂D be a part of its boundary which will be the
“potential” Dirichlet boundary. This means that for any domain Ω ⊂ D, the Dirichlet boundary associated to
Ω will be defined on ΓD := ∂Ω ∩ Γ̂D. With these notations, we introduce the set Uad of all admissible domains,
which consists of all smooth open domains Ω such that the Dirichlet boundary ΓD ⊂ ∂D is of strictly positive
measure, that is:

Uad := {Ω ⊂ D | Ω is of class C1 and |∂Ω ∩ Γ̂D| > 0}.

3.1. Derivatives
The shape optimization method followed in this work is the so-called perturbation of the identity, as presented

in [26] and [16]. Let us introduce CCC1
b(Rd) := (C1(Rd) ∩W 1,∞(Rd))d, equipped with the d-dimensional W 1,∞

norm, denoted ‖·‖1,∞. In order to move the domain Ω, let θ ∈ CCC1
b(Rd) be a geometric deformation vector field.

The associated perturbed or transported domain in the direction θ will be defined as: Ω(t) := (Id +tθ)(Ω) for
any t > 0. It is known that for t sufficiently small, more specifically for t such that t ‖θ‖1,∞ < 1, Id +tθ is a
diffeomorphism, see for example [16]. This enables to rely on the classical notion of differentiability in Banach
spaces to define shape differentiability. To make things clear some basic notions of shape sensitivity analysis
from [34] are briefly recalled.

Let y(Ω) be the solution, in some Sobolev space denoted W (Ω), of a variational formulation posed on Ω. For
any fixed θ, for any small t > 0, let y(Ω(t)) be the solution of the same variational formulation posed on Ω(t).
If the variational formulation is regular enough, which will be assumed to be true, it can be proved (see [34])
that y(Ω(t)) ◦ (Id +tθ) also belongs to W (Ω).
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• The Lagrangian derivative or material derivative of y(Ω) in the direction θ is the element ẏ(Ω)[θ] ∈ W (Ω)
defined by:

ẏ(Ω)[θ] := lim
t↘0

1

t
(y(Ω(t)) ◦ (Id +tθ)− y(Ω)) .

If the limit is computed weakly in W (Ω) (respectively strongly), we talk about weak material derivative
(respectively strong material derivative). Moreover, when the map θ 7→ ẏ(Ω)[θ] is positively homogeneous,
we will use the term conical material derivative.

• If the additional condition ∇y(Ω)θ ∈ W (Ω) holds for all θ ∈ CCC1
b(Rd), then one may define a directional

derivative called the Eulerian derivative or shape derivative of y(Ω) in the direction θ as the element dy(Ω)[θ]
of W (Ω) such that:

dy(Ω)[θ] := ẏ(Ω)[θ]−∇y(Ω)θ .

• The solution y(Ω) is said to be directionally shape differentiable if it admits a directional derivative for any
admissible direction θ. If, in addition, the map θ 7→ dy(Ω)[θ] is positively homogeneous from CCC1

b(Rd) toW (Ω),
y(Ω) is said to be conically shape differentiable. Furthermore, if this map is linear continuous from CCC1

b(Rd) to
W (Ω), y(Ω) is said to be shape differentiable.

Remark 3.1. Linearity and continuity of θ 7→ ẏ(Ω)[θ] is actually equivalent to Gâteaux differentiability of
the map θ 7→ y(Ω(θ)) ◦ (Id +θ). The reader is referred to [6], Chapter 8 for a complete review on the different
notions of derivatives.

Notation 3.2. Following the notations in [34], when there is no ambiguity, y(Ω) will be replaced simply by y,
and for some fixed direction θ, we define yt := y(Ω(t)), yt := yt ◦ (Id +tθ). In the same way, the material and
shape derivatives of y at Ω in the direction θ will be denoted ẏ and dy, respectively.

3.2. Shape sensitivity analysis of the original formulation
In this section, we prove that the solution u to problem (2.1) admits conical material/shape derivatives in

some specific directions θ. It is well known that u is not classically shape differentiable because the projection
operator onto the closed convex K is not Fréchet-differentiable. However, it is known from [24] that projection
operators are conically differentiable. Using this result, it has been proved in [33] that the Signorini problem
admits conical material/shape derivatives in 2d and 3d. Here, since formulation (2.1) is slightly different from
the classical one due to our choice of n instead of no for the contact, the proof in [33] needs to be adapted.
Therefore, we will redo it, for some specific directions θ. Then, we derive sufficient conditions for the conical
material/shape derivative of (2.1) to be solution of a more regular optimization problem.

Restriction on the directions θ. In view of the Zolésio–Hadamard structure theorem, we choose to limit
ourselves to geometric deformation fields θ ∈ CCC1

b(Rd) along the direction of the normal no, i.e. vector fields of
the form:

θ = θ no , where θ ∈ C1
b (Rd) , (3.3)

where no has been extended to C1(Rd), which is possible (see [16]) since ∂Ω is assumed to have C1 regularity.
Moreover, this choice is well suited to our numerical algorithm, as it will be seen in the last section. The set of
all these θ is denoted Θ. Obviously, Θ is a closed subspace of CCC1

b(Rd), thus it is a Banach space.
Let θ ∈ Θ be a fixed direction. In order to perform sensitivity analysis with respect to the shape, let us

first characterize ut = ut ◦ (Id +tθ) for t > 0. This will be done by writing the problem solved by ut on the
transported domain Ω(t), then by bringing it back to Ω by a change of variables. Before that, some additional
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assumptions on the data are required. Indeed, since the domain is transported, the functions C, f and τ have to
be defined everywhere in Rd. They also need to enjoy more regularity for usual differentiability results to hold.
In particular, we make the following regularity assumptions :

Assumption 3.3. C ∈ C1
b (Rd,T4), f ∈ H1(Rd) and τ ∈ H2(Rd).

Notation 3.4. For the solution ut to the transported problem on Ω(t), we introduce Xt := H1
ΓD(t)(Ω(t)) and

the convex subset of admissible displacements:

Kt := {v ∈ Xt | vn ≤ gn a.e. on ΓC(t)} .

Composition with the operator ◦ (Id +tθ) will be denoted by (t), for instance, C(t) := C ◦ (Id +tθ). Besides, the
normal component associated to n(t) of a vector v is denoted vn(t). For integral expressions, the Jacobian and
tangential Jacobian of the transformation give JΩ(t) := Jac(Id +tθ) and JΓ(t) := JacΓ(t)(Id +tθ). Finally, we
introduce the transported strain tensor εt, the bilinear form at on X×X and the linear form Lt on X, which
are the versions of ε, a and L corresponding to the problem solved by ut, and are defined as follows:

at(z,v) :=

∫
Ω

C(t) : εt(z) : εt(v) JΩ(t) ∀ z,v ∈ X ,

εt(v) :=
1

2

(
∇v (I +t∇θ)

−1
+ (I +t∇θT )

−1∇vT
)
∀v ∈ X ,

Lt(v) :=

∫
Ω

f(t) v JΓ(t) +

∫
ΓN

τ (t) v JΩ(t) ∀v ∈ X .

Lemma 3.5. Let v ∈ Xt and θ ∈ Θ, then v ∈ Kt if and only if v(t) ∈ g(t) + K0.

Proof. The result is a direct consequence of our choice, (3.3), of direction Θ. Indeed, n = no on ΓC gives
n(t) = n on ΓC . The rest follows from the definitions and the fact that Id +tθ is an isomorphism:

v ∈ Kt ⇐⇒ (v(y)− g(y)) · n(y) ≤ 0 for a.e. y ∈ ΓC(t) ,

⇐⇒ (v(x+ tθ(x))− g(x+ tθ(x))) · n(x+ tθ(x)) ≤ 0 for a.e. x ∈ ΓC ,

⇐⇒ v(t) ∈ g(t) + K0 .

Remark 3.6. For t sufficiently small, ΓD(t) ⊂ (Rd \ ∂Ωh
′

rig) and thus g ∈ Xt, which yields g(t) ∈ X.

From Lemma 3.5, it follows that ut solves: find ut ∈ g(t) + K0 such that,

at(ut,v−ut) ≥ Lt(v−ut) , ∀v ∈ g(t) + K0 .

Let us introduce the auxiliary unknowns w := u−g and wt := ut−g(t) which both belong to K0. Those
functions satisfy the following variational inequalities:

a(w,v−w) ≥ L(v−w)− a(g,v−w) , ∀v ∈ K0 , (3.4a)

at(wt,v−wt) ≥ Lt(v−wt)− at(g(t),v−wt) , ∀v ∈ K0 . (3.4b)

Before stating the conical differentiability result for w and u, some additional notations are required.
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Notation 3.7. If (u, λ) denotes the solution of problem (2.4), let A, I and B be the subsets of ΓC associated
to the constraint u ∈ K in problem (2.1):

A := {x ∈ ΓC : λ(x) > 0, un(x)− gn(x) = 0} ,
I := {x ∈ ΓC : λ(x) = 0, un(x)− gn(x) < 0} ,
B := {x ∈ ΓC : λ(x) = 0, un(x)− gn(x) = 0} .

The subsets A, I and B are usually referred to as the active, inactive and biactive sets. Note that they are at
least measurable due to the regularities of λ, u and gn. Moreover, we only consider cases where contact occurs,
which means that A is non-empty.

The bilinear form a′ and the linear forms ε′, L′, which will be naturally appear when differentiating (3.4b)
with respect to the shape, are introduced: for any u, v ∈ X,

a′(u,v) :=

∫
Ω

{
C : ε′(u) : ε(v) + C : ε(u) : ε′(v) + (div θ C+∇C θ) : ε(u) : ε(v)

}
,

ε′(v) := −1

2

(
∇v∇θ+∇θT∇vT

)
,

L′(v) =

∫
Ω

(div θ f +∇f θ) v +

∫
ΓN

(divΓ θ τ +∇τ θ) v .

Moreover, for any smooth function f defined on Rd, and that does not depend on Ω, we denote f ′[θ] or simply
f ′ the following directional derivative:

f ′[θ] := lim
t↘0

1

t
(f(t)− f) = (∇f)θ . (3.5)

Using this notation, n′ := (∇n)θ and for any v ∈ X one has vn′ := v ·n′. For the gap (gn)′ := (∇gn)θ
and since gn is the oriented distance function to the smooth boundary ∂Ωrig, ∇gn = −n, which implies
that (gn)′ = −θ ·n. However, we will still use the notation (gn)′ to emphasize that this term comes from
differentiation of the gap.

Remark 3.8. From the definition of Θ, one gets that any θ ∈ Θ satisfies θ = θ n on ΓC . This implies that:

n′ := (∇n)θ = θ(∇n) n = 0 on ΓC

since n is a unit vector. Therefore, one automatically gets for the gap:

(gn)′ = (g ·n)′ = g′ ·n + g ·n′ = g′ ·n on ΓC .

Thus, using the notations introduced earlier, it is possible to replace (gn)′ by g′n = g′ ·n on ΓC .

We can now use some of the results on the conical differentiability of projections on closed convex sets. In
the next two results, material derivatives will be characterized using some concepts of capacity theory. More
precisely the cones containing those derivatives will be defined up to a set of zero capacity (denoted q.e. for
quasi-everywhere). The reader is referred to [24] and [7] for further details about capacity theory.

Theorem 3.9. Under Assumption 3.3, the solution w of (3.4a) is conically shape differentiable on Θ and its
conical material derivative in the direction θ ∈ Θ is given by the solution of the problem: find ẇ ∈ Sw(K0) such
that,

a(ẇ,φ−ẇ) ≥ L′(φ−ẇ)− a′(u,φ−ẇ)− a(g′,φ−ẇ) , ∀φ ∈ Sw(K0) , (3.6)
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Moreover, one has the characterization Sw(K0) = {φ ∈ X | φn ≤ 0 q.e. on A ∪ B and a(u,φ) = L(φ)}.

Proof. We follow the same steps as in [23], Section 5.2, and adapt each of them to our specific formulation. The
idea is to write wt as the projection onto K0 of some element in X. Then, using the conical differentiability of
the projection (see [24]), one is able to perform a first order expansion of wt around t = 0+.

First, let us prove strong continuity of the map t 7→ wt at t = 0+ in X. Taking respectively v = w and
v = wt as test-functions in (3.4b) and (3.4a), then adding the two formulations, one obtains

a(w−wt,w−wt) ≤ (Lt − L)(w−wt)− at(g(t),w−wt) + a(g,w−wt) .

Using ellipticity of a, one deduces the following estimation:

α0

∥∥w−wt
∥∥
X
≤
∥∥Lt − L∥∥

X∗
+ C

(∥∥at − a∥∥+ ‖g(t)− g‖X
)
,

which yields the result since the right hand side goes to 0, due to the properties of at, Lt, and the regularity of
g. Next, using this result and again the properties of at, Lt, we proceed to the expansion of each term in (3.4b),
which leads to:

at(wt,v−wt) = a(wt,v−wt) + ta′(w,v−wt) + o(t) ,

Lt(v−wt) = L(v−wt) + tL′(v−wt) + o(t) ,

at(g(t),v−wt) = a(g,v−wt) + ta′(g,v−wt) + ta(g′,v−wt) + o(t) .

Plugging these expansions in (3.4b) yields: for all v ∈ K0,

a(wt,v−wt) ≥ L(v−wt)− a(g,v−wt) + t
(
L′(v−wt)− a′(u,v−wt)− a(g′,v−wt)

)
+ o(t) . (3.7)

Let l, l′, a′u ∈ X such that for all z ∈ X:

a(l, z) = L(z) , a(l′, z) = L′(z) , a(a′u, z) = a′(u, z) .

Then relation (3.7) can be equivalently rewritten as:

wt = ProjaK0
(l− g +t(l′ − a′u − g′) + o(t))

= ProjaK0
(l− g +t(l′ − a′u − g′)) + o(t) .

As seen in Remark 2.5, one has the approximation n = no on ΓC under the small displacements hypothesis.
Thus we directly get from [23], Lemma 5.2.9 that K0 is polyhedric. Therefore, from Theorem 2.4, it follows that
ProjaK0

is conically differentiable and that:

wt = w +tProjaSw(K0) (l′ − a′u − g′) + o(t) ,

which yields (3.6). Finally, the characterization of Sw(K0) is also given by [23], Lemma 5.2.9.

Corollary 3.10. Under Assumption 3.3, the solution u of (2.1) is conically shape differentiable on Θ and its
conical material derivative in any direction θ ∈ Θ is given by the solution of: find u̇ ∈ S such that,

a(u̇,ψ−u̇) ≥ L′(ψ−u̇)− a′(u,ψ−u̇) , ∀ψ ∈ S , (3.8)

where S := g′+Sw(K0) = {ψ ∈ g′+ X | ψn ≤ g′n q.e. on A ∪ B and a(u,ψ−g′) = L(ψ−g′)}.

Proof. This is a direct consequence of Theorem 3.9 since ut = wt + g(t) and therefore u̇ = ẇ + g′.
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As formulations (3.6) and (3.8) relies on zero capacity sets they are not easy to handle. However, under some
mild additional regularity assumptions, it is possible to rewrite those formulations as standard optimization
problems. In the same way as in [17], Section 4.1 for the obstacle problem, we introduce the following regularity
assumption:

Assumption 3.11. A ∪ B = int(A ∪ B).

Remark 3.12. This assumption implies that not only A ∪ B is closed, but also it has a non-empty interior.
Moreover, for every φ ∈ X it is obvious, that

φn ≤ 0 q.e. on int(A ∪ B) =⇒ φn ≤ 0 a.e. on int(A ∪ B) .

Regarding the converse implication, we invoke the result stated in [34], Lemma 4.31, from which we get that
the subspace

H :=
{
φn ∈ H

1
2 (ΓC) | φ ∈ X

}
associated with the appropriate bilinear form (expressed in [34], Eq. (4.192)) is a Dirichlet space in the sense
of [24], Definition 3.1. Therefore, φn admits a unique quasi-continuous representative in the equivalence class
related to the “q.e. on ΓC equality”. Considering this specific representative, one gets from [7], Theorem 5 that

φn ≤ 0 a.e. on int(A ∪ B) =⇒ φn ≤ 0 q.e. on int(A ∪ B) ,

since int(A ∪ B) is an open subset of ΓC . Quasi-continuity of φn on ΓC also implies that φn ≤ 0 q.e. on
int(A ∪ B) = A ∪ B.

Before stating the optimization problem that ẇ solves when Assumption 3.11 is fulfilled, let us define the
subspace XA ⊂ X, and the cone KA such that:

XA := {φ ∈ X | φn = 0 a.e. on A} , KA := {φ ∈ XA | φn ≤ 0 a.e. on B} .

Clearly, XA is a closed subspace of X, therefore it is a Hilbert space, and KA is a non-empty closed convex
cone.

Theorem 3.13. If Assumptions 3.3 and 3.11 hold, then ẇ is the solution of (3.6) if and only if it solves:

inf
φ∈KA

1

2
a(φ,φ)− L′(φ) + a′(u,φ) + a(g′,φ) . (3.9)

Proof. It suffices to prove that Sw(K0) = KA. First of all, let us point out that in the characterization of
Sw(K0) given in Theorem 3.9, since φ ∈ X and u solves (2.4a), condition a(u,φ) = L(φ) is equivalent to
(λ,φn)ΓC

= 0. As λ ∈ L2(ΓC), λ > 0 on A and λ = 0 on ΓC \ A it follows that:(
φ ∈ X s.t. φn ≤ 0 a.e. on A ∪ B and (λ,φn)ΓC

= 0
)
⇐⇒ φ ∈ KA .

And Remark 3.12 gives us the equality of both sets.

Finally, some obvious results are obtained, introducing the following assumption.

Assumption 3.14. The biactive set B is of measure zero with respect to ΓC (a (d−1)-dimensional submanifold
of Rd).
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Remark 3.15. Assumptions on the biactive set are often made when considering optimal control problems for
variational inequalities (see, e.g. [17]) because this is the set of points where non-differentiabilities occur. From
the mechanical point of view, a point x ∈ B is a point such that un(x) = gn(x) and λ(x) = 0, that is x is in
contact but there is no contact pressure. The set B is often referred to as the set of weak contact points. For
example, Assumption 3.14 is verified when all weak contact points represent a countable number of point in 2D
or a countable number of curves in 3D.

Corollary 3.16. If, in addition to the assumptions of Theorem 3.13, Assumption 3.14 holds, then ẇ is the
solution of (3.6) if and only if it solves: find ẇ ∈ XA such that

a(ẇ,φ) = L′(φ)− a′(u,φ)− a(g′,φ) , ∀φ ∈ XA . (3.10)

Proof. When B is of measure zero, KA = XA and the result follows as problem (3.9) can be equivalently
rewritten as a linear variational formulation.

Remark 3.17. Under the assumption of Corollary 3.16, the material derivative becomes linear with respect
to θ, which implies that u is strongly shape differentiable in L2(Ω), and its shape derivative in any direction
θ ∈ Θ is given by:

du = u̇−∇uθ = ẇ + g′−∇uθ ,

where ẇ ∈ XA is the unique solution of (3.10). Note that this conclusion is similar to the one in [27], Remark 4.1.

3.3. Shape sensitivity analysis of the augmented Lagrangian formulation
The goal of this section is to prove, at every iteration of the ALM algorithm, the differentiability of uk with

respect to the shape. As p+ fails to be Frêchet differentiable it is not possible to rely on the implicit function
theorem as in [16]. However, as it is a projection operator, it is conically differentiable, which enables us to show
existence of conical material/shape derivatives for uk following the approach in [34]. Then, under assumptions
on some specific subsets of ΓC (this will be presented and referred to as Assumption 3.23), classical shape
differentiability of uk is proved.

First of all, let us briefly recall some properties of function p+.

Lemma 3.18. The function p+ : R → R is Lipschitz continuous and conically differentiable, with conical
derivative at u in the direction v ∈ R:

dp+(u; v) =

 0 if u < 0,
p+(v) if u = 0,
v if u > 0.

Lemma 3.19. The Nemytskij operator p+ : L2(ΓC)→ L2(ΓC) is Lipschitz continuous and conically differen-
tiable.

Remark 3.20. These results are well known if “conically” is replaced by “directionally”, a proof can be found
in [37], for example. Conical differentiability then follows directly because for any u ∈ R, dp+(u; ·) : R → R
is obviously positively homogeneous, and the same property holds for dp+(u; ·) : L2(ΓC) → L2(ΓC) for any
u ∈ L2(ΓC).

Theorem 3.21. If Assumption 3.3 holds and λ0 ∈ H 3
2 (ΓC), then for any k ≥ 0, the pair

(
uk, λk

)
defined by

(2.7)–(2.8) is conically shape differentiable on Θ, strongly in X×L2(ΓC).
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Proof. As the solution of (2.7) at each step k + 1 depends on the previous iterate, the result will be proved by
induction.

Base case For k = 0, given γ1 > 0, the first iteration of the ALM gives u1 ∈ X the solution of

a(u1,v) +
(
R1

n(u1),vn

)
ΓC

= L(v) ,

where we have introduced the non-linear map R1
n : X→ H

1
2 (ΓC) defined as,

R1
n(v) := p+

(
λ0 + γ1(vn−gn)

)
∀v ∈ X .

Obviously, R1
n(u1) = λ1, but we prefer here to denote R1

n(u1) to emphasize that λ1 is defined explicitly from
u1 and the data. Using the same arguments as in [3], one gets that, due to the regularity of the data, especially
λ0, u1 admits a strong material derivative u̇1 ∈ X in each direction θ ∈ Θ, which is the unique solution of

a(u̇1,v) +
(
R1

n
′
(u1),vn

)
ΓC

= L1[θ](v) ,

where, for any v ∈ X, with material derivative v̇ ∈ X, we have

R1
n
′
(v) := dp+

(
λ0 + γ1(vn−gn); (λ0)′ + γ1 (v̇n − g′n)

)
,

L1[θ](v) := L′(v)− a′(u1,v)−
∫

ΓC

λ1 vn divΓ θ ,

where the notation introduced in (3.5) has been used for (λ0)′. Moreover, as λ1 only depends on λ0 and u1, it
is clear that it also admits a strong material derivative in L2(ΓC) in the direction θ, which is simply obtained
by differentiating (2.8):

λ̇1 = R1
n
′
(u1) , (3.11)

which finishes to prove that
(
u1, λ1

)
is directionally shape differentiable. Moreover, one has that a is bilinear,

the maps θ 7→ L1[θ], (λ0)′,g′n are linear and dp+

(
λ0 + γ1(u1

n−gn); ·
)
is positively homogeneous. Thus one

deduces that the map θ 7→ u̇1 is positively homogeneous. The same property holds for θ 7→ λ̇1 due to (3.11).

Inductive step Let k ≥ 1 and assume
(
uk, λk

)
is conically shape differentiable, strongly in X×L2(ΓC). This

implies that λk admits a strong material derivative λ̇k ∈ L2(ΓC). Hence, using the arguments of the case k = 0,
one may differentiate (2.7), which leads to existence of a unique material derivative u̇k+1 ∈ X for uk+1 that
solves:

a(u̇k+1,v) +
(
Rk+1

n

′
(uk+1),vn

)
ΓC

= Lk+1[θ](v) , (3.12)

where the same notation as in the case k = 0 has been used for Lk+1[θ], while the notation for Rk+1
n
′ has been

slightly adapted:

Rk+1
n

′
(v) := dp+

(
λk + γk+1(vn−gn); λ̇k + γk+1 (v̇n − g′n)

)
.
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Especially, this also proves that λk+1 admits a material derivative in L2(ΓC) defined as

λ̇k+1 = Rk+1
n

′
(uk+1) . (3.13)

Again, since a is bilinear, θ 7→ Lk+1[θ],g′n are linear, and dp+

(
λk + γk+1(uk+1

n −gn); ·
)
, θ 7→ λ̇k are positively

homogeneous, one deduces that θ 7→
(
u̇k+1, λ̇k+1

)
is positively homogeneous as well.

Remark 3.22. Existence of directional (even conical) material/shape derivatives in all directions does not
guarantee that the solution uk is shape differentiable. Indeed, as these derivative depends on p+, even when
the solutions of the previous iteration u̇k−1 and λ̇k−1 are linear with respect to θ, the derivative u̇k may fail to
have that property if the set

{
λk−1 + γk(ukn−gn) = 0

}
is not of null measure.

In light of the previous remark, we get interested in sufficient conditions for shape differentiability of uk. We
introduce the corresponding subsets for problem (2.7), for each k ≥ 1,

Ak :=
{
x ∈ ΓC :

(
λk−1 + γk

(
ukn−gn

))
(x) > 0

}
,

Ik :=
{
x ∈ ΓC :

(
λk−1 + γk

(
ukn−gn

))
(x) < 0

}
,

Bk :=
{
x ∈ ΓC :

(
λk−1 + γk

(
ukn−gn

))
(x) = 0

}
.

Using these notations, for any k ≥ 1, we are able to state conditions that guarantee shape differentiability of
uk, and will be referred to as Assumption 3.23 at rank k:

Assumption 3.23. For each j ∈ {1, . . . , k}, the set Bj is of measure zero.

Remark 3.24. This assumption is similar to Assumption 3.14, but in the case of the regularized formulation
obtained at each iteration.

Corollary 3.25. Let k ≥ 1, (uk, λk) still denotes the solution of (2.7)–(2.8) and (u̇k, λ̇k) its material derivative,
defined by (3.12)–(3.13). Under the assumptions of Theorem 3.21, if Assumption 3.23 holds at rank k, then the
map θ 7→ (u̇k, λ̇k) is linear continuous from Θ to X×L2(ΓC). Therefore, uk is (strongly) shape differentiable
in L2(Ω), and its shape derivative in any given direction θ writes:

duk = u̇k −∇uk θ .

Proof. Here again, let us proceed by induction.

Base case Let k = 1. From Assumption 3.23 at rank 1, one gets that |B1| = 0, which implies that

λ̇1 = R1
n
′
(u1) = χA1

(
(λ0)′ + γ1

(
u̇1
n − g′n

))
a.e. on ΓC .

Therefore, u̇1 is the solution of a linear variational formulation. Moreover, due to the regularities of λ0, gn, n,
and the expression of L1[θ], the maps

Θ 3 θ 7−→ (λ0)′ ∈ L2(ΓC) ,

Θ 3 θ 7−→ g′n ∈ L∞(ΓC) ,

Θ 3 θ 7−→ L1[θ] ∈ X∗ ,

are all linear continuous. Therefore, θ 7→ (u̇1, λ̇1) is also linear continuous, from Θ to X×L2(ΓC).



SHAPE DERIVATIVES FOR AN AUGMENTED LAGRANGIAN FORMULATION OF ELASTIC CONTACT PROBLEMS 17

Inductive step Let k ≥ 1 and assume the result of the corollary is true at iteration k. Now, suppose Assump-
tion 3.23 holds at rank k + 1. This exactly means that Assumption 3.23 holds at rank k and |Bk+1| = 0. Thus,
one has

λ̇k+1 = Rk+1
n

′
(uk+1) = χAk+1

(
λ̇k + γk+1

(
u̇k+1
n − g′n

))
a.e. on ΓC .

Hence, the variational formulation (3.12) is linear. Using the result at iteration k, one gets that θ 7→ λ̇k is linear
continuous from Θ to L2(ΓC). This, combined with the properties of gn, n, and linear continuity of Lk+1[·]
from Θ to X∗, enables us to conclude.

3.4. Convergence of the directional shape derivatives
In this section, we aim at establishing the consistency of the augmented Lagrangian method with respect to

shape differentiability. In other words, for any θ ∈ Θ fixed, we get interested in convergence properties of the
sequence

{(
u̇k, λ̇k

)}
k
as k →∞. Especially, we would like to derive sufficient conditions for

{
u̇k
}
k
to converge

to u̇ the solution of (3.8).

Remark 3.26. As we will manipulate in this section the material derivatives of uk and λk, it will be required
that Assumption 3.3 holds (see Theorem 3.9).

As for the original problem, let us define wk := uk −g ∈ X. Since the existence of strong material derivatives
in all directions has been established for uk (Thm. 3.21), we get that wk admits a strong material derivative in
the direction θ given by ẇk = u̇k − g′ ∈ X. It follows from (3.12) and (3.13) that ẇk solves:

a(ẇk,v)− Lk[θ](v) + a(g′,v) +
(
λ̇k,vn

)
ΓC

= 0 , ∀v ∈ X , (3.14a)

λ̇k − dp+

(
λk−1 + γk wk

n; λ̇k−1 + γkẇk
n

)
= 0 , a.e. on ΓC . (3.14b)

Note that (3.14b) can be equivalently rewritten as:

λ̇k =


λ̇k−1 + γkẇk

n on Ak ,
0 on Ik ,
p+

(
λ̇k−1 + γkẇk

n

)
on Bk .

(3.15)

In order to have a valid expression for all k ≥ 1, the notation λ̇0 := λ0′ will be used. Finally, we give some
straightforward but very useful properties of dp+:

• for all u, v ∈ R, one has dp+(u; v)v = |dp+(u; v)|2,
• dp+ is continuous on R2 \ ({0} × R).

Theorem 3.27. For any increasing sequence of strictly positive parameters
{
γk
}
k
, there exists a subsequence

of
{(

ẇk, λ̇k
)}

k
that is bounded in X×H− 1

2 (ΓC).

Proof. For now, let
{
γk
}
k
⊂ R∗+ be any increasing sequence, from which the ALM algorithm generates iterates

(uk, λk). From Theorem 2.11, one gets that
{

(uk, λk)
}
k
is bounded in X×L2(ΓC), from which one deduces that{

Lk[θ]
}
k
is bounded in X∗. Thus, taking v = ẇk as test-function in (3.14a) yields

α0

∥∥∥ẇk
∥∥∥2

X
+
(
λ̇k, ẇk

n

)
ΓC

≤ C
∥∥∥ẇk

∥∥∥
X
. (3.16)
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Now, we rewrite the second term, then use the properties of dp+ and Young’s inequality:

(
λ̇k, ẇk

n

)
ΓC

=
1

γk

(
λ̇k, λ̇k−1 + γkẇk

n

)
ΓC

− 1

γk

(
λ̇k, λ̇k−1

)
ΓC

=
1

γk

∥∥∥λ̇k∥∥∥2

0,ΓC

− 1

γk

(
λ̇k, λ̇k−1

)
ΓC

≥ 1

2γk

(∥∥∥λ̇k∥∥∥2

0,ΓC

−
∥∥∥λ̇k−1

∥∥∥2

0,ΓC

)
.

(3.17)

Plugging this into inequality (3.16) leads to

α0

∥∥∥ẇk
∥∥∥2

X
− C

∥∥∥ẇk
∥∥∥
X

+
1

2γk

∥∥∥λ̇k∥∥∥2

0,ΓC

≤ 1

2γk

∥∥∥λ̇k−1
∥∥∥2

0,ΓC

≤ 1

2γk−1

∥∥∥λ̇k−1
∥∥∥2

0,ΓC

, (3.18)

since γk ≥ γk−1. From here, let us distinguish the two possible cases.

(i) Case
{

1
γk

∥∥∥λ̇k∥∥∥2

0,ΓC

}
k

bounded.

Boundedness of the whole sequence
{

ẇk
}
k
in X follows directly from (3.18).

(ii) Case
{

1
γk

∥∥∥λ̇k∥∥∥2

0,ΓC

}
k

unbounded.

In that case, let us sum (3.18) from 1 to k, with k > 1:

k∑
l=1

(
α0

∥∥∥ẇl
∥∥∥2

X
− C

∥∥∥ẇl
∥∥∥
X

)
+

1

2γk

∥∥∥λ̇k∥∥∥2

0,ΓC

≤ 1

2γ1

∥∥∥λ̇0
∥∥∥2

0,ΓC

.

If we denote W k the first term of the left hand side, it follows that the sequence
{
W k
}
k
is unbounded

below. Thus there exists a subsequence (denoted ϕ(k)) such that
{
Wϕ(k)

}
k
is strictly monotone and tends

to −∞. Especially, strict monotonicity of this subsequence implies that, for all k ≥ 1,

Wϕ(k+1) −Wϕ(k) =

ϕ(k+1)∑
l=ϕ(k)

(
α0

∥∥∥ẇl
∥∥∥2

X
− C

∥∥∥ẇl
∥∥∥
X

)
< 0 .

Hence, for all k ≥ 1, there exists ψ(k) ∈ [[ϕ(k), ϕ(k+ 1)]] such that α0

∥∥∥ẇψ(k)
∥∥∥2

X
−C

∥∥∥ẇψ(k)
∥∥∥
X
< 0, which

proves that
{

ẇψ(k)
}
k
is bounded in X.

Then, boundedness of
{
λ̇k
}
k
or of a subsequence of

{
λ̇k
}
k
in H−

1
2 (ΓC) immediately follows from (3.14a) and

the subjectivity of the trace operator from X to H
1
2 (ΓC).

Corollary 3.28. There exists an increasing sequence of strictly positive parameters
{
γk
}
k
such that the whole

sequence
{(

ẇk, λ̇k
)}

k
defined by (3.14) is bounded in X×H− 1

2 (ΓC).
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Proof. From estimation (3.18), it is clear that if the sequence of parameters
{
γk
}
k
is built from some γ1 > 0

following the rule, for k > 1,

γk = max

{
γk−1,

∥∥∥λ̇k−1
∥∥∥2

0,ΓC

}
, (3.19)

then one automatically gets boundedness of the whole sequence
{

ẇk
}
k
in X. In other words, such a choice of

parameters ensures that we are in case (i) of the previous proof. Again, boundedness of
{
λ̇k
}
k
in H−

1
2 (ΓC)

follows.

Of course, the previous result implies that for any sequence of parameters, the associated iterates
(
ẇk, λ̇k

)
converge weakly in X×H− 1

2 (ΓC) to some limit (ŵ, λ̂), up to a subsequence. In order to specify this limit, we
need to make the following additional assumption.

Assumption 3.29. The iterates λk generated by the ALM converge to λ a.e. on ΓC .

Remark 3.30. Because of the non-continuity of dp+ on {0} × R getting a convergence result without
Assumption 3.14 seems rather difficult (maybe even impossible).

Lemma 3.31. Let
{
γk
}
k
be any increasing sequence in R∗+, (uk, λk) still denotes the solution of (2.7)–(2.8), and

(u, λ) the solution of (2.4). When Assumptions 3.14 and 3.29 hold, the characteristic functions χAk (respectively
χBk) converge to χA (respectively 0) strongly in Lp(ΓC), for each 1 < p < +∞, up to a subsequence.

Proof. First of all, note that since Ak and A are measurable, so are χAk and χA, for any k ≥ 0. Since those
functions are also bounded on ΓC which is of finite measure, they both belong to L1(ΓC), and thus to any
Lp(ΓC) with 1 < p < +∞. Now, let us begin with proving pointwise convergence, from which we will deduce
weak then strong convergence.

Since uk → u strongly in L2(ΓC), there exists a subsequence, still denoted uk, that converges a.e. on ΓC .
From now, we consider this subsequence. Then, from Assumption 3.14, for a.e. x ∈ ΓC , x is either in A, or in I.

• If x ∈ A, then there is some δ > 0 such that λ(x) > δ. From Assumption 3.29, one gets that ∃k0 > 0, ∀k ≥ k0,
|λk(x)− λ(x)| < δ/2. Especially, for all k ≥ k0,

λk+1(x) = p+

(
λk(x) + γk+1

(
uk+1
n (x)− gn(x)

))
> δ/2 .

Thus, for all k ≥ k0 + 1, χAk(x) = 1 = χA(x), and χBk(x) = 0.
• If x ∈ I, then λ(x) = 0 and there is some δ′ > 0 such that un(x)− gn(x) < −δ′/γ1. Moreover, ∃k′0 > 0 such

that ∀k ≥ k′0, |ukn(x)− un(x)| < δ′/2γ1 and λk(x) < δ′/4. Consequently, for such values of k, one has

λk(x) + γk+1
(
uk+1
n (x)− gn(x)

)
< δ′/4− γk+1δ′/2γ1 ≤ −δ′/4 .

Hence, for any k ≥ k′0 + 1, one gets χAk(x) = 0 = χA(x), and χBk(x) = 0.

This proves that χAk → χA and χBk → 0 a.e. on ΓC . Let 1 < p < +∞. For {χBk}k, strong convergence follows
directly from Lebesgue’s dominated convergence theorem and the fact that |χBk |p ≤ 1 a.e. on ΓC . For {χAk}k,
since the sequence is bounded in Lp(ΓC), weak convergence in Lp(ΓC) follows. Taking for example p = 2, one
gets that ∫

ΓC

χAk =

∫
ΓC

χAk · 1 −→
∫

ΓC

χA .
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Obviously, this also proves that ‖χAk‖Lp(ΓC) → ‖χA‖Lp(ΓC). For such values of p, Lp(ΓC) is uniformly convex,
therefore weak convergence and convergence of the norms imply strong convergence.

Theorem 3.32. Suppose Assumptions 3.14 and 3.29 hold. Then, choosing the parameters γk as in Corol-
lary 3.28 leads to one of the two following cases:

(i)
{
γk
}
k
is bounded, then the whole sequence

{
ẇk
}
k
converges to ẇ, the solution of (3.10), strongly in X,

(ii)
{
γk
}
k
is unbounded, then

{
ẇk
}
k
converges weakly to some limit ŵ ∈ XA, up to a subsequence.

Proof. As mentioned above, a direct consequence of Theorem 3.27 is that, up to a subsequence, the iter-
ates

(
ẇk, λ̇k

)
converge weakly to some limit (ŵ, λ̂) ∈ X×H− 1

2 (ΓC). In the following, let us consider that

subsequence, which we still denote using the superscript k. Due to strong convergence
(
uk, λk

)
→ (u, λ) in

X×H− 1
2 (ΓC), it is clear that Lk[θ]→ L[θ] strongly in X∗, where L[θ] is defined as: for all v ∈ X,

L[θ](v) := L′(v)− a′(u,v)−
∫

ΓC

λvn divΓ θ .

Consequently, the weak limit satisfies:

a(ŵ,v)− L[θ](v) + a(g′,v) + 〈λ̂,vn〉ΓC
= 0 , ∀v ∈ X . (3.20)

From now, we distinguish two possible cases.

(i) Case
{
γk
}
k
bounded.

From the definition of
{
γk
}
k
(see (3.19)), it follows that

{
λ̇k
}
k
is bounded in L2(ΓC). Therefore, there

exists a subsequence that converges weakly in L2(ΓC) to λ̂ (due to uniqueness of the weak limit), which
also proves that λ̂ ∈ L2(ΓC). As

{
γk
}
k
is an increasing bounded sequence, it converges, say to γ̂ > 0.

Now, let η ∈ L4(ΓC), one has:(
λ̇k, η

)
ΓC

=
(
λ̇k−1 + γkẇk

n, η
)
Ak

+
(
λ̇k, η

)
Bk

=
(
λ̇k−1, χAkη

)
ΓC

+ γk
(
ẇk

n, χAkη
)

ΓC

+
(
λ̇k, χBkη

)
ΓC

.

We know that λ̇k, ẇk
n converge weakly in L2(ΓC), and using the results of Lemma 3.31 with p = 4, it

follows that χAkη, χBkη converge strongly in L2(ΓC). Thus, passing to the limit on both sides of the
equality yields:

λ̂ = χA

(
λ̂+ γ̂ŵn

)
in L

4
3 (ΓC) .

From this, one deduces that ŵ ∈ XA and

a(ŵ,v)− L′(v) + a′(u,v) + a(g′,v) = 0 , ∀v ∈ XA ,

which means that ŵ = ẇ, since the solution of this problem is unique. Uniqueness also proves that the
whole sequence converges weakly to ẇ.
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Finally, to get strong convergence, let us take v = ẇk as test-function in (3.14a). Since the embedding
H

1
2 (ΓC) ↪→ L2(ΓC) is compact, one obtains for the second term of (3.14a):(

λ̇k, ẇk
n

)
ΓC

−→
(
λ̂, ẇn

)
ΓC

= 0 ,

from which we get that a(ẇk, ẇk)→ a(ẇ, ẇ). The ellipticity of a finishes the proof.
(ii) Case

{
γk
}
k
unbounded.

Again, let us take v = ẇk as test-function in (3.14a), and rewrite the second term of the formulation.(
λ̇k, ẇk

n

)
ΓC

=
(
λ̇k−1 + γkẇk

n, ẇ
k
n

)
Ak

+
(
λ̇k, ẇk

n

)
Bk

≥ γk
∥∥∥ẇk

n

∥∥∥2

0,Ak
− C

(∥∥∥λ̇k−1
∥∥∥
−1/2,ΓC

+
∥∥∥λ̇k∥∥∥

−1/2,ΓC

)∥∥∥ẇk
∥∥∥
X
.

Using this estimation in (3.14a), one obtains that
{
γk
∥∥∥ẇk

n

∥∥∥2

0,Ak

}
k

is bounded. Using Lemma 3.31 with

p = 2 and the continuous embedding H
1
2 (ΓC) ↪→ L4(ΓC), one obtains, up to a subsequence,

∥∥∥ẇk
n

∥∥∥2

0,Ak
=

∫
ΓC

χAk · |ẇk
n|2 −→ ‖ŵn‖20,A .

On the other hand, since
{
γk
}
k
is unbounded, there exists a subsequence (of the previous subsequence)

that diverges to +∞. Hence, boundedness of
{
γk
∥∥∥ẇk

n

∥∥∥2

0,Ak

}
k

implies that ‖ŵn‖20,A = 0, that is ŵ ∈ XA.

Remark 3.33. The previous result relies on a specific choice of parameters
{
γk
}
k
, defined by (3.19), that

may not be easy to build in practice. Moreover, Assumption 3.29 is essential in the proof of Lemma 3.31, and
thus of Theorem 3.32. However it seems difficult to give an interpretation of Assumption 3.29 and, although
Theorem 2.11 ensures weak convergence of {λk}k in L2(ΓC), convergence almost everywhere seems to be a
strong assumption. For those reasons, this (partial) convergence result should be understood as follows: there
exist cases where we are able to prove consistency of the ALM with respect to shape sensitivity analysis.

3.5. Shape derivative of a generic criterion
As we aim at expressing first order optimality conditions related to problem (3.2), we need to find an

expression for the shape derivative of the functional Jk. From now, let us consider functionals which take the
generic form:

Jk(Ω) = J (Ω,uk(Ω)) :=

∫
Ω

l(uk(Ω)) +

∫
∂Ω

m(uk(Ω)) . (3.21)

Let us make the usual regularity assumptions: the functions l,m are C1(Rd,R), and their derivatives, denoted
l′, m′, are Lipschitz. It is also assumed that those functions and their derivatives satisfy, for all u, v ∈ Rd,

|l(u)| ≤ C
(
1 + |u|2

)
, |m(u)| ≤ C

(
1 + |u|2

)
, (3.22a)

|l′(u) · v| ≤ C|u · v| , |m′(u) · v| ≤ C|u · v| , (3.22b)
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for some constants C > 0. Let us state the well known shape differentiability result for such functionals Jk (see,
e.g. [16]).

Theorem 3.34. Let k ≥ 1. Under the assumptions of Theorem 3.21, Jk is conically shape differentiable at Ω,
and its derivative in the direction θ ∈ Θ writes:

dJk(Ω)[θ] =

∫
Ω

(
l′(uk) · u̇k + l(uk) div θ

)
+

∫
∂Ω

(
m′(uk) · u̇k +m(uk) divΓ θ

)
. (3.23)

Corollary 3.35. Let k ≥ 1. In addition to the previous result, when the assumptions of Corollary 3.25 are
verified, the map θ 7→ dJk(Ω)[θ] is linear from Θ to R. Thus, Jk is classically shape differentiable at Ω.

Remark 3.36. It follows from Theorem 3.27 that dJk is bounded for suitable choices of parameters γk. There-
fore, formula (3.23) produces usable shape derivatives, regardless how many iterations of the ALM algorithm
are performed. Moreover, a sufficient condition to get convergence of

{
dJk

}
k
is that

{
u̇k
}
k
converges weakly

in X.

4. Conclusion

In this work, we have expressed sufficient conditions for shape differentiability of u, the solution to the original
Signorini problem. We also got interested in shape differentiability properties for the sequence of the iterates uk

(approaching u) obtained when applying the augmented Lagrangian method to this problem. After proving that
these iterates were always conically shape differentiable, we have given sufficient conditions for the associated
shape derivatives to converge to the shape derivative of u. On the other hand, we also found conditions that
guarantee shape differentiability of the iterates.

A natural extension of the present work would be to consider the contact problem with Tresca friction.
For this model, proving conical shape differentiabilty of uk and expressing sufficient conditions for uk to be
shape differentiable is rather straightforward since the arguments from [3] apply. However, proving conical
shape differentiability and deriving sufficient conditions for classical shape differentiability of the solution to the
associated variational inequality seems more difficult. Indeed, for this problem, conical shape differentiability
has been proved only in the two-dimensional case and for specific directions θ, see [33].
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