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A FIXED POINT ALGORITHM FOR IMPROVING FIDELITY

OF QUANTUM GATES∗

Paulo Sergio Pereira da Silva1,∗∗, Pierre Rouchon2

and Hector Bessa Silveira3

Abstract. This work considers the problem of quantum gate generation for controllable quantum
systems with drift. It is assumed that an approximate solution called seed is pre-computed by some
known algorithm. This work presents a method, called Fixed-Point Algorithm (FPA) that is able to
improve arbitrarily the fidelity of the given seed. When the infidelity of the seed is small enough and
the approximate solution is attractive in the context of a tracking control problem (that is verified
with probability one, in some sense), the Banach Fixed-Point Theorem allows to prove the exponential
convergence of the FPA. Even when the FPA does not converge, several iterated applications of the
FPA may produce the desired fidelity. The FPA produces only small corrections in the control pulses
and preserves the original bandwidth of the seed. The computational effort of each step of the FPA
corresponds to the one of the numerical integration of a stabilized closed loop system. A piecewise-
constant and a smooth numerical implementations are developed. Several numerical experiments with a
N -qubit system illustrates the effectiveness of the method in several different applications including the
conversion of piecewise-constant control pulses into smooth ones and the reduction of their bandwidth.
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1. Introduction

Quantum control theory is now an important subject whose introduction is presented in some textbooks [1, 3].
Many important problems of quantum control are essentially versions of open loop motion planning problems
over the unitary Lie-group U(n), which can be considered by controllability theory, Lie Group decompositions,
and optimal control theory [3]. In general, controllability theory provides only existence theorems. It is true
that decomposition theory may furnish piecewise-constant control pulses as a solution of motion planning, but
this solution is restricted to small dimensions n of systems state. Optimal control may furnish fast solutions in
the context of state steering and quantum gate generation [13, 14]. However, when the dimension of the state
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n is large, optimal control may be impossible to be implemented due to complexity issues [23]. For quantum
systems, for instance N -coupled qubits, the dimension of the state is 2N , which gives a propagator that is a
2N × 2N complex matrix. This fact justifies the need of new methods, like numerical optimal control, Lyapunov
methods and so on. Lyapunov stabilization [6, 7, 11, 12, 15, 24–27] may be applicable for large n, but they
generate slow solutions (in the sense that that the final time must be large) when compared to the ones that
are generated by optimal control, when this last approach is applicable. Hence the study of numerical methods
that can be applied for large n and also produces a fast solution is a relevant field of research, indeed.

In this paper, a piecewise-constant implementation of an algorithm means that the control pulses to be
generated are piecewise-constant functions of time, whereas a smooth implementation means that the control
pulses to be generated are smooth functions of time. The Krotov method [23], GRAPE [4, 8], and RIGA [19] in
the piecewise-constant setting and GOAT [10], CRAB [20] or RIGA in the smooth setting, are efficient methods
for solving the quantum gate generation problem. A comparison between the methods of Krotov, GRAPE,
CRAB and GOAT for small dimensions (two and three qubits) is presented in [21]. A full comparison between
the known methods (Krotov, GRAPE, CRAB, GOAT and RIGA) that includes high-dimensional systems is
yet to be done, although some comparisons between the piecewise-constant version of RIGA and GRAPE were
performed in [19] showing that RIGA is indeed a promising method. A smooth MATLABr implementation1 of
RIGA is available in [16].

The basic problem of quantum gate generation considers controllable right-invariant systems with m inputs
u = (u1, . . . , um) ∈ Rm and state X(t) evolving on the unitary Lie group U(n), that is, the set of n-square
complex matrices X such that X†X = I, where X† is the conjugate transpose of X and I is the identity matrix.
Here u(n) denotes its Lie-algebra formed by the n-square anti-Hermitian complex matrices, that is σ ∈ u(n) if
σ† = −σ. In this paper, ‖X‖ stands for the Frobenius norm of a complex matrix. In the context of coherent
control, this question relies on an open loop steering problem. The models of such quantum systems are of the
form

Ẋ(t) = −ι

(
H0 +

m∑
k=1

uk(t)Hk

)
X(t) = S0X(t) +

m∑
k=1

uk(t)SkX(t), X(0) = I (1.1)

where X ∈ U(n) is the state (propagator), S0 = −ιH0, Sk = −ιHk ∈ u(n), and uk(t) ∈ R are the controls.
The Quantum Gate Generation Problem is defined by:

Problem 1.1. (Quantum Gate Generation Problem) fix Xgoal ∈ U(n) associated to the desired goal quantum
gate Xgoal ∈ U(n) to be generated. Fix a desired final time Tf > 0. One says that this problem is solvable if it
is possible to compute open-loop controls u : [0, Tf ]→ Rm such that system (1.1) is steered from X(0) = I to
some X(Tf ) ∈ U(n) for a desired final fidelity.

In quantum control, a fidelity function F : U(n) → [0, 1] is a measure of the precision of the solution of a
given problem2. In this paper, the infidelity function I : U(n)→ [0, 1] will be defined by

I(X̃) = 1−
(

1

n
‖trace(X̃)‖

)2

(1.2)

and the fidelity function is given by I(X̃) = 1−F(X̃). The gate fidelity and infidelity are defined respectively

by F(X†goalX(Tf )) and I(X†goalX(Tf )), as considered in [9].
In this paper, it is assumed that an approximate solution of the Problem 1.1 is given. This work presents a

method, called Fixed-Point Algorithm (FPA) that is able to improve the fidelity of the quantum gate generation.
Before describing the FPA, let us give a context of the previous contributions of the authors to this problem.
Inspired by the Coron’s return method [2], the authors have developed a method of quantum gate generation

1Mainly based on the same ideas of Section 3.2 for integrating numerically the quantum system.
2The fidelity function normally is related to the probability of the correctness of the result after a measure.
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for driftless systems [24]. However, this method is not iterative, and hence the solutions are slow, that is, a large
final time Tf that depends on the rate of convergence of the Lyapunov tracking control is needed. In [25], the
method of [24] was generalized for systems with drift. However, it also generates slow solutions when compared
for instance to GRAPE [8, 9]. In [19], we have introduced an iterative method, called RIGA, that produces
results that are compatible with GRAPE, with the advantage that RIGA may also generate smooth controls.
Note that GRAPE is conceived in a way that it can only generate piecewise-constant controls, and this may be
a disadvantage for the physical implementation, since the small discontinuities of the pulses can be filtered by
the communication channel that links the control pulse generator to the quantum device, generating distortions
that will produce a fidelity degradation. In the present paper, it is shown that RIGA may be combined with FPA
in order to shorten the runtime of the overall computations (see Tab. 1 of Sect. 4.2). Section 4.3 shows how to
convert piecewise-constant control pulses (that could be generated by GRAPE) to smooth ones, improving the
fidelity. Section 4.5 shows that the FPA can be used for shortening the bandwidth of a pre-computed control,
also improving the fidelity. These potential applications enhances the interest of the FPA in quantum control.

The main ideas of the algorithm will be presented now. The original approximated solution will be called
the seed of the FPA (see Def. 2.1). Under certain conditions, the FPA is a virtually exact method in the sense
that the final Frobenius error ε` = ‖X(Tf ) −Xgoal‖ that is obtained in the step ` is such that lim`→∞ ε` = 0
(exponentially). One first obtains, by right translation of the approximate solution, a new trajectory X(t)
such that its final condition X(Tf ) is exactly equal to Xgoal. The idea is then to consider the trajectory X(t)
as a reference trajectory and to apply a stabilizing feedback of the corresponding tracking problem, as done
in previous works of the authors [24, 25]. The novelty of this work is that we consider the construction of
an adequate right-translation R ∈ U(n) that corrects the action of the feedback in order to obtain an exact
generation of quantum gate. The existence of this exact correction R is based on the Banach Fixed-Point
Theorem. The FPA is an algorithm that obtains an approximation R` ∈ U(n) of this exact correction, where
R0 is the identity matrix and R` = G(R`−1), where the map G is the flow of a closed loop stabilized system.
Such map G will be a contraction and R` will converge exponentially when: (a) the error δ = ε0 of the seed is
small enough; and (b) the seed is attractive in the context of the tracking control. This second assumption (b)
is shown to be satisfied with probability one with respect to the choice of the seed u(t) in a sense to be precised
later.

This technique may be viewed as a “fine tuning” of other techniques, and it produces small corrections of
the original input u(t) of the approximate solution that are able to obtain the desired final precision. It will be
clear that it suffices to show that such map G is a contraction and the proof of Banach Fixed-Point will assure
the exponential convergence of R` to R. It will be shown that R` can be computed by successive numerical
integrations of a closed-loop dynamics in the interval [0, Tf ].

Normally, the solution that is generated by the seed must have a good fidelity in order to assure the con-
vergence of FPA described in Algorithm 1. In fact what is shown in this paper is a local result, just because
the map G is only a “local contraction” and the radius of this domain cannot be estimated a priori. However,
we shall present an iterative version of FPA (see Algorithm 2). For this algorithm, even if the map G is not a
contraction, iterative applications of FPA can produce the desired fidelity. By comparing with RIGA [19], is
not difficult to show that, if in each step of Algorithm 2 only one step of FPA is executed, then Algorithm 2
reduces3 to RIGA. Otherwise, if various steps of FPA are executed, then Algorithm 2 behaves as an “accelerated
RIGA”, as shown in the numerical experiments of Section 4.2. However, as the Lyapunov-based feedback that
is related to our choice of the Lyapunov function (see (2.1)) is not bounded, if the fidelity of the seed is too low,
Algorithm 2 may generate a huge control effort (eventually giving rise to numerical problems). In this case the
combination of RIGA and FPA is indicated because RIGA always works “far” from the singular points of the
Lyapunov function.

Two different numerical implementations of FPA are considered. The first one considers piecewise-constant
control pulses, and it is compatible with the solutions provided by GRAPE, Krotov and the piecewise-constant

3Without the protection against singular points of the Lyapunov function that RIGA provides.
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version of RIGA. The second one considers smooth inputs, and it is compatible with GOAT, CRAB and the
smooth version of RIGA.

Numerical experiments are presented here for an example that is also considered in [9, 19]. It consists of a
coupled chain of N qubits and the goal is to implement a Hadamard gate for N = 3, 4, . . . , 10. The seed is first
generated with the algorithm RIGA4 The FPA is then executed in order to improve the fidelity of the seed.

The examples of Section 4 illustrates that the FPA may be useful in the following four scenarios:

– First generate a piecewise-constant pulse that is an approximation of the solution of the problem and then
use a piecewise-constant version of FPA in order to improve its fidelity.

– First generate a continuous pulse by some method and then use a smooth version of FPA in order to
improve its fidelity;

– First generate a piecewise-constant pulse and then use a smooth version of FPA in order to convert it into
a smooth pulse with the desired fidelity;

– When the seed has a “large” bandwidth, the FPA may be combined with a pre-filtration of the seed, and
this process may be iterated, shortening the bandwidth of the control pulses, while preserving, or even
improving, the desired fidelity.

Since the FPA produces small corrections of the control pulses, if the seed respects some restrictions of amplitude,
bandwidth or other ones, these restrictions will be preserved up to small changes in the final solution. This is
an important issue that may be included in the scenarios of applicability of the FPA. The idea is to generate
the seed with all the necessary restrictions which may lead to a slow convergence and some difficulties to attain
the desired fidelity. In this case, the application of FPA in combination to some method may shorten the total
runtime of this combination with respect to the use of this method alone. This fact is illustrated in some
numerical examples for the combination RIGA-FPA. A MATLABr implementation of FPA is available in [16].

This work is organized as follows. Section 2 presents the FPA. Section 3 discusses the two different imple-
mentations of FPA. Section 4 presents the examples. Some numerical experiments cover the different scenarios
of the applications of the FPA. Section 5 presents the convergence theorems concerning the FPA. Finally,
Section 6 presents the concluding remarks. For convenience, many proofs were deferred to the Appendices.

2. Description of the fixed-point algorithm (FPA)

In order to give a complete description of the FPA, it will be necessary to recall some results of [25].

2.1. The closed loop error system

Consider the Lyapunov function V: W ⊂ U(n)→ [0,∞) [25]:

V(X̃) = −Tr

(
(X̃ − I)2

(X̃ + I)2

)
≥ 0, (2.1)

where W is the open subset of U(n) defined as

W = {W ∈ U(n) | det(I +W ) 6= 0}. (2.2)

It was shown in [25] that V(X̃) corresponds to a notion of distance between X̃ ∈ W and the identity matrix I.
This notion of distance then naturally defines a (not bounded) notion of distance between two matrices X1, X2

of U(n) by considering the map dist : U(n)× U(n)→ [0,∞) ∪ {∞} defined by dist(X1, X2) = V(X†1X2) when

X†1X2 ∈ W and dist(X1, X2) =∞ when X†1X2 6∈ W.

4First results of the combination RIGA-FPA where reported in the conference paper [17]. The smooth implementations of RIGA
and FPA are available in [16].
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Consider the reference system (on U(n))

Ẋ(t) = S0X(t) +

m∑
k=1

uk(t)SkX(t), X(0) = X0, (2.3)

As in [25] it will be considered that a reference input ū : [0, Tf ]→ Rm is given and the corresponding solution

X : [0, Tf ] → U(n) of (2.3) is generated. Consider the (tracking) error matrix X̃(t) = X
†
(t)X(t) ∈ U(n). The

dynamics of X̃(t) is given by

˙̃
X(t) =

m∑
k=1

ũk(t)S̃k(t)X̃(t), X̃(0) = X̃0, (2.4)

where ũk(t) = uk(t) − uk(t) and S̃k(t) is given by (2.5c). Assume that X̃(0) ∈ W. Consider the (smooth)
feedback-law5

ũk(t) = Ũk(X(t), X̃(t)) = Ktrace
[
Z
(
X̃(t)

)
S̃k(t)

]
, (2.5a)

uk(t) = ũk(t) + uk(t), (2.5b)

S̃k(t) = X
†
(t)SkX(t), (2.5c)

where K is the chosen feedback gain6, and Z is the map defined by

Z(X̃) = X̃(X̃ − I)(X̃ + I)−3. (2.5d)

This control law produces the closed-loop dynamics7 (2.3)–(2.4)–(2.5). One may show that V̇ =
−
∑m
k=1

4
K ũ

2
k(t) ≤ 0. Several results of stability of this tracking error dynamics are studied in [24, 25] and

those results are instrumental for the convergence results of the Section 5.

2.2. The fixed-point algorithm (FPA)

The input data of FPA is called seed, and it may be produced by any known method.

Definition 2.1. The pair {u(·), Xf} is called seed whenever the input u : [0, Tf ] → Rm with u(t) =
(u1(t), . . . , um(t)) is such that the solution of system (1.1) with X(0) = I and u(t) = u(t) produces X(Tf ) = Xf .
Let δ > 0. One says that the seed is a δ-approximated solution of Problem 1.1, if the final condition Xf is such
that ‖X(Tf )−Xgoal‖ ≤ δ.

The FPA is now presented:

Algorithm 1. Fixed Point Algorithm (FPA)
% BEGIN FPA
% BEGIN STEP 0 - Integrate the open loop system
Fix a desired infidelity I. Given a seed {u(·), Xf} (see Def. 2.1), integrate numerically the open loop system (2.3)
with X0 = X(0) = (Xf )†Xgoal obtaining8 the reference trajectory X : [0, Tf ]→ U(n). Initialize R−1 = R0 = I.

Choose Nfixed > 2 (maximum number of steps). Set ` = 0 and Infidelity = I(X†goalXf ).

5It is shown in [24] that W is a positively invariant set for the time-varying closed-loop system (2.4)–(2.5).
6For simplicity, the feedback gains are supposed to be equal for all k = 1, . . . ,m.
7The closed-loop system is also equivalently written as (1.1)–(2.3)–(2.5).
8The Proposition 5.5 assures that X(Tf ) = Xgoal.
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% END STEP 0 - Integrate the open loop system

WHILE Infidelity > I and ` < Nfixed
% BEGIN Step ` - integrate closed loop system
Increment `

X̃(0) = X
†
0R`−1

Integrate numerically system (2.4)–(2.5) with initial condition X̃(0)

R` = X̃(Tf )
IF ‖R` −R`−1‖ ≥ ‖R`−1 −R`−2‖.
THEN (Contraction test failed)

EXIT WHILE
ELSE (Contraction test passed)

u(·) = u(·) + ũ(·)
Infidelity = I(R†`−1R`)

END
% END Step ` - Integrate closed loop system

END % END While

% END FPA

Remark 2.2. It will be shown that the solution of system (1.1) with input u(·) that is generated in the step `
of Algorithm 1 is the solution of system (2.3)–(2.4) the in closed loop with R`−1-corrected feedback (5.6). Then,

by Proposition 5.11, the infidelity of the step ` of the FPA is I(R†`−1R`). Under mild assumptions, Theorem 5.9
imply that ‖R`−R`−1‖ converges exponentially to zero, and so it will be easy to conclude from and Proposition
5.6 that the infidelity also converges to zero exponentially under the same conditions. If the FPA has improved
the original infidelity of the reference trajectory, one may accept a feedback correction R` coming from a map
that is not a contraction (i.e., the “contraction test” has failed at some step `). Such a situation has taken place
in some of the examples of Section 4. If the “contraction test” has failed, them Algorithm 1 finishes, just because
new iterations of FPA will not improve the fidelity. Then it is possible to repeat the FPA for ū(·) = u(·), as
done in Algorithm 2 below9. When Xf is not available, the open loop integration is performed with X(0) = I
as in the implementation of the smooth version of FPA.

Algorithm 2. (Iterated FPA)
% BEGIN ALGORITHM 2.4
Fix a desired infidelity I. Assume that the seed {u(·), Xf} (see Def. 2.1) is such that Infidelity = I(X†goalXf ) > I.

WHILE Infidelity > I
Execute FPA with seed {u(·), Xf} obtaining a control pulse u(·).
Compute Infidelity = I(X†goalX(Tf )).

Set u(·) = u(·)
Compute Xf = X(Tf ).

END % end While

% END ALGORITHM 2

9It is easy to show that, if the repetition of FPA fail in the contraction test in the first iteration every time, then Algorithm 2
reduces to RIGA.
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3. The numerical implementations of FPA

This section will discuss the two ways of implementing the FPA, the piecewise-constant (discontinuous) and
the smooth implementations. Since the heart of the FPA relies in the way that the open- and closed-loop systems
are simulated, this section will be devoted to this aspect. In both implementations, the interval [0, Tf ] will be
divided in Nsim equal parts, and the time t will be discretized at instants ts = sδ, s = 0, 1 . . . , Nsim, where
δ = Tf/Nsim. By simplicity, the reference inputs uk(ts) and the input uk(ts) will be denoted respectively by:

uk(ts) = uks (3.1a)

uk(ts) = uks . (3.1b)

In the piecewise-constant case, this means that

uk(ts + τ) = uks , for τ ∈ [0, δ), s = 0, 1, . . . , Nsim − 1. (3.2)

In the smooth case, for τ ∈ [0, δ] the following linear interpolation is used as an approximation for the open-loop
simulations:

uk(ts + τ) =

(
τ − δ
δ

)
uks +

(τ
δ

)
uks+1

, s = 0, 1, . . . , Nsim − 1. (3.3)

The discrete representation of the seed of the algorithm is the set of control inputs {uks , k = 1, . . . ,m,
s = 0, 1, . . . , Nf} that was produced by some algorithm, which produces a final condition X(Tf ) = Xf . These
control inputs are interpreted respectively as (3.2) with Nf = Nsim − 1 in the piecewise-constant case, and as
(3.3) with Nf = Nsim in the smooth case.

The step ` of the FPA produces the inputs {uks , s = 0, 1, . . . , Nsim − 1}, interpreted as piecewise-constant
or smooth inputs (approximated by (3.3)), according to the case. By simplicity, denotes also Xs = X(ts),
Xs = X(ts) for s = 0, . . . , Nsim. In all implementations, a gain K > 0 is chosen.

3.1. The piecewise-constant implementation

The piecewise-constant implementation of FPA is based on the piecewise-constant implementation of RIGA
[18]. Denote Ts = S0 +

∑m
k=1 uksSk and T s = S0 +

∑m
k=1 uksSk where Sk, k = 1, . . . ,m are the system matrices.

The exponential of a matrix will be computed using a 4th-order Padé approximation:

exp(δS) ≈ (I + δS/2 + δ2S2/12)(I − δS/2 + δ2S2/12)−1 (3.4)

The open loop simulation reads:

% BEGIN Step 0 – open-loop simulation10

X0 = X†fXgoal

FOR s = 0, 1 . . . Nsim − 1
Xs+1 = exp

(
δT s

)
Xs

END
% END Step 0

The closed loop simulation corresponds to the simulation of system (2.4) in closed loop with the R`−1-
corrected feedback (5.6), and this reads:

% BEGIN Step ` – Closed-loop simulation
X0 = I
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X̃0 = X
†
0

FOR s = 0, 1 . . . Nsim − 1

X̃s = X
†
sXs

FOR k = 1, . . . ,m

uks = uks + Window(s)KTr
[
Z
(
X̃sR`−1

)
X
†
sSkXs

]
END
Xs+1 = exp (δTs)Xs

END

R` = X
†
Nsim+1XNsim+1

% END Step ` - Closed Loop Simulation

Recall that map Z is given by (2.5d). The function Window(s) is normally equal to one for all s. In the case
that one has used a window-function in RIGA (see the example in the next section), one may choose

Window(s) =

{
1, if s = 1, 2, . . . , Nf − 1
0, if s = 0 and s = Nf

(3.5)

where Nf = Nsim − 1. This will assure that the generated input will never be modified in the frontier points of
the interval [0, Tf ].

3.2. The smooth implementation of FPA

The smooth implementation of FPA is based on the smooth implementation of RIGA. Both implementations
are available in [16]. Using the same notation (3.1), recall that the control inputs are supposed to be smooth
and in the open loop integration they will be approximated to piecewise-linear functions, which means that
(3.3) holds. The idea of this implementation is to develop a 4th-order Runge–Kutta integration scheme for both
closed-loop and open-loop cases. Since U(n) is not a Euclidean space, there is no sense in applying a Runge–
Kutta method directly to the dynamics11 (2.3)–(2.4). The idea is based on the method that is proposed in [5], and
relies on a12 smooth-map W that is similar to the homographic function that was considered in [24] for defining

the Lyapunov function V given by (2.1). Let W : W ⊂ U(n) → Σ ⊂ u(n) defined by X̃ 7→ (X̃ − I)(X̃ + I)−1,
where Σ ⊂ u(n) is the set of anti-Hermitian complex matrices σ such that (σ− I) is invertible13. The inverse of
W is the smooth map X : Σ→W such that X(W ) = −(W − I)−1(W + I). From ([24], Eq. (9)), it is clear that

V(X̃) = ‖W(X̃)‖2.

Some standard computations show easily that, if X̃(t) ∈ U(n) is a solution of a differential equation d
dtX̃(t) =

S̃(t)X̃(t), with S̃(t) ∈ u(n), then:

Ẇ (t) = −1

2
(W (t)− I)S̃(t)(W (t) + I) (3.6)

The equation (3.6) may be integrated numerically, instead of (1.1), with the advantage that u(n) is a Euclidean
space, and so the Runge-Kutta method may be applied in a natural way. Define the map F : Σ× u(n)→ Σ by:

F (W, S̃) = −1

2
(W − I)S̃(W + I) (3.7)

11The Runge–Kutta method in this case will generate non-unitary matrices.
12The Cayley transformation considered in [5] is given by −W.
13Recall thatW is the set of complex matrices X̃ such that (X̃+ I) is invertible. It is easy to show that (W(X̃)− I) = −2(X̃+ I)−1

and so (W(X̃)− I) is always invertible, with inverse − 1
2

(X̃ + I).
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then equation (3.6) reads Ẇ (t) = F (W (t), S̃(t)). Each Runge–Kutta step of the open loop integration of (3.6)
considers the interval [ts, ts+1] with W (ts) = 0 (corresponding to the identity in U(n)), with posterior correction
by right-invertibility. Note that W (t) may not leave the region Σ, otherwise it will reach a singularity (and
numerical problems will certainly occur). The simulation of the closed loop system does not have this problem,
since W is invariant for the closed loop system just because the Lyapunov function is non-increasing [25]. So

W (t) = W(X̃(t)) will never leave Σ ⊂ u(n). The details are presented in Appendix E.

4. Examples

This section will present some numerical experiments considering a coupled chain of N qubits for which the
Hamiltonian is given by:

H(t) = J0

[
N−1∑
s=1

σ(s)
z σ(s+1)

z

]
+ J

[
N∑
k=1

uxk(t)σ(k)
x + uyk(t)σ(k)

y

]
+ Jgug(t)I, (4.1)

where σx, σy, σz are the Pauli matrices. The artificial input ug(t) is only a global phase input that may be
disregarded in the application of the generated input, needed because our theory is developed in U(n) and not
in SU(n). This example is a benchmark proposed in ([24], Eq. (9)), for testing a implementation of GRAPE.
The goal is to generate a Hadamard gate. The Hadamard gate for N = 1 is defined by:

H(1) =
1√
2

[
1 1
1 −1

]
Then, one may obtain Xgoal = H(N) inductively by the Kronecker product H(N) = H(1) ⊗ H(N − 1). The
system (4.1) is considered with J0 = J = Jg = 2π100 MHz. The final time Tf = 2N × 10−9(s) where N is
the number of qubits. The dimension of the Hilbert space is n = 2N and m = 2n + 1. The experiments have
considered the infidelity function given by (1.2). The value of Nsim = 10N is considered in [9]. In this work,
the value Nsim = 20N is chosen in all numerical experiments. The feedback gains K = 1

JK(N) where K(N)
is the Nth entry of the vector [10, 10, 10, 2, 2, 1, 0.5, 0.25, 0.125, 0.0625]. The values of gains K were chosen
with the aid of an option of the piecewise-constant MATLABrR2015a implementation of RIGA [18]. The
same gains K are used both in the smooth and the piecewise-constant implementations of FPA. The smooth
MATLABr implementation of RIGA and FPA is available in [16]. All numerical experiments were done with
MATLABrR2015a running on a PC having a Intel(R) Core(TM) i7-8700 CPU @ 3.20\,GHz, 3.19\,GHz

processor, with 16G of RAM and in a Windows 10 environment.

4.1. Results with the piecewise-constant implementation of FPA

This subsection reports the results of the piecewise-constant implementation of FPA. The seed of FPA was
generated by the piecewise-constant version of RIGA for N = 8 qubits obtaining a solution of an infidelity that
is close to 0.005. The RIGA was executed with a Hamming-like window function (see Sect. E.2), which is an
option for generating control pulses that are null at t = 0 and t = Tf . The window function used by FPA is
given by (3.5), chosen in order to preserve the restrictions of the seed at the endpoints of the interval [0, Tf ].
Algorithm 2 was executed for a desired infidelity given by 0.001. The RIGA was also used for generating a
solution with infidelity 0.001 (without the FPA). The results are presented in Table 1, in which TRIGA is the
runtime of RIGA, TFPA is the runtime of FPA. IRIGA and IFPA are respectively the infidelity of the solutions
produced by RIGA and FPA. To prevent from possible numerical errors of the algorithms, these infidelities are
computed by an open-loop simulation using the MATLABr function expm instead of the Padé approximation
(3.4), blue as a post-computation for precision evaluation (expm is not used in the method itself).

The Table 1 also presents the number NRIGA of steps of RIGA, the number Ncalls of times that the FPA
was executed in Algorithm 2. Furthermore, NFPA is the total sum of the number of steps of FPA that were
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Table 1. Results of the simulations in the piecewise-constant case.

N IRIGA NRIGA IFPA Ncalls NFPA TFPA TRIGA+
(qubits) (s) TFPA (s)

8.0 0.00491 78.0 9.94× 10−4 3.0 52.0 2311.0 5766.0
8.0 9.97× 10−4 191.0 0 0 0 0 9922.0

Figure 1. This figure illustrates the numerical experiment for N = 8 qubits in the piecewise-
constant case. The seed of FPA was produced by RIGA with an infidelity that is close to 0.005.
Top: plot of the control pulses produced by FPA with an infidelity that is less than 0.001.
Bottom: plot of the function max{|uk(t)−uk(t)| : k = 1, 2, . . . ,m}, where u(t) is the seed input
and u(t) is the solution that is produced by the FPA.

executed in all calls of FPA of Algorithm 2. Note that Ncalls − 1 is the number of times that the FPA was
aborted because the contraction test has failed. It is then clear that the runtime for RIGA alone is greater than
the runtime of the combination RIGA plus FPA. Similar behavior has been verified for N = 2, 3, . . . , 10 qubits.
Figure 1 shows the generated control pulses by the FPA for N = 8, illustrating that the FPA perform only small
corrections in the control pulses.

4.2. Results with the smooth implementation of FPA

The numerical experiments of this section consider the smooth implementation of the FPA. The context
of these experiments are essentially the same of the piecewise-constant case, but using the smooth versions of
RIGA and FPA. The results of Table 2 are presented with the same notations of the Table 1. That table allows
to conclude again that the combination of RIGA with FPA leads to lower runtime for the same desired infidelity
with analogous qualities of the final control pulses. Figure 2 illustrates the fact that the FPA only performs
small corrections, preserving the original desired restrictions of the seed. The only difference with respect to the
piecewise-constant case is the fact that the numerical experiments were performed for N = 3, 4, . . . , 10 qubits,
illustrating the applicability of these algorithms for large dimensions. In fact, for N = 10 the dimension of
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Table 2. Results of the simulations in the smooth case.

N IRIGA NRIGA IFPA Ncalls NFPA TFPA TRIGA+
(qubits) (s) TFPA (s)

3.0 0.00489 24.0 9.67× 10−4 2.0 23.0 0.812 1.99
3.0 9.99× 10−4 55.0 0 0 0 0 2.59
4.0 0.00491 36.0 9.87× 10−4 1.0 28.0 2.09 6.34
4.0 9.87× 10−4 77.0 0 0 0 0 8.17
5.0 0.00499 266.0 9.84× 10−4 4.0 67.0 14.9 91.4
5.0 9.95× 10−4 477.0 0 0 0 0 135.0
6.0 0.00469 48.0 9.71× 10−4 2.0 31.0 27.0 81.8
6.0 9.87× 10−4 84.0 0 0 0 0 90.8
7.0 0.00484 93.0 9.26× 10−4 1.0 11.0 46.3 496.0
7.0 9.73× 10−4 130.0 0 0 0 0 632.0
7.0 0.00484 93.0 5× 10−7 16 9067 9.16× 104 9.31× 104

8.0 0.00485 75.0 0.0010 3.0 43.0 1566.0 4444.0
8.0 9.98× 10−4 148.0 0 0 0 0 5166.0
9.0 0.00494 189.0 0.0010 6.0 109.0 3.37× 104 9.87× 104

9.0 9.97× 10−4 362.0 0 0 0 0 1.24× 105

10.0 0.00493 42.0 0.0010 5.0 82.0 1.86× 105 2.9× 105

10.0 9.96× 10−4 128.0 0 0 0 0 3.14× 105

system matrices are n = 210 = 1024 and u(n) has dimension 220. To prevent from possible numerical errors of
the algorithms, the infidelities IRIGA and IFPA that are presented in Table 2 are (re)computed by an open-loop

simulation using 4th-order Runge-Kutta method with an step δ/2 instead of δ =
Tf
Tsim

.

Remark 4.1. When the seed u that is generated by RIGA does not respect restrictions, the runtime of the
combination of RIGA-FPA is not that different from the runtime of RIGA alone. For instance, for N = 8 qubits,
the RIGA was executed without the Hamming-like window option14 in order to give an infidelity that is close
to 0.005. Then the FPA was executed, produced a final infidelity of 0.001, in the same context of Table 1.
Figure 3 shows the obtained control pulses. The runtime of RIGA-FPA was only 3% smaller than the runtime
of RIGA alone. This behavior is also found in all other numerical experiments with N = 3, 4, . . . , 9, when RIGA
is performed without this window option, both in the smooth and in the piecewise-constant implementation.
However, the use of a Hamming-like window is highly recommended in practical applications.

Another numerical experiment was done for the particular case where N = 7 qubits. We have generated the
seed of Algorithm 2 with RIGA furnishing an infidelity approximately equal to 0.005 and we have executed
Algorithm 2 with a desired infidelity of 5× 10−7, corresponding to line 11 of Table 2. After one day of runtime
corresponding to 9067 steps of FPA, Algorithm 2 was able to produce the desired infidelity, indeed. It must be
stressed that the desired infidelity must be compatible with the precision of the numerical integration15. If it is
not the case, it would be necessary to increase Nsim (since the numerical integration step is δ =

Tf
Nsim

). As the
runtime of each step is proportional to Nsim, it is expected that runtime will increase accordingly.

4.3. Conversion of piecewise-constant control pulses into smooth ones of same fidelity

In this numerical experiment, done with N = 6 qubits, a piecewise-constant pulse {uks : k = 1, . . . ,m, s =
0, 1, . . . , Nsim − 1} was generated by the piecewise-constant version of RIGA, assuring a final fidelity that is

14This window option of RIGA multiplies the gain K of the feedback by a Hamming-like function Window(t). This assures that
the control pulses will be zero at the frontier points of [0, T−f ]. This options leads to a small bandwidth of the control pulses.

15The implementation of [18] gives the infidelity between Xf computed with step δ and Xf computed with step δ
2

. This infidelity
must be compatible with the desired infidelity.
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Figure 2. This figure illustrates the numerical experiment for N = 10 qubits in the smooth
case. The seed of FPA was produced by RIGA with an infidelity that is close to 0.005. Top:
plot of the control pulses produced by FPA with an infidelity that is less than 0.001. Bottom:
plot of the function max{|uk(t)− uk(t)| : k = 1, 2, . . . ,m}, where u(t) is the seed input u(t) is
the solution that is produced by the FPA.

smaller than 0.001. This pulse was interpreted as continuous one by the smooth version of FPA simply by linear
interpolation (3.3), considering ukNsim = ukNsim−1

for k = 1, . . . ,m. Under this assumption, the (smooth) open-
loop simulation has produced an infidelity equal to 0.0105. Perhaps a reasonable conversion to a continuous
signal could be obtained by filtering the control pulses, but this question will not be addressed here, since the
smooth version of FPA is able to convert this signal to a continuous signal with any desired infidelity, chosen
here to be less than 0.001 (to be precise, equal to 0.00094). The FPA has taken only 14 seconds to accomplish
this task in 5 steps. Figure 4 shows the original piecewise-constant control pulses along with the superexposed
smooth control pulses. Again, the FPA is able to perform small corrections to the original seed in order to
obtain the desired fidelity.

4.4. The FPA preserves the bandwidth of its seed

The computation of the spectra of the seed and of the control pulses that are produced by FPA shows
that it produces only small changes in the spectrum of the seed. Furthermore, these changes are concentrated
in low frequencies. In particular the FPA preserves the original bandwidth of the seed u(t). For instance, in
Figure 5, the absolute value FFT’s of control signals of the smooth case with N = 6 qubits are depicted. This
plot shows the average (in k) of the absolute value of the FFT’s, that is, it is a plot of 1

m

∑m
k=1 ‖FFT(uks)‖ and

of 1
m

∑
k=1 1m‖FFT(uks)‖. The same qualitative behavior is found in all numerical experiments of this paper.
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Figure 3. This figure illustrates the numerical experiment for N = 8 qubits in the smooth
case. The seed of FPA was produced by RIGA with an infidelity that is close to 0.005 without
the option of a Hamming-like window. Top: plot of the control pulses produced by FPA with
an infidelity that is less than 0.001. Bottom: plot of the function max{|uk(t) − uk(t)| : k =
1, 2, . . . ,m}, where u(t) is the seed input u(t) is the solution that is produced by the FPA.

4.5. The FPA for shortening the bandwidth

The result depicted in Figure 5 suggests the following idea. Given a seed (see Def. 2.1) formed by control
pulses with a large bandwidth, but with the desired infidelity, then one may construct a filter and execute the
following algorithm16:

Algorithm 3. (FILTERED FPA)
% BEGIN ALGORITHM 3
Fix a desired final infidelity I and an intermediary infidelity I1 > I. Fix a number of steps Ntimes. Given a seed
{u(·), Xf} (see Def. 2.1) with small infidelity I(X†goalXf ) but “large” bandwidth, execute the following

FOR ` = 1 to Ntimes
Filter u(·), obtain ufiltered(·)
Set u(·) = ufiltered(·)
Execute Algorithm 2 for the filtered signal u for the desired infidelity I1.
Algorithm 2 furnishes u(·)
Set u(·) = u(·)

END
Execute Algorithm 2 for the filtered signal u for the desired infidelity I.
Algorithm 2 furnishes u(·) corresponding to the desired infidelity I
% END ALGORITHM 3

16It is not the aim of this paper to discuss Algorithm 4.2 very deeply, but only to establish a potential application of the FPA
for reducing the bandwidth of the control pulses respecting the desired fidelity.
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Figure 4. This figure superexposes the original piecewise-constant control pulses with the
smooth control pulses that are obtained by the FPA, assuring a final infidelity of 0.00094.

Figure 5. This figure shows the spectra (FFT) of the seed u(·) and the solution u(·) that is
produced by FPA in the smooth case with N = 6 qubits. Due to the known symmetry of FFT,
only the first Nsim/2 points of the FFT are plotted.
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Figure 6. This figure shows the spectra (FFT) of the seed produced by RIGA with the
legend “RIGA”. Note that the seed contains high frequencies components, that were completely
eliminated by Algorithm 3, furnishing the solution with legend “filter+FPA”.

It must be pointed out is that the filtering in each step ` cannot increase the infidelity too much, otherwise
the FPA works badly, and may present numerical instabilities since the closed loop simulation may attain points
that are close to the frontier of W. In fact, a limitation of FPA is the fact that its seed must have a sufficient
small infidelity. To test this idea, the chosen parameters are N = 4 qubits, I1 = 0.005,I = 0.001, and the low
pass filter is a discrete one, that will filter the discrete signals uk(ts) for s = 0, 1, . . . , Nsim. The transfer function

of the filter is (zα)3

(z−1+α)3 with α = 0.2π. Recall that δ =
Tf
Nsim

is the sampling period. The effect of this filter

corresponds approximately to have three poles in the frequency α/δ = 0.2πNsim
Tf

. The RIGA normally furnishes

a control pulse with “small ”bandwidth. To produce a seed with a “large” bandwidth, one has chosen the
parameter T of RIGA (T is the fundamental frequency of the seed of RIGA [19]) twenty times lower than the
chosen one in all other simulations. This will produce a seed for the RIGA which is a sum of M = 11 harmonics
of the angular frequencies 2π

T , and these frequencies appear in the seed u of Algorithm 4.2 (see the FFT of u in
Figure 6, with the legend “RIGA”). The value of Nsim in this numerical experiment is Nsim = 40N = 160. To
avoid an undesirable effects at the endpoints of the interval [0, Tf ] since the filtering process do not preserve the
null control at t = Tf , the Hamming-like window function (E.2) was used for modulating the gain K of the FPA
in the closed loop simulation. The final result is shown in Figure 6 with the legend “filter+FPA”. In fact, all the
high-frequency components of the control pulses are almost completely eliminated after Ntimes = 10 iterations
of Algorithm 3, respecting the desired infidelity of 0.001.

5. Convergence properties of the FPA

The idea behind the construction of the right translation R of our main convergence result is illustrated in
a very simple example. For this consider, the scalar system:
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ẋ(t) = u(t) (5.1)

where x(t), u(t) ∈ R. One will consider the tracking problem of a smooth trajectory x(t) that is obtained
with x(0) = x0 and a given smooth reference input u(t). The standard method is to consider the error x̃(t) =
x(t)− x(t). So, the corresponding error dynamics is given by

˙̃x(t) = ũ(t)

where ũ(t) = u(t)− u(t). Choose some α > 0. Taking ũ(t) = Ũ(x̃(t)) = −αx̃(t) one will get

˙̃x(t) = −αx̃(t) (5.2)

and hence

x̃(t) = F(t, x̃0) = exp(−αt)x̃0

which assures exponential convergence for the tracking problem. Now, assume that one desires a finite time
steering, namely x̃(t) = 0 at t = Tf . For this, fix some r ∈ R. Consider that r-translated state x̃1(t) = x̃(t) + r
and apply the control law

ũ(t) = Ũ(x̃1(t)) = −αx̃1(t)

to system (5.2). Note that the closed loop dynamics may be rewritten in the following form

˙̃x1(t) = −αx̃1(t)

In particular (5.2) is invariant by r-translation, and so

x̃1(t) = F(t, x̃0 + r)

Assume that r is such that

F(x̃0 + r, Tf ) = r

This means that x1(Tf ) = r, and so x̃(Tf ) = 0. In other words, applying ũ(t) = Ũ(x̃1(t)) to (5.1), this control
law will steer this system from x(0) = x̃0 to x(Tf ) = 0. Clearly, for a fixed x̃0 and Tf , the map G : R → R
defined by

G(r) = F (x̃0 + r, Tf ) = (x0 + r) exp(−αTf )

is a contraction. This follows easily from the fact that |∂G∂r | = | exp(−αTf )| < 1. In particular the Banach Fixed-
Point Theorem always assures the existence of (a unique) fixed point r. Figure 7 illustrates this construction by
considering x0 = 1, Tf = 1, and α = 1.

This simple idea will be directly translated to the more complex closed loop dynamics (2.4)–(2.5). For this,
fix (a finite) c > 0 and consider the “closed ball”17 in U(n) with radius c:

B
V
c (I) = {X ∈ U(n) | dist(X, I) ≤ c}, (5.3)

17It is shown in [25] that B
V
c (I) is indeed a compact set in U(n).
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Figure 7. This figure illustrates the trick for constructing a finite time control law for steering
the system from x̃(0) = x̃0 to x̃(Tf ) = 0. Note that the trajectory x̃1(t) = F(Tf , x̃0 + r) is
the r-translation of trajectory x̃(t). Furthermore, r is a fixed-point of the map r 7→ G(r) =
F(Tf , x̃0 + r).

where “dist” is the notion of distance on U(n) induced by the Lyapunov function V in (2.1) (see the beginning

of Sect. 2.1). It is clear that B
V
c (I) ⊂ W since c > 0 is finite. In this work one will also consider the usual closed

ball of radius δ > 0 induced by the Frobenius norm:

Bδ(I) = {X ∈ U(n) | ‖X − I‖ ≤ δ}. (5.4)

The following definition is instrumental in the context of the work [19]:

Definition 5.1. A reference trajectory X : [0, Tf ] → U(n) generated by a reference input u : [0, Tf ] → Rm is

said to be λ-attractive on B
V
c (I), where 0 < λ < 1 and c > 0, when the closed-loop system (2.3)–(2.4)–(2.5)

satisfies18

dist(X̃(Tf ), I) ≤ λ dist(X̃(0), I), for all X̃(0) ∈ BVc (I). (5.5)

It is only the reference input that determines whether a reference trajectory is λ-attractive or not. The
following properties stated in the next proposition shows the right-invariance of λ-attractive trajectories.

Proposition 5.2. [19] If a reference trajectory X(t) that is generated by a solution of (2.3) with reference inputs

u : [0, Tf ]→ Rm and initial condition X(0) = X0 ∈ U(n) is λ-attractive in B
V
c (I), then for every X(0) ∈ U(n)

and every r > 0, the corresponding solution is also λ-attractive in B
V
r (I) (with the same λ ∈ (0, 1)). Furthermore,

this is equivalent to say that this property is invariant by right-translation of the reference trajectory X(t).

18Since V(X̃(t)) is non-decreasing and B
V
c (I) is compact, then X̃(t) is well-defined and remains in B

V
c (I) ⊂ W for t ∈ [0, Tf ].
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The following proposition is proved in [19] and it shows that λ-attraction occurs with probability one with
respect to the choice of the jet of the reference input. Before stating this result19, we shall define some notations
in the context of jet bundles [22].

Definition 5.3. Given a smooth map u : [0, Tf ] ⊂ R → Rm, the M -degree polynomial approximation of u
around x0 given by its Taylor expansion at t is denoted by πu. Two maps u : [0, Tf ]→ Rm and v : [0, Tf ]→ Rm
are M -equivalent if their M -degree polynomial Taylor approximations at t coincides, that is, πu = πv. This
equivalence relation induces the set Jt(Rm, [0, Tf ]) of all equivalent classes of smooth maps in C∞([0, Tf ],Rm).
The equivalent class corresponding to a representative u will be denoted by [u] and is called the M -jet of u.

As the set RM [t] of polynomials of degree M in the variable t may be identified with RM+1 (by choosing some
ordering of their real coefficients), then the M -jet [u] may be canonically identified with a vector in

(
RM+1

)m
.

Proposition 5.4. [19] Fix r > 0 and choose t ∈ [0, Tf ]. One says that [u] ∈ (RM+1)m is an admissible M -jet
if every smooth map v : [0, Tf ]→ Rm inside the equivalent class [u] generates a λ-attractive reference trajectory

in B
V
r (I) for some λ ∈ (0, 1) (λ may depend on v). Then, there exist M ∈ N large enough such that, a randomly

chosen M -jet [u] ∈ (RM+1)m is admissible with probability one.

The key ingredient of the proof of the convergence of the FPA is the Banach Fixed-Point Theorem applied
to the flow of a closed-loop system. It is assumed that a seed is given. A reference trajectory X is then defined
in the context of the next proposition:

Proposition 5.5. Let X : [0, Tf ] → U(n) be the solution of (1.1) that is obtained with X(0) = I and the
application of a δ-approximated seed u (see Def. 2.1). Then, by right-translation, one may construct a reference
trajectory X : [0, Tf ] → U(n) with X(0) = X0 = X(Tf )†Xgoal that is generated by the input u(t) = u(t). By
construction, X(Tf ) = Xgoal and ‖X0 − I‖ ≤ δ.

Proof. By right-invariance of (1.1), sinceX0 = X0R1, with R1 = X(Tf )†Xgoal, thenX(Tf ) = X(Tf )R1 = Xgoal.
Since the Frobenius norm is right- and left- invariant by multiplications by unitary matrices, ‖X0 − I‖ =
‖X(Tf )†Xgoal − I‖ = ‖X(Tf )[X(Tf )†Xgoal − I]‖ = ‖Xgoal −X(Tf )‖ ≤ δ.

Fix Tf > 0 and consider a reference trajectory X : [0, Tf ]→ U(n) with X(Tf ) = Xgoal, as in the context of
the last proposition. Now, fix R ∈ U(n), and consider system (2.3)–(2.4) in closed-loop with the R-corrected
feedback

ũ1k(t) = Ũk(X(t), X̃(t)R) = Tr
[
Z
(
X̃(t)R

)
S̃k(t)

]
, (5.6)

where S̃k(t) is defined by (2.5c). Note that20, by restricting to the initial instant t0 = 0, the (time-varying)

closed-loop system (2.4)–(5.6) admits a well-defined flow F : [0, Tf ] ×W → U(n) for which X̃(t) = F(t, X̃0)
[25]. Take the right-translation

X̃1(t) = X̃(t)R. (5.7)

By right-invariance of system (2.4), the dynamics of X̃1(t) is time-varying and given by:

˙̃
X1(t) =

m∑
k=1

ũ1k(t)S̃k(t)X̃1(t), X̃1(0) = X̃0R (5.8a)

ũ1k(t) = fkTr
[
Z
(
X̃1(t)

)
S̃k(t)

]
, (5.8b)

19The original statement of [19] is different. It has been modified here for the sake of conciseness.
20When system (2.3) is disregarded from the closed-loop system (2.3)–(2.4)–(5.6), it turns out that the “reduced” closed-loop

system (2.4)–(5.6) is time-varying.
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that is, such system corresponds to same equations of the original closed-loop system (2.4)–(2.5), but with

X̃ replaced by X̃1 and with the right-translated initial condition X̃1(0) = X̃0R. Since X̃(t) = F(t, X̃0), it is

immediate to show that X̃1(t) = F(t, X̃0R). In particular, by assuming that R ∈ U(n) is a fixed point of the
map21

GTf ,X̃0
(R) = F(Tf , X̃0R), (5.9)

that is, GTf ,X̃0
(R) = R, then it follows that X̃1(Tf ) = R. By (5.7) one has X̃(Tf ) = I, which in turn implies

X(Tf ) = X(Tf )X̃(Tf ) = Xgoal. Then it is easy to see that the step ` of Algorithm 1 corresponds to the numerical

integration of system (5.8) with X̃(0) = X̃0R
`−1. In other words:

Proposition 5.6. The construction of R` ∈ U(n) of the Algorithm 1 corresponds to the iteration R` =
GTf ,X̃0

(R`−1).

Definition 5.7. Fix Tf > 0 and consider a reference trajectory X : [0, Tf ] → U(n) which is the solution of
(2.3) for arbitrarily fixed reference inputs. One says that the flow F (restricted to t0 = 0) of the (time-varying)
closed-loop system (2.4)–(5.6) is a local radial contraction (with respect to the Frobenius norm) if there exist
0 < γ < 1 and r > 0 such that22

‖F(Tf , X̃0)− I‖ ≤ γ‖X̃0 − I‖, for all X̃0 ∈ B
V
c (I). (5.10)

Condition (5.10) above is (locally) ensured by the next proposition if the reference trajectory is λ-attractive.

Theorem 5.8. Let X : [t0, Tf ] → U(n) be a given reference trajectory (solution of (2.3)). Assume that X is

λ-attractive in B
V
r (I) in the sense of Definition 5.1. Hence for every γ such that γ2 ∈ (λ, 1), there exists c > 0

small enough such that (5.10) holds for all X̃0 ∈ B
V
c (I).

Proof. See Appendix C.

The existence of a fixed point R of GTf ,X̃0
in (5.9) is (locally) assured by the result below, whose proof is

deferred to Appendix A:

Theorem 5.9. Fix Tf > 0. Consider a reference trajectory X : [0, Tf ] → U(n) which is the solution of (2.3)
for given reference inputs such that (5.10) holds for some 0 < γ < 1 and c > 0. Fix any γ < λ < 1. Then, there

exist ε1, ε2 > 0 such that, for every fixed X̃0 ∈ Bε1(I), one has that the map GTf ,X̃0
: Bε2(I)→ Bε2(I) defined

by (5.9) is well-defined and is a λ-contraction. In particular, for every fixed X̃0 ∈ Bε1 , the Banach Fixed-Point
Theorem implies that the map GTf ,X̃0

admits a unique fixed point R in Bε2(I).

Definition 5.10. When a fixed point R ∈ U(n) of GTf ,X̃0
exists, then it will be called an exact correction.

If R ∈ U(n) is such that ‖R1 − R‖ ≤ ε (Frobenius norm) with R1 = GTf ,X̃0
(R), then R will be called an

ε-approximation of the exact correction.

Proposition 5.11. Fix Tf > 0 and consider that the reference trajectory X : [0, Tf ] → U(n) is the solution
of (2.3) for arbitrarily fixed reference inputs. Assume that X(0) is chosen so that X(Tf ) = Xgoal. Let R be
an ε-approximation of the correction. Then, the closed-loop system (2.4) with the R-corrected feedback (5.6)
will produce a final state X(Tf ) such that ‖X(Tf ) −Xgoal‖ ≤ ε. Now let R1 = GTf ,X̃0

(R). Then the infidelity

I(X†goalX(Tf )) = I(R1R
†) = I(R†R1).

21At this point, we are not being completely precise, since the domain of the map G
Tf ,X̃0

is not defined.

22Recall that the “closed ball” B
V
c (I) is defined by (5.3) based on the notion of distance induced by the Lyapunov function V,

whereas the usual closed ball induced by the Frobenius norm is given in (5.4).
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Proof. Let X̃1(t) = X̃(t)R, and recall that R1 , GTf ,X̃0
(R) = X̃1(Tf ) and X̃(0) = X

†
(0) (see Prop. 5.5). In

particular, since the Frobenius norm is invariant by left- and right-multiplication by a unitary matrix, one has
‖X̃(Tf )− I‖ = ‖X̃1(Tf )R† − I‖ = ‖R1R

† − I‖ = ‖(R1 −R)R†‖ = ‖R1 −R‖ ≤ ε. Similarly, ‖X(Tf )−Xgoal‖ =

‖X†(Tf )[X(Tf ) − Xgoal]‖. Since X(Tf ) = Xgoal, one gets ‖X(Tf ) − Xgoal‖ = ‖X̃(Tf ) − I‖ ≤ ε. This means

that the final error will be less than or equal to ε. Now, by the same reasoning, it follows that X†goalX(Tf ) =

X
†
(Tf )X(Tf ) = X̃(Tf ) = X̃1(Tf )R† = R1R

†.

For a fixed X̃0, Algorithm 1 of the previous section is a numerical method for determining an ε-approximation
of the exact correction, whose existence is ensured by Theorem 5.9. The well-known proof of the Banach Fixed-
Point Theorem finds the unique fixed-point R of a contraction G by taking the limit of the sequence R` as `→∞,
with R`+1 = G(R`). Note that Algorithm 1 is essentially the computation of R` in this way. Furthermore, if
G is a ρ-contraction, then ε`+1 = ‖R`+1 −R`‖ = ‖G(R`)− G(R`−1)‖ ≤ ρ‖R` −R`−1‖. In particular, ε` ≤ ρ`ε0.
In particular, from Proposition 5.11, the convergence of the FPA will assure an exponential convergence of the
final error of the quantum gate.

6. Conclusions

This paper presented an iterative Lyapunov-based algorithm for improving the precision of quantum gate
generation for systems with drift in a given fixed finite time Tf in the context of coherent (open-loop) control.
When FPA converges, this convergence is exponential, and so the fidelity can be exponentially improved by FPA.
The FPA will converge only when its seed (the original approximated solution) is already a good approximation
of the quantum gate generation and it is also a λ-attractive trajectory in the sense of Definition 5.1. When
the FPA does not converge, which is detected when the contraction test of Algorithm 1 fails, the Algorithm
2 is still able to reduce the infidelity to desired one. This situation was found in the examples of this work.
The FPA may be combined with any technique for generating its seed, for instance, the Krotov method, [23],
GRAPE [8], CRAB [20] or RIGA [19] in the piecewise-constant setting, and with GOAT [10] or RIGA in
the smooth setting. An interesting feature is that FPA promotes only very small corrections in the inputs
that were previously computed for its seed (see Figs. 1 and 2 respectively for the piecewise-constant and the
smooth cases). It is important to stress that the RIGA [19] is already a method that produces exponential
convergence of the solution23. Normally, RIGA has a convergence rate that is compatible with the one of FPA
(see Rem. 4.1). However, when restrictions on the inputs are included (for instance the input format of Figs. 1
and 2, beginning and finishing with zero amplitude) this makes the convergence of RIGA (alone) slower than
the combination RIGA-FPA (see Tabs. 1 and 2 respectively for the piecewise-constant and the smooth cases).
Although the smooth version of the FPA is meant to be used with a continuous seed, one may start with a
piecewise-constant set of control pulses and use the FPA to convert it to a smooth set of control pulses with the
desired fidelity. An important feature of both RIGA and FPA is the presence of the simultaneous qualities: (a)
they can consider high dimensional systems in implementations running fast in affordable personal computers;
(b) they can generate smooth control pulses with small bandwidth; (c) they are rather flexible to be applied
easily to any quantum system of the form (1.1). The FPA may be used also for shortening the bandwidth of
control pulses, preserving or improving fidelity, as suggested by the numerical experiments regarding Algorithm
4.3.

Appendix A. Proof of Theorem 5.9

Along this proof, one will consider U(n) ⊂ Cn×n as a real manifold. For this one will consider the standard
projection π : C → R2 such that a + ιb 7→ (a, b). Analogously, the inverse map $ : R2 → C2 is defined by
(a, b) 7→ a+ ιb. Given a complex matrix A+ ιB ∈ Cn×n, such projection may be extended to a map A+ ιB 7→
(A,B) ∈ Rn×n×Rn×n. In this context, one shall identify R2n2 ∼= Rn×n×Rn×n ∼= Cn×n. Note that the Euclidian

23At least when Tf is large enough.
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norm on R2n2

induces the Frobenius norm on Cn×n. An open ball of Cn×n with center X and radius δ > 0
with the Frobenius norm will be denoted by BFδ (X) (and will be identified with the corresponding ball of R2n2

with the Euclidean norm). The ball Bδ(X) ⊂ U(n) stands for BFδ (X) ∩ U(n). Closed balls will be denoted as

usual, for instance Bδ(X). One will consider the restriction F(t, X̃0) to the initial instant t0 = 0 of the flow of

the time-varying system (2.4)–(2.5) as a map F : [0, Tf ]×W → R2n2

. One will denote the singular-value norm
of a linear operator L : Rp → Rq by ‖L‖σ. The proof of Theorem 5.9 relies on the result below, which in turn
is proved in Appendix B.

Lemma A.1. Under the assumptions of Theorem 5.9, if one chooses any γ < λ < 1, then there exists ε > 0
such that (Frobenius norm):

‖F (x1)− F (x2)‖ ≤ λ‖x1 − x2‖, for all x1, x2 ∈ Bε(I),

where F :W ⊂ U(n)→ R2n2

is defined by F (X̃) = F(Tf , X̃).

Now, for showing Theorem 5.9, fix γ < λ < 1, and take ε = ε(λ) > 0 as in Lemma A.1 above. As GTf ,X̃0
(R) =

F (X̃0R), now one will construct ε1 > 0 and ε2 > 0 such that:

(a) X̃0R ∈ Bε(I) for all R ∈ Bε2(I) and X̃0 ∈ Bε1(I);

(b) F (X̃0R) ⊂ Bε2(I) for all R ∈ Bε2(I) and X̃0 ∈ Bε1(I).

In order to construct ε1 and ε2 assuring the properties (a) and (b), let ξR = R − I and ξX = X̃0 − I. Note

that ‖X̃0R− I‖ = ‖ξX + ξR + ξXξR‖ ≤ ‖ξX‖+ ‖ξR‖+ ‖ξX‖‖ξR‖ ≤ ε1 + ε2 + ε1ε2. Let ε1 = bε2, where b ∈ (0, 1)
will be chosen afterwards. Then, condition (a) is implied by following condition:

ε1 + ε2 + ε1ε2 = ε2[1 + b+ bε2] < ε,

which in turn is equivalent to ε2 <
ε

1+b+bε2
. Assuming that ε2 < 1 and b < 1, then in order to ensure that

X̃0R ∈ Bε(I), it suffices to choose ε2 ≤ min{ ε3 , 1} Now, to assure that F (X̃0R) ⊂ Bε2(I), note by Lemma A.1

(applied with x2 = I and x1 = X̃0R) that ‖F (X̃0R)− I‖ ≤ λ‖X̃0R− I‖. Hence,

‖F (X̃0R)− I‖ ≤ λε2[1 + b+ bε2].

It is thus clear that if one chooses ε2 such that

λε2[1 + b+ bε2] ≤ ε2, (A.1)

then it will be true that F (X̃0R) ⊂ Bε2(I). Simple manipulations show that (A.1) is equivalent to have:

b ≤ (1− λ)/[λ(1 + ε2)] = θ.

As λ ∈ (γ, 1), one may choose b = min{1, θ}. This shows that one may construct ε1 and ε2 such that (a)

and (b) hold. Now, recall that GTf ,X̃0
(R) = F (X̃0(R)). Given X̃0 ∈ U(n) and W ∈ Cn×n, note that ‖X̃0W‖ =

trace(W †X̃†0X̃0W ) = trace(W †W ) = ‖W‖. Hence, to complete the proof of Theorem 5.9, note that ‖F (X̃0R1)−
F (X̃0R2)‖ ≤ λ‖X̃0R1 − X̃0R2‖ = λ‖X̃0(R1 −R2)‖ = λ‖R1 −R2‖.

Appendix B. Proof of Lemma A.1

The present considers the same notations and the identification R2n2 ∼= Cn×n described in the beginning of
Appendix A. The proof of Lemma A.1 is based on the following mathematical analysis results:
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Lemma B.1. Let F : U ⊂ Rp → Rq be a smooth map, where U ⊂ Rp is an open subset. Let x0 ∈ U and assume

that
∥∥∥ ∂F∂x ∣∣x0

∥∥∥
σ

= γ <∞. Fix any λ ∈ (γ,∞). Then, there exists δ > 0 such that, for every x1, x2 ∈ Bδ(x0) ⊂ U ,

one has ‖F (x1)− F (x2)‖ ≤ λ‖x1 − x2‖.

Proof. The proof is left to the reader. It is in fact an easy consequence of the convexity of a ball, the continuity
of the singular-value norm, and the mean value theorem.

Lemma B.2. Let H : U ⊂ Rp → Rq be a smooth map, where U ⊂ Rp is an open set, and let u0 ∈ U . Assume
that there exist ε, λ > 0 such that Bε(u0) ⊂ U and ‖H(u) − H(u0)‖ ≤ λ‖u − u0‖, for all u ∈ Bε(u0). Then∥∥∂H
∂u |u0

∥∥
σ
≤ λ.

Proof. Note that the directional derivative ∂H
∂u |u0

· h is given by limt→0
H(th+u0)−H(u0)

t . For |t| small enough,

one gets ‖H(th+u0)−H(u0)
t ‖ ≤ |λ|‖h‖, and so the result easily follows since the singular-value norm of a matrix

is its greater amplification factor.

Assume that exp : Cn×n → Cn×n stands for the exponential map and log : BF1 (I) ⊂ Cn×n → Cn×n stands
for the logarithm map, which is well-defined and smooth inside the ball centered at the identity matrix and
with unit radius with respect to the Frobenius norm. One will abuse notation and consider the exponential as
a map from R2n2

to R2n2

, and the logarithm as a map from BF1 (I) ⊂ R2n2

to R2n2

. As exp(σ) = I + σ +O(σ),

it is easy to show that ∂ exp
∂u

∣∣∣
0

= I, the 2n2 × 2n2 identity matrix. By the inverse mapping theorem, it is clear

that ∂ log
∂x

∣∣∣
I

= I. As ‖I‖σ = 1, a double application of Lemma B.1 allows one to show the following proposition:

Proposition B.3. Fix any a ∈ (1,∞). Then, there exists δ > 0 such that, for the ball BFδ (I) ⊂ R2n2

and the
open set U = log(BFδ (I)) (containing the null matrix), one has

‖ exp(u1)− exp(u2)‖ ≤ a‖u1 − u2‖,∀u1, u2 ∈ U ⊂ R2n2

, (B.1a)

‖ log(x1)− log(x2)‖ ≤ a‖x1 − x2‖,∀x1, x2 ∈ BFδ (I) ⊂ R2n2

. (B.1b)

Proof. First apply Lemma B.1 to the maps exp and log, obtaining inequalities (B.1a) and (B.1b) on the open
balls BFδ1(0) and BFδ2(I), respectively. Then, take δ > 0 small enough so that BFδ (I) ⊂ BFδ2(I) ∩ log−1(BFδ1(0)).

By construction, (B.1b) holds on BFδ (I), and (B.1a) holds on U = log
(
BFδ1(I)

)
.

Proof. (of Lem. A.1) Fix λ ∈ (γ, 1). Let a1 =
√
γ/λ. Fix any 1 < a < a1 and apply Proposition B.3 for such

value of a > 1. Now, note that24 one can always take a smaller value of δ > 0 in Proposition B.3 in a way

that Bδ(I) ⊂ B
V
c ⊂ W, where W is defined in (2.2). This follows from ([25], Ineq. (C1) in Appendix 3). Let

F :W ⊂ U(n)→ R2n2

be defined by F (X̃) = F(Tf , X̃). From the assumptions of Theorem 5.9, one obtains

‖F (X̃)− I‖ ≤ γ‖X̃ − I‖,∀X̃ ∈ Bδ(I) ⊂ U(n)

In particular, as γ < 1, one has F (Bδ(I)) ⊂ Bδ(I). Let U = log(Bδ(I)) and U = u(n) ∩ U . Clearly, exp(U) ⊂
BFδ (I) ∩U(n) = Bδ(I). Then one may define the map H : U → Bδ(I) by H(u) = F ◦ exp(u). By definition,

‖H(u)− I‖ = ‖F (exp(u))− I‖ ≤ γ‖ exp(u)− exp(0)‖ ≤ γa‖u− 0‖,∀u ∈ U.

From Lemma B.2, one has ‖ ∂H∂u
∣∣
0
‖σ ≤ γa. Let λ1 = a1γ > γa. By Lemma B.1, there exists an open

neighborhood V ⊂ U of the null matrix such that

‖H(u1)−H(u2)‖ ≤ λ1‖u1 − u2‖,∀u1, u2 ∈ V.
24Once again one is abusing notation through the identification R2n2 ∼= Cn×n.
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Since V ⊂ u(n) is an open set containing the null matrix, it follows that exp(V) is an open set of U(n) containing
I. Choose ε > 0 small enough such that Bε(I) ⊂ exp(V) ⊂ exp(U) ⊂ Bδ(I). Let x1, x2 ∈ Bε(I), and u1 = log(x1)
and u2 = log(x2). Then, by Proposition B.3, one gets:

‖F (x1)− F (x2)‖ = ‖H(u1)−H(u2)‖ ≤ λ1‖ log(x1)− log(x2)‖ ≤ aa1γ‖x1 − x2‖,∀x1, x2 ∈ Bε(I).

Note that aa1γ ≤ a21γ = λ. This shows Lemma A.1.

Appendix C. Attractiveness and local radial contractions

The proof of Theorem 5.8 is based on the following lemma.

Lemma C.1. Fix ε > 0. Let X ∈ U(n) and let X = U†diag(exp(ιθ1), . . . , exp(ιθn))U be its eigenstructure, where
U ∈ U(n), and θi ∈ (−π, π], i = 1, . . . , n. Let H : U(n)→ R be defined by H(X) =

∑n
i=1 θ

2
i and G : U(n)→ R

be defined by G(X) = ‖X − I‖2. Then, there exists c1 > 0 such that, for every X ∈ BVc1(I), one has:

(a) (1− ε)H(X)

4
≤ V(X) ≤ (1 + ε)

H(X)

4
;

(b) (1− ε)H(X) ≤ G(X) ≤ (1 + ε)H(X).

Proof. (of Lem. C.1) Recall that V(X) =
∑n
i=1(tan θi

2 )2 [24]. Let O denote a function such that limx→0
O(x)
|x| = 0.

Since tan(x) = x+O(x), it follows easily that tan2(θ/2) = θ2/4 +P(θ), where P(θ) is such that limθ→0
P(θ)
(θ2/4) =

0. In particular,

V(X) =

n∑
i=1

θ2i
4

1 +
P(θi)(
θ2i
4

)
 .

Fix ε > 0, and take r small enough such that |θi/2| ≤ r implies that

∣∣∣∣∣∣ P(θi)(
θ2
i
4

)
∣∣∣∣∣∣ ≤ ε. By the continuity of tan2(θ/2)

and the fact that this function is an increasing map when restricted to the interval (−π, π], then one take c1

small enough such that tan2(θ/2) < c1 implies that |θ/2| < r. Now, if V(X) ≤ c1 it is clear that

∣∣∣∣∣∣ P(θi)(
θ2
i
4

)
∣∣∣∣∣∣ ≤ ε,

and this shows (a). From ([25], Proof of Lem. C2) one has G(X) =
∑n
i=1(2 sin θi

2 )2. Hence, in a similar fashion,

one may show (b) (with a common c1) by using the fact that (2 sin θ
2 )2 = θ2 +Q(θ) where limθ→0

Q(θ)
θ2 = 0.

Proof. (Of Thm. 5.8) One denotes here X̃1 = F(Tf , X̃0), where F is the flow of the closed-loop system (2.4)

restricted to the initial instant t0 = 0. Since F(Tf , I) = I one will assume that X̃0 6= I, otherwise (5.10) is

trivial. The assumption is equivalent to say that V(X̃1)

V(X̃0)
≤ λ for all X̃0 ∈ B

V
c1(I). Note that (5.10) is equivalent

to say that G(X̃1)

G(X̃0)
≤ γ2 for all X̃1 ∈ B

V
c1(I). From the part (a) of the last lemma, it is easy to show that, for all

ε > 0 one may construct c1 such that

(1− ε)H(X̃1)

(1 + ε)H(X̃0)
≤ V(X̃1)

V(X̃0)
≤ (1 + ε)H(X̃1)

(1− ε)H(X̃0)
, (C.1)
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for all X̃0 ∈ B
V
c1(I). Using the part (b) of the last lemma, one may obtain a similar inequality that replaces V(X̃1)

V(X̃0)

by G(X̃1)

G(X̃0)
. Note that, if x, y are real numbers in [a, b], then |x− y| ≤ (b− a). Then, from these two inequalities,

it is easy to verify that∣∣∣∣∣V(X̃1)

V(X̃0)
− G(X̃1)

G(X̃0)

∣∣∣∣∣ ≤ (1 + ε)H(X̃1)

(1− ε)H(X̃0)
− (1− ε)H(X̃1)

(1 + ε)H(X̃0)
≤ 4εH(X̃1)

(1− ε2)H(X̃0)
.

In particular,

G(X̃1)

G(X̃0)
≤ V(X̃1)

V(X̃0)
+

4εH(X̃1)

(1− ε2)H(X̃0)
.

After using the left side of (C.1), one gets

G(X̃1)

G(X̃0)
≤ V(X̃1)

V(X̃0)

[
1 +

4ε(1 + ε)

(1− ε2)(1− ε)

]
.

One concludes the proof by taking ε small enough such that
[
1 + 4ε(1+ε)

(1−ε2)(1−ε)

]
< γ2/λ (recall that γ2/λ > 1 by

assumption). So G(X̃1)

G(X̃0)
≤ γ2.

Appendix D. Some properties of the Lyapunov function
and the map Z

Proposition D.1. Fix c > 0 and consider the ball B
V
c (I) defined by (5.3). Then

(a) There exists k1, k2 > 0 such that k1‖X̃ − I‖2 ≤ V(X̃) ≤ k2‖X̃ − I‖2, ∀X̃ ∈ BVc (I).

(b) There exists k3, k4 > 0 such that k3‖X̃ − I‖2 ≤ ‖Z(X̃)‖2 ≤ k4‖X̃ − I‖2, ∀X̃ ∈ BVc (I)

(c) There exists c1 > 0 such that ‖Z(X̃)‖2 ≤ c1V(X̃), ∀X̃ ∈ BVc (I).

Proof. See ([19], Appendix 6).

Appendix E. Smooth implementations of FPA

As said in Section 3.2, for the open loop simulation, each step of 4th-order Runge-Kutta in the interval [ts, ts+1]
relies on the right-invertibility of system (2.3). For fixed s ∈ {0, 1, . . . , Nsim}, denote W (t) = W(X(t)X†s ).
The simulation of W (t) in the interval [ts, ts+1] using (3.6) will always consider the initial condition W0 =
0 at t = ts(corresponding to the identity in U(n)). The final value of each step will be corrected by right-
invertibility, accordingly. In other words, denoting W s+1 = W (ts+1), then Xs+1 = X(W s+1)Xs. Let τ ∈ [0, δ],
Define S(ts + τ) = S0 +

∑m
k=1 uk(ts + τ)Sk, where Sk are the system matrices for k = 0, 1, . . . ,m and uk(ts + τ)

is computed by linear interpolation as in (3.3). The open loop simulation reads:

% BEGIN Step 0 – Open-loop simulation
X0 = I
W0 = 0
FOR s = 0, 1 . . . Nsim − 1

% BEGIN RUNGE KUTTA 4th-order
k1 = δF (W0, S(ts))
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k2 = δF (W0 + k1
2 , S(ts + δ

2 ))
k3 = δF (W0 + k2

2 , S(ts + δ
2 ))

k4 = δF (W0 + k3, S(ts + δ))
W s+1 = W0 + 1

6 (k1 + 2k2 + 2k3 + k4)
% END RUNGE-KUTTA 4th-order
Xs+1 = X(W s+1)Xs

END
Xf = XNsim

FOR s = 0, 1 . . . Nsim
Xs = XsX

†
fXgoal

END
% END Step 0 – Open-loop simulation

There are different approximations used in the open-loop and the closed loop simulations. For the open-loop,
the smooth control u(t) is approximated by the linear interpolation (3.3), whereas the closed-loop integration
considers that the feedback is smooth, but the values of X(t) in 2.5 are conveniently interpolated, as it will be

stated. In order to avoid cumulative errors, the value of Xf will not be deduced from X̃(Tf ), and that is the
reason why Xf must be computed above25 in each step 0 of the FPA.

The values of W s+1 that are previously obtained in the open loop simulation are used in the closed loop
simulation, since the intermediary value of X(ts + τ) for τ = δ/2 is needed. The interpolation is done in the
space u(n) using these values of W s+1 in the following way:

X(ts +
δ

2
) = X

[
1

2
(W0 +W s+1)

]
Xs = X

[
1

2
W s+1

]
Xs

Let S̃k(ts + τ) = X(ts + τ)†SkX(ts + τ). The computation of the feedback-law is given by

ũk(ts + τ,W ) = Window(ts + τ)Ktrace
[
ZW (W )S̃k(ts + τ)

]
(E.1)

which is done easily with ZW (W ) = 1
4W (W + I)(W − I) being the expression of (2.5d) as a function of W .

Define T (ts + τ,W ) =
∑m
k=1 ũk(ts + τ,W )S̃k(ts + τ). The function Window(ts + τ) for τ ∈ [0, δ] is obtained

by linear interpolation from the values of Window(ts), s = 0, 1, . . . , Nsim analogously to (3.3). One may take
these values of Window(ts) all equal to one. When it is imperative that the values of control pulses will not be
modified by FPA at t = 0 and t = Tf , one may take the same window function (3.5), but with Nf = Nsim and
for simplicity Window(s) stands for Window(ts), for s = 0, 1, . . . , Nf . Sometimes it is useful to use a Hamming-
like window function given by (E.2) (that is also used in RIGA). It may let the convergence of FPA slower than
the one with the unitary window but it produces a smaller bandwidth and it respects common restrictions of
null control at the endpoints of the interval [0, Tf ].

Window(t) =
1

2

[
1− cos

(
2π

t

Tf

)]
(E.2)

The closed-loop simulation reads:

% BEGIN Step ` – Closed-loop simulation

X̃0 = X
†
0

W0 = W(X̃0R`−1)

25This is not the case for the implementation of the piecewise-constant case.
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FOR s = 0, 1 . . . Nsim − 1
% BEGIN RUNGE KUTTA 4th-order
ũks = ũk(ts + τ,Ws) % Save the value of the feedback control
k1 = δF (Ws, T (ts)) % (save the values of ũk(ts,Ws)))
k2 = δF (Ws + k1

2 , T (ts + δ
2 ))

k3 = δF (Ws + k2
2 , T (ts + δ

2 ))
k4 = δF (Ws + k3, T (ts + δ))
Ws+1 = Ws + 1

6 (k1 + 2k2 + 2k3 + k4)
% END RUNGE-KUTTA 4th-order

END
ũkNsim = ũk(tNsim ,WNsim)) % Save the Last value of the feedback control

R` = X(WNsim)
% END Step ` - Closed loop simulation
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