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COST FOR A CONTROLLED LINEAR KDV EQUATION

JOACHIM KRIEGER AND SHENGQUAN XIANG”

Abstract. The controllability of the linearized KdV equation with right Neumann control is studied
in the pioneering work of Rosier [L. Rosier, ESAIM: COCV 2 (1997) 33-55.]. However, the proof is
by contradiction arguments and the value of the observability constant remains unknown, though rich
mathematical theories are built on this totally unknown constant. We introduce a constructive method
that gives the quantitative value of this constant.
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1. INTRODUCTION
The goal of this paper is to give a quantitative cost estimate of the controlled system
Up + Uy + Ugge = 0, u(t,0) = u(t,L) = 0,u,(t, L) = a(t).

Theorem 1.1. Let L > 0. There exist effectively computable Ty = To(L) > 0 and ¢ = ¢(L) > 0 such that for
any T > Ty the solution u of

Up = —Uy — Ugzg, W(E,0) =u(t, L) = u,(t,L) =0, u(0,2) = up(x),
satisfies
T
/ lug (t,0) dt > c||u0||%2(07L),Vu0 €L? if L¢N; (1.1)
0

T
/ g (£, 0)[ At > clluo|20 1), Vo € H C I, if LEN. (1.2)
0

Here H is the controllable subspace, and N is the so called critical length set that is given by

2 2
W= {on[EEE e ],
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Actually following Lions’ H.U.M. [22] (see also [11]) the optimal estimate of the observability inequality (1.1)
(or (1.2)) implies the exact controllability of the KAV equation with some optimal control a(t) € L?(0,T). Rosier
[25] proved that such linear controlled system is exactly controllable if and only if L ¢ N, therefore found the
existence of such c that satisfying the observability inequality (1.1). Though not controllable in critical cases (i.e.
L € N), we can decompose L? by H & M, where the subspaces H and M are controllable and uncontrollable
parts respectively, and Rosier’s method also provides the existence of ¢ in (1.2).

From then on, based on this observability result, rich control theories have been developed on KdV model
concerning linear and nonlinear controllability, stability and stabilization, while the value of the observability
constant played a significant role in these studies. For example, in [24] this value is directly used to get expo-
nential (energy) stability on L? for non-critical cases and exponential stability on H for critical cases; later on
it is proved successively in [5, 7, 12] that the nonlinear controlled KdV system, i.e. ws + uy + Ugzy + vy, = 0,
is locally controllable with some a(t) = wu, (¢, L) despite M, where the cost can be estimated by the related
observability in H; though the finite dimensional central manifold M makes the linear system not asymptoti-
cally stable, it is shown in [10] that the nonlinear term as well as the exponential decay on H (which is exactly
the observability inequality) lead to polynomial stability of the system; more recently, in [16] exponential sta-
bilization is achieved by quadratic structure on M and of course the exponential decay on H (more precisely,
the observability (1.2)).

In [25] Rosier used a method due to Bardos-Lebeau-Rauch [2], and as we mentioned above this way only
provided the existence of such constant, while the value of it remained open. Thus it is important and interesting
to give an explicit observability estimate. Typical and classical ways of solving cost problems are moment
methods [27], Lebeau-Robbiano strategy type methods [21], and Carleman estimates [19]. The first two consist
in investigating the eigenfunctions and decomposing the states by them, see for example [9, 23]. However, in
our case the related eigenfunctions do not form a Riesz basis, due to the fact that the operator is neither
self-adjoint nor skew-adjoint. In fact they are not even complete in L?(0, L), see [29], which prevents us from
directly applying those methods. Due to the existence of the critical length set, it does not seem natural to
consider Carleman estimates.

In this paper, we introduce a constructive approach that quantifies the observability constant. We concentrate
on the proof of (1.1) for non-critical cases, mainly presented in Section 3. Then we comment in Section 4 that
almost the same proof leads to inequality (1.2) for critical cases. More precisely, inequality (1.1) can be achieved
in two steps. Let us denote by S(t) the corresponding semi-group of the operator Au := —u; — Ugpy, u(t,0) =
u(t, L) = ux(t, L) = 0.

Proposition 1.2. Let Ky > 1, L ¢ N. There exists v = v(L, K1) > 0 effectively computable such that the set
B’Y<K1)7
By, = B, (K1) := {u € H*(0,L;C); |lullp> = 1, [[ullgs < K1, u(0) = u(L) = ux(L) =0,

|u:v(0)| <7 )1\161{3 H)\u — Uz — umxz”LQ < '7}

15 empty.

Proposition 1.3. There exist Ki(L) and To(L) such that for any v > 0 there is € = e(L,~) > 0 effectively
computable with the property that, if there are u € L?(0,L)\{0}, K1 > Ki(L), and T > Ty(L) satisfying

/0 (), (4,0 dt < elful220.1). (1.3)

then B, (K1) is not empty.

In conjunction with the preceding propositions, this then implies that we can set ¢ = e(L,’y(L, K, (L)) in
(1.1) for Theorem 1.1.
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Remark 1.4. We only prove Propositions 1.2 and 1.3 for L > 4, though the same way of the proof also applies
to the other cases. In fact, when L is below v/37 (which is small than the first critical length 27), an alternative
simple proof in [6] gives an explicit observability constant, which, for the completeness of the paper, is also
presented, see Appendix A.

2. SOME PROPERTIES OF S()

From now on we always assume that L > 4. The goal of this section is to develop several properties concerning
the smoothing effect of S(¢). All the results stated here will be demonstrated, and all the constants will be
explicitly characterized, in Appendix B.

Due to some compatibility issues, we define the following Sobolev spaces H, (ko) satisfying natural compatibility
conditions on the boundary,

H{y (0, L) := L*(0, L);

H{y(0,L) := {f € H', f(0) = f(L) = 0};

H2)(0,L) = {f € H?, f(0) = f(L) = f'(L) = 0};

H (0, L) = {f € H, f(0) = f(L) = f'(L) = 0};

H)(0,L) := {f € H' 1 Hiy), (Af)(0) = (Af)(L) = 0};

HG)(0,1) == {f € H* N HE,, (Af)(0) = (Af)(L) = (Af)2(L) = 0};
HE,(0,L) = {f € H* N HY,, (Af)(0) = (Af)(L) = (Af)a(L) = 0},

with the same norm as H*:
L
B0 = [ 1FO@F + £ da.
Lemma 2.1. There is a constant E], which only depends on n < m such that
L L L
/ 1™ (@) de < BT, <5m-n/ |f(m)(t)|2dt+5_”/ |f(t)|2dt> Y6 € (0,11,
0 0 0

Now we are ready to prove the following properties concerning regularities of the flow S(t). Suppose that
fo € L?, f(t,x) = S(t)fo, then simple integration by parts yields

T L L
//fg(t,x)dxdth+L/ f2(x) da, (2.1)
0 0 3 0

/OLfQ(t7w)dx=/OLf(?(x)dx—/otfi(&O)dsg/OLfg(a:)dx. (2.2)

The preceding two inequalities tell us that starting from some L? data the solution will stay in the same space,
moreover, on almost every (time) t € [0, T the solution becomes H' (0, L) thus gains regularity. Actually, similar
regularity results hold for arbitrary order:

Lemma 2.2. Let k € {0,1,2,3,4,5,6}. If the initial data fo belongs to H(}“O), then the flow S(t)fo stays in

C([O7T];H(7€O)(O,L)) N L0, T; H(kOJ)rl(O,L)). Moreover, there exist constants FF(L) and FF(L) independent of
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the choice of f € H(ko) and T € (0, L] such that

||S(t)f0||C([0,T];H(’“O>(0,L)) < F(;CHfHH&)(&L)’ (2.3)

1S fol oozt 0.y < FEIS N 0.1 (2.4)

Remark 2.3. The same type of smoothing results also hold for the nonlinear KdV flow (e.g. [3]). But this
phenomenon only appears for initial boundary value problems, it does not exist for KAV flow on whole space.

An immediate consequence is the following smoothing effect result.

Lemma 2.4. Let k € {1,2,3,4,5,6}. There exists a constant F¥ = F¥(L) only depending on L such that

Fy
1) foll g, 0.y < wyzllfollzzo,n), ¥t € (0,T], T < L, (2.5)
FY
1S foll ezt 0.0) < Tz llfollzzo.ny, VE € [L, +00). (2.6)

Remark 2.5. The rate t~%/2 in Lemma 2.4 is optimal by assuming Lemma 2.2. Moreover, both of them can
be generalized to k € N, while more (but similar) efforts are required to get explicit values.

For any given K > 0, let A= Ag be
A:={ue H*0,L), uw(0) =u(L) =0, |[ullgz0,1) < K}.

Then we have the following simple

Lemma 2.6. There exist B= B(L,K) and a set

{fisfo,.-., fBY C H3(0, L),

such that for each f € A, there is f; with

ILf — fillz2(o,0) <

ol%

An immediate consequence is the

Corollary 2.7. Assume that {g1,g2,...,9p} C A is orthonormal. Then P < B(L,K).

3. PROOFS OF PROPOSITION 1.2 AND PROPOSITION 1.3

This section is devoted to the proof of the two main propositions of this paper. In the following we will work
. . 1
with a parameter K much bigger than 8, which will eventually determine Ky = K;(L,K) = B2 (L, K)K. For
ease of notations, from now on, let
|| - || refers to the L?-norm, and (-) refers to the L*inner product;

1 .
H{yh...,yn} refers to H{span{yl,...,yn}}¢7
f=0()if|f| < lal, 9= Onla) if [|lg

|l <lal, etc.

First, we prove Proposition 1.2, following the procedure in Rosier’s proof. Observe that this proposition is
ineffectively true, since if it’s false, we can find a sequence v, — 0 as well as functions u,, with associated A,
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as in the definition of B, with ||u, ||z < K7, and so in particular a subsequence will have A, — A, as well as

Up, Un,; converge point wise, and also in H?® weak sense, to some u, which is as in Rosier’s result, and hence
results in a contradiction. Rendering this effective will require ‘perturbing Rosier’s proof’.

Proof of Proposition 1.2. Assume that L ¢ N and let u € B, as in the statement of that proposition, thus there
exist A and f(z) such that

Au(x) + o' (z) + 4" (z) = f(x),z € (0, L), (3.1)

lullz =1, lulls < K1,u(0) = u(L) = ue(L) = 0, [u'(0)] <, [ fllz2 <7- (3-2)

At first we can get some information about A from the above equation on w. In fact, we get from the preceding
equation that

N (1 T \/E;) lllars < M llallzz — [ Aullze < [Au+ o + |12 < 7,

thus A is bounded by

|)\|<’y+(1+ E§>K1<1+<1+\/E§)K1 =: Ks.

Moreover, direct integration by parts from equation (3.1) yields
)\<U7 u> = <—’U,/ —u" + f7 U>a

which, combined with (3.2), leads to

1
Sl (0).

Re((u/,u)) =0, Re((u",u)) =
Therefore, A is close to the imaginary axis,

[Re(A)] < 2.

Then we derive further information on u from classical complex analysis. By extending u and f trivially past
the endpoints of the interval [0, L], we obtain a function v € Hz~(R), which satisfies the relation

Au+u' +u” = f+u"(0)5 + v (0)6y —u” (L), € R.
Then, the extended function u, via the Fourier(-Laplace) transformation, further satisfies

Q) - (A + (i€) + (1)) = a — Be™ ™€ + 5ig + (¢),

18] <7, |F(€)] < vLY2elmél ve e C,

~

where « := u"(0), 5 := u”(L),é := v (0). It is followed from Paley-Wiener theorem that @(§) and f(§) are
holomorphic functions when extended on complex valued &, as u(x) and f(x) are compactly supported.
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We conclude that away from the zeroes of the polynomial \ + (i€) + (i€)3, we have the representation

o a—Be e sie 1 f(6)
u(§) =i PR , P =1\

Then observe that («, 5) # (0, 0) since otherwise we cannot possibly have the normalisation condition |lul|p2 =1

(or ||@l|| 2 = 2), provided ~ is small enough. In fact, if the function

bie + F(€)

2
Zp—§+£3 € L*(R),

then the polynomial p — & + £2 has to divide the numerator, in the sense that the quotient is an entire function as

well. But since |p| = |\| < Kz, the roots of this polynomial lie in a disc of radius R = R(K7) :=
1 in the complex plane centered at the origin:

. 1 2
P =1¢—pl < Ko+ |¢] < Ko + §\§|3 +
Choose 11 € Dyp(k,) and I'sg = 0D3g(k,), we get from Cauchy’s integral formula that

)| = ‘§zn+f ’
(p—n+n3)

L b+
“2m/rm’<p<+<3>(<n>d<'

On the one hand, since

L
FOl < tn / F(@)]de < SERLV2 ¢ € Dyp,
0

52

52
3 )R = §R4,VC € 0D3p,Vn € Dyg,

l(p— ¢+ (¢ —n)| > (26K +

we have

=)
—
3
=
|

1 8i¢ 1<)
n‘/rm T o %’/ p—Cranc—m )

27 9L1/2€3LR
< .
= (52R2 )2 ) U

On the other hand, for V¢ € (DQR)C we have

2 1 16 2 14
_ _3>7 3_ - >73_7 4 p3
b1z Jeptez UwZps U

€ € 12
- = TPl < TR

(1+3K,/2)"*

(3.3)
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thus

12~
7l¢l?

@) < = + | F )], Ve € (Dan)’,

which, together with (3.3), yields
JCRS o) Pae + [ (€)1 de,
R £€[—2R,2R] £€[-2R 2R

97 QLY23LRN? 94 9
< 4R 24202 22
= (52R2 T TR ) (AR TRARATRE

27 | OLV2LRNT 57
< 4R — |42
= ( (5232 TR ) o8 )7
This contradicts our assumption that ||u||r2 = 1, provided ~ small enough:

97 OQLV/2LRN? 57
(43( + c ) + 20 ) 42 < 2.

52R? 52R3 98
Furthermore, by a simple variation of the preceding argument, we infer the existence of . (L, K1) > 0 such that
ol + 18] = e (L, K1)

is forced by the normalisation condition on u. Indeed, based on the above estimates with («, 8) = (0,0), when
(a, B) # (0,0), for n € Dap we have

= Bem 4 §in + f(n)
2l = ‘Z (p—n+n?) ’
:‘i/ a— Be ¢ 4 §i¢ + f(C)
21 Jryn (0= CH+E)NC—1)
27 9LY/2e3LE 9 SLR
= (52R2 T T )7+ o (ol + € 11B1).

d¢

)

and for £ € (D2r)° N R we have

12y 3

[u(§)] < e + ﬂ’f(f)’ +

12(|a] +181)
Tep

which imply that

JCRS o) a + [ @
R £€[-2R,2R] £€[-2R,2R]°
2

97 QLV/2e3LRN\? | 9
< v 3LR
S (52R2 TR ) v F8R (5233 (o +e IBI)> :

36 o 27 27(|04|+W|)2
TR TR 245

(©)Ide,
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27 OLV2eERN? 171

< -
= <8R (521%2+ 52R3 ) g6 )
(8166LR 27

s 2
33805 | 245) (o + 151

Thus

81eSLft 54 )
Bl >
(169R5 + 245) (lof +16)" 2 1,

81eSLR g\ M2
= (169R5 +245) ’

provided that

97 OLY2eLRN? 171
S8R — |2 <2r—1.
< (521?,2‘4r 52R? ) AT A

Moreover, by shrinking ~o(L, K1) if necessary this can be easily improved to
i 1
181/2 < lo < 218] and win{lal, 18} = 3a.(L K1),

Since else we can arrange the numerator not to have any zeroes at all on or near the real axis, while as shown
in the beginning that A = iR + O(27), whence there exists at least one root of the denominator that is near the
real axis for small «v. More precisely, we only need to show the former relation as it leads to the latter one, if
which is not true, then either

laf <|B]/2 with [5] > 2/3a,
or
|a] > 2|8] with |a| > 2/3a..
For the first case, the zeroes of the numerator that lie in Dg satisfy
Be~ = a + 5i¢ + f(€), (3.4)
thus

81t < (8116 < Ly 3R yp1/zets,

therefore,
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provided that - satisfies
5 (R + Ll/QeLR) < &
-6
While for the latter case,

—a = —Be " 4 5ig + F(6),

«
la] < |2|6L1m(§) R 7[1/26LR’
therefore

1 3
I > —log(=
m(e) 2 7 log(5),
provided that v satisfies

v (R+L1/2€LR) S %

Hence, the zero € in Dg, which exists as @ is holomorphic, should verify L|Im(&)| > log( %)
On the other hand, we turn to the zeroes of the denominator, which all lie in Dg,

p_£+£3:07

where p € R +i0(27),& € Dg. Suppose that p is given by a + ib with some |a| < K3 and |b| < 2, we can find

some & € DrNR as solution of a — & + &3 = 0. Therefore, there exists a solution £ = &y +7of a+ib—E+E&3 =0

with |r| < 3y, thus |Im(¢)| < 3v, which is in contradiction with L[Im(&)| > log(3) if v verifies 3yL < log(%).
Consider then the numerator a — fe™*5¢ + §if + f(f), we can then assume that all the roots of o — e~ 1€ +

~

0i€ + f(€) in Dg are simple, and have to be of distance Ok, 1 (y) from the roots of
o — ﬁe—iLg’
which, thanks to the fact that |8]/2 < |a| < 2|8|, are of the form

log 2

mn(po)] < 5

2
Ho + %, with |Re(uo)| < , and n € Z. (3.5)

T
= Z>
In fact, as

(= Bet + die + J(€)) = iLBe ™ +i5 — i(zf)(©)

if there exists some double solution £ in Dg, then

3\ 1/2
O 18 < fiLget4] < (1 n (L?)) eLR> Y,
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L3 1/2 *L
<1 + (3> elB v < a3 e LR

Furthermore, if j is such a zero of a — fe~*¢ that is in Dg, we pick a circle T, (1) in the complex plane centred

at p of radius r € (0, min{ gy, R}) = (0, g5 ). We prove that under certain conditions, which will be chosen later

on, there is only one solution of o — Be™*F¢ + §i¢ + f(ﬁ) that lies in the domain [ — T +Re(), T + Re(u)) X R,
actually this solution is inside T ().
At first for any £ € T'.(u) we have

contradiction when

o= Be= )" = |(a = B~ ) — (@ — Be ) ?
_ ’ﬁe—iLu (e—iLET - 1) |2,
= |a|? ((cos(Lra)e™™ —1)? + (sin(Lra)e™™)?),

where &, = € — pp = r(a+ib) with a® + % = 1.

If |a] > é, then (sin(Lra)el™)? > (e’Lr%)Q > (%)2.

2
If [a| < 1, then [b| > I. Tf further b < 0, then (cos(Lra)el™ — 1)2 > (1 - e*%) > (£2)*. Else b > 0, thus
(cos(Lra)el™ —1)% > (%LT)Q.
Therefore,
|a|Lr _ a,Lr
>

_ g—il€
ja—pe™™ > == 2 90

,VE €T (p),

which yields

ayLr

o= e+ 5ig + J(6)] > St

VE €T (),
if

Moreover, under the above condition, there is no solution in [ — ¥ + Re(n), ¥ + Re(n)) x R\ D, (1) Indeed,
for any £ € DrN [ — F + Re(u), T + Re(p)) x R, we estimate a — Se~*4€ by two situations:
if |Im(§ — )| > r/2, then

i iL(e— Q. (6 a,Lr
|a—ﬁe Lf’:|a|’e L(¢ M)_1|2?‘6LI (¢ M)_1|ZW’
if |IRe(§ — )| > r/2 and |Im(§ — p)| < r/2, then

o Lr
24

o — Be*iL5| = |a\|e*iL(5*“) —-1| > el E=1)| sin(Re (€ — p)L) >

Next we prove that, shrinking the upper bound on + if necessary, there is exactly one solution inside T'y.(p).
As demonstrated before, there is no solution on I',.(), therefore the number of solutions (counting multiplicity)
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inside which is given by

1 (a—ﬂe*iL€+5i£+A(£)) g L / iLﬂe*iLerié—i(ﬁ)(f)dg
r

2mi Jr, ) @ — Btk + 5i€ + (€ o () o — Bem e+ 5iE + f(€)

As p is the only solution of a — Be ¢ = 0 inside I',.(11), we also have

_ p,—iLe) . —iL¢
1= 1 (a Be ) 1 iLpe de.

T2 Jr gy a— Be € 2mi Jp o — BeiE

It suffices to find a sufficient condition such that

—

1 iLBe e +i6 —i(zf)(€) 1 iLBe S
r L= = — 7(1 5
V=g /mm o= et 4 aiE+ 1) 2wt Jo gy a— e
“os [ - (iLBe™"4) (3i€ + (&) L BiEDE g,
210 Jr (u) (o — BeikE 4+ Gi + F(€))(a — Be—iLE) o — Be~ilé 4+ 5it + f(&) T

is strictly smaller than 1, since N, takes value from integer. In fact, under the above conditions, thanks to the
above known estimates, we have

—

N < i/ ’ (iLﬂmL&)(éz‘Auf(i)) ‘d§+i/ ‘ i —i(zf)(&) d
D72 Jr g | (a — BemiEE + 8ig + F(€))(a — BeiLe) 27 Jr () o — Bemile +5ic + f(&)1 T

3\ 1/2
(L,BBLR)’}/(R + L1/26LR) (1 + (%) €LR) v
( % T i axLr )7
43 288 288
(%) (%7

288 (1 + (L—B)l/z (LR
288 - 48[ B (R + L1/2el 1) N 3
. ’y .

IN

<X ,
—r ool oL
/ 1+ L3 1/2 LR
LR L1/2pLR (—) e
§2887(966 (R+ e )+ 3 )
o Lr oL

Thus it suffices to let ~y satisfy

LR LR 1+ L)' LR
96eL 1 (R + LY/2elR) e )<1

3
288 (
v o Lr oL

We conclude that all the zeroes of the numerator o — Be %< + §i¢ + f(() in Dy are of the form
27
1o + kf +0(r), ke Z,

where g satisfies |pg| < 2% Because all the zeroes of the denominator, which are in Dg, should also be solutions
of the numerator, amongst those solutions have to be the roots of the polynomial p — & + £3. Picking &, suitably,
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we may assume that the roots of this polynomial in Dp are then of the form
27 27
S0, &= G +h— + 20(r), & = &o + (k + l)f +20(r),
where k,[ are positive integers. Observe that necessarily we have
27
(& <R, |(k+ D | <2R+1/4.

Then one infers the system

So+& +& =0, &8 +&& + 615 = -1, &6 = —p,

and the first two of these equations yield

2
3¢ + %(21@ 1) +40(r) =0,

2 2
—(

3= (f)Q(k;2 +kl+1%) + 7 (28k +100)0(r) + 360(r?).

Thus

2
[k2 + 12 + Kl
|L? — <2w +3+> | <56L%(R+1/8)r + 36L%*r* < 56L*(R+ 1)r.

2
In particular, if 56 L%(R + 1)r < ming jen |L2 — <2m/k2"’l;”rkl> |, then we have B, = (). Let us remark here

that the existence of such r satisfying the preceding condition is guaranteed by the selection of L.
In conclusion, we can set v = (L, K1) that satisfies,

8leSLE 54\ 71/
o=t (1 VE) o R (19 o= (T )

2
o 9 . 2 k2 +12 4kl
r<gp 56.L (R+1)r<kr’rllér1{]|L <2m/3 B

27 OLV2eSLRN? 171
e P
<8R<52R2+ 52R3 ) Tleg ) =T

3\ 1/2
V(RJFL1/26LR> < %’ ~ (1+ (L> eLR) < OL*LefLR
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1/2
L3 LR
96eLR(R 4 L1/2elRy 1+ (?) ¢

asLr + a. L ) <1

¥ (R+L1/26LR) < O;*Slg, 2887(

O

Now we turn to the second proposition and begin with outlining the idea of the proof. Assume that there
is a u, |lul]|rz = 1 as in Proposition 1.3 satisfying flux inequality (1.3). Heuristically, we shall now construct a
finite dimensional vector space V' C H3(0, L) of functions satisfying the desired boundary vanishing conditions
and such that

ITvAf — Af <Al f]]- (3.6)
Moreover, this vector space admits an orthonormal basis in A, such that Iy A|cy has a normalised (complex)

eigenfunction with [Jul|gs < B3 (L, K)K =: K1, and which then implies Proposition 1.3. More precisely, thanks
to Corollary 2.7, suppose that

{91, 92, ..., gp} with p < B(L, K) is an orthonormal basis of V, (3.7)
g

(0) = g:(L) = (g:)a(L) = 0, ()2 (0)] < ——eo_ 3.8

5500) = 0,(1) = (0):(1) =0, l:)200) < D 39)

lgsll =1, llgll s < K, (3.9)

Ag; €V, ¥je{1,2,...p—1}, (3.10)

[Agp — Iy Agy || <, (3.11)

then the vector space V and the complex vector space CV satisfies

Iy Af = AfF <Al f]l, Vf eV,
[MevAf = Afl| <Al f]l, Vf € CV,
HeyA:CV — CV.

As CV is of finite dimension, the map Ilcy A admits at least one eigenvalue:

p p
g:=Y a;g; €CV, HeyAg=Ag, Y o> =1,
Jj=1 j=1
which further satisfies,

|Ag — Ag|| = |Hcv Ag — Agll < yllgll =,

p
lgllzs < laglllg;llms < B2 (L, K)K = K,
j=1

9(0) = g(L) = go(L) = 0, |g2(0)] <> |a;[(g5)2(0)] <7,
=1

therefore g € B,.
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Keeping in mind the above essential observation, in the following complete proof we will only need to construct
orthonormal functions {g;} verifying conditions (3.7)—(3.11).

Proof of Proposition 1.3.
Step 0: In the first part, we present some basic properties of the flow, while some of them are based on the
“smallness” of the flux. The remaining parts of the proof are basically repeating these key observations.

Observation (i). Set Ko = Ko(L) by (2F3/K0)2/3 =1, define K;(L) := K;(L, Ky), and pick t; = t;(K) :=

(2F3/K) e (0,1) for K > K. From now on we will work on K > K, which actually will give us a result
slightly stronger than Proposition 1.3. As a consequence, Proposition 1.3 will be concluded by selecting K = K.
Thanks to Lemmas 2.4 and 2.1, the flow S(t) satisfies, for V¢ € [t1, +00),

3 K
1S() fllas o,y < 37/2Hf|| < EHf||7

F6 K2F6
|S(t)f||H6([O,L]) t3 Hf” = 4(F3)2 ||fHa

SO 1200y < EETVEW gy
K2R+ EDISI _ -
Tl < Ry,

K2F6
ﬁﬂmhm@§< A “>W| RIf1.

|AS(t) fll 30,y <

Observation (ii). Another important observation is that the L? norm of the flow stays close to its initial value,
thanks to (2.2):

o (1 Jy s2(t.0)at|)
1ol

ILF @I = 11 foll + Vit € [0, 7).

For instance, if || fo| = 1 and the flux \fOT f2(t,0)dt| < a, then the energy of the flow stays close to 1:
IS@fl €[t = a,1].

Observation (iii). Owning to the strong regularity of S(t)u, we are able to estimate S(s)u — S(¢t)u. More precisely,
for any 6 € (0,1/2) and any ¢ € [t1,+00), direct calculation implies,

S(t+06)f—-St)f = / fds—és’()f+/t+6/ S (1) drds,

thus

SE+0)f—-S)f

5 = AS()f + KO2(8)||f|,Vt € [t1, +00). (3.12)
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Observation (iv). Thanks to the relation (3.12), we can estimate the flux of Af(t). Assuming | fOT F2(t,0)dt| <
a < 1/2 and ¢ € (0,t1), we have that, for any t € [t1,T — t; — 9],

1

/0 e (5ts)(As() f))i(O) ds,

T—t—6 2
<[ (season) oas |

T—t—6
= [ (s (B Ronwin)) o

T-t-5 /4 1 _ 2
-/ <5S@xsa+5ﬁ)—5S@x5@ﬁ)—Sﬁ)ﬁﬂZﬂ@NfD>m@ﬁw
< 3/0“6 (;5(5)(5@ + 6)f)>2 (0) + <5S(s)(S(t)f)>2 (0) + (S(s) (I?OL2(5)HfII))i (0)ds

~ 6
< 3K282||f|? + 2

Observation (v). Observe that Af(t) and f(t) are orthogonal, provided the null flux, i.e. fOT f2(t,0)dt =0,

(A0, FO) = (~fo— foan, ) =~ 220,
(AF(0), 7)) = (10, 70) = 3 ST = 0.

Thus it is natural to have a perturbed version, Af(t) and f(t) are “almost” orthogonal when the flux is small.
Suppose that |f0T f2(t,0)dt| < a, then for any t € [t1,T — 6], any & € (0,1/2), we have

(S(t)f, AS(t)f),

:<auﬁﬂ“5@5@f—kaﬂauw,

—Eow>ﬂﬁ+<aﬂﬁ5“+®§—swf>

=E0<Wﬂﬁ+—(w )= S(t+6)1, u+®f—a>w+«swf+su+®ﬁsa+®f—ﬂww)

:f?@(a)uf||2+THAStf+Kc9L2 AN + 55 (HStJr(S I =St fH)

O(a)

= KO@)|IfI* +0(6) (K* + K26 | £I1* + 5~

= O (45K I + 55)

which is small provided that a < § < 1.
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Observation (vi). If two small flux flows are orthogonal at the beginning, then they are “almost” orthogonal
along the flow. Indeed, suppose that for some a < 1/2 we have

T 2 T 2
/ (S())*(0)dt < a, / (S(t)g)>(0) dt < a,
0 0

then direct integration by parts shows

(5(1)1. 5(1)g /dt )1, 5(s)g) s,

= O(a), YVt € [0,T].
Observation (vii). Let V be a subspace of L?. Then
sy S @) f1 < L]
Indeed, there exists a f; € V such that
f=h+g g=1pf,
in view of the linearity of the flow, we have
S(t)f =St fr+5(t)g.
Because S(t)f1 € S(t)V, the projection satisfies,
5w S@fI < 1S@gll < llgll = Ty £l

Remark 3.1. If the flux small condition is replaced by the null flux condition, then all these observations
become even better.

From now on we will present the constructive approach to find orthonormal functions {g;} verifying condi-
tions (3.7)—(3.11), following the commutative diagram in Figure 1.

Step 1: In particular, we have that u and g1 := S(t1)u satisfy

K
||911||H3 S ?7
911120,y = 1 + O(e),

S(tl + 5)“ - S(tl)u
)

= Agi1 + KO2(8),Y6 € (0,1/2), (3.13)

the second inequality on account of the flux assumption on u, and the third is small for some very small d1,
which, however, is much larger than €.
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c S(t2) S(t3)

U~—~>=g11 — > Y11 > g12 hi2 Y12 > g1z — —> Y13 =

1 1

S(t2) S(t3)
Y22 ~>=g23 — —> Y23 ~>=

o iLHJ-A 1
p 1 S(EB)
— —> I ~m> Q — —>> [ Saae_y
2270500 Y22 ?ﬁz Ys2 =7 Y32 S0y 933 Y33
LII+A

Y43 >

S(ts)

FIGURE 1. The constructive approach.

If
lAgull < 3.

then stop. We further define g11(s) := S(t1 + s)u = S(s)g11, s € [0,t1], which satisfies

K
2

lg11()llms < =5 Mlgra(s)llL2(o,y = 1+ O(e),

[Ag11(s)ll = 1S(s)Agni|| < [[Agnll < %

t1 2t T
A<m®u@m:/<ﬂmumas/wmmeKa

t1 0

hence there exists s such that |g11(s)2(0)| < (g/t1)*/2. Observe that if we set y1; = HZﬁEng, V := span{yi1},
then

Iyl = 1, [yl < K,

y11(0) = y11(L) = (111)a(L) = 0, |(11)2(0)] < ——=

V/B(L,K)’

|Ayi1 — Iy Aya || < || Ayl <, V =span{yi1},

if £ < 1/18 satisfies

3 Je ¥
2\/Z< VB(IL,K)

As a consequence, conditions (3.7)—(3.11) hold with p = 1,91 = y11, which, as it is shown at the beginning,
implies that B, # 0.
If on the other hand we have

lAgnll > 3.
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then proceed to the next step.

Step 2: Now we have ||Agi1|| > . For ease of notations, we define the following L*-normalization operator:

f

L=

Vi #0.
It can be easily checked that £ verifies
LS(t)=LSH)L, LA=LAL.
Set
yo1 = LAy11 = LAgi1.

First we recall some properties of y;1 and y»1, thanks to the observations in Step 0:

lyaall = llyeall = 1, ¢1*€<Hmﬂk<1HAmﬂ| o
{911, Agnn)| < 46K* + 55070 € (0,1/2),
[y, o) < (46K2 + 275) ¥ € (0,1/2), (3.14)
T—t1 9 1 T 9
/ () ) 0) s = 1= / (S(s)u)*(0) ds < 2e. (3.15)
0 11 tq

Despite that the normalized function y2; may have a poor H>-bound, its boundary trace at x = 0 is small in
the sense that, V§ € (0,;),

T—2t T—2t 9 L~y e
/O (S()Agn1)> (0 )ds—/o (S6)AS(H) () ds < 3R + %,
T—2t, T—2t,
/0 (S(s)ya1)?(0) ds < m/o (S(s5) Agn)*(0)ds < (3521(2 ?j) % (3.16)

having taken advantage of observation (iv). For the sake of simplicity, we define an upper bound for (3.14),
(3.15) and (3.16):

Cy =Ci(e,61,7,K) = ((51[(2 62) ,Vé1 € (0 mln{f t1}),

which can be sufficiently small for well chosen € and §;. To make it clear, C; is an upper bound for

T—2t, T—2t;
/ (S(s)y1)2(0) ds, / (S(5)y21)*(0) ds, |(ynr, yn)]-
0 0

From the above inequality, we derive the existence of t; € [t1, 2t1] such that [(S(#1)y11)2(0)],|(S(t1)y21)(0)] <
(2C1/t1)1/2. Set

g12 ‘= S({l)ylh g22 ‘= S(ﬁ)yzy
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They share similar properties as y11 and 21, thanks to the observations and the flux condition:

lg12l?, llg22]l* € [1 — C1,1],

K 2c,\'/?
lonalle oz < 5 lna)e O om)a0) < (32)

/_ 1(5(3)912)2(0)ds§617/ ) 1(5(8)922)i(0)d8§617
0 0

{912, 922)| < 2C1,
Aglg = AS(El)ﬁgn S span{ggg}

Finally we can set
Y12 = Lg12, Yoz := LI g22, Y35 := I, Aya, Y3 := Lyzp.

Notice that yso is obtained from the Gram-Schmidt procedure, thus
Ay12 € span{giz, ga2} = span{yiz, y22}.

It can be proved that {y12, Y22, ys2} share similar properties as {y11,y21}: “small” flux. It is easy to get for yio:
T—4t; )
/ (S(S)ylg)w(()) ds S 261
0

As for yg0, it can be written in the form of a “prepared” flow:

Y22 = # (922 - gi|<912 922>>
1T, 922 | g12(|? 7 ’
1 - (912, g22)|
= =1 ——5(t1) (y21 - =11,
T, g22 | lg12]?
=: 5(51)222,

for which we can successively get,

T gool|? = ||gae — 22— S ef—sci1
vn922]17 = ||g22 Hg12||2|<912’922>| € 1, 1],

1+C

< <2
||222H = (1_61) /71_561 = 4

T—2t, ) 8¢,
/ (5(s)z22) (0)ds < < 16C4,
0 z 1-5C;

T=st 2 ~ 96C,
/ (S(5)AS(t1)222)(0) ds < 12K?6” + 5 V6 € (0,1y).
0
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Thanks to the above inequalities on 295, we can further get

(15, 922l a5 1 K 20, 1+4C, 3K
< e — T <K———1 <=
||y22HH3 > ||H;‘12922|| > /71 — 561 2 ( 17C1) —= QM =4
K -
A <= <2K,
[Ay2al|r2 < 50, =

T—4t, 9 861
/ (S(s)ygg) (0)ds < < 16Cq,

if C; < 1/18.
About yz5 which is related to Aygs, we know from its definition that,

Y3z = Ayoo — I, Ayas = Ayao — ly1o with [I] < 2K,
thus the inner products are

(Y32, y12) = 0,

8Cy 1

(Y33, Y22) = (Ayoo, yo2) = (AS(l1)z22, S(f1)200) < 160K + T,W < (0, 5)-

Moreover, the flux of y35 can be estimated by

T—5t1 ) T—5t; )
/ (S(s)yg)w(O) ds = / (S(s)Ayas — lS(s)ylg)w(O) ds,
0 0

<2 [ (s am)0ds 2 [ S0

192C,
02

< 2482K? + +16K2C1,V6 € (0,t1).

If [Jys | < 7, then stop, and we verify that {y12,y20} satisfy conditions (3.7)~(3.11), thus B, is not empty,
provided that

(201 /t1)"? < v/\/B(L, K).

If ||y§‘2|| > 2 then we define Cy = 62(61,52) = C2(€,61,52,'}/7[}) by

27

2\° ~, 192 - 1
Cy = <7> <245§K2 + 95261 + 16K261) Voo € (O,min{i,tl}),
2

which is an upper bound for

T—5t;
/ (S(S)yu)i(o) ds Vi € {1,2,3}, and [(y32, y22)|-
0
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Now we proceed to the next step.

ol

Step 3: Here we assume [ly3;]| > %, and set

Y32 1= ,CH;‘H Ay22.

Then proceeding as before, we can obtain boundary trace inequality. Observe that the projection onto yis
introduces a flux term of size at most O(e) due to our earlier boundary flux estimation for y;s.

Since we have lost regularity for ys2, we regain this by applying the flow S(#2) again, for some 5 € [t1,21],
resulting in

913 = S(t2)y12, g2z = S(t2)y22, g3z = S(t2)ysa-
Then we apply the Gram-Schmidt procedure, by first orthogonalizing
his = g3, hos = 1Ty, g23, hss = H{lhls’hQS}gsa = S(t2)z33,
and then normalizing

y13 = Lhi3, yo3 = Lha3, y33 = Lh33.

As the demonstration in Step 2, we are able to estimate y13, Y23, ¥33 and Ayss in terms of some C3 which only
depends on C> and d3. Then if

gl
yi}) = H{Ly137y23}Ay33’ ||yi})|| < 57

we stop the process. Else we continue iteratively. We ignore detailed calculation in this step, as it will be covered
by the next step for general cases.

Step 4: General induction step. In this step we provide general iteration estimates. At first we prove the
following lemma.

Lemma 3.2. Let n > 2. For any 0 < (n + 1)¢, < min{1/18,1/2n}, any T,, > 3t1, any orthonormal functions
{Yins s Ynn}, and any normal function Y, 41y, satisfying
Ayin € span{yin, s Ynn}, Vi € {1,....,n — 1}, (
Aynn € sPa{Yin; - Y(n—1)n> Y(n+1)n )+ (
<yin,y(n+1)n> =0,Vie{l,..,n—1}, (3.19
|<ynn7y(n+1)n>| < cn, (

/T" (S(5)yin)2(0) ds < ¢q, Vi € {1, .ccn + 1}, (3.21)
0

we can find orthonormal functions {Yi(n+41)s > Ynt+1)(n+1)} Such that

3 [(n+1)cy
1Yitn+) s < 3K /4, [(Yitn+1))=(0)] < N T (3.22)
Tn73t1 2
/ (S(s)yi(n+1))$(0) ds < 2¢,,¥i € {1,...,n+ 1}, (3.23)
0

Ayi(n+1) S span{yl(nﬂ), ey y(n+1)(n+1)}7vi S {1, ey 7?,} (324)
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Moreover, if we further project Ay(ni1)(nt1) 0N SPAT{Y1(nt1)s -+ YUn(n+1) }»

L e
Yintr2)nt1) = Wy yniny A1) (nr1) (3.25)

then it satisfies,

T, —3t1 9 ~ 2
/0 (S()Yinyayni1y),(0)ds < (5) Cn+1,

¥ 2
‘<y(n+1)(n+1)7y(ln+2)(n+1)>‘ < (5) Cn+1,

where ¢py1 = an(cn, 6n+1) is given by
2\° - 12¢ ~
Cp+1 = (fy) (n + 1) (6K26721+1 + ﬁ +4K2Cn) ,V6n+1 S (O,mln{l/Z,tl})

Proof. These functions are directly constructed via the Gram-Schmidt procedure.
It follows from (3.21) that

2t, n+l
[ (Zsemmz) 0 < o+ e
hence there exists ¢, € [t1,2t1] such that
%(su‘n)ym)i(m < Wtf” (3.26)
i=1
For i € {1,...,n + 1}, we define
Gitn+1) = S(tn)Yin, (3.27)

which, thanks to the boundary bound condition (3.26), the flux condition (3.21), Observation (i), and
Observation (vi), satisfies

K
1 —cn < gignell <1, |gignen)llas < EE

(n+ ey,

9i(n+1)(0) = gi(n-i—l)(L) = (gi(n+1))ac(L) =0, |(gi(n+1))x(0)‘ < t )

T, —2t1 9
/0 (S(9)gitn11))>(0) ds < .
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<gi(n+1)7gj(n+1)> < Cnvv (]32) 7£ (nvn + 1)7] < ia
<gn(n+1)ag(n+1)(n+1)> < 2¢y,.

Then we derive from (3.17)—(3.18) that

Agl(n+1)a ) Ag(n—l)(n+1) € Span{S(fn)%m ) S(En)ynn}a
= Span{gl(n+l)a --~7gn(n+1)}7

and that

Agn(n+1) = S(t_n)Aynn € Span{S(En)ylna ceey S(t_n)y(n—l)rn S(t_n)y(n+1)n}a
= Span{gl(n-‘rl)a < 9(n—1)(n+1)> g(n-l—l)(n-‘rl)}a

thus
AGi(nt1) € SPAN{G1(n11)s s I(nt1)(nt1) 15 Vi € {1, ..., n}.

Next, we orthogonalize {g;(n+1)} by {himn+1)}. More precisely, we find an upper triangular matrix A, 1 =
(@ij)1<ij<n+1 With a;; = 1, such that the elements of

(M1(nt1)> ha(na1)s -0 Pty (1)) 2= (91(n41)5 92(n+1)5 -+ I(nt1)(nt1)) Ant1,
are orthogonal. In such a case, the orthonormal functions {y;(,,+1)} can be chosen by

hitn+1)

; = Lh; = —
Yi(n+1) i(n+1) ||hi(n+1) ”

In the remaining part of the proof, we check that {y;(,,+1)} verify the lemma. Now we need to fix the value
of a;;. From the construction of h;(,11) we know that

span{fy (1), - Pi(n+1) } = SPAN{G1(n41)s s Gin+1) > Vi € {1, ...,n 4 1},
which implies that
Ahins1)s AGitng1) € sPan{hy(ni1), - Png1y(nt1) 1> Vi € {1, ..., n}. (3.28)
Moreover, by the definition of h;(,1),
hitns1) L Gjtnan), V1 < j <i<n+1,

hence

0= <hi(n+1)vgj(n+1)> = Zaki<gk(n+l)vgj(n+l)>a
k=1
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which implies

laji| < cn Z laki| | + {Gitnt1) Gitnt1)) 5
1<k<i—1

thus

i, 1 .
S ol < e < AU oy <<l
L= 1—(G—1)e, 1 —necy

Therefore,

il = 1D arigemsnll € VT = €n = 2(n 4 1)en, 1+ 2(n+ 1)e] C [1=3(n+ 1)ep, 1+ 2(n + 1)y,
k=1

i H € L —2(n+ D)en, 1+ 4(n+ 1)e, ], V1 < i <n+ 1.

Many informations about the orthonormal basis {¥;(n+1)}ief1,....n+1} can be obtained from such explicit
formulas. At first condition (3.24) is guaranteed by (3.28) and the definition of y;(,,41). Then,

it e < NPigureny I N hicnny o,
< (L +4n+1)en) Y akill gy llas,
k=1
K
5(1 +4(n+1)cy) (14 2(n+1)cy),
3K
<

IN

Similarly, we have

(n+ e,

3
. 0) < =
Bh)a(O)] € 54/ 20

T, —2t, 9

S(s)hi(n+1)> (0) ds,

x

/oTn_Qt1 (S(S)yi("+1))i(0) ds < (L+4{n+ 1)071)2/0 ,

7

T, —2t1
< (1+4(n+ 1)cn)2/0 ( am(S(S)gk(nH))x)Q(O) ds,

k=

7

T, —2t1
<(1+4(n+ 1)cn)2/0 (Z Vlaki| - \/|aki|(s(5)gk(n+1))x(0)>2 ds,
k=1

T, —2t1 i 9
<@amrDe) [ @2+ De) (X ol (o) 3(0)) ds.

k=1
(14 4(n+1)c,)*(1 4 2(n + 1)ep)%en,
2¢y,.

INIA
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It remains to estimate Y(n42)(nt+1) = AYn+1)(n+1)- Instead of dealing with Ay(,41y(n41) directly, we con-
sider some z(,11)(n41) such that S(tn)2m11)(n+1) = Yn+1)(n+1), therefore Aye,1y(n41) can be estimated from
observations: (i), (iv) and (v). In fact,

n+1
1
Y(n n L Ak(n 9k(n )
S il ey PREESEIN
n+1

a S ykna
”h n+1)(n+1)|| Z Hnt)

n+1
:S(t ) Zak n+1) Ykn |
Hh(n+1)(n+1)||

= S(tn)2(n+1)(n+1)»
while 2(,41)(n41) satisfies
2t | < (L+4(n+ De) (1 +2(n + 1)en) < V2,
Ty
/ (S(s)z(nﬂ)(nﬂ))i(O) ds < (1+4(n+1)cy)?(1+2(n+ 1)en)?en < 2¢,.
0
Thanks to Observation (i), we have

[AY (1) sy | = 1ASEn) 21y () | < V2K

Thus,
Yint2)int1) = Himyn(m)Ay(nH)(nH)’
= AY(ns1)(nt1) T Z bkYk(n+1),
k=1
= AS(tn)z(n+1)(n41) + Z bkYk(nt1)
k=1
with

n
1Y byl < 1ASE) 21y el < V2K,

k=1

which, together with the orthonormal property of y;(,41), implies that
n ~
> by < 2K
k=1
Finally, we are able to get

|<y(n+1)(n+1)vy(J;z+2)(n+1)>| = |<y(n+1)(n+1)v AS(t_n)Z(7L+1)(n+1) + Zbkyk(n+l)>|v
k=1
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= [(S(tn) 2(n+1)(n+1), AS(tn) Z(n+1)(n+1))
~ Cn
< ASK? | 2(nt1) () |IP + 5

< 86K + %”,va e (0,1/2),

and
T, —3t1 )
/0 (S(in12)(nt1)),(0) ds,
T, —3t1 ) ,
- /0 <(S(S)AS(tn)z(n+1)(n+1))$(0) + Zbk (S(S)yk(n-}-l))w(o)) ds,

T, —3t1 n 2
< (n + 1) /0 (S(S)As(tn)z(n-‘rl)(n+1))x(o) + Z b% (S(S)yk(n-‘rl)) (O)> dS,

~ 12¢,, ~
<(n+1) (6K262 + Tj + 4K20n> V6 € (0,t1).

Notice that 62, < 8,41 for any 8,11 < min{1/2,t1}, we get the last two inequalities of Lemma 3.2 and complete
its proof. O

Let us define y(,42)(nt1) = Ly(J;L+2)(n+1)' Then it satisfies

(Yitn+1)s Ynt2)(n+1)) = 0, Vi € {1,...,n}, (3.29)
7\?2 Cn+1
Yn+1) (nt1)> Ynt+2)(n+1)) | < (5) J_n77 (3.30)
192y |
Tn_3t1 2
2 v Cn41
0 1Y t2) el

where 0 < ¢ < min{1/2,¢;}. Suppose that

2 < . (3.32)

If ||y(Ln+2)(n+1)|| < 2, then the orthonormal basis {y;(n+1)}1<i<ni1 satisfies conditions (3.7)-(3.11), thus

B, # 0.

If ||y(Ln+2)(n+1)|| > 2, then from Lemma 3.2 and inequalities (3.29)-(3.31) we derive that the orthonormal
functions {y;(n+1)}1<i<nt1 and normal function y(,42)(n41) satisfy

AYin+1) € SPAN{Y1 (nt1)s o Ynt 1) (nt1) }» Vi € {1, ...,n},
Ay(n+1)(n+1) € Span{yl(n+1)7 <o Yn(n+l)s y(n+2)(n+1)}7
(Yitnt1)s Ynt2)(nr1)) = 0,Vi € {1,...,n},
[(Yn+1)(n+1) Ynt2) (1)) < Cntt,s
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Ty —3t1
/ (S(S)yz(nJrl))i(O) dS S C7L+1aVi € {1,,7’1—‘1-2},
0

this closes the induction loop as the above conditions have the same form of conditions (3.17)—(3.21).
Step 5: Find the parameters. Let 7' > (3B(L, K) — 1)t;(K). We find

0<ep K6 K02 Koo KIB(LK)+1 < min{1/2,t}, (3.33)

such that the increasing sequence {C,},

_ 24
¢ = (5%1(2 + 50) =

2
Co = <2> <245§f<2 196261 + 16K2C1>
0

2

2\? 12C,
Cry1 = (7> (n+1) (6K262+1 + 2. + 4chn) ,V2 <n < B(L,K),
satisfies
3 [(nt1)C T v1<n<B(LK),
2 ty B(L,K)

(n+1)C, <min{1/18,1/2n},1 <n < B(L, K).

As C,, is increasing, it suffices to let

B(L,K) +1)C
a013\/( (LK) +1)Chur) _ 7 (3.34)

1
C < — .
BILK) = 9B(L, K) t B(L,K)

Suppose that the preceding conditions are fulfilled, then clearly we have C, < 62 41 For ease of computation,
we assume for that moment C, < §2 11 and define a sequence D,, which is larger than C,:

Dy =9, D1 = (521;(2 2) Dy = 0% (52K2 Dl)
v’ 0 72

52
48 1 D,
D,y = B0 FD (K252+1 v ) ¥n > 2.
Y n+1

It suffices to let

(3.35)
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We try to find §,, from backward. It is rather easy to fix a constant, as ZSB(L’K), that verifies (3.35). Then we
choose 6,11 and D, iteratively by making K262, and D,, /62, equivalent,

_ D 2
K%%, , =22 = Dp1,Vn > 2
TS T 961 TS

as well as several similar relations for n = 0 and 1. Therefore, we conclude that

!
Ne)
=
3
_|_
=
=
—
ol
3
N———
[
3
V
'M
!
I
—
ot
[U%)
D
=
/N
kX
N—
[N
!
g
oo
=
~—
!
N—
[

which gives the values of 50 =¢e9 =¢eo(L,7, K):

k+1

€0 = (BB(L,K)

ppeso (B (o6 R\
72

~\ —4 ~\ —2
1536 K 48K
( ’72 ) < 72 ) ’ (3.36)

as well as the values of §,, and 15n that verifies all the above conditions, the details of which we omitted.

To conclude the proof of Proposition 1.3, it suffices to take Ko = 2F2, K = Ky, K(L) =
K(L,K),To(K,L) =3B(L,K) — 1, and ¢ = ¢(L, ) := eo(L, v, K). We say that ¢ is the value of ¢ for Propo-
sition 1.3. Indeed, suppose that procedure does not stop for 1 < n < B(L, K), therefore, we have constructed
orthonormal functions {y;p(r,x)+1}1<i<B(L,K)+1 C A, which is in contradiction with Corollary 2.7. It means
that the procedure has to stop at a certain step, i.e. there exists 1 < m < B(L, K) such that, we have found
orthonormal functions {yim }1<i<m and function y(J;nH)m satisfying ||y(J;n+1)m|| < 2, then {yim }1<i<m verifies
conditions (3.7)—(3.11). It means that B, (K) is not empty.

k=2

O

4. LENGTH CRITICAL CASES

Our method also gives the value of observability constant for the case L € /. The subspace H is called the
controllable part, thanks to the observability inequality:

T
/O [(S(tyu), ) dt > clull2a(o 1), Vu € H.

Furthermore, both H and M are S(t) invariant. Therefore, if we replace L? space by (H, || - ||12), then the same
results hold, which yields a value of ¢(L).

Proposition 4.1. Let K1 > 1, L € N. There exists v = (L, K1) > 0 effectively computable such that the set
B’Y(Kl);
By :={ue H*0,L;C)NCH; ||lullpz = 1, [Jul|gs < K1, w(0) =u(L) =u,(L) =0,

|uz(0)| <7 )I\Iég: H>\u — Uz — umzz”Lz < '7}
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15 empty.

Proposition 4.2. There exist K{(L) and Ty(L) such that for any v > 0 there is € = (L,y) > 0 effectively
computable with the property that, if there are w € H\{0}, K1 > K1(L), and T > Ty(L) satisfying

T
/0 |(S(t)u)x(t,0)|2 dt<€HU”%2(07L>,

then B., is not empty.

Let us comment on Proposition 4.1. Define a set of eigenfunctions
St = { A u=Au,u e M},

then following the proof of Proposition 1.2 we are able to give some computable and small v such that, if u € B,
then we can find some u; and some A € Sy, verifying

u1(0) = ui (L) = (w1)e(L) = (u1)2(0) = 0, |Aur = (1) = (W1)eae Lz <,

where 1 = 71 () can be sufficiently small if v is. This can be considered as perturbation of M, thus contradicts
the fact that « € H by assuming v small than a certain computable value.

5. FURTHER COMMENTS AND QUESTIONS

This is a quantitative way of characterizing observability constant, mainly based on flux observations and
strong smoothing effects of the initial boundary value problem, e.g. Observations (¢)—(vii) and Lemma 2.4 in our
case. We believe that this method can be applied to many other models. Moreover, it is also of great interests
to consider the following further questions.

5.1. Observability constant behavior around critical points

Let Ly € N. Our method gives a finite constant ¢(Lg) > 0, while it also provides a vanishing sequence
{e(L)} 1yt ¢(L) — 0F. Apparently, this difference, e.g. the “jump” of the observability, comes from the
uncontrollable subspace M. Thus when the length is not critical it is natural to ask for the existence of subspace,
comparing to M, such that the observability constant of the quotient space is continuous. In other words, is
that possible to find some finite dimensional space M, for L near L such that the related “observability” of
L?/M7p, which is denoted by cg, (L), satisfies cg, (L) — ¢(Lo).

5.2. Optimal estimates

According to the duality between controllability and observability, the sharp observability inequality constant
is also the optimal control cost. This optimal estimate is of both mathematical and engineering interests, as
stated in Introduction, it is the fundamental result for many other studies upon this model. However, it does
not seem that the value that we obtain in this paper is optimal. Therefore, it would be interesting to further
get sharp estimates of ¢(L).

5.3. Observability inequality for small time

On account of to the smoothing procedure S(¢;(L, K;)) and Lemma 2.6, our constructive approach and
quantitative result only apply for large time, i.e. T bigger than some To(L, K1). It is not clear whether some
modifications and minimizations on our method can make the time small. What is the behavior of the constant
when T tends to 0, and what is the sharp asymptotic estimate? Should the cost be like Ce™ 7=, as it is the case
for many other models [9, 18]?
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5.4. Is backstepping another option?

Originally introduced to stabilize system exponentially [15, 20], recently it is further developed as a tool
for null control and small-time stabilization problems [14, 17, 28-31], the so called piecewise backstepping,
which shares the advantage that the feedback (control) is well formulated. It consists in stabilizing system with
arbitrary exponential decay rate (rapid stabilization) with explicit computable estimates, and splitting the time
interval into infinite many parts such that on each part backstepping exponential stabilization is applied to make
the energy divide at least by 2. Concerning our KdV case, at least for non-critical cases, rapid stabilization by
backstepping is achieved in [13], where they used the controllability of KdV equation with control of the form
b(t) = uy(t,0) — u,(t, L) as an intermediate step. If it is possible to perform piecewise backstepping by obtaining
Ce” type estimates on each step, then we are able to get null controllability and small time stabilization with
precise cost estimates.

APPENDIX A. THE L < 4 CASE
Let us consider the flow y(t) = S(t)yo. Integration by parts and (2.2) show

L T /L T
T/ yi(z)dz < / / Y (t, ) do dt + T/ y2(t,0)dt,
0 o Jo 0

then Poincare’s inequality leads to

L L2 T L T
7 [ @< [ [ Readeae [ 2o
0 0 0 0

T2

which combines with (2.1) yield

(T - M) /OL ya(z)dz < T/OT y2(t,0) dt.

32

Consequently, when T and L satisifes % + % < 1, the observability constant can be Miﬂim

APPENDIX B. SOBOLEV ESTIMATES AND SOME PROPERTIES
OF THE FLOW

We start from giving some quantitative Sobolev embedding and interpolation estimates. In the literature
these bounds are usually simply provided by some unknown constant C, for example Brezis [4] and Adams [1],
though ideas of getting which are well illustrated.

For any ¢ € (0,L/3),n € (2L/3, L), there exists A € (§,7n) such that

f(n) = f(§)
7

¢ (FI+ 11D -

e

7o = |

E
Therefore, Vo € (0,L),

@l =+ [ roa) < 2amison+ [ ol
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then we integrate £ on (0, L/3) and 7 on (2L/3, L) to get

/ 9 g k 7
@<z [ rwlaes [l

Hence,

g 2 162 2 2 r " 2
/O |f(@) P de < — i \ )| dt+2L/O £ ()| dt. (B.1)

Because for any ¢ € (0, L?] there exists n € N such that L/n € [§'/2/2, /2], we can split [0, L] by n parts. By
performing (B.1) on each part and combining them together, we get

648
/| @) x<26/ a2 "R at, V6 € (0,16,
thus

/OL|f’(:c)|2d:c§42< / LF( |2dt+6/ |2dt>,v5e(o,1]. (B.2)

Notice that (B.2) also holds for complex valued functions. By replacing f by f™), we also get

L L
/ £ (@) 2 da < 42 (5 / FOD ()P dt + / Rl >2dt) 6 € (0,1]. (B.3)
0 0
Moreover, we are able to find a constant £} which only depends on m and n such that
L L L
| itm@p < gy (o [CirmePas s [irop ), v e o, (B.4)
0 0 0
while, more precisely, E' can be calculated by
Ei =42, (B.5)
B, = 2742 (B, (B.6)
EfY = EFLN(ER 4+ 1). (B.7)

For ease of notations, we denote

L
an ¢:/0 |FO(@)? da = || f13,. and | fl70= 113 11

In fact, F} = 42 as shown in (B.2), further estimated are obtained from a reduction procedure on m. Suppose
that E? with ¢ <m are known, then from (B.3) and (B.4) we derive

U1 < BT (51am+5 (m—1) ao) V4, € (0,1],
Ay < E2 (5am+1 +46 am_l) , Vo e (O, 1]
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By taking 6; := 6/(2E3E™ 1), we obtain
am S 2E21 (§Gm+1 + 27n—1(E%yn—l(E:TrLl—l)m(S—nLao) ,

which concludes (B.6). As for (B.7), we perform (B.3) and (B.4) once again to get, for k < m,

ap—1 < E’,j_l ((5ak + 5_(k_1)a0) ,
< BE 7 (0B 0 (07 ¥y + 6 a) + 3¢ Vag)

< BEYER L+ 1) (5m+27kam+1 n 57(1@71)%) .

By taking 0 := (ao/(ao + a,,))"/™ in (B.3), we get

()] m—n ap + A\ n
< E" — ) + (—/———)m
4n = Em ((ao +am) am + ( ao ) a0> ’

<2E} ao 0™ (a0 + am) .

This implies that

£ 1% < 285, IIfHLz '

thus

111 < (2E"+1)||fHLz' IIfIIHm»V0<7”L<m

Now we turn to the proof of Lemma 2.6 and Corollary 2.7. Actually, assuming Lemma 2.6, for any g; there
exists fp, such that

V2
lgi = faillze < o

Suppose that P > R, then there exists ¢ # j such that f,, = f,,, contradiction, as

V2 =g — gillz2 <95 — fu, 1< V2.

Lz + ”gj - fnz

It remains to prove Lemma 2.6 which is of course a direct consequence of Rellich’s theorem. In fact, as the
injection H® — L? is compact, it suffices to find a finite open cover composed by the union of balls with radius
v/2/2. By this way, f; can be chosen in A. However, one does not know the exact value of covering balls. Instead,
we present a constructive proof, which explicitly characterizes the value of B.

Notice that if f € A then f satisfies, f € H and f(0) = f(L) = 0, which means

f= Z an sin (?) in H',

neN*
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with its H' norm given by

n 71'
1120 = 30 a2 12 = 3 a

neN* neN*

Thanks to (B.4) and the definition of A,

L
1£15: < Es (/0 1F2) (@)1 + IIf(x)||2d:v> = B3| fl7s,

then

< FiK?, (B.8)

Za

neN*

thus

_ K\2LE]

an >
nm

Next, we pick up all the functions of the following form, which are denoted by {f..},

et nmx
m o3
fm = g a,' sin (—L ),
n=1

e Jo EVPLEL 1 K\PIEL 2 K\OLE] M.
" ’ nmw M.’ nm M. nm M. [’

where N, and M, are some integers only depend on L to be chosen later on.

It can be proved that with a good choice of N, and M, the above sequence { f,,, } satisfies Lemma 2.6. Clearly,
fm € C>= C H3([0, L]). Let f € A. On the one hand, thanks to the above construction, there exists a function
fm such that

K\2LE! 1
" S Vne{l,2,..N,—1}.
ap’ — ap| < - oL n € { }
Hence
Sap—ap L LY LEIC L1 B
LM Ty S 2 oMZea? T 4 6 M

On the other hand, we know from (B.8) that
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Therefore, we can choose M, and N, as

M, = M,(L) = [KL %ﬂ N, = N.(L) = [2KL E?ﬂ

which yields

fm = £l72 =D (an — a)?

neN*

In such a case, the value of B(L, K) is given by (2M, + 1)Ne=1,

Proof of Lemma 2.2.
(7). Case k = 0. It is a straightforward consequence of (2.1)—(2.2) that

F) =1, F) = \/5L/3.
(ii). Case k = 3. Suppose that fo € L?, then as f satisfies

filt,x) = Af(t,z),t € (0,T),z € (0,L)
f(t,O) = f(t’L) = fw(tvL) =0,t¢ (O7T)
f(O,CL') = f0($)7.');‘ € (OvL)’

we know that g := f; = Af is the solution of

g:(t,x) = Ag(t,x), t € (0,T),z € (0,L)
g(t,0) =g(t,L) = g, (t,L) =0, t € (0,T)
9(0,z) = go(z) := (Afo)(x), z € (0, L).

Since
Juzl|7e < E3(8°|[tawall72 + 07 ullZ2),
we have
lugl 2 < \/ E;((SHU%MHL? + 6_1/2Hu||L2)-

Therefore, by choosing § := 1//4E} we get

1
ftellze < 5 utzzallze + AEDY Jullz2,
which implies

[tawallL2 < [|AullL2 + l[uall 2,
1
< [[Aullzz + 5 lluzgsll = + (4E5)*Jull 2,
< 2| Aul| 2 + 2(4E5)** |lull .2
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and

[Aullz2 < lluazallze + luallze < (14 \/E3)lulla.

Thanks to the result in the case kK = 0, we have

2L
Ifellzz.re) </ 5 Iollzz, If®)llzz < [l follce,

and, by replacing f by g,

T L of, L
/ / gfc(t,x) dedt < —/ gg(x) dz,
o Jo 3 Jo

L L
/ Gt ) de < / g8 (x) de,
0 0

which implies

JAF D)2z < IAfollze < A+ /EDI foll s,

2L
IACf2)l L2 0,m502) = 1(Af)all2(0,m302) < 4/ ?(1 + 1/ E3)|l foll s

Hence,

fraa (@)l < 200+ /B3 foll s + 24341 £ 2.
< 201+ \/ED | foll s + 2B fol 22,
1®llzz < Sl frea®llze + AEDY £,

(14 \/EDlfollas + 2(4E3)* | foll 2,
| fozaallzz 0,02y < 201A(f2) 20,2y + 2(4E3)* || full L2(0,7:22)

<221 JED ol + 222D ol

IN

thus

||S(t)f0\|c([o’T] H3,,(0,1) < ( 1+4/E3)+2( 4E3 3/4 + 1) ||f0HH(O)(O,L)7

|S(t )f0||L2(0TH(0)( L) = < V3 (1+ \/7 +2\/ 4E3)3/4 + f) Hf||H(30)7

which gives the value of F3:

(14 /Ed) +2(4E3)3/4 41,

35

(B.10)
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F? _2\/E1+\/> +2\/74E )34 + VL. (B.11)

(i73). Case k = 6. Suppose that fo € HS (0, L), then g := f, = Af satisfies

(0)

gi(t,z) = Ag(t,z), t € (0,T),z € (0,L)
9(t,0)=g(t, L) =9.(t,L)=0,te (0,T)
9(0,2) = go(z) := (Afo)(x), = € (0, L),

and h = g; = Ag = A?f satisfies

hi(t,x) = Ah(t,x), t € (0,T),z € (0, L)
h(t,0) = h(t,L) = h,(t,L) =0, t € (0,T)
h(0,z) = ho(z) := (Afo)(z) = (A%fo)(x), = € (0, L).

Simple embedding estimate shows
[0l 22 < 31a@l e + 16052 sz, 16 llzz < /B ule,
W e < FHa® g2+ 2082 Yl 2, g2 < /B2l
It is known from the case k£ = 0 that
1FO@) +2£ D) + FP@)L2 = A1) |2 < lhollz2,
||f(7) + 2f(5) + f(3)||L2(0,T;L2) = [|hel|L2(0,1;12) < %”hOHL%
which, combined with the preceding embedding estimates, yields

1FO @2 < Alholl s + 128(ED 2| flL1e + 82| 12,
< (8\/Eé‘ T4/ 4 128(E + 8<E§>3/4) follas,

and

1F N L2 0,m22) < el z20.7502) + 128(Eg)3/2||fw||L2(O,T;L2) + 8(EL* Y fall 20.1:12)

< 4\/>||ho|L2 + \/ (128(E4)3/2 + 8(E2)3/4) | foll L2+
< (8\/?(E§)1/2 + 4\/?(136)1/2 + 128\/?(%)3/2 + 8\/?@3)3/4) .

Thus, the value of F? can be chosen as

FS = 8\/Ef +4y/ E2 +128(EL)3/? + 8(E2)*/* 41,
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2L 2L 2L 2L
F} =8\ 50 (E)'? + 44/ 5 (B2 + 128y | FH(E)*? + 8\ (B + VL.

(#i1). Case k =1,2,4,5. It can be achived by the (real) interpolation of Sobolev spaces. To avoiding getting too
much involved into this classical theory, we directly use some quantitative results in [8], and following several
related notations there.

m a m [
B i= 3 ()10 atay Nl o= 3 () 10%ul0

am am
the interpolation spaces as well as their norms are given by K-method,

H' = (H°(0,L),H3(0,1L))
H* = (H3(0,L),H°(0, L))

,H? = (H°(0,L),H?(0,L))
. H? = (H*(0,L),H°(0, L))

|

)

@
w(ro

b

@l

ol

L2H? := (L*(0,T;H' (0, L)), L*(0,T; H* (0, L)) ., L2H3 := (L*(0, T3 H' (0, L)), L*(0, T H* (0, L))

W=
Wt

LZH? = (L*(0,T;H"(0, L)), L*(0,T;H™ (0, L)) ., L2HS := (L*(0, T H*(0, L)), L*(0, T H (0, L))

W=
Wy

Then we have the following lemma concerning these interpolation spaces.

Lemma B.1. (I) There exists an extension € and constants Ay, = A\ (L) such that
E:H™(0,L) - H™(R),

HUHHW(O,L) S ||EUH'H"’(R) S )\m||u||7.¢m(0’L),Vm S {O, 1,2,3,4,5,6, 7}

(II) The norms H™(0,L) and H™ are equivalent:

(X)) ulwr o,z < e < lullzoo.0)- (B.12)

moreover,

A5 75 lull 2o rsae0,ny) < lullzzz < lullzeorae0.0)- (B.13)
Similar results hold for H™ and L2H™+1 when m € {2,4,5}.
(III) There exist constants G™ such that

[l 0,y < [[ull#mo,Ly < G™[|ullzrmo,z), Ym € {0,1,2,3,4,5,6,7}.

Proof of Lemma B.1.
(I) This is a classical extension problem, we recall Stein ([26], p. 182, Thm. 5’) for a precise construction. In

fact the same type of results also exists for many other spaces, like Besov space etc.
(IT) Inequality (B.12) is exactly ([8], Lem. 4.2), and the same method also leads to (B.13).
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(IIT) The first inequality is obvious. It suffices to prove the second one. If m = 0 or 1, then G™ = 1. Else, we
get from the definition that

m (6%
B0y = 3 () 10l

a<m
m
SRR DI U [ A
o<a<m
m
<lulfmon+ 5 (7Bl ymoan
0<a<m

m [0
= Nl oz (1 > (Q)Em> |
0<a<m

which gives the value of G™:

O

Armed with the preceding lemma, we can apply the interpolation theory on cases k = 1,2,4 and 5. Here
we only prove the case k = 1, while the other cases can be treated in the same way. Since we are dealing with
the KdV flow, we add the natural compatibility conditions on interpolation spaces, for example H, (10) which is

endowed with the same norm as H'.
For any ¢ € (0,T], we define a mapping operator

Ly:fr— SH)f.
We also define
Ly:f— S f,te[0,T].
From the preceding part we know that, for m € {0,3} the linear operators

L5 H{g (0, L) = H (0, L),
['1 : ?8)(07L) - L2(07T7 7‘[?6;—1(07[/))7

are bounded. Indeed, these bounds are given by
I£5ll3¢m 2 < FGPG™, ([ Lallggm p29gmer < F"G™ L

Therefore, thanks to the interpolation theory, we get

2 1 2 1
1261157 77 < L6130 3001 €613 500 < (FYG®)3 (FFGP)3,

z 3 01\ 2 [ 123 dy L
||£1||ﬁ,L2H2 < Hﬁluyo,mq{l|‘£1H7.L3,L2H4 < (FYGY)3(FYGT)5.
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Thus

L5131 20 < (A0)F (N3 5| Ll 77 < (ACESGO) S (NP FSGP)3,

1113 zoree < (WD) F N3 LS|l g2z < W FPGYS (VFRGY)3,
hence

1L < GHILE [ 3r < GHACFIG)E (NP F3GP)3,

|£allir 22 < MLl pone < GHNFYGY S (NFPGYS,
Hence we get
1S (t) foll o= ([0 [0.7);H}, (0.L < Fy Hf”H(O)
I15( )fOHLQ(OTH(O)(OL Fle”H(O)
with Fg, F}l defined by
Fl = G' (ARG5S (N F2GP)s, Fl = G'(W'FPGY S (AN FRGY)s.
As the flow conserves the Sobolev regularity, we know that

[15(t) foll co(ro,11; H (0.0)) S < FlIfllmz (0.1)- (B.14)

(0)
Similar calculation provides
F3 = GQ(AOF(?GO)%(A3F3G3)% 2= GQ(AlFoal)%(A‘*FSG‘*)%
FY = GY VRGN FSGO)s, Fl = GY N FRGY 3 (WFSGT)3,
FY =GN FGP)F (A F{G)3, FY = G5(A4F3G4)% (NFPGT)5.

MH

O

Proof of Lemma 2.4. Since the L? energy of the flow decays, it suffices to prove (2.5). For any t € (0, T], there
exists a unique n € Z such that ¢ € (27,2"!]. Then, thanks to Lemma 2.2, we can find some t' € (271 2"]
satisfies

ISE) ol < FF2= 02 fy gy

6 (B.15)

Otherwise, we have

T 2m
/ IS o)l e > / IS o)l
0

on—1

> [ E el

n—1
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2
= (Flfollas, ) -

which is in contradiction with (2.4). Thanks to inequality (2.3), we get

IS() follgrer = 1S = ) (SE) fo)ll s
< FEHS() foll g
<2 CUEEE foll gy

< 2t’1/2F1kFé“+1||f0||H(ko), Vte(0,T), T<L. (B.16)

By applying (B.16) with £ = 0,1, ..., k respectively, we are able to get

ar’

15@) foll gy, = H (S(vtz))nfo‘ ©

¢ —1/2
2( = anan

IN

(s(H)" .

(0)

¢ -1 ¢ n—2
1() momEen|(sG) Al

(0)

IN

n—1
[T FiFit™ | lfollee, Yt e (0,7], T < L.
=0

ann/Z
= tn/2

Hence, we conclude the proof of Lemma 2.4 by selecting
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(10]

k—1
FFo=2Fkb2 (T] IR |, k€ {1,2,3,4,5,6}. (B.17)
1=0
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