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OBSERVABILITY AND UNIQUE CONTINUATION OF THE
ADJOINT OF A LINEARIZED SIMPLIFIED COMPRESSIBLE
FLUID-STRUCTURE MODEL IN A 2D CHANNEL

SOURAV MITRA®

Abstract. We consider a compressible fluid structure interaction model in a 2D channel with a simpli-
fied expression of the net force acting on the structure appearing at the fluid boundary. Concerning the
structure we will consider a damped Euler-Bernoulli beam located on a portion of the boundary. In the
present article we establish an observability inequality for the adjoint of the linearized fluid structure
interaction problem under consideration which in principle is equivalent with the null controllability
of the linearized system. As a corollary of the derived observability inequality we also obtain a unique
continuation property for the adjoint problem.
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1. INTRODUCTION

This article deals with the observability and unique continuation properties of the adjoint of a linearized
compressible fluid structure interaction problem. In order to introduce our model in a fixed domain it is first
important to present the non linear fluid structure interaction dynamics and obtain the linear model via a
suitable linearization procedure. We remark that this linearization process is not unique and depend on the
structure of the map which we will use to bring the time dependent domain to a fixed reference configuration.

1.1. Motivation

In this section, we introduce the full non-linear compressible fluid structure interaction model which we aim
at studying from the controllability point of view, even though our work is only a preliminary work in this
direction.

Our goal here is to explain how, starting from a control problem for a compressible fluid-structure interaction
model, we derive a linear model (¢f. Sect. 1.1.4) which should, in principle, contain some of the main difficulties
related to the non-linear model.
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FIGURE 1. Domain ;.

1.1.1. The Non-Linear Model

We first define a few notations corresponding to the fluid and the structural domain. Let d > 0 be a constant
and Q = (0,d) x (0,1). We set

s =(0,d) x {1}, Ty=(0,d)x {0}, I'=TsUTy.
For a given function
B:Tsx (0,00) = (—1,00),

which will correspond to the displacement of the one dimensional beam, let us denote by €, and I's; the
following sets

Q={(z,y) |z €(0,d), 0<y<1l+p(z,t)} = domain of the fluid at time ¢ (Fig. 1),
Fs,t:{(mvy) |.’E€(O7d), y:1+6($,t)}

the beam at time t.

The reference configuration of the beam is I'; and we set

Yr=Tx(0,7), ¥ =T, x (0,7),
25 =Ueon)lse x {t}, X =Tex (0,7), (1.1)
QT =0 x (07T)7 QT = UtG(O,T)Qt X {t}

We consider a fluid with density p and velocity u. The fluid structure interaction system coupling the
compressible Navier-Stokes and the damped Euler-Bernoulli beam equation is modeled by the following
equations

O¢p +div(pu) =0 in Qr,
p(Ou + (u.V)u) — pAu— (u+ i/ )Vdivu + Vp(p) =0 in Qr, (1.2)
attﬁ - 8t:mcﬁ + 89:1’3016 = (Tf)Q on Z,‘;

We assume that at the fluid structure interface the following impermeability condition holds

U("t) Ny = (07at/8) ‘g On 2\3/’7 (13)
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where n; is the outward unit normal to I'y ; given by

aB 1 2 (& = (1,0) and & = (0,1)).

"V @er Vv @ar

The fixed boundary Y% is assumed to be impermeable and here the impermeability condition is given as follows

u(,t)-n=uy=0 on X%, (1.4)
where n is the unit outward normal to I'y. The fluid boundary is supplemented with the following slip condition
curlw) =0 on X5 UYL, (1.5)

where curlu = (%—7;1 — %), denotes the vorticity of the vector field u. In the system (1.2), the real constants p,

1/ are the Lamé coefficients which are supposed to satisfy
uw>0, (4 +2p)>0.
In our case the fluid is isentropic i.e. the pressure p(p) is only a function of the fluid density p and is given by
p(p) =ap”,

where a > 0 and v > 1 are positive constants.
We assume that there exists a constant external force P,.,; > 0 which acts on the beam. We then introduce
the positive constant p defined by the relation

Peyr = aﬁy'
To incorporate this external forcing term P..; into the system of equations (1.2), we introduce the following
P(p) =p(p) = Peat = ap” —ap”. (1.6)

The non-homogeneous source term of the beam equation (7)s is the net surface force on the structure which
is the resultant of force exerted by the fluid on the structure and the external force P,.,; and it is assumed to
be of the following simplified form

(T)2 = (—(p' + 2p)divung + Png) |, , 1+ (8:8)?- €& on X7 (1.7)

Remark 1.1 (The physical model and simplification.). The stress tensor corresponding to a Newtonian fluid
with velocity v and pressure p is of the following form:

S(u,p) = 2uD(u) + p'divuly) — plg, (1.8)

where where 1, is the identity matrix and D(u) is the symmetric gradient given by

D(u) = %(w + V7).
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In view of the expression (1.8) of the stress tensor, the net force acting on the beam should be given as follows:

(Tf)gh = ([-2uD(u) — p'divu I] - ny + Pny) Ir.. V1+(0.6)?-€ on X7. (1.9)

Instead of using the force (1.9), we assume, for technical reasons (see Rem. 2.1), that the net force acting on
the beam is given by (1.7).

Although this might seem physically irrelevant, let us point out that the resulting simplified model (1.2)—(1.7)
admits an energy equality which is explained in the following. d Assuming the data and the unknowns p, v and
B are periodic in the x direction, we can formally derive the following energy dissipation law for the system
(1.2)—(1.7) (the detailed computation can be found in Section ([30], p. 211, App.))

L
1d , d a 14 ,
i e |+ & e |+ S d
2 dt /pw ol T /(7—1)p o RrT /@5‘ “
0

st (1)
1d /
+55 /|(3mﬂ|2 dz | +p / |curlu|® dz + (¢ + 2u) / |divu|? dz (1.10)
0 Qg (1) Qp(1)

L
+ / 1000 8] d = — ot / 0,5,
0 Iy

Let us also point out that a similar simplified expression of stress tensor was considered in [21] and [20]. We
would like to refer the readers to the Remark 2.3 for the technical details behind considering the simplified
model (1.2)—(1.7).

1.1.2. Control Problem and Extension Arguments

Our goal will be to discuss a control problem with controls acting from the boundary in the z-variable. So
far, we did not make precise the boundary conditions in the x-variable, as the controls we shall consider will
precisely act on these boundaries. But in fact, the boundary control functions will never appear explicitly, as we
will first do an extension argument in the direction of the channel and then study the distributed controllability
for (1.2)—(1.7) in the extended domain with controls localized in the extension of the domain. We thus take
L > 0 and embed I’y into Ty, x {1} and € into Ty, x (0,1) where Ty, is the one dimensional torus identified
with (—L, d+ L) with periodic conditions. Then we consider the controls v,xz, (for the density), v, Xz, (for the
velocity) and vgxg,, (for the beam), where xg, and Xz, , are the characteristics functions of the sets w; and
wp,+ which are defined as follows

Wt = {(z,y) |z €[-L,0), 0<y <14 Bz, t)} U{(z,y) | v € (d,d+ L],
0<y<1+p(zt)}
wpe = {(z,y) |z € [-L,0), y=1+ B(z,t)} U{(z,y) | z € (d,d + L],
y:]-'i_ﬂ(xat)}'

(1.11)

Notice that @y ¢ is the boundary of &, (Fig. 2).
To write the control system we further introduce the following notations

Q7 ={(z,y) |z €Ty, 0<y<1l4pP(zt)} = extended domain of the fluid at time ¢,
re={(z,y) |z €Ty, y=1+p(z1)} = the extended beam at time t¢.
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FIGURE 2. T, = (—L,d+ L), @y = @} U@}.

Our control system then reads as follows

Oep + div(pu) = vpxa, in Uge(o,r) QF° x {t},

p(Opu + (u.V)u) — pAu — (p+ p')Vdivu + VP(p) = vyxz, in Uieor) O x {t},

uz = 0y + 0y fur on Useo,1) I'sh x {t},

ug =0 on (T x {0}) x (0,T),

curl(u) =0 on Uyeo,r) s < {t}, (1.12)
curl(u) =0 on (T x {0}) x (0,T),

u(+,0) = ug inTy x (0,1),

0(0) = po inTy x (0,1),

OitB — OreaB + OzaaaB = (Tf)2 + vaXa,, on (T x {1}) x (0,T),

B(-,0) =By and 0:8(-,0) = inTy x {1}.

It is standard to deduce a boundary controllability result for the system (1.2)—(1.7) from a controllability result
of the system (1.12) by restricting the data at the boundaries in the z-variable.

1.1.3. Transformation of the problem to a fired domain

To transform the system (1.12) in the reference configuration, for g satisfying 1 + S(x,t) > 0 for all (z,t) €
Tz x (0,T), we introduce the following changes of variables

(I)/g(t) : sz — Tp x (O, 1) defined by

Pa)(7,y) = (x,2) = (”3 Hﬂy(xt)> ’

s Upe(o,m Q5" x {t} — (T x (0,1)) x (0,T) defined by

By(z,y,t) = (2,2,1) = (m méj(:pt)t) .

(1.13)

Remark 1.2. It is easy to prove that for each ¢ € [0,7"), the map ®g(y) is a C1— diffeomorphism from Q¢ onto
Ty x (0,1) provided that (1+ B(x,t)) > 0, for all z € Ty, and that 3(-,t) € C*(Ty).
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Observe that the map ®3(;) can be uniquely extended to the boundary I'¢% with values in T, x {1}, by using
the same formula (1.13);. With the change of variable @4 (introduced in (1.13)), the control zones in the
reference configuration are written as follows

w=((=L,0) % (0,1)) U (d,d+ L] x (0,1)) = {By0 (w,) | (,0) € Gl 110
wy = ((=L1,0) < {1} U (dd+ L] x {11) = (@) (@,9) | () € B} |

We set the following notations

pla,z,t) = p(®5 (,2,1)), Ulx, 2,1) = (U1, U2) = u(@5 (, 2,1)),
V(w,z,t)e( ><(, )
Z)\O(xaz) = pO((I)E(lo)(xaz))v aO(‘T’Z) = UO(@E(lo)(x Z)) ( ) €TL x (Ov 1)’
VpXw(Z, 2,1) = vpxgt(q)[;l(x,z,t)), VaXw (T, 2,t) = vuxz, (Pg Yz, 2,1)),
Y(z,2,t) € (T x (0 1)) x (0,T),
VB Xw, (T, 1,1) = UBXQb,t(‘I’El(% 1,t)), Va € Tp and Vte (0,7).

) % (0,7),
(1.15)

After transformation the nonlinear control problem (1.12) is rewritten as following

~ Uu o~ g
O¢p + (141r5)(a2 —zaiﬁ—zﬁlazﬂ) -Vp + pdivu
— F1(3.2,8) + vpxe in (T;, x (0,1)) x (0, ),
p(ou+ (u-V)u) — pAu — (' + p)V(diva) + VP(p)
= F(p,u, ) + vaxe in(Tp x(0,1)) x (0,T),
U-n="uy =0 + 0,5 on (T x {1}) x (0,7),
u(-,t)-n=0 on (T x {0}) x (0,T),
Bo Uy 20,0:us

cwrlds = 8,70, — Oytia = 18 Grh on ((Ty, x {0,1}) x (0,T),

u(-,0) = up inTy x (0,1),
p(-,0) = po inTy, x (0,1),
attﬂ - 8tacac/6 =+ amcacacﬁ
= (= (W +2p)divi + P(p)) + F3(5, 4, B) + vaxw,  on(Tr x {1}) x (0,T),
B(0) =By and 0;B(0) = b in Ty, x {1},

(1.16)
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where the non homogeneous terms Fy(p,u, 8), F2(p,u, ) and F5(p,u, 5), are non linear in its arguments and

are given by

Fy(7..8) = oy (00,85 + 590.7).
Fy(p, 0, B) = —Bpoyii + 2p0, 0B — Bptis 0yl + 11051105 Bp% + 1 BOall — gf:izg)
—~ 8zzaz2(axﬁ)2 ~ (1 + /6)283292/8 - 2(6306)225 n.

—281ﬂz6mu+7(1+5) + 0.u( 1+7) )+ (n+ )

- ~ 2 o

a+g (1+9) 117
_awﬁazUQ _ 81628zzu2 '
(1+5) (1+8)
7827/882&1 . azﬂzazzal - ﬁazziL\Q
. (1+5) 1+p5  (0+5 .

— (B0 P(p) — 0. P(p)20:P)ei,

BN / 0,10, 0;u

and n denotes the unit normal to the boundary (T x {0,1}) of the extended reference domain (T x (0,1)),
i.€.

on Tp x {1},
on TL X {O}

In view of the expression above of the normal to the boundary at the fixed reference configuration, from now
on we will just use the notation we and —ws to denote w-n on Ty, x {1} and Ty, x {0} respectively for a vector
field w.

The interface boundary condition (1.16)5 is obtained by considering the trace of the following calculation
(which makes use of chain rule of derivatives):

BO-uy
(1+5)

Zaxﬁaza2
(1+p) 7

curlu = 9y ug — Opug = 0,U10yz — Oyplly — O, U20,2 = curlu —

and finally using the relation curlu = 0 on U, I's% % {t}. Since 8 =0 on Ty, x {0}, (as we do not consider
a structure on Tz, x {0}) (1.16)5 of course implies that curlz = 0 on Tz x {0}.

1.1.4. A control problem for the linearized model around the stationary state (p,w,0)

We first pose the question of local exact controllability to the steady state (p,w,0), where

p > 0 is such that P.,; = ap” and U = (%1> , U1 > 0 is a constant, (1.18)

which is obviously a stationary solution of the system (1.2)—(1.7) or (1.12) without the control functions.

To be more precise, if (pg, uo, S, B1) is close in a suitable topology to (p,%,0,0), then the question of local
exact controllability of (1.12), aims in finding control functions (v,,vy,vg) such that the solution of (1.12)
satisfies (p(T),w(T), B(T),0:.8(T)) = (p,w,0,0).
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Since we give a sense to the solution of system (1.12) by posing it into a fixed domain, i.e. the system
(1.16) we will rather talk about the controllability of (p,u, 8,9:3) around (p,%, 0,0). Of course (p,w,0) is also
a stationary solution to (1.16) without the control functions.

The following change of unknowns

G=p-p HU=u-7 B=pB-0, (1.19)

reduces the controllability problem to the state (5, @, 0, 0) for (p, @, 8, 3;8) into a local null controllability problem
for (o,u, 8,0:5).

We further introduce the following notations corresponding to the control functions which are consistent with
the new unknowns defined in (1.19).

Vs Xw = UVpXwr, VaXw = VaXw- (1.20)

In fact, as we would like to obtain a local null-controllability problem for (7,u, 8, 9;8), it seems reasonable to
start by considering the linearized problem around the state (0,0,0,0). Starting from system (1.16) and the
non-linear terms (1.17) and dropping all the non-linear terms in (7, u, £, 0;8), we obtain

010 + U10,0 + pdiv = vz X in (T x (0,1)) x (0,7),
(0 + w1 0, u) — pAu — (' + p)V(diva)
+P' (p)VT = vaXw in (Tz x (0,1)) x (0,T),

Ug = OB + 10,0 on (T x {1}) x (0,T),
U =0 on (Tr x {0}) x (0,7,
curlu =0 on ((Ty x {0,1}) x (0,7, (1.21)
u(-,0) =up —u =1 inTy, x (0,1),
a(-,0)=po—p =09 inTy x (0,1),
01t — OtzzB + OxazaB

= (— (¢ +2p)diva + P'(p)7) + vpXw, on (T x {1}) x (0,T),
B(0) = o and 9;B(0) =B inTy x {1}.

In the present article we will prove an observability inequality corresponding to the adjoint of the system (1.21).
The observability inequality proved here implies by duality the null controllability of the linear system (1.21).
But the observation will be obtained using strong norms of the unknowns which will only allow the attainment of
the null controllability result for (1.21) in a very weak sense (i.e. in some negative order Sobolev spaces), which
are not enough to pass from the null controllability of the linear system (1.21) to the local exact controllability
of the non linear model (1.16). This is the reason why we will only present the observability result for the adjoint
of (1.21) without stating the corresponding controllability of (1.21) in negative order Sobolev spaces.

1.2. Main result: Observability of the adjoint of (1.21)

In order to study the null controllability of the linearized problem (1.21), the classical strategy is to prove
the observability of the adjoint system of (1.21). Here, the adjoint system of (1.21) is computed with respect
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to the scalar product L?(Ty x (0,1)) x L*(T x (0,1)) x L?>(Tg x {1}) x L?(Tg, x {1}) and reads as follows:

—0yo —u10,0 — P'(p)dive = 0 in(Tg x (0,1)) x (0,7,
—p(0pv + U1 0,v) — pAv — (¢ + p)V(dive) —pVe =0 in (T x (0,1)) x (0,7T),
vy =1 on (Ty x {1}) x (0,T),
ve =0 on (Ty x {0}) x (0,7T),
curlv =0 on ((Tr x {0,1}) x (0,7, (1.22)
v(-,T) =vr inTy, x (0,1),
o(+,T)=or inTy x (0,1),
O + Otaat) + Opaaat)
= (0p + W10 [(1' + 2p)divv + po] on (T x {1}) x (0,7T),
Y(T) =17 and OY(T) =k inTy x {1}.

A formal derivation of the adjoint model (1.22) from (1.21) is given in the Appendix, Section A.1l. The well-
posedness of system (1.22) is stated as the following result, which is proved in Section 2.1:

Theorem 1.3. Let

(o, vr, ¥, ) € HA(Ty, x (0,1)) x H3(Ty, x (0,1)) x H3(Ty, x {1})

X (1.23)
x H (T, x {1}),
and the following compatibility relations hold
(1) (@) (vr)2 ="r, on Tp x {1},
(0)  (vr)2 =0, on Ty, x {0},
(44) curlvy =0, on Tr x {0,1}
(i) (a) —wds(vr)2 + LA(vr)y + LHD, (divor) (1.24)
—0,0r = 1[}% on T x {1},
() —Tda(vr)2 + LA(vr)2 + L9, (div o)
—0,07 =0 on Tr, x {0}.

Then the system (1.22) admits a unique solution (o,v,1) which satisfies the following regularity

o € CO([0,T); H*(Ty, x (0,1))) N C*([0, T]; H'(Ty, x (0,1))),
v e L2(0,T; H3(Ty, x (0,1))) N HY(0,T; H2(T;, x (0,1)))

NHZ(0,T; L2(Ty, % (0,1))), (1.25)
€ L2(0,T: HA(Ty, x {1})) N H (0, T; HX(T;, x {1}))

NH2(0,T; L2(Ty, x {1})).

Remark 1.4. A similar well posedness result can be proved for the linear primal problem (1.21) which we do
not state here. For the statement and the proof of this result one can consult ([30], Thm. 4.1.3, p. 153) and
([30], Sect. 4.2.2, p. 172).

The central result of the present article is the observability inequality of the adjoint system (1.22):
Theorem 1.5. Let (p,w,0) be as in (1.18), T > 0 be such that

d
T>— 1.2
> o0 (1.26)
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and

L=5uT > 0. (1.27)

There exists a positive constant C' such that for all

(o vr b, wh) € H3(Ty x (0,1)) x H*(Ty x (0,1)) x H¥(Ty x {1}) 12s)

x HY(Tp x {1}), '
satisfying the compatibility conditions (1.24), then the solution (o,v,v) of the problem (1.22) (in the sense of
Theorem 1.3) satisfies the following observability inequality:

llo (-, 0)ll 1ty x 0,1)) + 100 O 2Ty % (0,1)) + [[(¥(5,0), 063 (-, 0)) | E3 (T x 13)) x Y (T x {1})
< Ol 2 ry + Cllvllrzo,: 52 @)1 (0,131 () + Cllol| L2 0,151 (w))- (1:29)

where the notations w and wy, for the observation sets were introduced in (1.14) and wr = w x (0,T), wi =
wp X (O,T)

Comments on the choice of T and L in Theorem 1.5: At a first glance the assumption (1.26) containing d
might seem surprising since d does not explicitly appear in (1.22) and (1.29). The reason is that now we are
dealing with the extended fluid domain Ty, x (0,1) and the choice (1.26) asserts that L > 5d. We recall (1.26)
and (1.27). The condition (1.26) means that the time of observability should be greater than the time taken to
cross the channel length d by a particle moving with a velocity (@,0). This condition is imposed due to the
hyperbolic nature of the transport equation satisfied by o in the system (1.22). In fact this condition plays a
key role in obtaining the observability estimate for a hyperbolic transport equation in Section 3.4. Our proof in
Section 3.4 depends on a duality argument and a controllability result for the dual to the problem considered in
Section 3.4 which is obtained in [14]. Hence one can consult [14] for a more explicit construction of the controlled
trajectory where the restriction of the final time (1.26) comes into play.

The role of (1.27) can be better explained after we define some Carleman weights in Section 3. Hence we
refer the readers to the Remark 3.1 for the explanation behind choosing L as in (1.27). Still, let us mention that
from the control point of view, the value of L > 0 does not play any role in the restriction argument presented
in Section 1.1.2.

The following is a corollary to Theorem 1.5 and corresponds to the unique continuation property for the
system (1.22):

Corollary 1.6. Let (p,w,0) be as in (1.18), T > 0 and L > 0 satisfies (1.26) and (1.27). Further let
(o7, vr, 7, k) satisfies (1.28) along with the compatibility conditions (1.24). If the solution (o,v,v) of the
problem (1.22) (in the sense of Thm. 1.3) solves (o,v) = (0,0) in wr and ¢ =0 in wi, then

(o,0,0) =0 in ((Tz x (0,1)) x (0,T))% x (T, x {1}) x (0,T)),

where wy = w x (0,T), wl = wy x (0,7).

The proof of Corollary 1.6 will follow from an intermediate step in the proof of Theorem 1.5. The proof is
included in Section 4.3.

Remark 1.7. As a special case the results Theorem 1.5 and Corollary 1.6 imply the observability and unique
continuation of the adjoint of linearized compressible Navier-Stokes equations in a 2D channel where the fluid
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velocity satisfies the Navier-slip boundary condition without friction at the lateral boundaries i.e
vo=0 and (2uD(v)+ p/dively)n-7=0on (Ty x {0,1}),

where n and 7 respectively denotes the normal and tangent to the boundary. To the best of our knowledge
this result is new in itself. The only articles so far dealing with the controllability and observability issues of
compressible Navier-Stokes equations in dimension more than one are [14] and [33] where the problem is posed
in a torus.

1.3. Ideas and strategy

Now we will briefly discuss our ideas and strategy to prove Theorem 1.5.

The underlying idea behind the proof of Theorem (1.5) is the identification of the suitable unknowns to track
down the dynamics of (o,v,%). It is well known that the coupling of o and v is strong. When considering the
primal problem (1.21), the dynamics between &, @ can be made simpler by introducing the effective viscous flux,
see [29] and [17]. For the adjoint problem, a similar quantity, already used in [14], also simplifies the description
of the dynamics:

q= (¢ +2p)divo + po. (1.30)

This can be termed as the dual version of the effective viscous flux. Now in our case it is important to identify
the behavior of ¢ at the boundaries and specially at the fluid solid interface. This way we obtain a closed loop
system solved by (o, q,1). For details we refer the readers to Section 2. One can in particular look into the
system (2.3) to observe that unlike the coupling between o and v in system (1.22), the coupling between ¢ and
q is of lower order. Also it is easier to deal with (o, g, 1), since it has less degrees of freedom in comparison with
(0,v,1). We use this new set of unknowns (o, ¢,%) both to prove the well posedness result stated in Theorem
1.3 and the observability Theorem 1.5. In Section 2 we prove Theorem 1.3.

Next we focus in proving an observability inequality for the system satisfied by (o, ¢, ). In that direction
we first separately study the observability inequalities of some scalar equations i.e an adjoint damped beam
equation, an adjoint heat equation and an adjoint transport equation. The observability estimates for the adjoint
damped beam and the adjoint heat equations rely on Carleman estimates while for the adjoint transport equation
we use a duality argument and some controllability estimates motivated from [14]. The main difficulty here is
to obtain these separate observability estimates with a single goal of combining them suitably to obtain an
observability for the coupled system solved by (e, ¢, ). For the parabolic hyperbolic couplings this question is
handled in the articles [1], [14] (for compressible Navier-Stokes equations), [33] (for compressible heat conducting
fluid) and [8] (for damped viscoelasticity equations). The idea is to use compatible weight functions for the
parabolic and hyperbolic equations so that the resulting observability estimates can be suitably combined. In
our case along with a parabolic hyperbolic coupling there is a direct coupling between ¢ and 1 at the fluid
boundary (see the system (2.3) for details). Hence to use the ideas from [1], [8] and [14] in our case there is not
many options other than considering a one dimensional weight function, since the beam is one dimensional. We
introduce such weight function in Section 3.1. Then using this weight function we state a Carleman estimate
for the adjoint damped beam equation, see Section 3.2 for details. This Carleman estimate is taken from a very
recent article [31] or more appropriately from ([30], p. 182, Sect. 4.3.2). Then using the same weight function for
an adjoint heat equation with Neumann boundary condition we recover a Carleman estimate proved in [18]. Of
course the weight functions considered in [18] and the present article are not the same. This Carleman estimate
is included in Section 3.3. In the beginning of Section 3.3, we also point out the difference between our weight
function used in proving the Carleman estimate for an adjoint heat equation with the one standard in the
literature. Then the same weight function is used to obtain an observability estimate for an adjoint transport
equation in Section 3.4. This is done first by obtaining some controllability estimates in the spirit of [14] followed
by a duality argument.
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Next in Section 4 we combine the Carleman estimates obtained in Section 3. First using suitably large values
of the parameters we are able to prove a Carleman estimate (4.1) and an inequality corresponding to the unique
continuation property for the system satisfied by (o, g, ). This inequality is explicitly given by (4.9). It is not
surprising to obtain an estimate of the form (4.9) by combining three different observability estimates. In fact as
it is well known that the Carleman parameters quantify the compactness of a system hence our strategy to obtain
the inequality (4.9) strongly relates on the proof of Step 1 in Theorem 1.3, where we prove the well posedness of
(2.3) by gaining a time integrability of a suitable fixed point map. After this unique continuation estimate is used
to show an observability estimate of (o, ¢,%) at some intermediate time, see (4.10) for details. We further use a
well posedness result for the system satisfied by (o, ¢, %) to obtain an observability estimate over (o, g, ) at initial
time ¢ = 0. Finally using this observability estimate over (o, ¢,%)(-,0) we recover an observability estimate of
(0,div v,v)(-,0), which combined with an observability inequality of curl v(-,0) furnishes the desired inequality
(1.29).

1.4. Related bibliography

Concerning the incompressible Navier-Stokes equations in a 2D domain one can find a result proving the
local exact controllability to trajectories with localized boundary control in [23]. It is assumed in [23] that the
fluid satisfies no vorticity boundary condition in the complement of the control part of the boundary. Local
exact controllability to trajectories for incompressible Navier-Stokes equations in a 3D domain with distributed
control and homogeneous Dirichlet boundary condition can be found in [26]. With less regularity assumption
on the target trajectory the result in [26] was improved in [19]. We would also like to mention the article [24]
for the local exact distributed controllability to trajectories for incompressible Navier-Stokes equations in a
3D domain with non linear Navier-slip boundary condition. In all of these articles the fluid is assumed to be
homogeneous i.e the fluid density is constant. In a very recent article [2] the authors prove the local exact
boundary controllability to smooth trajectories for a non homogeneous incompressible Navier-Stokes equation
in a three dimensional domain. For global controllability results for incompressible Navier-Stokes equations we
refer the readers to [12], [7] and the references therein.

Now we quote a few articles dealing with the controllability issues of fluid structure interaction models. In
fact to the best of our knowledge the only known results concerning the controllability issues of a fluid structure
interaction problem in dimension greater than one deals with the motion of a rigid body inside a incompressible
fluid modeled by Navier-Stokes equations where the structural motion are given by the balance of linear and
angular momentum. Local null controllability of such an interaction problem in dimension two can be found
in [5] and [25]. In dimension three a local null controllability for such a system is proved in [4]. The article
[35] deals with the problem of feedback stabilization (in infinite time) for an incompressible fluid structure
interaction problem in a 2D channel where the structure appears at the fluid boundary and is modeled by an
Euler-Bernoulli damped beam, the one we consider in (1.21)g—(1.21)9. To our knowledge so far there does not
exist any article dealing with the finite time controllability of a fluid structure interaction problem (neither for
incompressible nor compressible fluids) in dimension more than one where the structure appears at the fluid
boundary. We would also like to refer the readers to [22], [41] and [42] for observability estimates individually
for the Euler-Bernoulli plate equations and Kirchoff plate systems without damping.

We also like to quote a few articles from the literature dealing with the controllability issues of compressible
Navier-Stokes equation. In fact our strategy to handle the coupling of the fluid velocity and density in the system
(1.21) amounts in introducing a new unknown namely the effective viscous flux and this strategy is inspired
from the article [14]. The article [15] concerns the motion of a fluid in dimension one whereas [14] and [33]
deal with fluid flows in dimension two and three. For the controllability issues of one dimensional compressible
Navier Stokes equations we also refer the readers to [10] and [11].

Concerning the unique continuation property of incompressible Stokes and Oseen equations we refer the
readers to [16] and [38]. For the use of Carleman estimates in proving controllability and unique continuation
properties of parabolic and elliptic PDE’s one can also consult [37]. The article [14] dealing with the local
exact controllability of the compressible Navier-Stokes equations set in a three dimensional torus of course
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proves observability results for the adjoint of the corresponding linearized system which is stronger than unique
continuation. But to the best of our knowledge there is no unique continuation result available even for linear
compressible Navier-Stokes equations (without the structure) in dimension more than one where the domain
is not entirely a torus. As a particular situation Corollary 1.6 implies the unique continuation property for the
adjoint of linear compressible Navier-Stokes equations in a 2D channel Ty, x (0, 1) where the fluid velocity solves
Navier-slip boundary conditions without friction at the lateral boundaries of the channel.

1.5. Outline

Section 2 is devoted for the proof of the well posedness result Theorem 1.3. In Section 3 we prove several
observability estimates. More precisely in Section 3.2 we state a Carleman estimate for the adjoint of a damped
beam equation, in Section 3.3 we prove Carleman estimate for the adjoint of a heat equation and finally in
Section 3.4 we prove some observability estimates for a transport equation. In Section 4, we suitably combine
the Carleman estimates obtained in Section 3 to furnish the proof of the central result Theorem 1.5. We also
include the proof of Corollary 1.6 in Section 4.3. The final Section A contains the formal derivation of the
adjoint system, the proof of Lemma 2.2, which is a intermediate step in proving Theorem 1.5, and a result on
parabolic regularization, Lemma A.1 which in turn is used during the proof of Lemma 4.2.

2. WELL POSEDNESS RESULT FOR THE ADJOINT PROBLEM (1.22)

This section is devoted for the proof of Theorem 1.3. As it turns out, this proof will also give some insights
of the strength of the various coupling between the equations in (1.22), which will also help in the proof of
Theorem 1.5.

2.1. Proof of Theorem 1.3

The proof is divided into two main steps. The first one consists in introducing the new unknown
q= (W +2p)divv + po, (2.1)

and looking at the system satisfied by (o, q, 8), which turns out to be easier to analyze than the full system
(1.22). The second step will then consist in deducing from the regularity on (o, g, 8) suitable estimates for the
function v in (1.22).

Remark 2.1. The unknown ¢ in (2.1) can be interpreted as the dual version of the effective viscous flux
introduced for instance in [29], see also [17]. In fact, this quantity already appeared in [14] when studying the
controllability properties of a compressible fluid (without structure and controls acting on the whole boundary),
where it helps to weaken the coupling of the parabolic and hyperbolic effects of the system.

Here, the interesting point is that this quantity is also suitable to deal with the coupling with the structure
lying on the boundary. There, we strongly use that the force acting on the beam is given by (1.7) instead of
the more natural one (1.9), which would not yield such a clean understanding of the coupling between the fluid
and the structure.

2.1.1. Step 1. She system Satisfied by (o,q, 3)

We first derive the system that (o, g, 8) should satisfy provided (o, v, 8) satisfies (1.22) and has the regularity
given by (1.25). Indeed, these regularities allow to take the trace of V2v and Vo a.e on (Ty x {0,1}) x (0, 7).
Hence we can consider the trace of the equation (1.22)3 and use (1.22)3—(1.22)5 to have the following a.e on
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((Tz x {1})) x (0,7) :

0 = —ﬁ(aﬂ@ +ﬂ183¢’U2) - H(axzv2 + azzUQ) - (,U + MI)(axzvl + azzUQ) - paza
= —p(0) + W 0,0) — (1 + 20) (021 + O5202) — P00
(using (1.22),, (1.22);)

= —p(0r + W 0p1p) — O:q.
Similarly one can obtain that on the boundary (T x {0}) x (0,T), g satisfies
0.q=0 aeon (T x{0}) x(0,7).

Hence with the formal calculations above and using (1.22) we obtain the following system satisfied by the
unknowns (o, ¢, ) :

00 — WO, + Pl(f)ﬁa — P/V(ﬁ)q in (Ty, x (0,1))  (0,T),

—(0rq +110:q) — %Aq — P’(Vﬁ)ﬁq = *P,(f)ﬁo in (T x (0,1)) x (0,7),

0.q = _p(&ﬂb +ﬂ18z'(/]) on (TL X {1}) X (OvT)’

9.q=0 on (T, x {0}) x (0,T), (2.3)
a(-\T) = qr inTy, x (0,1),

O’(',T)ZO'T inTLx (0,1),

Ot + Oroat) + Onganth = (9 + W02)q on (Tr, x {1}) x (0,T),

P(T) =vr and Opp(T) = inTy, x {1},

where v = (i + 2u), and ¢r = vdivor + por. The well-posedness result for the system (2.3) is stated in form
of the following lemma:

Lemma 2.2. There exists a constant C' > 0 such that for any
(o7, g7, 7, ¥r) € HY(Tr x (0,1)) x H*(Tg x (0,1)) x H*(Tg, x {1}) x H' (T, x {1}) (2.4)
satisfying the following compatibility conditions

(i) O2qr = —p(¥F + W1 0ptpr) on Ty, x {1},

(i) O.q7 = 0 on T, x {0}, (2:5)
the system (2.3) admits a unique solution (o, q,) which satisfies
o€ C%0,T); HY(TL x (0,1))) N C*([0,T]; L*(Ty, x (0,1))),
q € L*(0,T; H3(Ty, x (0,1))) N H32(0,T; L*(Ty, x (0,1))), 06
W€ L2(0,T; H*(Ty x {1})) N H'Y(0,T; H*(Ty x {1}) (2:6)

NH?(0,T; L*(Ty x {1})).
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and the following estimate

lolleo o, 2101 (T2 x (0,1)))nC (0,732 (T2 x (0,1))) F 1allco o, 77312 (TL x (0,1))
+ ||1/)||CO([0,T];H3(TL x{1}))NCL([0,T];H (T x{1})) (2.7)
< Clllarllm2(r, x0,1)) + ozl mr s <©,1)) + 101 O7) | 2 (v, x (11 x B2 (1L x {13))-

The proof of Lemma 2.2 is included in Section A.
Next using Lemma 2.2 we will obtain the regularities for v and further prove that the triplet (o, v,1) solves
the system 1.22.

2.1.2. Step 2: Constructing v

In order to complete the proof of the existence of a solution (o,v,v) of (1.22), we first set gr = vdivor +
por and solve the system (2.3) with initial data (o7, qr,¥7,1%). Note that the regularity and compatibility
conditions of the initial data (o, vr, 7, %L) in Theorem 1.3 precisely imply the regularity and compatibility
conditions of (o, gr,¥r, %) required by Lemma 2.2, so that Lemma 2.2 applies, yielding functions (o, ¢, )
solving (2.3). Besides, if o € H*(Ty, x (0,1)), it is clear that the solution o of (2.3);) in fact satisfies

o € CO([0, T]; H*(Ty, x (0,1))) N C([0,T]; H(T x (0,1))),

since the source term of the transport equation belongs to C°([0,7]; H(Ty, x (0,1))) (by using interpolation
result ([27], p. 19, Thm. 3.1) and (2.6)3). For a detailed proof one can imitate the arguments used in proving
([32], Thm. 2.4).

We then construct the function v by solving the equation

—p(0v + U1 0,v) — pAv — (i + p)V(dive) —pVe =0 in(Tg x (0,1)) x (0,7),

v =1 on (T, x {1}) x (0,7,

vy =0 on (T x {0}) x (0,7), (2.8)
curlv =0 on(Ty x {0,1}) x (0,7,

v(+,T) =vr inTy x (0,1).

Note that we already know the regularity of the source terms pVo and v from (2.6), so this step only consists
in constructing a solution to a parabolic equation with source terms having given regularities.
One can prove the following regularities of v :

ve L*0,T; H3(Ty, x (0,1))) N HY(0,T; H*(Ty x (0,1))) N H*(0,T; L*(T, x (0,1))), (2.9)

solving the system (2.8). The proof of such a parabolic regularity result for the system (2.8) with no vorticity
boundary condition is classical in the literature. For the details of the proof we refer the readers to ([30], p. 168,
Sect. 4.2.1.2).

With the strong regularity framework (2.9) and with o in the space (2.6) one can verify the formal argument
(2.2) and conclude that the triplet (o,v,1) solves the system (1.22) in the functional framework (1.25).

Now in order to prove the uniqueness of the solution (o,v,) of (1.22) in the spaces (1.25), we proceed as
follows. Let us assume that there exists two solutions (o1, v1,%1) and (o2, v2,1%2) to the problem (1.22) in the
functional spaces (1.25) with the same initial datum. The strong regularities of v, (as well as v2) and oy (as
well as o3) allows us to verify that (o1, q1,v1) and (o2, g2, 92) solves (2.3), where

q1 = (vdivuy + poq) and o = (vdiv v 4 pos).
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But the solution of the system (2.3) is unique (thanks to the Banach fixed point argument used in Step2)
in the framework (2.6). Hence o1 = o3 and 11 = 3. Now one observes that vy (respectively vy) solves (2.8)
with (o1,11) (respectively (o2,12)). Since (01,%1) = (02,12), from the uniqueness of the solution to the linear
problem (2.8) we infer that v; = ve. Hence the solution to the problem (1.22) is unique in the functional
framework (1.25).

This concludes the proof of Theorem 1.3.

Remark 2.3. At this point the role of the dual version of effective viscous flux ¢ is clear in order to prove
the existence result Theorem 1.3. We now explain more clearly the reason behind considering the simplified
model (1.2)—(1.7) instead of using the more physical expression (1.9) (recall Remark 1.1). In our analysis we
use the dual version of effective viscous flux to reduce the strength of the parabolic hyperbolic coupling in the
system (1.22). With the simplified expression (1.7) of the net surface force on the beam we are able to write the
adjoint of the linearization of the system (1.2)—(1.7) as a closed loop system in terms of the unknowns: dual of
fluid density, beam displacement and g. On the other hand it does not seem to be possible if one considers the
expression (1.9) for the net force acting on the beam. In some sense the effective viscous flux does not prove
to be a good unknown to weaken the parabolic hyperbolic coupling near the boundary for the adjoint to the
system (1.2)—(1.9).

3. CARLEMAN ESTIMATES FOR SCALAR EQUATIONS

From now onwards we fix our final time horizon T and the length L of our torus such that they satisfy (1.26)
and (1.27) respectively.

The goal of this section is to provide Carleman estimates for the various equations involved in the system
(1.22), in particular:

— a Carleman estimate for the beam equation set in the torus;
— a Carleman estimate for the heat equation with non-homogeneous Neumann boundary conditions;
— a Carleman estimate for the transport equation.

One of the difficulties of our work is that, in order to prove Theorem 1.5, one should be able to couple all these
Carleman estimates in a suitable way. In order to do that, we will consider one weight function which allows to
derive Carleman estimates for the beam equation, the heat equation and the transport equation simultaneously.

3.1. Construction of the weight function

1. We first introduce a function 1 on Ty, such that

ne C%Ty), n(z) >0in Ty,

nf {|Vn(z)| | & € To \ {(=50T, 30 T) U (d + 0T, d + 30 T)}} > 0, (3.1)
2. Now we define n° € C%(T, x [0,77) as follows
n(z,t) = n(x —ust) forall (z,t) €Ty x[0,T], (3.2)
i.e n° solves
(0y + 11 0,)n° =0 in (T x (0,1)) x (0,7). (3.3)

In view of (3.1), one can easily verify the following

inf {|Vn(z,t)| | (z,t) € [-mT,d+uT] x [0,T]} > 0, (3.4)
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3. Next we will define a weight function in the time variable. We now recall (1.26). Let Ty > 0, T3 > 0 and
0 > 0, small enough such that

d+ 126
oT, + 2Ty < T — 2H 120 (3.5)
U1
Now we choose a weight function 6(t) € C*(0,T) such that

1
2 vVt e 0, Tol,
6 is strictly decreasing V t € [Ty, 270,

o(t) = 1 Vte 200, T — 211], (3.6)
0is strictly increasing V¢t e [T — 2Ty, T — Ty],

1

— Vtel|T-T
(T — t)za S [ 15 ]

Observe that 0(t) blows up at the terminal points {0} and {T'} of the interval (0,T). The choice of such a 6,
specifically the fact that 6 is constant in a sub interval [2Ty, T — 27T7] plays a important role in proving the
controllability of transport equation.

4. In view of 7%(x,t) and 6(t) we finally introduce the following weight functions in Ty, x [0, T7,

o(x,t) = 9(2‘:)(66)‘“"0”00 _ eA(nO(m,t)+4\|n0”m)),
E(z,t) = 0(t) e @O +aln’lloo)

where A > 1 is a positive parameter.

Remark 3.1. Recall that we have fixed L = 3u;T. The reason lies in the choice (3.2) of n° which travels
along T; with a velocity @;. Of course this choice plays a very important role in Section 3.4 while obtaining
an observability estimate for a hyperbolic transport equation. In that case the domain (0,d) x (0,1) needs to
be embedded in Ty, x (0, 1), for L large enough such that inf{|Vn°(-,¢)|} is positive in a neighborhood of (0, d)
for all t € [0, T1, since this is crucial to obtain parabolic Carleman estimates i.e. the Carleman estimates for the
damped beam and heat equations (stated respectively in Thms. 3.2 and 3.3). Now the choice L = 3u;T serves
this purpose and provides enough room so that (3.4) holds.

From now on we will denote by ¢, a generic strictly positive small constant and by C, a large constant, where
both of them are independent of the parameters s (= 1) and A (> 1).
In our computations afterwards we will frequently use the following estimates, valid on Ty, x (0,7):

10| < OX'¢ for alli € {1,2,3,4},
0:] < CAEP2) 0| < ONZE2, (0] < ON2E%/2) |0huudd] < ON3EP/2, (3.8)
|8ta:1x¢| < 0)‘453/25 |attz¢| S C>‘3£2 and |8tt£$¢| S O>‘4£27

and

|0¢l < OXe for all i € {1,2,3,4},
|0:5] S CNEY2, [0u€] < ONE?, |01 S CN*EP?, |01aat] < CNPEP? (3.9)
|at$a::v£| C)‘4€3/2 |atta:£| S )\35 and |attww§| C)‘4£ ’

and, for A large enough, for all (z,t) € [-u1T,d + @ T] x (0,T) and i € {2,4},

—0We =0We > eNie, (3.10)
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We will need a few more properties of the weight functions for later analysis and we list them below. We will
use the following inequality

(0 +110,) (€e**?) <0 in (T x (0,1)) x (0,7 — 2Ty), (3.11)

while proving Theorem 3.7 (specifically in obtaining (3.77) from (3.76)). The proof of (3.11) is easy and can
be obtained in view of (3.3) and (3.6), especially the fact that 6(t) is constant in [27y,T — 271]. The following
inequalities will be important in obtaining an observability inequality in Lemma 4.2 from a Carleman estimate
proved in Lemma 4.1:

e 2% < C onwr, e 2?2 < C onwr waT for i € {-1,1,7},
Je>0, st. e 2 > ¢ on(Ty x (0,1)) x (2Ty, T — 2T1) (3.12)
and £e 2 > ¢ on(Ty x {1}) x (2Ty,T — 2T}) for i € {—3,-1,1,3,5,7}.

For convenience, we further introduce the following shorthand notations which will be used from now onwards
mainly for writing the domain of integrals.

@ = (T x (0,1)) x (0,T), wr=wx(0,T),
T% = (Ty x {1}) x (0,T), T% = (T x {0}) x (0,T), (3.13)
wl =wp x (0,T),

where w and wy, was introduced in (1.14).

3.2. Carleman estimate for an adjoint damped beam equation

In the following section we state a Carleman estimate for the adjoint of the damped beam equation:

8tt1;[} + ata:xd} + 83:xxzcw = fw in T%“; (3 14)
(., T)=vr, (., T)=v% inTpx {1}. '

The main theorem of this section is stated as follows

Theorem 3.2. There exist constants C > 0, so = 1, Ao = 1 such that for all ¢ solving (3.14) with initial datum
Yr € H3(Ty) and ¢} € HY(TL) and source term fy € L*(T%), for all s > so, and X = X,

87)\8 // §7|w|2€—28¢+55)\6 // §5|8$w|2€_28¢
T4 T4
+83)\4 // gB(\amﬂMZ_'_ |8tw|2)ef2s¢+s)\2 // §(|8tx¢‘2+ ‘axwww|2)ef2s¢
TL Tr

1 1
+ g // g(|att1/]|2 + ‘ataczlﬂz + |azzmcw|2)672s¢ (315)
Tr

<o [ anpere o [[ e,
T “p

where the notations Tk and w] were introduced in (3.13).

We will not go into the details of the proof of Theorem 3.2 but only comment on it with suitable reference.
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Comment on the proof of Theorem 3.2. The Carleman estimate stated in Theorem 3.2 is already proved in the
article [31] but with a difference in the weight functions n°(x,t) and 6(¢). To be precise unlike [31], in the present
article we have used a weight function 1°(x,t) which depends on the time variable and further the definition
(3.6) of 6(t) also varies from the one used in ([31], p. 2, (1.6)). This only leads to minor modifications in the
estimates (3.8) and (3.9). The proof of Theorem 3.2 can be carried out essentially in a similar way as the proof
of Carleman estimate ([31], Thm. 1.3). For a detailed proof of Theorem 3.2 with the weight functions defined
in Section 3.1 we refer the readers to ([30], p. 182, Sect. 4.3.2). O

3.3. Carleman estimate for an adjoint heat equation

In this section we consider the following adjoint heat equation:

—gatq—Aq=f1 in QF,

azq = f2 on T%‘a (316)
0.q=0 on TY,
q(.,T) =qr in T x(0,1),

where f1 € L2(Q%%), f2 € L*(TL).

Theorem 3.3. There exist positive constants C, s;1 > 1 and A1 > 1 such that for all
fi € LA(Q5F), and fy € L*(Th), (3.17)

for all qr € L3(Ty, x (0,1)), for all s > s; and X = A1, the weak solution q of (3.16) satisfies the following
inequality

[[emonevap + oxigi + o [[eoeigp
i 7y

gc //6_2S¢‘f1|2—|—8)\//6_2S¢)§|f2|2+S3>\4//6_2S¢£3|q|2 ;
¥ T s

where the notations QS*, T% and wr are introduced in (3.13).

(3.18)

Theorem 3.3 will be proved mainly by using the similar line of arguments as used to prove ([18], Thm. 1).
The difference with [18] occurs in the construction of the weight functions. To be precise, the weight 0(¢) in time
is defined in [18] as 6(t) = ﬁ, whereas in our case 0(t) is as defined in (3.6). Further unlike [18], the function
7" (defined in (3.2)) travels in time with a constant velocity ;. Both of these differences can be classically
handled just by using the estimates (3.8), (3.9) and (3.10) of £ and ¢. One can also consult [2] for similar issues.

Above all in [18] and in most other articles in the literature it is assumed that 7" vanishes at the boundary
of the domain. Of course this assumption does not serve our purpose since we are working with a beam at the

boundary. In our case, n° just depends on (z,t) implying in particular
0.6=0,6=0 on TrUTY. (3.19)

Using this property, we still recover the same Carleman estimate for the heat equation with non homogeneous
boundary condition obtained in [18].

Hence without going into the details we will just sketch the main steps of the proof of Theorem 3.3 and other
supporting lemmas, we comment with references for their proofs.
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For the proof of Theorem 3.3 we will need an auxiliary result: a Carleman inequality for heat equation with
homogeneous Neumann boundary conditions, stated below:

Lemma 3.4. There exist positive constants C, so = 1 and Ao = 1 such that for all s > sa, A = Ao, for all
I € L*(TL x (0,1)), and for all f3 € L*(Q5*), the solution ¥ of the following problem

—gatﬂ —AY=f3 in QF

9.9 =0 on T} UTY, (3.20)
I(.,T) = in Typ x (0,1),
satisfies
// e7 2 (sAZEVI? + PN |0)?)
(3.21)
//6—23¢|f3|2 +S3)\4 //6_28¢€3|19|2
7 wr
Lemma 3.4 will allow to construct by duality suitable solutions to a control problem:
Lemma 3.5. There exist positive constants C > 0, s3 = 1 and A3 > 1, such that for all s > s3, A\ > A3 and for
all G satisfying
-3 (2,256
//5 |G7e™? < oo, (3.22)
&
there exists a solution (Y, H) of the following control problem
Loy —AY =G+ Hy, in QF,
v
9,Y =0 on THUTY, (3.23)
Y(,0)=0 in Tp x(0,1),
Y(,T)=0 in Tp x(0,1),
which satisfies
Y € L?(0,T; H*(Ty x (0,1))) N H*(0,T; L*(T, x (0,1))) N C°([0,T); H (T x (0,1))).
and the following estimate:
3)\4//|Y|2 2S¢o+s)\2//£ 2|vy|2 2s¢p
(3.24)

+82>\3//£ 1|Y|2 2s¢+//£ 3|H‘2 25¢<C//€ 3|G|2 2s¢>

The proof of Theorem 3.3 then follows from Lemma 3.5 by duality.
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Details of the proof are given hereafter. Section 3.3.1 is dedicated to the proof of Lemma 3.4, Section 3.3.2
to the proof of Lemma 3.5, and Section 3.3.3 to the proof of Theorem 3.3.
In Section 3.3.4, we prove an additional result, which is a corollary of Theorem 3.3:

Corollary 3.6. There exist positive constants C, sa(> s1) and Aa(> A1) (where s1 and Ay are the constants as
in Theorem 8.3) such that if all the assumptions of Theorem 3.3 satisfied and if s = s2 and A = Aq, then the
solution q of (3.16) satisfies the following inequality

// 6*28¢(§|V(1|2 + s22¢|q[?) +)\// o 259]

QT T4

(3.25)
<0\ [ e qinr v 5 [ eregnr vor [[eredar ],
QT T wr
where the notations Q5*, Tk are introduced in (3.13).
3.3.1. Proof of Lemma 3.4
Proof. We set
V1 = e 5?0, (3.26)
In view of (3.19) one observes that
2.9 =0 on TLUTY. (3.27)

Besides, with f3 as in (3.20), ¢; satisfies
e fy = e (=L — A) = e (= Loy(et01) — Aen)) = Py,
where the operator Py can be written as
Py = P1Y1 + Path + Ry,
where

P = 7553191 + 25V - VI + 2$A2|V7]0\2§191,

Pty = —Ady — Zsdrgiy — X2 V' [P, (3.28)
RY, = —5AA770£191 + 5A2|V770\2§191_

We then use that P19, + Pat) = fze *? — R, and then

// P11 | + // |Pod |2 +2//P1191P2191 = // | fz3e7%¢ — R, |?
Q5 Q5 Q5 Qg
<2//|f3|26_28¢—|—2/ |RY1|2.

Q5

(3.29)
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We now compute the scalar product of Py with Pydy. In fact, these computations are very similar to the
classical ones, and one should only remark that the integrations by parts do not yield any bad terms on the

boundaries of the domain.
We shall write LO.T. to design lower order terms, that is terms which can be bounded as follows:

11 ,
|L.O.T| < C (S + A) // e 250 (sA2E VI + s A*E3 |9

Qs

From now on we will be frequently using the estimates (3.8), (3.9) and (3.10) without mentioning them precisely
all the time. This estimates will also be used to furnish the 'L.O.T’ terms.
Note in particular that we have

/ |RY1|? = L.O.T.
Q5

Computations. We write

/ P11 Pty = Z i

3,7=1

where J; ; is the scalar product of the i-th term of P19, with the j-th term of Pav;.

Computation of Jy1 :
Vi
Ju = *//atﬁ AYy = **/ Oy <| 1 > =0. (3.30)

QE’T
Computation of Jyo :
1
Jig = (= / (0¢01 - 91) Orpp = 5 - / AR
1 (3.31)
= —— — S/ |191|28tt¢ - L.O.T.
2 v
QF*
Computation of Jy3 :
_ = 82/\2
15 = 552A2 //§2|vn0|20ﬂ91 Oy = g 5 / 0|01 €%V ?
(3.32)

SQAQ
S /wnauw%?) LOT.

T
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Computation of Jo1 :

Jop = —2s\ //5(%0 -V91)AY; = 25\ //V(g(vno V1)) - Vi,
Q5 Q5
= 25)\2 //§|vn0 V1|2 +23A//§(V2n0-V191) -V, +s)\//§V770 - VIV)?
ex QS—‘I exr

T T

= 2s5)\? //§|vn° -V 2 +23>\//§(V2n0-V191) -V — s)\Q/ EIVR° 2V, 2
QF QF QF

- s/\//gmﬂwlﬁ (3.33)

= 25)\? //gwno-wlﬁ —s)\z/ EIVn° 2|V, |2 + L.OT.
QFF QFF

where the third line from the second in (3.33) follows because the boundary integral / / £0.1°| V91 |? vanishes

TA.UTY.
since 7" is only a function of (z,t).
Computation of Jao :
p p :
Jog = —2;82)\//§(V770 - V1) 0 = ;SZ)\// div (9,¢Vn°¢) [91]* = L.O.T. (3.34)
T QT
Computation of Jag :
Jaz = —25°7\3 // (v’ - Vi)V PY, = 33)\3/ div(|Vn° Vi ?) 91| (3.35)
7 QT

Computation of Js1 :

J31 = —2s)\? // |Vn°|2€0, A,y

T

= 25)\2 //|V770\2§|V191|2+2s/\2 //V(|Vn°\2§)191 -V

Qs” QT
— 22 / / V2|V, — 532 / / A0

= 25)\2/ IVn°[2¢|Vd1|* + L.O.T.
Q5

(3.36)
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Computation of Jso :

Jso = —2s2A2§ // |Vn°|2€¢|9120i¢ = L.O.T.

(3.37)

Computation of Js3 :

T

Combining the above computations (3.30)—(3.38), we obtain the following:

// P11 Pty = 2502 //g|vn0~v191|2 + 5\? //g|vn0|2|v191|2 (3.39)
5 Q5"

ex Q%z

+ 53)\3/ 191|2<div(|V770|2V170§3) - 2>\§3Vn0|4> + L.O.T.
Q5

Now, it is not hard to check that
s\ //|191|2<div(vn0|2vn0§3) - 2)\§3|V770|4> > s\t //§3|vn°|4|191\2 ~L.OT.
QF QF
We thus immediately deduce from (3.4) and (3.29) that there exists C' > 0 such that for all s and X large enough,

//sng\wlﬁ +//53)\4§3\191|2

QT
<C //6_25¢|f3|2+83)\4//€3|'l91‘2+S)\2//£|V’l91|2 ,
QF wr wr

where or = (T \ [-@1T,d + w1 T] x (0,1)) x (0,T). Now there are two steps to obtain (3.21) from (3.40):

(3.40)

— Absorbing the observation in (3.40) involving V¢ on @p: This can be done classically by considering a

slightly larger set of observation. For instance one can follow the arguments used in ([2], p. 565) or ([18],
p. 461).

— One should then come back to the original unknown ¢ from ;. This can be done as it is done classically
by recalling that ¢ = e*®¥;.

This concludes the proof of Lemma 3.4. O

3.3.2. Proof of Lemma 3.5

Proof. The proof of this lemma will follow the arguments used in ([2], Thm. 2.6) and ([18], p. 446) with some
modifications.
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In order to solve (3.23) we will introduce a functional J whose Euler Lagrange equation provides a solution
of (3.23). For smooth functions ¥ on Q5* with 9,9 = 0 on TL UTY,, let us define

10 =5 [[ =20~ apopeee 4 2 / [ o / Go. (31

We introduce the following space

J— —_— —_— ‘l'“o s
Xops = {9 € C(QF) such that 9.9 = 0 on Th UTL} (3.42)

where || - ||ops is the Hilbert norm defined by

1912, = // (Lo, ayape2oe 4 9 / glopre. (3.43)

We endow the space X,ps with the Hilbert structure given by || - |lobs. Of course, the fact that || - ||ops is @ norm
follows from the Carleman estimate (3.21).
Observe that, from the assumption (3.22) and the Carleman estimate (3.21), one has

1/2

1
//Gﬁ < C[[9]lons @//g-ﬂe\?e?w , (3.44)

for some constant C' > 0. Hence in view of (3.44), one observes that the functional J can be uniquely extended
as a continuous functional on X,,;. We denote this extension by the notation J itself. The inequality (3.44)
also infers the coercivity of J on X,ps. It is easy to check that J is strictly convex on X,;s. Hence J admits a
unique minimizer Yy, on Xops.

We further set

Y = (_gat - A)ﬁlninei2s¢ and H = _83A4€319min€72s¢XWT' (345)

From the Euler Lagrange equation of J at ¥min, for all smooth functions 9 on QQ5¥ such that 9,9 = 0 on T;lr Uﬁ,

//Y( Lo — Av) //Gﬁ /Hq?_() (3.46)
Q5

This equation easily implies that the solution Y™ of (3.23)(1,2,3) in the sense of transposition with source term
G+ Hx,, with H given by (3.45) coincides with the function Y given by (3.45) and satisfies the null controllability
requirement Y (-,7) =0 in Ty, x (0,1).

Note that, since G € L?(Q5¥) and H € L?(Q%%),

Y € L*(0,T; H*(Ty, x (0,1))) N H'(0,T; L*(Ty x (0,1))) nC°([0,T]; H* (T, x (0,1))).
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Moreover since Ypin is the minimizer of J on X,ps, using J(9min) < J(0) = 0 and (3.44) one gets

oxt [[wpese s [[eompe <o [[evape. (347

for large enough values of the parameters s and .
One then follows the arguments used in proving ([2], Thm. 2.6), which mainly consists in a suitable energy
estimate, 4.e. a multiplication of (3.23) by £72e¢2*?Y, to show the following

SA? //g*2|VY|2e2S¢ < C//g*3|G|2e2S¢, (3.48)
& Qg

for large enough values of the parameters s and .
In order to finish proving (3.24) one only needs to show

82)\3 //5_1‘Y|262S¢ < C//£_3|G|2625¢, (349)
T% QT

for large enough values of the parameters s and .
This can be achieved thanks to the estimates (3.47) and (3.48). In this direction we introduce a function

K= n(w, 2) = <2>

on Ty, x (0,1). The function & verifies

1on Tp x {1},

Ko = { OonTy x 0], (3.50)
where n denotes the unit outward normal to Ty, x {0,1}.
Now we perform the following calculations, using that 0, (¢~1e25?) = 0:
s2\3 //571|Y|2628¢ = s2\3 //diV(H£71|Y|2628¢)
T QF

= 32)\3/ div(kE1e259)|Y |2 + 25203 // kE LY . VY
3.51
_ 82)\3 //571628¢|Y|2 +2S2)\3 // H§71€28¢Y . VY ( )

7 i

<O | s2M\ //|Y\2628¢ + s\? //£_2|VY\2628¢

Finally combining the estimates (3.47), (3.48) and (3.51) we prove (3.49). Hence we conclude the proof of the
estimate (3.24). O
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3.83.8. Proof of Theorem 3.3

Proof. Since we only assume that fi € Q5%, fo € L?(T%), the solution of the problem (3.16) has to be considered
in the sense of transposition. In particular, for

Y € L*(0,T; H*(T, x (0,1))) N H'(0,T; L*(Ty x (0,1))) nC°([0,T]; H* (T, x (0,1))),

satisfying 9,Y =0 on TL U TS with Y (-,0) =Y (-,T7) =0 in T, x (0,1), we have

[[ sy =[] Cay-avia- [[ vt (3.52)
i i e

We thus choose a particular function G which satisfies (3.22), namely
G = E3qe %, (3.53)

and Y the function given by Lemma 3.5, so that (3.52) yields:

[[elapes = [[rve [[vr- [[amn. (3.54)
i Qs ] i

With the choice (3.53) of G, observe in particular that

//€—3|G|2623d> :/ £3|q\26_28¢.
T T
Besides (3.54) furnishes, for all € > 0,
[[¢lapee<c 653)\4/ YR //\f 220 4 2 / &gl
QF
//f JHe*? + —— 2)\3 //§|f2|2 2S¢+652>\3//€ "Y|2e*? | . (3.55)

On the other hand with the particular choice (3.53) of G, the inequality (3.24) in particular takes the form

S3>\4 //|Y|2€28¢)+82>\3 //571|Y|2628¢+//£73|H‘2625¢ < C//£3|q‘26725¢. (356)
Qs T, or Q5
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Incorporating (3.56) in (3.55) and choosing small enough value for the parameter e, we prove that

$3>\4/ £3|q|2€725¢7
Qg

c|[fe 23¢|f|2+sA// 25¢£\f|2+83A4// g g

Qe(L

(3.57)

Now one needs to estimate the integral of Vg on Q5¥ and the integral of ¢ on T% to finish proving the inequality
(3.18).

In order to do that, we perform a weighted energy estimate on ¢ by multiplying (3.16) by £ge=2%?. This and
the estimates (3.8), (3.9) lead to

/f\VqIQG_M
ca+ o [[ e QSMOe//f\VqF ’25¢+C//£Iq||f1|e 25¢+0// e 25%¢| ol

Qe:r

<cs Dax [[ e 1 oo / VP + = // AlPe2 4 O // 2]

Qe.t

& [ e (3.59
T

for some positive parameter e.
Now, similarly as in (3.51), we can obtain

o\ [[[eogia <sn [[[eoeiap (3.59)
Tr Ty

< C 2)\2 14 = //€3|q|2 25¢+€/ €|vq|2 —25¢

Qez Qem

Therefore, choosing € > 0 small enough, we deduce from (3.58) and (3.59) that there exists a constant C' > 0
such that for all s and A large enough,

//§|Vq|2 28¢+S/\// 2S¢52‘Q|2 < CS2>\2 //€3|q‘2 25¢>+ )\2 //|f |2 725¢>+ // 725¢>€|f2|2

Qea‘

With the estimate (3.57), this finishes the proof of Theorem 3.3. O
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3.8.4. Proof of Corollary 3.6
Proof. Let us introduce the new unknown:
_ L
q1 = s)\fq'
From (3.16) we obtain the following system satisfied by ¢;:
ﬁ 1 : exr
—;@fll—lACIl:&fl +F5 in T
_ 1
001 = g2 on Tz, (3.60)
0.q1 =0 on TY,
1
a(,T)= &qT in Tg x(0,1),
where
F=l Ll geqr L v vg+—Ag+ 2_|ygp? VeV 3.61
5= aagz ik /\52 q- 2! VE q )\52 q. (3.61)

In view of the estimates (3.9), F5 satisfies

1
[t eo (X [fortuted [f o) o

e

Now we apply Theorem 3.3 for the system (3.60) to have the following

[ eeiamal + aeap) + 28 [ e
7 T
1 72s¢1 2, ~2s9| £ 12 4 —osge L 2
<C| o [[e il // 7P+ o5 [[ g1t
QF T%
LBt //6_25¢53\q1|2 (3.63)
wr
1 2oL RSy gy 1
e T
i Qo
by [ emetinl o [[emoer .
SA £
TL wr
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where the last step of (3.63) from the penultimate step follows by using (3.62) and the definition of ¢;. Now,
using g = sA€q1, one further checks the following for sufficiently large vales of s and A

// —29¢ |Vq|2 +5)\2§|(]| _"_)\// 29¢‘q|2

Qel

/ / e (NEV[? + SN qr[?) + 7N / / e 20 q)* | (3.64)
5 Tr

Combining (3.63) and (3.64), we get

e, 1 o
[ emecaivar e onea +x [[ el
- T}
1 gy 1 A2 e g 1
<C| g [ @nl + // oclal+ 5 ([0 G Ivar
¥ Qo
s [[ e elnl v o [[emogar
SA 13
T% wT

Taking s and A large enough, we conclude Corollary 3.6. O

3.4. Observability of an adjoint transport equation

In this section we derive an observability inequality for the adjoint transport equation

{ —0t0 — U10z0 + @0’ =fi mQF (3.65)

0(',T) =0T inTy x (0, 1)

Theorem 3.7. Let us recall the notations Q5 and wr introduced in (3.13). There exists a positive constant C
such that for all op € L*(Tr, x (0,1)), f1 € L2(Q%*) and for all values of the parameters s > 1 and A\ > 1, the
solution o of (3.65) satisfies the following inequality

16720672 gge) < CUIE2 fre™ T2 (qgey + 16720 |20 (3.66)

There exists a positive constant C' such that for all o € HY (T x (0,1)), f1 € L*(0,T; HY(Ty x (0,1))), and
for all values of the parameter s > 1 and \ > 1, the solution o of (3.65) satisfies the following inequality

[ 3 Voe* T2 gz < CUIE # VS Fa(gpe) + 1€ E Vo™ [Fa0r). (3.67)
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Consequently there exists a positive constant C such that for all f4 € L?(0,T; H*(Tr x (0,1))), and for all values

of the parameter s > 1 and X > 1, the solution o of (3.65) satisfies the following inequality
1 s 1 s T R

€~ 200e d)”%?(Qgﬁ”) <C([€72V fae ¢H2L2(Q;w) + 1§72 fae ¢H%2(Q;w)

(3.68)
1 g _1 _s
6 20e 220y + €72V 720 0)-

Proof. We first prove the inequality (3.66). The proof depends on a controllability estimate of the following
problem

- . P. ~ . @
010 + 10,0 + ﬁa = fa + V5 Xw 1DQ§%’
i v . (3.69)
a(-,0)=0 inTy x (0,1),
5(,T)=0 inTy, x (0,1).

and a duality argument. _
We suppose that the source term f; satisfies:

In order to obtain controllability estimates for the problem (3.69) we will follow the arguments used in ([14],
Thm. 3.5) but here with different multipliers.

The controlled trajectory o and the control function vy, can be constructed by adapting ([14], eq. (3.26))
and ([14], eq. (3.28)) in a straight forward manner. To obtain (3.66) we recall at a glance the strategy to
construct the controlled trajectory . It is done by gluing the solutions to the forward problem

S

< 0.
L2(Q%FF)

~ _ ~ P’(ﬁ)~ P ex
O0f + 110,05 + TUf = f1 nQF, (3.70)
57(,0) =0 inTy x (0,1),
and the backward problem
~ _ ~ P’(ﬁ)~ T ex
00y + w1040 + » op = f1 InQF, (3.71)
5(-,T)=0 inTy x (0,1),

using suitable cut off functions. One recalls the role of Ty, 77 and ¢ from (3.5) and (3.6). Let ap be a smooth
cut off function taking value 1 on the set {x € Ty | € [-56 — 1Ty, d + 56 + u1Tp]} and value 0 on Ty, \ {z €
Ty |z € (=66 —u1Ty,d+ 66 +u1Tp)}. Let us now introduce the function « which solves:

i+ U0, =0 inQF,
{ a(+0) = inTz x (0,1). (3.72)
We set
5 = as(2) (a3; + (1= )3y + (1~ ao(z)) (07, i QF, (3.73)

where, aq (t) is a smooth cut-off function taking value 1 on [0, Tp] and vanishing for ¢ > 2T, and as(z) is a smooth
cut-off function taking value 1 on {z € Ty, | z € [—36,30]} and vanishing on Ty, \ {z € Ty, | z € (—46,49)}. Due
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to the choice of suitable cut-off functions, one verifies that & given by (3.73) solves (3.69) with the following
control function:

Vg = (042 — l)ﬁ + (1 — 0'2)0[1]?;1 +ﬂlﬁwa2(oﬁf + (1 — Oé)&b) — alﬂlacag&f + (1 — Oég)@toqaf. (374)
Due to the choice of as, the control function vz is supported on w. Further we observe the following identities:
az(l1—a)=0 in (Tp x(0,1)) x[0,7p] and asa=0 in (T x (0,1)) x [T —2T3,T]. (3.75)

Esimates on ¢ : In view of the construction (3.73) of the controlled trajectory, one first proves estimates for o5
and 7. In that direction we test (3.70); by £e??G to furnish

3 | k] g [ ome (2T ek 0orman )

2
']1‘ (0, TL % (0,
LX 1 LX( 1) % % (3.76)
L I e I B Bl
Tz % (0,1) Tz % (0,1)
Hence in view of the inequality (3.11), (3.76) and Gronwall’s lemma we have
162 €5 4117 o (0,7 —2mvs12(m x 01y < CIE2 € Fall o222 (0 x(0.17)- (3.77)
Similarly one proves
1€2€* %501 200 (1 732 (ms x 01))) < CNEZE fallT2 0y 72 (rs x 0,1)))- (3.78)

Using the identity (3.75), estimates (3.77) and (3.78) and adapting the expression (3.73) of the controlled
trajectory, one at once renders

€2 951170 (0.7, 22(m, 0 0,1))) < ClIEZE™ fallZa (g (3.79)
Further one uses the expression (3.74) of the control function and estimates (3.77) and (3.78) to furnish
162 %0532 gge) < ClIEZE™ fill2a gge)- (3.80)

Now one recalls the following duality relation between (3.65) and (3.69) (which follows because of the initial
and final time conditions (3.69)2 and (3.69)3):

] (—

(f1,0)L2(Qse) + (V3 Xw, ) r2(Qsr) = ((—00 — W Dy0 + 0),0)12(Qsr) = (f1,0) L2(Qer)- (3.81)
Finally, the observability estimate (3.66) follows from (3.79), (3.80) and (3.81) by using the following arguments:

7 30e™ Ny = s [ faodsaop)]
||§§f4es¢“L2(Q§9)<1



OBSERVABILITY AND UNIQUE CONTINUATION OF THE ADJOINT 33

S sup (Ko, fa) 2@ + Kvaxw, o) L2(@s0) )
H£§f455‘””L2(Qw)<1

C(1€7% fae™? | p2qery + 1€ 20| L2 (ur))-

In the calculation above the second line is furnished from the first by using (3.81). This provides the inequality

(3.66).
The inequality (3.67) can be obtained by applying (3.66) to the system satisfied by Vo. Once we have (3.67),
the estimate (3.68) can be obtained directly by using the equation (3.65);. O

The following result is a corollary to Theorem 3.7 and corresponds to the weighted estimates of ¢ and Vo
in L>°(L?) norms. The following result will be used in the next section, more precisely in the proof of Lemma
4.2, to obtain an estimate of o(-,27Ty) in H*(Ty x (0,1)) at a point 27p intermediate to 0 and 7.

Corollary 3.8. Let us recall the notations Q5F and wr introduced in (3.13). There exists a positive constant C
such that for all or € L*(Tr, x (0,1)), f1 € L*(Q%*) and for all values of the parameters s > 1 and A\ > 1, the
solution o of (3.65) satisfies the following inequality

_3  _g 1, _g S
€2 0e ¢H%w(o,T;L2(hx(o,1)))<C(Hf 2 fae ¢H2L2(Q;T«)+5)\||§ Zoe ¢||2L2(wT))- (3.82)

There exists a positive constant C' such that for all o € HY (T x (0,1)), f1 € L*(0,T; HY(Ty, x (0,1))), and
for all values of the parameter s = 1 and X > 1, the solution o of (3.65) satisfies the following inequality

_3 s _1 s 1 s
1672 Vo] < 0,r;22(m, x 0,17)) < CUE 2V fae ™2 gy + A2 Vo> ||T2())- (3.83)

Proof. We test (3.65); by £ 30e~2%? and use integration by parts to have:

/ f 3 —25¢|o_|2

’II‘L>< 0,1)
1 P'(p)
< = 2 -3 _,—2s¢ = -3 _,—2s¢
<3 / |o| (2 LS e T (O +10x) (€ ))' (3.84)
Trx(0,1)
3 3
+ / 5736725¢‘f4|2 / 5736725¢|0|2
Iz x(0,1) I x(0,1)

Further using £ > 1 and the estimates (3.8) and (3.9) one has
‘(8,5 + U1 0,) (6_36_254))’ < CsAE e 299,
Hence the R.H.S of (3.84) can be majorized by a constant multiple of
s\ / & 1 —25¢>|0_|2 / & 1 —26¢|f |2
Tz x(0,1) TLx(0,1)
Now integrating both sides of (3.84) with respect to time in the interval (0,t), for any t € (0,T), recalling that,

£€73e72%%|5|2(-,0) = 0 and making use of (3.66) we obtain (3.82).
One proves (3.83) by applying (3.82) to the equation satisfied by Vo. O
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4. OBSERVABILITY AND UNIQUE CONTINUATION OF THE SYSTEM (1.22)

The goal of this section is to prove Theorem 1.5 and Corollary 1.6. In order to do that, as for the proof of
Theorem 1.3, the key step is first to prove an observability result for the system (2.3). In that direction we
prove two lemmas, the first one is a Carleman estimate corresponding to the system (2.3) and the next uses
this Carleman estimate to prove the desired observability inequality. We choose to state the Carleman estimate
and the observability inequality in form of two different results since they might have independent interests.

4.1. Carleman estimate and observability inequality of the system (2.3)

Lemma 4.1. There exists a constant C > 0 such that for all (o,q,v) solving (2.3) with initial datum
(o7, qr, Y1, L) having the regularity (2.4) and satisfying the compatibility conditions (2.5),

87)\8 //§7|’l/)|2672s¢+85)\6 //£5|8m,¢)|26728¢+83)\4/ 53(‘azm1/}|2+|8tw|2)6725¢
Tr Tr T
11
453 [ [ €0 4100000 4 1 [ [ L0008 + Oucst 4 szrP)e
TL Tr

1 1 1
+ [ Vo + 19aP) + sX€al +0l®) + 5 [[ Fl1oP + Vo + il

Q5* Q7
+ —5vz sup / i3(|cr|2 + |Vo|?)e 25
52X (0,7) 3
Tr % (0,1)
< COsTH8 //£7|1/1|2 —25¢ 4 OsA\? // ~259¢ (112 + 94| + |9rq|?) (4.1)

+c—//£| ? + Vol

where wy = w x (0,T), wl =wy x (0,T) and the weight functions ¢ and & were introduced in (3.7).

Lemma 4.2. There exists a constant C > 0 such that for all (o,q,%) solving (2.3) with initial datum
(o1, qr, Y1, L) having the reqularity (2.4) and satisfying the compatibility conditions (2.5),

|(x0(+,0), Oetb (-, 0))|| &3 (T x (0,1))) x H (T2 x (0,1)) + 14(- O) [ 12 (71, x (0,1)) + Nl (- O)|[ 211 (T % (0,1))
< Ol e ry + Cllal mrwry + Cllollarwr),  (42)

where wr = w x (0,T), wl = wy x (0,7).

Lemmas 4.1 and 4.2 are proved respectively in Sections 4.1.1 and 4.1.2 below, and follows from a suitable use
of the various Carleman estimates proved in the previous section. Based on Lemma 4.2, it will be rather easy
to derive an estimate on v(-,0) in H?(Ty x (0,1)) and conclude the proof of Theorem 1.5, which will be done
in Section 4.2.
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4.1.1. Proof of Lemma 4.1

Proof. Note that, from Lemma 2.2, for (or,qr,¢r,¥4) having the regularity (2.4) and satisfying the compati-
bility conditions (2.5), we have that (0; + 10, )qr, x{1} belongs to L?(T%). We thus apply Theorem 3.2 with
fy = (O +W10)qr, < {13

87/\8 //€7|’(/J|26_2s¢+85)\6 //£5|aww|26—2sqb+s3)\4/ 53(|3m¢|2+|5t¢|2)6_28¢
+3A2/ (101 + |OaatpP)e ™25 + = //g (10691 + |Orat|* + [Orawath]?) e

<cC // 100 + W g2e > + CsTAS / £l e, (4.3)

One observes that (4.3) furnishes weighted estimates of 9;(0:% + u10,%) and 0, (0p) + u10,1). We also know
from Lemma 2.2 that o € C°([0,T); H*(T1 x (0,1)) N CY([0,T]; L*(T1, x (0,1))), so we can apply Corollary 3.6
to ¢, 0rq and 0,q:

/ / e-28¢<éw2 T sX2€lqP) (4.4)

1 1 1 1
< —2s¢p — 2 —25¢ — - 2 2 —2s¢ 2
<C SQAQ//e 52\al +S>\//e §|at¢+ulax¢| + s\ //e ela)? |,
T T wr

1
// e (g Vol + sA°€10ug”) + A // T (45)
Q5 Tr
<c|— // e*2s¢i|8to|2 + i// 6725¢1‘attw+ﬂ18mtw|2 +s)? // e 2*7€|0rqf?

S22 £2 SA 3 7
& T} o

J[ eI Toul ¢ ety 4 x [ [ e loar "
Q5 T
<C 82&2 // *254’ ! 510,017 + —// *25“’7|8tw+u18mw|2+sk2 // e 2 0¢|0,q)"

Qs



36 S. MITRA

Now, we apply the observability estimates of Theorem 3.7 with f4 = ¢ :

1 1
i//gﬂam|Va\2+|8tal2>e‘28¢

Qe:L

/ [ 2lioP + 19olre > 0 [[ ZaP + (9aie.

QG.L

Further applying the estimates (3.82) and (3.83) of Corollary 3.8 with fy = ¢ :

1 —2s
s | [ el Iveree

’JTL><(O 1)

5 / [ 2o+ [VoP)e 05 / | €lia? + 19ayeme.

Therefore, summing up (4.3)—(4.8), we obtain:

o [[ e 0 [[@ppupe oo v int [[ ol + o
Tr Tr Tr
1 1
+ S/\Q/ £(|6txw|2 + |81'w;cw|2)6728¢ + g // g(|att¢|2 + |8t.L‘Lw|2 + |8a:a;w;cw|2)eizs¢
TL Tr

1
v // 6‘2‘“¢<¥<Wq|2 +|Vrg)* + Vaql*) + sAE(la)* + |0eal® + 1024]))

ea
T

1 1
oa [[ e 0 +10.aP) + 55 [[ U0l + 90 + prof)e

1 ex
T T

1 1 e
+ = 2 Sup / 5—3(\0|2 + |Vo|?)e 259
(0,T)
T, % (0,1)

1
//|8tq+ularQ|2 25¢+Cs7>\8/ §7|1/}‘2 72s¢>+c 33 // 72s¢ |0‘2

+lo.0P + jouor) + o [ e*28¢g<|attw|2 102l + a0 + 10:917)
Tr

O // e™*%¢(laf* + [0zq|* + 0eq/*)

[ o 9o 0k [ Kt vt
w055 Jf giof 9ot w0 [ gt + wafye e

(4.8)

Using that £ > 6 > 1, taking s and A large enough, we can absorb all the terms in the right hand side which

are not localized in the observation set, so that we deduce (4.1). This finishes the proof of Lemma 4.1.

O
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Next using Lemma 4.1, we prove the Lemma 4.2.

4.1.2. Proof of Lemma 4.2
Proof. We now fix s and A such that (4.1) holds. We then use the inequalities (3.12) to deduce from (4.1) that

10| 2 (20, =270 s HA (T2,  {13)) " H2 (2T0, T—2Ty 312 (T2, x {13)) T 1@l B (210, 7 =270 HY (T2 % (0,1))
+ ||U||L°C(2T0,T—2T1;H1(11‘L><(0,1)))0H1(2TO,T—2T1;L2(11‘L><(O,1)))
S ClYll2ry + Cllallzo,7;m1 @)nH 0,1;02(0)) + CllollL20, 7511 (w))- (4:9)

The next step consists in proving that there exists a constant C such that

|(x0(-, 2T0), Ost (-, 2T0)) || Er3 (11 x {11)) x H (T2 x {1}) + 1405 2T0) | 2(T1 % (0,1))
+ o (-, 2T0) [ 12 (1, x(0,1)) < CllYl L2y + CllallL2 0,1 @)nm 0,7502 () + Cllol Lz, (@)~ (4.10)

From (4.9), we have an estimate on v in L?(2Ty, T — 2T1; H*(Tr x {1})) N HY(2T,, T — 2T1; H*(Tr x {1})) N
H?(2Ty, T — 2T4; L*>(T, x {1})) and thus by the interpolation result ([27], Thm. 3.1) on ¢ € C°([2T,, T —
2T1]; H3(Tp x {1})) N CY([2Ty, T — 2T1]; HY (T, x {1})), so that we obtain

(-, 2T0), Ot (- 2T0)) | mr3 (T, x {13)) x HY (Tp, x {1}) (4.11)
< Ol 2 wry + Cllall 2o, @))nm 0,7522w)) + CllollLzo,75m1 () '

Then, from (4.9), we also have an estimate on q in C°([2Ty, T — 2T3]; H' (T, x (0,1))), therefore
lg( T = 2T0) [ (rp x0.0)) < CllYllr2ry + Cllallzo.rm wpnar 2wy + Cllollzomaiwy).  (412)

Now ¢ satisfies the heat equation (2.3)(2,3,4,5) and has the regularity (2.6)o. We thus apply Lemma A.1 with
! (=\=2
fo=— P’ (p)p p

v 9

—0(0 U0, T 1},
9y = { 0 P( “p+ ’(/)) C())rrll Ti : {{O}}, (4.13)

in the time interval (2Tp,T — 27}) and further use (4.9) and (4.12) to deduce
lla(-, 2T0) [ 21, % (0,1)) < CllYl| L2y + Cllall 20,131 @)nm 0,1302 () + CllolL20,m3 01 (w)- (4.14)

Finally, in view of the assumptions (2.4) and (2.5) we know from (2.6) that o € C°([0,T]; H* (T x (0,1))).
Hence using (4.9), one at once deduce that

o (-, 2T0) [ a2 (v, x(0,1)) < CllYl L2 wry + Cllall 2o, @))nm (0,7522w)) + Clloll L2050 (w))- (4.15)

The combination of (4.11)—(4.14)—(4.15) then concludes the proof of (4.10).

We now use Lemma 2.2 to deduce (4.2). Since we are dealing with the solution (o, g, 1) of the system (2.3) in
the strong regularity framework (2.6), compatibility conditions analogous to (2.5) is automatically satisfied at
time 27}. Hence using Lemma 2.2 to solve (2.3) starting from the time 2T and the estimate (4.10) we conclude
the proof of (4.2). O
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4.2. Proof of Theorem 1.5

Proof. For (o7,vr,¥r,¥1) as in Theorem 1.5, we start by solving (2.3) with initial datum (o, qr, ¥, V1),
where gr = vdivur + por. Using Lemma 4.2 and recalling that ¢ = vdivv + po, we deduce that

(5 O) | 1. (T, x (0,1)) + II[AiV o (s, O) || 1 (T > (0,1)) + (0 (5 0)5 Ob (-, O | 13 (T x {13)) x 2 (T x {1})

< Ol L2 wry + Cllallpzo, ;1 @)pnm 0,1:02(w)) + Clloll 20,7581 @) (4.16)

< CllYll L2 wry + CllvllL2o,1;m2(w)nm (0,131 (w0) + Cllol 20,7301 (w))-

Thus, to obtain the result of Theorem 1.5, it only remains to estimate v(-,0). As we already have an estimate
on divu(-,0), we first focus on getting an estimate on curlv.
One now uses the system (2.8) to obtain the following set of equations solved by curlv:

—p(0(curlv) + w10, (curlv)) — pA(curlv) =0 in (T x (0,1)) x (0,7,
curlv =0 on (T x{0,1}) x (0,7), (4.17)

curlv(-, T) = curlvp in Tz x(0,1).

Thus, curl v satisfies a parabolic heat type equation with homogeneous Dirichlet boundary condition. Classical
observability estimates for the heat equation (see e.g. [23] or [18]) immediately yields

||CuI‘1’U(-, O)HHl(’H‘Lx((Ll)) < CHCuI‘lUHLz(wT) < C||UHL2(O,T;H1(W))- (418)

Now we recover v(-,0) by solving the following elliptic problem at times ¢ = 0:

0
Av(-,0) = Vdiv (v(-,0)) + < ) (curlv(-,0)) in Tz x (0,1),
va(+,0) = 9(+,0) ’ onTy, x {1}, (4.19)
va(+,0) =0 onTy, x {0},
curlv(-,0) =0 onTy x {0,1}.

One can use standard elliptic regularity to deduce that

v Ol 2(rp, % (0,1)) < Cllewrlo (-, 0) |y (r, x(0,1))  +CNdivo(, Ol a(r, x(0,1))
+C[[Y (-, 0) [ ms Ty, < {1})-

With the estimates (4.16)—(4.18) and this last estimate, we then deduce that
(O, x0,1)) < CllYl L2y + CllvllL2o,r;m2 @) nE 0,730 (@) + Cllol 20,7507 (w)- (4.20)
Together with (4.16), this concludes the proof of Theorem 1.5. O

4.3. Proof of Corollary 1.6

Proof. The assumption that (o,v,1) = 0 in (wr)? x wl at once gives (0,¢,9) = 0 in (wr)? x w{ and hence
from (4.1) we furnish:

(0,,9) =0 in (T x (0,1)) x (0,7))% x (T x {1}) x (0, 7)) (4.21)

The only task is to prove v = 0 on ((Tg x (0,1)) x (0,7)). From (4.21) it is easy to observe that dive = 0 in
((Tg x (0,1)) x (0,7)). Then one considers the system (4.17) solved by curlv use curlv = 0 in wr and classical
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Carleman estimate for heat type equation from [23] or [18] to infer curlv =0 in ((Ty x (0,1)) x (0,7)). Since
v e C[0,T]; H*(TL x (0,1))) (follows from (1.25)) it satisfies a system of the form (4.19) for each t € (0,7
but with zero source terms since we already have:

(divv,curlv,v)) =0 in  ((Tg x (0,1)) x (0,T))* x ((Tr x {1}) x (0,7)).

Considering this equations component wise and using that v = 0 in wy one proves v = 0in (T, x (0,1)) x (0,T").
This finishes the proof of Corollary 1.6. O

APPENDIX A.

A.1 Formal derivation of the adjoint system (1.22)

In this section we will explain the formal derivation of the adjoint system (1.22) from the primal system
(1.21). Of course while deriving the adjoint system we neglect the role of the control functions vz X, vzXw and
Vg Xw, in the primal problem (1.21). In the following calculations we will use the short hand notations Q57, T+
and TY introduced in (3.13). We test (1.21)y, (1.21)2 and (1.21)g respectively by the adjoint unknowns o, v and
1, use the formal relation

9.
Au=Vdivu+ ( 5 > (curlw) in Tp x (0,1),

integrate by parts and add the resulting expressions to have

<~/11‘L><(o 1>E(T)U(T) _/T (0 >EOU(O)> i //(‘atU — W00 — P'(p)divv) & + //ﬁaza
’ x(0,1 e J

T

+ ( /T g PORT) - /T LX(071)pﬁov(0)> + [[ oo+ mon)

o

—vAv — (p+ p')Vdive — pVo) u + // (—(u" +2u)divu + P'(p)7) va
TLUTS, (A1)

+ //(MI + 2,U/)le UE2 + /14// curl U:LZZ + //(attw + atmmw + ammzzw)ﬁ

Tr

+ ( [ esmwm = [ s [ smewm+ [ /3Oat¢(0)>
= //(—(u’ +2p)div + P'(5)5) 9.

Tr

Tr Tr
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Further using the interface boundary condition (1.21)3 in the third and the seventh terms appearing in the left
hand side of (A.1) and integrating by parts, we obtain:

</mx<o,1) a(T)o(T) _/mm G0 (0 ) / (010 — W10y0 — P'(p)dive) &

- / (B0 202) (4 200 1 50) 1 (Buth + Bt + nnst)) B

TT
+ (/ pu(T)v(T) —/ Puou(0 > // P(0rv + W1 0yv)
Trx(0,1) T x(0,1)

Qp"r

—vAv — (p+ @' )Vdive — pVo)a + // (— (¢ +2u)diva + P'(p)7) ve
TL.UTY (A.2)
T T

+/11'Lx{1}(ul + 2p)B(T)divo(T) — /ier{l}(M/ + 2p) Bodivv(0) + u!/ curl vy

T / PR - / PO

+ ( [ e[ e [ smawns [ @)atwm))
= //(f(u’ + 2p)div T + P'(p)7) .

Tr

Next we set curlv = 0 on TH U T, va =9 on Tk, v2 = 0 on TS to furnish the following from (A.2):

(/T 1, P - / G ) / (~0ho — Mo — P/(p)dive) 3

— / ((Gt + ﬂlﬁz) ((MI + QM)dIVU + PU) (attw + 8tm:b¢ + amxzmw)) B

TT
4 ( / a(T)o(T) — / Biigu(0 ) / / (0w + 11 0,0)
TL x(0,1) Tpx(0,1)

QCJ)
—vAv — (p+ @/ )Vdive — pVo)a (A-3)

+ [ rampmaver) - [ 20

Trx{1}
" /TL x{1} po L) = /’H‘Lx{l} Pho(0)
¢ - - t O
- </mx{1} O B(T)Y(T) /TLX{l}ﬂﬂ/)o /TLX{I} B(T)d(T) + /']I‘Lx{l} Bo ql)(O))
=0.

Since the adjoint system defined in (0,7) must be independent of the initial conditions (&, @, Bo, 31) and
(o(T),v(T),Y(T), 0:(T)) (for the primal and adjoint system respectively), we equate the coefficients of &, u
and 8 appearing in the left hand side of (A.3) to formally obtain the system (1.22).
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A.2 Proof of Lemma 2.2

This section is devoted for the proof of Lemma 2.2.

Proof of Lemma 2.2. In this step we will prove the existence and regularity result for (o, g, 1) solving the system
(2.3). In fact, we will prove that under the assumptions (2.4) and (2.5), the system (2.3) admits a unique solution
in the following functional framework (2.6). We will first prove a local in time existence result for the problem
(2.3). Then using the linearity of (2.3) we iterate the time steps in order to show (2.6). Since the problem (2.3)
is posed backward in time by local in time existence, we first work in some time interval of the form (7' — Ty, T')
for Ty sufficiently small.

Let 0 < Ty < T. We consider the system (2.3). We are going to define a suitable map whose fixed point gives
a solution to the system (2.3) in the time interval (T'— Ty, T'). We define

HT = (L2(T — Ty, T; H* (T, % (0,1))) N HY(T — Ty, T; L*(Ty, x (0,1))))
X (HYT — Ty, T; H¥*(Ty, x {1})) N H/4(T — Ty, T; L*(T, x {1})) (A.4)
N LT = To, T; HY2(Ty, x {13)) N HYX(T — Ty, T; H' Ty, x {13}))),

-~

and for (5,¢) € H° satisfying the condition

3(7T) =0or and (127 at{p\)<7T) = (d’TﬂP%% (A5)
we solve the system
0,0 — W Oy0 + P/E/Wa _ P'IE@ g in (Tp x (0,1)) x (T =Ty, T),
! (=\ 7 /(=) 72

~O+mu) - 28q - T2 = TG i (my x 0,1) x (7 - T, ),
azq = 7?(8”24’@181{[;) on (TL X {1}) X (T - To,T),
9.q=0 on (T, x {0}) x (T — T, T), (A.6)
q(7T) =dqr inTL X (07 1)a
0(-,T) =0T inTy, x (0,1),
att’(/} + atwmw + aﬁvwxmw = (875 + ﬂlaw)q on (TL X {1}) X (T - TOa T)7
Y(T) =y and O(T) = ¢y inTy x {1},

This defines the following map:

-~

Lr,: (6,9) € H® — (0,9). (A7)

We will show that L7, maps Hf“ into itself and is a contraction there. Observe that a fixed point of the map
infers a solution to the system (2.3) in the time interval (T' — Ty, T'). In the sequel we will show that the map
L, admits a fixed point in HlT", for T sufficiently small.
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A.3 Lr, maps Hf" to itself

In that direction we first claim that there exists a positive constant C' such that

!l 27—, 73 (T, % (0,1))) A H3/2 (T =T, T5L2(T 1, % (0,1)))
< C([(0e + W10 | L2 (10—, 1 13/2 (T x {11)) N HB/4(T—To T3L2 (T2 x {1})) (A.8)
F O 2 (=70, 7 (T2 x (0,1))) N HY (T=To, T5L2(T1 x (0,1))) + 97|l 72T % (0,1))))

To begin with, we will just use the following regularities for the non-homogeneous source term, boundary data
and the initial condition

e L2/§T — Ty, T, LQ(TL X (O7 1))),
20 + Wdy) € LA(T — Ty, T; HY?(Ty, x {1}))

AHYA(T — Ty, T; L3(T;, x {1})), (A.9)

qr € HY(Ty, x (0,1)).

Hence using the regularities (A.9) one can apply ([28], Thm. 5.3, p. 32) to solve (A.6)2-(A.6)5 in the following
functional framework

q€ LT — Ty, T; H*(Tr, x (0,1))) N HYT — Ty, T; L*(Tz, x (0,1))). (A.10)
Moreover there exists a positive constant C' independent of Ty such that

gl L2 (7~ 7512(T 1 % (0,0)))NHY (T =T, T5L2(T1 % (0,1)))
S ClollL2(r—mo, 752211 x (0,1))) T [[(vdivor + o) || H1(r, x(0,1)) (A.11)
H(Oeth + U 0uP) | L2 (010, 1511 /2(T L x {11))NH/A(T—To, T5L2 (T x {1})))-

Let us explain how we obtain a constant C' independent of Tj in the inequality (A.11). The technique is inspired
from [36]. We extend & and (9y%) 4+ w10,%) in (0,T) by defining them zero in the time interval (0,7 — Tp). The
extended functions are also denoted by the same notations ¢ and (9y¢) 4+ w1 9,0). It is easy to verify that

G € L*(0,T; L*(Ty, x (0,1))) and (8,0 +w,0,0) €L(0,T; H/?(T,, x {1}))
NHY40,T; L*(TL, x {1})).

One then has the following

g/l 2 (270, 7:12(T 1 % (0,1)))NHL (T =T, T;L2(T 1 % (0,1)))
< lallz2o,msm2(r, % (0,1))nE (0,732 (T2 % (0,1)))
< O(lo]l 20,121 % (0,1))) + llarl 1 (T, % (0,1))
+ ”(aﬂerﬁlaf@||L2(0,T;H1/2(TLx{l}))ﬁH1/4(0,T;L2(TLx{l}))) (A-12)
= C(llo||lL2(r—70, ;22T x(0,1))) + lar |l 1 (71 % (0,1))

+ 10 + W 0uV) || L2 (12— 1311 /2 (T x (1)) VA (T =T T3 L2 (T4, x {1})))5

where the constant C' (might depend of T') is independent of Tp.
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Now to prove (A.8) we write the equations (A.6)2-(A.6)5 as follows:

P (o 72/\ P (2D
0~ ZAq = - P75 4 moug + TPy = oy (T (0,1) % (7~ Ty, ),
0.q = —p(0yh + W 0,0) on (T x {1}) x (T — Ty, T), (A.13)
6zq =0 on (TL X {O}) x (T - T07T)a
q(-,T) = qr = vdivur + por inTy, x (0,1),

In view of (A.12) and the interpolation L*(T — Ty, T; H*(Ty x (0,1))) N HY(T — To, T; L*(Ty, x (0,1))) <
H%(T —To, T; HY(T, x (0,1))) one has the following regularity estimate of d,¢ by interpolation

192l L2(7— 1y, 7311 (T4 % (0,1)))NHY/2(T— T, T3 L2 (T2, x (0,1)))
< C|o]| 22 (=10, 1522 (T x (0,1))) + 1Tl 21 (T % (0,1)) (A.14)

+ 10 + W10u9) || L2 (10— 15 1172 (T x {13) N HY/A(T =T T5L2 (T, x {11)) )

for some positive constant C' independent of Tp. Indeed, this can be obtained by performing the interpolation
process in the time interval (0,7) instead of (T — Ty, T)). Hence the assumption and for (5,1) € H® (H° is
defined in (A.4)), the obtained regularity (A.12) and (A.14) implies that

5.q € L2(T — TO,T;Hl(’]I‘L x (0,1)))N H1/2(T —To, T, LQ(']I‘L x (0,1))) (A.15)
and

1G5 qll L2 (7T, 13 1 (T2 % (0,1))) N HY/2 (T =T, T3L2 (T2 x (0,1)))
S O 22 (7 =70, 7:H (T2 % (0,1)))NH (T—To, T L% (T x (0,1))) (A.16)
+ 10t + W1 0u)| L2 (1 — 10, 15 H1/2 (T % {131)) N HY/ A (T =T T5L2 (T x {13))

+ lgr |l 71 Ty x 0,1)))

for some positive constant C' independent of Tj.
At this stage we will use the following regularities of the boundary and initial datum which follows from
(A.4) and (2.4):

—B(0) + W 0y) € LA(T — Tpy, T; H¥2(Ty, x {1}))
NH3Y(T — Ty, T; L* (T, x {1})), (A.17)
qr € H*(Ty, x (0,1)).

Furthermore, in view of (2.5), (A.16) and (A.17), we can apply ([28], Thm. 5.3, p. 32) to solve (A.13) in the
functional framework

qe LA(T — Ty, T; H3(Ty, x (0,1))) N H32(T — Ty, T; L*(Ty, x (0,1))). (A.18)
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There exists a positive constant C, such that the solution ¢ of the heat equation (A.13) satisfies the following
estimate

gl L2 (2 —0, 7313 (T 1 % (0,1)))NH3/2 (2= To 1512 (T2, x (0,1)))
< C(]|Gz,4l
+ ”(at{ﬂ\“‘Elaz'(z)\)||L2(T7T0,T;H3/2(']1‘Lx{l}))ﬁH3/4(T7Tg,T;L2(TL><{1}))
+ llar | 2 (12 % (0,1))) (A.19)

S CUG I 2(r—my, 711 (T, x (0,1))NH (T =T, T5L2(T, % (0,1)))

L2(T—To, T;H' (T x(0,1)))NH/2(T =Ty, T;L?(TL, x (0,1)))

+ 1049 + W1 0u0)|| L2 (110 13 H3/2 (T % {131)) N H3/ 4 (T —To T3 L2 (T, x {11)

+ llarll m2(rr, % 0,1)))-

In the final step of the estimate (A.19) we have used (A.16). Note that the constant C' in (A.19) might depend
on To.

The regularity (A.18) implies that ¢ € CO([T'— Ty, T); H* (T x (0,1))). Hence using the regularity assumption
or € HY(Ty, x (0,1)), we obtain the following by solving (A.6); and (A.6)s,

s H2T°,
where we have set Hy° = CO([T — Ty, T]; HY(Ty, x (0,1))) N CY([T — Ty, T]; L*(T, x (0,1))).  (A.20)

Moreover, we have the estimate
lollyzo < CllgllLoe (-2 7211 (rx0.27)) + loT (72 0.2))) (A.21)

for some positive constant C' independent of Ty. For the proofs of (A.20) and (A.21) one can follow the arguments
used in proving ([39], Lem. 2.4).

Now one considers the equations (A.6)7;—(A.6)s. Using standard trace theorem and (A.18) one in particular
has

(0 + W102)q |1, x (11 € L*(T — T, T; L*(T, x {1})). (A.22)
Now the regularity (A.22) and the assumption (2.4) on (¢r, 1) furnish the following regularities for 1 :

Y €L*(T — Ty, T; HY(Ty, x {1})) N HY(T — Ty, T; H*(Ty, x {1}))

2 2 (A.23)
N H(T — Ty, T; LA(T;, x {1})).

The above regularity result for ¢ is a consequence of the fact that the corresponding damped beam operator is the
generator of an analytic semigroup. This result can be found in [9] (see also [35]). Using standard interpolation
results it is not hard to observe from (A.23) that

¥ € Hy,
where we have set H2? = HY*(T — Ty, T; H¥*(Ty, x {1})) N HY(T — Ty, T; H*((T1, x {1})))
NH*(T — Ty, T; L*(Ty, x {1})) N H¥*(T — Ty, T; H/?((T1, x {1}))). (A.24)
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Furthermore, one has the following

4

< C((Br + 02 qll L2 (-1 102 (T x 13)) + W1, V1) | 115 (T2 x (1) x B (T x{11)» (A.25)
for some positive constant C' independent of Ty. One can obtain a constant C' independent of Ty in the inequality
(A.25) by defining (9; + u;0,)q equal zero in the times interval (0,7 — Ty) and following the line of arguments

already used in (A.12).
Hence from (A.21) and (A.25) one obtains that

(0,1) € HI® x HZP. (A.26)

So far we have observed that for 0 < Ty < T, L7, (defined in (A.7)) maps H}° to H2° x H2°, which is obviously
a subset of H°.

A.4 Choice of T small enough such that the map L1, admits a fixed point in the space
HT°

Let us compare the space HI® with HZ® x HZ° to observe that there exists a constant s > 0 such that
1 2 3
16 gmo < CTENC g sro- (A.27)

for some positive constant C independent of Ty. Now let (81,%) e HT, (32,152) € H® and both the pairs
satisfy (A.5). Let the triplets (o1, ¢1,%1) and (o2, ¢2,%2) are solutions to (A.6) corresponding to (71,11) and

(02, %2) respectively. This implies (o1, 91) = L, (31,7751) and (o2,v2) = L1, (02, 122)
Considering the difference of the two linear systems solved by (o1, ¢1,%1) and (02, g2,%2), one obtains that

(0d,qd, Ya) = (01 — 02, q1 — q2,¥1 — 1b2) solves

P@p. P

—3t0'd —ﬂlaxad + » o4 = » qd in (TL X (0, 1)) X (T — TQ,T)7

—(ega + W0nga) — LAGq — T P2 gy = PO G, —Gy) in (T, x (0,1)) x (T — Ty, T),

0200 = —p(Ou(Pr — o) + WDy (b1 — 2)) on (T, x {1}) x (T = Ty, T),

8.q=0 on (Tg, x {0}) x (T — T, T), (A.28)
qa(-,T) =0 inTy x (0,1),

O'd(~,T) =0 inTp x (O, 1),

Oud + Otzad + OpgzaVa = (Or + W105)qd on(Ty x {1}) x (T' = To,T),

’l,/)d(T) =0 and atwd(T) =0 inTL X {1},

The goal now is to show the following:

|1£7, (1, 01) — l:To(azMZz)HHlTo = [l(o1 = 02,91 = Pa)llyro = ll(0a, Pa) o (A.29)
< CT5 (|61 = 72,9 = ) llggmo '

for some positive constant C' independent of Tj.
One recalls that during the analysis of the system (A.6), we obtained (A.8)—(A.25) with the constants in
the estimates independent of Ty, while the only exception was (A.19). Now we will explain how to obtain an



46 S. MITRA

estimate for gg = ¢q1 — g2, analogous to (A.19) but with a constant independent of Tp. In that direction one
first obtains an estimate similar to (A.12) with ¢ replaced by g4, 0 replaced by (61 — d2), gr by zero and ¢ by

(121 - TZQ) Then from (A.28) one computes the following system similar to (A.13):

P (o —2 R R
—0kqq — gAQd =- (S)p (01 — 02) + 110:qq
P'(p)p
T (Vp)pqd = G550 in(Ty, x (0,1)) x (T — T, T),
0244 = —P(0 (1 — Pa) + W Dy (1 — 2)) on (T, x {1}) x (T — Ty, T),
094 =0 on (Tg x {0}) x (T' =Ty, T),
qa(,T) =0 inTz x (0,1).

Similar to (A.15) and (A.17);, one can verify that:

)

{ G5, 52,00 € L2(T — Ty, T; HY(Ty, x (0,1))) N H'Y?(T — Ty, T; L*(Ty, x (0,1
1}))-

9.9 € L*(T — Ty, T; H3*(Ty, x {0,1})) 0 H¥*(T — Ty, T; L*(Ty, x {0,
One further observes that

{ g31_32,qd(-,T) =0in TL X (0, 1),
0.9 |1er{0,1} (vT) = 0.

We will now define extensions of Gz, _z, and the normal trace 0,qq in (=T, T). We define:

- g31*32,qd(" t) in (T — T, T)v
gal—g%(Id(.?t) = 931*32,11{1("2(11_110) _t) in (T_ 2T07T_T0)a
0 in (,T’T — TO)

In a similar way by reflection one defines @\q/d, the extension of 9,qq in (=T,T).
By virtue of (A.31) and (A.32) it is not hard to check that

Go1—2.q0 € LA(—T, T HY(Ty, x (0,1))) N HY2(=T,T; L*(Ty, x (0,1))),
D.qq € L*(—=T,T; H¥/?(Ty, x {0,1})) N H¥/*(=T,T; L*>(T, x {0,1})),

and most importantly
||g31*32,q(1”L?(fT,T;Hl(TL><(O,1)))F1H1/2(7T,T;L2(11‘L><(0,1)))
< 2”931*32,%HLQ(T—TmT;Hl(’JTL><(O,1)))F1H1/2(T—T07T;L2(’JI‘L><(071)))7

||aZQd||L2(7T,T;H3/2(TL x{0,1}))NH3/4(—T,T;L2(T1, x{0,1}))
< 2||8zqdHLQ(T—T07T;H3/2(’JI‘L x{0,1}))NH3/4(T—Ty,T;L2(TL, x{0,1}))>

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)

(A.35)
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with the constants in the inequalities (A.35) independent of Ty. One can now solve (A.30) in the extended
interval (=7,T) and furnish

qu||L2(T—T0,T;H3(TL x(0,1)))NH3/2(T—Ty,T;L2 (T, % (0,1)))
< Hqcl||L2(—T,T;H3(TL x(0,1)))NH3/2(—T,T;L2(T1, x(0,1)))

<C ”931*32’%HL?‘(fT,T;Hl(’H‘Lx(O,l)))ﬁHl/Q(fT,T;L"‘(’H‘L><(0,1)))
Jr||5z‘1d||L‘2( T,T;H3/2 (T, x{0,1}))NH3/4(=T,T;L?(T, x {0, 1}))) (A.36)

< 2C (1195, 5.0 | L2 (=70 731 (71, % (0,1))) N HL/2(T— T T5L2(T1, % (0,1))
F102qall L2(r— 1 71 113/2 (T, % {0,13) A H4 (T —To T3 L2 (T1, x{0,1})))
< C(||loy —02||L2 T—Ty, T3 H (T1, x (0,1)))NH (T =T, T3L2(Tr,  (0,1)))

+[|0: (1 — 2) + W10z (1 — 1102)HLZ(TfTO,T;HW?(’H‘Lx{l}))ﬂH3/4(T7T0,T;L2(’II‘Lx{l}))) )

where the fourth step of (A.36) from the third one follows by using (A.35), the final step from the penultimate one
uses an estimate similar to (A.16) and (A.30),. We specify that the constants in the inequalities of (A.36) only
depends on the measure of (—7T,T) i.e. only on T but not on Ty. Using interpolation it is evident from (A.36)
that ¢4 € CY([T — To, T); HY(TL, x (0,1))). Further the interpolation can be first performed in the extended
interval (=7, T) and then take its restriction on (T' — Ty, T') to furnish the following from (A.36):

gall Lo (v -1 710 (7 x (0,1))
< C (161 = T2l L2 (=10 7511 (T, % (0,1)) A H (T—To T5L2(T1, % (0,1)) (A.37)

H[0 (Y1 — 2) + U109 (¢1 — 2112)HLz(T—To,T;HB/Z(TLx{1}))mH3/4(T—TO,T;L2(1rLx{1}))) ;

for some positive constant C' independent of Tj. In a similar spirit we obtain the following trace estimate from
(A.36):

10 + W10z )qall L2(1~15 T:L2(T, x (1))
< C (181 = Gallz2(r—my i (1 x (0, 1))NHN (T—To, Ti22(TL x (01))) (A.38)

+[|0s (11 — 2) + W10z (1 — 1/)2)HLZ(T—TO,T;H3/2(’H‘Lx{l}))ﬂH3/4(T—To,T;L2(’]TLx{l}))) )

for some positive constant C' independent of Tj.
Similar to (A.21) and (A.25) one also obtains the following for o4 and 4:

(A.39)

HUdHH;{o < Cqu”LOO(TfTO,T;Hl('Jl‘L><(0,1)))7
< C|(0r + W0x)qall L2 (710, 7:02(TL x {1}))>

\\¢d||H§o

for some positive constant C' independent of Ty. Using (A.37) and (A.38) into (A.39) one concludes that

l@a: Ya)llsto gz < CU@ =5, D1 — D)l (A.40)

for some positive constant C' independent of Tj.

Using (A.27) and (A.40) one concludes the proof of (A.29).

In view of (A.29), for T — Tp close to T, i.e for T small enough, the map L, is a contraction from H1T° to
itself. Hence applying the Banach fixed point theorem we obtain that for Ty small enough, the map L1, admits
a unique fixed point (8,@) in Hfo. As (&,;Z) = Lr, (8,@), we also have that (8,1?) belongs to H;FO X H3T° and
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the following regularities coming from (A.18) and (A.23):

o€ C[T — Ty, T); H(Ty, x (0,1))) N C*([T — Ty, T); L*(T1, x (0,1))),
q € L3(T — Ty, T; H*(Ty, x (0,1))) N H3?(T — Ty, T; L*(T, x (0,1))),
)

W € LA(T — Ty, T; HN(T;, x {1})) 0 H (T — Ty, T; H*(Ty, % {1} (A41)
NH?*(T — Ty, T; L*(Ty, x {1})),
provided Ty is sufficiently small. Further (A.41) infers that
o€ CO([T - T07T};H1(TL X (Ov 1))])a qe CO([T - T07T};H2(TL X (07 1))) (A 42)
¥ € O[T = To, T); H(T, x {1})) N CY([T — T, T}; HY(T, % (0,1))). '

The continuities (A.42) in time and the system (2.3) can be used to check the following compatibilities at time
t=1T— To :

(1) 02q(-, T — To) = —p(0pp + W1 0,) (-, T — Tp) on Tr, x {1},
(#4) 0.q(-, T —Tp) = 0 on Tr, x {0}. (A.43)

Further one recalls that in proving (A.41) we did no assumption on the size of the initial datum. In view of
(A.42), (A.43) and using that the linearity of the system (2.3) the solution (o, ¢, 1) can be extended to the time
interval (0,T) by iteration in order to prove (2.6).

This finishes the proof of (2.6) and thus of Lemma 2.2. O

A.5 A lemma on parabolic regularization

In this section we prove a result on parabolic regularization for a heat type equation with non homoge-
neous Neumann boundary condition. This result is in particular used in proving the inequality (4.14) from the
information (4.12).

Lemma A.1. We recall the notations introduced in (3.13). Let

fcf € L2(O7T7 HI(TL X (Oa 1))) N H%(OaTa Lz(’]rL X (Oa 1)))7 (A 44)
g € L*(0, T3 H3(Ty, x {0,1})) N H#(0,T; L*(Ty, x {0,1})), '
qr € HY(Ty, x (0,1)) and the following compatibility is satisfied:
0.qr = gyp(-,T) in Tp x{0,1}. (A.45)
Then for every 0 < e < T, q(-,T —¢) € H*(Ty, x (0,1)), where q solves
v P'(p)p )
—(0hq + 10:q) — gAq - %q =fo QT
9:q9 = gy onTL UTY, (A.46)

Q('vT) =dr inTp x (Ovl)a
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with P, p, uy introduced respectively in (1.6) and (1.18). Further the following inequality holds:
lg(; T — €)ll 2Ty, x (0,1))
<C (HQT”Hl (T x(0,1)) T Hfd ||L2(O,T;H1 (TL x(O,l)))ﬂH% (0,T;L2(TL x(0,1))) (A47)
H'gw”L%O,T;H%(hx{o,l}))nH%(o,T;Lzmer{o,l}))) ’
for some positive constant C.

Proof. We first apply ([28], Thm. 5.3, p. 32) (of course here backward in time) to get:

HQ||L2(O,T;H2(TL x(0,1)))NH(0,T;L2(TL x(0,1))))
< C (llarlla ryx o + 1o llz2ase) (A.48)

+lgy ”Lz(o,T;H% (T x{0,1}))NH ¥ (0,T;L2(Ty, X{O,l}))) ’

for some positive constant C. Now we introduce:

QI('v t) = (T - t)Q(a t) in Q’?x (A49)
One observes that ¢; solves:
v P'(p)p )
@O+ @0e) — 20— T PP (T )f, +q nQf,
r v A.50)
0.q1 = (T —t)gy onTL U TS, (A
a(,T)=0 inTy, x (0,1),

In view of (A.44) and (A.48):

(T —t)f, +q€ L*0,T; H(TL, x (0,1))) N Hz(0,T; L*(TL, % (0,1)))
and

(T —t)gy € L*(0,T; H2 (T, x {0,1})) N H7 (0, T; L*(Ty, x {0,1})).

Of course the compatibility 0.¢1(-,T) =0 = (T —T)0,94 (-, T) is satisfied on Ty x {0,1}.
Hence once again applying ([28], Thm. 5.3, p. 32), we furnish that

¢ € L2(0,T; H3(T,, x (0,1))) N H2(0,T; (T, x (0,1))).
Consequently using ([28], Thm. 2.1, Sect. 2.2) in the interval (T' — €,T") one obtains that
(-, T —€) € H*(Ty x (0,1)).

Hence the definition (A.49) clearly implies that q(-,T —¢) € H%(T x (0,1)), for every 0 < ¢ < T and the
estimate (A.47) follows. O
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