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REGULARITY ANALYSIS FOR AN ABSTRACT THERMOELASTIC
SYSTEM WITH INERTIAL TERM

ZHAOBIN KUANG!, ZHUANGYI L1u?%* AND HUGO D. FERNANDEZ SARE!

Abstract. In this paper, we provide a complete regularity analysis for the following abstract
thermoelastic system with inertial term

pug + 1A ugy + cAu — mA%0 = 0,
Oy + mA%u, + kAPO = 0,
u(0) = uo, ue(0) =wo, 6(0)= 0o,

where A is a self-adjoint, positive definite operator on a complex Hilbert space H and

B+1
2

(o, B,7) € E =10, ] x [0,1] x [0, 1].

It is regarded as the second part of Ferndndez Sare et al. [J. Diff. Egs. 267 (2019) 7085-7134]. where
the asymptotic stability of this model was investigated. We are able to decompose the region E into
three parts where the associated semigroups are analytic, of Gevrey classes of specific order, and non-
smoothing, respectively. Moreover, by a detailed spectral analysis, we will show that the orders of
Gevrey class are sharp, under proper conditions. We also show that the orders of polynomial stability
obtained in Ferndndez Sare et al. [J. Diff. Egs. 267 (2019) 7085-7134] are optimal.
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1. INTRODUCTION

Let H be a complex Hilbert space with the inner product (-,-) and the induced norm | - ||. We consider the
following abstract system of coupled hyperbolic and parabolic equations:
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puge + 1A Uy + o Au — mA®0 = 0,
by +mA®u, + kAPO ,
u(0) =ug, u(0) =v9, 6(0)= by,

(1.1)

where A is a self-adjoint, positive definite (unbounded) operator on the complex Hilbert space H, m # 0, k > 0
and

(o, B,7) € E = [O, 62—1—1] x [0,1] x [0,1].

Our main interest is the regularity of the solution to this system in terms of the parameters «, 3,7y. For this
purpose, we reformulate system (1.1) in a semigroup setting on the state space

H =D(A?) x D(A?) x H,
where any element in # is denoted by U = (u,v,w)”. The inner product in  is defined by
(U, Uz Yo = 0 ( A%y, Aup ) +p (01,02 ) (A3 v, A3vs) + ¢ (01, 65),

for all U; = (us,v;,0;)7 € H, i = 1,2, under which H is a Hilbert space. By denoting v = u; and Uy =
(ug, v, wp) T, system (1.1) can be written as an abstract linear evolution equation on the space H,

dU
—(t) = A, t), t >0,
dt (t) = AasU(t) 0 (1.2)
U(0) = Uy,
where the operator Aq g : D(Aq,3,) € H — H is defined for |a < 1 | by
v
—(I+ iAv)—lAa 9 gl-ay,, _ my
Aa7ﬁ7ry z - p pk P (1.3)
M pay — B asg
c c
with domain
D(Aap) = {(u,v,e)T €H | ve D(AY?), 0 € D(AP), u e D(A'™®),
oAy — mf € D(A/?) ¢ H} :
For |a > % it is defined by
v
u l o m
—(I+-A")"1A~ (Alo‘u - 0)
Aapy V] = ( p ) p p (1.4)

d _Ac3 (mAév + kA,B—(a—%m)
C

C
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with domain
D(Aapy) = {(u,v,G)T € H |ve D(AY?), oAy — m@ € D(A>~/2),

Ag_(a_1/2)9 € H, Aa—1/2 mAl/Qv_,'_kAﬂ—(oc—l/Q)g} c H}

It is known that A, 3~ generates a Co-semigroup e“e.s.9% of contractions on H, see [8]. Then the solution to
the evolution equation (1.2) admits the following representation:

U(t) = eferatly, >0,

which leads to the well-posedness of (1.2). With this in hand, in general, regularity and stability are the
main properties that attract the researchers’ attention [3, 4, 13, 18] where these properties are associated with
regularity /stability results of their corresponding Cj semigroups. Then, before going further, let us recall the
definitions of these properties.

Definition 1.1. Let e be a Cy-semigroup on a Hilbert space H.

1. The semigroup e is said to be analytic if there exists an extension T'(7) of e*? to the following set
Yo ={reC||arg7| < 6} U {0},

for some 6 € (0, 5) such that, for any € H, 7+ T(7)z is continuous on ¥y satisfying the following
semigroup property

T(r + 1) =T(n)T(12), V71, T2 € Xp, with 7 + 1 € Xy,
and 7 +— T'(7) is analytic over ¥¢ \ {0} in the uniform operator topology of L(#) (the space of all linear
bounded operators from H to H).
2. Semigroup e is said to be of Gewvrey class § (with § > 1) if it is infinitely differentiable and, for any
compact set L C (0,00) and any 6 > 0, there exists a constant K = K(6,K), such that

[A™ e 230y < KO™(n!)°,  Vte K, n>0. (1.5)

@

Semigroup e is said to be differentiable if, for any x € H, t — etz is differentiable on (0, 00).
4. Semigroup e is said to be exponentially stable with decay rate w > 0 if there exists a constant M > 1
such that

t>0.

)

||6.At|| < Me—wt
5. Semigroup e is said to be polynomially stable of order j > 0 if there exists a constant M > 0 such that
et A~ < Mt t>0.

Note that, in Definition 1.1, the first three items are about the regularity of Cyp-semigroups ([5, 7, 14, 17, 19])
and the last two are about the asymptotic stability of Cp-semigroups ([6, 7, 17]). Also note that, if § = 1 in
(1.5), the associated semigroup is analytic; see [19].

Returning to system (1.1), the case of v = 0 was first considered in [1] for exponential stability. Then the
region of C* smoothness was founded in [16]. A complete picture of the stability and regularity of this model
were given in [9, 10]. In the case v > 0, the analysis become more demanding due to the following challenges:
How to divide the parameter region E into subregions with specific stability and regularity properties due to
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(0,1) (1,1 (0,1) (1,1) (0.1) (1,1)
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(a) Region’s boundaries. (b)yy=0 (c)y=
FIGURE 1. Regions S7, Ss, and S3 for some 7’s.
the additional parameter v? How to determine the order of polynomial stability and Gevrey class in terms of

the parameters? How to prove these properties in each subregion? Recently, the stability analysis of the system
(1.1) has been reported in [8]. For reader’s convenience, we give a brief summary here.

1. The semigroup e“=-#~* is exponentially stable in S,
2. The semigroup e«#7* is polynomially stable of order § > —m in So U S3 with
200 — B —
¢7 (0[7ﬂ,’7) 652;
(L=7)/2
nla, B,7) = St 1 (1.6)
(O[, ﬂa FY) € S3-

(1-y)/2"°

where
S1:{(a,6,'y)€E: 1<2a+8, VSQQ—,Bgl},

1—
52{(04,6,7)6E:0§a<ﬂ2+7, Tvgﬂgl ,

s?,{(a,ﬁ,v>eE:03a<1;5,osﬁ<1;”}.

Examples of regions S7, Sz, and S; are given in Figure 1.
As mentioned previously, the aim of this paper is on conducting a regularity analysis of system (1.1). We
organize the paper as follows. In Section 2, we will summarize the main results of the paper. Specifically,

(a) We will decompose the parameter region E into three parts where the semigroup associated with the system
is analytic, of specific order of Gevrey class, and non-smoothing, respectively.

(b) By a detailed spectral analysis, we will show that the orders of Gevrey class is sharp, under proper
conditions.

(c) We also show that the orders of polynomial stability obtained in [8] are optimal.

In Section 3, we provide a list frequency domain characterization of semigroup properties, useful to proof our
results. Section 4 is devoted to the Proof of main result (a). Finally, proofs of results (b) and (c) are provided
in Section 5 and Section 6.
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(a) IDs and locations of various regions. (b) boundaries of various regions.

FIGURE 2. Regions given in (2.1). The figures are plotted choosing v = .

We would like to remark here that the method we introduce in Section 5-6 to analyze the asymptotic behavior
of the eigenvalues of the system, which is a cubic equation with coefficients depending on three parameters «, 3, v
in region F, is crucial to our success.

Before ending this section, we give an example to illustrate the motivation of our investigation.
Ezxample: The thermoelastic plate equation

e (w,t) — 1Aug (2, t) = —EA?(2,t) + kA (2, 1), in Qx(0,00),
cOi(x,t) = —Aug(z,t) + kAO(2, 1), in x(0,00),

u(z, ) = Au(z,t) = 0(z,t) =0, on 990 x (0,00),

u(@,0) = uole).  Vulw,0)=w(e), 0.0)=b() in O

(1.7)

It is known that the semigroup associated with this system is analytic when [ = 0, but is not analytic when
I > 0, see for example [11-13]. This system falls into the framework of system (1.1) for A = —A, (e, 8,7) =
(1, %,O or 1).

For the sake of simplicity and without loss of generality, in our analysis we assumel = p=0c=m=c=k = 1.

2. MAIN RESULTS

To state the main results, we first divide the parameter region E into the following subregions:

Ri={(a,8,7)18<1,-2a0+8+1>0,2a—28—7<0,4a0—28—7—-12>0,0<~ <1},
}b:{MﬂWH17<ﬂ<14a7w 7-1<0,2a0—5—-7>0,0<~vy<1},
Ry={(a,B,7) |a<3 <52 2a+8-1>0,0<y<1}, (2.1)
R4:{(a75,7)|a2%,a—26 7>0,—20¢+ﬂ+1>0,0§7<1},

Rs = E\ (RiURs U Ry URy)

The regions defined in (2.1) are visualized in Figure 2. Additionally, Figure 3 shows how these regions change
at various 7’s.
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FIGURE 3. Regions defined by (2.1) at various ~v’s.

With the regions defined above, we can decompose E into three parts where the semigroup associated with
(1.1) is analytic, of specific order of Gevrey classes, and non-smoothing, respectively via Theorem 2.1.

Theorem 2.1. The semigroup e’*~#+t has the following reqularity properties:
(i) It is analytic in Ry;

(i) It is of Gevrey class 0 > m in Ro U Ry U Ry with

z?i,g)z%7 (Oé, /Ba ’Y) € R27
/L(Ot,ﬂ,")/) = (?,Wﬂ (O[,ﬁ,’y) € R3; (22)

a_ify/ga (CY,,B,'Y)ER4.

(i4i) It is not differentiable in Rs.
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It should be noticed that when v = 1, the analytic region R; degenerates to the line —2a+ 3+ 1 = 0.
Furthermore, the sharpness of the orders of Gevrey class corresponding to (2.2) of Theorem 2.1 as well as the
sharpness of the orders of polynomial stability corresponding to (1.6) can be characterized by Theorem 2.2:

Theorem 2.2. If A admits a sequence of eigenvalues p, € R such that lim, .o pn = 00, then the Gevrey class
orders in (2.2) of Theorem 2.1 are sharp in the following sense: For any € > 0, the semigroup is not Gevrey

class of order m Furthermore, the orders of polynomial stability in (1.6) are also sharp: for any e > 0,

. . . 1
the semigroup is not polynomially stable of order —a@BaTE

The significance of the above results includes the following:

— System (1.1) covers a variety of partial differential equations. Within this framework, the stability and regu-
larity problem of the system are now completely resolved. It is possible to extend the results to the case when
operators in the system are not in the form of fractional power of A, but equivalent to it in some sense. See
[14] for a simpler system.

— The semigroup properties obtained in [8] and this paper provides important information for the study of
nonlinear evolution equations related to the linear system (1.1).

— The asymptotic analysis of eigenvalues for system (1.1) is crucial to precisely divide the parameter region
E into subregions corresponding to the semigroup properties. The method designed presented in Section 5-6
provides a powerful mean to fulfill this formidable task, which can be applied to other type of general systems
with parameters.

3. FREQUENCY DOMAIN CHARACTERIZATION OF SEMIGROUP’S PROPERTIES

In this section, we will present the frequency domain characterization of semigroup properties, which are our
tools of proving the regularity results in Theorem 2.1.

Lemma 3.1. Let A: D(A) C H — H generate a Co-semigroup et on H such that
et < M,  Vt>0, (3.1)
for some M > 1 and
ix € p(A), VA € R, |} large enough. (3.2)

Then the following hold:

1. Semigroup et is analytic if and only if for some a € R and b,C > 0 such that
p(A) 2 S(a,b) = {)\EC | Re)\>a—b|Im)\|}, (3.3)

and

Sy 1 <
62— A7 < T

A € X(a,b). (3.4)
This is the case if and only if

Tm M GEXN =AY < oo. 3.5
AeRj&ﬂLW' HIGEA = A)7 | < oo (3.5)
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2. Semigroup et is of Gevrey class 6 > 1 if and only if for any b, T > 0, there are constants a € R and C > 0
depending on b, 7,0 such that

p(A) D (8) = {)\e(C | ReA>a—b|1mA\%}, (3.6)
and

1(6x — A) 7Y < c(e*TReA + 1), YA € 54(6). (3.7)
This is the case, in particular, if for some p € (671, 1),

Tm PG — At . 3.8
rer NN = A7) < oo (3.8)

3. Semigroup et is differentiable if and only if for any b > 0, there are constants a, € R and Cy > 0 such
that

p(A):_DEbE{)\G(C|Re/\>ab—blog|1m)\\}, (3.9)
and

[GX— A7 < CpIm A,  YAeE D, Rel <0. (3.10)
This is the case, in particular, if

Iim  log|\|||iA — A)7Y| = 0. 3.11
. og [A[[[(iX — A) 7| (3.11)

4. Semigroup et is exponentially stable if and only if

i € p(A), VA €R, (3.12)

and
lim iA— AL ) 3.13
el A= A7 < oo (3.13)

5. Semigroup et is polynomially stable of order j > 0 if and only if (3.5) holds and

—_ 1
Ii ATTGN = A) 7| < oo. 3.14
AER,FA?%J 77| = A) T < o0 (3.14)

For notational simplicity, hereafter, we write i\ — A instead of i\I — A, omitting I. In the above result, the
regularity and stability properties of the semigroup e are deliberately related to the spectral /resolvent of the
generator A. Practically, we will use the limit relations (3.5), (3.8) and (3.11) to establish the regularity property
of the semigroup, and use the spectrum relations (3.3), (3.6) and (3.9) to show that the relevant indices are
sharp. The following corollary will be useful below. See [10].
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Corollary 3.2.

1. Suppose o(A) contains a sequence A, such that

lim Re ), = a, lim |A\,| = oo, (3.15)

n— oo n—0o0

for some a € R, then the semigroup e is not differentiable.
2. Suppose there exists a sequence A, € o(A) such that

—  Rel,
I ALY (3.16)

im —~ =
n—o00 |Im)\n|g

At

then e”** is not of Gevrey class 0.

4. PROOF OF THEOREM 2.1

In this section, we will prove Theorem 2.1. It is technical and lengthy. Let us now make some preparations.
First of all, in our proof, the following interpolation theorem will play a crucial role.

Lemma 4.1. Let A: D(A) C H be self-adjoint and positive definite. Then

p—r

[A ]| < [|Af||a=

a—p

=,  Yo<r<p<gq, xeD(A9) (4.1)

A"z

In particular, for any 0 € |0, %], one has (withr =0, p=20, and ¢ = %)
|A%l| < ARz, vz € D(4), (4.2)
and for any 0 € [3,1] (withr =3, p=0, and g =1)
1A% < [|Az|*~"||A22|2=0, Vo e D(A). (4.3)
Next, for any A € R, and any U = (u,v,w)" € D(Aag.4),
AU —v
(X — Aap)U = i+ (I + A A (Ao, —0,) |, (4.4)

A0 + T(v, )

where

A%, + APG,, | for a < 1/2

L ) (4.5)
A3 (Azw, + AP~ot24,,) | for o > 1/2.

T(vp, 0p) := {

Our proof for Theorem 2.1 will be based on contradiction arguments. Suppose for some given («, 3,7) € S
and p € [0, 1], without having any specific relations among them, that the following is not true:

Gm (6N —A 1 < .
AERMHO@I “1IC aB7) |l
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Then there exists a sequence {(\n, U,) ’ n>1} CR X D(Anp.~) with Uy, = (un, v, 0,)7, and

lim |A\,| = oo,
n—00 ) 3 (46)
1UallF = [ AZunl® + lloall + A2 va|® + 0] =1, n>1,

such that

T (] (00— Aap ) Unllie =0, (4.7)

i.e. (note (4.4)), without loss of generality, A, > 0,

INTFARu, — AP ATy, =0(1),  in H, (4.82)
AT+ Ao, + A PAY (A Y, — 0,) — 0,  in D(AZ), (4.8b)
AT, + M\ P T (v, 0,) = 0(1)  in H, (4.8¢)

where (4.8b) is derived by acting (I + A7) on the second component of (4.4). Hereafter, if not specified, o(1)
stands for a vector in H (or a quantity in R) which goes to zero as n — oo, and O(1) a bounded vector in H
(or uniformly in » > 1, in R). The advantage of using such a notation is that (4.8a)—(4.8c) can be regarded as
a system of equations, which will be convenient to the analysis later on. Furthermore, acting A~2 on (4.8b)
yields,

ALk (A—% + A%) Un + ATHACF (A0, — 0,) = o(1), (4.9)

where the Lh.s. of (4.9) € H. For the sequence {(An, un, vn, 0,)} satisfying (4.8a)—(4.8c), we have the following
result.

Lemma 4.2. For the sequence {(An,Un,Vn,0,)} satisfying (4.6)—(4.7), the following convergences are true:

A 2A%0, = o(1), (4.10a)

ilonl? + il AF vn |2 — il A¥un))? — T2 ARG, A0 2 A% 50,) = o(1). (4.10D)
A TAYTE (A, — 6,) = O(1). (4.10c)

A0, )17 + AP (A v, AYT26,) = o(1). (4.10d)

Proof. To show (4.10a) is true, consider:
Re<>\;ﬂ (Z>‘n - "404’517) Unv Un>7—l = _Re<)‘;MAa,ﬁ,vUna Un>’H
=—\,"Re (<A%vn, Azu,) 4 (A*V2(AY -, — 6,,), AY20,) + (T(v,,6,), on>) (4.11)
_L B
=[|An 2 A20,|°.
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For the analysis of the last term, see reference [8]. Then, by (4.6) and (4.7), we obtain
IAn 2 A% 0,1 = o(1).

To show (4.10b) is true, we see that since p € [0,1], A*~1AZ v, is bounded in H because of (4.6). Taking the
inner product of (4.9) with A*~' A3, in H yields:
(i (I + A7) vy, vn) + (A, LA 3 (A, — 0,), ATvy,)
= il|vn | + il AFvn | + (ATun, AT ATv,) — AT (AT 26, A2 v,)
= illonl® + I AT vl = il AZun ] = (A TEAT O, A0 T A% F0,) + 0(1) = o(1),

where A%~ 20, € H because o — % < g in S;1. Also, the penultimate equality can be obtained by multiplying
(4.8a) with the bounded M~ to yield iA2u, = A; AZv, + o(1). (4.10¢) follows from multiplying (4.9) by the
bounded M\“~! and the fact that |AZv,|| < 1. Finally, (4.10d) is obtained from the inner product of (4.8c) with
0, in H and using (4.10a). O

Theorem 4.3. Let

17 (a7 5/7) S Rl
2(2a—B—7) (a, B
— ) ) 77) € R2
(e, 8,7) = 4 22014 (4.12)
2(2%@”’ (aaﬁ77) € R3
23?77 (O[HB”Y) € R4
where R;, i =1,2,3,4 are defined by (2.1). Then
Him w87 (4 -1
lim || |(GX — Aap) ]| < o0. (4.13)

AER, |A| =00
Proof. In order to prove the result, let us argue by contradiction arguments. In fact, assuming that (4.13) is
false, then the convergence (4.6)—(4.9) and also Lemma 4.2 hold. We will show that ||U,||% = o(1), which is a

contradiction with (4.6). We divide our analysis by cases, depending on the region R;, i = 1,2, 3, 4.
Case 1. Let (o, 8,7) € Ry where

Rlz{(a357’7)|ﬂ§1372O‘+B+120a2a72577§034a7267’7712030§7§1}7

and is shown in Figure 4 where 7 is i, %7 and %, respectively.

Take p = 1. The inner product of (4.8c) with A Pv,, in H, which is bounded since o — 3 < 7 in Ry and
|AZ v, ]| is bounded, gives

(100, A Pv,) + [An 2 A% 50, |2+ A, (A% 36,,, ATu,) = o(1). (4.14)

It follows from (4.10d) and p = 1 that A *(A*~26,,, Azv,) is bounded. Therefore, we obtain from (4.14) that

-3 ga—E 2 _
[An 2 A2 0y [|7 = O(1), (4.15)

because (i6,,, A% Pv,,) is also bounded. Consequently, (4.15) implies that
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/
) —20+B+1=0
.

/
/=20 +p+1=0
/
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20 =28 -~v=0

20 —28-~v=0

200267 =0

FIGURE 4. Visualization of R; at various v’s.

N A0, AR )| = [P A%, 007 A S| < A0 P ARG AT o = o(1), (4.16)

where we have used also (4.10a). Now, returning to (4.10d), the estimate (4.16) implies that
10 ][ = o(1). (4.17)
On the other hand, from (4.8c) and (4.17) we have
ATlAe~3 (A%un + Aﬁ—a%en) = o(1). (4.18)

Since a > § in Ry, A uy,| = O(1) by (4.6). Then, taking the inner product of (4.18) with A'~%u,, in H, we
obtain

o(1) = (\;TAYTE (AT, + APTOTEG,), AT,
= (\ 1A% v, + APTOFE0,), ASu,)

1 1 1 1 1 4.19
= i AZu, |* + o(1) + A, (APTOF R0, ATw, — A°TEG,) + N1 (APTOTEG, AT, (419
= il AR un]? + o(1) + (A AT, A0 FAT (A, — 0,)) + A7 AT6, 2,
where the penultimate equality is due to (4.8a).
It follows from (4.9) that
A EAY"F (A2, —6,)]| = O(1). (4.20)

By taking the inner product of (4.20) with A'=2+8+3 4, in H, which is bounded due to 1 — 2a + 8 + 1<4
in Ry, we arrive at

A F (A, — g,), A1+ Ty,
= <)\;%Aa_%(A1—aun —0,), /\;%(Al—za+5+%un - A—a+ﬁ+%9n>
+ (AZ%A‘X‘%(A“O‘U” —0,), AotFt3g,)
= A AR (A, 0,2 — A F AR (410w, — 6,). 00 A%6,) = 0(1), (.21)
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Iy - 1 p ,ﬁ e —
2&—5—‘:0;//R2 // . K
4 4 2a-B8-~v=0/Ry/ e
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(a) v =13 (b)y=2 (©v=1
FIGURE 5. Visualization of Ry at various 7’s.
Therefore, by (4.10a) and (4.21), we have that
~5 48/ p1-a 2
([An2AZ (A ™%y, —60,)]° = O(1). (4.22)
It follows from (4.10a), (4.19), and (4.22) that
|AZu,|| = o(1), (4.23)
which further implies in reference of (4.10a), (4.10b), and (4.15) that
[onll* + (| A% 0, |* = o(1). (4.24)

From (4.17), (4.23), and (4.24), we have proved ||U,|%y = 0, which is a contradiction to (4.6).

Case 2. Let («, 8,7) € Ry, where

1—
RQZ{(O‘?67’Y)|2’7Sﬁg17404_25_7_1<072a_6_7>070§fy<1}7

and is shown in Figure 5 where ~ is i, %, and %, respectively.
Taking
_22a-8-9)
=71
-

Note that in Ry, 3 < a— g < %, where we have used € (0,1). Then, using the interpolation’s inequality (4.1),

-5 fa-2 -5 1 al?;% 2 %iizg -& 1 20—B—vy ~ 1-2a48
A 2 A% Z 0, < An 2| ABu, ]| 23 [[ATu,|| 33 = A F|ATe, | T AR, T
= A AT || T AT 0, | = A AR | B AT, F, (4.25)

where & € (0,1) in So, Hence, by (4.6) and (4.8a),

A% A%~ 20, = O(1), (4.26)
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which, combined with (4.10a), further leads to
AT (ASv,, A%750,) = (An 2 A% 5o, M\ 7 A%6,,) = o(1). (4.27)
It follows from (4.10d) and (4.27) that
1—p
[An® Onll = o(1) = [|0n]l = o(1). (4.28)

1—p
Dividing (4.8¢c) by An? , and reference to (4.28), we have

1+p

An ? AOTE (A%vn +Aﬁ-a+%9n) = o(1). (4.29)

On the other hand, when a > 1, take b = I_T“ which is in (0,1). It is clear that [|A;°A'~%u,|| = o(1) by
4.6). When a < %, let b= 1=22 Then b € (0,1) because in Ry, 2 — -7 >0=2a -7 >0=>1—-2a <
2 1—v

1—~=10€(0,1). Furthermore, when « < %, we have that o — % < 0 < a— 3. Then, by interpolation we have
AP IAT = 0, < AT A3 (AN My, — 0[] A7 (AT w, — 6,170 = O(1), (4.30)

since ||A;1A*~ % (A%u, — 6,)| is bounded due to (4.9) and [|A* 2 (A1 u, — 0,,)| = |[Azu, — A* 20, <
|AZu,|| + A2~ 20,]| is also bounded because we are considering o < . In this case we also obtain the
boundedness of ||\ A1=%u,, || because ||A;;%6,| is bounded.

For both o > 1 and a < 1, the inner product of (4.29) with A,;*A'~®u,, gives

14p

_ _
An ) b(A%vn,A%un>+)\n 2

P40, AT T, = o(1). (4.31)

1+ 4b

We can multiple (4.31) by A, to get

(AT A%, Auy,) + AT (A%0,, A0 5y,) = o(1)

=il ABu| + (A 2 A0, A T AT Ry, = o(1), (4.32)
where we have used the fact that for a > %, H'T“ +b=1; and for a < %, H%‘ +b= % e < 1 because
B> 12 in Ry.

On the other hand,
An T ATt Sy | = A T T AT (A, — 0,) + A TEARG,
< EAT (A, — )]+ A T ARG, = A TE AT (AT, — 60,)] + o(1), (4.33)

where for the last equality we have used (4.10a) and the fact that —1 + £ < —% because p < 1 by the fact that

4da— 28 — v —1 < 0in Ry. Furthermore, let ¢ = %, by o — % < g < a— 3 in Ry and (4.30),

_1+% s —a
A AT (AT g — 6,

—1+54+¢c;y -1 qa—2 11—« c a—1 1—a 1—¢ (434)
A7 IA AT (AT Yy — 0[] AT (AT M — 67 = O(1),

where —1 4 £ + ¢ = 0 and hence c € (0,1).
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,,,,,,

\Rs | 1o i
2a+8-1=0% ! . ,71_\0‘R33 ~ .
\3 s \‘\} : 2a+3—1:(;}??3
1 1 3
(a) v =13 (b)y=2 (©v=1
FIGURE 6. Visualization of R3 at various 7’s.
Applying (4.10a), (4.33), and (4.34) to (4.32), we conclude that

1A% un || = o(1). (4.35)

With(4.10a), (4.10b), (4.26), (4.28), and (4.35), and by an argument similar to that presented in Case 1, we
have proved ||U, |3 = 0, which is a contradiction to (4.6).

Case 3. Let (o, 8,7) € R3, where

1 1—
Rgz{(oz,ﬁ,v)oz<2,,8<2’Y,2a+5—1>0,0§'y<1},

and is shown in Figure 6 where v is i, %, and %, respectively.

Takeu:wﬁ%ffl).Thenue (0,1). w>0isdueto2a+ S —1>0and v < 1in R3. To see u < 1, consider

1—v 1 2 2a+8—1 2(2a+
b F =35> =1> 75— >

Note that 3 < o — g < % in R3, where the first inequality holds because o > % > ﬂ# due to the fact that
20+ —1>0and 8 < 1_77 in Rz, and the second inequality is due to a < % in R3. Let a = % Then

a € (0,1) because the foregoing inequality 3 < o — g < %

ifl) = u, where 1 > 20‘%?71 is due to & < § in Rs.

—a|| ga—2 —1 44 a A2 —a
AN AT Z ]| < AT AR 07| AT 0|7 = O(1). (4.36)

Notethata—%zl—%>0becauseﬁ<1_77,and1—%—a:2_4a>0becausea<%and’y<1. Since

1=y
a— % >0, dividing (4.10d) by A, * yields,

0o(1) = AL E T 0,12 + A E T (ABu,, AO730,) = AT ETY0,]12 + (A4 T 0, A F ARG,,)
— AT T2+ o(1) = AT E0, )12 = 0(1) = [[6a])> = o(1), (4.37)

where we have used (4.10a) and (4.36) to show ()\;“Ao"gvn, /\E%A§9n> = o(1).
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FIGURE 7. Visualization of R4 at various 7’s.

Note that § — % + ¢ = 2=2¢=20=% > () because y < 1 and 1 =7 —28 > 0 > 2a — 1 in R3. Dividing (4.8¢)

1_3n,a
by A2 ++% and in reference of (4.37), we obtain

S A2 TR (A%, + AP6,) = o(1) (4.38)
Note that —1 + & + ¢ = 210‘__71 = —b in (4.30). Because o — 1 < 0 < a — 7 still holds, where we have used

7 <a-— g for to show 0 < o — 7, (4.30) is still true for R3. Then, ||/\,_L%+%+%A1*aun|| = O(1) by (4.30).
Taking the inner product of (4.38) with )\;%JF%JF%A“O‘U" in H yields,

(Abup, AP AT ,) + (A T2 AT 5 A2 A%0,,) = o(1)

il Abun |2 + O T2 A By, AT AR6,) = o(1), (4.39)

where we have used (4.10a) and p € (0,1).

Again, we only need to show the boundedness of H)\;H%Al—‘”%unﬂ to get |[AZu,| = o(1). By (4.34),
)\;H_%(Al_o‘*‘gun — A%0,) = o(1) because —1 + Ed+ec=-1+ % < 0. Therefore, Ay "2 A1-0+5y, =
)\;H%Agﬁn = o(1), where we have used the fact that —1 4+ § < —4 and (4.10a).

With(4.10a), (4.10b), (4.36), (4.37), and (4.39), and by an argument similar to that presented in Case 1, we
have proved ||U, |3 = 0, which is a contradiction to (4.6).

Case 4. Let (o, 8,7) € R4, where

1
R4{(a,ﬂ,7)|a22,2a25’y>0,2a+ﬂ+1>0,0§’y<1,}

and is shown in Figure 7 where 7 is i, %, and %, respectively.
Take pu = 2367, then p € (0,1) because 2a — 23 — v > 0 in Ry. Note that 8 —a + 3 <0 in Ry. Thus,

|AZ v, + AP=oF30, || = O(1). (4.40)
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On the other hand,
(A 1A~ 3 (A3 0, + AP0+ 3)0, | = 0(1) (4.41)
by (4.8¢). Acting AP~3 to (4.8¢) yields,
ArAPmetEg L AR AR (AR, + APTOFE0,) = o(1). (4.42)
Since a — % > [ > 0 in Ry, by interpolation, we obtain,
A PAP(AZ v, 4+ AP0t 30,)|| < [[ATAYT 2 (A2 w, + AP0F30,) |4 A% v, + AP0t 30, |1+, (4.43)
By (4.40), (4.41), and (4.43),
A AP (A% v, + AP70F30,)| = O(1). (4.44)
It follows from (4.42) and (4.44) that
[AL=rAB=at3g || = O(1). (4.45)

Let b= % € (0,1] in Ry. It is straightforward to verify the following equality
H _
— b+ (1 -m-b)=o. (4.46)

Then, with 0 <a—f8—-3 <a— g — 2 and by interpolation,

B

16, ] =[|A°7FF (AP F20,)|| < A% ETF (AP R0, M| A Tt R G,
=[[ A% 0, |P| AT F 0,170 = A0 B AZ 0, [PAL AT R, 17 = o(1), (4.47)
where the penultimate equality is due to (4.46).
Next, note that 1 — o < % in R4, which implies that ||A'~%u,|| = O(1). Here, we have used (4.8a). Taking
inner product of (4.8c) with \“~1 A=, yields,
0o(1) = (A Uy, 0,) + (A AT (AZ v, + AP7OFEG,) )
= (AR, Aug) + AP0 R G, A uy) = i AR, + o(1), (4.48)

where we have used (4.6), (4.8a), (4.47), B—a+ 3 < g, and —1 < —£ to obtain the last equality.
Finally, we take inner product of (4.8c) with A“~16,, to get

o(1) = i[|0n |2 + A (A2 vy, AY30,) + AT A%, )2 = (A A, A 30,), (4.49)

where the last equality is obtained similarly to that in (4.48).
With (4.10b), (4.47), (4.48), and (4.49), and by an argument similar to that presented in Case 1, we have
proved ||Uy,||l3 = 0, which is a contradiction to (4.6).
O
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5. ASYMPTOTIC BEHAVIOR OF EIGENVALUES

In this section, we are going to study the asymptotic behavior of some eigenvalue sequences for the operator
Aq. 3~ Recall that we assume there exists a sequence i, of eigenvalues of A such that

O<p Spo <ove lim p, = oco.
n—oo
The following lemma is a direct consequence.
Lemma 5.1. Let

FOu) = (4 mp )N + (57 + PN + (4 2N+ 57T, V(A p) € Cx Ry, (5.1)

with k = 1. If the following holds:

FAns pn) =0, (5.2)
then Ay, is an eigenvalue of Aqg~-
Now, for any n > 1, we consider the following equation:
FOupn) = (U4 )N + (P + )N+ (i + o)A+t = 0. (5.3)
Let us denote
an=1+p7, bp=p 4y e = i, dp= (5.4)

Then (5.3) takes the following form:

an A + by A% + cp X + d, = 0, (5.5)
with ay, by, cn,d, € Ry, Let
h,, = 3an,c, — bi, Jn = 2bi —9a,b,c, + 27aioln7 Dn = h—n, qn = In (5.6)
3a? 27a3
Define
A, = (qi)Q + (ﬁ)?) = W , where W,, = 27a2d? — 18a,bpcnd, + 4anc +4b2d,, — b2 c2. (5.7)
2 3 10842
We also define
@n,i:—%”i Anz—%”i (%)QJF(%)g. (5.8)

In our paper, for any ¢ = [£]e??, we define €2 = |§|%ei%, and €3 = \f|%e’%. Note that since a,,, by, ¢, dy, € Ry,
VA, is either real or purely imaginary. Also notice that ®, @, — = — (%)3. Since p,, is real, we have that
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L1
o; @7 = —Po. This statement is obviously true when /A, is real. On the other hand, when /A, is

1 1
imaginary, ®; . and ®; _ are complex conjugate so the statement still holds. Notice that

(I)n’+ + q),m, = —(Qn, (I)n7+ — (I)n,, = 2\/ An

We can define A,, and B,, as:

—dn
3 3 3 3
(I)n,+ - (I)n,-l-(bn,— + (I)n,—

With the above notations, we have the following result ([15]) regarding the roots of (5.5).

Lemma 5.2 (Cardano’s formula). Equation (5.5) admits three roots which are given by the following:

)\nO = An - 3177717
' @n - 5.10
{Ani =-14, - 2 +i8B, (5.10)

As mentioned in the beginning of this section, we are interested in the asymptotic behavior of some eigenvalue
sequences for the operator A, g . Specifically, with the Cardano’s formula, we are interested in characterizing
the leading terms of A, o and A, + as n — oo. This will be the focus of the rest of the section.

For the ease of presentation, we first partition

G={p7]0<a<1,0<A<1,0<y<1} (5.11)

into various regions, and report the leading terms of A, o and A, + in corresponding regions in Section 5.1. It
should be noticed that £ C G. Therefore, by identifying the leading terms of A, o and A, + as in G, we will
have complete knowledge of these leading terms in . The leading terms of A, o and A, + in E are also reported
in Section 5.1.

As of how we can determine the leading terms of A, o and A, +, based on the Cardano’s Formula (5.10), we
start from determining the leading terms of A,, and B,, as n — oo. This is the focus in Section 5.2.

In our derivation, we will show that just using the leading term of A,, does not suffice to estimate the leading
terms of A, o and A, 4 as desired. This motivates us to further characterize the lower order terms of A,,, which
will be the focus of Section 5.3. Upon acquiring these lower order terms, we can compute the leading terms of
An,0 and A, +, which is reported in Section 5.4.

5.1. Partition of G and leading terms of A\, o and A, +
The partition of G is given by Definition 5.3.



20 Z. KUANG ET AL.

(0,1) (1,1)

(0,1) 1,1) (11-3)
Vi ﬁ:2a7%7% B=a-3
Q — 1=
~ (07 1%) B=300-v
““““““““““““ (3.4%2)
\%1
a=3
(0,0) (1,0)

(0,0) (1,0) (50)

(a) IDs and locations of various regions. (b) boundaries of various regions.

FI1GURE 8. Partition of G according to Definition 5.3, choosing v = é. The dotted lines represent
the contours of various regions in E.

Definition 5.3. G ={(o,3,7) |0<a<1,0<8<1,0<~v <1} is partitioned into various regions given in
(5.12). The parameter space E considered in this paper is a subset of G.

{(aﬁ, N[0<a<i,0<B<i(l-79),0<y<1},

={(,8,7)|3<a<1,0<B<i2a—7),0<y <1},

{(aﬁv)li( +264+7) <a<1,320-9) <B<L0<y <1},
Fg—{( )|%(2+25)<a<1,%(2a—1)<ﬂ<1,7:1},
V4—{(aﬂ, )|0<a< 1(1+28+7),5(1-7) <B<1,0<y <1},

(5.12)

Fio={(a,8,7) |a=3,0<B8<3(1-7),0<y <1},
F14={(@5’7)|0§04 5:8=5(1—-7),0<y<1},
Foy={(a,8,7) |3 <a<1,8=3(2a—-7),0<y<1},
Fya={(a,,7) [a=31(1+28+7),3(1-7) <B<1,0<y <1},
Ligga = {(o,8,7) |a=3,8=34(1-7),0<y<1}.

Note that all the regions in (5.12) forms a partition of G. The notation used in Definition 5.3 is suggestive.
We use V; to represent a volume (polytope), where i € {1,2,3,4}. We use S and the corresponding subscripts to
represent a surface (plane) that is the common boundary between two volumes. For example, Fj5 represents the
surface that is the common boundary between V; and V5. Finally we use L and the corresponding subscripts to
represent a line segment generated by the intersection of multiple volumes. Figure 8 visualizes the IDs, location,
and the geometries of various regions by partitioning G. Figure 9 shows how the partition changes at various
levels.

The leading terms of A, ¢ and A, + in these various regions of G are given by Theorem 5.4.

Theorem 5.4. )\, o and A\, + are given respectively in the regions of G defined in Definition 5.3 as:
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(0.1) (1,1) (0,1) (1,1) 0, 1) L1

Vi

V2

(0,0) (1,0) (0,0) (0,0)

FIGURE 9. Partitions of G at various v’s. The dotted lines represent the contours of various
regions in . When v = 1, the contours overlapped with Fi4 and F3y.

- When (o, 8,7) & L1234,

Ao =—pE(1+0(1)), Az =—2p2T=1(1+0(1)) : )

Ao = =i B £ 0(1)),  Ans = =5 (14 0(1)) s 2 (1+0(1)),

a&oz—wﬂ1+dD% At = =L+ L), e = ”ww“ﬂ+n(»
—un(Ho(l)), An,+ **aﬂia B1(1 4+ 0(1)) £ iud 2 (1 +0(1)),

)

o

tiph” <1+o< , 0, B,7) € Vas
a, B,7) € Va;
a,B,7) € V3 U F3;

( )
( )
( )
(o, B, )€V4,
(a, 8,7)
( )
( )
(a, 8,7)

Ao == (1+0(1), Ans=—L2(1+4 <>>imu3‘%<1+o<1>>,
1)) )\n,j: }LN?LQ 2

a, 3,
a, B,y

H
4

314 o(1)) £ipi (1 +o(1)),

—~

)\n,O = _M72L 2(

Ao = =" T 14 0(1), Ans = (=1 i) (14 0(1)), a, B,7) € Fos;
Ao = —pB(1+0(1), Aps= (-1 i)z 2(1+0(1)), ,B,7) € Fas.

— When (o, 8,7) € L1234,

Mﬁ——(%@Vﬁ—lné—%mw‘qan%—) Ao,

At =& ( 238 (=1 +iv/3) (3v69 — 11)F + 2% (1+44v/3) (3v/69 + 11)% — 4) P27 (1 +0(1)),
A =% (2% (=1 —iv3) (369 — 11)F + 2% (1 —iv/3) (3v/69 + 11)% — 4) P2 TF (14 o(1))

Since E C G is the parameter space of interest in this paper, we also summarize the leading terms of X, o
and A, 4+ in various regions of E in Corollary 5.5.

Corollary 5.5. Respectively in Ry, Ro, Rz, R4, So, and S3, the leading terms of A, 0 and A, + are

Ano = = Anp = —p2® P77, Ay o = —p 2P (o, 8,7) € Ri\(Fas U Fq U Ligsa);
Mo =, Ans = —dptobr kb d (. 8,7) € Ro\Fua;

Ao ==, Ant = —%u?ﬁ‘*ﬁ‘l +ipd (a,8,7) € Rs;

Ao = —py 20BN, L = B tipy, %, (a,8,7) € R4\ Fia;

Ao = —it, %i——w?ﬁWiwn? (. 8.7) € 52\ Fa;

Ao = —ply Ant = —hp2otB=1 23, (cr,8.7) € S5.
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Corollary 5.5 plays a crucial role: the decomposition of the parameter space E into regions of polynomial
stability, exponential stability, and regularity, as well as the order and the corresponding optimality of polynomial
stability and Gevrey class, is all conjectured and derived based on the behavior of the leading terms of the roots
of the characteristic equation reported in this corollary.

Subsequent sections will provide technical results leading to the proof of Theorem 5.4.

5.2. Leading Terms of A,, and B,

This section determines the leading terms of A,, and B,, as n — oo. Lemma 5.6 presents a method to compute
these leading terms.

Lemma 5.6. If —% = o(/A,) as n — oo, then

i A= i e =l gl B i OB =l V5 G a
If VA, = o(—%) as n — oo, then
i I e L
If VA, = O(=%) as n — oo, then
lim Ay, By = ((m +k2)F £ (k1 — @)%) 1 (1+ o(1)), (5.15)
where k1, ko, and x are quantities related to —% and VA via
— 5 =kl (14 0(1), VAL = rop (14 0(1)). (5.16)

In (5.16), 3z is the power of the leading term shared by —% and \/A,, because we consider \/A,, = O(—=%). We
further assume that k1 + ke # 0. We omit the discussion when k1 + ke = 0 as it is not involved in our problem.
Proof. —If —% = o(/A,), then by (5.8), ®,+ = O(VA,) and lim, .o ®p+ = lim, o VA, =

1 1 L1
limg, oo @y = —liMy oo @ - = limy, 0o @5, = —lim, oo @7 . Recall that &7 &2 = —E We
2
therefore have that lim,, o ®; . = lim,, o &*. Therefore, by (5.9), we can show that (5.13) holds.
1
- If VA, = 0(—%), then by (5.8), @, + = O(=%") and lim, o0 @+ = limy oo =% = limy, 0o @, =
1

1 11 2
lim, oo @7 _. By @7 . &7 = —&* we have that lim,, ,, ®; | = —lim,, . . Therefore, by (5.9), we can
show that (5.14) holds.

— Finally, when /A, = O(—%), without loss of generality, we can write:

I (1 o(1), VA, = a1+ o)),
where we further assume that k1 + ko # 0. Then

D1 = (k1 £ RS (14 0(1) = @2 L = (kg £ K2) (1 +0(1)).

s

Therefore, by (5.9), (5.15) also holds. O
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TABLE 1. Expression of a,, h,, g,, and W, in various regions.

Region an I 9n W
Vi p(1+o(1)) 3 (14 o(1)) 18 +27 (1 4 o(1)) 43 (14 o(1))
Va p(1+o(1)) Bup (14 o(1)) —9uptTITI(1 4 0(1)) App (14 o(1))

VUF  p(l+ol)  —u2(1+0(1) W1 0(1)  —pdeBH(1 4 o(1)
Vi pa(1+o(1)) —u (14 0(1)) 20737 (1 4 0(1)) App 31+ o(1))
Fip pa (1 +o(1)) 6 (14 0(1)) 9Mﬁ+32”+31(1 +o(1)) 32033 (1 + o(1))
Fuy 121+ o0(1)) 20+ (1 + o(1)) 20 "F (14 o(1)) 164073(1 + o(1))
Fas 131+ o(1)) 2u207(1 + o(1)) T (14 0(1)) 387 (1 + o(1))
Fsy o (14 0(1)) (14 o(1)) 2#513“37(1 +0(1)) Bup (1 + o(1))

Lisss 13,1+ 0(1)) 527 (1+ o(1)) 11 73 (1 +0(1)) 23113+3(1 + o(1))

Lemma 5.6 shows that the leading terms of A,, and B,, are given by various analytic expressions involving
Py Gn, an, and /A, depending on the relative order between —% and /A,,. Furthermore, from (5.6), (5.7),
and (5.8), —%" and /A, are also dependent on g,, W,,, and a,,. Therefore, to determine the leading terms of
A, and B,,, it suffices to determine the leading terms of a,, h,, g, and W,,. Without loss of generality, we show
in detail how we can determine the leading term of h,, in region V;.

Note that from (5.4) and (5.6),
oy = Btn + 3pp® + 3ppt T — 22047 — 20— 26 4 30 (5.17)

The leading term of h, in region V; is the term in (5.17) with the largest exponent when (a, ,v) € V;. For
each of the seven terms in (5.17), we assume in turn that the term in question is the leading term, and verify
the assumption by solving a feasibility problem. For example, if we assume that 3y, is the leading term, define

Vi={(a,8,7)eVi|1>20 1>2a+~, 1>28+7, 1>28+2y, 1>23, 1>~v+1}. (5.18)

We need to verify the assumption by showing that in (5.18), Vi # 0. Furthermore, if Vi = Vi, then 3, is the
unique leading term of h,, in region V;. In this way, the leading terms of a,, h,, gn, and W, in various regions
can be determined by solving a series of feasibility problems. In practice, such feasibility problems can be solved
by the Reduce function in Mathematica.

The leading terms of a,, Ay, gn, and W, are summarized in Table 1.

With the quantities in Table 1, we are able to determine the leading terms of —% and /A,, using (5.6),
(5.7), and (5.8). Based on the leading terms of —%* and v/A,,, we can further determine their relative order in
these regions as n — oo. The results are summarized in Table 2.

As an illustrative example, we show how to compute v/A,, in region V;. From (5.7) and Table 1:

Ve VAP () T (1) VB am
VA= 6v3a2  6V3(m(L+o(1)?  6v3Z(1to(l) 9" (1+0(1)).

With Tables 1 and 2, the leading terms of A,, and B, can be calculated according to Lemma 5.6. These
leading terms are summarized in Table 3.
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TABLE 2. Expression of —%+, \/A,, and their relative order in various regions.

Region -4 VA, Relative order
" LB 4 o(1)) Bk (14 o(1) —% = o(vAy)
v, Lu2o 8- (1 4 o(1)) L3 (14 o(1) —% = o(y/Ay)

) ) 58,31 1 o{1)) B =o(-%)
Vi g3 (14 0(1) P (14 0(1)) VEi =o(-%)
Fo L (1 o) 2808 F (14 o(1) % = o(vA.)
Fiy —gpui 7 (1+0(1)) 2P * (1+0(1)) —% = o(v/&A,)
Fys T T (14 0(1)) L7 (14 o(1)) —% = o(VA,)
Fy — 1+ o(1) %uiﬁfﬁf(lﬂ(l)) VA, =0 (-%)

Liss — i (14 o(1)) i * (L+0(1) ~% = o(VA,)

TABLE 3. Expression of A,, and B,, in various regions.

Region A, B,

Vi ~2uf(1+ o(1)) 28,573 (14 0(1))
Va L (1+o(1)) 23,073 (1+ (1))
Vs U Fy —3ui(1+o(1)) B2 P (1 + o(1)
v, ~28(1 + o(1)) 284 (14 0(1))
Fiy —Luf (14 o(1)) 2648 % (14 0(1)
Fiu 2t H(1+0(1) 281 (1+0(1))

Fas b 2 (L4 0(1)) i * (1 o(1)
Fa ~2uB(1 4 o(1)) pr * (14 o(1))
Lioss ) ) (Vamomn Veav®) | 4=3 (1 4 ofuy)

5.3. Lower order terms of A,,

While Section 5.2 provides a characterization of the leading term of A,, in subsequent derivation, we will
show that just using the leading term of A,, does not suffice to estimate the leading terms of A, o and A, + as
desired. This motivates us to further characterize the lower order terms of A, yielding Lemma 5.7.

Lemma 5.7. Let A, = Z,, + w,, where Z, is the leading term of A, as n — oo, and w, is the lower order
term. i.e. w, = o(Z,). Then

PuZn+ o + Zn 27ay 733 + 9anhnZn + gn

A wn = = T M T T S 22 4 vann, (5.19)
Proof. We first define
1 3
Tn,0 = An, Tn,+ = —*An + ZiBn

2 2
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By Cadano’s formula, z,, o, T, + are solutions to 2 + p,x, + ¢, = 0. We further define

Yn,0 = Wny, Yn+ = —— — =Lp Ti—DB,,
where A,, = Z,, + wy,, Z, is the leading term of A,,, and w,, = o(Z,,). Apparently,
Tpo = Zn +Yn0>, Tn+=Zn+Yn+-
Therefore, y,, 0 and y,, + are the three solutions for:
Y+ Zu)* +0u(y + Zn) + a0 = 0= Y5, +3Zuyn + (P +3Z3)yn + PuZn +an + Z;) =

On the other hand, using (5.20), by Vieta’s formula with respect to y,. 0, and ¥y, +,

9

3 3
Yn,0Yn,+ + Yn,0Yn,— + Yn,+Yn,— = ~B? + =72 — iznwn -

w? =p, + 322

e~ w

3 9 3 1
Yn,0 T Yn,+ + Yn,— = ZBan + ZZan + 5 nwi + 771}2 = - (ann + qn + ZS) .

If —% = o(/Ay,), by (5.13), Z,, = o(By). From (5.21a) and (5.21b), as n — oo,

3 3
lim ~B. = lim p,+3Z., lim “Biw, = lim — (puZy +qn + Z3),
n—oo 4 n—00 n—oo 4 n—00

which indicates that (5.19) is true.
If VA, =0 (—%), by (5.14), B, = 0o(Z,). From (5.21a) and (5.21b), as n — oo,

9 9
lim ~Z2 = lim p, +3Z2, lim ~Z 2w, = lim — (ppZ, +qn + Z3),

which indicates that (5.19) is also true in this case.
Finally, if VA, = O (=%) , by (5.15), Z,, = O(B,). From (5.21a) and (5.21b), as n — oo,

lim § g
n—oo 4 4

3 9
By + (Zn = lim p,+3Z;,  Wm SBlwn + S Zgwn = lim = (pnZn + an + Z3)

which validates (5.19) in this case.
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(5.20)

(5.21a)

(5.21b)

O

Given the leading term of A,,, denoted as Z,, Lemma 5.7 provides an analytic solution to the lower order
term of A,, to Z,, denoted as wy,, via (5.19) as a function of Z,,, a,, hy, and g,. For all the regions defined in
Definition 5.3, Z,, is given by Table 3, and the leading terms of a,, hy,, ¢, can be looked up via Table 1. We

summarize the expression of w,, in Table 4.

5.4. Determine the leading terms of A\, o and A, 4+

With the results from Sections 5.2 and 5.3, we are now able to apply Cardano’s Formula presented in
Lemma 5.10 to compute the leading terms of A, o and A, + in various regions. To proceed, we also need to
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TABLE 4. Expression of w,, in various regions.

Region Wp,
Vi 2P (1 4 o(1))
V —p, 2P (1 0(1))

V3 U Fy (14 o(1))
Vi (14 o(1))
I T3P H(1 4+ 0(1))
Fiy %Mia_i_z(l—i—o(l))
Fas _/“_Lla (14 0(1))
F34 pn 2 (1+0(1))

L334 Not needed

TABLE 5. Intermediate quantities in (5.10).

Region A, flA
Vi T%MEL +u§{’+5 1 '(1+0(1)) %iuﬁ - %ui‘jﬁ (11 +o(1))
Vs guﬁ — 2P (1 4 0(1) —ytﬁ + gy 2T (1 +0(1))
V3 U F; gun A 1P (14 0(1)) yxﬁ - %/ﬂ“ P=7(1+0(1))
Vi flguﬁﬂui”"ﬂ 7(1+0(1)) 1§/~L5 2u2“ P=(1+0(1))
Fip —ayﬁ muiﬁﬂ‘l(} +o(1)) ﬁluﬁ + gy (1 +0(1))
1_x 20—2 1 1_x 20— 2
Fuy —gua 2 T (1 o(1)) i = hn 27+1(1+o<1)>
a—3F —a—3 a—3 -«
Fy3 %Mn ? — ln 2 (1+0(1)) _%Nn 2 +%Nn 2 (1+ (1))
Fys —2pf 4+ i P (14 0(1)) 1 (14 o(1)
¥Y/3v69-11—- Y/11+3v69) 1_2 ¥/3v/69— 11 ¥/1143v69) 1_2
P  CG Tt ELEEC) W B OB 00) N it ALRELED W S O WEY)
. -v/3 by
Region il%Bn o=
1_
Vi Fips ?(1+o0(1)) 148
Vs Fipn 2 (1+40(1)) —%uﬁ
Vs U Fy Faun "1+ o(1)) ~1y8
2
Vi tipg 2 (1+ o(1)) —3hh
Fiz iz\f,fn 2(1+40(1)) ‘%/35
Fuy +ipd ? (1+0(1)) —gui 2
Fis =i * (1+0(1)) —gun
Fsy iz%un 2(1+0(1)) —iuf
Y/3v/69-11+ ¥/11+3v69) 1_2 1y
L1234 ( XN ),u;‘; 2(1+0(1)) VR
notice that
o= b 5.22
30, — 3/n (5.22)
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Applying the results from Table 3, Table 4 and (5.22) to (5.10), we can compute the leading terms of A, o
and A, + given in Theorem 5.4. The intermediate quantities are summarized in Table 5.

Using Table 5, we can verify most of the results in Theorem 5.4. Furthermore, the necessity of computing the
lower order terms of A4,, is evident as —31’(1—’; could cancel out the leading terms in A,, or %An. However, notice

that in V3 U F3,
Ano = —pp(L+0(1), Ans=—p* P (L4 o(1), and A, =o(un"77),

where we are not sure of the leading term of A, _ due to cancellation. To identify the leading term of A, _,
consider the Vieta’s formula

dn : _ _ _
m Apodn s An— = lim ——= = lim p2*7 7\, = —pP 7 = N, = —p 201 4 0(1)).
n—o0 n—o0 an n—o0 :

We therefore have concluded the determination of the leading terms of A\, o and A, + in various regions of the
parameter space.

6. SHARPNESS OF THE ORDER OF GEVREY CLASS AND THE ORDER
OF POLYNOMIAL STABILITY

We now present the proof of Theorem 2.2, which shows that the orders of Gevrey class corresponding to (2.2)
of Theorem 2.1 and the orders of polynomial stability corresponding to (1.6) are sharp.

Proof. From (3.8) and (3.14), we have that

lim |)\|M((¥,l37"/)||<i)\_¢4>—1” < 00, V(a,ﬁ,v) € RoUR3UR4U Sy U S3. (61)
AER, |A| =00

where u(cq, 8,7) takes value from (2.2) corresponding to the order of Gevrey class in Ry, Rs, and Ry respec-
tively; and p(a, 8,7) takes value from (1.6) corresponding to the order of polynomial stability in Se and Ss.
Subsequently, it suffices to show that

Im (AP 6N — A7 >2,  VY(a,fB,7) € RRUR3UR,US, U Ss. (6.2)
AER, |A| =00

This is because through an argument of contradiction, if the orders corresponding to (2.2) and (1.6) are not
sharp, then there exists € > 0 such that

. Ru‘jnll IAplaBn+e) (A — A7 < 00,  VY(a,B,7) € RyUR3UR,U S, U Ss. (6.3)
R, —00

However, from (6.2), for € > 0,

Tm APV - A 222 Tm APEOIVTE A~ )] - oo,
AER, [A| =00 AER, |A| =00

which contradicts against (6.3).

Therefore, in what follows, we show why (6.2) is true. To this end, notice that if A € C, with Re A # 0, is an
eigenvalue of A which is a densely defined closed operator on some Hilbert space H such that (ilm X — A)~!
exists, then

Re Al || (GIm A — A) 74| > 1. (6.4)



28 Z. KUANG ET AL.

Indeed, there exists an x € D(A) with ||z]| = 1 such that Az = (u + iv)x = p(iv — A)~'z = —z. Thus (6.4)
follows. Now, from Theorem 5.4, we know that A, 3~ has a sequence of complex conjugate eigenvalues of the
form:

Ana = —apb, (1+o(1)) £ ibul (1 + o(1)),

where a > 0,b> 0,7 >0, and £ € R. Let A = bu]! and with (6.4), we have

1Swé@+dDN@WZ—Ame”FiQMﬂWA—AmeW@+ﬂﬂD

¢ £/
S\ = Aap )M > bT(HO(l)). (6.5)

Now, we show that satisfying (6.5) in Rs, R3, R4, S2, and Ss, respectively implies that (6.2) is also satisfied.

In region Ry and S,

\ —3u20 B (14 0(1)) £ wé
n,+ = a—2_1 1_ _
—L2 T (1 o(1)) £ pd 2 (14 0(1), B =52

Thus,
£ _ 2a—p—vy ps/m 1—~
n T =2 =2 B>
2a—2 -1 pE/ M 1—
% = %_% 2u a 47 B - 2ﬂy7

which leads to

A TS| (0 = Aay.0) Y| > 21+ o(1)).
In region R3 and Sj,

1_
2

1
Ant = —§u3ﬁ+5—1(1 +o(1)) £iud *(1+0(1)).

|2

Hence,

£ 2a+p-1 b/

n (1-7)/2° a7 o0

Consequently,
T2 (| (A = Aasy) Y| > 22

Finally, in Ry,

\Y
N= N[

(6.7)
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Thus,

S lm 3

and we again have

_B_
N F | — Aagy) 1 2 21+ 0(1)).

Combining the above, we see that (6.2) is satisfied, which concludes our proof. O
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