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ON THE CONVEXITY CONDITION FOR THE

SEMI-GEOSTROPHIC SYSTEM

Adrian Tudorascu*

Abstract. We show that conservative distributional solutions to the Semi-Geostrophic systems in
a rigid domain are in some well-defined sense critical points of a time-shifted energy functional
involving measure-preserving rearrangements of the absolute density and momentum, which arise
as one-parameter flow maps of continuously differentiable, compactly supported divergence free vec-
tor fields. We also show directly, with no recourse to Monge-Kantorovich theory, that the convexity
requirement on the modified pressure potentials arises naturally if these critical points are local min-
imizers of said energy functional for any admissible vector field. The obligatory connection with the
Monge-Kantorovich theory is addressed briefly.
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1. Introduction

The Semi-Geostrophic (abbreviated SG in this paper) system is a model of large scale atmosphere/ocean
flows, where “large-scale” means that the flow is rotation-dominated [18]:

Dtug + ∇̄p+ Ju = 0
ug = J∇p, Dt∂3p = 0 in [0, T )× Ω,
∇ · u = 0,
u · ν = 0 on (0, T )× ∂Ω,
p(0, ·) = p0 in Ω,

(1.1)

where Ω ⊂ R3 is open and bounded, 0 < T <∞, ∇ denotes the spatial gradient, ∇̄ = (∂1, ∂2, 0), ∇· the spatial
divergence, Dt := ∂t + u · ∇ and ν is the (outward) unit vector normal to Ω. The total wind velocity is u, while
ug is the geostrophic wind. Here,

J =

 0 −1 0
1 0 0
0 0 0

 .
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2 A. TUDORASCU

There are many works dedicated to solutions (p,u) that satisfy the Cullen-Purser stability condition (see,
e.g., [9, 12]). This amounts to imposing that P (t, x) := p(t, x) + (x2

1 + x2
2)/2 be convex as a function of x =

(x1, x2, x3) ∈ Ω for all t ∈ [0, T ). Our main goal in this paper is to provide a rigorous justification for imposing
convexity on the modified pressure map P .

In terms of (P,u), (1.1) can be written

DtX = J(X − x)
X = ∇P in [0, T )× Ω,
∇ · u = 0
u · ν = 0 on (0, T )× ∂Ω,
P (0, ·) = P0 in Ω,

(1.2)

If ∇P (t, ·)#L3|Ω =: ρ(t, ·), then one can use the Legendre-Fenchel transform

P ∗(t, ·) := sup
x∈Ω
{x ·X − P (t, x)} (1.3)

of P (t, ·) to formally rewrite (1.1) as the so-called SG in dual variables

∂tρ+∇ · (Uρ) = 0 in [0, T )× Ω,

∇P (t, ·)#L3|Ω = ρ(t, ·) for any t ∈ [0, T );

U(t,X) = J [X −∇P ∗(t,X)],

ρ(0, X) = ρ0(X) for a.e. X ∈ Ω.

In [15] one can find a comprehensive bibliography on solutions of SG in dual space; a first result on existence of
solutions in dual variables was obtained in [3], where the system was treated as a Monge-Ampere equation cou-
pled with a transport equation. Generally, these solutions are not known to be regular enough to be translated
into Eulerian solutions of the problem in physical space. Cullen and Feldman [11] pulled the dual space solutions
back to physical space in the form of weak Lagrangian solutions in the case ρ0 ∈ Lp(R3) for some p > 1; the
question left open in its generalization (to p ≥ 1) by Faria et al. [14] regards the even more general case, i.e. the
case in which ρ0 may be a singular probability measure. We settled that in [16], where we introduced an appro-
priate generalization of weak Lagrangian solutions, namely renormalized relaxed Lagrangian solutions. More
recently, existence of Eulerian solutions for a class of initial data, where the conditions include the requirement
that the support of ρ0 = ∇P0#L3|Ω in the dual space is the whole space, was obtained by Ambrosio et al. [1, 2]
based on the results of De Philippis and Figalli [13] on regularity of solutions for the Monge-Ampere equation.

Loeper [20] first proved uniqueness for classical solutions in the class of functions which are Hölder continuous
in space uniformly with respect to time. Cheng, Cullen and Feldman [7], besides the short time existence of
classical solutions for SG with variable Coriolis force, prove uniqueness of such solutions in the class of sufficiently
regular classical solutions. There is also work by Brenier and Cullen [5] where a formal proof of convergence of
solutions for a Navier-Stokes with Boussinesq approximation to a solution of x− z SG is given. Both systems are
assumed to have smooth solutions, which is unknown in general even for “nice” initial data. Also, it is assumed
that P (t, ·) has a smooth convex extension to R3 such that ∇2P ∗(t, ·) is bounded away from zero and infinity
uniformly for t ∈ [0, T ] (for some T > 0). A weak-strong uniqueness result in the case of uniformly convex P ∗

was recently obtained in [17] based on the relative entropy approach from [5]. This makes an even stronger case
for the convexity principle, as it is shown in [17] that solutions satisfying it are stable in the usual sense (small
perturbations in the initial data lead to small perturbations at later times).

In this paper we introduce a rigorous derivation of the Cullen-Purser stability condition by first observing
that classical solutions are “dynamical” critical points in some suitable sense of the SG energy functional. More
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precisely, let t ≥ 0 and

E(t) :=

∫
Ω

|X(t, x)− x|2dx, (1.4)

where X solves (1.2). It is easy to show that classical solutions to (1.2) conserve (1.4), i.e. E(t) = E(0) for
all t > 0. Moreover, in [16] it is shown that some “very weak” solution corresponding to any P0 ∈ H1(Ω) does
exist, satisfy P (t, ·) ∈ H1(Ω) and conserve the energy for all t ≥ 0. Therefore, Theorem 2.2 below applies to
such solutions.

In [10] the authors use a definition of stability for the free-surface SG system based on an extant notion (due
to Giaquinta and Hildebrand) of inner-variation for the energy functional. In the end, the convexity of P (t, ·)
follows readily from the nonnegativity of the second variation, which in their case amounts to

∫
Ω

∇2P (t, x)Ψ(x) ·Ψ(x)dx ≥ 0 for all t > 0 and all Ψ ∈ C∞c (Ω;R3).

For any u ∈ R3, x0 ∈ Ω and r > 0 sufficiently small one approximates u times the indicator function of B(x0, r)
in L2(Ω;R3) by C∞c (Ω;R3) vector functions to conclude that

uT
[ ∫

B(x0,r)

∇2P (t, x)dx

]
u ≥ 0,

which, after dividing by the volume of B(x0, r) and letting r → 0+, yields the nonnegative definiteness of
∇2P (t, x0) (for a.e. x0 ∈ Ω if ∇2P (t, ·) is only assumed in L1). So, imposing vanishing first inner-variation
and nonnegative second variation does single out solutions satisfying the convexity property, but this selection
criterion has one drawback: note that the inner-variation of the energy functional involves the composition of
X(t, ·) with diffeomorphisms that are not necessarily preserving the Lebesgue measure restricted to Ω; this
composition does not preserve the dual-space measures associated to the physical space problem, i.e. it is
not a measure-preserving rearrangement of the absolute momentum (ug,1 − x2, ug,2 + x1) = (−∂2P, ∂1P ) and
density ρ = ∂3p = ∂3P . Indeed, the variation of X(t, ·) = ∇P (t, ·) is taken [10] of the form X(t,Φε(x)), where
Φε = Id + εΦ is a smooth and compactly supported perturbation of the identity map, so it is measure preserving
only in the limit as ε→ 0+ (when it becomes the identity map). Our approach remedies that in Section 2, in
that (a) it first shows that all solutions to SG are “dynamical” critical points for the “time-shifted” energy
functional rearranged via the composition with one-parameter families of measure-preserving maps which are
flow maps of C1 compactly supported divergence free vector fields v, and (b) it then shows that these critical
points correspond to minima of the shifted functional if and only if the maps P (t, ·) are convex. The trade-off
is a more elaborate proof of convexity, owing to the fact that the admissible v are subject to the restriction
∇ · v ≡ 0 in Ω even if they are chosen to have compact support (such as Ψ above).

Section 3 discusses some obligatory connections with the Optimal Transport theory, while the Appendix
contains self-contained proofs (that may be hard to find) of some fairly well-known results, along with different
proofs of the convexity result in the 2D and 3D cases.

2. Main results

Assume Ω ∈ C1 and let

V(R; Ω) :=
{
v ∈ C1(R× Ω̄;R3) : ∇x · v ≡ 0 in R× Ω and v · ν ≡ 0 on R× ∂Ω

}
.
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and

V(Ω) :=
{
v ∈ C1

c (Ω;R3) : ∇ · v ≡ 0 in Ω
}
.

It is well-known (also, see Appendix) that for any t ∈ R any v ∈ V(R; Ω) introduces a one-parameter family of
measure-preserving diffeomorphisms R 3 s→ g(s; t, ·) ∈ Diff(Ω̄) given by

∂sg(s; t, x) = v(s, g(s; t, x)) for all (s, x) ∈ R× Ω̄, (2.1)

g(t; t, x) = x for all x ∈ Ω̄.

We will adopt the notation g[v] for the solution of the above problem in order to emphasize that it is completely
determined by the choice of v ∈ V(R; Ω). With this in hand, let us define, for all t ≥ 0 and all v ∈ V(R; Ω),

J [t,v](s) :=

∫
Ω

∣∣X(s+ t, g[v](s+ t; t, x))− x
∣∣2dx, s ∈ R, s ≥ −t.

The following theorem lies at the core of our approach.

Theorem 2.1. Let (P,u) be a classical solution for (1.2). For any t ≥ 0 and v ∈ V(R; Ω), the function J [t,v]
has a critical point at s = 0.

Proof. We differentiate J [t,v] with respect to s and use (2.1) to get

d

ds
J [t,v](s) = 2

∫
Ω

[
∂tX(s+ t, g(s+ t; t, x)) (2.2)

+∇X(s+ t, g(s+ t; t, x))v(s+ t, g(s+ t; t, x))
]
·
[
X(s+ t, g(s+ t; t, x))− x

]
dx,

where we simplified the notation g[v] to g (as we will often do when there is no confusion about the relationship
between v and g). In light of the initial condition in (2.1), we have

d

ds
J [t,v]

∣∣∣∣
s=0

= 2

∫
Ω

[
∂tX(t, x) +∇X(t, x)v(t, x)

]
·
[
X(t, x)− x

]
dx.

We next employ (1.2) in order to replace

∂tX(t, x) = −∇X(t, x)u(t, x) + J [X(t, x)− x],

so we are led to

d

ds
J [t,v]

∣∣∣∣
s=0

= 2

∫
Ω

∇X(t, x)[v(t, x)− u(t, x)] ·
[
X(t, x)− x

]
dx.

The identity

∇[Y · Z] = (∇Y )TZ + (∇Z)TY

yields

∇
[
|X|2

]
= 2(∇X)TX and ∇[x ·X] = X + (∇X)Tx,
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so the fact that v(t, ·) − u(t, ·) is divergence free with no flux through the boundary implies J [t,v]′(0) = 0
provided that X(t, ·) is a gradient, which it is.

It is then natural to ask if certain solutions of (1.2) render s = 0 a (local) minimum point for J [t,v] for all
t ≥ 0 and all v ∈ V(R; Ω). As we shall soon see, this is equivalent to the convexity of P (t, ·) (and so, according
to the Optimal Transport theory, the assumed local minimum is, in fact, global).

Theorem 2.2. Let (P,u) be a conservative (i.e., E(t) = E(0) for all t ≥ 0) distributional solution for (1.2)
which satisfies P (t, ·) ∈W 1,1(Ω) for all t ≥ 0. Assume that for any t > 0 and v ∈ V(Ω), the function J [t,v] has
a minimum at s = 0 over the interval (−t,∞). Then∫

Ω

P (t, x)∇ · [∇v(x)v(x)]dx ≥ 0 for all t ≥ 0 and all v ∈ V(Ω). (2.3)

Proof. Since v is time-independent, we have g[v](s+ t; t, x) = g(s, x), where

∂sg(s, x) = v(g(s, x)) in R× Ω, g(0, x) = x in Ω.

Thus, we have

J [t,v](s) =

∫
Ω

∣∣X(s+ t, g(s, x))− x
∣∣2dx ≥

∫
Ω

∣∣X(t, x)− x
∣∣2dx = E(t)

for all t > 0 and all s > −t. By the conservation of energy, E(t) = E(s+ t) for all s ≥ −t, so∫
Ω

∣∣X(s+ t, g(s, x))− x
∣∣2dx ≥

∫
Ω

∣∣X(s+ t, x)− x
∣∣2dx

for all t > 0 and s > −t. We let s+ t =: τ > 0, so s = τ − t and∫
Ω

∣∣X(τ, g(τ − t, x))− x
∣∣2dx ≥

∫
Ω

∣∣X(τ, x)− x
∣∣2dx

for all t > 0 and τ > 0, or, equivalently,∫
Ω

∣∣X(τ, g(s, x))− x
∣∣2dx ≥

∫
Ω

∣∣X(τ, x)− x
∣∣2dx

for all τ > 0 and all s < τ . We revert back to the notation τ =: t, fix such t > 0, so that

i(s) :=

∫
Ω

∣∣X(t, g(s, x))− x
∣∣2dx (2.4)

achieves a local minimum at s = 0. Next we write (‖ · ‖2 denotes the L2(Ω;R3) norm)∫
Ω

|X(t, g(s, x))− x|2dx =

∫
Ω

|X(t, x)− g(−s, x)|2dx

= ‖X(t, ·)‖22 + ‖Id‖22 − 2

∫
Ω

X(t, x) · g(−s, x)dx
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to see that minimizing i amounts to maximizing

j(s) :=

∫
Ω

X(t, x) · g(−s, x)dx.

(Note that this problem makes sense even for X(t, ·) ∈ L1(Ω;Rd).) Imposing that the first variation be zero at
s = 0 for all v ∈ V(Ω) amounts to ∫

Ω

X(t, x) · v(x)dx = 0 for all v ∈ V(Ω),

which holds because X(t, ·) is the gradient of a W 1,1(Ω) map. A non-positive second variation of j at s = 0
yields (2.3) via the calculations

j′′(s) =
d

ds
j′(s) = − d

ds

∫
Ω

X(t, x) · v(g(−s, x))dx

=

∫
Ω

X(t, x) · ∇v(g(−s, x))v(g(−s, x))dx,

the condition g(0, x) = x for all x ∈ Ω, and integration by parts.

What if we have better regularity for P? In view of ∇[X · v] = (∇X)Tv + (∇v)TX and ∇ · v ≡ 0 in Ω, we
have

0 =

∫
Ω

(∇X(t, x))Tv(x) · v(x)dx+

∫
Ω

(∇v)T (x)X(t, x) · v(x)dx,

which reveals ∫
Ω

P (t, x)∇ · [∇v(x)v(x)]dx = −
∫

Ω

X(t, x) · ∇v(x)v(x)dx

= −
∫

Ω

[∇v(x)]TX(t, x) · v(x)dx

=

∫
Ω

∇X(t, x)v(x) · v(x)dx,

due to the fact that ∇X = ∇2P is symmetric. The following corollary arises as an immediate consequence of
Theorem 2.2:

Corollary 2.3. Let (P,u) be a conservative (i.e., E(t) = E(0) for all t ≥ 0) distributional solution for (1.2)
which satisfies P (t, ·) ∈W 2,1(Ω) for all t ≥ 0. Assume that for any t > 0 and v ∈ V(Ω), the function J [t,v] has
a minimum at s = 0 over the interval (−t,∞). Then∫

Ω

∇X(t, x)v(x) · v(x)dx ≥ 0 for all t ≥ 0 and all v ∈ V(Ω). (2.5)

Remark 2.4. The proof of Theorem 2.2 shows that (2.5) arises as a consequence of s = 0 being a local minimizer
for i defined in (2.4). In turn, this is a consequence of s = 0 minimizing J [t,v] over (−t,∞).
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Figure 1. Region D2
ε for d = 3.

2.1. The convexity of the modified pressure

Here we show how (2.3) implies the convexity of the modified pressure potential P (t, ·).

Theorem 2.5. Let d ≥ 2 be an integer, Ω ⊂ Rd be open and Φ ∈ L1(Ω). Then∫
Ω

Φ(x)∇ · [∇v(x)v(x)]dx ≥ 0 for all v ∈ V(Ω) (2.6)

if and only if Φ is convex in Ω.

Proof. 1. We first assume Φ ∈ C3(Ω̄) so that, as seen in Corollary 2.3, (2.6) is equivalent to∫
Ω

M(x)v(x) · v(x)dx ≥ 0 for all v ∈ V(Ω), (2.7)

where M(x) := ∇2Φ(x). This is obvious if Φ is convex, so we focus on proving the converse. Let ζ ∈ C1
c (1, 2)

and ε > 0. For each 1 ≤ k ≤ d consider the domain Dk
ε consisting of the region between the cylinders ε2 ≤ |x−

xkek| ≤ 2ε2 for −ε ≤ xk ≤ ε, capped at xk = −ε by the spherical shell between the hemispheres |x+ εek| = ε2

and |x + εek| = 2ε2 for −ε − 2ε2 ≤ xk ≤ −ε, and at xk = ε by the spherical shell between the hemispheres
|x− εek| = ε2 and |x− εek| = 2ε2 for ε+ 2ε2 ≥ xk ≥ ε; here, ek denotes the kth column of the d× d identity
matrix (the region D2

ε for d = 3 is shown in Fig. 1). Consider the vector fields

v1
ε(x) =


−x2ζ(ε−2|x− x1e1|)e1 if |x1| ≤ ε
ζ(−ε−2|x+ εe1|)

[
− x2e1 + (x1 + ε)e2

]
if x1 < −ε

ζ(−ε−2|x− εe1|)
[
− x2e1 + (x1 − ε)e2

]
if x1 > ε

(2.8)

and

vkε (x) =


−x1ζ(ε−2|x− xkek|)e1 if |xk| ≤ ε
ζ(−ε−2|x+ εek|)

[
− x1ek + (xk + ε)e1

]
if x1 < −ε

ζ(−ε−2|x− εek|)
[
− x1ek + (xk − ε)e1

]
if x1 > ε

(2.9)

if 2 ≤ k ≤ d.
We have:

(i) vkε ∈ Cc(Dk
ε ;Rd) for all ε > 0 and all 1 ≤ k ≤ d.
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(ii) vkε is C1 in the cylindrical shell and in each of the spherical shells. Furthermore, ∇ · vkε = 0 in each of these
subdomains.

Note that (i) and (ii) readily imply that∇·vkε = 0 inDk
ε in the sense of distributions. Since it is continuous and

has compact support in Dk
ε , vkε can be approximated uniformly by smooth, compactly supported, divergence-free

vector fields (may use convolutions with mollifiers from a smooth, compactly supported kernel). This means that
if a matrix-valued function M : Ω→Md(R) (the latter notation is for the vector space of d× d real matrices)
lies in L1 and satisfies (2.7), then it will satisfy this for all v ∈ Cc(Ω;R3) with zero distributional divergence. In
particular, if we fix x0 ∈ Ω, then we can take v(x) := QT0 vkε (Q0(x−x0)), where x0 ∈ Ω and r0 > 0 and ε > 0 are
sufficiently small so that x0 +Dk

ε ⊂ B(x0, r0) ⊂ Ω, and Q0 is a constant orthogonal matrix. Let B0 := B(0, r0).
Since B0 is invariant under the transformation x→ Q0x, we deduce∫

B0

Q0M(x0 +QT0 x)QT0 vkε (x) · vkε (x)dx =

∫
Ω

M(x)QT0 vkε (Q0(x− x0)) ·QT0 vkε (Q0(x− x0))dx ≥ 0,

which means (due to spt(vkε ) ⊂ Dk
ε ⊂ B0)∫

Dk
ε

P (x)vkε (x) · vkε (x)dx ≥ 0,

where P (x) := Q0M(x0 + QT0 x)QT0 . Since M(x0) is symmetric, let Q0 be the orthogonal matrix such that
Q0M(x0)QT0 = P (0) is diagonal. Since M ∈ C1(Ω̄;Md(R)), there exists a real constant C such that |P (x) −
P (0)| ≤ C|x| for all x ∈ B0. In particular, |P (x) − P (0)| ≤ Cε for all x ∈ Dk

ε (where the constant may be
different but we do not update the notation). Thus,∣∣∣∣ ∫

Dk
ε

P (x)vkε (x) · vkε (x)dx−
∫
Dk

ε

P (0)vkε (x) · vkε (x)dx

∣∣∣∣ ≤ Cε∫
Dk

ε

|vkε (x)|2dx ≤ Cε2d+4,

where we took into account that Ld(Dk
ε ) = O(ε2d−1) and |vkε | = O(ε2). So∫
Dk

ε

P (0)vkε (x) · vkε (x)dx ≥ −Cε2d+4.

The volume of each spherical shell is O(ε2d), so∣∣∣∣ ∫
Sk
ε

P (0)vkε (x) · vkε (x)dx

∣∣∣∣ ≤ Cε2d+4,

where Skε is the union of the two spherical shells. Since Dk
ε\Skε =: Ckε is the cylindrical shell of equations

−ε ≤ xk ≤ ε, ε2 ≤ |x− xkek| ≤ 2ε2, we conclude∫ ε

−ε

[ ∫
Ak

ε

P (0)vkε (x) · vkε (x)dx̄k

]
dxk =

∫
Ck

ε

P (0)vkε (x) · vkε (x)dx ≥ −Cε2d+4, (2.10)

where and x̄k := (x1, . . . , xk−1, xk+1, . . . , xd) and Akε ⊂ Rd−1 is the annulus ε2 ≤ |x̄k| = |x − xkek| ≤ 2ε2

(naturally, if k = 1 or k = d, x̄k is defined similarly). Let k = 1. Then (2.10) becomes

2εP11(0)

∫
A1

ε

x2
2ζ

2(ε−2|x̄1|)dx̄1 ≥ −Cε2d+4,
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which, upon changing variables (y2, . . . , yd) = ȳ1 = ε−2x̄1 and letting A1 := {ȳ1 ∈ Rd−1 : 1 ≤ |ȳ1| ≤ 2}, yields

2ε2d+3P11(0)

∫
A1

y2
2ζ

2(|ȳ1|)dȳ1 ≥ −Cε2d+4.

Since this holds for all sufficiently small ε > 0, it suffices to take ζ not identically zero to conclude P11(0) ≥ 0.
Likewise, if we take 2 ≤ k ≤ d in (2.10), we get Pkk(0) ≥ 0. But Pkk(0) is precisely the kth eigenvalue of M(x0),
so we are done.
2. Next we drop the C3 up to the boundary assumption and deal with the general case, i.e. Φ ∈ L1(Ω). For ε > 0
sufficiently small we denote Ωε := {x ∈ Ω : dist(x, ∂Ω) > ε} and let ηε be the standard mollifier supported in
B(0, ε). Define on Ωε the function Φε := ηε ∗ Φ. Take v ∈ V(Ω) supported in Ωε and compute∫

Ωε

Φε∇ · [(∇v)v]dx =

∫
Ωε

[ ∫
B(x,ε)

ηε(x− y)Φ(y)dy

]
∇ · [∇v(x)v(x)]dx

=

∫
Ωε

[ ∫
B(0,ε)

ηε(y)Φ(x− y)dy

]
∇ · [∇v(x)v(x)]dx

=

∫
B(0,ε)

ηε(y)

[ ∫
Ωε−y

Φ(z)∇ · [∇v(z + y)v(z + y)]dz

]
dy.

But v(·+ y) ∈ V(Ω) is supported in Ωε − y ⊂ Ω if v is supported in Ωε, so the inner integral is nonnegative by
(2.6) for all y ∈ B(0, ε) and all v ∈ V(Ω) supported in Ωε. It follows that Φε is (according to the proof above
for the regular case) convex on Ωε. But Φε converges a.e. to Φ in Ω, so Φ is convex.

Conversely, if Φ is convex, then Φε is convex on Ωε and so∫
Ω

Φ∇ · [(∇v)v]dx = lim
ε→0+

∫
Ωε

Φε∇ · [(∇v)v]dx = lim
ε→0+

∫
Ωε

∇2Φεv · vdx ≥ 0,

which finishes the proof.

3. Connection with optimal transport and open problems

3.1. Optimal transport with quadratic cost

As seen in the proof of Theorem 2.2, the condition that J [t,v] have a local minimum at 0 implies that

E[t,v](s) :=

∫
Ω

∣∣X(t, g[v](s, x))− x
∣∣2dx

has a local minimum at 0 for all v ∈ V(Ω) and all t ≥ 0, i.e. X(t, ·) minimizes the energy with respect to measure-
preserving variations induced by one-parameter families of flow maps of compactly supported, divergence-free
vector fields. The Optimal Transport theory tells us that for any Borel probability density ρ with finite second
moment and any X ∈ L2(ρ;Rd) we have∫

Ω

|X(x)− x|2ρ(x)dx = min
Y∼X

∫
Ω

|Y (x)− x|2ρ(x)dx

if and only if X is the gradient of a convex function, where Y ∼ X means∫
Ω

ζ(Y (x))ρ(x)dx =

∫
Ω

ζ(X(x))ρ(x)dx for all ζ ∈ Cb(Rd).
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Furthermore, if we denote by µ := X#ρ, P(A) the set of Borel probabilities on A, and

Γ(ρ, µ) := {γ ∈ P(Rd × Rd) : proj1γ = ρ, proj2γ = µ},

we have that the square of the quadratic Wasserstein distance between ρ and µ is

W 2
2 (ρ, µ) =

∫
Rd

|X(x)− x|2ρ(x)dx = min
γ∈Γ(ρ,µ)

∫ ∫
Rd×Rd

|x− y|2γ(dx, dy)

and γ̄ := (Id×X)#ρ is the unique minimizer of the right hand side.

I. If ρ = Ld|Ω, without any extra assumptions on X (see [4]), if d > 1 it is not true that any Y ∼ X can be
written as Y = X ◦ s for some Borel map s that preserves the Lebesgue measure restricted to Ω. Even more
exclusive is the set of maps Y of the form Y = X ◦ g for some measure-preserving, invertible g. And it is not
known whether all such maps can be approximated by flow maps g[v](s, ·) for some v ∈ V(Ω) and s ∈ R. Yet,
Proposition 3.1 below shows that minimizing the energy over each of these measure-preserving variations is
equivalent. More precisely, let

S(Ω) := {s : Ω→ Ω Borel : s#ρ = ρ},

G(Ω) := {g : Ω→ Ω Borel, invertible : g#ρ = ρ}

and

M(X) := {Y : Ω→ Rd Borel : Y#ρ = X#ρ}.

Proposition 3.1. Let X ∈ L2(Ω;Rd) be a Borel map. The following are equivalent:

(i) s = 0 locally minimizes

∫
Ω

|X(g[v](s, x))− x|2dx for all v ∈ V(Ω).

(ii) IdΩ minimizes

∫
Ω

|X(g(x))− x|2dx over all g ∈ G(Ω).

(iii) IdΩ minimizes

∫
Ω

|X(s(x))− x|2dx over all s ∈ S(Ω).

(iv) X minimizes

∫
Ω

|Y (x)− x|2dx over all Y ∈M(X).

(v) (IdΩ ×X)#ρ minimizes

∫∫
Rd×Rd

|x− y|2γ(dx, dy) over all γ ∈ Γ(ρ,X#ρ).

(vi) There exists Φ ∈ H1(Ω) convex such that X = ∇Φ a.e. in Ω.

Proof. The equivalence of (iv), (v), (vi) follows from the Monge-Kantorovich theory with cost c(x, y) = |x−y|2.
There is a proposition in [6] (Lemma 6.4) which ensures that any Y ∈ M(X) can be approximated uniformly
by maps of the type X ◦ g with g ∈ G(Ω), so (iv) and (ii) are equivalent. Same proposition applied to X and
X ◦ s for any s ∈ S(Ω) shows that the latter can be approximated uniformly by maps X ◦ g for g ∈ G(Ω) (since
X ◦ s ∈M(X)). Thus, (ii) and (iii) are equivalent. It is easy to see that (ii) implies (i). Finally, by Theorem 2.2,
(i) implies (vi).

II. If ρ ∈ C1(Ω̄) is positive , we consider

V[ρ](Ω) := {w ∈ C1
c (Ω;Rd) : ∇ · (ρw) = 0 in Ω}. (3.1)
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The flow g[w] of a vector field w ∈ V[ρ](Ω) is defined by

∂sg(s, x) = w(g(s, x)) in R× Ω, g(0, x) = x in Ω.

The proof of Proposition A.1 can be modified (see Rem. A.2) to show that g(s, ·) is a diffeomorphism of Ω which
satisfies both g(s, ·)−1 = g(−s, ·) and g(s, ·)#ρ = ρ for all s ∈ R. Indeed, the first claim is a simple consequence
of the semigroup property for an autonomous ODE. As for the second, we use the initial value problem that
d(s, x) := det[∇xg(s, x)] satisfies, namely

∂sd(s, x) = (∇ ·w)(g(s, x))d(s, x), d(0, x) = 1. (3.2)

Since g(s, ·) is a diffeomorphism of Ω and the above IVP shows d is always positive, all we need to prove is that

ρ(g(s, x))d(s, x) = ρ(x) for all s ∈ R, x ∈ Ω. (3.3)

Since d(0, ·) = 1 and g(0, ·) = Id, it is enough to show that the derivative with respect to s of the left hand side
vanishes at any s ∈ R. To that effect we compute

∂s[(ρ ◦ g)d](s, x) = ∇ρ(g(s, x)) · ∂sg(s, x)d(s, x) + ρ(g(s, x))∂sd(s, x)

=
[
∇ρ(g(s, x)) ·w(g(s, x)) + ρ(g(s, x))(∇ ·w)(g(s, x))

]
d(s, x)

= [∇ · (ρw)](g(s, x))d(s, x) = 0,

so the claim that g(s, ·)#ρ = ρ is proved. Thus, if s = 0 maximizes

j(s) :=

∫
Ω

X(x) · g[w](s, x)ρ(x)dx,

we infer ∫
Ω

X(x) ·w(x)ρ(x)dx = 0 and

∫
Ω

X(x) · ∇w(x)w(x)ρ(x)dx ≤ 0.

Since any v ∈ V(Ω) can be written as ρw for some w ∈ V[ρ](Ω) in a unique way (for any v ∈ V(Ω), w = v/ρ),
from the first variation we deduce X must be a gradient in Ω. If we assume Φ ∈W 2,1(Ω), i.e. X ∈W 1,1(Ω;Rd),
and use ∇[X ·w] = (∇X)Tw + (∇w)TX and integrate against ρw on Ω we get

0 ≤ −
∫

Ω

X(x) · ∇w(x)w(x)ρ(x)dx =

∫
Ω

∇X(x)w(x) ·w(x)ρ(x)dx.

We deduce ∫
Ω

[ρ(x)]−1∇X(x)v(x) · v(x)dx ≥ 0 for all v ∈ V(Ω),

which yields, as before, the nonnegative definiteness of [ρ(x)]−1∇X(x) for all x ∈ Ω. Since ρ > 0 in Ω, this
is equivalent to ∇X(x) being nonnegative definite at all x ∈ Ω. If the assumption Φ ∈ W 2,1(Ω) is relaxed
to Φ ∈ W 1,1(Ω), it is not clear to us how to finish the argument. If we denote α := 1/ρ, we obviously have
α ∈ C1(Ω̄) and α > 0 on Ω̄ if and only if ρ ∈ C1(Ω̄) and ρ > 0 on Ω̄. Thus, we can reformulate the problem as:
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let Φ ∈W 1,1(Ω) and ρ ∈ C1(Ω̄) such that ρ > 0 on Ω̄. Then Φ is convex if and only if∫
Ω

∇Φ · ∇(ρv)vdx ≤ 0 for all v ∈ V(Ω).

As seen above, this is settled if Φ ∈ W 2,1(Ω); we have not been able to use a convolution argument as in the
last part of the proof of Theorem 2.2 to accommodate the less regular case. Of course, integration by parts in
the last displayed inequality shows that the problem can be pushed further to:

Conjecture 3.2. Let Φ ∈ L1(Ω). Then the following are equivalent:
(i) Φ is convex;
(ii) There exists ρ ∈ C1(Ω̄) such that ρ > 0 on Ω̄ and∫

Ω

Φ∇ ·
[
∇(ρv)v

]
dx ≥ 0 for all v ∈ V(Ω); (3.4)

(iii) (3.4) holds for all ρ ∈ C1(Ω̄) such that ρ > 0 on Ω̄ and all v ∈ V(Ω).

If ρ ≡ const 6= 0 or if Φ ∈ W 2,1(Ω), this is settled above, but the general case is impeded by ρ not being
translation invariant (essential to the last part of the proof of Theorem 2.2, where ρ ≡ Ld|Ω).
III. If ρ0 is nonnegative and is only assumed to lie in L1(Ω) we can only make sense of ∇ · (ρ0v) = 0 in the
sense of distributions, and the computations we performed above to prove that g(s, ·)#ρ0 = ρ0 for any s ∈ R
do not apply, due to the lack of regularity for ρ0. We define

V[ρ0](Ω) := {v ∈ C1
c (Ω;Rd) : ∇ · (ρ0v) = 0 as a distribution in Ω}. (3.5)

Once again, we take g to be the flow of v ∈ V[ρ0](Ω) originating at the identity map; let ρ(s, ·) := g(s, ·)#ρ0, so
that ρ0 = ρ(0, ·). We would like to prove that ρ(s, ·) = ρ0 for all s ∈ R. Let ζ ∈ C1

c (Rd) and compute

d

ds

∫
Ω

ζ(x)ρ(s,dx) =

∫
Ω

∇ζ(g(s, x)) · v(g(s, x))ρ0(x)dx

=

∫
Ω

∇ζ(x) · v(x)ρ(s,dx),

i.e. ρ(s, x) is a distributional solution of the initial value problem

∂sρ+∇ · (ρv) = 0 in (0,∞)× Ω, ρ(0, ·) = ρ0 in Ω.

Let us denote by ṽ the extension of v by zero outside Ω and let g̃ be its flow originating at IdRd . It is easy to
see that g̃(s, ·) = g(s, ·) in Ω and g̃(s, ·) = Id outside Ω. If we denote by ρ̃0 and ρ̃(s, ·) the extensions by zero
outside Ω of ρ0 and ρ(s, ·) respectively, we consequently have

ρ̃(s, x) = ρ̃0(g̃(−s, x))det[∇xg̃(−s, x)] for all s ∈ R, x ∈ Rd,

i.e. g̃(s, ·)#ρ̃0 = ρ̃(s, ·) for all s ∈ R. We deduce ρ̃ solves

∂sρ̃+∇ · (ρ̃ṽ) = 0 in (0,∞)× Rd, ρ̃(0, ·) = ρ̃0 in Rd

in the sense of distributions. Since ∇ · (ρ0v) = 0 in Ω, it is easy to see that ρ̃0 is also a solution (stationary). We
may now use Theorem 6.1.1 [8], which guarantees that uniqueness for the PDE above is equivalent to uniqueness
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for the ODE

∂sα(s, x) = ṽ(α(s, x)), α(0, x) = ρ̃0(x)

for any x ∈ Ω, provided that µ̃0(Rd\Ω) = 0 (where µ̃0 is the measure on Rd whose density is ρ̃0), which holds by
the definition of ρ̃0. But this ODE does have a unique solution for every x ∈ Ω, namely g(·, x), so we conclude
ρ̃(s, ·) = ρ̃0 in Rd, i.e. ρ(s, ·) = ρ0 in Ω for all s ∈ R. Thus, g(s, ·)#ρ0 = ρ0 for all s ∈ R, which means that we
can now conclude, as in part II above, that∫

Ω

∇X(x)v(x) · v(x)ρ0(x)dx ≥ 0 for all v ∈ V[ρ0].

Since ρ0 is not necessarily sufficiently regular and positive in Ω, we cannot finish the argument as in part II
(ρ0v may not exhaust all the vector fields in V(Ω)). We leave it open to see if the last displayed inequality does
imply that ∇X is nonnegative definite on the support of ρ0.

3.2. 1D case

Since V(Ω) consists only of the null function if d = 1, there is no 1D version of the above arguments, i.e.
one cannot use flow maps of compactly supported divergence free vector fields to prove that optimal maps are
gradients of convex functions. As a workaround, we use the d = 2 case in the following way: let us assume
X ∈ L2(0, 1) is the optimal map pushing χ := L1|(0,1) forward to some probability measure ρ, i.e.

W 2
2 (χ, ρ) =

∫ 1

0

|X(x)− x|2dx.

First notice that S(x, y) := (X(x), X(y)) pushes χ⊗ χ forward to ρ⊗ ρ and so

W 2
2 (χ⊗ χ, ρ⊗ ρ) ≤

∫ 1

0

∫ 1

0

|(X(x), X(y))− (x, y)|2dxdy = 2W 2
2 (χ, ρ). (3.6)

On the other hand, if γ is a transport plan between χ ⊗ χ and ρ ⊗ ρ, i.e. a Borel probability measure on R4

such that ∫
R4

ξ(x1)ζ(x2)γ(dx1,dx2,dy1,dy2) =

∫ 1

0

ξ(x1)dx1

∫ 1

0

ζ(x2)dx2

and ∫
R4

ξ(y1)ζ(y2)γ(dx1,dx2,dy1,dy2) =

∫
R
ξ(y1)ρ(dy1)

∫
R
ζ(y2)ρ(dy2)

for all continuous and of at most quadratic growth ξ and ζ, then the measures γ̃i defined by∫
R2

ζ(xi, yi)γ̃i(dxi,dyi) =

∫
R4

ζ(xi, yi)γ(dx1,dx2,dy1,dy2), i = 1, 2,

are both transport plans between χ and ρ. Since

∫
R4

|(x1, x2)− (y1, y2)|2γ(dx1,dx2,dy1,dy2) =

2∑
i=1

∫
R2

|xi − yi|2γ̃i(dxi,dyi),
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we select γ optimal in the left hand side to conclude

W 2
2 (χ⊗ χ, ρ⊗ ρ) ≥ 2W 2

2 (χ, ρ).

Thus, we have equality in (3.6), which implies S is an optimal map pushing χ ⊗ χ forward to ρ ⊗ ρ. As we
have seen above, this means S = ∇Φ for some convex map Φ, i.e. X(x) = ∂xΦ(x, y), X(y) = ∂yΦ(x, y) for some
convex Φ. Of course, this means Φ(x, y) = φ(x) + φ(y) for some convex φ, and so X = φ′ a.e. in (0, 1).

Appendix A.

Proposition A.1. Let Ω ⊂ Rd be open and C1 and let v ∈ C1(R× Ω̄;Rd) such that ∇x · v ≡ 0 in R× Ω and
v · ν ≡ 0 on R× ∂Ω. Then there exists a unique flow of measure-preserving diffeormorphisms for v in Ω̄. More
precisely, for every x ∈ Ω̄ the solution of

∂sg(s, x) = v(s, g(s, x)), g(0, x) = x (A.1)

exists and is unique for all s ∈ R. Furthermore, the map x→ g(s, x) is a measure-preserving C1-diffeomorphism
of Ω̄. Moreover, if v does not depend on s, then [g(s, ·)]−1 = g(−s, ·) for all s ∈ R.

Proof. We divide the proof in three parts.
1. First we show that for any x ∈ Ω, the solution g(s, x) exists for all s ∈ R, is unique, and stays in Ω for all
time (observe that v is not even defined outside Ω̄). Fix x ∈ Ω. By the theorems of existence, uniqueness and
continuation of solutions for ODE, note that the solution exists and is unique for as long as g(s, x) ∈ Ω̄. Thus,
it is enough to prove that there is no time s ∈ R such that g(s, x) ∈ ∂Ω. Assume there is such s0 > 0 when the
solution first reaches ∂Ω, i.e. g(s, x) ∈ Ω for all s ∈ [0, s0) and g(s0, x) = y0 ∈ ∂Ω. Since ∂Ω ∈ C1, we know there
exists a function f ∈ C1(Rd−1) such that locally around y0 the boundary ∂Ω is given by the surface of equation
yd = f(y1, . . . , yd−1). If z ∈ Rd, denote z̃ = (z1, . . . , zd−1). Consider the unique local (i.e. s ∈ (s0 − δ, s0 + δ) for
some small δ > 0) solution (u1, . . . , ud−1) for the ODE system

u̇k(t) = vk(t, u1, . . . , ud−1, f(u1, . . . , ud−1)), uk(t0) = y0
k, k = 1, . . . , d− 1. (A.2)

Define ud : (s0− δ, s0 + δ)→ R by ud(s) := f(u1(s), . . . , ud−1(s)) and note that, if we set u := (u1, . . . , ud−1, ud)
and differentiate, we find

u̇d = ∇f(ũ) · ṽ(s,u).

Since

u(s) ∈ ∂Ω for all s ∈ (s0 − δ, s0 + δ) (A.3)

(by taking δ > 0 even smaller, if necessary), the previous equation implies

u̇d(s) = vd(s,u(s)). (A.4)

Here we have used that on the portion of the boundary ∂Ω around y0 described by the equation yd = f(ỹ) we
have that the normal direction to ∂Ω at y is (∇f(ỹ),−1) ∈ Rd, and so, by hypothesis,

∇f(ỹ) · ṽ(s, y)− vd(s, y) = 0.
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According to (A.2) and (A.4), we have constructed a solution of

u̇ = v(s,u), u(s0) = y0,

which is defined and unique on (s0 − δ, s0 + δ) for some δ > 0 sufficiently small. However, we know that g(s, x)
satisfies the same system of ODE’s on (s0 − δ, s0] and g(s0, x) = y0. By uniqueness, we infer g(s, x) = u(s) for
all s ∈ (s0 − δ, s0], which, by (A.3), contradicts the fact that s0 > 0 is the earliest time when g(·, x) reaches ∂Ω.
The case s0 < 0 can be treated similarly. We conclude that the unique solution g(·, x) is defined on the whole R
and satisfies g(R, x) ⊂ Ω for any x ∈ Ω, i.e. g(R,Ω) ⊂ Ω. A straightforward application of Gronwall’s Lemma
to the variation of constants formula yields

|g(s, x+ h)− g(s, x)| ≤ |h|es‖∇v‖∞ =: c(s)|h|, (A.5)

so g(s, ·) is Lipschitz for every s ∈ R. It follows that g(s, ·) can be extended by continuity up to ∂Ω; since
g(s,Ω) ⊂ Ω, we also infer g(s, Ω̄) ⊂ Ω̄. We retain the notation g(s, ·) for this extension. From

g(s, x) = x+

∫ s

0

v(σ, g(σ, x))dσ for all (s, x) ∈ R× Ω,

the continuous extension proved above shows that for every x ∈ Ω̄ the solution of (A.1) exists and is unique for
all s ∈ R. We next claim that g(s, ∂Ω) ⊂ ∂Ω for all s ∈ R; otherwise we would have some Ω 3 y0 = g(s0, x0) for
some s0 ∈ R and x0 ∈ ∂Ω. But then g̃(s, x) := g(s+ s0, x) solves ∂sg̃(s, x0) = vs0(t, g̃(s, x0)) with g̃(0, x0) = y0,
where vs0(s, x) := v(s+ s0, x). However, g̃(−s0, x0) = x0 ∈ ∂Ω, so we obtain the same contradiction as above
(for vs0 , which also satisfies vs0 · ν = 0 on ∂Ω). So,

g(s,Ω) ⊂ Ω and g(s, ∂Ω) ⊂ ∂Ω for all s ∈ R. (A.6)

2. Next we show that g(s, ·) ∈ C1(Ω;Rd) for all s ∈ R. Fix x ∈ Ω̄ and h ∈ Rd with |h| sufficiently small so that
x+ h ∈ Ω. Since, v ∈ C1(Ω̄;Rd), we have

lim
|p|→0

1

|p|
|v(y + p)− v(y)−∇v(y)p| = 0 uniformly w.r.t. y ∈ Ω̄. (A.7)

Now, (A.5) and (A.7) imply

|v(g(s, x+ h))− v(g(s, x)) − ∇v(g(s, x))[g(s, x+ h)− g(s, x)]|
=: A(s, x, h) = |h|O(|h|) (A.8)

uniformly for x ∈ Ω̄ and for s in compact sets, where O : [0,∞) → [0,∞) is continuous at the origin and
O(0) = 0. Next, for each x ∈ Ω̄, let us consider the matrix solution to

Ṁ(s, x) = ∇v(g(s, x))M(s, x), M(0, x) = Id, (A.9)

where Id is the d×d identity matrix. Set, again for h ∈ Rd with |h| sufficiently small, w := w(s, x, h) = M(s, x)h
to see that it satisfies

ẇ(s, x, h) = ∇v(g(s, x))w(s, x, h), w(0, x, h) = h. (A.10)
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We employ again the variation of constants formula to deduce

B(s, x, h):=|g(s, x+ h)− g(s, x)− w(s, x, h)|

≤
∫ s

0

|v(g(σ, x+ h))− v(g(σ, x))− w(σ, x, h)|dσ

≤
∫ s

0

A(σ, x, h)dσ + ‖∇v‖∞
∫ s

0

B(σ, x, h)dσ.

By (A.8) and Gronwall’s Lemma we get

|B(s, x, h)| = o(|h|) uniformly for x ∈ Ω̄ and s in compact sets,

i.e. g(s, ·) is differentiable at x ∈ Ω̄ uniformly for s in compact sets. Furthermore, we obtain ∇g(s, x) = M(s, x),
which implies (by (A.9)) that the map x→ ∇g(s, x) is continuous in Ω̄ (uniformly for s in compact sets). Thus,
g(s, ·) ∈ C1(Ω̄;Rd) for all s ∈ R.
3. Finally, we prove that for all s ∈ R the map g(s, ·) is a measure-preserving C1 diffeomorphism of Ω. By the
uniqueness theorem for the prescribed-value problem at any s0 ∈ R we infer that g(s, ·) is one-to-one for all
s ∈ R. Let Ωs := g(s,Ω) so that g(s, ·) is a one-to-one map from Ω onto Ωs. By direct computation we arrive at
an IVP for an ODE satisfied by d(s, x) := det∇xg(s, x), namely

∂sd(s, x) = ∇ · v(s, g(s, x))d(s, x), d(0, x) = 1, (A.11)

which implies that the Jacobian of g(s, x) has determinant equal to one for all s ∈ R and all x ∈ Ω. Thus,∫
Ω

ζ(g(s, x))dx =

∫
Ωs

ζ(y)dy for all ζ ∈ C(Rd). (A.12)

First, by choosing ζ ≡ 1 we infer that Ld(Ωs) = Ld(Ω). Assume Ω\Ωs0 6= ∅ for some s0 ∈ R and let y0 ∈ Ω\Ωs0 .
Since Ωs0 ⊂ Ω (by (A.6)) and Ld(Ωs) = Ld(Ω), we deduce that there is no ball centered at y0 that is contained
in Ω\Ωs0 , so there exists a sequence {xn}n ⊂ Ω such that g(s0, xn) converges to y0. Let x0 be an accumulation
point for the sequence {xn}n; then g(s0, x0) = y0 by the continuity of g(s0, ·). Since y0 ∈ Ω\Ωs0 , it must be that
x0 ∈ ∂Ω, but that contradicts g(s0, ∂Ω) ∩ Ω = ∅ (see (A.6)). It follows that Ωs0 = Ω. Since s0 is arbitrary, we
conclude g(s, ·) is a C1 diffeomorphism of Ω̄, which, by (A.12), is also measure preserving.

Remark A.2. If v is time-independent, then the assumption ∇ · v ≡ 0 is not necessary to conclude that
g(s, ·) is a C1 diffeomorphism of Ω. Indeed, again by uniqueness, we infer (the semigroup property) that if v is
time-independent, then g(s + t, x) = g(s, g(t, x)), which implies g(s, ·) (whose domain is Ω) is invertible, with
[g(s, ·)]−1 = g(−s, ·) (whose domain is also Ω) for all s ∈ R. If, in addition, ∇ · v ≡ 0 in Ω, we conclude as above
that the C1-diffeomorphisms g(s, ·) are volume preserving.

Proposition A.3. Let d ≥ 2 be integer and let B denote the open unit ball in Rd. Then:
(i) The quantity ζ → ‖∂xi

ζ‖L2(B) defines a norm on H1
0 (B) for i = 1, . . . , d.

(ii) None of the norms from (i) is metrically equivalent to the standard Euclidean H1-norm on H1
0 (B).

Proof. Let us, without loss of generality, fix i = 1. (i) All the conditions from the definition of a norm are trivial
to check, including the positive definiteness: indeed, let ζ ∈ C∞c (B) and extend it by zero outside the ball. For
x ∈ B we have

ζ(x) =

∫ x1

−1

∂x1
ζ(y, x2, . . . , xd)dy,
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so if ∂x1
ζ ≡ 0 in B we get ζ ≡ 0.

(ii) If d = 2 take un(x) = f1(x1)gn(x2), where both f1 and gn are nonzero, supported in (−0.5, 0.5) and smooth.
Then un ∈ H1

0 (B). Assume gn converges uniformly to g(x2) =
√

0.25− x2
2 (extended by 0 outside (−0.5, 0.5));

existence of such sequence gn is obvious. So un converges uniformly to u(x) = f1(x1)g(x2), while ∂x1un converges
uniformly to f ′1(x1)g(x2). Both u and ∂x1

u are in L2(B), while ∂x2
u is not. This shows that the L2-norm of

∂x1
u is not complete on H1

0 (B), so it is not equivalent to the standard H1
0 (B) norm. If d ≥ 3 we multiply un

by a nonzero compactly supported smooth function f2(x3, . . . , xd) supported in (−0.5, 0.5)d−2 and we conclude
similarly.

Proposition A.4. Let B denote the open unit ball in R3. Then:
(i) The quantity (P,Q,R) =: u→ ‖Pz −Rx‖L2(B) + ‖Qx − Py‖L2(B) defines a norm on d0.
(ii) The norm from (i) is not metrically equivalent to the standard Euclidean H1-norm on d0.

Proof. For (i) the only thing that needs checking is that P̃z = R̃x and Q̃x = P̃y imply u = (P̃ , Q̃, R̃) ≡ 0 in B.

So take (P,Q,R) in C2
c (B;R3) such that P̃ = Ry −Qz, Q̃ = Pz −Rx, R̃ = Qx −Py. We have that P̃z = R̃x and

Q̃x = P̃y imply

Ryz −Qzz = Qxx − Pxy and Pxz −Rxx = Ryy −Qyz (A.13)

or, equivalently,

∆Q = ∂y∇ · (P,Q,R) and ∆R = ∂z∇ · (P,Q,R).

Thus, ∆Qz = ∆Ry and, since Qz ≡ Ry = 0 on ∂B, we deduce 0 = Ry − Qz = P̃ in B; so now (A.13) imply

Pxy −Qxx = Pxz − Rxx = 0, i.e. Q̃ and R̃ are independent of x. Due to their compact support in B, we infer

Q̃ ≡ R̃ ≡ 0 in B.
(ii) Let Q ≡ R ≡ 0 and for each positive integer n we define Pn(x, y, z) := u(x)v(ny, nz), where u, v are
smooth, nonzero and compactly supported in (−0.5, 0.5) and (−0.5, 0.5)2, respectively; it follows that Pn is
smooth, nonzero and compactly supported in B. Let (P̃n, Q̃n, R̃n) = ∇× (Pn, 0, 0) = (0, Pn,z,−Pn,y), so that

un := ∇× (P̃n, Q̃n, R̃n) = (−Pn,yy − Pn,zz,−Pn,xy, Pn,xz).

Since

‖Pn,yy + Pn,zz‖2L2(B) = n4

∫ 0.5

−0.5

u2(x)dx

∫
(−0.5,0.5)2

|∆v(ny, nz)|2dydz

= n2

∫ 0.5

−0.5

u2(x)dx

∫
(−0.5,0.5)2

|∆v(y, z)|2dydz

and

‖Pn,xy‖2L2(B) + ‖Pn,xz‖2L2(B) = n2

∫ 0.5

−0.5

u2(x)dx

∫
(−0.5,0.5)2

|∇v(ny, nz)|2dydz

=

∫ 0.5

−0.5

|u′(x)|2dx

∫
(−0.5,0.5)2

|∇v(y, z)|2dydz,

it is enough to notice that v is non-harmonic (as a non-identically vanishing, compactly supported smooth
function) to obtain the desired thesis.
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A.1 The 2D and 3D cases revisited

Here we present different proofs that (2.3) is equivalent to the convexity of P (t, ·) as a function of x ∈ Ω if
d = 2, 3; this is achieved by means of Propositions A.5 and A.6, which are not consequences of Theorem 2.5,
but imply it if d = 2, 3. Albeit more complex, they are, in some sense, more straight forward than the proof in
Section 2 as no explicitly constructed test functions (vector fields such as vkε ) need be involved. Furthermore,
we believe they are worth presenting here, as they rely on a spatially locally continuous decomposition of
the symmetric matrix ∇2P (t, x) as QT (t, x)Λ(t, x)Q(t, x) for each fixed t, where Q is orthogonal and Λ is
diagonal. Whereas the continuity of the eigenvalues with respect to the matrix entries is a well-known fact, it
is not always true that Q can be chosen in such a way that it varies continuously with respect to the factored
matrix [19]. What turns out to be of tremendous help is the simple observation that any nonnegative definite
perturbation of ∇2P satisfies (2.5) if ∇2P does. It then becomes a matter of carefully choosing arbitrarily small
appropriate perturbations ∇2Sε of ∇2P for which ∇2(P +Sε) does admit a continuous QTε ΛεQε-decomposition
in a neighborhood of any given point in Ω. This continuity will enable us to prove that the eigenvalues of
∇2(P + Sε) are nonnegative, which, by the continuity of the eigenvalues with respect to the matrix entries,
implies by letting ε → 0+ that the eigenvalues of ∇2P are nonnegative. In what follows, the entries of the
matrix M are denoted by mij , while the vector space of all d× d real symmetric matrices is denoted by Sd(R).

A.1.1 2D case

Here we show that if d = 2, then (2.3) is equivalent to the convexity of P (t, ·). Note that the existence of a
sequence {ζn}n with the properties below is given (up to the transformation x → x0 + Q0Jr0(x − x0)) in the
proof of Proposition A.3.

Proposition A.5. Let x0 ∈ R2, r0 > 0 and M : B0 := B(x0, r0) → S2(R) be continuous. Denote by Q0 the
constant orthogonal matrix such that Q0M(x0)QT0 is diagonal. Let {ζn}n ∈ C∞c (B0) be such that

spt(ζn) ⊂ B(x0, rn) for a decreasing sequence {rn}n ↓ 0 (A.14)

and

(Q0J∇ζn)2

‖ζn‖H1(B0)
→ 0 as n→∞. (A.15)

If ∫
B0

JM(x)J∇ζn(x) · ∇ζn(x)dx ≤ 0 for all n ≥ 1, (A.16)

then the first eigenvalue of M(x0) is nonnegative.

Proof. Let Λ(x) be the 2× 2 diagonal matrix with real diagonal entries λ1(x), λ2(x) (eigenvalues of M(x)). By
the well-known fact that roots of polynomials vary continuously with respect to their coefficients, the continuity
of M implies that Λ is continuous on Ω.
1. Assume first that α0 := m12(x0) 6= 0. If necessary, restrict r0 closer to zero such that for all x ∈ B(x0, r0) we
have m12(x) ≥ α0/2 if α0 > 0, or m12(x) ≤ α0/2 if α0 < 0. Assume λ1(x0) =: −2λ− < 0.

We claim that there exists a continuous function B(x0, r) 3 x→ Q(x) ∈M2(R) such that Q(x) is orthogonal
and

M(x) = QT (x)Λ(x)Q(x) for all x ∈ B(x0, r0).
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Indeed, since m12(x) is bounded away from zero uniformly with respect to x ∈ B(x0, r0), we see that the
two eigenvalues are distinct for any such x and we can calculate that an orthonormal pair of eigenvectors
corresponding to λ1(x) and λ2(x), respectively, consists of

m12(x)√
m2

12(x) + [m11(x)− λ1(x)]2

λ1(x)−m11(x)√
m2

12(x) +m11(x)− λ1(x)]2

 and


m12(x)√

m2
12(x) + [m11(x)− λ2(x)]2

λ2(x)−m11(x)√
m2

12(x) + [m11(x)− λ2(x)]2

 .

Since m12 is bounded away from zero on B(x0, r), we easily see that these two vectors are continuous as functions
of x on B(x0, r). We choose Q(x) to be the matrix whose columns are these two vectors (in this order), so the
claim is proved. We may ocasionally drop the dependence on x to unburden notation; we have

Mv · v = (Qv)TΛ(Qv) = λ1|(Qv)1|2 + λ2|(Qv)2|2.

If necessary, restrict r even further such that λ1(x) < −λ− for all x ∈ B(x0, r). Let n be sufficiently large
such that ζn ∈ C1

c (B(x0, r)) and put vn := J∇ζn. We conclude that∫
Ω

M(x)vn(x) · vn(x)dx =

∫
B(x0,r)

M(x)vn(x) · vn(x)dx

≤ −λ−
∫
B(x0,r)

|(Qvn)1|2dx+ λ+

∫
B(x0,r)

|(Qvn)2|2dx,

where

λ+ := max
x∈B(x0,r)

|λ2(x)|.

We now employ (A.16) to infer∫
B(x0,r)

|∇ζn|2dx ≤ λ̄
∫
B(x0,r)

|(QJ∇ζn)2|2dx for all sufficiently large n, (A.17)

where λ̄ := (λ− + λ+)/λ−. Note that we have used |Qv| = |v| in B(x0, r) because Q(x) is an orthogonal matrix
for all x ∈ B(x0, r). Let Q0 := Q(x0) and for all 0 < s ≤ r we set (since Q−Q0 is continuous on the closure of
B(x0, r))

‖Q−Q0‖L∞(B(x0,s)) =: ηs <∞,

so that |(Q(x)vn(x))2 − (Q0vn(x))2| ≤ ηs|vn(x)| for all x ∈ B(x0, s) and all sufficiently large n such that
ζn ∈ C1

c (B(x0, s)). Thus,

|(Q(x)vn(x))2|2 ≤ 2
[
|(Q0vn(x))2|2 + η2

s |vn(x)|2
]
.

Since ηs → 0+ as s→ 0+, there exists 0 < s0 ≤ r such that 0 < 2λ̄η2
s0 < 1; (A.17) then implies∫

B(x0,s0)

|∇ζn|2dx ≤ λ0

∫
B(x0,s0)

|(Q0J∇ζn)2|2dx for all sufficiently large n, (A.18)
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where λ0 := 2λ̄/(1− 2λ̄η2
s0). This contradicts the properties of the sequence {ζn}n.

2. Now assume m12(x0) = 0. Let δ > 0 and define Φδ(x) := δ(x1 +x2)2/2. Obviously, M +∇2Φδ satisfies (A.16)
and, since ∂12Φδ(x0) = δ > 0, we are back under the restrictions of part 1 of this proof, so the eigenvalue λδ1(x0)
(first eigenvalue of M(x0) +∇2Φδ(x0)) is nonnegative. Once again, the eigenvalues are continuous functions of
the matrix entries, so we let δ → 0+ to infer λ1(x0) ≥ 0.

A.1.2 The 3D case

The d = 3 case is slightly more delicate because compactly supported divergence free vector fields have a
more complex structure. There is also significantly more work involved in showing that we can always reduce
the problem to one where we locally have a decomposition ∇2Φ = QTΛQ such that Q is a continuous function
of x. The proof is no different from the 2D case once we produce a result emulating Proposition A.5 in 3D.
By Proposition A.4 we get the existence of a sequence {ζn}n which satisfies (up to the transformation x →
x0 + r0(x− x0)) the properties listed in the proposition below.

Proposition A.6. Let x0 ∈ R3, r0 > 0 and M : B0 := B(x0, r0) → S3(R) be continuous. Denote by Q0 the
constant orthogonal matrix such that Q0M(x0)QT0 is diagonal. Let {ζn}n ∈ C∞c (B0;R3) be such that

spt(ζn) ⊂ B(x0, rn) for a decreasing sequence {rn}n ↓ 0 (A.19)

and

|(Q0∇× ζn)2|+ |(Q0∇× ζn)3|
‖∇ × ζn‖H1(B0)

→ 0 as n→∞ (A.20)

If ∫
B0

M(x)∇× ζn(x) · ∇ × ζn(x)dx ≥ 0 for all n ≥ 1, (A.21)

then the first eigenvalue of M(x0) is nonnegative.

Proof. The characteristic polynomial of M is

g(λ) := −λ3 + (trM)λ2 +
1

2

[
(trM)2 − tr(M2)

]
λ+ detM.

The discriminant of the equation −g0(λ) = 0 is

D := 18bcd− 4b3d+ b2c2 − 4c3 − 27d2, (A.22)

where b := −trM , c := −
[
(trM)2 − tr(M2)

]
/2, d := −detM. It is well-known that D ≥ 0 is equivalent to all

roots being real. We may also assume that all the entries of M are nonzero. This is because there exists δ0 > 0
such that for all 0 < δ ≤ δ0 we have Mij + δ 6= 0 for all 1 ≤ i, j ≤ 3. Let Φδ(x) := δ(x1 + x2 + x3)2/2; then
M +∇2Φδ satisfies (A.21) as well, and its eigenvalues converge to the eigenvalues of M . Thus, it is enough to
prove that the first eigenvalue of this perturbed matrix (at x0) is nonnegative for all δ0 ≥ δ > 0. Since for all
δ in this range we have that all the entries of M(x0) +∇2Φδ(x0) are nonzero, we may now work under that
assumption. However, it turns out it is more convenient to only assume, which we do, that the off-diagonal
entries of M(x0) are nonzero.



CONVEXITY CONDITION FOR SG 21

1. Assume D(x0) > 0, i.e. the three real roots are distinct (another well-known fact), and the top two rows of
the matrix M(x0)− λI3 are linearly independent for any eigenvalue λ. The latter is equivalent to

either
m11 − λ
m12

6= m13

m23
or

m22 − λ
m12

6= m23

m13
for any eigenvalue λ. (A.23)

For each eigenvalue λ we look for an eigenvector q ∈ R3 by singling out a nontrivial solution of the system

(m11 − λ)q1 +m12q2 +m13q3 = 0, m12q1 + (m22 − λ)q2 +m23q3 = 0.

If

m11 − λ
m12

6= m13

m23
,

we do this by setting q2 = −1 and then solving to find

q1 =
m13λ+m12m23 −m13m22

m11m23 −m12m13 −m23λ
, q3 =

m22 − λ−m12q1

m23
,

which are valid (denominators are nonzero). Instead, if

m11 − λ
m12

=
m13

m23
,

according to (A.23), we do this by setting q1 = −1 and then solving to find

q2 =
m23λ+m12m13 −m11m23

m22m13 −m12m23 −m13λ
, q3 =

m11 − λ−m12q2

m13
.

We normalize these values into the unit vector qλ. Since the eigenvalues are distinct, the three vectors qλ do
form an orthonormal set of vectors. Again, by the continuity of the eigenvalues with respect to the coefficients,
we infer that we still have distinct real roots and the linear independence of the top two rows of M(x)−λI3 still
holds for all eigenvalues λ (and, consequently, the above choices of eigenvectors still works) if we replace M(x0)
by M(x) for all x in a sufficiently small ball around x0, say B(x0, 2r). We define the matrix Q whose columns
are the vectors qλ computed at x ∈ B(x0, r); due to the above considerations, Q is a continuous function on
B(x0, r). So, one can still perform a decomposition M = QTΛQ which is continuous in B(x0, r). This means
that if λ1(x0) < 0, we can use (A.21) and imitate the 2D case to conclude that there is r ≥ s0 > 0 such that
B0 := B(x0, s0) ⊂ Ω and ∫

B0

|vn|2dx ≤ λ0

∫
B0

[
|(Q0vn)2|2 + |(Q0vn)3|2

]
dx (A.24)

for all n sufficiently large such that ζn is supported in B0, where λ0 is a positive constant and vn := ∇× ζn.
This contradicts (A.20).

2. Now we only assume D(x0) > 0. If the first two rows of M(x0) are linearly dependent for some eigenvalue λ,
then

λ = m11 −
m12

m23
m13 = m22 −

m12

m13
m23,
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which implies m22−m11 = m12(m2
23−m2

13)/(m13m23). However, note that by adding δ > 0 to m11 this equality
is violated, and for all δ > 0 sufficiently smallD(x0) stays positive if we replacem11 bym11 +δ. Since for Φ̄δ(x) :=
δx2

1/2, M +∇2Φ̄δ satisfies (A.21) if M does, it is enough to prove that the eigenvalues of M(x0) +∇2Φ̄δ(x0) are
nonnegative for all sufficiently small δ > 0 in order to conclude (via the continuity of eigenvalues with respect
to matrix entries) that λ1(x0) ≥ 0. But M(x0) +∇2Φ̄δ(x0) satisfies the restrictions imposed in part 1 of this
proof, so we are done (if D(x0) > 0).
3. All that is left is the case D(x0) = 0. Since M cannot be a scalar multiple of the identity matrix (which would
violate the assumption that all off-diagonal entries are nonzero), one of the quantities (m11 −m22)2 + 4m2

12,
(m22 −m33)2 + 4m2

23 and (m11 −m33)2 + 4m2
13 is nonzero. Without loss of generality, assume that (m11 −

m22)2 + 4m2
12 > 0. Let Φ̃δ(x) := δx2

3/2 so that M(x0) + ∇2Φ̃δ(x0) is also a symmetric real matrix, so the
discriminant of its characteristic polynomial is also nonnegative; some elementary calculations lead to (with the
notation from (A.22))

Dδ := 18(b− δ)(c− αδ)(d− βδ)− 4(b− δ)3(d− βδ)
+(b− δ)2(c− αδ)2 − 4(c− αδ)3 − 27(d− βδ)2 =: h(δ),

for α := m11 +m22, β := m11m22 −m2
12. We see that h is a polynomial in δ of degree four (since its dominant

coefficient is (m11−m22)2 +4m2
12 > 0) such that h(δ) ≥ 0 for all δ ∈ R and h(0) = D(x0) = 0; we conclude that h

has at most three more real roots, so there exists δ0 > 0 such that h(δ) > 0 for all δ0 ≥ δ > 0, which is equivalent
to the roots of the characteristic polynomial of M(x0) +∇2Φ̃δ(x0) being real and distinct. Since M +∇2Φ̃δ
satisfies (A.21) as well, we are now in the setting of part 2, so all the first eigenvalue of M(x0) +∇2Φ̃δ(x0) is
nonnegative. We conclude the proof by letting δ → 0+ and using, once again, the continuity of the eigenvalues
with respect to the matrix entries.
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