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PHASE-FIELD METHODS FOR SPECTRAL SHAPE AND
TOPOLOGY OPTIMIZATION

HARALD GARCKE'®, PAUL HUTTLY", CHRISTIAN KAHLE?®,
PATRIK KNOPF!® AND TiM LAUX?

Abstract. We optimize a selection of eigenvalues of the Laplace operator with Dirichlet or Neu-
mann boundary conditions by adjusting the shape of the domain on which the eigenvalue problem is
considered. Here, a phase-field function is used to represent the shapes over which we minimize. The
idea behind this method is to modify the Laplace operator by introducing phase-field dependent coef-
ficients in order to extend the eigenvalue problem on a fixed design domain containing all admissible
shapes. The resulting shape and topology optimization problem can then be formulated as an optimal
control problem with PDE constraints in which the phase-field function acts as the control. For this
optimal control problem, we establish first-order necessary optimality conditions and we rigorously
derive its sharp interface limit. Eventually, we present and discuss several numerical simulations for
our optimization problem.
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1. INTRODUCTION

Optimization linking the shape and topology of a domain to the eigenvalues of an elliptic operator is a
fascinating field leading to attractive mathematical problems. At the same time this field has many applications
as for instance the mechanical stability of vibrating objects, thermic properties of bodies and wave propagation.
However, as stated by Henrot in [38], “... they are very simple to state and generally hard to solve!”

There is a rich literature on classical shape optimization in the sense that the shape itself is controlling the
problem, i.e., the quantities that are varied along the optimization process are themselves domains, which are
referred to as shapes, see [2, 20, 24, 38, 39].

A fundamental problem is to optimize the eigenvalues of the Laplacian with either homogeneous Dirichlet
or homogeneous Neumann boundary condition by adjusting the shape D on which the eigenvalue problem is
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considered. To be precise, the overall goal is to find a shape D such that a selection of eigenvalues of the problem
—Aw = lw in D, —Aw = pw in D,
or (CL)

wlogp =0 on 0D, Opw =0 on 0D,

is optimal in a certain sense. In the following, we refer to (CL) as the classical eigenvalue problem.

In this paper, we consider a phase-field approximation to optimize a selection of eigenvalues of the classical
problem (CL). Our approach shares similarities with the one in [17] but allows for more general penalizing terms
in the approximate eigenvalue problem and is able to deal with additional volume constraints and pointwise
constraints. Furthermore, our analysis does not rely on any further knowledge of sets minimizing the sharp
interface problem such as boundedness or openness, as discussed in [28]. We will now briefly explain the general
strategy.

Instead of directly varying the shape D, we formulate an approximate eigenvalue problem on a fixed domain
Q, which is called the design domain. This domain €2 comprises any admissible shape, which is now implicitly
represented by a phase-field. More precisely, instead of interpreting the shape as the unknown quantity in the
optimization process, we describe it via the phase-field . which attains the value +1 in most parts of the shape
and the value —1 in most parts of its complement (with respect to the design domain 2). Close to the boundary
of the shape, the phase-field exhibits a diffuse interfacial layer whose thickness is proportional to the interface
parameter € > 0. Here a transition between the values +1 and —1 takes place.

The mentioned approximation is carried out by considering an elliptic eigenvalue problem on the whole
design domain whose differential operator exhibits phase-field dependent coefficient functions. These coefficients
are chosen in such a way that the corresponding classical eigenvalue problem (CL) is approximately fulfilled
on the shape D, = {p. > 0}. For a more detailed discussion we refer to the next section, and especially to
Section 2.4, for explicit choices of the coefficients which ensure that (CL) holds on the shape D = {¢o = 1}
in the sharp interface limit € — 0. For an overview of analytical results in the sharp interface case concerning
the stability of classical eigenvalue problems under variation of the shape, e.g., continuity of eigenvalues under
domain perturbation and shape differentiability, we refer to the books [10, 20, 38, 40]. There, the concept of
~y-convergence, which is exactly the notion of convergence of sets under which eigenvalues are continuous, is a
key tool. This concept is also needed in our framework as we need to approximate sets of finite perimeter with
suitable smooth sets in order to construct a recovery sequence in the I'-limit. Here, we will proceed in a similar
fashion as in [17], see Section 4.2.

Before we present this approach in detail let us review some properties of eigenvalue optimization problems
for the Laplace operator. Let us consider a rectangular shape D = Dy, ; = (0, L) x (0,1) with L, > 0. Then, the
eigenvalues of (CL) are given as

m? k2

The difference is that in the Dirichlet case, m and k range over all positive integers, whereas in the Neumann
case, m = 0 and k = 0 are also taken into account. The corresponding L?(D)-normalized eigenfunctions are

2 k
wﬁ,k(may) = ﬁSin (?) sin <7lTy> myk > 1,

in the Dirichlet case, and

2 k
w%,k(ﬁfay) = ﬁ cos (?) cos <7lry) m,k >0,
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in the Neumann case. Considering a class of rectangles with fixed area, we hence observe that the smallest
non-trivial Neumann eigenvalue approaches zero for very thin and long rectangles, which is not the case for
eigenvalues of the Dirichlet problem. This indicates that maximizing the smallest non-trivial Neumann eigenvalue
and minimizing the smallest Dirichlet eigenvalue are meaningful problems.

As explained above, classical variational problems vary the shape D in order to optimize the behavior of the
smallest non-trivial Dirichlet or Neumann eigenvalue. In the Dirichlet case, the theorem of Faber—Krahn (see,
e.g., [38], Thm. 3.2.1) states that for any fixed constant ¢ > 0, we have

M (B) = min{A\;(D)| D open subset of R"® with|D| =c}, (1.2)
where |D| denotes the Lebesgue-measure of D and B is any ball in RV with volume c. The analogon in the

Neumann case is the theorem of Szegé and Weinberger (see, e.g., [38], Thm. 7.1.1) which states that the first
non-trivial eigenvalue satisfies

11(B) = max {mw) (13)

D open subset of R" with
Lipschitz boundary and |[D| =c [’

Now, we briefly want to explain how the optimization problems in this paper are formulated. Let us fix an
arbitrary € > 0. For any phase-field ¢ = ¢, belonging to some feasible set, let (A\;¥), . and (p¥), oy denote
the eigenvalues of the approximate equations on the design domain with Dirichlet and Neumann boundary data,
respectively. In the Dirichlet case, we minimize the functional

TP () = WOAL% - AL%) + vEGL(p), (1.4)
and in the Neumann case, we minimize the functional

IN(e) =W (5, .. 05 %) +vESL (), (1.5)

where the indices i1, ...,7; € N pick eigenvalues from the above sequences and v > 0 is a given constant. Here,
G, stands for the Ginzburg-Landau energy which is defined as

Boale) = [ (5190 + 2u(0)) s

where € > 0 corresponds to the thickness of the diffuse interface and v is a bulk potential that usually has a
double-obstacle structure (cf. Sect. 2.2). In the framework of I'-limits, this regularizing term can be understood
as an approximation of the perimeter functional penalizing the free boundary of the shape (see, e.g., [6]) and
is needed for the optimization problems to be well-posed. The function ¥ : (Rsg)! — R is used to formulate
quite different extremal problems involving the above selection of eigenvalues, such as linear combinations, see
Section 2.5. For a rigorous investigation of the I'-limit, a componentwise monotonicity assumption on ¥ will be
crucial in order to preserve the monotonicity of eigenvalues with respect to set inclusion.

The goal of the paper at hand is to analyze the optimization problems (1.4) and (1.5), to rigorously study
the sharp interface limit for the Dirichlet problem, and to present and discuss several numerical simulations
illustrating this theoretical discussion.

We point out that various methods are proposed in the literature to deal with this kind of shape and topology
optimization problems on the sharp interface level. The most common one is the method of boundary variation
(see [47, 54, 55]). However, this approach does not allow for topological changes. This can be overcome by the
homogenization method (see [1]) or the more special SIMP method (see [13]).
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A fruitful approach studied also in the context of spectral optimization is the level-set method, see e.g.,
[3, 49]. Here the evolution of the shape is governed by a Hamilton—Jacobi equation and velocities to evolve the
shape are computed in the framework of shape derivatives. This method has moderate numerical costs and also
allows for topological changes but the creation of new holes can be challenging, although it can be handled by
incorporating topological derivatives, see [22].

We want to mention that a further development of the level-set method from [49] is given in [8, 9] which
evolves the shape by a gradient descent. The optimization in [8] is restricted to star-shaped domains whereas
[9] also allows for multiple connected components. The works [8, 9, 49] have in common that they make use of
a so called genetic algorithm (see [48]) in order to obtain a suitable initial guess for the shape.

In the present paper, we combine our phase-field approach with the VMPT method (see [15]), which is a
generalization of the projected gradient method. The main advantage concerning numerical implementation is
that it naturally allows for topology changes and especially the nucleation of holes. Our approach is capable of
reproducing the results of [9] but is also able to tackle a large variety of spectral shape optimization problems
that go far beyond the classical ones in the literature. For instance, our method allows for cost functionals
involving linear combinations of eigenvalues and even (at least numerically) for simultaneous maximization and
minimization of a selection of eigenvalues. Furthermore, the phase-field method enables us to fix the shape in
certain regions but also to place obstacles for the shape. This means we can initially prescribe regions in the
design domain that must or must not be covered by the shape, respectively, see Section 5. The phase-field
approach was also used numerically in [17] where no additional volume constraint is imposed.

Our paper is structured as follows. In Section 2, we give a mathematically precise formulation of the model
and the optimization problems. Afterwards, in Section 3, we study the diffuse interface problem which allows
us to state first-order necessary optimality conditions. Here, the assumption that the considered eigenvalues are
simple will be essential, as otherwise Fréchet-differentiability cannot be guaranteed. In Section 4, we perform
an in-depth analysis of the sharp interface problem in the Dirichlet case. In particular, we show the continuity
of spectral quantities when passing to the limit € — 0 under a certain rate condition. Eventually, we prove an
unconditional I'-convergence result for the involved cost functionals. In the first part of our proof, we proceed in
the spirit of [17], which contains many highly valuable ideas and key steps. Nevertheless, we present a detailed
proof in order to avoid some inconsistencies of [17] concerning the usage of the perimeter. Moreover, the inclusion
of an additional volume constraint in our framework requires a further in-depth analysis. We point out that we
cannot prove a rigorous I'-convergence result in the Neumann case as a certain coefficient in the approximating
phase-field model degenerates in the limit € — 0. Based on the results of Section 3, we present several numerical
simulations in Section 5, which exemplify optimal shapes in concrete situations.

2. FORMULATION OF THE PROBLEM

In this section we introduce the mathematical model and the optimization problems.

2.1. The design domain and the phase-field variable

We fix a bounded design domain Q C R?, d € N with Lipschitz boundary. For any suitable open shape D C Q,
we consider the classical eigenvalue problem (CL), i.e., the eigenvalue equation for the Laplacian with either a
homogeneous Dirichlet or a homogeneous Neumann boundary condition. The goal of our shape and topology
optimization problems is to minimize a cost functional involving a selection of eigenvalues by adjusting the
shape D in an optimal way.

To approximate the shape D, we introduce a phase-field function ¢, : Q@ — [—1, 1] which attains the value
+1 in most parts of D and the value —1 in most parts of the relative complement Q\D. The free boundary 9D
is approximated by a thin interfacial layer in which ¢, continuously changes its values between —1 and +1. The
thickness of this so-called diffuse interface is proportional to a small parameter € > 0.

In the sharp interface limit ¢ — 0, where the thickness of the diffuse interface is sent to zero, {o = 1} exactly
represents the shape D on which the eigenvalue problem (CL) is satisfied. In this case, the set {po = —1}
represents the relative complement 2\ D which is not involved in the eigenvalue problem (CL), and 0D can be
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expressed as QNI {py = —1} = QNI {pg = 1}. When considering the problem for a fixed £ > 0, we will often
omit the index € in the notation for the phase-field, i.e., we will just write ¢ instead of ..

We further want to prescribe regions within the design domain {2 where the pure phases are prescribed.
Mathematically speaking, we fix two disjoint measurable sets Sy, S1 C € such that Q= O\(Sp U Sy) is a
domain with Lipschitz boundary. This is, for example, the case if we choose Sy and S; as closed balls which
keep a fixed, positive distance between themselves and towards the boundary 92 of the design domain. Thus,

the set representing these constraints on ¢ is given as
U={pecL'(Q)|p=-1aec onSand p=1ae onS}. (2.1)

As the values of ¢ € U are fixed on Sy U Sy, the relevant set in our optimization process is given as Q which
will play also an important role in the definition of the Ginzburg-Landau energy.

We additionally prescribe general bounds on the mean value of ¢ in order to take volume constraints into
account. To this end, we impose the general constraint

)

B9 < / pdz < |0
o

with 81,82 € R, 81 < 3 and B1, B2 € (—1,1). This condition 81, 82 € (—1, 1) ensures that in the sharp interface
case, where ¢ € BV (Q,{£1}), the sets {¢ =1} N Q and {p = =1} N Q both have strictly positive measure.
Hence, the trivial cases are excluded. Note that for 8; = 82 we obtain an equality constraint for the mean value.

Furthermore, we require sufficient regularity of the phase-field, namely H 1((2), in order for the Ginzburg—
Landau energy (that will be introduced in the next subsection) to be well-defined. All these constraints are
summarized in the set

G’ = {cp € H'(Q) ' ol < 1,49 < /Qcpdx < 62|Q|}. (2.2)

We point out that for the upcoming analysis in Section 3, we could also include a constraint preventing the
shape to touch the boundary, i.e., ¢ = —1 on 02, which is used in the numerical simulations presented in
Section 5. In order for this constraint to be well-defined in the trace sense, and not to interfere with the one
formulated via U in (2.1), we would also need to demand S; CC €2 to be compactly contained. Nevertheless, we
do not include this constraint in the discussion of the sharp interface limit in Section 4 as this would produce
an additional term in the I'-limit of the Ginzburg-Landau energy as explained in the following subsection.

2.2. The Ginzburg—Landau energy

For the definition of the objective functional and especially for the well-posedness of the minimization problem
the so-called Ginzburg—Landau energy

1
Boale) = [ (5196 + 2uie)) da, e,

is crucial. Here, the potential ¢ : R — R U {400} is assumed to have exactly the two global minimum points
—1 and +1 with

min = (+1) =0,
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and a local maximum point in between (usually at zero). Furthermore, ¢ is assumed to exhibit the decomposition
¥(p) = o(p) + 111 () with ¢g € Cu (R,R) and I;_; 5 : R — R U {+00} being the indicator functional

loc

T (€)= {0 if € € [~1,1],

+o00 otherwise.

Common choices for ¢y would be the quadratic potential ¥(¢) = (1 — ¢?) or the quartic potential ¥ (¢) =
3(1 — ¢?)?. For more details we refer to [14, 33].

In our optimization problems, we impose the phase-field constraint ¢ € G# NU. As in [14, 33], it thus suffices
to include the regular part

B0) = [ (5170 + 2n(0)) (23)

of the Ginzburg-Landau energy in the cost functional, since E°(¢) = Eg (¢) for all ¢ € Go.
Note that in the Ginzburg—Landau energy, we merely integrate over the domain  C Q. If we demanded
v € HY(Q) NU, we would obtain Dirichlet conditions

p=—1 on 985,
=1 onds;.

This would produce an additional contact energy term in the I-limit of E° as ¢ — 0, see [50]. In order to avoid
this phenomenon and to obtain the classical I-limit as studied in [45], the energy and the H L_regularity are
restricted to the subset Q0 C Q.

2.3. The approximate eigenvalue problems

For any € > 0, we now introduce approximate eigenvalue problems with Dirichlet boundary condition and
Neumann boundary condition, respectively. They will act as the state equation in the forthcoming optimization
problems. We either consider

-V [aa(ﬁa)vw] + ba(‘ﬂ)w = /\E’<pca(<ﬂ)w in Q, (2 4)
w=0 on 01, '
=V - lac(p)Vu] = p=?ece(p)w  inQ,

87:0 on 0f2.

Here v is the outer unit normal vector on 0f2, and a.,b.,c. : R — R are coefficient functions which depend on
the phase-field ¢ and the interface parameter € > 0.

For fixed € > 0, we demand that a.,c. > C: > 0 and b > 0 in R in order to avoid degeneration. We further
assume ae, be, ¢ € C’llo’cl (R). These properties allow us to define the following scalar products on L?(§2) depending

on the phase-field ¢ € L*>°(Q):

(s M. () 1=/Qas(<ﬂ)undw, (U, M) () 1=/Qca(<ﬂ)u77dw, u,n € L2().
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The induced norms on L?(2) are

1
ce(p) — (ua U)CQE(#,) . (26)

1
lulla, o) = (W 0) g, gy > lu

2(9) to indicate that L*(Q) is equipped with the ¢-dependent scalar

) Similarly, we equip the spaces H}(Q) and

/ch(w)w dz = 0}

with the scalar product (V~,V~)ae(w. For the purpose of a clearer presentation we further define a positive

In the following, we use the notation L

product (-,")._,

Hp () = {w € H'(Q)

semi-definite bilinear form (-, ')bs(sa) in the same fashion as for the coefficient functions a.,c.. However, this
bilinear form does not define a scalar product as it possibly degenerates.

In the subsequent analysis, we will work with the weak formulations of the approximate problems (2.4) and
(2.5) which are given as

(Vw, V) o (o) T (W, M)y (o) = A7 (w,m),(,) forallne Hi(Q), (2.7)
and
(Vw,Vn), (o) = 157 (w,n), (py forallne HY(Q), (2.8)

respectively. In Theorem 3.2 we will see that for any ¢ € L*(2), all eigenvalues in either the Dirichlet or the
Neumann case can be written as a sequence

0<ATY < AP < AP <-v = o0,

or

S

0:/148#; <uf]=:7‘10 S,UQ’LP SM?‘P S S 00,
respectively.

2.4. The sharp interface limit

Before we formulate the optimization problems in which (2.7) and (2.8) serve as the state equations, we
formally discuss their behavior when taking the limit ¢ — 0.

In both cases (2.4) and (2.5) we want to ensure that the boundary condition is not only fulfilled on the fixed
boundary 902 but also on the free boundary obtained in the sharp interface limit ¢ — 0. By our diffuse interface
approach we want to approximate this behavior.

Although the analytical results for € > 0 are independent of the following considerations as they can be
carried out under the general assumptions on the coefficient functions made in Section 2.3, we want to formally
discuss how the coefficient functions need to be chosen explicitly to obtain the desired properties in the sharp
interface limit.

For phase-field functions ¢, that are expected to converge to ¢q in the sharp interface limit ¢ — 0 (with g
attaining only the values —1 and +1), we define

Qi— ={z € Qp.(z) > 0},
Q. ={xz e Qp(x) <0},
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F1GURE 1. The classical eigenvalue problems on D = ) approximated by the diffuse interface
approach. The diffuse interface is represented by the light gray surrounding of I'.

Qs = {@ € Q| polw) = +1},
I = GQ+ n Q,
where n. is the outer unit normal vector field on 925 N} and m is the outer unit normal vector field on I'. An

illustration of the diffuse interface and the sharp interface limit can be found in Figure 1.
Now, the coefficient functions are to be chosen in such a way that they enforce the boundary condition

w=0 onT, (2.9)

in the Dirichlet case and the boundary condition

ow
I 0 onT, (2.10)

in the Neumann case. We now present suitable choices for the coefficients a., b. and c. and we formally discuss
how the boundary conditions (2.9) and (2.10) are obtained in the sharp interface limit.
In the Neumann case, we choose

as(1) =c.(1) =1, as(—1) = ae, ce(—1) = ce, (2.11)

with constants a,c > 0. Then, condition (2.10) will be implicitly enforced in the following sense. The weak
formulation of (2.5) is given by

/ ac(p)Vw¥e - Vnde = pu~%e / ce(pe)wPendz  for alln € H'(Q). (2.12)
o Q
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Assuming that the convergence p. — ¢g implies the convergence of all appearing e-dependent quantities, we
use (2.11) to recover

Vw? - Vndz = p*° / w¥ondz for alln € H(Q),

Q. o

that is the weak formulation of the classical eigenvalue problem with Neumann boundary data

—Aw?® = pf'w?® in D =y,
awLPO
on

=0 on 9D =T,

by formally sending ¢ — 0.
For the Dirichlet case let us fix a. = ¢. = 1. Then condition (2.9) will be ensured by the coefficient function
b. appearing in the state equation (2.4) by prescribing the following properties

b.(1) =0, gl\rﬁ) be(—1) = o0. (2.13)

The idea of adding such a coefficient function comes from the porous medium approach that is used to model
fluid dynamics phenomena, see e.g., [31, 32].

Assuming again that the convergence ¢. — ¢y implies the convergence of all appearing e-dependent
quantities, we infer that

be(pe) lw® e |* dx
Qs

stays bounded for ¢ — 0 which can only be the case if w¥° = 0 almost everywhere on the set Q\Q; = {py = —1}.
Proceeding as in the Neumann case and formally passing to the limit € — 0 in the weak formulation, we conclude
that w?° is a solution to the classical eigenvalue problem on Q2 with Dirichlet boundary data, that is
—Aw¥0 = \Po¥0 in D =Q,
w¥ =0 on 9D =
For a detailed rigorous analysis of the sharp interface limit in the Dirichlet case we refer to Section 4. However,
a rigorous analysis of the Neumann problem in our framework is not possible as the coefficient function a.

chosen in (2.11) degenerates outside the prescribed shape. More explicitly, testing the weak formulation of the
Neumann problem (2.12) with the eigenfunction w® ¥ yields

/ ac(pe) Vw9 * da = po %<,
Q

as we can assume the eigenfunction to be normalized with respect to || - || ()" To apply classical compactness
results, we need to control the Dirichlet energy of the eigenfunctions, but a. as chosen in (2.11) degenerates in
the phase {p. = —1} as € — 0, i.e., in the left-hand side we obtain the term

ae/ |Vw®#< | da.
{Wa:*I}
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In other words, knowing that the sequence of eigenvalues (u¥<) ., is bounded, does not imply that, on the
whole of €2, also the Dirichlet energy is bounded.

We are now in a position to introduce the optimization problems for ¢ > 0 in which (2.4) and (2.5),
respectively, can be regarded as the state equation.

2.5. The optimization problems

For any fixed | € N and indices i1,...,4; € N with 1 <43 < i < -+ < 4;, we include the eigenvalues
Aigse-os N OF iy, ..., i, respectively, in the cost functional via the function
U (Rap) — R,

which is assumed to be of class C'!. As mentioned above, the Ginzburg-Landau energy also needs to be included
in the cost functional. Hence for £ > 0, we define the objective functional as

TP (@) = WOLE, . AGF) + Y EEL(9), (2.14)

21 0
in the Dirichlet case, and
TV(p) = W(s?, o i57) + VB (), (2.15)

in the Neumann case, where v > 0 is a weighting parameter. Recalling (2.1) and (2.2), we further define the set
of admissible phase-fields as

B0 =06 NU.
Now, the optimization problem reads as

min JlD,a (90)7

D
st. € Dyg, (P°)
AL, ALY are eigenvalues of (2.7)
in the Dirichlet case, and
min JlN’E(go),
s.t. ¢ € Paq, (,PZN)E)
g% pg ¥ are eigenvalues of (2.8)

in the Neumann case.

Note that we do not need an additional assumption on the function ¥ itself to be bounded from below in order
for the minimization problem to possess a minimizer, as we can show that any eigenvalue of our approximate
problem is bounded by the corresponding eigenvalue of the classical eigenvalue problem up to multiplicative
constants, see Lemma 3.7. This allows us to cover a large variety of optimization problems. For example, the
problems (1.2) and (1.3) could be formulated within our framework by choosing

UAT) = A0% (py”) = —p1¥,
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in (PlD’E) and (PZN’s), respectively. In Section 5, we will further demonstrate that the optimization of linear
combinations of eigenvalues

! l
TAE, A7) = Z i,  O(pi?, . pug?) = Z ojfi,
j=1 j=1

(with coefficients a; € R) can also be handled at least numerically.

Recall that E¢(p) = E&y () for all ¢ € G# NU. Therefore, it suffices to merely include the regular part £°
of the Ginzburg-Landau energy E&;, in the cost functional. This is important for the analysis as it allows us to
compute directional derivatives

%Es(gp +H( =), = /QEWD V(0 = p)de + /Q é%(w)(ﬂ — p)dz,

in every direction ¥ — ¢ with 9 € G# N , which would not be possible for E&y.

To investigate these optimal control problems, we first have to establish the existence of eigenvalues and
associated eigenfunctions. Furthermore, we need to analyze the continuity and differentiability properties of
these quantities with respect to the phase-field variable.

3. ANALYSIS OF THE DIFFUSE INTERFACE PROBLEM

3.1. The state equations and their properties

In this section we fix € > 0 and therefore, as mentioned above, we will just write ¢ instead of .. For a cleaner
presentation, we also omit the superscript € when denoting eigenvalues and eigenfunctions as the e-dependency
is indicated by the coeflicient functions.

Definition 3.1 (Definition of eigenvalues and eigenfunctions). Let ¢ € L°°(Q) be arbitrary.

(a) A% is called a Dirichlet eigenvalue of the state equation (2.7) if there exists a nontrivial weak solution w?:?

to (2.7), i.e., 0 # wP¥ € H}(Q), and it holds that
(VwD"p, V?]) + (wD’“",n)

=7 (wP?,n) for all n € H} (). (3.1)

a<(¢) b (¢) ce ()

In this case, the function w? ¥ is called an eigenfunction to the eigenvalue \¥.
(b) u? is called a Neumann eigenvalue of the state equation (2.8) if there exists a nontrivial weak solution
wMN¥ to (2.8), i.e., 0 # w™¥ € H(), and it holds that

(V™ Vn), (o =1 (W¥m), ) forallne HY(Q). (3.2)

N,p

In this case, the function w is called an eigenfunction to the eigenvalue u?.

The properties and assumptions of the previous section allow us to prove two classical functional analytic
results concerning the eigenvalues and eigenfunctions.

Theorem 3.2 (Existence and properties of eigenvalues and eigenfunctions).
Let ¢ € L>®(Q) be arbitrary.

(a) There exist sequences

(w]?’“", Af)keN c HY(Q) x R, (w,iv’”’, Mf)keNo c HY(Q) xR,
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possessing the following properties:

e For all k € N, w,?’“a is an eigenfunction to the eigenvalue A} and w,iv
eigenvalue (i in the sense of Definition 3.1.

o The eigenvalues Ay, i (which are repeated according to their multiplicity) can be ordered in the following
way:

¥ is an eigenfunction to the

0< A, <A <A< -on
0=pf <pf <ps<pf<

Moreover, it holds that A}, uf — 0o as k — 0o, and there exist no further eigenvalues of the state equation
(3.1) and (3.2).

e Both the Dzrzchlet eigenfunctions {w @ w? ...} C H}(Q) and the Neumann -eigenfunctions
{wN“p ?,...} € HY(Q) form an orthonormal basis of the space L7 (Q). Furthermore, the eigen-
functions {wN“" w)#, ...} belong to the space H(lo) »(82) and form an L2, (Q)-orthonormal basis of the
space

Liy) o (Q) = {w € L2(Q) ‘/Q ce(p)wdr = 0} .

In particular, this implies that any eigenfunction to a non-trivial eigenvalue belongs to the space
1
Hig),, ().
(b) For k € N, we have the Courant-Fischer characterizations

) | Vo|” dx + d L.LE(9) H (D
Af = max min anE )| U' ’ fQ |U| Zjvev N Ho(@), ) (3.3)
VeS,—1 fQ Ce |1)| d(E v#0
and
) |Vo)?da|ve VELE@ A HL (@),
py = max min Joa<(@) | v| il )5 . (3.4)
VeSS, 1 fQ cE |U| dz |v £0

Here, Sy,—1 denotes the collection of all (k — 1)-dimensional subspaces of L7 (52).

The set VELe©@ denotes the orthogonal complement of V. C L2(2) with respect to the scalar product
(-7 -)cg(gp) on LZ(Q)'

Moreover, the maximum is attained at the subspace
_ /., D D,p _ oy N N,p
V= <w1 a-~-7wk_1>span and 'V = <w1 a-~-awk_1>span7
respectively.

(c) We can choose the eigenfunction w{j"P such that it is positive almost everywhere in 2. Furthermore, every
solution w € H () of

(Vw, V) ooy + (W0 (o) = A (w,), () for all n € Hy(Q),

is a multiple of w{j’w, i.e., there is a constant £ € R such that w = fwf’“a almost everywhere in Q. This
means that the eigenspace to \Y is simple.
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Proof of Theorem 3.2. (a) The assertion is a direct consequence of the spectral theorem for compact self-adjoint
operators (see e.g., [5], Sect. 12.12).

(b) The claim is established in the same fashion as in Theorem 3.2 of [33].

(c) The assertion follows directly from Theorem 8.38 of [34]. O

Remark 3.3. In the following, we impose weaker assumptions on our phase field ¢ compared to [33], namely we
only consider ¢ € H'(€) N L>®(Q) instead of ¢ € H'(Q) N L®(Q), where Q = O\ (SN S;) with Sy and S; being
the sets appearing in the pointwise constraint (2.1). As explained in Section 2.2, we consider this reduction of
H'-regularity in order to avoid additional Dirichlet boundary conditions for the phase-field on the boundaries
of Sy and S7 which would complicate the sharp interface limit ¢ — 0 that is discussed in Section 4.

Nevertheless, we can still formulate and prove all the continuity and differentiability results established in
[33] as they only rely on the pointwise almost everywhere convergence of phase-field sequences o — ¢ in 2
and the boundedness in L>°(Q) in order to apply Lebesgue’s dominated convergence theorem.

Following this remark, we only display the most important results of [33] adapted to our setting, namely the
continuity of eigenvalues and eigenfunctions as well as the Fréchet-differentiability of simple eigenvalues.

Theorem 3.4 (Continuity properties for the eigenvalues and their eigenfunctions). Let j € N be arbitrary and
let (0r)peny C L(Q) be a bounded sequence with

v — ¢ a.e.in ask — oc.

Moreover, let (uf"pk)keN C HY(Q) and (uév’“ok)keN C H(lo)#p(Q) be sequences of L2, (Q)-normalized eigenfunc-
tions to the eigenvalues (\7*)ren and (uf* )xen respectively.

Then it holds that
® ® © ®
AP = AT and pit =g oas k — oo

Furthermore, there exist L (Q)-normalized eigenfunctions HJD € H(Q), ﬂév € H(lo) »(82) to the eigenvalue
AT,y respectively, such that for ¢ € {D, N},

u§’¢k N gg in HY(Q), and u?’w’“ — ﬂg in Li(Q),

as k — oo along a non-relabeled subsequence.

Proof. The assertion can be established inductively by proceeding as in Theorem 4.4 of [33], using the Courant—
Fischer characterization from Theorem 3.2, and the Banach—Alaoglu theorem applied to the sequence of
eigenfunctions. O

In the remaining analysis of this section, namely the Fréchet-differentiability of eigenvalues, the assumption
that the considered eigenvalues are simple is crucial. For instance, it already becomes clear in finite dimension
(see [38], Sect. 2.5) that multiple eigenvalues are in general not differentiable as two different eigenvalues can cross
in a non-differentiable way. To overcome this issue, one can switch to a weaker notion of differentiability such as
directional differentiability or semi-differentiability, cf. [33, 38]. Nevertheless, our numerical method needs the
first order conditions to be formulated in the framework of classical Fréchet-differentiability. However multiple
eigenvalues can to some extent still be handled numerically by adaptively reformulating the cost functional as
we will see in Section 5.

Let us first recall the sign condition for simple eigenvalues that was introduced in [33].

Lemma 3.5. Leti € N and ¢ € L>(Q2) be arbitrary. We suppose that the eigenvalue \{ (or uf) is simple. Let

wiD’“’ € HY(Q) (or wfv"p € H(lo)w(ﬂ)) be an L2 (Q)-normalized eigenfunction to the eigenvalue XY (or uyf).
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Then, for all 0 < o < 1, there exists 6 > 0 such that for all

he L®(Q) with ||h]lpwgg <6,

there ewist a unique L2, (Q)-normalized eigenfunction wP?th e HL(Q) (or wNeth e H(lo),w(ﬂ)) to the

eigenvalue XeT" (or ) satisfying the condition

0<o< (w?’W+h,w?’w) or 0 <o < (wiv’¢+h,wfv’“’) . (3.5)
ce () ce(¢)

+h +h
AT (or pf

In particular, the eigenvalue or uf™") is simple.

In the following, for the derivatives of the coefficient functions, we will use also the notation

(4, 0) 1 () ::/Qa;(go)huvdx

to provide a clearer presentation.

Theorem 3.6 (Fréchet-differentiability of simple eigenvalues and their eigenfunctions). Let ¢ € L>®(Q) be
arbitrary and suppose that for i € N, the eigenvalue X, (or uf) is simple. We further fix a corresponding
L2 (Q)-normalized eigenfunction w?® ( N2y,

i or w;
Then there exist constants 67, r{ > 0 such that the operator

{sf”@ : By (1) € L(Q) — By (wP*,A%)) € HY(Q) x R

9= (", A))

)

( {wa : Bys (19) C L¥(Q) = Bye (w?,uf)) € Hy ,(Q) x B, )
or

I (wlN’ﬁaM?)

1s well-defined and continuously Fréchet differentiable.

Here, for any 9 € Bse(p), wzp’ﬁ (or wfv’ﬁ) denotes the unique L%(Q)-normalized eigenfunction to the
eigenvalue \? (or u?) satisfying the sign condition (3.5) written for h =9 — .

Moreover, for any h € L>(Q), the Fréchet derivative (\?)'h of the Dirichlet eigenvalue \? at 9 € Bye () in
the direction h reads as '

(3.6)
= (VwiD’ﬂ,VwD’ﬂ> oo + (wp’ﬁ,wp’l9

o ( DO DO
4 4 4 ) - )\1 (w1 , Wy ) :
b (9)h (9)h

€

On the other hand, for any h € L>(Q), the Fréchet derivative (u?)'h of the Neumann eigenvalue py at ¥ €
Bse () in the direction h reads as

(1) = (S0 @) b= (Vul, T

2

il (N wl (3.7)

)a;w)h - )c;w)h '
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3.2. First order optimality conditions

We now intend to apply the theory developed in Section 3 to show that the optimization problems (PlD’s)

and (’PZN’E) (that were introduced in Sect. 2.5) possess a minimizer. However, in the Neumann case, we first
need to establish an additional boundedness property.

Recall that one possible application of our model is to maximize the first non-trivial Neumann eigenvalue.
Since (PlN *©) is formulated as a minimization problem, we thus allow for functions ¥ that are not bounded from
below. A possible choice to realize a maximization of the first Neumann eigenvalue would be ¥(uf) = —uf
(meaning that ¥(z) = —z for all z € R). To apply the direct method in the calculus of variations, we need to
show that the cost functional J§ () = W(uy) + vE*(¢) remains bounded from below on the admissible set ®,q,
even if ¥ is not bounded from below.

Our goal is to show that any Dirichlet eigenvalue of (3.1) and any Neumann eigenvalue of (3.2), is uniformly
bounded by expressions involving the corresponding eigenvalue of the classical eigenvalue problem on the whole
design domain 2. This allows us to deduce that each Dirichlet and Neumann eigenvalue belongs to a compact
subset of R+q. Hence, as the function ¥ is assumed to be continuous on (Rsg)!, it is bounded on such compact
sets.

Lemma 3.7. Let k € N and let \EP denote the k-th eigenvalue of the classical Dirichlet eigenvalue problem,
i.e.,

(Vw, Vi) = NP (w,m) Vi € Hy (),
and let ,uﬁD denote the k-th eigenvalue of the classical Neumann eigenvalue problem, i.e.,
(Vw, Vi) = piP(w,m) v € H'Y(Q),

where (-,-) denotes the standard scalar product on L*(Q). Then there exist constants Ci ¢, Co . > 0 depending
only on the choice of coefficient functions ac, b, and c. such that

Cle )‘éD <M <0y (/\ﬁD + 1),
Crepk® < pf < Coepf®,

for all p € Dygq.

Proof. Let us start with the Neumann case. We will work with a Courant—Fischer characterization which is
equivalent to (3.4) namely

py = min max

VESk+1

{ Jo as(e) |Vv|2 dz
fQ ce() ‘U|2 dz

vevV,
1)7&0}’ (3.8)

see Section 1.3.1 of [38]. Here, Sy denotes the collection of all (k + 1)-dimensional subspaces of H'(£2). Note
that compared to [38] we have to consider dimension (k + 1) instead of k, as we start our labeling of Neumann
eigenvalues with the index 0 and not with 1. Obviously, we obtain the characterization of the classical Neumann
eigenvalue by setting a. =c. =1, i.e.,

Jo Vol da

piP = min max 5
fQ |v]” da

VeSSt

veV,
v;«éo}' (3.9)

We now recall the assumptions on the coefficient functions from Section 2.3. In particular, we know that there
is a constant C. > 0 such that a.(¢),c-(¢) < C: for all ¢ € ®,q, as a.,c. € C°(R) and |p| < 1. Furthermore,
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we assumed a, c. to be uniformly bounded from below, i.e., ac,c. > C. for some constant C. > 0. Thus, we
deduce that there are constants C ., Ca . > 0 that only depend on the choice of the real functions a., c., such
that

2 2 2
. fQ|Vv2| dx - fQ ag(go)\VvJ dx <0y, fQ\Vv2| dglc7
Jo lv” dz Joce(o) o] dz Jo lv|” dz

for all 0 #v € H*(Q) and ¢ € ®,4. Comparing (3.8) and (3.9), this directly allows us to deduce the claim in
the Neumann case.
The Dirichlet case works completely analogously but one has to mind the additional term coming from the

coefficient function b, € C’llo’c1 (R) which is assumed to be non-negative. Thus we obtain here

JolVePdr _ foau@) [VoP +be(o)pPde <f9 Vo’ da +1>
T ol de T Joee(p) [vf dz T fy P de

for all 0 # v € H}(Q) and ¢ € ®,q. O

Theorem 3.8 (Existence of a minimizer to (P,”°) and (P,"°)). The problems (P"°) and (P}'°) possess a
minimizer P € GP NU and o~ € GP NU, respectively.

Proof. We proceed by applying the direct method in the calculus of variations. First of all, the feasible set
G® NU is non-empty since it contains the function which is identical to 8; in Q, —1in Sy and 1 in S;. By
the previous discussion we already know that the objective functionals JlD’E and JIN ' are bounded from below.
Since ¢ € G# C L>=(Q), the term

VB = [ (5196l + Lunle) ) da,

in the cost functional can be used to control ¢ in the H'(Q)-norm, but not in the whole H'(Q)-norm. This
means that for any minimizing sequence, we can only apply compactness on  which implies strong convergence
in LQ(Q). However, as the elements of this minimizing sequence are additionally contained in the feasible set
GP NU, their values on Sy U S; are a priori fixed, which gives us the desired pointwise almost everywhere
convergence on the whole domain 2. This allows us to apply Theorem 3.4 which provides the continuity of the
eigenvalues with respect to the phase-field variable. O

Now, invoking the differentiability properties established in Section 3, we can derive a first-order necessary
condition for local optimality. The following variational inequalities follow directly from the fact that for ( €
{D,N} and ¥ € G°nUU

0< Sl i —6)] = (559) ()0 - ),

t=0

as the convexity of G# NU implies that ¢ + (9 — ¢¢) € G# NU for t € [0, 1].

Theorem 3.9 (The optimality system to (PZD"E)). Let ¢ € G NU be a local minimizer of the optimization

problem (PZD’E), i.e., there exists § > 0 such that

TPEW) = I () for all 9 € G NU with (|9 — @] e g < 0.
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Suppose that the eigenvalues )\;’;,...,/\;‘Z are simple and let us fiz associated Li(ﬂ) -normalized eigenfunctions
D, D,
w ¥, w Y e Hy(Q).

Then the following optimality system is satisfied:

o The state equations

K 15 5

-V ae(ap)Vw-L;’“’] + b (p)w!? = AL ce(@)wP? in Q,

(SD;)
wf’“’ = on 09
J
are fulfilled in the weak sense for all j € {1,...,1}.
o The variational inequality
0< 5 [ VoV —gdr+ T [ (oo - )da
l
+ O WI(AP .. N VwP? vwP + (wP?, wP? VD
j; {[ I 2 <( N N >a;<w>ww> ( v )b;«o)ww) o)

_ )\f (wiD_’@’wiD,@>
J ’ T el (p)(9—9)

is satisfied for all 9 € GP NU.

Theorem 3.10 (The optimality system to (PlN’E)). Let ¢ € GP NU be a local minimizer of the optimization

problem (P,"°), i.e., there exists § > 0 such that

TEW) = T () for all 9 € GF N U with |9 — | () < 0.

Suppose that the eigenvalues ,ufl, . ,ufl are simple and let us fix associated Li(ﬂ)-normalized eigenfunctions
N, N,

w;; L Wy, ¥ e H(l0 W(Q).
Then the following optimality system is satisfied:

o The state equations

V- [a@)Vul¥] = el i,
8wj.v"p (SN])
8213 =0 on 08

are fulfilled in the weak sense for all j € {1,...,1}.
o The variational inequality

0< 5 [ VoV —gydr+ L [ (o0 - o)da
l

+Z {[8)\7}11](/1’;’;7’#:01) ((wi\jf’@’wg’w) 1 (@) (9— (VN)
= al(p)(9—¢)

® N, | N,p
M (wij » Wi, > /
L (@) (=)
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is satisfied for all ¥ € GP NU.

4. SHARP INTERFACE ASYMPTOTICS FOR THE DIRICHLET CASE

In this section, we want to discuss the sharp interface asymptotics for the Dirichlet eigenvalue optimization
problem (PlD’E), i.e., its behavior when € — 0. For the sake of a rigorous discussion we need to make additional
assumptions that are supposed to hold throughout the remainder of this section.

(A1)
(A2)
(A3)

(A4)

(A5)

We assume that the design domain € is a bounded Lipschitz domain in R? with d > 2.
We fix a. = ¢, =1 on [-1,1].
Let

be 1 [-1,1] = [0,bc], € >0, and bg:[—1,1] — [0, +o0], (4.1)

be functions with

b. is decreasing, continuous and surjective

bo is continuous at the point 1

bo(O) < +o0,

be — by pointwise in [—1,1] as e — 0,

and bs > b. on [—1,1] for all 0 < ¢ < e.

Here, the interval [0, +00] is to be understood as a subset of the extended real numbers R = R U {£oc0},
on which we use the common conventions +0o - 0 =0 and 07! = +oc.

Moreover, the numbers b, in (4.1) are chosen such that

lim b. = +oo with b. =o0(¢7") ase— 0,
e—0

where, depending on the dimension d,

ke (0,1) ifd=2,
K if d > 3.

In the following, we only consider elements ¢ € BV (€, {#1}) NU such that the set
E? ={z e Q|e(x)=1}

contains an open ball B. From this assumption we infer C§°(B) C V¥ hence this excludes the pathological
case that the space

Ve ={ne Hj(Q)|n=0ae in Q\E¥}
is trivial or finite dimensional. Recalling the definition of the set U in Section 2.5, this condition on E¥
can be implemented in the constraint ¢ € U by simply demanding B C S; for any prescribed open ball

B C Q. Later, in Section 4.1, we will discuss how V¥ is related to “Sobolev-like” spaces in the context of
quasi-open sets. We further define the space

H? :={neL*Q)[n=0ae in Q\E¥}.

In addition to the assumptions of Section 2, we demand that Sy and Sy are sets of finite perimeter in .
Then Theorem 3.87 of [7] yields that any ¢ € BV(Q,{£1}) NU is indeed an element of BV (2, {£1}).
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Hence, in particular, E¥ is a set of finite perimeter in Q. Therefore, we consider ¢ € BV (Q, {£1}) NU in
the following.
(A6) For the potential 1) appearing in the Ginzburg-Landau energy, we choose the double-obstacle potential

whose regular part is given as ¥y(p) = %(1 — ?). This type of free energy is for example studied in [16].

Remark 4.1.

(a) The case of dimension d = 1 needs to be excluded as here some of the fundamental theorems about
quasi-open sets and capacity theory are not true, see, e.g., Chapter 4 of [20].

(b) The growth condition b, = o(¢~*) is chosen in order to obtain the desired convergence of the term involving
b. in Lemma 4.4 and Theorem 4.6 via a Holder estimate in dependence of the dimension d > 2, see Proof
of Lemma 3, 2nd step of [31] for the case d = 3. As explained in Remark 2 of [31], for d = 2, this growth
condition can be weakened to b. = o(e~*) for any & € (0, 1).

(¢) According to Lemma 3.2 of [37], we find a crack free representative E¥ of E¥ that is a set of finite perimeter
with int(E¢) = int(E¢) (where int denotes the interior) and

|E¥ AEf| =0, where E¥ A E?=(E¥UE?)\(E®NEY).

We further point out that assumption (A4) guarantees that int(E?) # () and we can thus apply ([29],
Thm. 6.3) from which we infer

Ve c{veHi(Q)|v=0ae in Q\E? } = Hj(int(E?)).

This means any function in the abstract space V¥ can be seen as an element of the restricted Sobolev
space H}(int(E¢)). This will help us to understand the limit problem in the remainder of this section.

(d) Instead of employing the potential as declared in (A6), it would also be possible to use different choices.
For instance, the quartic regular part o(¢) = 3(1 — ¢?)? could also be chosen. This choice would only
affect the choice of profiles used to construct a recovery sequence in Step 1 of the proof of Theorem 4.10
but our theory would still remain valid.

Under the above assumptions, we can prove that eigenfunctions of (3.1) for £ > 0 converge to eigenfunctions
of a limit problem as € N\, 0, and these limit functions have suitable properties. To this end, we first want to
develop a better understanding of the limit problem.

4.1. The limit problem and its properties

In the following, we discuss the limit eigenvalue problem and its most important properties. It is well known
that due to well-posedness of the minimization problem on the sharp interface level, we need to consider the
Dirichlet eigenvalue problem in its relaxed form using Borel measures as introduced, e.g., in [10, 20, 23, 26, 40].
In the spirit of [17, 21, 27] we only recall the key facts of this theory needed in our framework, the details can
be found there and the references therein.

The following theory strongly relies on so called quasi-open sets and the notion of capacity as it is closely
related to the relaxed Dirichlet problem. The capacity of a measurable set E C R is defined as

cap(F) = inf {/ |Vul® + u?dz
Rd

UEUE},

where U, is the set of functions u € H'(R?) such that u > 1 a.e. in a neighborhood of E. Here, the expression
“a.e. in a neighborhood” means that there exists an open set O containing E such that « > 1 a.e. in O. We say
that a relation holds quasi-everywhere (short g.e.) if it holds up to a set of zero capacity.

A set w C R? is called quasi-open if for every § > 0 there is an open set ws C R? such that cap(w A ws) < .
Here A denotes the symmetric difference of sets.
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Above, we have introduced the space V¥ based on a function ¢ € BV (€, {£1}). More general, for any measurable
set E& C ), we define the “Sobolev-like” space

HYE) = {ue Hy(Q)|u=0ae in O\E}.

It is clear that HA(E) C HY(Q) is a closed subspace. In general, for open sets E C €, the inclusion Hg(E) C
H}(E) might be strict. However, if the open set E additionally has a Lipschitz boundary, then equality holds.
A crucial property of the space H}(E) is that there exists a unique quasi-open set w C Q such that

H{(E) = Hj(w) = {u € H}(Q)| @=0qe. in Qw}. (4.2)
This can be verified as in the proof of Proposition 3.3.44 in [40]. Note that uniqueness is to be understood up
to a set of zero capacity. Here, @ € HJ () denotes the quasi-everywhere unique quasi-continuous representative
of u € H}(R2) and in the following, we identify each function in H}(2) with its quasi-continuous representative.
We refer to Section 3.3.4 in [40] for further details. It is important to notice that, in general, it merely holds
w C E. Indeed, the case |[E\w| > 0 may occur, see [21].

The relation (4.2) can now further be refined wia the following Laplace equation. Let up € HJ(E) be the
unique solution of

/ Vug - Vodz = / lvdz Yv e HL(E) (4.3)
Q Q
and u,, € Hg(w) be the unique solution of
/ Vu,, - Vode = / lodz Vv € H}(w). (4.4)
Q Q

We thus infer up = u,, in H}(w). We now associate the quasi-open set w with the Borel measure

0 if cap(B N Q\w) =0,

400 else,

OOQ\w(B) = {

for any Borel-set B. Using the notation p, = coq\,, this allows us to define the so called relazed Dirichlet
problem associated to (4.4): Find u,,, € X, () == Hy(Q) N L2 ()

/ Vu,, - Vvdz +/ Uy, v At = / lvde Yve X, (). (4.5)
) Q Q
Here Hy(Q2) N L2 () denotes the space of functions v € Hg(Q) fulfilling

/ v2dp, < oo.
Q

This problem is studied in depth in [10, 20, 23, 26, 40] as this is the canonical limiting problem when passing
to the limit with a sequence of solutions of the classical Dirichlet—-Laplace problem formulated on open sets
(Qn)nen. Due to [20, 23], X, is a Hilbert space with the scalar product

(u,v)x,, ::/Vu~Vvda:+/uvduw.
Q Q
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Using Example 4.3.2 of [20] and the fact that there exists a finely open set A C  and a set of zero capacity N’
such that w = AUN (see [20], Thm. 4.1.5), one deduces that

Hé (UJ) = Xﬁbw ’
and therefore u,, = u,, in H}(w). Note that the comparison principle known for classical elliptic PDEs still holds
for the relaxed Dirichlet problem, see Proposition 2.6 of [26], which allows us to deduce that u,_ > 0 q.e. in Q

and u,, € L*(Q). Furthermore, using the aforementioned comparison principle along with the relations shown
above, we eventually obtain

Hy(E) = Hy(w) = Hy({uw > 0}) = Hy({u,, > 0}) = Hg({up > 0}).
Using these identities, it is easy to see that
Hy ({ue, > 0}) = Hg ({ue > 0}).

This theory will be particularly helpful in Theorem 4.10, where the lim sup inequality will be established.
First of all, we now analyze the limit eigenvalue problem. After that, we will establish its connection to the
diffuse eigenvalue problem (3.1).

Theorem 4.2. In addition to the assumptions made in Section 2, we suppose that the assumptions (Al)-
(A6) are fulfilled. For any given ¢ € BV (Q,{x1}) NU, we consider the following eigenvalue problem: Find
(w,A) € (V¥\{0}) x R such that

Vw-Vndz =X | wndzx VYneV?. (4.6)
Q Q

Then the following holds true:

(a) There exists a sequence

(wp?22%) | (VAop) xR,

ke

having the following properties:

o Forall indices k € N, wg’“’ is an L*(Q))-normalized eigenfunction of (4.6) to the eigenvalue )\%w and these
eigenfunctions are pairwise orthogonal with respect to the canonical scalar product on L?(Q) denoted by
('a )

e The eigenvalues )\g,w (which are repeated according to their multiplicity) can be ordered in the following
way:

0<)\(1),<P§/\(2)#P§)\g790§”,'

Moreover, it holds that )\2"“9 — 00 as k — 0o, and there exist no further eigenvalues of the limit problem
(4.6).
e The normalized eigenfunctions
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form an orthonormal basis of the space V¥ and any u € V¥ can be expressed as

o0
0,4, .0,
u= Z(vaz P)w;?,
i=1
where the series converges in V¥.
(b) For any k € N, we have the Courant-Fischer characterization

Vo2 d
Jo [V"do ”2! * (4.7)
fQ [v|” dz

0 .
Ay = max min
UeSk_1

velUtnNve,
v#0 '

Here, Si_1 denotes the collection of all (k — 1)-dimensional subspaces of L*>(2). The set UL denotes the
orthogonal complement of U C L?(Q) with respect to the canonical scalar product.
Moreover, the maximum is attained at the subspace

U= <’LU§)’<P7 s 7w27f1>span~

Proof. Proof of (a). Equipping V¥ C H}(Q) with the canonical H}(f2) scalar product
(L Ive : VX VP 5 R, (v,w)ye = / Vo - Vwdz,
Q

it is a closed subspace of Hg(£2) and hence, it is a Hilbert space. Using standard arguments, we conclude the
existence of a self-adjoint and compact solution operator

T:H? - V¢ H?, T(f):= vy,

where vy denotes the unique solution of

/va~Vndw:/f77dx Vn e V.
Q Q

We point out that the operator T is not necessarily injective. However, by assumption (A4), we have C§°(B) C
V¢ C H? and the operator T restricted to C§°(B) is obviously injective due to the fundamental lemma in
the calculus of variations. We thus conclude that the image 7 (H¥) of the non-restricted operator is an infinite
dimensional space.

Now, the spectral theorem for compact self-adjoint linear operators yields the first two claims of (a) as well
as the decomposition

0, 0,
H? = N(T) L (wl®, 09, .. )span, (48)

where N(7) denotes the kernel of 7. The remaining assertions of (a) are established by applying the same
techniques as in the proof of Theorem 2 of [30].

Proof of (b). Using the results above, the claim can be verified by proceeding similarly as in Theorem 3.2(b)
of [33]. O

In general, due to possible cracks within the set E¥, we cannot guarantee that an eigenfunction w of the limit
problem vanishes on the whole of 9E¥?. Nevertheless, we know from Remark 4.1.(c) that w = 0 on 9 (int(E¥))
in the trace sense (provided that the boundary is sufficiently smooth), meaning that w has trace zero at least
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on the outer boundary of E¥. For more details we refer to Section 3 of [37]. If E¥ is actually an open set with
Lipschitz boundary, then indeed w € H}(E¥) = HY(E¥) where H}(E¥) can be understood in the standard
sense, meaning that the trace of w vanishes on E¥. We thus interpret (4.6) as the weak formulation of the
classical eigenvalue problem

—Aw = \w in E?,
w=20 on OE%,
where the boundary condition is included in the space V¥ of test functions in a relaxed way.
Remark 4.3. Recall from Theorem 3.2 that for given € > 0 and ¢ € L>°(Q), we can fix the sequence
(wi %, AL)

pen C H}(Q) x RT

of eigenfunctions and eigenvalues to (3.1), where {w]?,w5?,...,} C L?*(Q) forms an orthonormal basis. This
notation will be used throughout the paper, and we will drop the additional index ¢ if the context is clear.

Notation. Here, and in the remainder of this paper, the simplified notation ((. )., stands for (¢, ), <y Where
(ex)ken denotes an arbitrary sequence with e, — 0 as k — oo. In this sense, a subsequence extraction from
(Ce)osp is to be understood as a subsequence extraction from the associated sequence (ex)ren. For convenience,
our subsequences will not be relabeled, meaning that for any subsequence, we will use the same notation as for
the whole sequence it was extracted from.

The following lemma will now link the diffuse interface problem (3.1) to the sharp interface problem (4.6) for
the first eigenvalue and it will serve as initial case for all higher eigenvalues. This rigorous continuity analysis is
new to the best of the authors’ knowledge. We would like to mention that there are further results in optimal
partitioning for the principal eigenvalue using a phase-field approach which show the convergence of minimizing
eigenvalues of the optimization problem, see [18, 19].

Lemma 4.4. In addition to the assumptions made in Section 2, we suppose that the assumptions (A1)—(A6)
are fulfilled. Let (pe).~o C L' (Q) with |¢.| < 1 almost everywhere in @ and let p € BV (Q, {£1}) NU such that

lim e = ¢l 2 @y = 0, (4.9)
and the convergence exhibits the rate
lpe — 90||L1(Evn{<p5<o}) =0(e).

Then there exists an eigenfunction uw € V# of the limit problem (4.6) to the eigenvalue )\(1)’“0 such that

lim/ bo(2) [wfe P de = / bo() [ul? dz = 0,
E\O Q Q
as well as
3 Pe __ _ : g, _ 0,9
g{rg)||w1 Uiy =0 and il\"n%Al =\

up to subsequence extraction.
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Remark 4.5.
(a) We point out that we will always use the letter u (or uy,us,...) to denote the limit of eigenfunctions. This
is done in order to avoid confusion with the orthogonal system {w?’w7 wg ¥ ...} C V¥ of eigenfunctions to

the limit problem we obtained in Theorem 4.2. From the above lemma, we merely know that u belongs to
the first eigenspace which is spanned by the first eigenfunctions w?’“’ in accordance with the multiplicity
of the space. However, we cannot relate u and w?’“’ any further.

(b) Note that, in contrast to [31], it would suffice to demand the above convergence rate condition only on the
set B¢ N{p. < 0} with E¥ == {z € Q| ¢(z) = 1} C Q instead of E¥ = {z € Q| ¢(x) = 1} C Q. As we have
e, € U, the difference . — ¢ vanishes on Sy U S; anyway.

Proof of Lemma 4.4. Some ideas of the proof are the same as in Lemma 3 of [31], and we will mention those
parts only briefly. We will also divide the proof into several steps for the sake of readability. In the following,
due to (4.9), we may consider a non-relabeled subsequence of (p.).>o such that . — ¢ a.e. in .

Step 1: For almost every x € €1, it holds that

E\mo be(pe(x)) = bo(p(z)).

For the inequality

lim sup be (¢e () < bo(p(x)),
e\0

in the proof of Step 1 of Lemma 1 of [31], the additionally assumed continuity of by in the point 1 given in (A3)
is needed. More precisely, as ¢ € BV (£, {£1}) the inequality is clear if p(z) = —1 because then by (p(z)) = +o0.
If p(x) = 1 then due to the pointwise convergence . (x) — ¢(z), the continuity of by in 1 and the fact b, < by
pointwise, we obtain

lim sup be (¢ (x)) < bo(p(x)).
eN\0

To prove the liminf inequality, we proceed exactly as in [31]. We point out that for this step, the convergence
rate imposed on (p.)e>o is not needed.
Step 2: For any v € H*(Q) with

vlo\pe =0, (4.10)

i.e., v € V¥ it holds that

lim/bg(gog) |v|? dx:/bo(cp) lv]* dz = 0.
E\O Q Q

This step can be established as in [31] since by assumption (A3), the coefficient function b. possesses all the
properties of [31]. This step heavily relies on the convergence rate imposed on (¢¢)e>0-

In the remainder of this proof, we establish the convergence properties for the eigenvalues and eigenfunctions
using the Courant-Fisher characterization. In the following, we write w, and A° instead of w{® and A]'¥%,
respectively, for convenience.

Step 3: We find a subsequence of (we).~, and an L?(Q)-normalized function w € V¥ such that

we —u in H'(Q) and w. —u in L*(). (4.11)
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For any eigenfunction solving (3.1) to the smallest eigenvalue A* we recall the Courant—Fischer characterization
(3.3) which simplifies to

N {fQ|V1}|2dx+L2bE(ng)U|2dx

= min 2
Jo Iv|” dx

:min{/ |VU|2dx+/b5(g05)\v\2dx
Q Q

as we have fixed the coefficient functions a. and ¢, in assumption (A2). We define

v e Hol(Q)v
v#0
v € Hy (), }

||U||L2(Q) =1

F.:Q—-Rf, ve / |Vv\zdx—|—/ be(c) o] dz,
Q Q
with Q = {v € Hg(Q)| [[v]| 12 (o) = 1}. In this way, w. € Q fulfills

F.(we) = E%ichE(U)' (4.12)

To describe the limit situation, we similarly define
Fo:Q—[0,400], v / Vol da +/ bo() [v]? da
Q Q

By assumption (A4), V¥ is non trivial and hence, there exists a function 7 € @ satisfying property (4.10).
Then, (4.12) obviously entails that

Fe(w:) < Fe(v),

and from Step 2, we already know that there is a constant C' > 0 such that for all € > 0,

/ be(2) 9] dz < C.
Q

We thus infer that
||Vwe||i2(g) < Fs(wa) < FE(E) < C’

and combining these two bounds, the Banach—Alaoglu theorem implies the desired convergences (4.11) up to
subsequence extraction.
Step 4: The function u € Q is a minimizer of Fy and we have

g{%Fs(ws) = FO(U)v (413)

along a non-relabeled subsequence.

If we can show that F. I-converges to Fy on @ with respect to the weak topology on H(Q), we can
apply classical results from I'-convergence theory which give exactly the claimed properties, ¢f. [25]. To prove
I'-convergence we have to verify the corresponding lim sup and lim inf inequalities.
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To verify the lim sup inequality, for any v € @ we need to find a so called recovery sequence (ve)eso C @ that
converges to v € Q weakly in H!(Q) and satisfies

lim sup F; (ve) < Fy(v). (4.14)
eN\0

Here, we can simply choose the constant sequence v, := v € Q. Without loss of generality, we can assume that
Fy(v) < 400, as otherwise (4.14) is trivially fulfilled. This assumption implies that

/ bo () |v|2 dr < oo,
Q

and since bg(—1) = 400 and ¢ € BV (Q, {£1}), we conclude that v € V¥. Hence, we infer from Step 2 that

[ @) ol ax =t [ 0.0 bi? @z =0, (4.15)
Q eNoO Jq

By counstruction of F. and Fy, this already implies (4.14).
For the liminf inequality we need to show that for any sequence (v:)e>o C @ converging to a v € ) weakly
in H'(Q) topology, it holds

Fy(v) < liren\igf F.(ve). (4.16)

By the compact embedding H'(Q2) — L2(Q2) we know that v. — v almost everywhere in Q up to subsequence
extraction. Furthermore, we have already seen in Step 1 that for almost every = € €,

li\‘mobs(gos(x)) = bo(p(x)).

Therefore, we deduce

bo(o(a)) [o@)* do = [ Timb.( (o) i o )" da

:/liminf [bg(ﬁpg(x))|ve(x)|2]dm
Q

e\0

Q

<liminf | be(pe(@)) |vo()]” dz,
<timint [ b(e.(@) o) da

by means of Fatou’s lemma. Noting that the H}(Q) norm ||V - || 12(q) is weakly lower semicontinuous this yields
the lim inf inequality (4.16).
In summary, this means that

LR,

with respect to the weak H!(2)-topology. Eventually, we can use standard I'-convergence results (see, e.g., [25])
to deduce the claim of Step 4.
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We now want to complete the proof by applying the results established in the previous steps. Proceeding as
in Step 4, and using the convergence properties in (4.11), we deduce

/ bo(v) |u|2 dz < liminf / be (¢c) \w5\2 dz,
Q N0 o

/ |Vul* dz < lim inf / Vw,|” dz.
Q =0 Jg

As both sequences are bounded from below by zero, we can use (4.13) along with Lemma 4 of [31] to infer
[ b uf? do =t [ bl el da,
Q N0 /g

/\Vu|2 dx:lim/ IVw,|? dz.
Q N0 Jq

From the second convergence and the weak convergence (4.11) from Step 3, we conclude that

gl\g}) fwe — U||H1(Q) =0.
Furthermore, we have seen in the previous step that u € ) minimizes Fy. Hence,

/ bo(¢) [ul® dz < 400,
Q

and arguing as in (4.15), we find that

/ bo () |ul® da = 0. (4.17)
Q

To complete the proof, we still have to prove the following assertion:
Step 5: The function u € V¥ solves

/ Vu-Vndr = )\?"0/ undz  for allm € V¥, (4.18)
Q Q

and A% = lim ¢,
N0
If we can show that u € V¥ N Q is even a minimizer of

Jo Vol? da

vy P
Jo lv)” dz

subject to v € V¥ v #£0, (4.19)

we directly infer from the first order condition associated with this minimization problem and the Courant—
Fischer characterization (4.7) that u solves (4.6) to the eigenvalue A%,
As u € V¥ is a minimizer of Fj over () we use (4.17) to deduce

Vo2 d
min{fQ| v de

= Fy(u
fQ ‘U|2 dz O( )

2
veVe?, < Jo |Vu2| dz
v#0 Jo lul” dz
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— min fQ |VU|2 dz + fQ bo(¢) |v|2 dx
fQ |v|2dx

ve H&(Q),}

v#0
< min fQ |VU|2 dz + fQ bo(¢) |U|2 dx

veV?,
; Ja jof* dz v#0 .

Here, the last inequality holds because V¥ C H}(Q). However, we already know from Step 2 that
Jo bo(e) [u]? dz = 0 for all v € V¥. Hence, we conclude from the above estimate that v € V¥ minimizes (4.19),
and in particular, Fy(u) = A2, Now, the second claim of Step 5 follows from (4.13) since F.(w.) = A° holds
by construction.

The proof of Lemma 4.4 is now complete. O

This lemma now serves as initial step to show the analogous properties also for all higher eigenvalues and
eigenfunctions via induction.

Theorem 4.6. In addition to the assumptions made in Section 2, we suppose that the assumptions (A1)—-(A6)
are fulfilled. Let k € N, and suppose that (¢.).o C LY(Q) and ¢ € BV (Q, {£1})NU fulfill the same assumptions
as in Lemma 4.4.

Then, there exists an eigenfunction uy € V# of the limit problem (4.6) to the eigenvalue )\Z"P such that the
convergences

lim/ be (e [wie | da :/ bo () [ug|? dz =0,
E\O Q Q
M € p— M e __ 0>
iI{‘% ”w/f - uk”Hl(Q) =0, ll\mo)\f = ’\lcg(J

hold up to subsequence extraction.

Proof. We prove the assertion via induction. The initial step was carried out in Lemma 4.4.

Let us now assume that the assertion is already established for the first k — 1 eigenfunctions w§ :=

® € — on?
wis, .. wy_y =wf, of (3.1).

To prove the result for w§ = w’s, let W, = (w$,...,wi_,)span C L*(2) denote the space spanned by the
p k k 1 k—1/sp

first k — 1 eigenfunctions and Wj its orthogonal complement with respect to the canonical scalar product on
L?(Q) that is denoted by (-,-). We further define the space

Q. = {v e Hy(@) [l o = 1 and v e W2 },

as well as the operator

F.:Q.— 0,4+, v+~ / |Vv|2 dx—l—/ be (¢c) |v|2 dz.
Q Q

Then, from the Courant-Fischer characterization (3.3) we infer that

%= Ar® = min F.(v).
k k 5161515 =(v)

In the limit situation, we define the space Wy = (ui,...,ur—1)span Where the functions u;, € V¥,
t=1,...,k —1 are determined by the induction hypothesis as the limits

wi —u; in HY(Q) as e — 0,
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up to subsequence extractions, as discussed in Lemma 4.4. In particular, fori,j = 1, ...,k — 1 with ¢ £ j, we have

ui, u;) = 0 since (w$,w$) = 0. Moreover, we know that ||w$||;2,o, = 1 and hence, we also have ||u;||;20y =1
J i Wy 1 102(Q) L2(Q2)

fori =1,...,k— 1. This means that {u1,...,ur_1} C L*(2) is an orthonormal basis of the (k — 1)-dimensional
space Wy C V¥. We further set

Qo = {v € HY() [[lo]l 20 = 1 and v € Wy},

and we define the operator
Fy: Qo — [0,+00], v+ / |Vol* dz +/ bo () |v|* .
Q Q

Now we introduce the orthogonal projections

k—1
P.:L*(Q) = W., v Z(v,wf)wf,
=1
k—1
PQ : L2(Q) — Wo, v = Z(v,ul)uz

i=1
In the following, these projections will be a useful tool to construct recovery sequences.

Per construction, w§ € H} () is a minimizer of F.. Now, we need to show that there exists a constant C' > 0
that does not depend on € > 0 such that

FL(wf) < C, (4.20)
as this allows us to bound (w§)_., in the H'(Q2) norm.

As in Step 8 of the proof of Lemma 4.4, we want to choose suitable elements v° in the feasible sets Q. for
which we can bound the sequence (F.(v°))c~o. Here, the situation is more complicated compared to Lemma 4.4
as the feasible set (). depends on ¢.

Due to assumption (A4), we find v° € V¥ such that

00 € Wi\ {0}.

Otherwise, V¥ would be a subset of the (k — 1)-dimensional space Wy, which is a contradiction to the fact that
V¥ is infinite dimensional. Let us define the sequence

ve =00 — (0, wf) wi =v° — P.(u°) € Hg () N W

Now, by the induction hypothesis, for every i = 1,...,k — 1, we know that
wf —u; in HY(Q), (4.21)
along a suitable non-relabeled subsequence. Hence, from the construction of v¢, we infer

v® =¥ in HY(Q). (4.22)
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In particular, for € > 0 sufficiently small, we thus have v® # 0. Altogether this allows us to define the sequence

€

EE = ! e QE)

[[ve |l L2(Q)
which fulfills the convergence

W0

664)60 1:076620 in HI(Q)
([0l L2(Q)
If we can now verify that
R@) <C, (4.23)

uniformly in e, (4.20) directly follows as our minimizer w§ € Q. obviously fulfills
Fo(wf) < (7).

Therefore, we recall that
F.(v°) :/ ol da:—i—/ be(pe) [7°]* da.
Q Q

For the first summand on the right-hand side, we obtain

1
/ VoEf do = ——— (/ Ve[ dx) .
Q vl Z2q) \Jo

Hence, this term is bounded because of (4.22) which further entails the convergence ||[v°[| 2oy — HUO HL2(Q) > 0.
For the second summand, we use Young’s inequality to obtain

[ oo ar < ([ ptonletl e+ [ bl ar ).

2
||U€HL2(Q)

As, per construction, v° € V¥ fulfills property (4.10) we can apply Step 2 of the proof of Lemma 4.4 which
yields

. 012 3,. —
ll\%/gba(@gﬂv |"dz = 0.
Furthermore, Lemma 4.4 implies that fori=1,...,k — 1,

: 212
il\mo Qbs(gos)|wi| dz = 0.

Now, as
k—1

Ps(vo) = i (vo,wf) ws,

i=1
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we obtain

tim | be(p2)| P dx = 0,

by applying Young’s inequality again. Altogether, we deduce
g&AfJ%HWFd$ZU
This proves the estimate (4.23) which directly entails the uniform bound (4.20). In particular, we have

/Q IVwi|? dz < Fo(wf) < C

Applying the Banach-Alaoglu theorem and the compact embedding H'(Q) < L?(Q) we infer the existence of
a limit uy, € H () such that

wi, —up in HY(Q), wi —wu, in L*(Q), w{—u, ae. on (4.24)

as € — 0 up to subsequence extraction.
Our next task is to show that uj belongs to Q¢ and fulfills

Fi(ux) = min Fo(v). (4.25)

First of all, we can use the convergence (4.21) of the first k — 1 eigenfunctions along with (4.24) to obtain the
convergence

li{%(wi7 wze) = (uk’ ui)7

for i =1,...,k — 1. However, by the orthogonality of the eigenfunctions for ¢ > 0, we know 0 = (wf, w$), and
thus (ug,u;) = 0,4 =1,...,k— 1. This already proves that u, € Wg". Notice that lukllp2(q) =1, as the wj, are
assumed to be L?(Q)-normalized. All in all, we get uj € Q.

To verify (4.25) we cannot directly apply the theory of I'-convergence as in Lemma 4.4 but we can establish
similar estimates that will help us to obtain the desired properties. For the sake of a clearer presentation we
divide this part of the proof into several steps.

Step 1: The following liminf inequality holds:

Foug) < lim\i(r)lf F.(wy). (4.26)
To prove the assertion, we recall that

%wwszWﬁm+/mmefw.
Q Q

For the gradient term, we obtain the inequality

/ |Vug|? dz < liminf / [Vwi|® de,
Q N0 Jo
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by using the weak lower semicontinuity of this expression. Now, due to the convergence properties (4.24), we
are exactly in the same situation as in Step 4 of the proof of Lemma 4.4. Hence, Fatou’s lemma yields

/ bO(‘P) |Uk|2 dz < liminf / ba(@e) |wi|2 de.
Q eN\0 Q

In summary, we infer (4.26).
Step 2: For any v € Qg there exists a sequence (T°)eso C Q- which satisfies

lim sup F;(v%) < Foy(v). (4.27)
eN\0

Here, finding such a recovery sequence is more complicated than in Step 4 of Lemma 4.4, as we cannot just take
the constant sequence v. Without loss of generality, we assume that Fj(v) < +o0 as otherwise (4.27) is trivially
fulfilled. This guarantees that

/ bo(go) [v]? dz < +o0.
Q

Hence, v fulfills property (4.10) (i.e., v € V%) which will be needed later. Analogously to the beginning of this
proof, we now define the sequence

k—1
¥ i=v— Z(uwf)wf =v— P.(v) e Wt

i=1
Exactly as in (4.22), we obtain the convergence
k—1
v = v — Z(v,ui)ui =v— Py(v) € Wg- in H(Q).

i=1

However, since v € Qg, we also have v € W3- meaning that Py(v) = 0. We thus get v® — v in H(Q). Further-
more, v € Qo ensures that [[v[| 2 =1 > 0 and hence, we infer that for £ > 0 sufficiently small, it holds that
[v°]| p2(q) > 0. We can thus consider the normalized sequence

7= ——— €Q., whichfulfills ¥ —v in H(Q). (4.28)
[v ||L2(Q)

We now prove (4.27) by again considering the gradient term and the term involving b. appearing in F; separately.
Using (4.28), we infer that

lim/ ok d:c:/ Vol? da.
N0 Jo Q

For the second term, considering the representation

1 k-1
T = o] [v - Z(v,wf)wf] ,

i=1
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we see that this sequence has exactly the same properties as the same-named sequence in the beginning of
this proof. Hence, proceeding as above, we use the convergence properties known for w;, the convergence
[v¥]l 2y = vl p2(q) > 0 and the crucial fact that v € V¥ to deduce

lim [ b.(¢%) [0°| dz=0= / bo () |v]? da.
E\O (9] Q

Hence, in particular, this verifies (4.27).

Now, combining these two steps, we obtain for any arbitrary v € Qo,

Fy(ug) <liminf F.(wf) < limsup F.(wg) < limsup F.(v°) < Fy(v),
eNo e\0 eN\O0

since wj, is a minimizer of F, over Q.. As v € )y was arbitrary, this finally shows that

Fo(u) = min Fy(v).
o(ur) min 0(v)

Furthermore, plugging v = u; into the above chain of estimates we get

Fy(ug) = liminf F*(wf) = limsup F*(w}),
eNo0 eN\0

which directly yields

ll\‘moFE(wk) = Fo(ug). (4.29)

As in the proof of Lemma 4.4, this allows us to deduce

. e _ ¢
;1\% lwi — wrkll i) =0, and ux € VY.

Therefore, it only remains to prove the following statement.
Step 8: The function uy € V¥ solves

/ Vug - Vndz = )\g’w/ ugndx  for allm e V¥, (4.30)
Q Q

and it holds that \)¥ = lim A{=.
eNO0

With an analogous reasoning as in Step 5 of the proof of Lemma 4.4, we see that

- Vol dz|v e V¥ N W, V| dz
A = min f9|72| Y 0% = M# = Fo(ug). (4.31)
JololPdz v #0 o luel? dz
As Wy = (u1,. .., Uk—1)span is & (k — 1)-dimensional subspace of V¥, the Courant—Fischer characterization (4.7)

entails that /\2’“0 >\
Furthermore, for € > 0, we have A\;* > Af< |, and by (4.29) and the induction hypothesis we infer

e < e 0,
llg%))\}f = E{%FE(U)Z) = Fo(ur) =\, and l{%Afﬂ =\



34 H. GARCKE ET AL.

This proves that \ > )\g’fl.
Now, to show that A= AZ"P, we need to consider two cases.
Case 1: It holds that )\2’“" = )\g’fl. Then, from the above considerations we already infer that )\2’“" =)= /\g’fl.

Case 2: Tt holds that )\2"0 > )\Z’fl. Then, the span of the eigenfunctions {w)?, ... ,wg’_“"l} C V¥ (given as in
Thm. 4.2) contains the union of all eigenspaces belonging to the eigenvalues )\?’“", ceey )\Z’fl. On the other hand,
we know from the induction hypothesis that {uj,...,ux—1} is a linearly independent family of eigenfunctions

belonging to the aforementioned eigenvalues. Hence, we conclude that

Wo = (u1, -+, ub—1)span = (W7, . w0 )span- (4.32)

This means that W, is exactly the (k — 1)-dimensional vector space on which the maximum in the Courant—
Fischer characterization (4.7) is attained. Thus, by (4.31), we infer A = A?.

Now, computing the first-order optimality condition (Euler-Lagrange equation) of the minimization problem
associated with (4.31), we conclude that uj, € V¥ and A{ fulfill the weak formulation (4.6) of the limit problem
for all test functions in V¥ N Wy-. However, we know from (4.32) that Wy is spanned by eigenfunctions to the
limit problem (4.6). This means that u, and A} trivially satisfy the weak formulation (4.6) for all test functions
in Wy. In summary, this proves that uy is an eigenfunction of the limit problem (4.6) to the eigenvalue )\2"".

This completes the proof by induction. O

4.2. Sharp interface limit of the optimal control problem

We now show that a sequence of minimizers of the cost functionals for ¢ > 0 converges, as ¢ — 0, to a
minimizer of the cost functional associated with the sharp interface setting which will be defined in the following.

First of all, we demand again that the coefficient functions satisfy the assumptions (A2) and (A3). For
€ > 0, we extend the cost functional of the problem (PZD’E) to the space L'(Q) by defining

LGV Wid E¢ if P
JE((P) ::{ ()‘11 ’ ’)‘u )+’Y GL((p) I @€ Paq, (433)

+ 00 if o € LY(Q)\Paq.

Here, for any k € N, A’¥ denotes the k-th eigenvalue of the Dirichlet problem (3.1) with e > 0 and ¢ € ®oq C
L*>°(Q). In the sharp interface situation, we consider

wz{wevmﬂMSLﬁmwg[¢MSﬁﬂw}
Q
and define the cost functional as

11

JO( ) o \If(/\Q’<p R /\?L’LP) + ’YC()PQ(EL‘D) if p e égd,
T e it o e L' ()\20, @30

where ®°, = BV(Q,{£1})nUNG’.

Here, for any k € N, )\2’“’ denotes the kth eigenvalue of the limit problem (4.6) that was introduced in
Theorem 4.2 for ¢ € BV(Q,{£1}) NU. } B ~
Let Ps(E¥) denote the relative perimeter in 2 of the set E¥ := {x € Q| p(z) = 1}, i.e,

PQ(ELP) = sup {/_ leCdx C € C(}(Qde)v HCHLOO(Q) < 1} :

Ev
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We further set

1
Co = / V 21/10(35) d.T,
—1

where 1) is the potential appearing in the regularized Ginzburg—Landau energy
& & 2 1
ES(p) = | | 5IVel"+ Zdoly) ) dz, >0
Q 3

Additionally to the assumptions in Section 2.5, we make the following assumption that is supposed to hold
throughout the remainder of this section.

(A7) U is bounded from below, i.e., we find a constant Cy > 0 such that ¥(z) > —Cy for all € (Rs).
Without loss of generality, we assume Cyg = 0.

Now, the goal is to show I'-convergence of the cost functionals as this yields that a subsequence of minimizers
. of J¢ converges in L!(§) to a minimizer of J°. In this sense, the diffuse interface optimization problem can
be regarded as an approximation of the sharp interface optimization problem.

In our previous considerations, we needed to impose the rate condition

lpe — 900HL1(E~000{¢5<0}) = 0(e), (4.35)

in order to show the desired properties such as the convergence of the eigenvalues as ¢ — 0. However, to obtain
a true unconditional I'-convergence result, we do not want to impose such an additional assumption on our
sequence of minimizers. The liminf inequality can be shown for general cost functionals, i.e., for ¥ fulfilling
only the current assumptions. Furthermore, the proof does not rely on the continuity of eigenvalues when passing
from diffuse to sharp interfaces. Therefore, no rate condition needs to be assumed.

For the lim sup inequality, the classical recovery sequence for the Ginzburg-Landau energy constructed in [16]
fulfills the rate condition. However, it is a delicate aspect that this recovery sequence can only be constructed
explicitly for sets fulfilling suitable regularity assumptions, but not for general finite perimeter sets. As also seen
in [16, 45], one therefore needs to approximate finite perimeter sets on the sharp interface level in a suitable way
such that the perimeter converges and, in our framework, also the eigenvalues. This convergence of eigenvalues
on the sharp interface level was studied in [17, 21] and can be applied here also in a slightly modified way
in order to take care of the constraint formulated in /. As done there we also need to assume that the cost
functional satisfies a componentwise monotonicity. Note that in [17] the I'-convergence was studied without any
additional volume constraint, which allows the usage of the recovery sequence of [46]. After the authors had
shown the convergence of eigenvalues on the sharp interface level, their lim sup inequality on the diffuse interface
level was a direct consequence of the monotonicity of the cost functional. Hence, no continuity property for the
eigenvalues was required. In our situation with an additional volume constraint, even though we also need to
assume the monotonicity of the cost functional, we can rely on the continuity of eigenvalues on the diffuse
interface level in the sense of Theorem 4.6. This allows us to use the recovery sequence from [31] which is based
on the construction of [16, 45].

To motivate the additional monotonicity assumption on ¥, we first establish the following lemma.

Lemma 4.7. Let X C R!. We consider a continuous function
f: X —>R.

Then the following assertions are equivalent.
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(a) For any sequence (xy),cny C X and x € X fulfilling
x < likrr_1)ior01f x € X componentwise,
it holds
f(z) < liminf f(ay).

(b) fis monotonically increasing in the sense that for x,y € X,

x < y componentwise = f(x) < f(y). (4.36)
Proof. The implication (a)=(b) follows by choosing the constant sequence xy =y for all k € N. In order to

show (b)=(a) we recall the definition of the limes inferior, and we use the monotonicity and the continuity of
f to obtain

fle)<f (liminfa:k> = lim f (inf {xk| k > n}).
k—o0 n— 00
Exploiting again the monotonicity of f, we deduce that for all n € N,
f(inf {xg|k >n}) <inf {f(xr)|k > n}.
This implies that
f(x) < lim inf { f(xg)| k > n} = liminf f(xy),
n—o0o k— oo

an thus, the claim is established. O]

In order to be able to apply Lemma 4.7, we make the following additional assumption on the function ¥,
which is supposed to hold throughout the remainder of this section.

(A8) The function ¥ : (Rsq)" — R>( is assumed to be monotonically increasing in the sense of Lemma 4.7 and

exhibit the coercivity property

(U(xg)) ey is bounded = (x), oy is bounded, (4.37)
for any sequence (xx); oy C (R>0)l.

These properties are for example fulfilled if ¥ is given as a positive linear combination of the components,
i.e.,

!
U(x) = Z ;25
j=1

where a; > 0 for j = 1,...,1. In the context of our cost functional this would mean that linear combinations
of eigenvalues )\ff and )\?j"‘g respectively are involved in our optimization process. In particular, by choosing
Il =1 and ¢(z) = z for all x € R>(, the minimization of just one single eigenvalue of course also fulfills the
assumption on W.
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Assumption (A8) might look a bit technical at first sight, but it is exactly what we need in order to establish
the lim inf inequality. The monotonicity of ¥ combined with Lemma 4.7 allows us to infer the lim inf inequality
for the cost functional from the lim inf inequality for the eigenvalues. On the other hand the coercivity property
(4.37) entails that the sequence of eigenvalues is bounded uniformly in € if the cost functionals stay bounded.

Under Assumption (A8) it is now possible to establish an unconditional I'-convergence result.

Theorem 4.8. In addition to the assumptions made in Section 2, we suppose that the assumptions (A1)—-(A8)
are fulfilled. Then, it holds that
e I 0
J*—=J" ase—0.
By standard results in the theory of I'-convergence (see e.g., [25]), this theorem directly yields the following
corollary due to the compactness properties of the Ginzburg-Landau energy from Theorem 3.7 of [16].

Corollary 4.9. In addition to the assumptions made in Section 2, we suppose that the assumptions (A1)—-(A8)
are fulfilled. Let (pc).<, be a sequence of minimizers of the functionals (J)e>0. Then there exists a function
o € LY(Q), such that

. -~ - _ 0
il\nlo e — QDOHLl(Q) =0, il\‘nlojs(wa) = J (o),

and @q is a minimizer of J°. In particular, this means that po € ®°; C BV (2, {£1}).

We now conclude this section by presenting the proof of the above theorem. In order to tackle the volume
constraint

mm§[¢ms&m,
Q

we first show a I'-convergence result similar to Theorem 3.1 of [17], where the volume constraint is omitted
and then, in a further step, we suitably modify the recovery sequence such that it actually fulfills the volume
constraint.

Theorem 4.10. In addition to the assumptions made in Section 2, we suppose that the assumptions (A1)-(A8)
are fulfilled. Let

LT AT) +vEGL(e) i o € M,

I@”{+w if ¢ € L'(Q)\Aug (4.38)
and
0p o JEODE L ADE) + yeo Py (E¥) if o € Ay,
o) = { oo l i€ LU\, (4:39)
with

Naai={p € B @) | el <1} N4,
A% = BV (Q,{£1})nU.

a

Then, it holds that I¢ L Tase—o.
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To proof the assertion we will follow the reasoning in [17]. Although, the arguments in [17] contains highly
valuable ideas, we have the impression that at some points the authors do not distinguish carefully enough
between the global perimeter Pra on R? and the relative perimeter Pg on Q which does not see the boundary
9. This plays a crucial role when the T-convergence results of [16, 45, 46] are applied. In the following, we thus
present a very detailed proof where we take care that all steps are applicable for the relative perimeter Pg.

We further point out that in contrast to [17], our proof does not rely on the property that the recovery
sequence (¢ ).>0 constructed in [46] fulfills the inclusion

{p=1} Cc{p. =1} foralle>0,

where . — ¢ in L1(Q). In [17], this inclusion is crucial to obtain the lim sup inequality for the eigenvalues. As
we do not require this condition, we can construct our recovery sequence in the spirit of [16, 31]. Our strategy
is based on the continuity properties of eigenvalues shown in the previous section. In this way, we achieve that
our I'-convergence result holds for any general coefficient function b, fulfilling Assumption (A3). In particular,
this means that the coefficient function can be chosen in a more general way compared to the explicit affine
linear construction in [17].

Proof of Theorem 4.10. As previously explained, we need to approximate any general finite perimeter set by a
sequence of (sufficiently) smooth sets in order to construct a recovery sequence for the limsup inequality. The
construction of such an approximate sequence of smooth sets is presented now.

Step 1: For E C Q with P@(E) < oo there exists a sequence of bounded smooth open sets Ej, C R fulfilling

HIYOE, N Q) = 0,
Jim Pe(Ey) = Pyo(E),

lim ¢}, = ¢ in L' (Q), (4.40)
k—o0
limsup A%+ < \0%
k—o0

where pg = 2XE,§usl —1and ¢ :=2xp5,5, — 1, and form € N, N0? = \0% stands for an arbitrary eigenvalue.

Here, for any set A C R%, we use the notation A% := AN Q.

To construct an approximate sequence of bounded smooth open sets, we follow the proof of Lemma 1 in [45]
which can also be found in Lemma 13.9 of [52]. For the sake of readability, we merely explain the key steps of this
construction and will stick to the notation of [52]. Note that we cannot assume that the finite perimeter set E
contains an open ball. For pure perimeter minimization this assumption would be justified by Theorem 1 of [35]
if only the convergence of minimizers is to be shown. For that reason, we cannot easily adjust the volume of the
approximating sets Fj, by including or excluding balls as it was done in [45, 52]. To overcome this, we will adjust
the volume of the recovery sequence only at the diffuse interface level which will eventually be done in the proof
of Theorem 4.8. An alternative way of tackling the volume constraint on the sharp interface level is performed in
[56] which does not need the finite perimeter set F to contain any open ball. There, the approximating sequence
FE is modified by adding or subtracting suitable hypercubes, but due to the rather technical construction this
would require a delicate discussion in order to analyze the lim sup inequality of eigenvalues in (4.40).

The key idea of constructing a sequence (Ej)rey of bounded smooth open sets is to extend yz € BV (Q) N
L>®(Q) to a function v € BV (R%) N L>(RY) with |Dv| (9€) = 0 (which is possible as Q is assumed to be a
bounded Lipschitz domain, see [7], Prop. 3.21). Note that the set {v # 0} is still bounded. Here, Dv denotes the
Radon measure associated with v € BV (R?) and | - | denotes the total variation. It is crucial that |Dv| (8Q) = 0
as we want to approximate the relative perimeter which does not see the boundary of the design domain o0
but only the parts of the boundary of E lying within €.
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Now, in order to construct a sequence of smooth approximating sets Fj, fulfilling (4.40), we choose a standard
sequence of mollifieres (p,,)nen C C5°(RY) and consider the superlevel sets

{vp, >t}, where v, = vx*pp,

for t € (0,1). In contrast to [45, 52], where for each n € N, a specific ¢,, € (%, 1-— %) is selected in order to show
the convergence of the corresponding super level sets with respect to perimeter and measure, we use the ideas
of Proof of Theorem 3.1 in [17] to obtain these convergences even for almost all ¢ € (0, 1).

Due to our extension, we have |Dv| (9Q) = 0. Proceeding as in [52], we thus get

lim /|Vun|dx:PQ(E).
Q

n— oo

In combination with the coarea formula for the relative perimeter (see [7], Thm. 3.40) and Fatou’s lemma, we
deduce as in [17] that

1 1
Po(B) = Jim_ [ PQ({vn>t})dt2/0 liminf Py ({v, > 1})d.

On the other hand, as in [52], we infer that for almost every ¢ € (0, 1),
‘({un >t}mﬁ) AE’ 0
as n — oo and thus,
P5(E) < liminf Py ({v, > t}),

due to the lower semicontinuity of the perimeter. Combining the previous inequalities, we conclude

Py(E) = liminf Py ({v > t}) (4.41)
for almost every ¢ € (0,1). Now, according to [52], the properties

Vo (z) # 0 for all 2 € R? with v,(z) =t and (4.42)
HI! ({x € Q| v, () = t}) =0, (4.43)

hold for all n € N and almost all ¢ € (0,7). In summary, this means that we can choose a Lebesgue null
set N/ C (0,1) such that for every ¢ € (0,1)\\N the sets E, ; = {v, > t} are bounded, smooth and fulfill the
transversality condition

HITLOE, N 9Q) = 0.

After extracting a suitable (non-relabeled) subsequence (possibly depending on the choice of t), we further infer
the convergence properties

lim Py (E, ) = Py(E),
nree (4.44)
lim Pngt =P in Ll(Q)7

n—o0
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where ¢, + = 2XE§:3¢U51 -1

It thus remains to establish the lim sup inequality for the eigenvalues. As the eigenvalue equation is formulated
on the whole of © (not only Q), we now consider E := F'U S;. Here we can exactly apply the strategy employed
in Theorem 3.1 of [17] which can also be found in Theorem 3.5 of [21]. For the sake of readability, we explain
the key steps.

As mentioned in the beginning of Section 4.1, there is a quasi-open set w C Q such that V¥ = f{& (E) = H}(w).
Now, we choose u,, € H}(w) as the solution of the Laplace equation (4.4). It then holds Hi (w) = H{ ({u, > 0}) =
H} ({u,, > 0}). Hence, in particular, we have A¢ = \0X(u.>0} . Furthermore, we know u,, € L>(Q) and hence,
without loss of generality, we may assume that u, < 1 a.e. on Q. Due to the inclusion {u, >0} Cw C E, we
have uy, < xg = v a.e. on 2 and hence up to a Lebesgue null set,

(o % pu >} NQC {vxp, >t} NQC EY, C EX,US,
for all ¢ € (0,1) and n € N. In particular, we have
{tuw * pn >t} Nw C E,?tUSl,

up to a Lebesgue null set, for all t € (0,1) and n € N. Hence, due to the monotonicity of eigenvalues with respect
to set inclusion, it holds

20:n .t < A0 X fu=pn >t N0 < MO X fuwpn >t} {ug >tinw |
Now, using the density result ([26], Prop. 5.5), it was shown in [17, 21] that for all ¢ € (0,1)\N,
{ug * pp >t} N {ue >t} 5 {u, > t},

as k — 00, in the sense of y-convergence (see, e.g., [40]). As the y-convergence is stable under intersection with
quasi-open sets (see e.g. [20], Prop. 4.5.6), we conclude

{t % pn >t} 0 {uy >t} Nw 5 {u, >t} Nw.
Now due to the continuity of the eigenvalue with respect to y-convergence (see e.g., [20], Cor. 6.1.8), we have

lim AO7X(uw*pn>t}ﬁ{uw>t}ﬁw — onx{uw>t}ﬁw,
n—00

and thus,

hl'Il sup )\O»SDW,,t S )\OaX{uw>t}ﬁw .
n—oo

By means of the density result mentioned above, one can further show that for any zero sequence (t,)nen, it
holds

{uy >t} A {uy, > 0},
as n — oo and thus

lim A0X{uw>tnine = \OX{uw>0inw = \OX{uw>03y = )\0:¥
n— oo ’
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where the second equality is valid due to the inclusion {u,, > 0} C w.

Hence, by a diagonal sequence argument, we can now choose a zero sequence (tx)ren C (0,1)\N and a
sequence of indices (ng)reny € N such that Ey = E,,, ;, fulfills the desired properties (4.40).

Step 2: Let ¢ € LY(Q) be arbitrary. There exists a recovery sequence (¢:)eso C LY(Q) with

li{f}) lloe — ‘P”Ll(sz) =0,
such that the limsup inequality

limsup I° (p.) < I°(e),
eN\0

holds.

Without loss of generality, we assume 1°(¢) < oo. We thus have p € A%, C BV (£, {£1}). Due to the previous
step there exists a sequence of bounded smooth open sets (Ex)reny C RY approximating E¥ satisfying all
the properties in (4.40). Now, the idea is to construct for each k a recovery sequence (¢k.e)e>0 C Aag for
Op = QXE,{?USI —1 € A?,. Due to the properties of the set Ej we can proceed as in Theorem 2 of [31] (which

relies on the ideas of [16, 45, 56]). Note that we operate on the open subset Q C Q where the pointwise constraints
incorporated in ¢/ do not play any role. In this way, for every k € N, we obtain a recovery sequence

(redeso € {p e H'@|l¢l <1},

which satisfies

lim sup / e IVor.el” + li/}((p;m) da < yeo Py (E?*), (4.45)
~o Ja 2 €
and
lok,e — SDkHLl(Q) =0(e).
For any € > 0, the function ¢ . can be extended onto the whole design domain 2 by choosing ¢y . := —1 on

So and ¢y - := 1 on S;. In particular, p. € L*() for all £ > 0, and it holds that
ke — <Pk||L1(Q) = ||k, — <Pk||L1(Q) =0(e).

It is worth mentioning that the constant hiding in O(g) might strongly depend on k. Now, Theorem 4.6 implies
that for £ € N and for each m = 1,...,[] we have

Ap® = A2PE for e — 0, (4.46)

along a non-relabeled subsequence, where A" and A\%#* denote the m-th eigenvalues of the diffuse interface
problem (3.1) and the limit problem (4.6), respectively. Recalling that ¥ is continuous, we use (4.45) and (4.46)
to conclude that

limsup I¢(pr.c) < 1)
N0
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By Step 1, we also know from the properties (4.40) and Assumption (A8) that

limsup 1°(¢1) < 1°(¢).

k—o0

Therefore, by a diagonal sequence argument, we find a zero sequence (gx)ren such that

limsup I (pr.c, ) < I°(0).

k—o0

This proves Step 2.
Step 3: Let p € L'(Q) be arbitrary. For any sequence (¢c) oo C L*(2) with

fimy e = @l L1y =0,
it holds that
I°(¢) < liminf I ().
() < lim inf I*(¢c)
This is also shown in the setting of [17] using the compactness of the y-convergence (see e.g., [20], Prop. 4.3.7).
In this paper, we provide an alternative proof which does not rely on ~-convergence but directly uses the
Courant—Fischer characterization of eigenvalues.

Without loss of generality, we may assume

e
hrgn\lglf] (pe) < +o0. (4.47)

Moreover, after extracting a suitable subsequence, we have

lim I° (¢, ) = lim inf I¢ . 4.48
lim I*(¢pe) = lim inf I*(pe) < +o00 (4.48)

Applying Proposition 3.8 of [16], we conclude again that ¢ € A2, and that

~coPs(E?) < liminf / (Z 1902 + Liten)) do. (4.49)
N0 Jag \2 €
Therefore, for n =4; € N with j = 1,...,1 recall the Courant-Fischer characterization of the diffuse interface

problem (3.3) for € > 0, that is

Vol*dz + [, b dz|ve HY Q)N W,
A% — max min { Jo IVol* dx 1 Jo be(p) o v € H3() | (450
WES, 1 Jo lv]” dz v#0
and the Courant—Fischer characterization for the sharp interface problem (4.7), that is
Vol*dz|v e Ve nwt,
A% = max min Miw ! , (4.51)
WeS,_1 fﬂ‘vl dr [v#0

where in both cases the maximum is taken over all (n — 1)-dimensional subspaces of L?({2).
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Now, our goal is to show that

\0e < lim\igf A%< € Ry, (4.52)

£

since then Lemma 4.7 implies that

07 07 o o rFe 1 FE
TATE, N < hren\‘lgf W(ATFPe N7,

and along with (4.48) and (4.49), this proves the assertion of Step 5.
First of all, Theorem 4.2 yields that the maximum in (4.51) is attained in the space W :=
W%, wd? ) epan © L2(R2), where w)?, ..., wY¥ € V¥ are the first n — 1 eigenfunctions of the limit problem

(4.6). Hence, we can reformulate the Courant—Fischer characterization as

0 ) ,  lvevenwt,
A = min / |Vo|” dz (4.53)
Q HUHLz(Q) =1
Since W C L?(€) is a (n — 1)-dimensional subspace, we infer from (4.50) that
ve  HH Q) NW,
AS%: > min / |Vol? dz +/ be(0e) [v]* dz 0() (4.54)
Q Q ||UHL2(Q) =1

By means of the direct method in the calculus of variations it is straightforward to show that for any fixed
€ > 0, there exists a L2(Q)-normalized function v. € Hg(2) N W+ at which the minimum in (4.54) is attained.
Next, from (4.48) we deduce that the sequence (W(AJ%<, ..., )‘Z%»wo is bounded. Hence, using condition
(4.37) from Assumption (A8), we conclude that the sequence (A\$%¢).~¢ is also bounded and in particular the
limes inferior of this sequence exists.
Now, using (4.54), we infer that (||Vv.|/;2(q))e>0 is bounded and hence, we find a function v € H(2) such
that the convergences

ve =T in Hy(Q), ve =T in L*(Q), ve — T a.e.in (4.55)
hold along a non-relabeled subsequence. Moreover, we have
be(pe(x)) = bo(p(x)) as e — 0 for almost all z € Q,

up to subsequence extraction. This convergence was shown in Step 1 of the proof of Lemma 4.4 and its proof

did not require any rate assumption on (¢.)..,. We thus obtain

lim inf 74 > lim intf [/Q|vug|2 d:1:+/9b6(<p5) |ve | dx}
z/ vol? dx+/ bo () |0]? de,
Q Q

by applying Fatou’s lemma on the b, term, and employing the weak lower semi-continuity of |V - || r2(0)- In
particular, this implies that

/ bo(¢) |0 da < +oc.
Q
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Hence, recalling that ¢ € @gd, we conclude that v € V¥ which in turn implies

/ﬁdwhfdx:a
Q

Now, by construction, we have [|vc||;2q) = 1 and ve € H} ()N WL, Due to the convergences in (4.55) the same
holds for the limit T € V¥. This means that T belongs to the set appearing in (4.53), and we finally deduce

lim inf A\5;% > / IVo|* dz > min {/ IVol? da
N0 Q Q

veVeNW, 0% 5 0
= n’ > ,
HUHLz(Q) =1

which proves (4.52). This means that Step 2 is established and thus, the proof of Theorem 4.10 is complete. [

Now, using Theorem 4.10, we can finally prove the desired I'-convergence result J*¢ L5 J where the volume
constraint is incorporated.

Proof of Theorem 4.8. Due to the inclusion ®,q C A,q we have I¢(p) < J*(p) for all ¢ € LY(Q). Furthermore
for a sequence (pe)eso C Paq With oo — ¢ in LY(Q) we deduce ¢ € G and therefore I°(¢) = J%(¢). Hence,
the liminf inequality for J¢ directly follows from Theorem 4.10.

It remains to prove that for any ¢ € <I>2d, there exists a recovery sequence (P¢)eso C Pag such that

?\‘mo [P — <P||L1(Q) =0, (4.56)
limsup J¢(@:) < J%(¢p). (4.57)
eN\0

Here our strategy is now to use the recovery sequence from Theorem 4.10. In the following, it will be denoted by
(¢c)e>0 C Aaa. For any € > 0, we now carefully modify the function ¢. via a diffeomorphism in order to ensure
that it additionally fulfills the volume constraint comprised in GP. In the following, we will always understand
the functions ¢.,¢ € L*(R?) as being trivially extended onto R?, i.e., these functions are constant zero on
RA\Q.

The key idea is to construct for any £ > 0 a suitable transformation Ty : R? — R? with Ty(.)(€2) =  such
that the modified functions ¢, := @E(T;(EI)) belong to ®,q and satisfy the convergence properties (4.56) and
(4.57). This is a common method in geometric analysis and a similar procedure in the sharp interface case can
be found for example in the proof of Theorem 19.8 in [44].

We now fix an arbitrary function ¢ € ®2,. First of all, we find a vector field & € C} (Q; R?) such that

/@V-édx>0,
Q

as otherwise the total variation of the associated Radon measure would vanish, i.e., | Di| (Q) = 0, which would
imply that ¢ is constant almost everywhere in Q. However, this is not possible as neither ¢ =1 nor ¢ = —1 in
Q would fulfill the mean value constraint in G# due to the choice of 8y, B in (2.2).

Using the vector field &, we now define a family of transformations

T, :RY 5 RY 2+ s&(x),
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for s € R. As this map is a perturbation of the identity via a C’lzmap with compact support in Q, it is clear
that, for |s| sufficiently small, T is a C*-diffeomorphism with T,(2) = €2. Hence,

Tgb : Q — Q
is also a C'-diffeomorphism. Moreover, the chain rule for Sobolev functions (see e.g., [5], 4.26) implies
p.oT e HYD).

Since p. € U and TS\Rd\Q = ide\Q7 we infer

[ oeoTitdo= [ oot dov1si| -0l
R Q

due to the trivial extension of (. on R?\Q. Moreover, we use the representation

/ weo T, dx :/ @e |det DTy| da. (4.58)
Rd Rd

Recalling that the determinant is a multilinear form, a straightforward computation reveals that there is a § > 0
and a constant C' > 0 depending only on § and £ such that for all z € R? and s € (-6, 6),

% <1—-Cls| <det DT (x) <14 C|s]|. (4.59)

In the following, we use the convenient notation ¢y := ¢. We now define the function
f:Bs(0) C R? - R, (e,8) — / Dle| oT;1 dz — / pdx — |S1]| + |So],
Rd Q

where 0 < ¢ < 1 is chosen sufficiently small in order to ensure that Tj|g : Q — Q is a C1-diffeomorphism and
(4.59) holds for all s € (=4, 9).

Now our next goal is to apply the implicit function theorem formulated in Theorem 4.B of [58] to the equation
f(g,s) = 0. First of all, f(0,0) = 0 is clear since ¢ € ;. We next prove that f is continuous at (0,0). To this
end, let us choose zero sequences (k) cy s (Sk)pen- Due to the symmetry of f with respect to its first argument,
we may assume without loss of generality that e, > 0. As per construction, we find a non-relabeled subsequence
(e, Jken which converges to ¢ almost everywhere as k — oo, and since ||¢c, || Lo ®n) < 1, we apply Lebesgue’s
dominated convergence theorem to the right-hand side of (4.58). Along with (4.59), we deduce

f(ek,sk) — f(0,0) for k — oo.

As this limit does not depend on the choice of the subsequence, this argument can be repeated for any
subsequence, thus, continuity of f at (0,0) is shown.

In order to apply the implicit function theorem it remains to show that % f exists on Bs(0), is continuous at
(0,0) and does not vanish at (0,0). First of all, due to (4.59), the modulus in (4.58) can be omitted. Furthermore,
the proof of Lemma 1 in [53] implies that for fixed x € R? and ¢ € (=6,5) we have

% [det DT.],,_, = tr (is (DT, (DTt)1> det DT,

= tr (VE(Id + tVE€) ") det(Id + tVE)
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= tr (vg i(—tV&)’“) det(Id + tVE). (4.60)

k=0

As £ € CH(Q,R?), we directly see that

< 00.

d
sup H [det DT]
co@)

te(—4,0) S

|s=t

Noticing again that [|e| o) < 1 for all e > 0, we deduce via Lebesgue’s dominated convergence theorem that
for any (g,t) € Bs(0), we have

8—(5,t) :/ Qe tr VQ (—tVE)F | det(Id 4 tVE) dz.
g R k=0
Therefore we directly infer

9]
a—‘i(0,0):/n¢ov-€dz:/¢v-£dx>0,

Q

by our choice of & € C3(€2, R™) at the beginning of this proof. Now, the continuity of % at (0,0) follows again
via Lebesgue’s dominated convergence theorem using that for any =z € R?,

tr <vg i(—tV&)k> det(Id + tV§).
k=0

is continuous at ¢t = 0.
Now that we have checked all the assumptions of the implicit function theorem ([58], Thm. 4.B), we deduce
the existence of a § > 0 and a function

5:(—=0,0) = (—0,8),
which is continuous at 0, such that

f(e,s(e)) =0 forall e e (—6,6) and
s(0) = 0.

In our framework, this means that having started with the recovery sequence (. )c>o of Theorem 4.10, we now
know

9275 =P 0 T.;(;) € Dyq,

i.e., we have constructed an admissible sequence. Note that the pointwise constraints ¢. = 1 a.e. in S7 and
Pe = —1 a.e. in Sy are fulfilled since TS'Rd\Q = ide\Q. Hence, it remains to show

ll\‘lrlt) 6e = #ll 1) =0,

limsup J¢(@.) < J%(p).
eN\0
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The L' convergence follows from the triangle inequality

Here, the convergence of the first summand can be shown by the same argumentation as for the continuity of f
at 0, whereas the convergence of the second summand can be established via Lebesgue’s dominated convergence
theorem after approximating ¢ by a sequence of C§(£2) functions.

To verify the lim sup inequality, let us first consider the Ginzburg—Landau energy separately. For the potential
term we compute with the help of (4.59)

H(% —p)o Ty,

coT 1 gp’

s(e)

T - ¢l
L1(Q) Ll(Q)+H<pO 5@ " Pl

/wsoe d:c—/we [det DToqo| da < (14 Cls(e /wsoe

Using the fact that for every z € R?,

we infer that the gradient term can be expressed as

(DTS(E)( T (@ ))) WE( T ))

_ /Q (Id + s(2)VE() Vs (e ‘ |det DT,y ()] da

dx

~W@wf®=ﬁ
Q

Q

2

:/ <Z(—s(s)vg)k> Ve (x)| |det DTy (2)] do

Q1 \k=0

<(1+Cls( /|w8 2 da,

where we use (4.59) and a straightforward computation involving the geometrical series. Therefore, the constant
C only depends on § and &. Altogether, we deduce

1
lim sup / < |V<,b'5|2 + =9(Pe) dz < lim (1 + C'|s(g)|) lim sup / |V<pg| + 1/)((,05)
o Ja 2 € eNO N

< co Po(E¥), (4.61)

as (¢c)e>0 was the recovery sequence for ¢ of Theorem 4.10.
Now, we consider the eigenvalue term of the cost functional J¢. Due to Theorem 4.10, we already know

limsup AJ7%° < AV#) (4.62)
N0 J J
for j =1,...,1. In the following, to provide a cleaner presentation, we will write & := i;. We intend to show that

there exists a sequence ((c))e>0 (that may depend on k) with

I =1,
limase) =
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such that for all € > 0 small enough

QAT < AP (4.63)
Using (4.62) this then directly gives
lim sup A;7%e < A% (4.64)
eNO0

So for € > 0 let us consider the Courant—Fischer characterization of )\fe which due to Theorem 3.2 reads as

A7° = max min

{fQVv| dx—f—fQ (pe) |v| dz (4.65)
VeSk_1

Jo \v| dx

v e VEE® 0 gL,
v#0 .

Now let us choose the subspace
Vi, = { (wf o T [det Tuoy | (wF2, 0 Togey ) [det Tugy |} © L2(9).
As the family of eigenfunctions
We = {w‘fs, wk 1} c L*(Q)

is linearly independent, V. C L?(2) is indeed a (k — 1)-dimensional subspace. Hence, we infer from (4.65) that

AT > min{ fﬂ |Vv\ dx—|—fQ (¢e) |U| dx
Jo |v| dz

ve V™ a H(@),
v#0 '

Now we want to show that

s Jo IVl dx+fg (ge) o dz| v € V2@ B (@),
fQ |U| dz v#0

>min{fn|V(’U°Te(s>)| dz + [obe(pe) [0 o Ty du
Jolvo Ty | dx

(4.66)

v e WHE @ A HH(Q),
v#0 .

To verify this, denote with 0 # v € VL L@ 1 H} () a function at which the minimum in the first line is
attained. Then, by the transformation formula it holds form=1,...,k—1

0 —/Q (w% o Ty(e) ) ’deth(E ’ de = /Q (v OTS(E)) whe da.
As we additionally know T (9€2) = 0, the function

0# (ToTy) e WA A H(©@)



PHASE-FIELD METHODS FOR SPECTRAL SHAPE AND TOPOLOGY OPTIMIZATION 49
is admissible and, per construction, (4.66) holds. For any arbitrary v € Hg (), we find that
2 T 2
|V (voTy) (@)| da = ‘(Id + s(e)VE(x))" Vo (Tse (x))’ dz
Q

>(1-Cls( /]w o @) d,

with a constant C' > 0 depending only on é and &. Hence, invoking the transformation theorem and using (4.59),
we conclude for the remaining terms in (4.66) that

. {wvoT e+ fybelp) [vo Ty [

ve W@ A gL, }

fQ”UOTSS)| dz v#0
> (1 - C|s(e)|) min fQ‘VU| d.%‘—l—fQ (Pe |'U| dz|v e WJ‘L () ﬁH (), .
- fQ |U| dz v#0

Combining all the previous computations and recalling that W, is the space spanned by the first £ — 1 eigen-
functions corresponding to ¢. = @, © TS(E), we use Theorem 3.2 to conclude (4.63) with a(e) := (1 — C|s(e)]),
and we eventually arrive at (4.64).

Finally, we use the monotonicity of ¥ from Assumption (A8) along with (4.61) to deduce

limsup J(p:) < J°().
eN0

This completes the proof. O

Remark 4.11. Assume that the sets Sy and S; are compactly contained in the design domain €2 (i.e., Sy, 51 C
Q). Then, the minimization of J¢ implicitly enforces the Neumann boundary condition % =0 on 0N. As
discussed in Section 2, we could alternatively impose the Dirichlet condition p. = —1 on 992 which does not
change the line of reasoning of the current section but produces a different limiting cost functional for € — 0 in
which a term penalizing the energy of transitions from ¢g = 1 to 99 = —1 when approaching 92 needs to be
added; see [50] for a detailed discussion. In Figure 8, we show a numerical example where the Dirichlet condition
we = —1 on 0N is explicitly imposed in order for the boundary of €2 to act as an obstacle.

5. NUMERICAL COMPUTATIONS

In this section, we validate our approach by presenting several numerical examples. In Section 5.1, we describe
the methods we use for the numerical approximation of a solution to (PZD"E) or (PZN’E), respectively. In Section 5.2,
we study the solutions to some standard examples with known analytical solution to fix the parameters b. and
c. in our approach. Thereafter, in Section 5.3, we show further capabilities of our proposed method by solving
problems whose solution is analytically unknown.

5.1. The numerical realization

To discretize (’P,D’E) and (P,N ©), we use standard piecewise linear and globally continuous finite elements,
provided by the finite element toolbox FEniCS [4, 43], for all appearing functions to obtain finite dimensional
approximations ¢" of ¢ and w! of w;, where i corresponds to the index of the eigenvalue. The finite dimensional
variants of the state equations (2.7) and (2.8) are solved by the eigenvalue solver SLEPc [42] provided by PETSc
[11, 12] to obtain approximate eigenvalues )\? and ,u?. The optimization problems (”PZD “) and (PlN ©) are treated
by the VMPT method, see [15]. This method can be understood as an extension of the projected gradient method
to non-reflexive Banach spaces. In our setting, we consider ¢ € H*(Q) N L> (). As part of this method we need
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to solve projection-type subproblems, that have the form of linear-quadratic optimization problems. These are
solved using the package IPOPT, see [57].

Since the phase field ¢" changes its value between —1 and 1 over a length-scale of size ¢, a very high resolution
of certain parts of the computational domain is required. Here, we use locally refined meshes. For given € > 0,
we fix the mesh parameter hyi, as Amin = se, with s &~ 0.08. This leads to about 12 cells over a length of .
We start the optimization with a very coarse mesh and use the VMPT method until convergence to a numerical
solution (" occurs. Thereafter, we adapt the mesh and refine all cells K with diameter larger than h,,;, which
satisfy " (K,,)| < 0.99 (where K,,, denotes the midpoint of K), whereas cells that satisfy |o"(K,,)| > 1.0 are
coarsened. We then optimize again on the the new mesh. This loop is executed until no refinement is performed
during the adaptation step. Alternative concepts for local error estimation might be used, e.g., residual based
error estimation or dual weighted residuals, but we stress that, in any case, a high resolution of the interface
|o"| < 0.99 is required for successful numerical calculations.

We point out that for small values of ¢ and ~, the interfaces tend to become very thin and thus, starting
with a coarse mesh is numerically not feasible. In this situation a homotopy starting from larger values for ~ is
used. We choose v as homotopy parameter because v can be varied over larger scales than .

5.2. Fixing model parameters

The considered optimization problems (PID’S) and (”PZN “) involve several parameters that need to be chosen.
Here, we fix some of them, and we will stick to this choice unless stated differently. We fix Q = (0,1)¢, d € {2, 3},
fQ “’;1 = (1/2)%9Q), i.e., f1 = fo = —0.5if d = 2 and By = B2 = —0.75 if d = 3, and start from a constant initial
value . Moreover, we use ¢ = 0.02,7 = 1 and o(¢) = 2(1 — ¢?) as the regular part of the potential 1.

The phase field approximations (2.7) and (2.8) involve three model functions, namely a. (), be(¢), and c.(¢).
Here we make the following settings

o We fix a.(¢) = 155¢ + 142, meaning that a.(1) =1 and a.(—1) =e.

o We fix c.(p) = 15 ¢+ 15 with some ¢ > 0, meaning that c.(1) = 1 and c.(—1) = ce. In case we consider
Dirichlet boundary data we fix ¢ = 1.

o We fix b.(¢) = b5 with some b > 0, meaning that b.(1) = 0 and b.(—1) = =55.

2e4/3 €

We note that, in the following, the rate ¢*/3 appearing in b, leads to a common choice for b independent of .
In summary, in case that we apply Dirichlet boundary data, we have one unknown parameter, namely b, and
in case that we use Neumann boundary data, we have one unknown parameter, namely c.

Remark 5.1. In case of Dirichlet boundary data, we could potentially set a.(¢) = c.(¢) = 1 as stated in
Assumption (A2). However, in this setting, we experienced when solving the minimization problem that the
shape tends to attain the form of one large ball, even in cases where, for instance, two balls are the optimal solu-
tion. Nevertheless, using a.(—1) = € and ¢.(—1) = ce as introduced above does not conflict with the assumptions
made in Section 2.3. Hence, the analytical results obtained in Section 3 are valid in the current setting.

Functions like a. are often chosen as polynomials to mimic the SIMP approach (see, e.g., [51]). However,
during the minimization process such an approach would lead to very thin interfaces that can barely be resolved
by a finite element mesh. As we solve a minimization problem, the final shape of the interface is adjusted in an
optimal way in terms of the chosen parameter functions.

Fixing b for Dirichlet boundary data. To fix b we solve the minimization problem related to minimizing
the first eigenvalue A\; for the Laplace operator with Dirichlet boundary data for sequences of b and €. The
analytical result is given by Theorem 5.2 which is known as the Faber-Krahn theorem.

Theorem 5.2 (Faber—Krahn, cf. [38], Thm. 3.2.1). The minimum of A\ (D) among all bounded open sets
D C R?, d € N, with given volume is achieved by one ball.

In Table 1, we present the first four analytical eigenvalues on one ball of the given volume and, for later
reference, on two balls with the given volume in sum.
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TABLE 1. The first eigenvalues of the Laplace operator with Dirichlet boundary condition in

two dimensions on a ball of volume i and on two balls of volume % each, and in three dimensions

on a ball of volume % and two balls of volume f each. The value 7 denotes the radius of one
ball. We refer to Proposition 1.2.14 in [38] on how to compute these values.

2D, |D| = ; 3D, |D| = ¢

one ball two balls one ball two balls

, 1 1 af 3 s/ 3
4w 81 327 64m

A1 72.67 145.34 102.59 162.84
Ay 184.50 145.34 209.86 162.84
Az 184.50 369.00 209.86 333.14
Mg 33143 369.00 209.86 333.14

%00 400 500 600 700 800
b

FIGURE 2. The relative error n? = |[(A; — A?)|/A\1 when minimizing A\; in two dimensions for
several values of b and e. Here b.(—1) = be—*/3.

We solve the minimization problem related to Theorem 5.2 for b € {300,400, 500, 550, 600, 700,800} and
e € {0.04,0.02,0.01,0.005} and compare the numerically found eigenvalue A\ to the analytical known values \;
provided in Table 1. The relative errors 7 := |A; — A?|/\; are presented in Figure 2. From Figure 2, we obtain
that for the scaling b(—1) = be—*/3 the choice of b = 550 is optimal in this situation and thus, in the following,
we fix b = 550.

For ¢ = 0.02 and b = 550, the eigenfunction w? " related to the eigenvalue \? approximates the analytical
wP with a relative error ||wf — wlD’hHLz(Q)/leDHLz(Q) =12 x 10~%. Here, w? is a scaled Bessel function, see
Proposition 1.2.14 of [38]. It is extended to the whole computational domain  with the constant value zero.

We validate our choice by solving the optimization problem related to A2 and Az for ¢ = 0.02. The global
optimal solutions are stated in Theorem 5.3 and Theorem 5.4.

Theorem 5.3 ([38], Thm. 4.1.1). The minimum of A2(D) among all bounded open sets D C R?, d € N, with
given volume is achieved by the union of two identical disjoint balls.

Theorem 5.4 ([38], Cor. 5.2.2). The minimum of A\3(D) among all bounded open sets D C R?, d € {2,3}, with
given volume is achieved by one ball.

Remark 5.5 (Eigenvalues with multiplicity larger one). In the situation of Theorem 5.2, A2 has multiplicity
two, while in the situation of Theorem 5.4, A3 has multiplicity equal to the spatial dimension. If eigenvalues have
multiplicity larger one, the corresponding gradient is no longer unique and depends on the random ordering
that the eigenvalue solver provides for these identical eigenvalues. This problem can be detected by considering
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TABLE 2. Analytical and numerically found eigenvalues related to minimizing A, k € {1,2, 3}
in two and three spatial dimensions. Here \; denotes the analytical value of the k-th eigenvalue,
Al denotes the numerical found approximation of this value and 7} := [\, — A?|/\ denotes
the related relative numerical error.

2D, {p > 0} = ; 3D, [{y >0} = §
Ak Ak m Ak Ak Ut
7267 7268  1x107% 10259 10143 113 x 104

k
1
2 14534 143.16 150 x 107* 162.84 162.40 27 x 10~*
3 184.50 183.53 54 x 107* 209.86 209.21 31 x 1074

FIGURE 3. The optimal shape for minimization of \;, i = 1,2,3,5 (left to right) is presented by

the zero level line of " black in each case, while the value of the corresponding eigenfunction
wiD i shown in gray scale. The gray outer domain corresponds to wlp’h ~ 0. Note that in the
case of minimizing Mg, there is a second eigenfunction (to same eigenvalue) that is supported
on the bottom circle, while in the case of minimizing Az, there is a second eigenfunction (to

same eigenvalue) that is rotated by 90°.

the relative difference of subsequent eigenvalues during the optimization run. If this problem is detected for
an eigenvalue of multiplicity two, we modify the objective functional to minimize the arithmetic mean of these
equal eigenvalues. As both eigenvalues are equal, this does not change the value attained by the objective at
the current local optimum. We stress, that changing the objective functional in advance does lead to a different
optimization problem and thus, we typically obtain different local minimizers. We also refer to Section 4.5 of
[49] for more details.

In practice, we notice that this modification does not work for eigenvalues with a multiplicity larger than two.
This is because it is rather unlikely, that the pairwise relative difference of more than two eigenvalues becomes
small at the same time and thus jointly trigger the modification of the objective. In this situation, the above
modification actually changes the objective and we would thus solve a different problem. This situation appears,
for instance, when minimizing A3 in three spatial dimensions, where Ao = A3 = A4 holds for the optimal shape,
namely a ball. Luckily, in this situation, by solving the modified optimization problem we still detect the correct
minimizer predicted by Theorem 5.4 if ~ is initially chosen sufficiently large and decreased subsequently.

The global optimal solutions are successfully found in two and three spatial dimensions. In Figure 3 we show
optimal shapes for minimizing A;, ¢ = 1,2,3 in two spatial dimensions. We note, that in case of minimizing A3
there also is an attracting local minimum, containing three small balls. Here, we need to start with a large value
of v = 10 to guide the optimization process to the correct global optimum in combination with a homotopy of
decreasing values for vy towards v = 1. Moreover, in three dimensions we need to substitute the minimization
problem for A3 by %()\2 + A3 + A\4) to deal with the multiple eigenvalue. In two dimensions this problem is
handled as described in Remark 5.5. The correct topologies are found and in Table 2, we present our numerical
results in terms of the eigenvalues that we obtained.
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FIGURE 4. The zero level lines of " for minimizing p; with v € {10%,10%,10'} (left) and with
v € {10°,107%,1072,1073} (right). We observe that a large value of ~ leads to a circle and that
decreasing v allows the optimizer to find topologies with longer boundaries.

One additional example with known solution. As another example for which a reference solution exists,
we consider the minimization of As. From Figue 11.1 of [9] we expect a butterfly-like shape and the proposed
eigenvalue is A5 = 312.60. In contrast to the simulation above, we use v = 0.1 to get closer to the features
of the butterfly. In Figure 3 (right), we show our numerically obtained shape together with the corresponding

eigenfunction w5D’h. We obtain the eigenvalue A2 = 311.59. The normalized amplitude of w5D’h is ||w5D’h||Loo(Q) =

3.94, while the amplitude of w?’h on the zero-level line of " is of order ||w?’h||Lm({<ph:0}) = 0.50. We point
out that the result proposed in Figure 11.1 of [9] is more pronounced in the middle part and also on the left
and right there are additional small deflections.

Fixing ¢ for Neumann boundary data. Here we proceed as in the case of fixing b. We solve the correspond-
ing maximization problem for u; for ¢ € {0.2,0.15,0.1,0.05} and e € {0.04,0.02,0.01,0.005} on © = (0,1)%. In
this situation, the optimal shape is a disc of radius r = 1/1/(4x) with first eigenvalue 1 = 42.6002. This can
be obtained from Proposition 1.2.14 of [38].

For the sake of brevity, we omit the presentation of relative errors as in Figure 2 and just state that we
observe that ¢ = 0.1 is a good choice independent of e. In the following, we fix ¢ = 0.1.

5.3. Numerical examples without known solution

In the following, we investigate some numerical examples where the analytical solution is unknown in order
to show the strength of our approach in finding unknown shapes with a priori unknown topologies. We also
remark that the boundary of 2 acts as an obstacle which can be seen in several computations below. We refer
to [36, 41] for more information on obstacle type problems for eigenvalues.

Minimization of u;. As discussed above, the mazimization of uy leads to a disc. Now we ask for the optimal
shape and topology when minimizing p; on = (0,1)2. In Figure 4, we present the found optimal topology and
the influence of v on the result by showing the iterates for a homotopy reducing v from 10® to 1073. In Figure 5,
we present the first three corresponding non-trivial eigenfunctions on the optimal topology for v = 1073, We
observe that the boundary of Q2 might act as an obstacle for the shape optimization problem.

Mixing minimization and maximization. In this example, we consider the minimization of a weighted sum
of eigenvalues. Especially, we consider weights with different signs which leads to simultaneous minimization
and maximization of certain eigenvalues. In Figure 6, we present numerical results for the objective J* =
M + E%92(¢p) and in Figure 7, we present numerical results for the objective J* = 12‘“71# +10E%9%(p).

Influences from . As stated in Theorem 5.2, the minimizer of the first eigenvalue is one single disc of
diameter d = 24/1/(47) = 0.56. Here, we show the optimal shape in the case that this ball does not fit into the
computational domain. This leads to an obstacle like problem where the boundary of € acts as an obstacle, see
also Section 3.4 of [38].
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W

FIGURE 5. When minimizing p1 we obtain the shape that is indicated by black lines, which is
the zero-level line of ". From left to right, we show the first three (non-trivial) eigenfunctions
w{v’h, wév’h, and wév’h on this shape. Here, gray corresponds to wfv’h =~ 0. By our approach, the
eigenfunctions are defined on the complete domain €2, and as we are considering the Neumann
case, they do not degenerate on the complement of the shape. The corresponding eigenvalues

are puf = 0.40, uh = 67.55, and puf = 68.23. In this example we chose v = 1073.

LI}

FI1GURE 6. Optimal shapes for an example of mixed minimization and maximization, namely
JN = M + E%92(y). The optimal shape is indicated by the zero-level line of " in black, and

we show wlD’h, wQD’h, and wf’h in gray scale (left to right). Gray indicates the zero level of the

eigenfunctions. The corresponding eigenvalues are \? = 81.32, A} = 161.01, and \} = 255.42.

¢ */

FIGURE 7. Optimal shapes for an example of mixed minimization and maximization, namely
Ji = Lzhs—pa 4 10F0-92(4). The optimal shape is indicated by the zero-level line of ¢" in
black, and we show wiv’h, wév’h, and wév’h in gray scale (left to right). Gray indicates the zero
level of the eigenfunctions. The corresponding eigenvalues are pf = 12.94, uf = 56.94, and

ug = 115.27. Here, the eigenfunctions wfv’h, 1 =1,2,3, are plotted only on the actual shape.
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FIGURE 8. The optimal shapes for minimizing A; on the rectangular domain ©; = (0.0,2.5) x
(0.0,0.4) (left) and the L-shaped domain Qs = (0,1.45)%\(0.4,1.45)? (right). The shapes are
indicated by the zero level line of ¢” in black and we show the corresponding first eigenfunction
wf)’h in grayscale. Gray indicates the zero level of wf)’h. We show only the relevant part of the
computational domain. The corresponding eigenvalues are ! (1) = 85.54 and A} (Qs) = 77.13.
A disc of the same size would lead to \; = 72.68 as stated in Table 2.

FIGURE 9. Numerically obtained optimal shapes in gray for minimizing A;. On the left we fix
the domains inside the gray boxes as part of the shape, i.e., ¢ = 1, while on the right we fix
the black domains to be void, i.e., " = —1.

We consider two cases, namely ©; = (0.0,2.5) x (0.0,0.4) which is a rectangular domain of height 0.4 < d,
and Qg = (0,1.45)%\(0.4,1.45)? which is an L-shaped domain. In both cases, a disc of diameter d ~ 0.56 does
not fit into the domain. In this example we fix ¢ = —1 on 92 to prevent the shape from touching the boundary.
In Figure 8 we present numerical results for the minimization of A; in this situation.

Prescribing parts of the optimal topology. Finally, we show another aspect of the flexibility of the
proposed approach. We present two examples, in which we a-priori fix certain parts of the design domain. In
Figure 9, we present numerical results obtained by either fixing some part of the domain as shape (left) or as
void (right). In both cases, we minimize A; and we fix v = 0.01.

Acknowledgements. Harald Garcke, Paul Hiittl and Patrik Knopf gratefully acknowledge the support by the
Graduiertenkolleg 2339 IntComSin of the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) —
Project-ID 321821685. Tim Laux has received funding from Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) under Germany’s Excellence Strategy — EXC-2047/1 — 390685813. The support is gratefully acknowledged.

REFERENCES

[1] G. Allaire, Shape Optimization by the Homogenization Method, Applied Mathematical Sciences. Springer-Verlag, New York
(2002).



56

2]
3]
(4]

(5]
(6]

[7]

(8]

(9]
(10]
(11]
(12]
[13]
(14]
(15]
(16]
(17]
(18]

(19]
20]

(21]
(22]
23]
(24]
(25]
[26]
27]
(28]
(29]
(30]
(31]

(32]

H. GARCKE ET AL.

G. Allaire and F. Jouve, A level-set method for vibration and multiple loads structural optimization. Comput. Methods Appl.
Mech. Eng. 194 (2005) 3269-3290.

G. Allaire, F. Jouve and A.-M. Toader, Structural optimization using sensitivity analysis and a level-set method. J. Comput.
Phys. 194 (2004) 363-393.

M. Alnes, J. Blechta, J. Hake, A. Johansson, B. Kehlet, A. Logg, C. Richardson, J. Ring, M. Rognes and G. Wells, The
FEniCS Project Version 1.5. Arch. Numer. Softw. 3 (2015) 10.11588/ans.2015.100.20553.

H.W. Alt, Linear Functional Analysis. Universitext, Springer-Verlag London, London (2016).

L. Ambrosio and G. Buttazzo, An optimal design problem with perimeter penalization. Calc. Var. Partial Differ. Equ. 1
(1993) 55-69.

L. Ambrosio, N. Fusco and D. Pallara, Functions of bounded variation and free discontinuity problems. Oxford Mathematical
Monographs, The Clarendon Press, Oxford University Press, New York (2000).

P.R.S. Antunes and P. Freitas, Numerical optimization of low eigenvalues of the Dirichlet and Neumann Laplacians. J. Optim.
Theory Appl. 154 (2012) 235-257.

P.R.S. Antunes and E. Oudet, Numerical results for extremal problem for eigenvalues of the Laplacian, in Shape Optimization
and Spectral Theory. De Gruyter Open, Warsaw (2017), pp. 398—411.

H. Attouch, G. Buttazzo and G. Michaille, Variational analysis in Sobolev and BV spaces. MOS-SIAM Series on Optimization,
vol. 17, 2nd edn., Society for Industrial and Applied Mathematics (SIAM), Philadelphia, PA; Mathematical Optimization
Society, Philadelphia, PA (2014).

S. Balay, S. Abhyankar, M. Adams, J. Brown, P. Brune, K. Buschelman, L. Dalcin, V. Eijkhout, W. Gropp, D. Kaushik,
M. Knepley, D. May, L.C. Mclnnes, R.T. Mills, T. Munson, K. Rupp, P. Sanan, B. Smith, S. Zampini, H. Zhang and H. Zhang,
PETSc Users Manual. Tech. Rep. ANL-95/11 - Revision 3.9. Argonne National Laboratory (2018).

S. Balay, W.D. Gropp, L.C. Mclnnes and B.F. Smith, Efficient management of parallelism in object-oriented numerical software
libraries, in E. Arge, A.M. Bruaset and H.P. Langtangen (editors), Modern Software Tools for Scientific Computing. Birkh&user
Press (1997) 163-202.

M.P. Bendsoe and O. Sigmund, Topology Optimization: Theory, Methods and Applications. Springer (2004).

L. Blank, H. Garcke, M.H. Farshbaf-Shaker and V. Styles, Relating phase field and sharp interface approaches to structural
topology optimization. ESAIM: COCV 20 (2014) 1025-1058.

L. Blank and C. Rupprecht, An extension of the projected gradient method to a Banach space setting with application in
structural topology optimization. STAM J. Control Optim. 55 (2017) 1481-1499.

J.F. Blowey and C.M. Elliott, The Cahn-Hilliard gradient theory for phase separation with nonsmooth free energy. I.
Mathematical analysis. Fur. J. Appl. Math. 2 (1991) 233-280.

B. Bogosel and E. Oudet, Qualitative and numerical analysis of a spectral problem with perimeter constraint. STAM J. Control
Optim. 54 (2016) 317-340.

B. Bogosel and B. Velichkov, A multiphase shape optimization problem for eigenvalues: qualitative study and numerical results.
SIAM J. Numer. Anal. 54 (2016) 210-241.

B. Bourdin, D. Bucur and E. Oudet, Optimal partitions for eigenvalues. STAM J. Sci. Comput. 31 (2009/10) 4100-4114.

D. Bucur and G. Buttazzo, Variational methods in shape optimization problems. Vol. 65 of Progress in Nonlinear Differential
Equations and their Applications. Birkhduser Boston, Inc., Boston, MA (2005).

D. Bucur, G. Buttazzo and A. Henrot, Minimization of A2(2) with a perimeter constraint. Indiana Univ. Math. J. 58 (2009)
2709-2728.

M. Burger, B. Hackl and W. Ring, Incorporating topological derivatives into level set methods. J. Comput. Phys. 194 (2004)
344-362.

G. Buttazzo and G. Dal Maso, Shape optimization for Dirichlet problems: relaxed formulation and optimality conditions. Appl.
Math. Optim. 23 (1991) 17-49.

G. Buttazzo and G. Dal Maso, An existence result for a class of shape optimization problems. Arch. Ratl. Mech. Anal. 122
(1993) 183-195.

G. Dal Maso, An introduction to I'-convergence. Progress in Nonlinear Differential Equations and their Applications, vol. 8.
Birkhduser Boston, Inc., Boston, MA (1993).

G. Dal Maso and F. Murat, Asymptotic behaviour and correctors for Dirichlet problems in perforated domains with
homogeneous monotone operators. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 24 (1997) 239-290.

G. De Philippis, J. Lamboley, M. Pierre and B. Velichkov, Regularity of minimizers of shape optimization problems involving
perimeter. J. Math. Pures Appl. (9) 109 (2018) 147-181.

G. De Philippis and B. Velichkov, Existence and regularity of minimizers for some spectral functionals with perimeter
constraint. Appl. Math. Optim. 69 (2014) 199-231.

M.C. Delfour and J.-P. Zolésio, Uniform fat segment and cusp properties for compactness in shape optimization. Appl. Math.
Optim. 55 (2007) 385-419.

L.C. Evans, Partial Differential Equations. Graduate Studies in Mathematics, vol. 19, 2nd edn. American Mathematical Society,
Providence, RI (2010).

H. Garcke and C. Hecht, Shape and topology optimization in Stokes flow with a phase field approach. Appl. Math. Optim. 73
(2016) 23-70.

H. Garcke, C. Hecht, M. Hinze, C. Kahle and K.F. Lam, Shape optimization for surface functionals in Navier-Stokes flow using
a phase field approach. Interfaces Free Bound. 18 (2016) 219-261.


https://doi.org/10.11588/ans.2015.100.205532

(33]
(34]
(35]
(36]
(37]
(38]

39]
[40]

[41]
42]
[43]
44]
(45]

[46]
[47]

(48]

[49]
(50]
[51]
[52]
(53]
(54]
(53]
[56]
[57]

(58]

PHASE-FIELD METHODS FOR SPECTRAL SHAPE AND TOPOLOGY OPTIMIZATION 57

H. Garcke, P. Hiittl and P. Knopf, Shape and topology optimization including the eigenvalues of an elastic structure: a
multi-phase-field approach. Adv. Nonlinear Anal. 11 (2022) 159-197.

D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Classics in Mathematics. Springer-
Verlag, Berlin (2001), reprint of the 1998 edition.

E. Gonzalez, U. Massari and I. Tamanini, On the regularity of boundaries of sets minimizing perimeter with a volume constraint.
Indiana Univ. Math. J. 32 (1983) 25-37.

E.M. Harrell, II, P. Kréger and K. Kurata, On the placement of an obstacle or a well so as to optimize the fundamental
eigenvalue. SIAM J. Math. Anal. 33 (2001) 240-259.

C. Hecht, Shape and topology optimization in fluids using a phase field approach and an application in structural optimization,
Ph.D. thesis. Universitit Regensburg (2014).

A. Henrot, Extremum Problems for Eigenvalues of Elliptic Operators, Frontiers in Mathematics, Birkhaduser Verlag, Basel
(2006).

A. Henrot, Shape Optimization and Spectral Theory, De Gruyter Open Poland (2017).

A. Henrot and M. Pierre, Shape variation and optimization. EMS Tracts in Mathematics, vol. 28, European Mathematical
Society (EMS), Ziirich (2018).French publication [MR2512810] with additions and updates.

A. Henrot and D. Zucco, Optimizing the first Dirichlet eigenvalue of the Laplacian with an obstacle. Ann. Sc. Norm. Super.
Pisa Cl. Sci. (5) 19 (2019) 1535-1559.

V. Hernandez, J.E. Roman and V. Vidal, SLEPc: A scalable and flexible toolkit for the solution of eigenvalue problems. ACM
Trans. Math. Software 31 (2005) 351-362.

A. Logg, K.-A. Mardal and G. Wells (editors), Automated Solution of Differential Equations by the Finite Element Method
— The FEniCS Book. Lecture Notes in Computational Science and Engineering, vol. 84. Springer (2012).

F. Maggi, Sets of finite perimeter and geometric variational problems. Cambridge Studies in Advanced Mathematics, vol. 135.
Cambridge University Press, Cambridge (2012).

L. Modica, The gradient theory of phase transitions and the minimal interface criterion. Arch. Ratl. Mech. Anal. 98 (1987)
123-142.

L. Modica and S. Mortola, Un esempio di I' " -convergenza. Boll. Un. Mat. Ital. B (5) 14 (1977) 285-299.

F. Murat and S. Simon, Etudes de problémes d’optimal design, in Lecturenotes in Computer Science, vol. 41. Springer Verlag,
Berlin (1976), pp. 54-62.

E. Oudet, Quelques résultats en optimisation de forme et stabilization. Prépublication de I’Institut de Recherche Mathématique
Avancée [Prepublication of the Institute of Advanced Mathematical Research], vol. 2002/36, Université Louis Pasteur,
Département de Mathématique, Institut de Recherche Mathématique Avancée, Strasbourg (2002), theése, I'Université de
Strasbourg I (Louis Pasteur), Strasbourg, 2002.

E. Oudet, Numerical minimization of eigenmodes of a membrane with respect to the domain. ESAIM: COCV 10 (2004)
315-330.

N.C. Owen, J. Rubinstein and P. Sternberg, Minimizers and gradient flows for singularly perturbed bi-stable potentials with
a Dirichlet condition. Proc. Roy. Soc. London Ser. A 429 (1990) 505-532.

N.L. Pedersen, Maximization of eigenvalues using topology optimization. Struct. Multidiscip. Optim. 20 (2000) 2-11.

F. Rindler, Calculus of variations, Universitext. Springer, Cham (2018).

S. Schmidt and V. Schulz, Shape derivatives for general objective functions and the incompressible Navier—Stokes equations.
Control Cybern. 39 (2010) 677-713.

J. Simon, Differentiation with respect to the domain in boundary value problems. Numer. Funct. Anal. Optim. 2 (1980)
649-687.

J. Sokolowski and J.-P. Zolesio, Introduction to Shape Optimization: Shape Sensitivity Analysis. vol. 16 of Springer Series in
Computational Mathematics. Springer-Verlag Berlin Heidelberg (1992).

P. Sternberg, The effect of a singular perturbation on nonconvex variational problems. Arch. Ratl. Mech. Anal. 101 (1988)
209-260.

A. Wiéchter and L.T. Biegler, On the implementation of an interior-point filter line-search algorithm for large-scale nonlinear
programming. Math. Program. 106 (2006) 25-57.

E. Zeidler, Nonlinear functional analysis and its applications, I: Fixed-point theorems. Springer-Verlag, New York (1986).

Please help to maintain this journal in open access!

This journal is currently published in open access under the Subscribe to Open model
(S20). We are thankful to our subscribers and supporters for making it possible to publish
this journal in open access in the current year, free of charge for authors and readers.

Check with your library that it subscribes to the journal, or consider making a personal
donation to the S20 programme by contacting subscribers@edpsciences.org.

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Phase-field methods for spectral shape and topology optimization
	1 Introduction
	2 Formulation of the problem
	2.1 The design domain and the phase-field variable
	2.2 The Ginzburg{rotect --}Landau energy
	2.3 The approximate eigenvalue problems
	2.4 The sharp interface limit
	2.5 The optimization problems

	3 Analysis of the diffuse interface problem
	3.1 The state equations and their properties
	3.2 First order optimality conditions

	4 Sharp interface asymptotics for the dirichlet case
	4.1 The limit problem and its properties
	4.2 Sharp interface limit of the optimal control problem

	5 Numerical computations
	5.1 The numerical realization
	5.2 Fixing model parameters
	5.3 Numerical examples without known solution


	References

