
ESAIM: COCV 29 (2023) 38 ESAIM: Control, Optimisation and Calculus of Variations
https://doi.org/10.1051/cocv/2023031 www.esaim-cocv.org

STABILITY OF INVERSE SOURCE PROBLEM FOR A

TRANSMISSION WAVE EQUATION WITH MULTIPLE

INTERFACES OF DISCONTINUITY∗

Zifan Jiang1,2 and Wensheng Zhang1,2,**

Abstract. In this paper, we consider a transmission wave equation in N embedded domains with
multiple interfaces of discontinuous coefficients in R2. We study the global stability in determining
the source term from a one-measurement data of wavefield velocity in a subboundary over a time
interval. We prove the stability estimate for this inverse source problem by a combination of the local
hyperbolic/elliptic Carleman estimates and the Fourier-Bros-Iagolniter transformation. Our method
could be generalized to general dimensions since the weight functions and Carleman estimates are
independent of the dimensions.
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1. Introduction

Let Ωk (k = 1, 2, · · · , N) be a series of bounded connected open sets in R2. For 1 ≤ k ≤ N − 1, we assume
that (1) Ωk ⊂ Ωk+1; (2) The boundary of Ωk (denoted by Sk) is smooth and strictly convex, which means the
curvature is positive. We denote the inner (outer) side along Sk by S−k (S+

k ) and denote the jump of function u
across Sk by [u]Sk , i.e., [u]Sk = u

∣∣
S+
k

− u
∣∣
S−k

.

In this paper, we consider a wave equation with discontinuous principal coefficient

a(x) = ak, x ∈ Ωk \ Ωk−1, 1 ≤ k ≤ N,
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where ak are constants satisfying a1 > a2 > · · · > aN > 0 and Ω0 = ∅. More precisely, we consider the following
equation





∂2
t u(x, t)− a(x)∆u(x, t) = F (x, t), in Q := ΩN × (0, T ),

u = 0, in Σ := ∂ΩN × (0, T ),

u(x, 0) = ∂tu(x, 0) = 0, in ΩN ,

(1.1)

with the transmission conditions on the interfaces

[u]Sk =

[
a
∂u

∂nk

]

Sk

= 0, 1 ≤ k ≤ N − 1, (1.2)

where nk denotes the outward unit normal vector of Sk. If F ∈ L2(Q), then equation (1.1) has a unique weak
solution u ∈ C([0, T ];H1

0 (ΩN )) ∩ C1([0, T ];L2(ΩN )), see [23]. Here we note that for each F ∈ L2(Q), u solves
the equation

∂2
t u(x, t)− a(x)∆u(x, t) = F (x, t) in Q

if and only if, for each 1 ≤ k ≤ N , u solves

∂2
t u(x, t)− ak∆u(x, t) = F (x, t) in (Ωk \ Ωk−1)× (0, T ).

System (1.1)–(1.2) arises naturally in geophysics, more precisely, in seismic prospection of the Earth’s inner
layers. There is much interest in recovering coefficients or the source term from boundary measurements. Condi-
tion ak > ak+1 and the convexity of the interfaces Sk make the recovery be possible. In the case when ak < ak+1

or Sk is not convex, the rays coming from the inner domain may be trapped and fail to arrive at the exterior
boundary due to Snell’s law.

In [4], Baudouin et al. prove the Lipschitz stability for a one-measurement inverse problem of identifying
the coefficient in the zero-order term for N = 2, by using a global Carleman estimate and the method of
Bukhgeim-Klibanov (B-K) [13, 14, 21]. Later in [25], Riahi proves the Hölder stability for the inverse problem of
determining the spatial varied coefficient a(x) in the principle term by two measurements, under an assumption
that a(x) is a piecewise constant near the interface. For the one-dimension case, we refer to Bellassoued and
Yamamoto [8], in which the authors establish the global Carleman estimate for multiple interfaces. However,
the weight function they used cannot work in higher dimension.

The B-K method is powerful for the formulation with a finite number of observations, there are many works
on the uniqueness and the conditional stability, and the complete list is too long to be given here. To cite
some of them, for example, see Baudouin et al. [3], Bellassoued [5], Bellassoued and Yamamoto [7], Imanuvilov
and Yamamoto [18], where the key is to estabilish a global Carleman estimate for each problem. For further
details on the Carleman estimate for hyperbolic equations, see for example, see Bellassoued and Yamamoto
[8] and Imanuvilov [17]. On the other hand, for Carleman estimates for elliptic or parabolic equations with
discontinuous coefficients , we refer to Benabdallah, Gaitan and Le Rousseau [11, 12], and Le Rousseau and
Lerner [28].

In this article, we are interested in the case when there are more than one interface. Different from [4, 25], it is
difficult to find a weight function satisfying conditions (a)–(f) listed in Section 2 in the whole domain when N >
2, hence we cannot expect to establish a global Carleman estimate. We have to apply local Carleman estimates
which will inevitably create some remainder terms by using cut-off functions. In order to eliminate this remainder
terms, we then combine an elliptic Carleman estimate and Fourier-Bros-Iagolniter (FBI) transformation [26, 27]
which can turn the problem from hyperbolic case into elliptic one. Thus, the main achievements in this paper
is that we combine the local Carleman estimates and the FBI transformation rather than the global Carleman
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estimate to prove the conditional stability of our inverse source problem. We remark that the method in this
paper can work for general dimensions since the weight functions and Carleman estimates are independent of
the dimensions.

Bellassoued and Yamamoto [6] also use FBI transformation to establish a weak observation estimate which
shows the stability in the continuation of solutions from lateral boundary data on an arbitrarily small part
of boundary, and prove logarithmic stability in the inverse coefficient problem with single measurement of
arbitrarily small part of boundary data, provided that values of coefficients in neighborhood of the boundary
are known, see also [9]. By following their strategy, we can determine the source term in our problem by one
measurement of the solution on arbitrarily small part of boundary if the source term is known near the boundary.

1.1. Notations and the main theorem

Throughout this paper, for a function v = v(x, t) with x = (x1, x2) ∈ R2, t ∈ (0, T ), we use the following
notations:

∇v = (
∂v

∂x1
,
∂v

∂x2
), ∇x,tv = (

∂v

∂x1
,
∂v

∂x2
,
∂v

∂t
), D2(v) =

( ∂2v

∂xi∂xj

)
1≤i,j≤2

.

For a multi-index α = (α1, α2), α1, α2 ∈ N, and X ∈ R2, we define

|α| = α1 + α2,
∂αv

∂xα
=

∂|α|v
∂xα1

1 ∂xα2
2

, D2(v)(X,X) = XTD2(v)X,

where ·T denotes the transpose of matrices. For a function g : R → R, we denote g ◦ g(x) = g(g(x)) and
g ◦ g ◦ g(x) = g(g(g(x))) and so on.

We arbitrarily choose two points x0, x1 ∈ Ω1 and fix δ > 0 such that

B(x0, δ) ∪B(x1, δ) ⊂ Ω1, B(x0, δ) ∩B(x1, δ) = ∅.

Since SN−1 is convex, let y∗(x, xj) be the unique point of SN−1 ∩ {xj + λ(x− xj) : λ > 0}, (j = 0, 1) and n be
the outward unit normal vector of Γ := ∂ΩN . We define the observation region by

Γ̃ =

1⋃

j=0

{
x ∈ Γ : ∇(

|x− xj |2

|y∗(x, xj)− xj |2
) · n > 0

}
,

and set Σ̃ = Γ̃× (0, T ). In what follows, C > 0 denotes a generic constant which value may change from line to
line.

Theorem 1.1. Let u be the solution of (1.1)–(1.2). Suppose that the source term is given by F (x, t) =
f(x)R(x, t) satisfying

(1) |R(x, 0)| ≥ c0 > 0, (2) R ∈ H1
loc(R;L∞(ΩN )).

Then if the observation time T is large enough, there exist constants C > 0 and ν1, ν2 > 0 such that the following
estimate holds for all γ > 1

‖f‖2L2(ΩN ) ≤ Cγ
−ν1‖v‖2H2(0,T ;H1(ΩN )) + C g ◦ g ◦ · · · g︸ ︷︷ ︸

N−1

(γ)
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)
. (1.3)

where g(γ) = eν2γ , v = ∂tu is the velocity of wavefield u.
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By Theorem 1.1 we can readily derive the stability and uniqueness of the inverse problem.

Corollary 1.2. (Stability) Under the assumptions in Theorem 1.1, if v satisfy ‖v‖H2(0,T ;H1(ΩN )) < +∞ and

the observation data satisfy 0 ≤
∥∥ ∂v
∂n

∥∥
L2(Σ̃)

≤ 1, then we have

‖f‖2L2(ΩN ) ≤ C
( ( 1

ν2
ln
)
◦
( 1

ν2
ln
)
◦ · · ·

( 1

ν2
ln
)

︸ ︷︷ ︸
N−1

(
C +

1∥∥ ∂v
∂n

∥∥
L2(Σ̃)

))−ν1

×‖v‖2H2(0,T ;H1(ΩN )) + C
∥∥∥ ∂v
∂n

∥∥∥
L2(Σ̃)

. (1.4)

Proof. We can assume C is large enough and take

γ = (
1

ν2
ln) ◦ (

1

ν2
ln) ◦ · · · ( 1

ν2
ln)
(
C +

1∥∥ ∂v
∂n

∥∥
L2(Σ̃)

)
> 1.

Corollary 1.3. (Uniqueness) Under the assumptions in Theorem 1.1, if v satisfy ‖v‖H2(0,T ;H1(ΩN )) < +∞ and

the observation data ∂v
∂n = 0 on Σ̃, then the source term f(x) = 0 in ΩN .

The remainder of the paper is organized as follows. In Section 2, we give the local Carleman estimate for
both hyperbolic and elliptic cases. In Section 3, we prove the main result, i.e., Theorem 1.1. More particularly,
we show the controllability of the source term by the solution and the boundary data in Section 3.1. And
in Section 3.2, we show the controllability of the solution by the source term and the boundary data. Then
in Section 3.3, we mix them together and prove Theorem 1.1. Section 4 is devoted to proving the Carleman
estimate, i.e., Lemma 2.1.

2. Carleman estimate in an annulus

In this section we present the Carleman estimate for the hyperbolic/elliptic operators in annuluses Ωk \
Ωj (1 ≤ j < k − 1 ≤ N − 1) and Ωk \ Ω̂0 (2 ≤ k ≤ N). Here Ω̂0 is an arbitrarily fixed neighbourhood of x0

contained in Ω1. For consistency, we use the notation Ωk \Ωj for 0 ≤ j < k − 1 ≤ N − 1 and when we consider

the case j = 0, we are actually concerning about Ωk \ Ω̂0. For the following understanding, the (k, j) can be
regarded as being fixed.

In order to state the Carleman estimate, we need to choose a suitable weight function ψ(x, t) = d(x)− βt2,
β > 0 which satisfies some of the following conditions:

(a) ∃δ0 > 0, s.t. |∇ψ| ≥ δ0, ∀x ∈ Ωk \ (Ωj ∪ Sj+1 ∪ · · · ∪ Sk−1).

(b) [ψ]Si = [a
∂αψ

∂xα
]Si = 0, j < i < k, ∀|α| ≤ 3.

(c) a
∂ψ

∂ni
≥ δ0, ∀x ∈ Si, j < i < k.

(d) ψ(x, t0) is a constant along Si at any moment t = t0, i.e., ∃ci, s.t.
ψ(x, t) = ci − βt2, ∀x ∈ Si, j < i < k.

(e) ∃δ1 > 0, s.t. D2(ψ)(X,X) ≥ δ1|X|2, ∀x ∈ Ωk \ (Ωj ∪ Sj+1 ∪ · · · ∪ Sk−1);X ∈ R2.

(f) β < akδ1/2.
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Note that the condition (e) is valid for the two-dimensional case, but it could be generalized to general
dimensions with suitable convexity assumptions [4]. We further set ϕ(x, t) = eλψ(x,t) with λ > 0 and denote(
Ωk \ (Ωj ∪ Sj+1 ∪ · · · ∪ Sk−1)

)
× (−T, T ) by Qkj . We denote C3(Qkj ) the set of functions for which the third

derivative is continuous in Qkj . Notice that the weight function ψ(x, t) depends on (k, j). We have the following
Carleman estimate with this weight function.

Lemma 2.1.
(1) (hyperbolic case) If ψ(x, t) ∈ C

(
(Ωk \ Ωj)× (−T, T )

)
∩ C3(Qkj ) satisfies conditions (a)-(f), then there exist

constants λ > 0, s0 > 0 and C > 0 such that for all s > s0 and u ∈ H1
(
Qkj
)

satisfying ∂2
t u − a∆u ∈ L2(Qkj )

and





[u]Si =

[
a
∂u

∂ni

]

Si

= 0, j < i < k,

u = 0, on ∂Ωk × (−T, T ),

u = 0, in a neighbourhood of ∂Ωj ,

u(x,±T ) = ∂tu(x,±T ) = 0, in Ωk \ Ωj ,

(2.1)

the following estimate holds

∫ T

−T

∫

Ωk\Ωj
(s|∇x,tw|2 + s3|w|2 + |P1w|2)dxdt

≤ C
(∫ T

−T

∫

Ωk\Ωj
e2sϕ|∂2

t u− a∆u|2dxdt+

∫ T

−T

∫

∂̃Ωk

e2sϕ
∣∣∣ ∂u
∂nk

∣∣∣
2

dσdt
)
,

where w = esϕu, and

P1 = ∂2
t − a∆ + s2λ2ϕ2(|∂tψ|2 − a|∇ψ|2)

is a second-order linear operator, and ∂̃Ωk =
{
x ∈ ∂Ωk : ∂ψ

∂nk
> 0
}

.

(2) (elliptic case) If ψ(x, t) ∈ C
(
(Ωk \Ωj)× (−T, T )

)
∩C3(Qkj ) satisfies conditions (a)− (d), then there exist

constants λ > 0, s0 > 0 and C > 0 such that for all s > s0 and u ∈ H1
(
Qkj
)

satisfying ∂2
t u + a∆u ∈ L2(Qkj )

and (2.1), the following estimate holds

∫ T

−T

∫

Ωk\Ωj
e2sϕ(s|∇x,tu|2 + s3|u|2)dxdt

≤ C
(∫ T

−T

∫

Ωk\Ωj
e2sϕ|∂2

t u+ a∆u|2dxdt+

∫ T

−T

∫

∂̃Ωk

e2sϕ
∣∣ ∂u
∂nk

∣∣2dσdt
)
.

Remark 2.2. We give the following four remarks on Lemma 2.1.
(1) P1w in the hyperbolic case of Lemma 2.1 plays a role in resulting in Corollary 2.3. We will give the proof

of Lemma 2.1 in Section 4.
(2) In the case of multiple interfaces, the existence of the weight function satisfying conditions (a)-(f) is

still unknown. Or we can say it is hard to construct. However, we can construct a weight function satisfying
conditions (a)-(d). In the next Section 3, we will first apply the hyperbolic case of Lemma 2.1 to annulus
Ωk+1 \ Ωk−1 (1 ≤ k ≤ N − 1) in Section 3.1, namely an annulus with only one interface. Then in Section 3.2,
we will apply the elliptic case of Lemma 2.1 to annulus ΩN \ Ωk−1 (2 ≤ k ≤ N − 1), namely an annulus with
multiple interfaces.
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(3) In [4], the authors construct a weight function satisfying conditions (a)-(f) when there is only one interface
in the annulus. Let us consider annulus Ωk+1 \ Ωk−1 (1 ≤ k ≤ N − 1), since Sk is convex there is exactly one
point yk(x) such that

yk(x) ∈ Sk ∩
{
x0 + λ(x− x0) : λ > 0

}
.

We define the weight function

ψk(x, t) =





ak
|x− x0|2

|yk(x)− x0|2
− βt2 +M − ak, x ∈ Ωk+1 \ Ωk,

ak+1
|x− x0|2

|yk(x)− x0|2
− βt2 +M − ak+1, x ∈ Ωk \ Ωk−1,

(2.2)

where M is chosen to let ψk be positive. By Proposition 1 in [4] (p. 263), ψk satisfies conditions (a)–(e), and
we choose β = ak+1δ1/3 so that the condition (f) is satisfied.

(4) If we can construct a global weight function satisfying conditions (a)–(f) in the annulus with multiple
interfaces, then we can just follow the strategy in [4] to simplify the proof without using the FBI transformation
later applied in this paper and improve the stability rate in Theorem 1.1 further.

Corollary 2.3. If ψ(x, t) ∈ C
(
(Ωk \ Ωj) × (−T, T )

)
∩ C3(Qkj ) satisfies conditions (a)-(f), then there exist

constants λ > 0, s0 > 0 and C > 0 such that for all s > s0 and u ∈ H1
(
Qkj
)

satisfying ∂2
t u − a∆u ∈ L2(Qkj )

and (2.1), the following estimate holds

√
s

∫

Ωk\Ωj
|∂tw(x, 0)|2dx

≤ C
(∫ T

−T

∫

Ωk\Ωj
e2sϕ|∂2

t u− a∆u|2dxdt+

∫ T

−T

∫

∂̃Ωk

e2sϕ
∣∣∣ ∂u
∂nk

∣∣∣
2

dσdt
)
.

Proof. By integration by parts we can check that

∫ 0

−T

∫

Ωk\Ωj
P1w∂tw dxdt

=
1

2

∫

Ωk\Ωj
|∂tw(x, 0)|2dx− 1

2
s2λ2

∫ 0

−T

∫

Ωk\Ωj
|w|2∂t

(
ϕ2(|∂tψ|2 − a|∇ψ|2)

)
dxdt.

So

∫

Ωk\Ωj
|∂tw(x, 0)|2dx ≤

∫ T

−T

∫

Ωk\Ωj

1√
s
|P1w|2 +

√
s|∂tw|2 dxdt

+ Cs2

∫ T

−T

∫

Ωk\Ωj
|w|2 dxdt,

then by the hyperbolic case of Lemma 2.1 we complete the proof.
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3. Stability of the inverse source problem

In this section, we apply Lemma 2.1 to obtain Lipschitz stability of inverse source problem for (1.1). We take
the even extension of R and u to the interval (−T, T ). We call this function in the same way and let v = ∂tu,
then v(x, t) satisfies the following system





∂2
t v(x, t)− a(x)∆v(x, t) = f(x)∂tR(x, t), in ΩN × (−T, T ),

v = 0, on Γ× (−T, T ),

v(x, 0) = 0, ∂tv(x, 0) = f(x)R(x, 0), in ΩN ,

[v]Sk =

[
a
∂v

∂nk

]

Sk

= 0, 1 ≤ k ≤ N − 1.

In order to fulfil the condition of Lemma 2.1, we take a cut-off function η(t) ∈ C∞(R) which vanishes at t = ±T .
We let η(t) satisfy 0 ≤ η(t) ≤ 1 and

η(t) =

{
1, |t| ≤ 2T/3,

0, |t| ≥ 3T/4.

We then set y(x, t) = η(t)v(x, t) and it satisfies





∂2
t y(x, t)− a(x)∆y(x, t) = G(x, t) +H(x, t), in ΩN × (−T, T ),

y = 0, on Γ× (−T, T ),

y(x, 0) = 0, ∂ty(x, 0) = f(x)R(x, 0), in ΩN ,

[y]Sk =

[
a
∂y

∂nk

]

Sk

= 0, 1 ≤ k ≤ N − 1

(3.1)

where

G(x, t) = η(t)f(x)∂tR(x, t), H(x, t) = 2η′(t)∂tv + η′′(t)v.

Recall that x0 ∈ Ω1 and B(x0, δ) ⊂ Ω1. For x 6= x0 and 1 ≤ k ≤ N − 1, note that yk(x) is the unique point of
{x0 + λ(x− x0) : λ > 0} ∩ Sk. So Ωk can be represented by

Ωk =
{
x 6= x0 :

|x− x0|2

|yk(x)− x0|2
< 1
}
∪ {x0}.

Since Ωk−1 ⊂ Ωk (1 ≤ k ≤ N − 1), we can choose constant rk > 0 such that

Ωk−1 ⊂
{
x 6= x0 :

|x− x0|2

|yk(x)− x0|2
< 1− 6rk

}
∪ {x0} ⊂ Ωk.

We can further let r1 satisfy (since Ω0 is an empty set)

{
x 6= x0 :

|x− x0|2

|y1(x)− x0|2
< 1− 4r1

}
∪ {x0} ⊂ B(x0, δ). (3.2)
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x0

Ωk−1

Ωk

x

yk(x)

Ω1

Figure 1. The sketch map of the domain Dk(r) indicated with pink shaded area.

We define

Dk(r) :=
{
x 6= x0 :

|x− x0|2

|yk(x)− x0|2
< 1− r

}
∪ {x0}.

It is easy to see that Ωk−1 ⊂ Dk(ε2) ⊂ Dk(ε1) ⊂ Ωk for all 0 < ε1 < ε2 ≤ 6rk. Figure 1 is the sketch map of the
domain Dk indicated with the pink shaded area. The red circle in Figure 1 is determined by

|x− x0|2

|yk(x)− x0|2
= 1− r.

3.1. Control f(x) by y(x, t) and the boundary

First we present the following lemma.

Lemma 3.1. There exist constants C > 0, TN−1 > 0 and νN−1 ∈ (0, 1) such that

‖f‖2L2(ΩN\DN−1(4rN−1)) ≤ C
(
‖v‖2H1(Q) +

∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)1−νN−1
(∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)νN−1

for all T ≥ TN−1.

Proof. We take a cut-off function ξN−1(x) ∈ C∞(R2) satisfying 0 ≤ ξN−1 ≤ 1 and

ξN−1(x) =

{
1, x ∈ ΩN \DN−1(5rN−1),

0, x ∈ DN−1(6rN−1).
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Then we set zN−1(x, t) = ξN−1(x)y(x, t) and we have





∂2
t zN−1 − a∆zN−1 = ξN−1

(
η(t)f(x)∂tR(x, t) +H(x, t)

)
+ SN−1(x, t),

zN−1(x, 0) = 0, ∂tzN−1(x, 0) = ξN−1(x)f(x)R(x, 0),

[zN−1]SN−1
=

[
a
∂zN−1

∂nN−1

]

SN−1

= 0,

in annulus (ΩN \ ΩN−2)× (−T, T ) with the Dirichlet boundary condition

zN−1(x, t) = 0, (x, t) ∈ ∂(ΩN \ ΩN−2)× (−T, T ),

and SN−1(x, t) = −2a∇y · ∇ξN−1 − ay∆ξN−1 is supported in DN−1(5rN−1) \DN−1(6rN−1)× (−T, T ). In this
annulus, we take the weight function ψN−1(x, t) by (2.2) for k = N − 1. Here and henceforth we choose β in
the weight function satisfying condition (f) in Section 2. We further choose TN−1 satisfying

βT 2
N−1 ≥ 4

(
sup

x∈ΩN\ΩN−1

|x− x0|2

|yN−1(x)− x0|2
− 1
)
aN−1 + 20rN−1aN ,

then we have for all T ≥ TN−1,

ψN−1(x, t) ≤M − 5rN−1aN , ∀ T/2 < |t| < T, x ∈ ΩN \ ΩN−2.

We set ϕN−1 = eλψN−1 and wN−1 = esϕN−1zN−1. By Corollary 2.3, we know that there exist λ > 0, s0 > 0 and
C > 0 such that for all s > s0, we have

√
s

∫

ΩN\ΩN−2

|∂twN−1(x, 0)|2dx

≤ C
(∫ T

−T

∫

ΩN\ΩN−2

e2sϕN−1

(
|ξN−1(x)η(t)f(x)∂tR(x, t)|2 + |ξN−1(x)H(x, t)|2

+ |SN−1(x, t)|2
)

dxdt+

∫ T

−T

∫

Γ̃

e2sϕN−1

∣∣∣∂zN−1

∂n

∣∣∣
2

dσdt
)
.

(3.3)

Since |R(x, 0)| ≥ c0 > 0 and R ∈ H1
(
0, T ;L∞(ΩN )

)
, we have

√
s

∫

ΩN\ΩN−2

|∂twN−1(x, 0)|2dx =
√
s

∫

ΩN\ΩN−2

e2sϕN−1(x,0)|ξN−1(x)f(x)R(x, 0)|2dx

≥ c20
√
s

∫

ΩN\ΩN−2

e2sϕN−1(x,0)|ξN−1(x)f(x)|2dx,

and

∫ T

−T

∫

ΩN\ΩN−2

e2sϕN−1(x,t)|ξN−1(x)η(t)f(x)∂tR(x, t)|2dxdt

≤2‖R‖H1(0,T ;L∞(ΩN ))

∫

ΩN\ΩN−2

e2sϕN−1(x,0)|ξN−1(x)f(x)|2dx.
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Without loss of generality, we assume that c20
√
s0 ≥ 2C‖R‖H1(0,T ;L∞(ΩN )) + 1. Hence (3.3) implies

∫

ΩN\ΩN−2

e2sϕN−1(x,0)|ξN−1(x)f(x)|2dx

≤ C
(∫ T

−T

∫

ΩN\ΩN−2

e2sϕN−1(x,t)
(
|H(x, t)|2 + |SN−1(x, t)|2

)
dxdt

+

∫ T

−T

∫

Γ̃

e2sϕN−1

∣∣∣∂zN−1

∂n

∣∣∣
2

dσdt
)
,

(3.4)

Since

ψN−1(x, t) ≤M − 5rN−1aN , ∀ T/2 < |t| < T, x ∈ DN−1(5rN−1) \DN−1(6rN−1),

we have

∫ T

−T

∫

ΩN\ΩN−2

e2sϕN−1(x,t)
(
|H(x, t)|2 + |SN−1(x, t)|2

)
dxdt

=2

∫ T

2T/3

∫

ΩN\ΩN−2

e2sϕN−1(x,t)|H(x, t)|2dxdt

+

∫ T

−T

∫

DN−1(5rN−1)\DN−1(6rN−1)

e2sϕN−1(x,t)|SN−1(x, t)|2dxdt

≤Ce2seλ(M−5rN−1aN )

‖v‖2H1(Q).

Combining this inequality with (3.4), we obtain

∫

ΩN\DN−1(4rN−1)

e2seλ(M−4rN−1aN )

|f(x)|2dx

≤
∫

ΩN\ΩN−2

e2sϕN−1(x,0)|ξN−1(x)f(x)|2dx

≤C
(

e2seλ(M−5rN−1aN )

‖v‖2H1(Q) + e2se2λM
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Γ̃)

)
.

(3.5)

This implies

‖f‖2L2(ΩN\DN−1(4rN−1))

≤C
(

e−2sk1‖v‖2H1(Q) + e2sk2
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ+)

)

≤Ce2s0k2
(

e−2(s−s0)k1
(
‖v‖2H1(Q) +

∥∥∥ ∂v
∂n

∥∥∥
2

L2(Γ̃)

)
+ e2(s−s0)k2

∥∥∥ ∂v
∂n

∥∥∥
2

L2(Γ̃)

)
,

(3.6)

for all s > s0, where

k1 = eλ(M−4rN−1aN ) − eλ(M−5rN−1aN ) > 0, k2 = e2λM − eλ(M−4rN−1aN ) > 0.
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Ωk
Ωk+1

Ωk
Ωk+1

(a) Ak (b) Ok

Ωk
Ωk+1

(c) Ok+1

Figure 2. The sketch maps of domains Ak, Ok and Ok+1 indicated with different shaded areas.
(a) domain Ak with pink shaded area, (b) domain Ok with brown shaded area, (c) domain Ok+1

with yellow shaded area.

Now minimizing the right-hand side of (3.6) with respect to s− s0 > 0, we have

‖f‖2L2(ΩN\DN−1(4rN−1)) ≤ C
(
‖v‖2H1(Q) +

∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)1−νN−1
(∥∥∥ ∂v
∂n

∥∥∥
2

L2(Γ̃)

)νN−1

,

where νN−1 = k1
k1+k2

. The proof of Lemma 3.1 is complete.

In the following we extend the estimation layer by layer and finally cover almost the whole domain ΩN \
B(x0, δ). More precisely, we set

Ak := Dk+1(2rk+1) \Dk(4rk), Ok := Dk(rk) \Dk(2rk).

We will control f(x) in the annulus Ak by y(x, t) in Ok+1× (−T2 ,
T
2 ). Figure 2 shows the sketch maps of domains

Ak, Ok and Ok+1 indicated with pink, brown and yellow shaded areas respectively.



12 Z. JIANG AND W. ZHANG

Lemma 3.2. For 1 ≤ k ≤ N − 2, there exist constants C > 0, Tk > 0 and νk ∈ (0, 1) such that

‖f‖2L2(Ak) ≤ C
(
‖v‖2H1(Q) + ‖y‖2

L2(−T2 ,T2 ;H1(Ok+1))

)1−νk(
‖y‖2

L2(−T2 ,T2 ;H1(Ok+1))

)νk
,

for all T ≥ Tk.

Proof. Similar to the proof of Lemma 3.1. We take a cut-off function ξk(x) ∈ C∞(R2) satisfying 0 ≤ ξk ≤ 1 and

ξk(x) =

{
1, x ∈ Dk+1(2rk+1) \Dk(5rk),

0, x ∈ Dk(6rk) ∪
(
ΩN \Dk+1(rk+1)

)
.

Then we set zk(x, t) = ξk(x)y(x, t) and we have





∂2
t zk − a∆zk = ξk

(
η(t)f(x)∂tR(x, t) +H(x, t)

)
+ Sk(x, t),

zk(x, 0) = 0, ∂tzk(x, 0) = ξk(x)f(x)R(x, 0),

[zk]Sk =

[
a
∂zk
∂nk

]

Sk

= 0,

in annulus (Ωk+1 \ Ωk−1)× (−T, T ) with the Dirichlet boundary condition

zk(x, t) = 0, (x, t) ∈ ∂(Ωk+1 \ Ωk−1)× (−T, T ),

and Sk(x, t) = −2a∇y · ∇ξk − ay∆ξk vanishes outside Ok+1 ∪Dk(5rk) \Dk(6rk). In order to adapt with the
concepts in Section 2, here and henceforth we should replace Ω0 by D1(6r1) when we mention Ω2 \ Ω0.

In this annulus, we take the weight function (2.2) and set ϕk(x, t) = eλψk(x,t). Following the steps in
Lemma 3.1, there exists Tk > 0, for all T ≥ Tk, we deduce

∫

Ωk+1\Ωk−1

e2sϕk(x,0)|ξk(x)f(x)|2dx

≤ C
∫ T

−T

∫

Ωk+1\Ωk−1

e2sϕk(x,t)
(
|H(x, t)|2 + |Sk(x, t)|2

)
dxdt,

(3.7)

and

∫ T

−T

∫

Ωk+1\Ωk−1

e2sϕk(x,t)|H(x, t)|2dxdt

= 2

∫ T

2T/3

∫

Ωk+1\Ωk−1

e2sϕk(x,t)|H(x, t)|2dxdt

≤ Ce2seλ(M−5rkak+1)

‖v‖2H1(Q),

(3.8)
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∫ T

−T

∫

Ωk+1\Ωk−1

e2sϕk(x,t)|Sk(x, t)|2dxdt

=

∫ T

−T

(∫

Dk(5rk)\Dk(6rk)

+

∫

Ok+1

)
e2sϕk(x,t)|Sk(x, t)|2dxdt

≤ C
(

e2seλ(M−5rkak+1)

‖v‖2H1(Q) + e2se2λM ‖y‖2
L2(−T2 ,T2 ;H1(Ok+1))

)
,

(3.9)

Now we combine (3.7)–(3.9) together to get

∫

Ak

e2seλ(M−4rkak+1)

|f(x)|2dx

≤
∫

Ωk+1\Ωk−1

e2sϕk(x,0)|ξk(x)f(x)|2dx

≤C
(

e2seλ(M−5rkak+1)

‖v‖2H1(Q) + e2se2λM ‖y‖2
L2(−T2 ,T2 ;H1(Ok+1))

)
.

Then by the argument like Lemma 3.1, we can find νk ∈ (0, 1) such that

‖f‖2L2(Ak) ≤ C
(
‖v‖2H1(Q) + ‖y‖2

L2(−T2 ,T2 ;H1(Ok+1))

)1−νk(
‖y‖2

L2(−T2 ,T2 ;H1(Ok+1))

)νk
.

The proof of Lemma 3.2 is complete.

Corollary 3.3. We set

Ãk := ΩN \Dk(4rk), Õk := ΩN \Dk(2rk)

for k = 1, · · · , N − 1 and ÕN = ∅. There exist constants C > 0 and p, p′ > 1 independent of k such that, for all
ε ∈ (0, 1) and T ≥ max{T1, T2, . . . , TN−1},

‖f‖2
L2(Ãk)

≤ Cεp‖v‖2H1(Q) + Cε−p
′
(
‖y‖2

L2(−T2 ,T2 ;H1(Õk+1))
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)
.

Proof. For the convenience, we present the sketch maps of domains Ãk and Õk, which are shown in Fig-
ures 3a and 3b indicated with gray and pink shaded area respectively. By Lemma 3.1 and Lemma 3.2, let
σ = min(ν1, ν2, . . . , νN−1), we have

‖f‖2L2(ΩN\DN−1(4rN−1)) ≤C
(
‖v‖2H1(Q) +

∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)1−νN−1
(∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)νN−1

≤C
(
‖v‖2H1(Q) + ‖y‖2

L2(−T2 ,T2 ;H1(Õk+1))
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)1−σ

·
(
‖y‖2

L2(−T2 ,T2 ;H1(Õk+1))
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)σ
,
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ΩN

Ωk

Ωk−1

ΩN

Ωk

Ωk−1

(a) Ãk (b) Õk

Figure 3. The sketch maps of domains Ãk and Õk indicated with different shaded areas. (a)

domain Ãk with gray shaded area, (b) domain Õk with pink shaded area.

and the same upper bound for ‖f‖2L2(Aj)
, j ≥ k. Thus, we have

‖f‖2
L2(Ãk)

≤ ‖f‖2L2(ΩN\DN−1(4rN−1)) +

N−2∑

j=k

‖f‖2L2(Aj)

≤ C
(
‖v‖2H1(Q) + ‖y‖2

L2(−T2 ,T2 ;H1(Õk+1))
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)1−σ

·
(
‖y‖2

L2(−T2 ,T2 ;H1(Õk+1))
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)σ
.

Then by the Young inequality with p = 1
1−σ and p′ = 1

σ , we have

‖f‖2
L2(Ãk)

≤ Cεp
(
‖v‖2H1(Q) + ‖y‖2

L2(−T2 ,T2 ;H1(Õk+1))
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)

+ Cε−p
′
(
‖y‖2

L2(−T2 ,T2 ;H1(Õk+1))
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)

≤ Cεp‖v‖2H1(Q) + Cε−p
′
(
‖y‖2

L2(−T2 ,T2 ;H1(Õk+1))
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)
.

3.2. Control y(x, t) by f(x) and the boundary

We cannot follow the strategy in Section 3.1 to control y(x, t) due to the extra variable t compared with
f(x). In order to make it feasible we need to use the FBI transformation Fγ,t0 with respect to the variable t. It
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is defined by

Fγ,t0y(x, ω) :=
√

2γ

∫

R
e−γ(t0−t+iω)2y(x, t)dt,

where γ > 0, t0 ∈ [−T2 − 1, T2 + 1] and ω ∈ [−3, 3]. One fact we easily obtain is that, for any x ∈ ΩN ,

|Fγ,t0y(x, ω)|2 ≤ 2γ

(∫

R
e−γ(t0−t)2+γω2

|y(x, t)|dt
)2

≤
√

2πγe2γω2

∫ T

−T
|y(x, t)|2dt.

Further noting that

∂ωFγ,t0y(x, ω) = −i
√

2γ

∫

R
∂te
−γ(t0−t+iω)2y(x, t)dt

= i
√

2γ

∫

R
e−γ(t0−t+iω)2∂ty(x, t)dt,

we have

‖Fγ,t0y‖2H1(ΩN×(−3,3)) ≤ eC1γ‖y‖2H1(Q), (3.10)

for some C1 > 0.
We apply the FBI transformation to (3.1) and get

∂2
ωFγ,t0y + a∆Fγ,t0y =

√
2γ

∫

R
e−γ(t0−t+iω)2

(
− ∂2

t y(x, t) + a∆y(x, t)
)

dt

=− Fγ,t0G− Fγ,t0H(x, t)

(3.11)

with

[Fγ,t0y]Sk =

[
a
∂Fγ,t0y

∂nk

]

Sk

= 0, 1 ≤ k ≤ N − 1,

and

Fγ,t0y = 0, x ∈ ∂ΩN .

Since H(x, t) is supported in 2T/3 ≤ |t| ≤ 3T/4 and |t0| ≤ T
2 + 1, we have

|Fγ,t0H|2 ≤ 2γ

(∫

R
e−γ(T6 −1)2+9γ |H(x, t)|dt

)2

≤ e−C2Tγ+C1γ

∫ T

−T
|H(x, t)|2dt

(3.12)
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for some positive constants C1, C2. Moreover, we also have

|Fγ,t0G|2 ≤ eC1γ

∫ T

−T
|G(x, t)|2dt ≤ CeC1γ |f(x)|2. (3.13)

Lemma 3.4. For 2 ≤ k ≤ N − 1, there exist constants C > 0 and lk ∈ (0, 1) such that

‖Fγ,t0y‖2H1(Õk×(−1,1))
≤ C

(
‖Fγ,t0y‖2H1(Õk+1×(−1,1))

+ αk

)1−lk

×
(
‖Fγ,t0y‖2H1(ΩN×(−3,3))

)lk
,

where

αk = ‖Fγ,t0G‖2L2(Ãk×(−3,3))
+ ‖Fγ,t0H‖2L2(Ãk×(−3,3))

+
∥∥∥∂Fγ,t0y

∂n

∥∥∥
2

L2(Γ̃×(−3,3))
.

Proof. Firstly we take a function φk(x) ≤ 0 satisfying the following three conditions:
(i)

φk(x) ≤ −8, in Dk(3rk),

−5 ≤ φk(x) ≤ −3, in Dk+1(2rk+1) \Dk(2rk).

In the case when k = N − 1, it becomes −5 ≤ φN−1(x) ≤ −3 in ΩN \DN−1(2rN−1).
(ii)

[φk(x)]Sj =

[
a
∂αφk(x)

∂xα

]

Sj

= 0,
∂φ

∂nj
> 0, for j ≥ k, 0 < |α| ≤ 3,

|∇φk(x)| 6= 0, in ΩN \
(
Ωk−1 ∪ Sk ∪ · · · ∪ SN−1

)
.

Note that φk(x) ∈ C3
(
ΩN \ (Ωk−1 ∪ Sk ∪ · · · ∪ SN−1)

)
.

(iii)

{
x ∈ ∂ΩN : ∇φk(x) · (x− x0) > 0

}
⊂ Γ̃.

The existence of φk(x) will be presented in the Remark 3.5 below. Then we define

ψ̃k(x, ω) = φk(x)− ω2, ϕ̃k(x, ω) = eλψ̃k(x,ω),

and take a cut-off function χ ∈ C∞(R) satisfying 0 ≤ χ(t) ≤ 1 and

χ(t) =

{
1, −7 ≤ t ≤ −1,

0, t ≤ −8 or t ≥ 0.

We set

Y (x, ω) = χ(ψ̃k)Fγ,t0y(x, ω),
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then from (3.11) we have

∂2
ωY + a∆Y

=− χ(ψ̃k)Fγ,t0G− χ(ψ̃)Fγ,t0H + [∂2
ω + a∆, χ(ψ̃k)]Fγ,t0y,

with

Y (x,±3) = 0,

where [A,B] = AB−BA denotes the commutator. We note that [∂2
ω +a∆, χ(ψ̃k)] is a linear differential operator

of the first order and is supported in

{
(x, ω) : −8 ≤ ψ̃k ≤ −7 or − 1 ≤ ψ̃k ≤ 0

}
.

By (ii) we can verify that

[Y ]Sj =

[
a
∂Y

∂nj

]

Sj

= 0, j ≥ k

for all ω ∈ [−3, 3], then we apply the elliptic case of Lemma 2.1 to Y (x, ω) in ΩN \ Ωk−1 × [−3, 3]. There exist
constants λ, s0 > 0 such that for all s > s0, we have

∫ 3

−3

∫

ΩN\Ωk−1

(s3|Y |2 + s|∇x,ωY |2)e2sϕ̃kdxdω

≤ C
∫ 3

−3

∫

ΩN\Ωk−1

(|χ(ψ̃k)Fγ,t0G|2 + |χ(ψ̃k)Fγ,t0H|2

+
∣∣[∂2

ω + a∆, χ(ψ̃k)]Fγ,t0y
∣∣2)e2sϕ̃kdxdω + C

∫ 3

−3

∫

Γ̃

∣∣∣∂Y
∂n

∣∣∣
2

e2sϕ̃kdσdω

≤ C
∫ 3

−3

∫

ΩN\Dk(4rk)

(|Fγ,t0G|2 + |Fγ,t0H|2)e2sdxdω

+ C

∫

−8≤ψ̃k≤−7

(|Fγ,t0y|2 + |∇x,ωFγ,t0y|2)e2se−7λ

dxdω

+ C

∫

−1≤ψ̃k≤0

(|Fγ,t0y|2 + |∇x,ωFγ,t0y|2)e2sdxdω

+ C

∫ 3

−3

∫

Γ̃

∣∣∣∂Y
∂n

∣∣∣
2

e2sdσdω.

Since −6 ≤ ψ̃k ≤ −3 in
(
Dk+1(2rk+1) \Dk(2rk)

)
× (−1, 1) and {(x, ω) : −1 ≤ ψ̃k ≤ 0} ⊂ Õk+1 × (−1, 1), we

obtain

e2se−6λ

‖Fγ,t0y‖2H1(Dk+1(2rk+1)\Dk(2rk)×(−1,1))

= e2se−6λ
(
‖Fγ,t0y‖2H1(Õk×(−1,1))

− ‖Fγ,t0y‖2H1(Õk+1×(−1,1))

)

≤ Ce2s
(
αk + ‖Fγ,t0y‖2H1(Õk+1×(−1,1))

)
+ Ce2se−7λ

‖Fγ,t0y‖2H1(ΩN×(−3,3)).
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Therefore, there exist positive constants k1, k2 such that

‖Fγ,t0y‖2H1(Õk×(−1,1))
≤ Cek1s

(
αk + ‖Fγ,t0y‖2H1(Õk+1×(−1,1))

)

+ Ce−k2s‖Fγ,t0y‖2H1(ΩN×(−3,3)),

then we minimize the right-hand side with respect to s and complete the proof of Lemma 3.4 with lk = k2
k1+k2

.

Remark 3.5. In this remark, we show the existence of φ(x). We can construct φk(x) in each annulus Ωj \Ωj−1

(k ≤ j ≤ N) according to the following four steps.
(1) When x ∈ Ωk \ Ωk−1, we set

h1(x) = ε
|x− x0|2

|yk(x)− x0|2
− 5, 0 < ε < 1.

We take a cut-off function 0 ≤ θ(t) ≤ 1 satisfying θ′(t) ≥ 0,

θ(t) =

{
0, t ≤ 2,

1, t ≥ 3,

then in this annulus we define

φk(x) = −4θ
(

(1− |x− x0|2

|yk(x)− x0|2
)/rk

)
+ h1(x).

When x ∈ Ωk \Dk(2rk),

θ
(

(1− |x− x0|2

|yk(x)− x0|2
)/rk

)
= 0 and φk(x) = h1(x) ∈ [−5,−3].

When x ∈ Dk(3rk),

θ
(

(1− |x− x0|2

|yk(x)− x0|2
)/rk

)
= 1 and φk(x) = ε

|x− x0|2

|yk(x)− x0|2
− 9 < −8

as desired. Moreover, we can verify that

|∇φk · (x− x0)| =
(4θ′

rk
+ ε
) 2|x− x0|2

|yk(x)− x0|2
> 0,

so conditions (i) and (ii) are satisfied in this area.
(2) When x ∈ Ωk+1 \ Ωk, we set

h2(x) = ε
ak
ak+1

|x− x0|2

|yk(x)− x0|2
− 5 + ε(1− ak

ak+1
),

h3(x) = ε
|x− x0|2

|yk+1(x)− x0|2
− 4− 1

k + 1
,
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we take ε small enough such that −5 ≤ h2(x) ≤ h3(x) ≤ −3. Then in this annulus we define

φk(x) = θ
(

(1− |x− x0|2

|yk+1(x)− x0|2
)/rk+1

)(
h2(x)− h3(x)

)
+ h3(x).

We can verify that when x ∈ Dk+1(3rk+1) \ Ωk, φk(x) = h2(x). And when x ∈ Ωk+1 \Dk+1(2rk+1), φk(x) =
h3(x), we have

|∇φk · (x− x0)| =
( θ′

rk+1
(φ3 − φ2) + ε(1− θ)

) 2|x− x0|2

|yk+1(x)− x0|2

+ εθ
ak
ak+1

2|x− x0|2

|yk(x)− x0|2
> 0.

(3) When x ∈ Ωj+1 \ Ωj , k < j < N − 1, we define φk(x) in the same way as (2). We set

φ4j(x) = ε
aj
aj+1

|x− x0|2

|yj(x)− x0|2
− 4− 1

j
+ ε(1− aj

aj+1
),

φ5j(x) = ε
|x− x0|2

|yj+1(x)− x0|2
− 4− 1

j + 1
,

and define

φk(x) = θ
(

(1− |x− x0|2

|yj+1(x)− x0|2
)/rj+1

)(
h4j(x)− h5j(x)

)
+ h5j(x).

(4) When x ∈ ΩN \ ΩN−1, we define

φk(x) = ε
aN−1

aN

|x− x0|2

|yN−1(x)− x0|2
− 4− 1

N − 1
+ ε(1− aN−1

aN
),

then we can see that the condition (iii) is also true by the definition of Γ̃.

Corollary 3.6. For 2 ≤ k ≤ N − 1, there exist constants C > 0 and dk ∈ (0, 1) such that

‖Fγ,t0y‖2H1(Õk×(−1,1))
≤ Cα1−dk

k

(
‖Fγ,t0y‖2H1(ΩN×(−3,3))

)dk
.

Proof. Let us fix k, for j ≥ k, by Lemma 3.4, we get

‖Fγ,t0y‖2H1(Õj×(−1,1))
≤ C

(
αj + ‖Fγ,t0y‖2H1(Õj+1×(−1,1))

)1−lj

×
(
‖Fγ,t0y‖2H1(ΩN×(−3,3))

)lj

≤ C
(
αk + ‖Fγ,t0y‖2H1(Õj+1×(−1,1))

)1−lj

×
(
‖Fγ,t0y‖2H1(ΩN×(−3,3))

)lj
,
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together with

‖Fγ,t0y‖2H1(ÕN−1×(−1,1))
≤ Cα1−lN−1

k

(
‖Fγ,t0y‖2H1(ΩN×(−3,3))

)lN−1

.

Hence we can reach the conclusion by using mathematical induction.

Lemma 3.7. For 2 ≤ k ≤ N − 1, there exists T ′k = (1+pk)C1

C2
, where pk = 1+dk

1−dk and C1, C2 are as in (3.12),

such that the following estimate holds true for T ≥ T ′k:

‖Fγ,t0y‖2H1(Õk×(−1,1))
≤ C

(
epkγ

(
‖f‖2

L2(Ãk)
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)
+ e−C1γ‖v‖2H1(Q)

)
.

Proof. By (3.10), (3.12) and (3.13) we easily have

αk ≤ C
(

eC1γ‖f‖2
L2(Ãk)

+ e−C2Tγ+C1γ‖v‖2H1(Q) + eC1γ
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)
. (3.14)

By Corollary 3.6 and the Young inequality we have for all ε > 0

‖Fγ,t0y‖2H1(Õk×(−1,1))
≤ Cε

1
dk ‖Fγ,t0y‖2H1(ΩN×(−3,3)) + Cε

− 1
1−dk αk.

We take ε = e−2C1dkγ , combining with (3.10) and (3.14), then we have

‖Fγ,t0y‖2H1(Õk×(−1,1))
≤ C

(
e−C1γ‖v‖2H1(Q) + e(pkC1−C2T )γ‖v‖2H1(Q)

+ epkγ‖f‖2
L2(Ãk)

+ epkγ
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)
.

This completes the proof of Lemma 3.7.

Now in order to finish this subsection we need to show that the H1-norm of y in Õk × (−T2 ,
T
2 ) can be

controlled by ‖Fγ,t0y‖2H1(Õk×(−1,1))
. We set yγ(x, t) = Fγ,ty(x, 0), then we have

yγ(x, t) =
√

2γ

∫

R
e−γ(t−ξ)2y(x, ξ)dξ = Kγ ∗ y(x, t),

where

Kγ(t) =
√

2γe−γt
2

.

Lemma 3.8. For 2 ≤ k ≤ N − 1, we have

‖yγ‖2L2(−T2 ,T2 ;H1(Õk))
≤ C

(
epkγ

(
‖f‖2

L2(Ãk)
+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)

)
+ e−C1γ‖v‖2H1(Q)

)
.
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Proof. By Cauchy Integral Formula, we have for 0 < ρ < 1 and t ∈ [−T2 ,
T
2 ],

|yγ(x, t)|2 =

∣∣∣∣
1

2πi

∮

|z−t|=ρ

yγ(x, z)

z − t
dz

∣∣∣∣
2

=

∣∣∣∣
1

2π

∫ 2π

0

yγ(x, t+ ρeiθ)dθ

∣∣∣∣
2

≤ 1

2π

∫ 2π

0

|yγ(x, t+ ρeiθ)|2dθ.

Then integrating this inequality for ρ ∈ ( 1
2 , 1), we get

1

2
|yγ(x, t)|2 ≤ 1

π

∫ 1

1
2

∫ 2π

0

|yγ(x, t+ ρeiθ)|2ρdθdρ

=
1

π

∫∫

1
2≤|t0−t|2+ω2≤1

|yγ(x, t0 + iω)|2dt0dω

≤ 1

π

∫ 1

−1

∫ T
2 +1

−T2 −1

|Fγ,t0y(x, ω)|2dt0dω.

This estimate holds for all x ∈ Õk and t ∈ [−T2 ,
T
2 ]. Therefore, we have

‖yγ‖2L2(Õk×(−T2 ,T2 ))
≤ 2T

π

∫

Õk

∫ 1

−1

∫ T
2 +1

−T2 −1

|Fγ,t0y(x, ω)|2dt0dωdx

=
2T

π

∫ T
2 +1

−T2 −1

‖Fγ,t0y‖2L2(Õk×(−1,1))
dt0.

By using the same argument to the first-order derivatives of yγ , we conclude that

‖yγ‖2L2(−T2 ,T2 ;H1(Õk))
≤ 2T

π

∫ T
2 +1

−T2 −1

‖Fγ,t0y‖2H1(Õk×(−1,1))
dt0.

Then by Lemma 3.7 we complete the proof of Lemma 3.8.

Lemma 3.9. For 2 ≤ k ≤ N − 1 and ∀γ > 0, the following estimate holds

‖y‖2
L2(−T2 ,T2 ;H1(Õk))

≤ C
(

epkγ(‖f‖2
L2(Ãk)

+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)
) +

1

γ2
‖v‖2H2(−T,T ;H1(ΩN ))

)
.

Proof. We denote the Fourier transform of y(x, t) for t by ŷ(x, τ), then

ŷ − ŷγ = ŷ − K̂γ ∗ y = (1− K̂γ)ŷ.

Since

|1− K̂γ | = |1− e−
τ2

4γ | ≤ τ2

4γ
,
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by the Parseval identity we have

‖y − yγ‖2L2(Õk×(−T2 ,T2 ))
≤ ‖ŷ − ŷγ‖2L2(Õk×R)

≤ ‖ τ
2

4γ
ŷ‖2
L2(Õk×R)

= (
1

4γ
)2‖∂2

t y‖2L2(Õk×(−T,T ))
.

Similarly, we have

‖y − yγ‖2L2(−T2 ,T2 ;H1(Õk))
≤ (

1

4γ
)2‖∂2

t y‖2L2(−T,T ;H1(Õk))
.

Therefore, combining with Lemma 3.8 we obtain

‖y‖2
L2(−T2 ,T2 ;H1(Õk))

≤ 2‖y − yγ‖2L2(−T2 ,T2 ;H1(Õk))
+ 2‖yγ‖2L2(−T2 ,T2 ;H1(Õk))

≤ C
(

epkγ(‖f‖2
L2(Ãk)

+
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)
) +

1

γ2
‖v‖2H2(−T,T ;H1(ΩN ))

)
.

The proof of Lemma 3.9 is complete.

3.3. End of the proof of Theorem 1.1

For simplicity, we set

Fk = ‖f‖2
L2(Ãk)

, Yk = ‖y‖2
L2(−T2 ,T2 ;H1(Õk))

,

V = ‖v‖2H2(−T,T ;H1(ΩN )), B =
∥∥∥ ∂v
∂n

∥∥∥
2

L2(Σ̃)
.

We choose

ε = γ
− 2
p+p′ , γ > 1

in Corollary 3.3 so we have

Fk ≤ Cγ−
2p
p+p′ V + Cγ

2p′
p+p′ (Yk+1 +B) (3.15)

for 1 ≤ k ≤ N − 1. By Lemma 3.9 we get

Yk+1 ≤ Cepkγ(Fk+1 +B) + C
1

γ2
V. (3.16)

Inserting (3.16) into (3.15), we obtain for 1 ≤ k ≤ N − 2,

Fk ≤ Cγ−
2p
p+p′ V + Ce(1+pk)γ(Fk+1 +B), (3.17)

and

FN−1 ≤ Cγ−
2p
p+p′ V + Cγ

2p′
p+p′B, (3.18)
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since YN = 0. We claim that for 1 ≤ k ≤ N − 1, there exist ck > 0 such that

Fk ≤ Cγ−β0V + C fk ◦ fk ◦ · · · fk︸ ︷︷ ︸
N−k

(γ)B, γ > 1, (3.19)

where

β0 =
2p

p+ p′
, fk(γ) = eckγ , fk ◦ fk(γ) = fk(fk(γ)).

We prove (3.19) by mathematical induction. When k = N − 1, (3.19) holds for cN−1 = 1. We assume that
(3.19) holds for k + 1. Then by (3.17) we know

Fk ≤ Cγ−β0V + Ce(pk+1)γ(Fk+1 +B)

≤ Cγ−β0V + Ce(pk+1)γ
(
τ−β0V + fk+1 ◦ fk+1 ◦ · · · fk+1︸ ︷︷ ︸

N−k−1

(τ)B +B
)

holds for τ > 1 and γ > 1. We take

τ = e
2(1+pk)

β0
γ ,

then we can see that (3.19) is true for k with

ck = max
(2(1 + pk)

β0
, ck+1

)
.

We set τ0 = max(c1, c2, . . . , cN−1) and g0(γ) = eτ0γ , then (3.19) yields that for 1 ≤ k ≤ N − 1,

Fk ≤ Cγ−β0V + C g0 ◦ g0 ◦ · · · g0︸ ︷︷ ︸
N−1

(γ)B.

Finally by (3.2) we conclude that

‖f‖2L2(ΩN\B(x0,δ))
≤

N−1∑

k=1

Fk

≤ Cγ−β0V + C g0 ◦ g0 ◦ · · · g0︸ ︷︷ ︸
N−1

(γ)B.

We use the whole same argument to x1 and we can claim that there exist constants β1, τ1, C > 0 such that

‖f‖2L2(ΩN\B(x1,δ))
≤ Cγ−β1V + C g1 ◦ g1 ◦ · · · g1︸ ︷︷ ︸

N−1

(γ)B,

with g1(γ) = eτ1γ . Thus we complete the proof of Theorem 1.1.
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4. Proof of Lemma 2.1

For universality, we consider

L := ρ∂2
t − a∆,

where ρ ∈ {−1, 1}. We will aim to prove Lemma 2.1 in two cases:
Case 1: ρ = 1, the weight function ψ(x, t) satisfies conditions (a)-(f).
Case 2: ρ = −1, the weight function ψ(x, t) satisfies conditions (a)-(d).
As presented in Lemma 2.1, we set

ϕ = eλψ, w = esϕu.

We further set

E(ψ) = ρ|∂tψ|2 − a|∇ψ|2,

Pw = esϕL(e−sϕw) = P1w + P2w +Rw,

where

P1w = ρ∂2
tw − a∆w + s2λ2ϕ2E(ψ)w,

P2w = −sλϕ(L(ψ) + γ)w − sλ2ϕE(ψ)w − 2sλϕ(ρ∂tψ∂tw − a∇ψ · ∇w),

Rw = γsλϕw.

Then we have

‖Pw‖2L2(Qkj ) ≥
1

2
‖P1w + P2w‖2L2(Qkj ) − ‖Rw‖

2
L2(Qkj )

≥ 1

2
‖P1w‖2L2(Qkj ) + (P1w,P2w)L2(Qkj ) − ‖Rw‖

2
L2(Qkj ).

Here (· , ·)L2(Qkj ) is the inner product in L2(Qkj ). And we write

(P1w,P2w)L2(Qkj ) =

k∑

i=j+1

∫ T

−T

∫

Ωi\Ωi−1

P1wP2w dxdt.

Using the integration by parts as [4] does, we have

∫ T

−T

∫

Ωi\Ωi−1

P1wP2w dxdt = Ii +Xi +B−i −B
+
i−1, (4.1)
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where Ii is the sum of the interior terms

Ii = 2sλ

∫ T

−T

∫

Ωi\Ωi−1

ϕ∂2
t ψ|∂tw|2 dxdt+ γρsλ

∫ T

−T

∫

Ωi\Ωi−1

ϕ|∂tw|2 dxdt

+ 2sλ2

∫ T

−T

∫

Ωi\Ωi−1

ϕ
(
ρ∂tψ∂tw − a∇w · ∇ψ

)2
dxdt

+ 2sλ

∫ T

−T

∫

Ωi\Ωi−1

a2ϕD2(ψ)(∇w,∇w) dxdt

− γsλ
∫ T

−T

∫

Ωi\Ωi−1

aϕ|∇w|2 dxdt+ 2s3λ4

∫ T

−T

∫

Ωi\Ωi−1

ϕ3E(ψ)2|w|2 dxdt

+ 2s3λ3

∫ T

−T

∫

Ωi\Ωi−1

ϕ3
(
|∂tψ|2∂2

t ψ + a2D2(ψ)(∇ψ,∇ψ)
)
|w|2 dxdt

− γs3λ3

∫ T

−T

∫

Ωi\Ωi−1

ϕ3E(ψ)|w|2 dxdt.

And Xi in (4.1) is the sum of the remaining interior terms, in such a way that

|Xi| ≤ Cs
∫ T

−T

∫

Ωi\Ωi−1

|w|2 dxdt,

for some constant C independent of s.
And B−i in (4.1) is the boundary term on S−i (i.e. ∂Ωi):

B−i = sλ

∫ T

−T

∫

S−i

(
a2ϕ|∇w|2 ∂ψ

∂ni
− 2a2ϕ(∇ψ · ∇w)

∂w

∂ni

)
dσdt

− 1

2
sλ

∫ T

−T

∫

S−i

aϕ|w|2 ∂L(ψ)

∂ni
dσdt

− 1

2
sλ2

∫ T

−T

∫

S−i

aϕ(L(ψ) + γ)|w|2 ∂ψ
∂ni

dσdt

+ sλ

∫ T

−T

∫

S−i

aϕ(L(ψ) + γ)w
∂w

∂ni
dσdt+ sλ2

∫ T

−T

∫

S−i

aϕE(ψ)w
∂w

∂ni
dσdt

− 1

2
sλ3

∫ T

−T

∫

S−i

aϕE(ψ)|w|2 ∂ψ
∂ni

dσdt− 1

2
sλ2

∫ T

−T

∫

S−i

aϕ|w|2 ∂E(ψ)

∂ni
dσdt

+ 2sλ

∫ T

−T

∫

S−i

aρϕ∂tψ∂tw
∂w

∂ni
dσdt− sλ

∫ T

−T

∫

S−i

aρϕ|∂tw|2
∂ψ

∂ni
dσdt

+ s3λ3

∫ T

−T

∫

S−i

aϕ3E(ψ)|w|2 ∂ψ
∂ni

dσdt,

and B+
i−1 is obtained by replacing S−i and ni in B−i by S+

i−1 and ni−1 correspondingly.
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We note that there is a minus sign before B+
i−1 in (4.1) because ni−1 is the normal vector inward Ωi \ Ωi−1

while ni is the outward normal vector. Hence we have

(P1w,P2w)L2(Qkj ) =

k∑

i=j+1

Ii +

k∑

i=j+1

Xi +

k−1∑

i=j+1

(B−i −B
+
i ) +B−k −B

+
j .

Since u vanishes near ∂Ωj , the last term B+
j is zero. The aim is to show that B−i −B

+
i ≥ 0 and

k∑

i=j+1

Ii ≥ c
∫ T

−T

∫

Ωk\Ωj
s3|w|2 + s|∇w|2 + s|∂tw|2 dxdt (4.2)

for some positive constant c independent of s.

4.1. The interior

Case 1: ρ = 1, ψ satisfies conditions (a)-(f).
In this case, we have

Ii ≥ sλ

∫ T

−T

∫

Ωi\Ωi−1

ϕ(−4β + γ)|∂tw|2 dxdt

+ sλ

∫ T

−T

∫

Ωi\Ωi−1

aϕ(2aδ1 − γ)|∇w|2 dxdt

+ s3λ3

∫ T

−T

∫

Ωi\Ωi−1

ϕ3
(
2λE(ψ)2 − (4β + γ)E(ψ)

)
|w|2 dxdt

+ 2s3λ3

∫ T

−T

∫

Ωi\Ωi−1

ϕ3(−2aβ + a2δ1)|∇ψ|2|w|2 dxdt.

Since 2β < akδ1 ≤ aδ1 in Ωk \ Ωj by condition (f), we take

γ = akδ1 + 2β,

then

2aδ1 − γ ≥ −4β + γ > 0.

On the other hand, since

2λE(ψ)2 − (4β + γ)E(ψ) ≥ − (4β + γ)2

8λ
,

we take λ large enough such that

(4β + γ)2

8λ
< 2(−2aβ + a2δ1)δ2

0 ≤ 2(−2aβ + a2δ1)|∇ψ|2.
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Hence we have

Ii ≥ c
∫ T

−T

∫

Ωi\Ωi−1

s3|w|2 + s|∇w|2 + s|∂tw|2 dxdt,

with

c = min
{
− 4β + γ, a(2aδ1 − γ), 2(−2aβ + a2δ1)δ2

0 −
(4β + γ)2

8λ

}
> 0.

Case 2: ρ = −1, ψ satisfies conditions (a)-(d).
In this case, we have

|E(ψ)| = |∂tψ|2 + a|∇ψ|2 ≥ akδ2
0 ,

and

Ii ≥ sλ

∫ T

−T

∫

Ωi\Ωi−1

ϕ(−4β − γ)|∂tw|2 dxdt

+ 2sλ

∫ T

−T

∫

Ωi\Ωi−1

a2ϕD2(ψ)(∇w,∇w) dxdt

− γsλ
∫ T

−T

∫

Ωi\Ωi−1

aϕ|∇w|2 dxdt+ 2s3λ4

∫ T

−T

∫

Ωi\Ωi−1

ϕ3E(ψ)2|w|2 dxdt

+ 2s3λ3

∫ T

−T

∫

Ωi\Ωi−1

ϕ3
(
|∂tψ|2∂2

t ψ + a2D2(ψ)(∇ψ,∇ψ)
)
|w|2 dxdt

− γs3λ3

∫ T

−T

∫

Ωi\Ωi−1

ϕ3E(ψ)|w|2 dxdt.

Since ψ ∈ C2(Qkj ), there exists M > 0 such that |D2(ψ)(X,X)| ≤M |X|2 for X ∈ R2. We take γ which satisfies

−4β − γ > 0, −aγ − 2a2M > 0.

Then we choose λ large enough such that the term of s3λ4 can absorb the last two terms, and we get (4.2).

4.2. The boundary

In both cases ψ satisfies conditions (a)-(d) and

[u]Si =

[
a
∂u

∂ni

]

Si

= 0.
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It is not difficult to verify that the rth term of B−i and B+
i are the same for each r ∈ {3, 4, 7, 8, 9}. So

B+
i −B

−
i = sλ

∫ T

−T

∫

Si

([
a2ϕ|∇w|2 ∂ψ

∂ni

]

Si

− 2

[
a2ϕ(∇ψ · ∇w)

∂w

∂ni

]

Si

)
dσdt

− 1

2
sλ

∫ T

−T

∫

Si

[
aϕ|w|2 ∂L(ψ)

∂ni

]

Si

dσdt

+ sλ2

∫ T

−T

∫

Si

[
aϕE(ψ)w

∂w

∂ni

]

Si

dσdt

− 1

2
sλ3

∫ T

−T

∫

Si

[
aϕE(ψ)|w|2 ∂ψ

∂ni

]

Si

dσdt

+ s3λ3

∫ T

−T

∫

Si

[
aϕ3E(ψ)|w|2 ∂ψ

∂ni

]

Si

dσdt.

We denote τi the tangent vector of Si, then
[
∂w
∂τi

]
Si

= 0 since [w]Si = 0. Moreover ψ is constant on Si at any

fixed time t, thus

∇ψ · ∇w =
∂ψ

∂ni

∂w

∂ni
, on Si.

We have

[
a2ϕ|∇w|2 ∂ψ

∂ni

]

Si

− 2

[
a2ϕ(∇ψ · ∇w)

∂w

∂ni

]

Si

=−

[
a2ϕ

∣∣∣∣
∂w

∂ni

∣∣∣∣
2
∂ψ

∂ni

]

Si

+

[
a2ϕ

∣∣∣∣
∂w

∂τi

∣∣∣∣
2
∂ψ

∂ni

]

Si

=− (
1

ai+1
− 1

ai
)ϕ(a

∂w

∂ni
)2(a

∂ψ

∂ni
) + (ai+1 − ai)ϕ(

∂w

∂τi
)2(a

∂ψ

∂ni
)

≤− (
1

ai+1
− 1

ai
)ϕ(a

∂w

∂ni
)2(a

∂ψ

∂ni
),

(4.3)

since ai+1 < ai and a ∂ψ∂ni ≥ δ0 > 0. And

[
aϕ|w|2 ∂L(ψ)

∂ni

]

Si

= −
[
a2ϕ|w|2 ∂(∆ψ)

∂ni

]

Si

= (ai − ai+1)ϕ|w|2(a
∂(∆ψ)

∂ni
),

(4.4)



STABILITY OF INVERSE SOURCE PROBLEM FOR A TRANSMISSION WAVE EQUATION 29

[
aϕE(ψ)w

∂w

∂ni

]

Si

= −
[
a2ϕ|∇ψ|2w ∂w

∂ni

]

Si

= −(
1

ai+1
− 1

ai
)ϕ|a∇ψ|2w(a

∂w

∂ni
)

≤ (
1

ai+1
− 1

ai
)ϕ
(δ0
λ

(a
∂w

∂ni
)2 +

2λ|a∇ψ|2

δ0
|w|2

)
,

(4.5)

[
aϕE(ψ)|w|2 ∂ψ

∂ni

]

Si

= −
[
a2ϕ|∇ψ|2|w|2 ∂ψ

∂ni

]

Si

= −(
1

ai+1
− 1

ai
)ϕ|a∇ψ|2|w|2(a

∂ψ

∂ni
).

(4.6)

Gathering (4.3)-(4.6), we obtain

B+
i −B

−
i ≤− sλ

∫ T

−T

∫

Si

(
1

ai+1
− 1

ai
)ϕ(a

∂w

∂ni
)2(a

∂ψ

∂ni
− δ0)dσdt

− sλ
∫ T

−T

∫

Si

(
1

ai+1
− 1

ai
)ϕ|w|2F (s)dσdt,

with

F (s) = s2λ2ϕ2(a
∂ψ

∂ni
)3 − 1

2
λ2
(
a
∂ψ

∂ni

)3 − 2λ2|a∇ψ|2

δ0
− aiai−1

2

(
a
∂(∆ψ)

∂ni

)
.

Since a ∂ψ∂ni ≥ δ0, there exists s0 > 0 such that F (λ) > 0 for all s > s0. So we get B+
i −B

−
i ≤ 0.

The remaining term

B−k =sλ

∫ T

−T

∫

S−k

(
a2ϕ|∇w|2 ∂ψ

∂nk
− 2a2ϕ(∇ψ · ∇w)

∂w

∂nk

)
dσdt

=− sλ
∫ T

−T

∫

∂Ωk

a2
kϕ

∣∣∣∣
∂w

∂nk

∣∣∣∣
2
∂ψ

∂nk
dσdt

≥− sλ
∫ T

−T

∫

∂̃Ωk

a2
kϕ

∣∣∣∣
∂w

∂nk

∣∣∣∣
2
∂ψ

∂nk
dσdt,

since u = 0 on ∂Ωk. Now we carry all together

‖Pw‖2L2(Qkj ) −
1

2
‖P1w‖2L2(Qkj ) ≥c

∫ T

−T

∫

Ωk\Ωj
s3|w|2 + s|∇w|2 + s|∂tw|2 dxdt

− Cs
∫ T

−T

∫

Ωk\Ωj
|w|2 dxdt

− Cs
∫ T

−T

∫

∂̃Ωk

∣∣∣∣
∂w

∂nk

∣∣∣∣
2

dσdt.
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Thus we complete the proof for the hyperbolic case of Lemma 2.1. For the elliptic case of Lemma 2.1, it is
obvious by noticing that

e2sϕ|∇u|2 ≤ 2|∇w|2 + 2s2|∇ϕ|2|w|2,

e2sϕ|∂tu|2 ≤ 2|∂tw|2 + 2s2|∂tϕ|2|w|2.

The proof of Lemma 2.1 is complete.
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