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STABILITY OF INVERSE SOURCE PROBLEM FOR A
TRANSMISSION WAVE EQUATION WITH MULTIPLE
INTERFACES OF DISCONTINUITY™

ZIFAN JIANG'? AND WENSHENG ZHANG!H2**

Abstract. In this paper, we consider a transmission wave equation in N embedded domains with
multiple interfaces of discontinuous coefficients in R?. We study the global stability in determining
the source term from a one-measurement data of wavefield velocity in a subboundary over a time
interval. We prove the stability estimate for this inverse source problem by a combination of the local
hyperbolic/elliptic Carleman estimates and the Fourier-Bros-lIagolniter transformation. Our method
could be generalized to general dimensions since the weight functions and Carleman estimates are
independent of the dimensions.
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1. INTRODUCTION

Let Q (k=1,2,---,N) be a series of bounded connected open sets in R?. For 1 <k < N — 1, we assume
that (1) Qx C Qg41; (2) The boundary of Q. (denoted by Sy) is smooth and strictly convex, which means the
curvature is positive. We denote the inner (outer) side along Sy by S, (S;) and denote the jump of function u
across Sy by [u]s,, i-e., [u]s, = “|s;r — u|S;.

In this paper, we consider a wave equation with discontinuous principal coefficient

a(z) =ag, ©€ N\ U1, 1<EN,
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where ay, are constants satisfying a; > as > -+- > an > 0 and Q¢ = . More precisely, we consider the following
equation

Ou(x,t) — a(z)Au(z,t) = F(z,t), in Q:=Qx x (0,T),
u=0, in ¥:=0900yx x (0,7), (1.1)
u(z,0) = dyu(x,0) =0, in Qu,

with the transmission conditions on the interfaces

ou
= R — = < < — .
[u]s, [aé‘nk] N 0, 1<k<N-1, (1.2)

where n;. denotes the outward unit normal vector of Si. If F' € L?(Q), then equation (1.1) has a unique weak
solution u € C([0,T); HE (Qn)) N CL([0,T); L2(Qn)), see [23]. Here we note that for each F' € L?(Q), u solves
the equation

O2u(z,t) — a(z)Au(z,t) = F(z,t) in Q
if and only if, for each 1 < k < N, u solves
O2u(z,t) — apAu(z,t) = F(x,t) in (U \ Q_1) x (0,7).

System (1.1)—(1.2) arises naturally in geophysics, more precisely, in seismic prospection of the Earth’s inner
layers. There is much interest in recovering coefficients or the source term from boundary measurements. Condi-
tion ay > ag41 and the convexity of the interfaces Sy make the recovery be possible. In the case when ay < ag41
or Sy is not convex, the rays coming from the inner domain may be trapped and fail to arrive at the exterior
boundary due to Snell’s law.

In [4], Baudouin et al. prove the Lipschitz stability for a one-measurement inverse problem of identifying
the coefficient in the zero-order term for N = 2, by using a global Carleman estimate and the method of
Bukhgeim-Klibanov (B-K) [13, 14, 21]. Later in [25], Riahi proves the Holder stability for the inverse problem of
determining the spatial varied coefficient a(z) in the principle term by two measurements, under an assumption
that a(z) is a piecewise constant near the interface. For the one-dimension case, we refer to Bellassoued and
Yamamoto [8], in which the authors establish the global Carleman estimate for multiple interfaces. However,
the weight function they used cannot work in higher dimension.

The B-K method is powerful for the formulation with a finite number of observations, there are many works
on the uniqueness and the conditional stability, and the complete list is too long to be given here. To cite
some of them, for example, see Baudouin et al. [3], Bellassoued [5], Bellassoued and Yamamoto [7], Imanuvilov
and Yamamoto [18], where the key is to estabilish a global Carleman estimate for each problem. For further
details on the Carleman estimate for hyperbolic equations, see for example, see Bellassoued and Yamamoto
[8] and Imanuvilov [17]. On the other hand, for Carleman estimates for elliptic or parabolic equations with
discontinuous coefficients , we refer to Benabdallah, Gaitan and Le Rousseau [11, 12], and Le Rousseau and
Lerner [28].

In this article, we are interested in the case when there are more than one interface. Different from [4, 25], it is
difficult to find a weight function satisfying conditions (a)—(f) listed in Section 2 in the whole domain when N >
2, hence we cannot expect to establish a global Carleman estimate. We have to apply local Carleman estimates
which will inevitably create some remainder terms by using cut-off functions. In order to eliminate this remainder
terms, we then combine an elliptic Carleman estimate and Fourier-Bros-Tagolniter (FBI) transformation [26, 27]
which can turn the problem from hyperbolic case into elliptic one. Thus, the main achievements in this paper
is that we combine the local Carleman estimates and the FBI transformation rather than the global Carleman
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estimate to prove the conditional stability of our inverse source problem. We remark that the method in this
paper can work for general dimensions since the weight functions and Carleman estimates are independent of
the dimensions.

Bellassoued and Yamamoto [6] also use FBI transformation to establish a weak observation estimate which
shows the stability in the continuation of solutions from lateral boundary data on an arbitrarily small part
of boundary, and prove logarithmic stability in the inverse coefficient problem with single measurement of
arbitrarily small part of boundary data, provided that values of coefficients in neighborhood of the boundary
are known, see also [9]. By following their strategy, we can determine the source term in our problem by one
measurement of the solution on arbitrarily small part of boundary if the source term is known near the boundary.

1.1. Notations and the main theorem

Throughout this paper, for a function v = v(x,t) with z = (z1,22) € R%, t € (0,T), we use the following
notations:

ov Ov ov Ov Ov 0%v

_ (— - - —— 2 = -
T 9z, Oz T xy Oxy Ot 01/ 1<ij<2
Vo= G am Ve = Goy gy D) (a p) J)

For a multi-index o = (a1, ), a1, a0 € N, and X € R2, we define

0“v dlaly

——=—— D)X, X)=XTD*v)X
e 53;(111830&2, (v)(X, X) (v)X,

la| = a1 + ag,

where -7 denotes the transpose of matrices. For a function g : R — R, we denote g o g(z) = g(g(z)) and

gogog(xz) =g(g(g(x))) and so on.
We arbitrarily choose two points xg,z; € €1 and fix § > 0 such that

B(Io,a)UB(Il,(S)CQh B(.’,E(),é)mB(ﬂjl,(S):@

Since Sn_1 is convex, let y.(x, ;) be the unique point of Sy_1 N {z; + A(x —z;) : A >0}, (j =0,1) and n be
the outward unit normal vector of I' := 9. We define the observation region by

|y (2, 25) — 4]

1
FoU{oer: vl ) sl
j=0

and set © =T x (0, 7). In what follows, C' > 0 denotes a generic constant which value may change from line to
line.

Theorem 1.1. Let u be the solution of (1.1)-(1.2). Suppose that the source term is given by F(z,t) =
f(@)R(z,t) satisfying

(1) |R(2,0)] > co >0, (2) R € Hipo(R; L (Qw)).

Then if the observation time T is large enough, there exist constants C > 0 and v1,vs > 0 such that the following
estimate holds for all v > 1

1912y < O ol oy + Cg o909 e (1.3)

where g(y) = €27, v = Qyu is the velocity of wavefield w.
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By Theorem 1.1 we can readily derive the stability and uniqueness of the inverse problem.

Corollary 1.2. (Stability) Under the assumptions in Theorem 1.1, if v satisfy ||v]| g2, 111 () < +00 and
the observation data satisfy 0 < || ooy HL2 <1, then we have

1 1 1 1 -
Iy < C( () 0 G ) 0 () (€4 pgey—)
N—1
<olrsco s + | 5oy (14)
Proof. We can assume C' is large enough and take
1 1 1 1
y=(—In)o(—In)o--- > 1.
(oo m)o (oo () (C+ E2]
O

Corollary 1.3. (Umqueness) Under the assumptions in Theorem 1.1, if v satisfy ||v]| g2 (0,751 (0n)) < +00 and

the observation data =0 on E then the source term f(x) =0 in Q.

The remainder of the paper is organized as follows. In Section 2, we give the local Carleman estimate for
both hyperbolic and elliptic cases. In Section 3, we prove the main result, i.e., Theorem 1.1. More particularly,
we show the controllability of the source term by the solution and the boundary data in Section 3.1. And
in Section 3.2, we show the controllability of the solution by the source term and the boundary data. Then
in Section 3.3, we mix them together and prove Theorem 1.1. Section 4 is devoted to proving the Carleman
estimate, i.e., Lemma 2.1.

2. CARLEMAN ESTIMATE IN AN ANNULUS

In this section we present the Carleman estimate for the hyperbohc/elhptlc operators in annuluses j \
2 1<j<k—1<N-1)and Q\ Qo (2 < k < N). Here Q is an arbitrarily fixed neighbourhood of
contalned in Q. For consistency, we use the notation € \ ; for 0 < j <k —1 <N —1 and when we consider
the case j = 0, we are actually concerning about € \ Q. For the following understanding, the (k,j) can be
regarded as being fixed.

In order to state the Carleman estimate, we need to choose a suitable weight function v (x,t) = d(z) — Bt2,
B > 0 which satisfies some of the following conditions:

(a) d69 > 0, s.t. |Vw| >dp, Yz e \ (QJ U Sj+1 u---u Skfl).

0~ .
) [W]s, = [aa;f]si =0, j<i<k, V]| <3.
(c) gw Ve e S, j<i<k.
(d) Y(z,tp) is a constant along S; at any moment ¢ = tg, i.e., J¢;, .t

Y, t) =c; — Bt*, Yo eS;, j<i<k.
(e) 361 >0, s.t. D*(Y)(X, X) > 61| X%, Vo€ QU \ (QUSj41U---USp_1); X € R
(f) B < ardi/2.
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Note that the condition (e) is valid for the two-dimensional case, but it could be generalized to general
dimensions with suitable convexity assumptions [4]. We further set ¢(z,t) = e’ (@) with A > 0 and denote
(R \ (QjUSj41U---USk_1)) x (=T, T) by Q?. We denote C3(Q§) the set of functions for which the third
derivative is continuous in Qf Notice that the weight function ¢ (z,t) depends on (k, j). We have the following
Carleman estimate with this weight function.

Lemma 2.1.

(1) (hyperbolic case) If p(z,t) € C(( \ Q) x (=T,T)) N Cg(Qf) satisfies conditions (a)-(f), then there exist
constants A > 0, sg > 0 and C > 0 such that for all s > so and u € H! (Qf) satisfying 0?u — alAu € LQ(Qf)
and

ou .
[uls, = {aani]Si—O, j<i<k,
u =0, on OO x (=T,T), (2.1)
u =0, in a neighbourhood of 9€;,

u(z,£T) = Owu(z, £T) =0, in Qp \ Q;,

the following estimate holds
T
/ / (8| V. w|? + s |w|?* + | Pyw|?)dadt
-T Qk\Qj

T T
< C(/ / e®?|02u — aAu|?dadt + / / S
—17 Jo\Q, -1 Joqy

where w = e*Pu, and

Ou |2

Py =0} — aA + >N (|0w)]* — a| VY ]?)

18 a second-order linear operator, and 5571@ = {x € 0y, : % > 0}.
(2) (elliptic case) If ¥(z,t) € C((Qu\ Q) x (=T, T)) N C?’(Q?) satisfies conditions (a) — (d), then there exist
constants X > 0, sg > 0 and C > 0 such that for all s > sq and u € H* (Qk) satisfying 0?u + alu € L2(Q§“)

J
and (2.1), the following estimate holds

T
/ / e (5|, 4ul? + s3|u|?)dxdt
-T Qk\ﬂj

T T
< C(/ / e?%|0%u + aAu|*dxdt + / /N e2w|ﬁ yzdadt>.
=T S\ -7 Josy, ony,

Remark 2.2. We give the following four remarks on Lemma 2.1.

(1) Pyw in the hyperbolic case of Lemma 2.1 plays a role in resulting in Corollary 2.3. We will give the proof
of Lemma 2.1 in Section 4.

(2) In the case of multiple interfaces, the existence of the weight function satisfying conditions (a)-(f) is
still unknown. Or we can say it is hard to construct. However, we can construct a weight function satisfying
conditions (a)-(d). In the next Section 3, we will first apply the hyperbolic case of Lemma 2.1 to annulus
Qpr1 \ Q-1 (1 <k <N —1) in Section 3.1, namely an annulus with only one interface. Then in Section 3.2,
we will apply the elliptic case of Lemma 2.1 to annulus Qn \ Qz—1 (2 <k < N — 1), namely an annulus with
multiple interfaces.
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(3) In [4], the authors construct a weight function satisfying conditions (a)-(f) when there is only one interface
in the annulus. Let us consider annulus Qg1 \ Qx—1 (1 <k < N — 1), since Sk is convex there is exactly one
point yg(z) such that

yk(ZL') € SN {IL'O + )\(x — (E(]) TA> 0}

We define the weight function

|z — @0 2
akﬁ—ﬂt + M — ay, l‘EQkJrl\Qk,
lyk () — 2o
Ui(z,t) = , (2.2)
|z — o 2
175 — B+ M —apr1, € Qe \ i1,
lyk (z) — o

where M is chosen to let v, be positive. By Proposition 1 in [4] (p. 263), ¢ satisfies conditions (a)—(e), and
we choose 3 = aj1101/3 so that the condition (f) is satisfied.

(4) If we can construct a global weight function satisfying conditions (a)—(f) in the annulus with multiple
interfaces, then we can just follow the strategy in [4] to simplify the proof without using the FBI transformation
later applied in this paper and improve the stability rate in Theorem 1.1 further.

Corollary 2.3. If (z,t) € C((% \ Q) x (=T,T)) N C’3(Q§) satisfies conditions (a)-(f), then there exist
constants X > 0, sg > 0 and C > 0 such that for all s > sq and u € H* (Qf) satisfying 0?u — alAu € L2(Q§?)
and (2.1), the following estimate holds

Vs |0pw(z,0) > dz
O\

T T
< C(/ / e23W|8t2u — aAu\zd:cdt + / / e2s®
-7 J\Q; -1 Josy,

Proof. By integration by parts we can check that

0
/ / Piwoyw dxdt

1 1 0
:5/ |0pw(z, 0)|*dz — 53%2/ / [w[?0: (p%(|0p]* — a|V[?)) dadt.
Q\Q; =T JQ\Q;

ou |2
—| dodt).
8’n;€’ 7 )

So

T
1
/ |0tw(x,0)|2dat§/ / L Pl + 5l0w]? dedt
A\ —rJane; VS

T
+ 032/ / |w|?* dedt,
-T Qk\Q]

then by the hyperbolic case of Lemma 2.1 we complete the proof. O
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3. STABILITY OF THE INVERSE SOURCE PROBLEM

In this section, we apply Lemma 2.1 to obtain Lipschitz stability of inverse source problem for (1.1). We take
the even extension of R and u to the interval (—T,T). We call this function in the same way and let v = Jyu,
then v(x,t) satisfies the following system

Otv(x,t) — a(z)Av(z, t) = f(2)OR(z,t), in Qn x (=T,T),

v =0, onI'x (=T,T),

v(z,0) =0, dw(x,0)= f(x)R(z,0), in Qu,

[v]sk{aav] =0, 1<k<N-1
8nk S

In order to fulfil the condition of Lemma 2.1, we take a cut-off function 7n(t) € C*°(R) which vanishes at t = £7T.
We let n(t) satisfy 0 < n(t) <1 and

1, |t| <2T/3,
0, [t|>3T/4.

We then set y(z,t) = n(t)v(x,t) and it satisfies

02y(z,t) — a(x)Ay(z,t) = G(x,t) + H(x,t), in Qn x (=T,T),

y =0, onT'x (=T,T),

y(fE,O) = 07 aty(xvo) = f(l')R(CL'70), in QN7 (31)
dy

[y]Sk |:aa7lk:| s Oa <k<

where

G(x,t) =nt)f(x)0R(x,t), H(x,t) =21 (t)0w +n"(t)v.

Recall that o € Q; and B(xg,d) C Q1. For x # 29 and 1 < k < N — 1, note that y(z) is the unique point of
{zo + A& — o) : A > 0} NSk. So Qi can be represented by

|z — 20|
lyk () — 20l?

Qk:{z#xos <1}U{xo}.

Since Q1 C Q) (1 <k < N — 1), we can choose constant 7 > 0 such that

|z — 20/

ﬁf C X Xo . —————
e A Ko s

<1- 6rk} U {zo} C Q.

We can further let ry satisfy (since Qq is an empty set)

|z — 20|?

ly1(2) — @0l

{x;«éxo : < 1747’1}U{x0} C B(xo,9). (3.2)



8 Z. JIANG AND W. ZHANG

FIGURE 1. The sketch map of the domain Dy(r) indicated with pink shaded area.

We define

|z — x0]?
[yx (z) — 20

Dy(r) := {m # 30 <1-— r} U{zo}.

It is easy to see that Qi1 C Dg(e2) C Di(e1) C Q. for all 0 < €1 < €5 < 67y, Figure 1 is the sketch map of the
domain Dy indicated with the pink shaded area. The red circle in Figure 1 is determined by

|z — 20|

—_— =1
lyx () — zo|?

3.1. Control f(x) by y(x,t) and the boundary

First we present the following lemma.
Lemma 3.1. There exist constants C > 0, Ty_1 > 0 and vn_1 € (0,1) such that

i) (e

1172 @\ Dy s (4w 1)) < C(IIUH?M@ + Ha*n\

2 UN-1
L2(i)>

for all T > Tn_1.

Proof. We take a cut-off function &y _1(z) € C*°(R?) satisfying 0 < {1 < 1 and

1, IEQN\DN_1(5’I”N_1),
§N—1(I) = _
0, ze€ DN_1(6TN_1).
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Then we set zy_1(x,t) = Env—1(x)y(z, t) and we have

('9sz,1 —alAzy_1=&Nn_1 (n(t)f(x)@tR(x, t) + H(z, t)) + Sny-1(z,t),

zn-1(2,0) =0, Orzn—1(x,0) = {Env—1(x) f(x) R(x,0),
B

in annulus (Qn \ Qn—_2) X (=T, T) with the Dirichlet boundary condition

anoi(z,t) =0, (2,t) € 9 \ Qn_2) x (-T,T),

and Sy_1(z,t) = —2aVy - VEn_1 — ayA&n_; is supported in Dy_1(5rn—1) \ Dny—1(6rn_1) X (=T, T). In this
annulus, we take the weight function ¥y _1(z,t) by (2.2) for k = N — 1. Here and henceforth we choose § in
the weight function satisfying condition (f) in Section 2. We further choose T _; satisfying

_ 2
T3 =4(  suw ]

—_— 1)CLN—1 +20rN_1an,
v \Qn_1 [YN—1(2) — 202

then we have for all T > Txh_1,
d)N_l(Qj,t) <M —-b5ry_q1an, ¥V T/2 < ‘t| <T, xe€ QN\QN_Q.

We set ony_1 = eMN-1 and wy_q1 = e*?¥-1zn_1. By Corollary 2.3, we know that there exist A > 0, so > 0 and
C > 0 such that for all s > sg, we have

S ywy—1(z,0)*dx
x//QN\QN2|8 v ( 0” d
T
= C([T /QN\QM e?een (Iﬁwfl(x)n(t)f(x)atR(x,t)\Q + |en—1(2)H (z, 1) (3.3)

T
+\SN_1(o:,t)|2)dxdt+/ /ezs‘f’W*1
-17JT

Since |R(z,0)] > ¢o >0 and R € H'(0,T; L>=(Qy)), we have

Ozn_1|?

Vs |Oywn 1 (,0)|*dz = /s N1 @O ey (2) f(2) R(x, 0)Pd
QN\Qn_2 QN\Qn_2

> cgv/s e2sen-1@ey ) (2) f(x)|2da,
QN\QN_2

and

T
/ / e2sen—1 (@0 ey (2)n(t) f(2)d,R(z, t)[>dzdt
-T QN\QN—Z

ARloram@y [ ey @) (@)
QN\QN-2
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Without loss of generality, we assume that ¢§y/So > 2C||R||g1(0,7;15(0x)) + 1. Hence (3.3) implies
[ e @) @)
QN\Qn -2
T
< c( / / e23¢N*1($’t)(|H(x,t)|2+ |5N,1(x,t>|2)dxdt (3.4)
—T JOAN\QnN_2

T
+ / / GQSLPN—l
-TJT

Ozn—1]2
S| dedt).

Since
¢N_1(a?,t) <M -—-b5ry_q1an, V T/2 < |t| <T, xe€ DN_1(5TN_1) \D]\r_l(ﬁ’l“]\f_l)7

we have

T
/ / e?ww—ﬂr»t)(\H(a:,t)\? + |SN—1(x7t)|2>dxdt
~T JON\Qn—_2

T
9 / / 2N 0| (g ) [2dadt
2T/3 QN\QN_2

T
+ / / e2spn—1(z,t)
—T JDN-1(57N-1)\Dn—-1(67N_1)

AMM=5rN_jan)

Sn_1(x,t)|*dadt

<Ce** 191131 q)-

Combining this inequality with (3.4), we obtain

/ ereMM?MN?laN)|f(x)|2d1'
QN\DN_1(4rN-1)

< / QPN 1@ Oey  (2) () *da (3:5)
QN\Qn -2
SEA(M—sr _1apN) Se2>\M a’U 2
<e (@ ol + | 5 ae,)
This implies
2
||f||L2(QN\DN71(4TN71))
ov |2
—2sk 2 2sk
SC(Q 1||’U||H1(Q)+e 2 %‘LZ(Z+)) (36)
v ||2 Ov |2
<C 2sok2( —2(s—s0)k1 2 Hi‘ 2(s—s0)kz 7’ )
<Ok (o (ol @ + {| 77 | o) +© on i)

for all s > sg, where

k:l — GA(M74TN_1GN) _ eA(Mfer_laN) > 0, k2 — eZ)\M _ e)\(M74TN_1aN) > 0.



STABILITY OF INVERSE SOURCE PROBLEM FOR A TRANSMISSION WAVE EQUATION 11

(¢) Ok41

FI1GURE 2. The sketch maps of domains A, O and O1 indicated with different shaded areas.
(a) domain A with pink shaded area, (b) domain Oy with brown shaded area, (¢) domain Oy
with yellow shaded area.

Now minimizing the right-hand side of (3.6) with respect to s — sg > 0, we have

8’1} 2 l—I/N_1 6/[} 2 UN -1

2 2

1122 @n\ Dy (w1 < C<”UHH1(Q) + H@Tz LQ(i)) (H&Tz L?(f)) '

where vy_1 = klliilkz The proof of Lemma 3.1 is complete. O

In the following we extend the estimation layer by layer and finally cover almost the whole domain Qy \
B(xg,0). More precisely, we set

Ap = Di1(2reqa) \ Dr(4rg), O = Dy(rg) \ Dy(2r).

We will control f(z) in the annulus A by y(z,t) in Og4q X (—%, %) Figure 2 shows the sketch maps of domains

Ag, Oy, and Og41 indicated with pink, brown and yellow shaded areas respectively.
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Lemma 3.2. For 1 <k < N — 2, there exist constants C > 0, Ty, > 0 and vy € (0,1) such that

1—vyg Vi
Hf”%ﬁ(Ak) < C(HUH%H(Q) + ||y||i2(7%7I'Hl(Ok+1))) <||y|‘%2(7§,1~111(ok+1))) )

29 2

for all T > Ty.
Proof. Similar to the proof of Lemma 3.1. We take a cut-off function & (z) € C°°(R?) satisfying 0 < &, < 1 and

¢ (x) B 1, z€ Dk+1(2rk+l) \Dk(57“k),
g B 0, z € Dy(6rg)U (QN \ Dk—&-l(rk—i-l))-

Then we set z(z,t) = & (z)y(x,t) and we have

Oz, — alzy, = & (n(t) f(2)OuR(,t) + H(z,t)) + Sk(z,t),

zk(7,0) = 0, Oyzx(,0) = &(z) f(2) R(z, 0),

0z
2kl = [aan];]sk -

in annulus (Q41 \ Qx—1) x (=7, T) with the Dirichlet boundary condition
ze(z,t) =0, (2,t) € O( Qg1 \ Qi—1) x (=T,T),

and Sk(z,t) = —2aVy - V&, — ayA&y, vanishes outside Op1 U Dy(5r;) \ Di(67%). In order to adapt with the
concepts in Section 2, here and henceforth we should replace Qg by D1(6r1) when we mention Qs \ Q.

In this annulus, we take the weight function (2.2) and set o (z,t) = e*¥*(®8 Following the steps in
Lemma 3.1, there exists T}, > 0, for all T' > T}, we deduce

/ 254 @0) |6, () () Pl

Qp Qp_

;‘Fl\ k—1 (37)

<C / / e2w’“(w’t)(\H(x,t)|2 + |Sk(x,t)|2)dxdt,
—T J Q1 \ Q-1

and

T
/ / 2?0 H (z,t)*dadt
=T J Qe 1\ -1

T
— 2/ / o259k (1)
2T /3 J Qo1 \ Qo1

Ce2se>\(M—5rkak+1) |

H(z,t)|*dzdt

IN

|U||%11(Q)7
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T
/ / e25¢n (1) Sk (z, t)‘dedt
=T JQp1\Qk—1
T
= / (/ +/ )e2SLPk(I’t)|Sk;($7t)|2dmdt (3.9)
-T Dy (57,)\ Dk (671) Ok 41

IN

C (e2seA(M’5"kak+1)

2562A1\4

[oliF ) +e 972z 2,500

70735 (0k+1)))’
Now we combine (3.7)—(3.9) together to get

/emwwamm%B
Ag

s/ P90 @0 ¢, (2) f () Pl
Qr+1\Qr—1

MM =57 ap41)
SC(GZSe

2AM
lolFn ) + e lylfa_z 2

H1(0k+1)))
Then by the argument like Lemma 3.1, we can find v € (0,1) such that

2 <C 2 2 1-vk 2
1y < C (100 + W2z gumionn) (11222

Vi
57§§H1(Ok+1))> :
The proof of Lemma 3.2 is complete

O
Corollary 3.3. We set

Ek = QN \Dk(4’/‘k), 6k = QN \ Dk(27"k)
fork=1,---|

N —1 and On = 0. There exist constants C > 0 and p,p’ > 1 independent of k such that, for all
€ e (0, 1) and T > IIlaX{ThTQ, . 7TN—1};

2

L2(Z))

Proof. For the convenience, we present the sketch maps of domains Ek and 6k, which are shown in Fig-
ures 3a and 3b indicated with gray and pink shaded area respectively. By Lemma 3.1 and Lemma 3.2, let
o =min(vy, s, ..

171227, < CePlloln gy + Ce~ (Ilyll2,

gm0+ on]

., UN—1), We have

2

vy UN_1
) Ul

1—0o
(HUHHl(Q) =+ ”yHLz( Z,Z.H'(Ok41)) H ’ L2(2))

2

L2(2))U’

17D st s <C(I0lnc) + | e

(”yHLZ(_%,g ;HY(Og41)) H ‘
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(a) Ay (b) O

FiGURE 3. The sketch maps of domains Zk and 6k indicated with different shaded areas. (a)
domain Ay with gray shaded area, (b) domain Oy with pink shaded area.

and the same upper bound for ||f||%2(Aj)7 j > k. Thus, we have

||fHL2(Ak <12 @n\ D s (arw 1)) T Z 11172 a,)
=k

—0

L?(Z))

L2 2)) '

(T PP ]

2
: (Hyan(,g,g;m(aM

Then by the Young inequality with p = —U and p’ = =, we have
v
2 2
171200z, < O (1ol @) + a2 2oy * || )
,p' 2 2
+ee (Hy”Lz(*%% sH' (Ok+1)) H ) L2(2))

’ 2
< Oellollin g +Ce7 (”y”i%—l Z5H1 (Op1)) H ’mz))

27

3.2. Control y(z,t) by f(x) and the boundary

We cannot follow the strategy in Section 3.1 to control y(x,t) due to the extra variable ¢ compared with
f(z). In order to make it feasible we need to use the FBI transformation F, ;, with respect to the variable t. It
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is defined by

Fyy(,0) == V2 / oWt (0 1,
R

where v > 0, tg € [-Z — 1,Z 4+ 1] and w € [-3, 3]. One fact we easily obtain is that, for any z € Qy,

2
B, qoy(ww)|? < 27( / ev<fot>2+wz|y<x,t>|dt)
R

T
< \/27r762”“2/ ly(z, t)[*dt.
-7

Further noting that

Dy oy(,w) = —iy/ 27/ Dpe™ 0ty (4 1) dt
R

:i\/2fy/e*V(toftH“’)Qaty(m,t)dt,
R

we have

1By to¥ll7 o x (—3.3)) < € YllEn (o) (3.10)

for some C7 > 0.
We apply the FBI transformation to (3.1) and get

O2F, 10y + aAF, 1y :\/27/ e (to—t+iw)® ( — O%y(x,t) + aly(z, t))dt
R

(3.11)
= F%tOG - F%toH(wvt)
with
aF it y
[Fy ty)s, = [“azz,:} L =0 1sk<N-y,
and
Fwy=0, x€dy.
Since H(z,t) is supported in 27'/3 < [t| < 3T/4 and [tg]| < % + 1, we have
2
2 = (F-D*+9y
[y H|” < 2’7(/ e 6 |H($,t)dt>
: (3.12)

T
< e~ CoT1HC1y / \H (2, 1)|2dt

- -7
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for some positive constants C;, Cs. Moreover, we also have
T
Py GP <67 [ 16 )P < e () (3.1)
-T

Lemma 3.4. For 2 <k < N — 1, there exist constants C > 0 and ly € (0,1) such that

1—1
2 2
||F’)’7t0y||H1(5kX(7171)) < C<||F’th0yH1(5k+1X(1’1)) + ak>

Iy
X (Fmtoy||§{1(QNx(—3,3))) ;

where

2

8F’Y,t0y’

2 2
O = HF’Y,toGHLz(IZkX(_gﬁ)) + ||F’Y7t0H”L2(§kX(_373)) H on

L2(Tx(—3,3))

Proof. Firstly we take a function ¢y (z) < 0 satisfying the following three conditions:
(i)
gﬁk(l') S 78, in Dk(?ﬂ'k),
=5 < ¢p(x) < =3, in Dyy1(2rs1) \ Di(2ry).
In the case when kK = N — 1, it becomes —5 < ¢n_1(z) < =3 in Qn \ Dy_1(2rn—1).
(i)

0% dp(x) 0¢ )
[ér(2)]s, = [afxa . =0, I, >0, forj >k, 0<]a <3,

|V¢k(x)| 75 0, in Qp \ (Qk—l USpU--- USN_l).
Note that ¢ (z) € C*(Qn \ (U1 USLU---USy_1)).
(iii)
{x € 00N : Vi (z) - (x —x0) > O} cT.

The existence of ¢y (x) will be presented in the Remark 3.5 below. Then we define

V(2 w) = ¢p(z) —w?,  Prlz,w) = MVrEw),

and take a cut-off function x € C*°(R) satisfying 0 < x(¢) <1 and

oo [ TSt
MU=N0, t<—8ort>o0.

We set

Y(l‘, w) = X(d)k)F’y,toy(xﬁ w)a
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then from (3.11) we have

O2Y +aAY
= - X(QLk)F%toG - X(J})F'YJOH + [63; +aA, X(qzjk)]F%toy?

with
Y(xz,+3) =0,

where [A, B] = AB — BA denotes the commutator. We note that [02 4 aA, x ()] is a linear differential operator
of the first order and is supported in

{(m,w):—8§@/~1k§—7 or —].S’(/NJ]CSO}.

By (ii) we can verify that

for all w € [—3, 3], then we apply the elliptic case of Lemma 2.1 to Y (z,w) in Qn \ Qx—1 x [—3, 3]. There exist
constants A, so > 0 such that for all s > sy, we have

3
[ P iy et edns
—3Jan\Qu_1
3 ~ ~
<o [ RO + KB, HE
-3 QN\Qk—l
2 - 2\ 255 5r0Y 12 g
+ Haw + aA’X(wk)]F%tom )e?*?rdzdw + C | )37‘ e25%k dadw
-3JT
3
= 0/ / (|1Fy 40 GI* + | Fy 0o H[?)e** dzdw
—3 JQAN\Dy (4rk)
+ C/ (|F’7,t0y|2 + |vw,wF'y,t0y‘2)628877>\d$dw
—8<pp <=7

+ C/ ; (|ny,t0y|2 + |Vx,wF'y,t0y‘2)628dl‘dw
—1<9, <0

3 2
+C / / ‘ a—y e®*dodw.
3 JT on

Since —6 < P < =3 in (Dg1(2rr1) \ Di(2r1)) x (—1,1) and {(z,w) : —1 < b < 0} C Ogyr x (—1,1), we
obtain

256”62 2
e” ”F’Y,toy”Hl(Dk+1(2rk+1)\Dk(2rk)><(—1,1))

250”62 2 2
=¢e (HFP‘/’tOy”Hl(akX(fl,l)) - ||F’Y’t0y||H1(5k+1X(fl,l)))

-7\
< Ce® (ar + 1 Fy b 50 ray) + O IE ot (s
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Therefore, there exist positive constants k1, ko such that

2 kis 2
HF’Y’tOyHHl(akx(fl,l)) < Ce™ (ak + ”F'Y’toy”Hl(()k_'_l><(71,1))>

—k 2
+ Ce™ | Fy 0yl (o x (—3,3))
then we minimize the right-hand side with respect to s and complete the proof of Lemma 3.4 with [, = % O

Remark 3.5. In this remark, we show the existence of ¢(z). We can construct ¢y (x) in each annulus Q; \ Q,_4
(k < j < N) according to the following four steps.
(1) When z € Q. \ Qx_1, we set

|93—£E0‘2
h —e————-—5 0 1.
1) E\yk(x)—fﬂoP ’ ses
We take a cut-off function 0 < (¢) < 1 satisfying 6'(t) > 0,
0, t<2,
0(t) =
o-{ 15
then in this annulus we define
|z — a0|?
x :—49(1—7 T )+h ).
¢k( ) ( |yk($)_$0|2)/ k 1( )

When z € Qi \ Di(27%),

9((1 . M)/rk) = 0 and ¢p(z) = hi(x) € [=5, —3].
|y () — 20/ ’

When z € Dy (3rg),

|z — 20?

=e———>5 —9< -8
lyk () — ol?

|x7x0‘2 = an A
9((1*m)/7'k) =1 and ¢ (z)

as desired. Moreover, we can verify that

46 2| — xo|?
Vo (x—x0)|=(—+¢)———— >0,
IVes - ol (Tk )|yk($)*1170|2
so conditions (i) and (ii) are satisfied in this area.
(2) When z € Q11 \ Q, we set
() = et PPl
Xr)=¢€ - € - ’
’ a1 [y (x) — wof? @t 1
2
- 1
hs(z) = [~ 2l -

. - ’
[Yrt1(x) — z0|? k+1
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we take € small enough such that —5 < ho(x) < hg(xz) < —3. Then in this annulus we define

|z — 20|

- [Yrt1(z) — w0 |?

on(z) = 0((1 /i ) (ha(@) = h(2)) + ha(a).

We can verify that when € D41 (3r5+1) \ Qk, dk(x) = ho(z). And when @ € Qg1 \ Dit1(2rk41), dr(z) =
hs(x), we have

/ 2] — xo|?

|yk+1($) - 960|2

Vor- (@ — o) =(-2

Tk+1

(65— 62) +e(1-0))

ap 2|z — xo|?

> 0.
ap+1 |yr(x) — 202

+ €0

(3) When z € Q41 \ Q;, kK < j < N —1, we define ¢ () in the same way as (2). We set

aj |z —wxol? 1 a;
i(x) =€ —4—=+e€l1- ,
P43(7) ajy1 |y;(x) — wol? J ( aj+1)
|z — xo]? 1
i(r) =€ —4-—
P33(7) yj+1(x) — ol J+1
and define
_ |z — zo” | | | |
ou(e) = 0((1 = =) i) (has ) = hog(w) + iy (),

(4) When z € Qn \ Qn_1, we define

an—1 |z —axof 1 an—1
T)=¢€ —4— +e(1 —
d)k( ) an |yN_1($) — $0|2 N -1 ( anN

);

then we can see that the condition (iii) is also true by the definition of T.

Corollary 3.6. For 2 <k < N — 1, there exist constants C > 0 and dy € (0,1) such that

dp
—d
||F~y,toy||?{1(5kx(_1,1))SC% k(”F’%toy”%l(QN><(73,3))) :

Proof. Let us fix k, for j > k, by Lemma 3.4, we get

11,
HF'Y7t0y||2Hl(6j><(*171)) = C<aj + HF’Y’tOyHEI(@HX(*Ll))>
L
X (IIF 7toy||%11(QN><(*3v3)))
1-1;
9 J
< C<04k + HFmtoyHHl(aﬂlx<—1,1>))

2 b
X (”F’Y,toy”Hl(QN x(—3,3))> )
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together with

r 2 <C 1-in—1 Ja 2 tN-1
” V’toy”Hl(aN,lx( 1,1) = A H %toy”Hl(QNX(—B,S)) :

Hence we can reach the conclusion by using mathematical induction. O

Lemma 3.7. For 2 <k < N — 1, there exists T}, = %7 where pr = }J_rgi and Cy,Co are as in (3.12),
such that the following estimate holds true for T > T} :

ov |2
2 —-C1 2
1ol 6,y < (& UM+ || Fall e € Weline)-

Proof. By (3.10), (3.12) and (3.13) we easily have

ov
Civy 2 —CoTvy+Cry 2 Ciy
ar < C(E gz, + e T ol + 7|5 s ) (3.14)
By Corollary 3.6 and the Young inequality we have for all € > 0
g a1
”F%t‘)y”?{l(ékx(—l,l)) < Cex ”F%toyH%{l(QNx(fS,fS)) + Ce T oy,
We take € = e~2¢197  combining with (3.10) and (3.14), then we have
Vo2 6 1y < C (€7 003 ) + PO =T1 03 g
Ov
Py PR
e+ | L2<i>)'
This completes the proof of Lemma 3.7. O

Now in order to finish this subsection we need to show that the H'-norm of y in O % (—%, %) can be

controlled by ||F%t0y||§{1(5kx(7171)). We set y.,(x,t) = F, +y(z,0), then we have

2
(1) = /2 /R %y (0, £)dE = K+ y(a, 1),
where

K, (t)=+/ 2’)’677# .

Lemma 3.8. For2 <k <N —1, we have

11225 g < O WMz + | 50

—ley 2 L )
2( 2) 01l Q)
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Proof. By Cauchy Integral Formula, we have for 0 < p < 1 and ¢ € [—%, %],

2
1
77{ y7<x’z)dz‘
21 Jyay=p 2

1 2 0
ﬁ/o Yy (z,t + pe'”)do

1 2

|y7(33,t)|2 =

2

IN

i0y(2
2 ), |y (z,t + pe'”)|"do.

Then integrating this inequality for p € (%, 1), we get

1 1 1 27 .

Sl (@ B < 7/ / |y, (z, t + pe'?)[>pdbdp
™ % 0

1

= — // |y (0, to + iw)|*dtedw
T JJ i< to—t[2+w2<1

1 /1 T+
7/ / |y 4 y(2, w)[Adtgdw.
TJa1J-Z1

This estimate holds for all z € Oy and ¢ € [—Z, Z]. Therefore, we have

IN

1 5 +1
191122 5 < 20 ) |Ey (2, w)|2dtgdwda
ML20ex(-%.3) — 1 o0 1) oz, V:to )
2

or [zH!

2
) HF'y,toyHLz(ak X(—l,l))dto’

™

2

By using the same argument to the first-order derivatives of y.,, we conclude that

) or [Tl )
Hy'YHLQ(,%’%;Hl(ék)) < 7/ T, ”F‘thoy”Hl(ékx(71,1))dt0'
-

Then by Lemma 3.7 we complete the proof of Lemma 3.8.

Lemma 3.9. For 2 <k < N —1 and Vv > 0, the following estimate holds

ov |2 1
9025 500y < L UMy + | gl o) + 52 I crim @y

Proof. We denote the Fourier transform of y(x,t) for ¢ by y(z, ), then

—_— —

U=y =7 Kyxy=(01-K)y.

Since

21
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by the Parseval identity we have
lly — 3/7||2L2(6k><(—§,%)) <ly- a”i%ékm)
= ||—y||L2 (01 xR)
= ( ) Hat2y||L2‘ (Orx(~T,T))"

Similarly, we have

1

”y_y’Y”iz(,%’%;Hl(()k)) <( ) H tY ” (=T, T;H(Og))"

Therefore, combining with Lemma 3.8 we obtain

Hy”Lz(_Z Z.H'(Oy)) — 2||y y’Y”Lz %’%Hl(ak)) + 2||y7”i/2(—%,%;H1(6k))

s

< C(epk”(llfllmAk + H% L

z(i)) + ? ”v”%ﬂ(fT,T;Hl(QN)))'

The proof of Lemma 3.9 is complete. O

3.3. End of the proof of Theorem 1.1

For simplicity, we set

_ 2
||f||L2(A )? Yk* ”y”Lz E%;Hl(ék))’
_ 2
V= HU||H2(—T,T;H1(QN))7 H 125
We choose
__2
e=~vy e’ y>1
in Corollary 3.3 so we have
__2p 2p’
F, < Cv 277V 4 Cyotv’ (Y1 + B) (3.15)
for 1 <k < N —1. By Lemma 3.9 we get
1
Yk+1 S Cepk’y(Fk+1 + B) + C?V (316)
Inserting (3.16) into (3.15), we obtain for 1 <k < N — 2,
Fp < Oy m7 V 4+ Ce+ (B + B), (3.17)

and

Fy_1 < 07_%‘/—1—07%& (3.18)
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since Yy = 0. We claim that for 1 < k < N — 1, there exist ¢; > 0 such that

23

Fp <Cy PV 4O frofro-- fi(MB, 7v>1, (3.19)
—_—
N—-k

where

ﬂo:%, Fe(7) = €7, fro fu(y) = fulfi(1)-

We prove (3.19) by mathematical induction. When £ = N — 1, (3.19) holds for ¢y_; = 1. We assume that

(3.19) holds for k£ + 1. Then by (3.17) we know
Fy < Cy =PV 4 Ce® )Y (Fy iy + B)

< Oy Py + Ce@r+1)y (T—ﬁov + fre10 frr1 0 fra1(T)B + B)

N—k—1
holds for 7 > 1 and v > 1. We take
2(1+pyg)
T=¢e Fo ,
then we can see that (3.19) is true for k with
_ (2(1 + ) )
¢ = max ( ———=, Cp41 |-
Bo

We set 79 = max(cy,ca,...,cny-1) and go(y) = €7, then (3.19) yields that for 1 <k < N —1,

Fy <Cy PV +Cgyogoo--go(y)B-
—_—
N1

Finally by (3.2) we conclude that

IA

11122\ Bo.5))

N—-1

S h

k=1

<Oy PV 4 Cgoogoo-go(y)B.
—_—

N—-1

We use the whole same argument to x; and we can claim that there exist constants 81,71, C > 0 such that

£ 172 @n\Br sy SCY PV +Cgrogio--g1(7)B,
—
N-1

with g1(7) = e™7. Thus we complete the proof of Theorem 1.1.



24 Z. JIANG AND W. ZHANG
4. PROOF OF LEMMA 2.1
For universality, we consider

L := pd} — aA,

where p € {—1,1}. We will aim to prove Lemma 2.1 in two cases:
Case 1: p = 1, the weight function ¢ (z,t) satisfies conditions (a)-(f).
Case 2: p = —1, the weight function ¢ (z,t) satisfies conditions (a)-(d).
As presented in Lemma 2.1, we set

o =e  w=eu.
We further set

E(Y) = plow|* - al VY],

Pw =e**L(e”**w) = Piw + Pow + Rw,
where

Pyw = pd?w — alAw + s> N2> E(Y)w,
Poyw = —sAp(L(Y) + y)w — s 20 E(¥)w — 25 \p(pdsypdpw — aVip - Vw),
Rw = vsApw.

Then we have

1
”Pw”i?(Q?) > §||P1w + PQwH%Q(Q;?) - ||Rw||iQ(Q?)

v

1
§||P1w||i2(Q§) + (P1w7P2w)L2(Q;@) - HRwHQLz(Q?).

Here (-, +)z2(qgr is the inner product in L? (Q%). And we write

k T
(le, PQU))LQ(Q;;) = Z / / lePgw dxdt.
J i=j+1 —-T Qi\Qifl

Using the integration by parts as [4] does, we have

T
/ / PywPyw dedt = I, + X; + By — B |, (4.1)
=T JQ\Qi—1
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where I; is the sum of the interior terms

T T
I, = 25)\/ / ©I2p|Opw|? dadt + *yps)\/ / ©|Oyw|?* dadt
=T JQi\Qi—1 =T JQi\Qi—1

T
+ 25)2 / /Q . 0 (pOrpdyw — aVw - Vb)? dadt

T
+ 28\ / / a*>oD? () (Vw, Vw) dxdt
Q\Q2i—1

f’ys)\/ / ap|Vw|? dxdt+253/\4/ / V)2 |w|? dadt
Q \QI 1 Q \Qz 1

PO / /Q o (0WPTRY + @D2W) (Ve V)l daat

- 753)\3/ / ¥)|w|? dadt.
QN2

And X; in (4.1) is the sum of the remaining interior terms, in such a way that

T
|X;| < Cs/ / |w|? dzdt,
T JONQ

for some constant C' independent of s.
And B; in (4.1) is the boundary term on S; (i.e. 9;):

T
B = 5,\/ /7 (a2<p|Vw|287% —2a2p(V) - Vw)gw

—fs)\/ / ) dodt
e L) + ol 5

T ow 5 [T ow
+ s)\/ /7 ap(L(y) + ”y)wani dodt + s\ /7T /57 awE(zD)wani

) dodt

dodt

T
—fs)\g’/ / apE(y |w|2 _1 /\2/ / olw |28E(¢) dodt
2 S- on

+25)\/ /7 —s)\/ / ap<p|3tw|2
+53)\3/ / ap®E \w|2gw dodt,

and Bj" | is obtained by replacing S;” and n; in B; by S;”; and n;_; correspondingly.

25
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We note that there is a minus sign before BJr ; in (4.1) because n;_; is the normal vector inward €2; \ €;_4
while n; is the outward normal vector. Hence we have

(Pun Pav) gy = 3 T Y Xt S (B B+ B B
i=j7+1 1=j+1 i=7+1

Since v vanishes near 02, the last term B;-' is zero. The aim is to show that B, — B;" >0 and

Z I; > c/ / s lwl? + s|Vw|? + s|0,w|? dadt (4.2)
it O\

for some positive constant ¢ independent of s.

4.1. The interior

Case 1: p = 1, 1) satisfies conditions (a)-(f).
In this case, we have

T
I; > s)\/ / o(—4B +7)|0yw|? dxdt
Q\Qi—1

T
+ s)\/ / ap(2ad; — )| Vw|? dedt
—T JQ\Qi—1

3143 r 3 9 )
e / /Q\Q P (2AE(¢)? — (48 +7)E())|w|* dzdt
+253)\3/ / 2aﬂ+a251)|vw| ‘w|2 dadt.

Qi\ Qi1

Since 28 < ard1 < ady in Qi \ ©; by condition (f), we take
v = ardy + 25,
then
2061 —y > -4+~ > 0.
On the other hand, since

(48 +7)?

ABW)? — (48 +7)B(¥) > ——

we take A large enough such that

(48 +7)? -

) 2(—2a8 + a%61)02 < 2(—2a8 + a26,)|V|>.
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Hence we have
T
I, > c/ / s3w|? + s|Vw|* + s|0w]? dadt,
- Q\ i—1

with

(4ﬂ+7)2} ~o

c= min{ — 4B 4 v, a(2a6, —),2(—2apB + a*6,)53 — o

Case 2: p = —1, 9 satisfies conditions (a)-(d).
In this case, we have

[E()| = 0 + a| VI* > ardF,

and

T
I > 5)\/ / ©(—48 — ) |0pw|* dxdt
—T J\Qi—1

T
+ 25)\/ / a’*pD?(Y)(Vw, Vw) dxdt
2 \91 1

T
- 'ys)\/ / ap|Vw|? dzdt + 233)\4/ / SE()?|w|? dadt
=T JQi\Qi—1 Qi\Qi—1

+25°A° /T /Q o ©* (10412070 + a® D (W) (Veh, V) ) Jw|? dadt
- ’ys?’)\?’/ / ¥)|w|? dadt.
Qi\Qi—1
Since ¢ € C2(Q¥), there exists M > 0 such that [D?(¢)(X, X)| < M|X|? for X € R?. We take  which satisfies
—4B -~y >0, —ay—2a*M > 0.

Then we choose ) large enough such that the term of s>A* can absorb the last two terms, and we get (4.2).

4.2. The boundary
In both cases 1) satisfies conditions (a)-(d) and
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It is not difficult to verify that the rth term of B; and B;‘ are the same for each r € {3,4,7,8,9}. So

—B; = s)\/ / {a <,0|Vw|2 ] [a o(V - Vw) w ] )dadt
S; on; g,

g [ ], foer ] ao
+5>\2/ /{WE

—78)\3 / / {WE(@W aniLidadt
+83)\3/ /[ |w|2gi}sjdodt.

= 0. Moreover 1 is constant on S; at any

} dodt

We denote 7; the tangent vector of .S;, then {%}S = 0 since [w]g,

fixed time t, thus

We have

ani 7
ow |? 0 ow|? o
— 2 |27 27 2 _
la (plﬁnl anl tle 14 677 3”1
(4.3)
_ 11 ow . ,, OY e ow.,, OY
- Qi1 a; aanl) ( 677/1) + (a1+1 al)w(aTl) ( anl)
1 1 ow o, OY
e a; aani) (aani)7
since a; 1 < a; and a8 > 6p > 0. And
oL I(A
B
n; |g, n; Jg
’ (4.4)

(Ay)

= (a; — aip1)p|wl*(a o, ),
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ow
ani S;

1 1 9 ow
— — DelaVilulagy
1 1 So, Qw5  2XaVy|?

- e(Saga + P ),

)

R I R
ils,;

= )

)

IA

i1 aj

2 OY _ |2 2 12 0%
e B B

0 i
_ (b1 220 2V
=~ — eVl g,
Gathering (4.3)-(4.6), we obtain
1 ow 5, 0y
< — I _
B % / / Q41 a; ( on; ) ( on; 5O)d0dt

- s)\/ / - — <p|w\ F(s)dodt,
az+1 Q;

with

9%
871,2‘

1)\2< 81/) ) 2)\2\avw|2 . a;a;—1 (aa(Aip))

F(s) = s2)\2,2 3
(5) = "N (ag —)" = on, 5o 2 on,

Since aa > o, there exists sg > 0 such that F'(A) > 0 for all s > sg. So we get B;r - B, <0.

The remalmng term

T
_ o ow
_ 2 2 .
B =s\ [ ) /S i (a PlVul* 5~ 2a%e(V - Vu) ank) dodt
T
2 o
= — s\ aip dodt
~/—T ‘/an kP B'I’Lk 8nk
T
2 o
> . 2
> — s\ /T/afs\fkak an 6nk dodt,

since u = 0 on 0. Now we carry all together

1 T
Pwl%s, 0 — = || Pywl|? >// Slw|® + s|Vw|® + s|oyw]? dadt
I w||Lz(Q§) 2H 1w||L2(Q§) >c . Qk\st |w|® + s|Vw|* + s|0yw|* dz

T
- Cs/ / lw|? dedt
Q\Q;
- Cs/ /
Eon

d dt.
8nk o

29

(4.5)

(4.6)
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Thus we complete the proof for the hyperbolic case of Lemma 2.1. For the elliptic case of Lemma 2.1, it is
obvious by noticing that

e |Vul? < 2Vul? + 2%V,

e2?|0pu)? < 2|10,w|* + 2520, w|*.

The proof of Lemma 2.1 is complete.
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