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THE MAXIMUM PRINCIPLE FOR DISCOUNTED OPTIMAL
CONTROL OF PARTIALLY OBSERVED FORWARD-BACKWARD
STOCHASTIC SYSTEMS WITH JUMPS ON INFINITE HORIZON*

YUEYANG ZHENG AND JINGTAO SHI*

Abstract. This paper is concerned with a discounted optimal control problem of partially observed
forward-backward stochastic systems with jumps on infinite horizon. The control domain is convex
and a kind of infinite horizon observation equation is introduced. The uniquely solvability of infinite
horizon forward (backward) stochastic differential equation with jumps is obtained and more extended
analyses, especially for the backward case, are made. Some new estimates are first given and proved
for the critical variational inequality. Then a maximum principle is obtained by introducing some
infinite horizon adjoint equations whose uniquely solvabilities are guaranteed necessarily. Finally, some
comparisons are made with two kinds of representative infinite horizon stochastic systems and their
related optimal controls.
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1. INTRODUCTION

Maximum principle is an important tool to solve the stochastic optimal control problem, by which the
necessary condition for optimality is usually obtained. It is acknowledged that Peng [27] firstly introduced the
general stochastic maximum principle for optimal control problems, where the control domain need not be
convex and the diffusion coefficient can contain a control variable. Since then, plenty of mature results about
global and local maximum principle are obtained in succession. For non-convex control domain, Situ [35] first
obtained the global maximum principle for the controlled stochastic differential equation with Poisson jumps
(SDEP for short) where the control variable is not included in the jump coefficient. Then Tang and Li [38] and
Li and Tang [17] extended the general result in [27] into the case with random jumps and partially observed case,
respectively. Wang and Wu [40] studied a maximum principle for partially observed stochastic recursive optimal
control problem and forward diffusion coefficients do not contain control variables. Recently, global stochastic
maximum principle for recursive utilities and fully coupled forward-backward stochastic differential equations
(FBSDEs for short) were obtained in Hu [13] and Hu et al. [14], respectively. Hao and Meng [12] proved a
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maximum principle of optimal control problem for a class of general mean-field forward-backward stochastic
systems with jumps where the diffusion coefficients depend on control, but the coefficients of jump terms are
independent of control. Song et al. [37] obtained a maximum principle for progressive optimal control of SDEPs
by introducing a new method of variation which is a correction of [38]. For convex control domain, Peng [28]
investigated the local maximum principle for forward-backward stochastic optimal control systems. Then Wu
[43] studied an optimal control problem for partially observed forward-backward stochastic control system with
the forward diffusion term containing control variable. Wang et al. [41] studied a partially observed optimal
control problem of FBSDEs with correlated noises between the system and the observation, and obtained three
versions of maximum principle. Then Zhang et al. [51] considered the partially observed optimal control problem
of forward-backward stochastic differential equations with Poisson jumps (FBSDEPs for short) with Markovian
regime switching and developed a stochastic maximum principle.

The results mentioned above are based on the finite horizon. However, relatively few papers study the maxi-
mum principle for stochastic optimal control problems on infinite horizon. In fact, in many dynamic optimization
problems in economics, finance and insurance, one need to consider problems on infinite horizon. Moreover, many
mathematical difficulties are encountered when dealing with problems on infinite horizon. Let us mention a few.
In an earlier time, Halkin [11] gave some necessary conditions for the deterministic optimal control problem on
infinite horizon. Maslowski and Veverka [19] established the sufficient Pontryagin’s maximum principle for an
infinite horizon discounted stochastic control problem where the control domain is convex and bounded. Haa-
dem et al. [10] proved the sufficient and necessary maximum principles for an infinite horizon control problem
of SDEPs with partial information, where they firstly required a limit inequality on the terminal condition of
infinite horizon backward stochastic differential equations with Poisson jumps (BSDEPs for short). Socgnia and
Menoukeu-Pamen [36] gave an infinite horizon stochastic maximum principle for a forward-backward stochastic
systems with non-smooth coefficients since the value function is given by a discounted cost functional, assuming
that the state coefficients are Lipschitz (with the diffusion coefficient being degenerate). Orrieri and Veverka
[24] developed an infinite horizon global stochastic maximum principle for stochastic control problem with a
discounted cost functional under a polynomial growth and joint monotonicity assumption on the coefficients
where the control domain is not necessarily convex. Moreover, Orrieri et al. [25] presented a stochastic maximum
principle for ergodic control problem and gave the necessary and sufficient conditions for optimality for con-
trolled dissipative systems. More related infinite horizon optimal control problems, see Agram et al. [1], Agram
and Oksendal [2], Muthukumar and Deepa [21], Yang and Wu [45], Ma and Liu [18], Wei and Yu [42], Mei et
al. [20] and the references therein.

In the infinite horizon optimal control problem, it is necessary to guarantee the existence and uniqueness of
solutions to the infinite horizon forward-backward stochastic systems and forward-backward stochastic systems
with Poisson jumps which is one of the main results in our paper. In fact, there are also many results on this
aspect. Peng [29] proved the existence and uniqueness of solutions to BSDEs with a stopping time under the
Lipschitz and monotonicity conditions. Chen [6] also discussed the similar problem on a random time interval
where ¢ satisfies Lipschitz condition with positive Lipschitzian function. Peng and Shi [30] firstly investigated
a class of infinite horizon FBSDEs and established its existence and uniqueness result with the method of
continuation. Then Wu [44] studied the BSDEP in stopping time (unbounded) duration, under a suitable
Lipschitz condition, the existence and uniqueness result was got by fixed point theorem, then proved the uniquely
solvability of fully coupled FBSDEPs with stopping time under Lipschitz and monotone assumptions. Yin and
Situ [49] used a purely probabilistic approach to study FBSDEPs with stopping time and obtained the existence
and uniqueness results of solutions under some weak monotonicity conditions and Lipschitz condition. Yin and
Mao [48] investigated a class of BSDEPs with random terminal time and proved its existence and uniqueness
result under the assumption of non-Lipschitzian coefficient. Yin [47], [46] studied the uniquely solvability of
infinite horizon FBSDEs and FBSDEs with random terminal time by constructing a contraction mapping,
respectively. Yu [50] extended the infinite horizon forward-backward stochastic systems in [30] into the case with
random jumps, and similarly, an existence and uniqueness theorem was established under some monotonicity
conditions. Very recently, Shi and Zhao [34] considered a similar infinite horizon framework in [30] but discussed
the existence and uniqueness of solutions in an arbitrarily large space for infinite horizon FBSDEs. Wei and Yu
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[42] put forward a linear-quadratic (LQ for short) stochastic control problem with random coefficients, and due
to the introduction of a parameter K in the discounted cost functional, they introduced a new infinite horizon
version of domination-monotonicity condition, and obtained an existence and uniqueness result and its related
estimates of the solutions to a kind of infinite horizon coupled FBSDEs. Moreover, they found some different
results between the infinite horizon and finite horizon case when applying the theoretical result to the uniquely
solvability of LQ FBSDEs (also called Hamiltonian systems).

Next, we will present an example which motivates us to study the discounted optimal control problem of
partially observed forward-backward stochastic systems with jumps on infinite horizon, in this paper.

Motivational example. (An optimal consumption and investment problem with recursive utility) Inspired by
[32] and [40], in the financial market, a rich investor aims to optimally invest his wealth on the risk asset (i.e.,
stock) and consume over time so as to maximize his total utility of consumption. The problem can be naturally
considered as an infinite horizon case, in the sense that the rich investor’s bequest would be optimally invested
and consumed by his heir, who in turn would continue to leave a bequest that would be optimally invested and
consumed by a succeeding heir and so on. So if the rich investor considers the utility accrued to all his heirs as
his own, the problem can be justified as an infinite horizon case without a bequest.

The risk asset, such as a stock, can be invested in the financial market, and its intrinsic value process is
formulated by the SDEP:

dXy = [AcXe + o(m) + By|dt + 6,dW; + 0, dW; + / A(t,e)N(de,dt), t € [0, 00), a1
& .

X():CL'.

However, the intrinsic value process X; cannot be observed directly, the only information available to the investor
is the current and the past stock price which is described by the SDE:

2 ~
ds; =S, [(e—gth(Xt,m) + (;)dt + Uth:|, t €10, 00). (1.2)

where o is a positive constant. Set & = log S; and apply It6’s formula, it follows that
dé; = e~ 2 (X, mp)dt + od Wy, t € [0, 00). (1.3)

Therefore, it is easy to get the partial information F¢ := 0{&,,0 < s < t} := 0{S,,0 < s < t}, which is available
to the investor. Meanwhile, we associate a recursive utility process Y; of consumption which is the solution to
the infinite horizon BSDEP:

—dY; = 9(X4, Y2, Z4, Z4, K4y, 0 ) dt — ZodWy — Zydéy — / K(1,e)N(de,dt), t € [0,00). (1.4)
£

Then the investor aims to maximize the recursive utility Yy and meanwhile minimize the accumulated cost of
u = (¢, m), i.e., to find an optimal @ = (¢, 7) such that

J(u) = inf EU eﬁt(LtchrMﬂrf)thOz} (1.5)
0

u=(c,m)

In the above, A, B, 4, ) , A\, L, M are deterministic time-varying functions. W, W are standard Brownian motions
and N is a Poisson random measure which are mutually independent. ¢(-),h(-), g(-) are some deterministic
functions. 7 is interpreted as some economic factor such as dividend rate or tax rate processes, and c is a
consumption rate process. For portfolio and investment with partial information, refer to [22] on finite horizon
and [23] on infinite horizon and the references therein. For recursive utility problems, refer to [9] and [16] and
the references therein.
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Inspired by the example above, in this paper, we study a partially observed discounted optimal control
problem of forward-backward stochastic systems with jumps on infinite horizon. In summary, the contributions
of this paper include the following.

(1) We first obtain the uniqueness and existence of solutions to infinite horizon SDEP and prove the uniquely
solvability of BSDEP and their estimates. It is interesting and inspiring to make detailed analyses for the
existence of solution to infinite horizon BSDEP. We first prove it in a small space (8 < 0) where both two kinds
of truncated auxiliary BSDEPs can approximate (2.17) very well (see Rem. 2.10 and Lem. 2.11), then we extend
it in a big space (8 > 0) by a new Definition 2.13 in which the condition 8 < 0 discussed for existence in the
small space can be relaxed. See Remark 2.12 and the following discussion. Moreover, the uniquely solvabilities
of infinite horizon adjoint FBSDEPs in Section 3.3 are also obtained by combining the above theorems with the
existing literature on finite horizon.

(2) We give a kind of infinite horizon observation equation, which contributes to the Girsanov’s theorem by
a sufficient “weak Novikov’s condition” on infinite horizon. Then a transformed completely observed optimal
control problem of infinite horizon FBSDEP is studied and the maximum principle (Thm. 3.16) is obtained.
Meanwhile, some new and necessary high-order estimates are the most important contribution in our paper, in
which Lemma 3.2 is vital and beneficial to other estimates, Lemma 3.3-3.6. The difference is that the flexible
discount factors for state and control variable play key roles in these estimates and may take different values,
Bo, -+, Bs, which is an adjustable idea to obtain our variational inequality (3.7). Moreover, a sufficient maximum
principle (Thm. 3.17) is also given.

(3) A solvable LQ example is shown and an application to optimal consumption and investment problem
with recursive utility is given, in Subsection 3.4 and Subsection 3.5.

(4) We make some comparisons with the existing results, especially for two kinds of representative existing
infinite horizon stochastic systems and their related optimal controls, and some necessary analyses are inspiring.

The rest of this paper is organized as follows. In Section 2, we formulate the discounted optimal control
problem, and obtain the uniquely solvabilities of infinite horizon SDEPs and BSDEPs. Then some new and
important estimates are given to derive the vital variational inequality and infinite horizon adjoint equations are
introduced to obtain the maximum principle in Section 3, and sufficient conditions are also given. A LQ example
and an application are also given. In Section 4, we make some comparisons with two kinds of representative
infinite horizon systems and their related optimal control problems.

2. PROBLEM FORMULATION AND PRELIMINARIES

Consider a complete filtered probability space (2, F, (F;)i>0,P) and two one-dimensional independent stan-
dard Brownian Motions W (-) and W (-) defined in R? with Wy = Wy = 0. Let £ C R be a nonempty open set
equipped with its Borel o-field B(€) and v(-) be a o-finite measure on £. Suppose that N(de, dt) is a Poisson
random measure on (€ x RT, B(E) x B(RT)) under P and for any E € B(£), since v(E) < oo, then the compen-
sated Poisson random measure is given by N(de,dt) = N(de,dt) — v(de)dt. Moreover, W (-), W(-), N(-,-) are
mutually independent under P, and let (F}V )0, (FV)i>0, (Fi¥ )i>0 be the P-completed natural filtrations gen-
erated by W(-),W(-), N(-,-), respectively. Set {F;}i>0 := {FV VIV VFN}iso VN and Fy, = Viso Ft C F,
where A denotes the totality of P-null sets. E denotes the expectation under the probability P, and | - | denotes
the Euclidean norm in R.

We consider the following controlled infinite horizon FBSDEP:

dz = b(x¥, u)dt + o (2w ) AWy + 6 (z%, ug ) AW, + / Iz, u;_,e)N(de,dt),
£

—dy; = g(m?,yf, 2 2, /‘g ’y&e)u(de),ut)dt — zpdWy — Z)0d& — /E'yz‘t,e)]\?(de,dt), t € ]0,00), (2.1)

(L
Ty = Zo,
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and the observation process satisfies the following SDE:

{dgg = h(x}', ug)dt + AWy, t € [0, 00),
(2.2)

£ =0,
where u(-) is a control process taking values in the convex subset U of R, the mappings b: R x U — R,
0 :RxU—->R, 6:RxU —Rand!:RxU x & — R satisfy the detailed conditions shown in the following
(A1)—(A4), g : RxR xR xR X R x U — R satisfies (A5)—(A8). And the mapping h : R x U — R satisfies
the following (HO).

(HO) A(-,-) is B(R) ® B(R)/B(R) measurable and continuous on R x U and bounded. h is continuously
differential in (z,u) and its derivatives hy, h,, are both bounded.

Remark 2.1. In the partially observed case, there exists correlated noises W() between state equation and
observation equation. Thus we usually need to assume that the diffusion coefficient ¢ in the state equation and
the drift coefficient h in the related observation equation, are bounded by some constants in the finite horizon
case. However, in our partially observed problem on infinite horizon, the boundedness condition controlled by
some simple constant is too strong to support the well-posedness of the term fo (-, -)%dt. Therefore, we need
give a new condition in (A1) that 6(-,-) < po(t), where po(-) should satisfy the convergence when integrating
in the infinite time domain, which is different from the finite horizon case in [41].

Qur aim is to minimize the discounted cost functional as follows:

(o)
J(u) = I_E[/ e_ﬁ’tf(xy’y;‘, 2, 2, / va’e)u(de),ut)dt + (;5(1/6‘)}7 with 8 big enough, (2.3)
0 £
where the mappings f : RXRXRXRXxRx U — R and ¢ : R — R satisfy the following (H1).

ential in (z,y, 2, 2,7, u), and ¢(-) is B(R)/B(R) measurable and continuously differential in y, and there exists
some constant C' such that

- —1 ~
(L4 12 + |yI* + |22 + [27 + VP + [w®) 1 f (s 2, 2,7, 0))
- —1 ~
+ (L4 12|+ [yl + 21+ 2L+ I+ ul) ez (@0, 2, 2,7, w)] < C, (2.4)
—1 —1
(T+1y?) o)+ (1+1y) oy (y)] < C.

Remark 2.2. For the infinite horizon discounted cost functional (2.3), different from the case without dis-
counting in [10], we introduce the parameter 8 (which is usually called discount factor in terminology) in the
improper integrable form. In fact, on one hand, we can guarantee that the cost functional is well-posed by (H1)
and some estimates. The discussion will be mentioned in the following Remark 2.14 in details. On the other
hand, we can give an alternative condition (H1’) of (H1) as follows.

positive function C(t) := e~ %* decided by some adjustable parameter K such that (2.4) holds by replacing C
with C(¢).

Different from (2.4) itself, we call the new form in (H1’) the exponential weighting quadratic growth condition.
Moreover, the alternative condition can show nice property. To be specific, when K are positive enough, we
may take negative value g such that the cost functional is still well-posedness, which can relax the condition
satisfied by 3. In addition, (H1’) is also adapted to the derivation of variational inequality in Section 3.2 and
can improve and optimize our result by adjusting another parameter K. Even if it is enough that all the result
in this paper are obtained under (H1), which can imply the same result under (H1’), the condition (H1’) is
still worthy of consideration in the weaker framework which will be investigated in our future work, in the sense,
(H1) is stronger than (H1').
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Remark 2.3. Notice that the Girsanov’s theorem can be applied only if the sufficient Novikov’s condition
holds. However, different from the finite horizon case, the assumption |A(-,-)| < C' can not guarantee that

E[exp (; /OOO h(xy,utﬂdtﬂ <o (2.5)

holds. Thus, in the infinite horizon case, we need put forward a “weak Novikov’s condition”

]E{exp (; /Ooo e—ﬁth(xy,utwdtﬂ < 0. (2.6)

Under this weak Novikov’s condition, we should consider the corresponding observation equation as follows

{dgg = o™ 5t h(zy, up)dt + dW;, ¢ € [0,00), (2.7)

& = 0.

Indeed, when h is bounded, we can guarantee that the integral fooo e_gth(a?}f,ut)dt is finite. Therefore, it is
reasonable to give the weak Novikov’s condition in the infinite horizon case.

By the above discussion, and the infinite horizon Novikov’s condition

I_E[exp (;/ e_gth(:ﬂ?,utﬂzdt)] < 00, (2.8)
0

then by Girsanov theorem, we introduce a new probability measure P such that

dP
—| = Z, (2.9)
dP |z,
where
t 5 1 t
Z, _exp{/o e 2°h(xy, us)dEs — 5/ eBS|h(:c7;,us)|2ds} (2.10)
0

is an exponential martingale, which satisfies

_8 “
{dzg = e 2 Zh(a¥, uy)dE,, t € [0,00), (211)

Zy =1
Substituting (2.7) into the state equation (2.1), we have

dat = bz, wp)dt + o (x¥, ue) AW, + (2l ug)dE, + / Iz u;_,e)N(de,dt),
£

u uo,u U U u u su u N 2.12
—dyy = g(xt R ,/’y(tve)y(de),ut)dt — zpdWy — Zpdé — / V(t,eyN(de,dt), t € [0, 00), (2.12)
& &
Ty = To,

where b(z¥, uy) := b(x¥, uy) — efgt&(z}f‘, ug)h(zd, ug).
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Definition 2.4. Let § € R, and E be the expectation corresponding to P, then we introduce the following
spaces:

L*(&,B(€),v;R) := {7 : £ — R such that (/g |y(e)|2y(de)>é < oo},

L%_B(O,OO;R) = {v :[0,00) x Q@ = R

o0
v is (F)e>o-progressively measurable,IE/ e_Bt|vt\2dt < oo},
0

L7 (0,00, R) = {v [0,00) X 2 x E SR

o0
v is (ft)tzo—predictable,E/ /e_ﬁt|v(t,e)|2u(de)dt < oo},
o Je

and a smaller space, for k > 1,
0o k
L?f&ﬁ(o, oo; R) := {v :[0,00) x QX E — R‘v is (ft)tzo—predictable,lﬁl(/o /Ee*ﬁt|v(t7e)|2N(de, dt)) < oo},
2k,—f _ 72,8 . i —
where L%y (0,00;R) = L%, (0, 00; R) when taking k = 1, and

S*=P(0,00) := {v :[0,00) x Q — R‘v is (Fi)¢>o-progressively measurable,E{ sup e_ﬁkt|vt|2k} < oo}7
teR L

where S2%78(0, 00) reduce to S?*[0, T] when taking finite horizon and 3 = 0.

We need the following assumptions.
(A1) =g € LF (Q;R) with E|ao[** < c0. b(-,-),0(-,-),(-,-),1(-,-,-) are B(R) ® B(R) @ B(£)/B(R) measurable
and continuous on R x U, and b, 0, &, are continuously differential in (z,u). The derivatives b, by, 0, Oy, s, Oy

and [, [, are bounded. Moreover, there exists a positive function po(t) (with respect to t) such that &(-,-) is
Lo¢

bounded by po(t), where puo(-) satisfies [ pd(t)dt < co. For instance, ji(t) can be e
(A2) There exists 1 € R such that, for Vu € U,

<x1 — xo,b(x1,u) — b(xg,u)> < |z — z2|2.
(A3) There exists positive constants Ly, L., Lz, L; such that
|U(z1,u) — U(zo,u)| < Lylxy — 2|, ¥ =0,0,6, ||l(z1,u,e) — (x9,u,e)|| < Li|x1 — x2],
for any (x1,22,u) ERx R x U.
(A4) For any u € U, there exists a § big enough such that b(0, u) € L?}_ﬁ(o, oo;R),0(0,u) € L?_l_ﬁ (0, 00; R),

5(0,u) € L%77(0,00;R), 1(0,u, ) € L37(0,00; R).

continuously differentiable in (z,y, z, Z, v, u) with bounded derivatives.
(A6) There exists o € R such that, for V(z, 2, 2,v,u) € R* x U,

%,

(1 — 2, 9@, 91,2, 2, Y(,e)5 1) — (2, Y2, 2, 2, Yt,e), 0)) < pialys — 42

where for notational simplicity, we define g(x+, yt, 2¢, Zt, V(t,e), ) = 9(2t, Y, 24, 2, fg Yit,eyv(de), u), and (2,9, 2, Z,
’V(t,e)) € R* x LQ(((:’ B(g)a v R)
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(A7) There exists some positive deterministic functions K;(-) satisfying fooo K2(t)dt < o0, i=0,1,2,3,4,
such that, for any = € R,

|g(x,y1, 21, 21, Y(1,te)> U1) — 9(, Y2, 22, 52a’Y(2,t,e)7U2)|
< Ko(t)|yr — ya| + Ki(t)|z1 — 22| + Ka2(t)|21 — Z2| + K3(O)|[7(1,,e) — V2st,0) || + Ka(t)|ur — uzl.

Moreover, the Lipschitz coefficient K3(-) of g with respect to v is sufficiently small.
(A8) For f € R,

B+ 2us + 2K7(t) + 2K3(t) + 2K3(t) + 2K3(t) <0, t>0,

where 8 may be negative or positive. There exists a fy € R (which will be decided in the following) such that,
for any (z,u) € Rx U, E[ [}~ e Po|g(z,0,0,0,0,u)*dt] < cc.

Remark 2.5. The assumption (A7) is similar to (H2)—(H3) in [6] which studied the existence and unique-
ness for BSDE with stopping time. Moreover, in our infinite horizon case, we take some detailed form of
Ky(t), K1 (t), Ka(t), K3(t) as follows:

Kg K Ko K3
-3t =t =t =t

K()(t) =€ s Kl(t) =e s Kz(t) =e s Kg(t) =e

Next, for given u(-) € U, we focus on the solvability of FBSDEP (2.12). For this target, we first consider the
infinite horizon SDEP:

da; = b(xy)dt + o (x)dW; + & (z,)dE, + / I(z;_,e)N(de,dt), t € [0, 00), (213)
£ .

Ty = X0,

with the same coefficients b, o, 5,1 as in (2.12) but omitting u here temporarily. Firstly, a basic deduction can
be given.

Lemma 2.6. Let (A1)—(A4) hold. If infinite horizon SDEP (2.13) admits a unique solution x(-) € Lg_l_ﬂ((), 00;
R), then we have the following limit asymptotic property

- 2 —BT
TILII;OIE[|:ET| e AT =o0. (2.14)

Then the existence and uniqueness result and related estimate of (2.13) are given as follows.

Theorem 2.7. Under (A1)—(A4) and assuming that B > 2uq + L2 + L2 + L?, then (2.13) admits a unique
solution z(-) € L?C’_B(O7 oo; R). Moreover, for any € > 0, we have the following estimate:

(B—2p1 —3e— L2 — L% — L} — eL%)E/ e P2, 2dt
<+ IE/ e Pt L|b(0)|2 + (6" + 1) lo(0)]? + (: + 1) |5(0)|? + (1 + 6) ||l(0,e)||2]dt.
0

Meanwhile, let z1(-),z2(+) € L?}_B(O, 00;R) be two solutions to (2.13) with the coefficients (by,o1,61,11) and
(bo, 02, 09,12) and initial values x1(0),x2(0), respectively. Then, for any € > 0, we also give the a priori estimate
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as follows:

o0
(B—2u1 —3e— L2 — L% — L} - eL%)E/ e Py — ao|dt
0
2 R 7 2 L2 2
< Je1(0) =220 +E [ 7 =[bi(z2) = ba(w2)” + =% +1 |]o1(x2) — 02(a2)] (2.16)
0

+ (Lff + 1) |61 (z2) — G2(z2) |2 + (1 + 1) |11 (22, €) — l2(x2,6)||2]dt.

Proof. We can easily obtain the existence and uniqueness result of infinite horizon SDEP (2.13) in Lifﬁ (0,00; R)
by the classical method for uniquely solvability of SDEP on finite horizon. Moreover, similar study on infinite
horizon SDE (or SDEP) can also be seen in [42] and [50]. Therefore, we mainly give the proof of the estimates
(2.15) and (2.16). For any T > 0, applying Itd’s formula to e #*22? on [0, 7], and by (A2)—(A3) we get (we
omit time variable ¢ in some places for simplicity.)

T
Ee*ﬁTx2T+E/ (B—2u1 —3e— L2 — L2 — L} — eL})e Plaidt
0
2 4 st | L an2 L2 2 L% ~ (2 1 2
<A+ [ e TR + (224 1) 0P + (22 + 1) 6P + (1+ 3 ) 110, e)|P |t
0

Let T — oo, we get the estimate (2.15). Then, due to 8 > 2u; + L2 + L2 + L? and by (A4), it is easy to check
that z(-) € La—_’_’g(O,oo;R). Next, we set Z(-) = z1(-) — z2(+), and

[oakld

(@) = by (s + x) = ba(w2), &(x) = 01 (w2 + ) — 0a(w2),
=1

() = 61(xe + ) — F2(x2), i(az, e) =li(ze + z,e) — la(x2, €).

Qv

Then, we get the equation of &(-):

di, = lia(i:t)dt + 6 (&) AW, + 6 (d)dE, + / I(&4_,e)N(de,dt), t € [0,00),
&

i‘o = Il(O) — l‘g(O)

And it is easy to verify that b, &, d,[ satisfy (A1)—(A4), so we can directly get the a priori estimate (2.16) by
estimate (2.15) above. The proof is complete. O

Moreover, we need the unique solvability of the following infinite horizon BSDEP:
—dy; = g(@t, Y, 2t 2t77(t,e))dt — 2 dWy — Z;d&y — / ’Y(t,e)N(dea dt), t € [0,00), (2.17)
£

with the same coefficient g as in (2.12), which is coupled with the infinite horizon SDEP (2.13).
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Lemma 2.8. Assume that (A5)—(A8) hold. Let (y1(-),21(:),21(:),71(-,-)) and (y2(-),z2(:), Z2(:), v2(-,-)) be
solutions to (2.17) with generator g = g* and g2, respectively, then, for any § > 0, we have

o 1 B B
E/ e [2(21 — 2P+ |2 — 2P+ |Im = 2ll?) — (B+ 2u + 2K7(t) + 2K3 () + 2K3(t) +6) ly1 — y2|? | dt
0

1 < - N 2
< SE/ e Bt‘gl(%ymzz,zzﬁz) —gz(fﬂayzaz%zzﬁz)‘ dt.
0
(2.18)

Proof. We set § =1y — yo,2 = 21 — zz,é =21 — 29,5 = 1 — 2. First, we have

—dﬁt = [91(% Y1, 21, 2177(1,7&,6)) - 92(277 Y2, 22, 227 7(2,1&,6))] dt - 2tth - gtdgt - / ’?t,eN(dea dt)a te [Ou OO)
&

(2.19)
For any T > 0, applying Ito’s formula to e %¢|¢;|? on [0, T, then we deduce that

T
ol? +E [ <P Bla? + 2+ |ZP -+ 151)e
0
T 1
<E[e "T|jr|?] +E/ e_ﬁt{(2u2+2K12(t)+2K§(t)+2K§(t)+5)|yt2+2|2|2
0
Lo 1o 19 s 2 s 2
+§\Z| Jr§||’>’H +5|g (7, y2, 22, Z2,Y(2,t,)) — 9 ($,92722,22,7(2,t,e))| dt.
Furthermore, we have
’ —pBt 2 2 2 ~ 12 1 ~12 1 22 1, . 2
E [ e (= B —2up — 2K () — 2K3(0) — 2K3(0) — &)\l + 512 + 5132 + 1P e
0
—BT (5 |2 1 T —Bt| 1 = 2 = 2
SE[Q ‘yT‘ ]+SE € |g (Iay2722a2257(2,t76))79 (I7y272252277(2,t,e))| dt.
0

Because ¢(+) is the unique solution to (2.19), then taking T' — oo and considering Lemma 2.6 similarly for g(-),
we get

o0 1 1 4 1
E/ G_Bt{( — B = 2up — 2K (t) — 2K3(t) — 2K3(t) — ) [9:]* + §|5\2 + §|5|2 + 2||@||2}dt
0
1 R - - 2
< EE/ € ’Btlgl(%y%229227’7(2,15,@)) _92<xvy27227z277(2,t,e))‘ dta
0
where we take —f8 — 2uy — 2K%(t) — 2K2(t) — 2K3(t) — 6 > 0. The proof is complete. O

Next, we begin to prove the existence and uniqueness of infinite horizon BSDEP (2.17).

Theorem 2.9. Under Assumption (A5)—(AS8), (2.17) admits a unique solution (y(-), z(-), 2(:),v(:,)) in Lifﬂ
(0,00;R?) x L% 7(0, 00; R).
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Proof. Existence. For n = 1,2,3,---, define ¢, (t) = Ijo ) (t)g(z¢,0,0,0,0). First, (2.17) can be rewritten as
follows:

_dyt = [g($t7 Yt 2ty 2t7 V(t,e)) - g(.’IJt, 07 07 07 0) + g(xta 07 07 07 O)]dt - th” t — thft - / ’y(t,e)N<de? dt)
&
(2.20)

=[Gy, 2t 2t Y(t,e)) + ()] dE — 2,dWy — Z,dEs — / W(t,e)N(d@ dt).
£

Obviously, G(+,-,-,-) is Lipschitzian with respect to (y, z, Z,v) and monotonicity condition in y with the same
Lipschitz coefficients and s as g, and the sequence {¢,, 152, converges to ¢(t) in L?_lfﬁ (0, 00;R). For each n, let
(Yn()s 2n (), Zn (), 1+, 7)) € L%_’B(O, oo; R3) x L%_f(O, 00; R) be the unique adapted solution to the following
finite horizon BSDEP:

—AY(n,t) = [G Uty Znst)s Znst)> Vnatre)) + ©(8) At — 200 1y AWy — Z(y 1y A& — / Yint,e)N(de, dt), t € [0,n],
€

Yn,n) = 0,

(2.21)
which admits unique solution by Proposition A.2 in Quenez and Sulem [31]. And due to G(0,0,0,0) =0, it is
easy to check that (y(n.1)» 2(n,t)s Z(n,t)> V(nst,e)) = (0,0,0,0) when t € (n, 00). Therefore, (yn(-), 2n(-), Zn(-); Yn (-, )
satisfies

—dym,y = [G(y(n,t)»z(n,t)a g(n,t)ﬁ(n,t,e)) + @n(t)]dt = Zn,t) AWy — Z(n 1)d&e — / V(n,t,e)N(devdt)7 t € [0,00).

‘ (2.22)

It follows from the estimation in Lemma 2.8 that (y, (), zn (), Zn(:), Yn (-, -)) is a Cauchy sequence in Lii_B(O, 00;

R%) x L%,°(0,00;R). Then it is easy to check that the limit (y(-),2(-),2(-),7(~") € L% 7(0,00;R?) x

L?_f (0,00;R) is a solution to infinite horizon BSDEP (2.17). Indeed, when considering 8 < 0, we deduce
that

2

oo (oo}
E(/ ZndW —/ des>
t t

Similarly, E[ [ Z,d& — [, 2d§S]2 — 0, as n — oo,

oo oo 2 o0
E(/ / p)/(n,s,e)N(dev dS) - / / ’Y(s,e)N(dev ds)) = E/ / "Y(n,s,e) - ’V(s,e)|2y(de)ds
t & t £ t & (224)

oo
< E/ / e_Bsh(n,s’e) - W(sye)|2u(de)ds — 0, as n — oo,
t Je

oo (o)
:E/ |2 — 2|%ds SIE/ e P8z, — z|%ds — 0, as n — oo. (2.23)
t t

and for any 8 < 0, we have
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00 2
E|:/ G(yTHZnagYu’yn) _G(y7zag77)d8:|
t
2

<]E|:/ |G(ynazn72n;7n)_G(y,272,7)|egsegsd5:|
t (2.25)

> —Kog LS TS Ko s —Kag 2 —Bs > Bs
<E| [ ooy -yl + e F ol — 2l 4 o F 5 = 2 om F o — ol e s [ o
t t

oo
<CE [ (I~ yP +lon = 5+ |2 = 2 + 1y = 2IP)eds 0, s m = oc,
0

and E[ [ on(s) — go(s)ds]2 — 0, as n — .

Finally, due to E [;° |y, — y|?e™#*ds — 0, we have Ellyn — y?] < E[|yn —yl?e7P] - 0 as n — oo.
Thus, [ 2@, dWs, [ E(n’s)dfs,j;oo Je Yns.e) (de ds), [~ ¢n(s)ds and [~ G(yn, 21, Zn, Vs )ds all converge
to [~ zed W, [, 2Sdfs,ftoo Je Vs,e)N(de, ds) ), [ ¢(s)ds and [ G(y, z,Z,7)ds in L*(Q, F,P;R), respectively.
From the above discussion, the existence of solution is proved in a smaller space Lif’_ﬁ (0, 00; R3) x L;Tf (0,00; R)
(8 < 0), which can guarantee the existence of solution in LiifB(O, 00; R3) x L?;B(O, oo; R)(8 > 0).

Uniqueness. It is immediate from Lemma 2.8. The proof is complete. O

Remark 2.10. In the discussion of the existence of solutions, we mainly approximate the infinite horizon BSDE
(2.17) by a truncated equation with a zero value terminal condition. In fact, in our setting, the terminal value
at infinity of infinite horizon BSDE is not given, that is, a F,,-measurable random variable  is not known.
However, if we consider a finite truncated time interval [0, n], and define the terminal value at n by a form of
conditional expectation, i.e, E[(|F,], then we can show that the value at n is known in the finite horizon. In
other words, although we have no information about the value at infinity, we can know the estimate for £ at n
based on the informations at fixed finite interval [0, n]. Therefore, we may try another way, inspired by Darling
and Pardoux [8], to find a solution to (2.17) by the following equation:

—dip = g (e, 97 24 2 A e dE — 7AW, — 27dE, — /E’y&e)N(de,dt), t € (0,7,

In = Cn = E[C|Fn],

(2.26)

where ¢ is an R-valued F,-measurable random variable with E|¢|? < co. For interval (n, c0), we denote §, 2, ZI"
and 47 by
Gr =G =EICF]L A =5 = AT, = g(@,§", 2%, 37,47) = 0. (2.27)
Applying It0’s formula, we have
m n
i —e G, —e g - ) = [ —Geriras— [T Do ts
t t

m n m n
7/ e gz, ", 2" A, Am)der/ e~ Esg(z, g, 5" 2”,’?”)ds+/ e T AW, — [ emES2rAW,
t

o [ timas - [Cetormag s [ /me)me - (o [t Maea)
t t €
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By (2.27), it is equivalent to the following

) 5 5 mVn 6 8
effmCm - €7§n<n - eiitAﬂt - / 756758Ag5d5
t
mvVn 5 IS 2
- / e 2% g(a, g™, 2™, 2" A™) = g(a, g, 2, 24T | ds
t

mvVn 8 mvn P R mvn 8 ~
—|—/ e_fsAédeS—i—/ e_7sA25d§5+/ e_fs/A&N(de,ds),
t t t &

n

where Agy = g — G, A% = 5" — 2, A% = ' = 2 M = Ao — W0

| 2

) Applying It6’s formula to
le=5t(g" — i) on [t,m V n], and similarly,
mvn
Ble#|ag ) +E [ o0 [(-6— 2 — 2KEE) — 2K3(0) ~ 2K3(0)]A0.P
t

B

(18212 + [AZ2 + [|A4]2) |ds < Ele™ 37 — =576, 2

N |

+

Taking sup on both sides, we obtain
sup Ele " |Ag "] + E/ Tjo,mvnje”?* [( — B = 2u2 — 2K7(t) — 2K3(t) — 2K3(1))|Ags[*
eRy 0

1 A
+ 5 (A2 + AL +[|A5]%) [ds < Ele™ 57 ¢ — 727G, 2,

for B < —2po — 2K3(t) — 2K3(t) — 2K3(t), where we have used the fact by (2.27) that

sup E[e_ﬁt|Agjt|2] < sup E[e_ﬁt\Ag)tF]—i— sup ]E[e_ﬁt|AQt|2] = sup E[e_Bt|Agt|2].
teRy 0<t<mvn mVn<t 0<t<mvn

And by Jensen’s inequality, we have

Ele™ 3¢, — e 57, |7 < Be (¢ ? + Be PG, |2
< e PPE[EC|Fl|* + e BB FF < (7P 4+ e PMEICE 0, as m,n — oo,

It implies that there exists Cauchy sequence (g™, 2", E 4™) and it is not hard to obtain that its limiting process
(y, 2, Z,7) solve (2.17). The uniqueness is guaranteed by Lemma 2.8.

Combining Theorem 2.9 and Remark 2.10, we find both kinds of truncated BSDEPs can approximate (2.17)
well with zero terminal and given random variable ¢, at n, respectively. This fact is also mentioned in [19],
where (2.21) or (2.26) can be chosen to obtain the same solution process for (2.17). An intuitive explanation is
obvious in the following property with random jump (see also similar Lem. 2, [19] without jump).

Lemma 2.11. Under (A5)—(A8), let ¢ be an R-valued Fo -measurable random variable with E|(|*> < co. We
consider, for each fized n € N, the two BSDEs (2.21) and (2.26), where y(, +) = 0 on (n,00) mentioned in the

proof of Theorem 2.9, besides, we set 47 = ¢ = E[C|F], 27 = 2 = i) = g(x, g™, 2", 2" 4™) = 0, for any
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t > n. Then we have

li_>m sup E[e_ﬁt|y(n,t) - @?‘2] + E/ H[0 n] (|y(n t) — 0y | + |Z(n t) — Z |
n—00 | teR,

(2.28)
z sn|2 An||2 _
+ 1z — 217 + vy — AN )dt} =0

Remark 2.12. Tt is noted that the solution to infinite horizon BSDEP (2.17) is defined on [0, c0). Therefore,
we should restrict § < 0 in the final part (2.23)—(2.25) of existence’s proof when we guarantee the limiting
process solves (2.17) on [0, 00). Then we first get the existence result of solutions in a smaller space, by which it
then naturally obtains its existence in a larger space. In fact, a recent result found in [34] shows that the value
of 8 is not necessary to be restricted to be negative. In other words, the existence and uniqueness of infinite
horizon BSDE can hold with 8 € R, provided that the solutions (y(-), 2(:)) € L?}_ﬁ(o, 00; R?) is defined as the
Definition 2.1 in [34]. In our framework, the definition can be translated to the following one.

Definition 2.13. For any xz(-) € Lif’f’g(Opo;R), a quadruple (y(-),z(-),2(),7(-,)) € L?_fﬁ(&oo;R?’) X
L?;;ﬁ (0,00;R) is called a solution to infinite horizon BSDEP (2.17), if it is satisfied in the following sense:
for any T' € [0, c0),

T T T T
Y = yr +/ (s, Ys, Zss Zs, V(s,e))dS f/ zedW 7/ ZsdEs 7/ /’y(&e)N(dads). (2.29)
t t t t Je

Therefore, the solution to (2.17) is only defined on any given finite horizon [0, T]. Then, in this case, § < 0 can
be relaxed. Indeed, it is not hard to check that the limit (y(-), z(-), 2(:),v(+,-)) € L?fﬁ(o, oo; R3) x L?_l;,ﬁ((), oo; R)
solves (2.17) on an arbitrary interval [0,7] for 3 € R. So we can prove its existence and uniqueness result of
solution to (2.17) in Lfr’_B(O7 o0; R3) x La—_’;’g(O, o0; R) without restricting 8 < 0 first. Similar discussion are also
illustrated in [42].

In fact, by similar Laplace transform, (2.29) is equivalent to the following equation

oo oo oo
e Py, =/ ﬂe_ﬂsysder/ e_Bsg(ﬁcsyys,zsﬂs,ws,e))ds—/ e Pz AW
t t

f/ Bsz,des — / / (s, e)N (de,ds), t € [0, 00).
t

There is another explanation by (2.30) to guarantee the existence and uniqueness result directly in larger space
L?fﬁ (0,00;R) (where the discounting weight e=#*(3 > 0) is more reasonable in economic) instead of some
restrictions imposing on 5. We also illustrate certain term in (2.30) and other term can be discussed similarly.

(2.30)

[e’e) 2
E [/ e P [9(2, Yns Zns Zns ) — 9(2, Y, 2, 2, 7)](15}
t

h 0o
< E[/ e—ﬁS|9($U,yn7Zn7§n»7n) - g(m,y’z’277)‘2d8/ e_BSdS:|
; t
o)
< E/ e_ﬁs(e_KoSwn - y|2 —I—G_K1s|zn _ 2‘2 + e_K25|2n _ 2|2 + e_KSSH’Vn . ’Y||2)d5 L0, as o oo,
t

which means, in L?(Q, F,P;R),

/t e P g(xsvy(n s)s Z(n, s)yZ(n s)s V(n,s,e) dS%/ (zeay€7zeaz‘;77(s e))d (231)
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where, L?_l_& (0,00;R) C L_Q;i_ﬁ1 (0,00;R) if B1 > P2 due to Efooo e A1ty |2dt < Efooo e P2ty |2dt < co. That
is, the larger 8 > 0 is, the larger corresponding space is. Therefore, it is easy to check the limit process solves
(2.30), i.e., (y(+),2(-),Z2(-), (-, -)) satisfies (2.17) on interval [0,T] for arbitrary T' > 0. So, in the sense, 5 < 0
appearing in Theorem 2.9 is unnecessary.

Up to now, for given v € U, under assumptions (HO)—(H1) and (A1)—(A8), the controlled FBSDEP (2.12)

admits a unique solution (x®(-),y*(-), 2*(-), 2*(-),v*(-,")) € L?_ifﬁ(07oo;R4) X Lii;,ﬁ(o, oo; R). In addition, the
cost functional (2.3) becomes

J(u) = E[/ e Pz, f (x;ﬂ yl, 28 2 / Vit eyv(de), ut>dt + ¢(yg)], (2.32)
0 £
subject to (2.12) and (2.11), and the admissible control set is denoted by
Uyal0, 00] = {u € U’u € ff,fE/ e PRy, ?kdt < oo, for any £ >0, k > 1} : (2.33)
0

Remark 2.14. As mentioned in Remark 2.2, we can give the well-posedness of cost functional (2.3) by (2.32).
With (H1), we know that f is quadratic growth with respect to (z,y, 2, 2,7, u). Therefore, it is easy to check
that I_Efooo efﬁtf(xlﬂy“7 2% ZY, fg 'yuu(de),u)dt < 00 by Lemma 3.3 in the following and (2.33). Similarly, we
have E[¢(yg)] < co. So we get the desired result.

3. THE MAXIMUM PRINCIPLE

In this section, we give the partially observed maximum principle of FBSDEP on infinite horizon.

3.1. Some important estimates

First, a necessary lemma is needed mentioned in Confortola [7].
Lemma 3.1. Let k > 2, and a,b € R. Then for every e > 0, we have |a + b|** < (1 + €)|a|?* + c.|b|**, where

- 1-2k
— 1 B
= (1-(2)77)

We then give the following important estimates.

Lemma 3.2. Let (HO) and (A1)—(A8) hold. For any u(-) € Uaa[0, 0], let k > 1 such that

/Ooo e_ﬁst{(EBQk(O,O))zlk + (EU%(O 0))% + (Eazk (0, 0 ( /12’“ (0,0, ¢) de)>21k}dt < 0,

(3.1)
B [Tet [P0 0uagar <o, B [Te (x,o,o,o,o,o>d) <,
0 £ 0



16 Y. ZHENG AND J. SHI

for Bo < min{Bs, B4}, f1 < min{Bs, B3, Ba}, Bs < B2. Then there exists Bo,--- , 05 > 0 and constants Ci, Ck e
such that the solution to (2.12) satisfying

sup E[efﬁzkﬂxﬂ%}

teR,

(oo} oo ﬁ
< Cy []E|x0|2k +E/ e PRt 2R dt + (/ e Pt Eb% 0, 0)) dt)
0
[e%e] 1
+ (/ ﬁSt(Eazk(O o ) + (/ —fst Ea%(o 0))’“dt>
0 0
1
[e'e] ok [e%e)
+ </ e Pt ( /l% (0,0,¢) ) dt) (/ e_ﬁ5kt/l2k(0,0,e)v(de)dt)], (3.2)
0 & 0 £
k k
E[ sup e_BSkt\yf\% + (/ _B4t|z“| dt) + ( _[34t|2“|2dt)
teRy 0
(7 o)
2k
< ck,{ / T |2’“dt+E< / ot (xt,o,o,o,o,())dt) }
0 0

We give the proof in the Appendix. The following lemma is a direct consequence of Lemma 3.2.

Lemma 3.3. Let (HO) and (A1)—(A8) hold. For any u(-) € Uyq[0, 00|, there exists B1,--- ,Ba > 0 and constant
Cy such that for k> 1,

2k

k

sup Ele ﬁzkt|x"|2k] —HE{ sup e~ Pakt|yu Qk] < Cg [1 —HE/ e Prkt|y, |2kdt:|
teR, teR,

EK/OOO eﬂ4t|zg2dt>k+ (/OOO eﬁ4fgg|2dt> (/ / T o PN (de, dt)ﬂ

d < Cy, {1+IE/ eﬂlkt|ut|2kdt], ]E{Sup |Z2] ] < o0,
0

teR4

where 1 < min{fa, B3, fa}.

Applying convex variation technique, for any (e, v(+)) € (0,1) X Uaq[0, 0], let (z€(-), y¢(-), 2°(:), 2°(-), ¥ (-,-)) =
("), y (), 25V (), 29TU(), 4"V, -)) and 2€(-) = Z%FU(1) be the solutions to (2.12), (2.11), respec-
tively, along with the perturbed control u¢(-) = @(-) + ev(-), and let (Z(-), 5(-),z(:), 2(-),7(-,-)) and Z(-) be the

solutions to (2.12), (2.11), respectively, along with the optimal control @(-).
Similar as Lemma 3.3, we have the following result.

Lemma 3.4. Let (HO) and (A1)—(A8) hold, there exists Ba,-- -, Ba > 0 and constant C such that for k > 1,

sup ]E[efﬁzktkvg — :Et|2k] < Ce*, ]E[ sup e*ﬂ3kt|y§ — gﬂﬂ < ek, IE[ sup |Z; — Zt|2k} < et
teER L teR L teER L

oo k oo
E{(/ e Pt f — zt|2dt> + </ e Pat|ze — 2t|2dt>
0 0
o k
+ (/ /e_'84t|'y(5t’e) —’y(t,e)|2N(de,dt)> ] < Ce*,
0o Je

k
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Then we introduce the variational equations as follows:
dz(14) = (me(l,t) + l:)uvt)dt + (6,73:1:(17,5) + 6uvt)th + (c:rmx(l,t) + c:ruvt)dft
Jr/g (l_xx(l,t) +l_uvt)N(de,dt),
—dyq = (gmxu,t) + 99y + G220, + 92200 + Gy /g V(1,te)v(de) + gm) dt (3-3)

— 2,0 dWi — 2 d&; — /57(1,t,e)N(d€, dt), t € [0, 00),

L(1,0) = 0,
and

_B¢[ 37 = =
210 = ¢ 52 (Rawp) + huve) + h 2 |dg,
Za,0) =0,

(3.4)

where we denote 1, = 1,(Zt, Jr, 2t Zgﬂ(t,e), ay), for ¢ = b,0,5,1,g,h and p = 2,9, z, Z,7, u, for simplicity.
For any v(-) € Uyq[0, 0], it is easy to check that (3.3) and (3.4) admit unique solutions under assumptions
(HO) and (A1)—(AS8), respectively. Moreover, similar as the above two lemmas, we have the following result.

Lemma 3.5. Let (HO) and (A1)—(AR) hold, there exists B2, , B4 > 0 such that for k > 1,

sup ]E{e’ﬁ"‘ktlwl,t)\%} < o0, ]E{ sup eﬁ"’ktly(l,t)zk] < 400, ]E[ sup |Z(1,t)|2k] < o0,
+

teR 4 teR te
[eS) k oo k 0o k
E[(/ e_B4t|Z(1,t)|2dt> + (/ e_B“t|5(1,t)|2dt> + (/ /e_B4t|7(1,t,e)|2N(deadt)) ] < Ho0.
0 0 0 £
Next, we set
N o — @
o = _(I)lv forq):x7yaz7§777za (35)

€

and the following lemma is needed.

Lemma 3.6. Let (HO) and (A1)—(AR) hold, there exists (o, B3, B4 > 0 such that for k > 1,

lim sup E[e_52kt|i§|2k] =0, limE[ sup e_B3kt|§§|2k} =0, limE{ sup |2~’§|2’“} =0,
e—0 teR, e—0 teR e—0 teR

oo k o k [e%) k
limEK / eﬁ4t|z§|2dt> + ( / e54t|§§|2dt) + ( / / &P, €)|2N(de,dt)> ] ~o.
€0 0 0 o Je ’

The proof is postponed to the Appendix.

(3.6)

Remark 3.7. In fact, we can notice that the higher order estimates for x, vy, z, 2, v, £ are needed besides in L?-
space (i.e., k = 1) in the previous lemmas of this subsection. Indeed, in the partially observed forward-backward
stochastic system, one significant difference is the appearance of the Radon-Nikodym derivative Z defined in
(2.10) which satisfies a new “state equation” when we make the measure transformation, and which increases
the difficulty and complexity of estimates. Therefore, we need higher order estimates for z,y, z, Z,vy, Z and its
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perturbed terms. We also notice that the high order estimate for the forward state variable = are given in [41],
but in which the estimates with order (p = 2k = 2) for the backward state variables (y, z) are not enough (too
low) to support the derivation of the variational inequality (similar situation can be also seen in [43], [51]).
However, we should stress that it could not be regarded as a mistake but some repairable shortcomings. In fact,
these small deficiencies can also be corrected and it is easy to check that the higher order estimates for (y, z) can
also be proved by the given condition in [41](or [43], [51]). Thus, rectifying these deficiencies can not influence
their main results. However, in our infinite horizon case, we have to give the high order estimates (p = 2k > 2)
for all the variables (z, vy, 2, Z,7v) and Z rigorously. Otherwise, we fail to obtain the desired variational inequality.

Remark 3.8. Besides the rigorous required high order estimates, we have to give the suitable norm for the
estimates. Note that, especially, the norm for backward variable y need that sup is in the expectation E in a
strong form, however, the norm for forward variable x need that sup is out of the expectation E in a weak form.
More importantly, it can not be interchanged. Another find is the appearance of exponential discount e=#* in
the estimates, and we can prove that these estimates hold for different values of 8;(i = 0,1,2,3,4,5) and all the
individual required (3; are less than or equal to the discount factor which make all the lemmas hold.

3.2. Variational inequality

We have the following variational inequality, whose proof is also given in the Appendix.

Lemma 3.9. Let (HO) and (A1)—(AR) hold, then we have

E[¢y(50)y1,0)] + E/ e Pt (th_acz(l,t) + Zifyyae + Zefo20, + Zef 50
0
+ th’y / W(I,t,e)y(de) + fTZ(l,t) + Z_tfuvt>dt >0, fOT any U() € uad[07 OO],
£
where > max{f;} and f; are all the individual discount factors appeared in the above estimates.

3.3. Infinite horizon adjoint equations and maximum principle

In this section, we give the maximum principle. We first introduce the following three adjoint equations and
discuss their existence and uniqueness of solutions. For ¢ € [0, 00),

dpe = (Z¢fy + Gype + Bpe) At + (Z¢f= + Gope) AW, + (24 fz + Gpe) A + / (Zefy + g’ypt)N(devdt)7
£

(3.8)
po = ¢y(§0)7
—dQ: = (f+ eigtm\;ft - BQt)dt — Myd&, (3.9)
_th = <th_m + Gzpt + ZmQt + oymy + g—mmt + / l_xn(t,e)y(de) - ﬂQt + ethtEth>dt
€ (3.10)

— mtth — ’ﬁltdft — / n(t,e)N(de, dt),
£

whose solutions are p() € Léiﬁ(ov 003 R)a (Q()v M()) € Léiﬁ(oa 003 Rz)v and (Q(')v m(), 'fh(), TL(', )) € L‘27-17ﬂ
(0, 00; R3) x L%_f (0, 00; R), respectively.
First, we can give the uniquely solvability of forward adjoint SDEP (3.8) directly.
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Theorem 3.10. Let (H1), (A5) hold. Then there exist constants (i) 3 satisfying 8 > 2u + BZ_ + Bz, +
ng (ii) p1 satisfying py > B+ Bg,, such that infinite horizon SDEP (3.8) admits a unique solution p(-) €
fé_)’@(o,oo;R), where By, , By, By, and By, are set by the bounds of partial derivatives g., gz, g~, gy given in
A5).

Proof. Indeed, it is not hard to verify that the coefficients of (3.8) satisfy the monotonicity and Lipschitz

conditions by (A5) with the condition (i) being given, and all the derivatives of coefficients with respect to p

are bounded. Moreover, (A4) can also be obtained by (H1) and the estimates in Section 3.1. Therefore, under

condition (ii), it implies that (3.8) admits a unique solution p(-) € L-Q;l_B(O, oo; R). O
Then we study the uniquely solvability of infinite horizon backward adjoint SDE (3.9).

Theorem 3.11. Let (HO)—(H1) hold. Then there exist constants (i) 8 satisfying 8 > —pa and (ii) po satisfying
B+2p2 +2e B2 < 0, where By, is the bound of h given in (HO), such that infinite horizon BSDE (3.9) admits

a unique solution (Q(-), M(-)) € L;ifﬁ(o,oo;IW),
Proof. We first consider the following equation in finite horizon [0, T7:

~dQi = (F + e 5*hAL, — BQq )dt - N1d&,
QT = 07

(3.11)

which, by Theorem 4.2 in Briand et al. [5], admits a unique solution (Q(:), M(-)) € S?*(0,T) x L2(0,T;R)
for £ > 1. (In fact, the assumptions (H1)—(H5) in Theorem 4.2 of [5] can be satisfied exactly combining with
condition (i), and we still set p := ps for convenience. We omit more detailed analysis.) Next, inspired by
Theorem 4 in [30] in which, using (HO)—(H1) and condition (i), (ii), the assumption (H4) are satisfied and
fe L_Q;l_ﬁ((), oo; R). By the corresponding moments of the state processes (x,y, 2, Z,7), we define for all k € N,

— L2278 (0,00;R) -
of =Tyt f ———5f ask— .

Define, for all k € N, (QF(-), Mk()) satisfying
k _ k — 847 a1k k “rk
—dQF = (% Yo FRNLF — BQt>dt _ Nkdg,, 1)
QF =o.

In fact, (3.12) can be regarded as the solution to the following equations: on [0, k],
—dQf = (f + e 5 RN} — BQF )dt — NI} de,
Qi =0,

which admits a unique solution (Q*(-), M*(-)) by the discussion for (3.11), and on (k, o), it identically equals
zero. It follows from Lemma 2.8 with condition (ii) that

e S . 1 Rl ’
B[ o (R +1QP)at < 5B [ e et - ol Pat 0, as bk - ox,
0 0

where ]\Zl() = M*(-) = M¥ (1), Q(-) = Q%(-) — Q¥'(-), and (Q*(-), M*(-)), (Q¥ (-), M¥ (-)) are the solutions to

(3.12) with ¥, ¥, respectively. Thus {(Q*(-), M*(-))} is a Cauchy sequence in L% (0, 00;R?), then we can



20 Y. ZHENG AND J. SHI

check that its limit (Q(-), M(-)) € L?E’_ﬁ(O,oo;Rz) satisfies (3.9). The uniqueness is also obtained by Lemma
2.8. The proof is complete. O

Then we consider the uniquely solvability of infinite horizon backward adjoint SDEP (3.10).

Theorem 3.12. Let (HO)—(H1) and (A1)—(AS8) hold. There exist constants B, ua satisfying (i) By —B<p
and (i) B+ 2p2 + 2B2 + QBgm + QBIZI <0, where Bs,,B; , By ,B; are bounds decided by (HO), (A1),
such that infinite horizon BSDEP (3.10) admits a unique solution (q(-), m(:),m(-),n(-,-)) € L?E’_ﬁ(O,oo;R?’) X
L?};ﬁ(O,oo;R).

Proof. We first consider the following equation in finite horizon [0, T7:

—dqt = é(qt7 me, fnt7 n(t,e))dt - mtth - mtdft - / ’I’L(t7e)N(d€, dt),
£ (3.13)

qT:()a

where we set

é(q, m,m,n) = Zifo + Gupt + I:)wq +Gam 4 G+ / l,nv(de) — Bq + e_gtétﬁwMt.
£

It is easy to check that G is Lipschitz in (g, m,m,n) by (HO), (A1). Then we get EfOT 1G(0,0,0,0)[2dt < oc.
Indeed, by (H1) and the estimates in Section 3.2, we have

T T
2 [ 160.0.0.0Pd <5 [ (1ZPILE + gl + e 20 Plh Pt )ar
0 0
Note that the first term
T B T B
E [ |ZPILPA < CE [ 1ZP(L+ 1ol + 15 + 15 + 2 + [P + [al)a
0 0
with

T
]E/ |Z|2dt§TE[ sup |Z|2] < 00,
0 t€[0,7]

T T 9 %
]E/ |Z|2|x|2dt§E[ sup |z‘|2/ eﬂte_ﬁtx|2dt] g( { sup |Z|4D ( ( te—ﬂt|x|2dt) )
0 te[0,T] 0 te[0,T]
T 3 T 1 1
< C(/ ewtdt> <IE/ e‘25t|x|4dt) < C( sup E[e™27|z|* ]) < 00,
0 0 t€[0,7]
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similarly, IEfOT |Z|2|y|?dt < oo, and

T ~ T ~ 1 T 2\ %
]E/ |Z|2|z|2dt§E{ sup |Z|2/ eﬁte—ﬂt|z|2dt] < (]E[ sup zr*D (]E(/ eﬁte—ﬂt|z|2dt> )
0 te[0,7] 0 t€[0,T] 0
T 2\ 3 T 2\ 3
<C<E< sup eﬁt/ e_5t|z2dt> ) <C’(E</ e_Bt|z|2dt> ) < 00,
t€[0,7] 0 0
T T ~ 3 T 2
B [ 12PllPa < | sup 127 [ oo tniar) < (B] s 129]) " (B( [ et alpa) )
0 te[0,7] t€[0,77] 0
T 3 T 2 3
gO(E( sup eﬁt/ e5t||7||2dt) ) gC(]E(/ /eﬂtWN(de,dt)) ) < 0,
t€[0,T] 0 &
T — —
IE/ |Z|2|ﬂ|2dt§IE[ sup \2\2/ ﬁt|u|2dt}
0 +€[0,T] 0
N\ T 3 T 3
< (E[ sup |Z|4}) (E(/ eﬁte_5t|u|2dt) ) SC’(E(/ e_25tu|4dt>> < 00,
te[0,T) 0 0

the second term

[N

T T T
]E/ 15 21 201t < C]E/ oPe=Pt|p, [2dt < C]E/ Bt py|2dt < oo,
0 0 0
and the third term

T T
IE/ eﬁt|z|2|hz|2Mt|2dt§cE[ sup |2\2/ eﬁtMtht}
0 t€[0,T] 0

% T ~ 2 % T ~ 2 %
SC(]E[ sup Z“*D (]E(/ e—ﬂt|Mt|2dt) ) gC(E(/ |Mt|2dt) ) < 00,
t€[0,T] 0 0

where the last line holds is due to the uniquely solvability of (3.11) and (Q(-), M(-)) € S?*(0,T) x L2¥(0,T;R).

Then we get EfOT \C:'(0,0,0,0)th < 00. By Proposition A.2 in the Appendix of [31], there exists a unique
solution (q(-),m(-),m(-),n(-,-)) of (3.13) in L%(0, T;R?) x L% (0, T;R).

Next, inspired by [50] in which similar(H2.1)—-(H2.4) can be satisfied by the coefficients in our setting by
choosing appropriate constants § and po satisfying conditions (i), (ii). However, the difference is that we extend
the results into a bigger space Lil_ﬁ(o, oo; R) with 8 > 0. Employing the idea in [30], define for all i € N,

wii= (B + Gepe+ e B BTN )T 4 (1),

which converges to Z; fy + oDy +e—§tZtBIMt in L%_B(O7 oo;R), asi — oo. Then define (¢*(-), m(+), m*(-), ni(-,-))
satisfying

—dgi = (Eggq;' + Gomi + G+ /5 Lon, o v(de) — Ba; + n;?) dt — midW, —midé; — /g NN (de,dt), (3.14)
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which is the solution to the following BSDEP on [0, 4]:

[N}

_dqg = (quz + 5rmi + g'mmizt + / Zznz(lt,e)y(de) - ﬁqz + Z_tfm + gzpt +e ! _tﬁx ~t> dt
£
— m{dW, — mjd¢, — / n{ o N(de,dt),
£
q; =0,

whose uniquely solvability can be guaranteed by the above discussion about (3.13). And on (%, 00), it identically
equals zero. Then let (¢(-),m'(-),m"(-),n'(-,")), (qj,(')m mj(~)7 ﬁzj(:),nj(-,-)) are two solutions to (3.14) with

ki, k], respectively. And set § = ¢' — ¢’,1h = m' —m?,m = m* —m’, A =n' —nf, By Lemma 2.8 and condition
(ii), we get

o0 . 1 o0 . X i o
E/O e (If? + f? + [}l + |4 )t < EE/O Bl — i 2dt S22 ¢, (3.15)

Therefore, {(¢*(-),m*(-),m*(-),n'(-,-))} is a Cauchy sequence in L?}fﬁ(o, o0; R3) x L?_i;,ﬁ(o7 oo; R) and its limit
(g(+),m(-),m(-),n(-,-)) solves (3.10). The uniqueness is the direct result of a priori estimate in Lemma 2.8. The
proof is complete. O

Remark 3.13. By observing Theorem 3.10, 3.11 and 3.12, we can give a sufficient condition to guarantee the
uniquely solvability of FBSDEPs (3.8)—(3.10) as follows:

1 _B.
1+ pe < 5)\min7 B= +— ) (3.16)

where A\, = min { — 2e_5tB;2L — B;Z — ng — Bgv, —2B§Z — 2B§ — QBlg — Bgz — ng — Bg7 } In fact, combining
condition (ii) in Theorem 3.10 with the second equality in (3.16), it implies conditions (i) both in Theorem 3.11
and in Theorem 3.12.

Let us introduce the Hamiltonian function H : [0,00) x R12 x U — R as

H(t,2,y,2, 2,7, 2,04;p, ¢, m,m,n, M) == g(z,y, 2, 2,7, u)p + b(z,u)q + o(z, u)m

+ 6 (z,u)ym + /g l(x,u, e)n.v(de) + cfgth(x,u)]\;[Z + flz,y, 2, 2,7,u) 2. (8:17)
Thus we can rewrite the forward-backward adjoint SDEPs (3.8)—(3.10) as follows:
dpy = (Hy + Bpy)dt + H.dW, + Hzd&, + /g H,N(de,dt),
—dQ, = (Hz — BQq)dt — M;d&,, (3.18)

s = (H, — Bg)dt — mudW; — ingdé, — / (e N (de, di),
£

Po = ¢y (o),

Where Hp = Hp(t7j)?j725'§77a2_aa;paqamvm7na M)? fOI' p = x’y7272777z7u'
Before giving our main result, we need the following auxiliary lemma.



THE MAXIMUM PRINCIPLE FOR DISCOUNTED OPTIMAL CONTROL 23

Lemma 3.14. Under assumptions (HO0)—(H1) and (A1)—(A8), and let conditions (i), (ii) in Theorem
3.10, 3.11 and 3.12 hold, respectively. Let (x1(:),y1(-),21(),21(:),71(:,*)) and Z1(:) satisfy (3.3) and (3.4),
respectively. Then we have the following limit properties for adjoint processes (p(-), Q(+),q(-)):

lim Ele " py ] =0, Jim Ele ?'Q1Z1,)] =0, lim E[fe gz ] = 0. (3.19)

t—o00 t—o0

Proof First, we obtain that there exists unique solutions (z1(-),
in L%~ (0,007]1%5) x L%,7(0,00,R), and (p(-), Q(), M (), q(-),m(-
L?;’B (0, 00; R), respectively. Therefore, due to

1 1
oo %) 3 %) 3
E/ e Prprypdt < (E/ e_ﬁt|pt|2dt) (E/ e_ﬁt|y(1,t)|2dt> < o0,
0 0 0

we have lim E[e_ﬁtpty(l t)] exists. Moreover, we can obtain that
t—o00 ’

Y1 ()7 ()721(')7’71('7')72’71(')) of (33)7 (34)
),m(-),n(-,-)) of (3.18) in L2 (0, 00; RY) x

1 1
_ _8 _8 _ 2 _ 2
’E[e Btpty(l,t)}’ < E[e zt‘Pt‘e 2t‘y(1,t)|] < (]E[e Bt|Pt|2D2 (E[e Bt\y(l,tﬂz]) ’ — 0.

Therefore, t@ ’E[e_ﬂtpty(u)] | =0, t% |E[e_5tpty(1,t)] ‘ = 0, which means that tll>r£c ’E[e_ﬁtpty(l’t)] — 0’ =0.

We have proved the first limit equality in (3.19). The other two limit equalities can be proved similarly. The
proof is complete. O

Remark 3.15. Compared with the limit equality (42) in [10], a distinguished difference shows that, in fact,
(42) is an assumption condition given in advance. However, similar limit equalities with exponential weighting
in (3.19) can be verified immediately in our setting instead of as a hypothesis, which is a self-provable necessary
result for acquiring necessary maximum conditions.

The following theorem is the main result of this paper.

Theorem 3.16. Let (HO)—(H1) and (A1)—(A8) hold. Let u(-) be an optimal control and (Z(-),y(-), z(-), 2(+),
(-,+)) the optimal state satisfying (2.12) (or equivalently, (2.1)). Then there exists processes p(-)
L377(0,00:R), (Q(-), M(-)) € LZ7(0,00;R?) and (q(-), m(-), (), n(-,-)) € LE7(0,00;R?) x L%7(0,00;R)
satzsfymg (3.18) such that the maximum condition holds:

E[H,|F;] >0, ae. te€[0,00), P-as., (3.20)
where the Hamiltonian function H is defined as (3.17). Here the discount parameter 8 can be chosen such that

the previous lemmas and theorems hold.

Proof. First, for any T € [0, 00), applying It6’s formula to —e™#'p,y1 1) + e 71Q Z1 )+ Qi (1,4) On [0,T] and

taking expectation on both sides, where (z1(-),y1(-), 21(-), 21 (:), 71 (-, )), Z (") and p( ), (Q(), M(-), (q(-), m(-),
m(-),n(-,-)) satisfy variational equations (3.3), (3.4) and adjoint equations (3.8), (3.9) and (3.10), respectively.
Then taking T — oo, utilizing the limit properties in Lemma 3.14 and substituting it into the variational
inequality (3.7), it follows, for any v(-) € Uyq[0, o], that

o0 (oo}
IE/ e P Hyudt >0, e, ]E/ e PYR[H, | Ffluydt > 0.
0 0

Then we obtain (3.20). The proof is complete. O
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Moreover, thanking for Lemma 3.14, we also give the following sufficient condition of optimality, known as a
sufficient stochastic maximum principle.

Theorem 3.17. Let (HO0)-(H1) and (A1)-(A8) hold. Let a(-) € Uaq and (Z(-),7(+),
the associated state processes. Further, suppose that (p(-), Q(-), M(-),q(-), m(-), m(-),
adjoint equation (3.18) such that,

(i) the function y — ¢(y) is convexr and the function

(), 2(),7( ), 2()) be

-)) be the solution to

n(-

($7 y’ z? 27 fY) Z7 u) % H(t7 x’ y? Z7 27 ’7’ Z7 u;p) q7 m7 m7 n’ M) (3'21)

is convex, for all t € [0,00), P-a.s.;

(i)
_____ (3.22)

Then u(+) is an optimal control.

Proof. For any u € Uyq, we aim to prove J(u) — J(@) > 0. To this end, we first formulate the difference as

J(u) = J(@) :]E{ /000 ez 2 [ e, - 20555 [ e w)a
+ 00) - o) |

:E{/ |:H(t7xu7yu7zu72u7’yu7zu7u;p7q7m7mﬂn7]\z) _H(t j g?'g 2 ;’/VZ u pqum m VM) (3 23)
0 .

+ g(‘ruayua Zu7 Zu,’yuau)p - g(j7g7 27'2’7’ ﬂ)p + B(x“7u)q - B(i‘)’IE)q + O(l‘ua u)m - U(jaa)m

+5(x“,u)m—&(f,ﬁ)ﬁl—i—/l(m“,u,e)neu(de)—/gl(fc,ﬂ,e)neu(de)

£

+ e*?th(x“, u)MZ“ — e’gth(j, a)MZ} dt + o(yy) — (b(gg)}.

For T > 0, applying It&’s formula to e Ptp(y* — 4),e P Q(Z* — Z) and e Ptg(a™ — &) on [0,T], respectively,
and substituting them into (3.23), we obtain

T—00

T
J(u) — J(2) = lim IE{/ e Pt {H(t,x",y",z“72“,7“,Zu,u;p,q,m7m,nJ\;[)
0
— H(t,%,7,%, 2,7, Z,0;p, ¢, m, i, n, M) — Hy (2" — ;) — H, (2" — %)
— H: (3 — Z) — Hy(y}' — 5t) */‘gﬁfy(’%@,e) — Yite))v(de) — Hz(Z) — Z)|dt  (3.24)
BT

qr(@ — zr) + e Tpr(yt — yr) —e T Qr (24 — Zr)

+¢@@—¢@w—¢ﬂmﬂﬁ—yw}
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Observing the above equality, and similar to the limiting results in Lemma 3.14, we have

(a3 — Ha(2E - z) — B3 — 5 — Hy(y — ) — /5 Ly (78— ey (de)

- fz(2 - 20|t} + B[o08) - om0 - oy — )]
(3.25)
By the convexity of ¢, H and condition (i),
J(u) = J(@) >0, YV u€Ua,
and the proof is complete. O

3.4. A solvable LQ example

In this subsection, we consider a special LQ discounted optimal control of infinite horizon FBSDEP with
partial information. We consider the following controlled linear FBSDEP:

da = (AlzY + Bluy)dt + A2z dW, + CdW, + / Dy1.e)i N(de, dt),
£

—dy;' = (arx} + by + crug)dt — 2 dWy — 21 dE&; — / 'y&e)N(de, dt), t € [0,00), (3.26)
£
gy = o,
and the quadratic cost functional:
J(u) = E[/ e PUE, (ug)2dt + No(yg)Q] , (3.27)
0
which should be minimized in the sense that
J(@) = inf J(u). (3.28)

uEUqq

To obtain an explicit representation of the optimal control, we also consider a special observation equation
when h = 0, that is, & = W;. Here, AY(+), B1(-), A%(:), D(-,-) and a(-) are uniformly bounded and deterministic,
and C(-) is bounded by e~ %! for some constant C' > 0 such that JoS C3dt < 00. b(+), c(-) are deterministic and
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bounded by e~ 5! and e~ 5! for some constants b,c > 0, respectively. Deterministic functions F(-) > 0, F~1(")
are also bounded, Ny > 0, xy are constants.
In this case, by the theoretical results, the Hamiltonian function H is represented by

H(t,xz,y, 2, 2Z,v,u;p,q,m,m,n)

3.29
= (az + by + cru)p + (A%x + Btlu)q + Afxm + Cim + / D(t,e)xney(de) + Fou?. ( )
E

By Theorem 3.16 and Theorem 3.17, since the integrand in the cost functional is quadratic with respect to u
and F' > 0, there exists an optimal control % being the following form

E[eipe + Bias + 2Ftﬂt|]-'tw} =0, ae. t€0,00), P-a.s., (3.30)
i.e.,

1 1
= —§Fflct;ﬁt - iFletl(jt, a.e. t € [0,00), P-a.s., (3.31)
where p; := E[p| FV], G := E[qe| F}'], and (p, q, m, 70, n) satisfies the following adjoint equations:

—dg; = (atpt + Alg, + A?my + / Dyt.eynseyv(de) — 5qt>dt — mydW, — i dW, — / n(t.e)N(de, dt),
£ £

dpy = (bept + Bpy)dt, t € [0, 00),

Po = 2NoYo-
(3.32)
Now, to represent the optimal control in an explicit form, we introduce the following SDEP:
d)\t = A%)\tdt + Af)\tth + / D(t7e)At]\7(d6, dt), t e [0, OO),
£ (3.33)
)\0 = 17
and apply Itd’s formula to e #*\;q; on [t, T}, for any T € [0, +0c0), then we have
T
e P g =E [e_ﬁT/\TqT + / e Pra \ppyrdr ]-'t} ) (3.34)
t

Next, it is necessary to verify that E [° e™#*A?d¢ < co. Indeed, by Hélder’s and B-D-G’s inequalities, we obtain

t 2 t 2 t 2
E|\|* < CE [1+< A})\,«dr> + </ Af/\rdWr) + (/ /D(T,E)ATN(de,dr)) }
0 0 0 £
t t t t
< C{l—s— (/ |A;2ds> (/ E|/\T|2dr> + (/ |A3|2E|/\T|2dr) + (/ /D(M)Qz/(de)E|)\r|2dr)]
0 0 0 0 I

t t
<cic [ | 1apas + aze [ |D<r,e>|2u<de>]ﬂ«:wdr.
0 0 g
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By Gronwall’s inequality, it is easy to get

t t
B2 §CeXp{C/ U |A;|2ds+|A§|2+/ |D(T76)|2u(de)}dr}. (3.35)
0 0 &

Assume that A] < e~ AZ <e~ ! D, ) < e *lay(e), where o, g, a3, a4 > 0 and [ a(e)v(de) < oo, then
it follows that

t t
E|\|? < Cexp {C/ {/ e 2 dg 4 e 4 / e2o‘3r(a4(e))2y(de)] dr}
0 0 &
t o]
< Cexp {0/ U e 2015]s 4 e 22" 4 CeQW] dr} (3.36)
0 0

t t
< Cexp {Ct + 0/ e 2o qy 4 C/ emﬂdr} < Ce“t,
0 0

where the constant C' changes from line to line. In addition, the following assumption is needed.
(L1) 8 — C > 0, where C depends on oy, @z, asg, ay.

Therefore, E [ e #tAZdt < C [~ e~ (#=!dt < oo under (L1), which proves the desired result. Taking the
limit as T'— oo on the right side of (3.34), we can obtain

s = (At)1E|:/ eiﬁ(rit)afr)\rprdr

t

.7-}], P-a.s., (3.37)
where p; = 2Nogoeft;(b5+3)ds. So the optimal control (3.31) can be given as

Uy = —Fthoyoeﬁt{ctefJ bods 4 BIR {)\tlE[ / Arayelo budidy
t

]—'t} ’]—'fv] }7 a.e. t €0,00), P-a.s., (3.38)
where

¢ 1
/\t =exp { / |:A111 — §(Ai)2 =+ / ln(l + D(u,e)) - D(u,e)u(de)] du
0 £

¢ t ) (3.39)
+/ AZqu+/ /ln(l—&—D(uye))N(de,du)}.
0 0 JE

We note that, due to the appearance of ftoo Arayelo bududy in the expression (3.38), we have necessity to
ensure its finiteness. To this end, according to the given assumptions for A', A2, D and b, we could consider a
. . b
special case that taking Aj = e~ 1%, A7 = e~ D(; o) = e~ **ay(e) and by = e~ 2", such that

/ Arapelo bedtdr < € / SMdr, (3.40)

t t
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where

S(T) = /OT [eoau _ %e—Qazu + /(hl(l _|_efa3ua4(e)) _ €7a3u()é4(€))y(de) _|_ef%u du

&
+/ 672a2uqu+/ /ln(l+e*a3ua4(e))N(d6,dU),
0 0o JE

which is an F,.-adapted process. We need to exert a comparatively strong assumption of ay, as, ag, ay, b.

(L2) By choosing some suitable aq, ag, a3, oy, b, there exists a positive constant K such that
S(r) is bounded by — Kr, r > ¢ > 0. (3.41)

Therefore, it serves to obtain that ftoo Arayelo budtdr < oo under (L2).

Proposition 3.18. Let assumptions (L1)-(L2) hold. Then the explicit optimal control for our LQ discounted
optimal control problem (3.28), can be given by (3.38) and (3.39).

3.5. An application to optimal consumption and investment problem with recursive
utility
In this subsection, we go further to solve the motivational practical example given in the introduction part

by the theoretical result in the previous subsections.
Now, the Hamiltonian function writes

H(t,X,Y,2,Z,K, Z,¢,m;p,q,m,in,n, M) = g(X, Y, Z,Z, K.,c)p + [(A: X + ¢(n) + By)

,gtN T o~ ,Et "~ 2 2 (342)
—e 2'0h(X,m)|q+ &m+ &+ | A eyner(de) +e 2 h(X, m)MZ + (L + Myw®) Z.
15

By Theorem 3.16, we have

E[(Sﬁw(ﬁt) - efgtgthw(xt, 7_Tt))(]t + efgthw(Xtv T )M 2y + 2M 7 2,

]:f] =0, ae. t €[0,00), P-a.s., (3.43)
and

E[gc(Xt,fQ, Zt,ét,K(t7,),Et)pt + 2Lt6t2t|Ff] =0, a.e. t €[0,00), P-a.s., (3.44)
where (X,Y, Z, Z:, .) are solutions to (1.1) and (1.4) with respect to (¢, %), Z is the solution to

{dz‘t = o e B Z0(X,, ) dE,, € [0,00), (3.45)

Zp =1,
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and (p,q,m,m,n, Q, M ) satisfies the following adjoint equations

dps = (gth + 5Pt)dt + gzpedWy + gzpidé; + / Grepe N (de, dt),
£
_ _Byx = _ _8 =\t 3
—dg; = [gXpt + (At —e 2'0hx (Xy, Wt))Qt +e 2 thy (Xe, T ) M2, — 5Qt]dt

—mydW; — mtdgt — / n(t,e)N(d@ dt), (346)
&

—dQ; = [e_%th(Xt»ﬁt)Mt + Ly + My} — BQq|dt — Mdg,, t € [0,00),
Po = 1.

In the above, we denote gy := gy()_(t, Y:, Z,, Zt, f_((t,-)7 ¢:) and others.

In order to give the explicit form of the optimal controls (¢,7), we consider a solvable case that ¢(w) =
kim,h = 0,0 = 1 and g(X,Y,Z,Z,K.,c) = g(X,Y,¢) = 4,X + C,Y + Byc, for some deterministic bounded
functions k¢, A¢, By, Cy. Then (3.43) and (3.44) become

B -
& = ———E[p| FY], a.e. t € [0,00), P-a.s.,

2}? ] (3.47)
e = —Q—AtIt]E[qﬁf,}/V], a.e. t € [0,00), P-a.s.,

(3.45) vanishes and (3.46) reduces to

dp; = (Ct + B)pedt, po =1,

i - - (3.48)
—th = (Atpt + Atqt - ﬁqt)dt — mtth — mtdft - / n(tye)N(de, dt), te [0, OO)
£
Next, we introduce the equation
dX\; = Ag\dt, t € ]0,00),
e 0,0) (3.49)
Ao = 1.
Apply It6’s formula to e P*\;q; on [t, T], and take the limit as T — oo, then we have
qs :/ [)\t,sefﬂ(sft)flsps]ds, (3.50)
t
where p; = elo (CutB)du 514 At = elo Audu, Therefore, we obtain
By e
c = —iefo (CotBlds g te [0,0), P-a.s.,
kt ~ ) (3.51)
T = —ﬁeﬁte_ Js Aud“/ Agelo Audug=Bse]5 (CutBldugs g e t € [0,00), P-a.s..
t t

Remark 3.19. For the integral on infinite horizon [~ Ajelo Audug=Pse [ (CutBduds in (3.51) being finite, we
can take A, = e % A, = ¢ % and C, = e %, where a,a,¢ > 0 such that —as + Jo e " du + [ e~du < 0.
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Indeed, noting that

1 1 1 1
0<e™™<1l—au+ §a2u2 = §a2(u - )2+ 3
a (3.52)
0<e < 1—éu+162u2 162(u—1)2+1
2 2 ¢ 2’

which show that e and e~ are bounded on |0, 5], 50 there exists some positive constants A and C such that
fo e~ *"du, f e~%du can be bounded by As and C's, respectively. Then we can choose @ > 0 large enough such

that —a + A + C < 0, which then guarantees that [ e~ @st/s e “"dutfye™™duqs < o0,

Proposition 3.20. For the special case mentioned in this subsection, under some conditions, the explicit optimal
control for our investment and consumption problem with recursive utility (1.5), is given by (3.51).

4. COMPARISON WITH EXISTING RESULTS AND CONCLUSION

In this section, we first give two kinds of existing infinite horizon stochastic systems in the literature, together
with their related optimal control problems. Some comparisons are made with our results in this paper.

To our best knowledge, there exist two kinds of infinite horizon stochastic systems for researchers, which
are different in some sense. The first one, which could be traced to the general case in [29], was a class of
BSDE with terminal time being an F;-stopping time 7 taking values in [0, co] which admits a unique solution
(p(-),q(-)) € M>E(0,7;R™) x M?K(0,7;R™*9) with the square-integrable F,-measure terminal value p, = X.
Meanwhile, the existence and uniqueness result holds for the interesting case that 7 = oo, X = 0, which is the
so called infinite horizon case. That is, the value of p(-) is given at ¢t = co. In this framework, many results
were developed. We only mention some classical literatures such as Darling and Pardoux [8] and Pardoux [26],
which gave the existence and uniqueness results of solutions to BSDEs with random terminal time under some
weaker conditions for the coefficients. For example, generator f are not Lipschitz but monotonicity with respect
to y. However, a stronger assumption in [29], f satisfies Lipschitz condition with respect to both p and g,
is given.

The second one, which was introduced to be an auxiliary result to prove the uniquely solvability of fully
coupled infinite horizon FBSDE in [30], was a kind of infinite horizon BSDE in [0, o0). It is worth noting that
the kind of infinite horizon BSDE did not consider the terminal value at oo in general. Similarly, the conditions
are reinforced by assuming that G is uniformly Lipschitz in Y in [30], and the existence and uniqueness result
is proved by a different technique. Some result are extended to the case with random jumps in [50] and the case
in a bigger space in [34] under the same strong assumptions. In more details, we only make an analysis for the
infinite horizon BSDE (3.3) in [30] as follows:

—dY% = I:G(t, K, Zt) + QDt:I dt — th.Bt7 te [07 OO)
In fact, the infinite horizon BSDE above can be regraded as a general form containing the following equation
—dY; = g(t, Vs, Zy)dt — Zd By, t € [0, 00), (4.1)

when we set G(t,Y:, Zy) := g(t,Yy, Zi) — g(t,0,0) and ¢; = g(¢,0,0). Therefore, the Lipschitz property of G with
respect to (Y, Z) is equivalent to the Lipschitz property of g with respect to (Y, Z). Then the existence and
uniqueness results of solutions to a class of infinite horizon BSDE like (4.1) with generator g can be guaranteed
similarly as (3.3) in [30], even for the case with random jumps. Moreover, we also mention the adjoint equations
introduced in [19] and [24] which are also a class of infinite horizon BSDEs without terminal value at oo, where
the corresponding generator of adjoint equation in [19] is not Lipschitz in p but Lipschitz in ¢ and that in [24]
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is not Lipschitz neither in p nor g, due to the weak monotonicity condition and polynomial growth conditions
satisfied by drift and diffusion coefficients in the corresponding (forward) SDE on infinite horizon, respectively.
Although the two cases are solved following the same technique of [30] in the final step, the auxiliary Theorem
4.1 in [5] is utilized necessarily to guarantee the uniquely solvability of their BSDE on the truncated interval
[0, k] for preparation. Meanwhile, if we reinforce the conditions for drift and diffusion coefficients in [19], [24]
being both Lipschitz in x, then the problem is naturally simplified and the result also holds.

By comparison, there is an another important difference to point out that the classical methods in [29] is not
adapted to the infinite horizon case considered in [30]. In other words, the method, which was introduced to
solve the uniquely solvability of BSDEs with stopping time, can only be applied especially in a special infinite
horizon BSDE when considering 7 = oo and giving its corresponding value X = 0. However, for the general
infinite horizon BSDE on [0, c0) where the value at oo is not given in general in [30], it is ineffective.

For the above two kinds of infinite horizon BSDEs, theories are also applied to the optimal control problem
and some interesting results are obtained. For the BSDE with random terminal time, Haadem et al. [10] extended
the results to random jumps of Theorem 4.1 in [26]. And more importantly, they obtained the sufficient and
necessary maximum principles by firstly introducing the limit inequalities in Theorem 4.1 and Theorem 6.1.
Because it may be incorrect that the requirement in the finite horizon case that p(T") = 0 is translated directly
into Tlgréo p(T) = 0 for the infinite horizon, which was firstly shown in the deterministic case in Shell [33]

and Halkin [11]. In fact, they demonstrated by means of counterexamples that abnormality is possible, and
the “natural” asymptotic conditions like tlir(r)lo p(t) =0 and tllglo (p(t), z(t)) = 0 may be violated in the case of
infinite horizon problems with free terminal state at infinity. Noting that the discount rate /3 vanishes (8 = 0)
in the cost functional similar to the counterexample, it is for a long time that the opinion was common in the
economic literature that such pathologies were possible only in the case without exponential discount factor.
However, there still exist some counterexamples showing the “pathological” in the case with positive discount
rate nowadays (see Aseev and Kryazhimskii [3], Chap. 1, Sect. 6). Therefore, they give the limit inequality (16)
in [10] to replace the condition satisfied by p(T) at T' = oo indirectly, when applying It&’s formula during the
dual process without jjl_rgo p(T) = 0. The same thing happens as the condition (42) in [10], which is a direct

assumption given by the authors. However, as far as we know, for some maximum principles discussed in the
deterministic case (Aseev and Veliov [4]), similar condition as (42) actually only be implied by introducing a kind
of Cauchy-type formula and adding some complementary conditions instead of giving immediately. Therefore,
we guess it is possible that some additional conditions are required to imply these kinds of asymptotic property
of adjoint process in the stochastic case, which would be investigated in our future work.

Another feature in their framework shows that the integral part for running cost in the cost functional is
defined similarly as that in finite horizon except for substituting terminal T into oco. In fact, a comparatively
strong assumption was given in [10] to guarantee that the cost functional is well-posed. In other words, it is
possible for the cost functional to be ill-defined over the infinite horizon without their assumption. Then, the
so-called overtaking optimization approach was introduced by von Weizsicker [39] in 1965 to treat the kind
of situation by “approximately” comparing the values of the cost functional over every finite interval. For this
aspect of study, we only mention some recent development in deterministic case ([4]) and in stochastic case
(Huang et al. [15]). However, in the second case of infinite horizon BSDE, the same problem can be solved in
a different way. We have mentioned that the kind of BSDE on [0, 00) and its related optimal control problem
were considered in [19] and [24] where they consider the infinite objective integral in the cost functionals with
exponential discounting, and they consider the exponential weighting solution space L?E’_B (RT,R™). We can
find that if the adjoint equation admits a unique solution (p(+),q(-)) € Liifﬁ(RﬂR”) X L?fﬁ(R*,R”Xd), i.e.,
E [y7 e P|py|?dt < oo, it is easy to obtain that tli}rgloE[e’ﬂﬂptP] = 0, which is more natural used in the dual

technique avoiding the limit inequality assumption in [10]. Therefore, we cannot give an ideal condition satisfied
by p(:) at terminal time like finite horizon case, p(T) = 0, but we still could give a comparatively reasonable
result, i.e., a kind of exponential weighting form for p(-) with expectation is converging to zero when the terminal
time goes to infinity (see Lem. 3.14).
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APPENDIX A

In the appendix, we first give some detailed mathematical deduction of cost functional (2.32) based on (2.3).
First, let

dcy = eBtf<xt“7yf7zf,2§‘,/7&6)V(de),ut>dt, t €0, 00),
£

and

A2 = e 2 Z,h(2?, uy)d&,, t € [0,00),
Zu=1.

Apply Tt6’s formula to CyZ; on interval [0,7] and take expectation on both sides, then by some simple
calculations and putting ¢(yy) together, we have

- T
Jr(u) : =E /0 eﬁtf<xg,y;‘,z;‘,ég‘,/gfy&e)l/(de),ut>dt+(b(yé‘)]

- T
E ZT/ e5tf(;pz‘,yz‘,zf,éf,/gVé,e)y(de),ut) dt + (b(yg)}
L 0

- T
=E / eﬁtztf<xt“,yf,zf,2f,/E’y&e)u(de),ut>dt+¢(y6‘)].
0

Now, taking T' — oo on E[fOT P2 f (a2t F [ Vi yv(de), u;)dt], we obtain the inequality

E[/ e‘WZJ(xf,y%zf,Zf,/'y&’e)u(de),ut)dt}
0 £
b, e
< (E sup |zt|2) (E | e f(zi‘,y?,ZZ‘,éé‘, [ ew(de),ut)
teR, 0 e

Then, combining with (2.33) and Lemma 3.3, we can get

E{/ e_ﬁtth(xf,yf,zf,Zf,/'y&e)u(de),ut>dt} < 0.
0 £

Then Jr(u) converges and we denote the limit by J(u), that is

2 \1
@)

o
st =8| [T ety (st st 2t [ vt u)a + o)
0 &
=] [Temap (st st [ oo s o),
0

which is accordance with (2.3) and (2.32). It is complete.
Then we give some proofs of the results in Section 3.
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Proof of Lemma 3.2. Applying 1t&’s formula to e~ ¥ |z%|?* and by (A1)—(A4), we have

t
E[e™ M|z |?*] < Elzol** + E/ e ks {%Ifci‘l%‘lb(o, 0) + 2pa k| ?* + 2k [P us|
0
+ k(2k — 1)|24[**72(62(0,0) + 5%(0,0)) + k(2k — 1)|2%** + k(2k — 1)[22%[**2|u,|?

Al
+/ (|mg|2k+Ck(\l(0,0,e)|%+\x§|2k+|us|2k)+2k\x;‘\2k’1l(0,0,e) (A1)
£

t
+ 2k|zv 2 4 2k‘x§‘|2k_1|us)l/(de)} ds — ,BkE/ e Pks 2k,
0
By the weighted Young’s inequality and Hoélder’s inequality, we can get

" t
E/ e_5k32k|xz;|2k—l|us|ds _ Qk/ E[e—,@ks-i-gs|xg|2k—1e—§8|us|]dS
0 0

t 2k—1 1
< Qk/ (E[e*ﬁkﬂxﬂ%]) > (E[e*ﬁk5|us|2k]>%ds
0 . N
< Zk( sup ]E[efﬁks\x;ﬂ%]) - / (E[efﬁk5|us|2k]) “ds
0

teR4

0 1 2k
< (2k — 1)6%< sup E[e_ﬂk3|x?|2k]) + 5% (/ (E[e_ﬁks|us|2k]) - ds) ,
0

teR4

t t
E/ e PR (2 — 1)|2%*F 2 us|2ds = k(2k — 1)/ Ef[e A= 2k =20 =05y, 2] ds
0 0

< (k—1)(2k — 1)5%( sup E[e_6k5|x§|2k]> + Lka; D (/OOO (E[e_ﬁks|us|2k])ids>k7

teR 4

t t
E/ e*ﬁks/2k|zg\2k71\us|u(de)ds:2k/ /E[e*5k5|zg|2kfl|us”V(de)ds
0 £ 0 Je

o 1 2k
< C(2k — 1)5%( sup E[e_5k5|x;‘|2k}> + 52k</ (E[e_ﬁks\us|2k]) * ds) .
0

teR 4

Similarly, we have

t

t
E/ e‘5k32k|x§|2k‘1|5(0,0)|ds—HE/ e B k(2k — 1) 52 (|0 (0,0)2 + [5(0,0)%)ds
0 0

¢
+E/ e*ﬁkSQk\x;‘\zkfl/|l(0,0,e)\y(de)ds
0 £
1 < s ~ x A\
< Cs sup E[e P[22 |?F] + 5%(/0 e_is(E|b(070)|2k) ds)

teR,

F CD( [ e (mlo0.00*) as) D ([ e (@o00m) ) k

Ch 4 o 2k
([Tt (B [n0.0.0Pva) ")
0 £
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Therefore, (A.1) becomes

Ele™ |y **] < Elzo|* + (Cpuk — Bk)E/ e kst PRds + C’kIE/ e PR lug P ds
0

t

0

+ C(;’k</ (E [e—ﬂksus%])%ds) " Ca,k(/ (E [e—ﬂk8|us|2k])kd8)
0 0

0o 1 2k
+ Cr,s sup Efe ke[l |] +ck,5< / e—%s(mb(o,on%) " ds)
0

seR4

0o 1 k o N &
+CM(/ e~ (Bl (0,0)*) '“ds) —|—Ok,6(/ e~ (El5(0,0)*) ’“ds)
0 0

L 2k oo
—HE/ e_Bks/ 11(0,0, €)|**v(de)ds.
0 £

+Ck,5(/0°°e—‘3s(E/g|z(o,o,e)|2ku(de)>%ds)

Choose suitable 1 such that C,  — Bk < 0, then take suitable (k) such that 1 — Cj s > 0, it is not hard to
obtain the following estimate

2k k

2k

%) 0o 1
sup Ele™ 7k |y ] < Ck{E|ZL'()|2k -I-E/ e Pks|y 2k ds + (/ 6_558(]E|b(0,0)|2k> 2k ds)
teERL 0 0

+ (/OOO eﬁSS(Ea(O,O)%)}“ds)k + </OOO eﬁss(E|&(O,O)|2k)Lds>
+ (/OOO e_553<]E/£l(070,e)|2k1/(de)>21kds>2k+E/OOO e—ﬂs’“/g|1(0,0,e)|2’fu(de)ds}.

where 51 < fBa, 85 < fB2. Therefore, the first estimate in (3.2) has been proved.
Then we prove the second estimate in (3.2). Applying It6’s formula to e= 7|y

k

|2, we have

T T
I + / e B (|22 + (20 2)dt + / / eyt 2N (de, di)
0 0 £
T
=e‘BT\y%\2+/ [Be™ Pyt 7 + 2ePrytg (e, ut's 21 2 Vi ey ue) | At (A.2)
0

T T T
- /0 2e ™ yptz AW, — /o 2 Plypzrde, — /0 /gZethyf'y&e)N(de, dt).

By (A6)—(AT), we obtain

1 T — u su T — u
5/0 e Pz P + |3 |2)dt+/0 /ge Pyt o 2N (de, dt)

T
_ _ _ _ _ _ _ 1
<e ‘”ly%l2+/ {Be P Iy 2 4 e [2(pa + €70 I e T 2 (| |2+ )
0

T T T
+2y;‘g(x?,0,0,070,0)]}dt7 / 2e Pty i dW, — / 2e Plyrzidg, — / / 2e™ Pyt o N(de, dt).
0 0 0 &
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By (A8), for any 8 > 0, we get

T
/Oe’ﬁt|z§‘|2dt+/ *5t|§f|2dt+// Ol PN (de, dt)

T
sc{ sup e~ |yp 2 / L orae+ 3 / P2 e Pyg(at0,0,0.0,0
0

teR,

T
*/ 2€7ﬁtytuzdet*/ 2e™ yrzrdg, — / /26 Pyt e N (de, dt)}
0 0

Furthermore, we can deduce that

T k
E‘/ e Ptz 2dt
0

< ck{E[ sup e~ ¥t |y 2’“] + E

teER 4

k T k
+E‘ / / e_ﬁthg‘t,e)FN(de,dt)

+ E’/ e Pty |2dt

T
+ E‘ / e Ptz 2de

*ﬁtm ol?v(de) dt

(A.3)
+ E‘ / 20 PlyL ! th

)

+E‘/ “Pytg(zt,0, o,o,o,o)dt

—HE‘/O 2e Pty zide, —HE‘/ /2e At “v(te)N(de dt)

Note that

T 5
e_ﬁtzf|2dt‘ ]

T
IE‘/ e Plyuzt th
0

C C
< ;E{ sup eﬁkt|y§‘|2k} + kE‘/ e P22 dt

teR

< CkE‘/ e 2Py 2| 2| dt‘ < CkE{ sup e 2t

teER L

0
k

)

)

Cy Cr | [ g
< E[ sup e PRty |2k} kE’/ e Ptz 2dt
teER 4 0

E] / e-styrznae,|
0

and

k

ﬁ
<] [ [ e i Vi,

|

Ck _ w Ck > _Bt|
< ﬂ[sup ‘ ﬁ“'yt'ﬂ +2EU Lol N e, de)
0

teR,

T
EU /e Pyt e)N(de dt)
0 15

< CE {supe

< e Py o I N (de, dt)
tER+

k

7
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thus, (A.3) can be rewritten as

0o k 0o k 00
IE( / e—ﬁf|zg|2dt) +E< / e—ﬂt|zy2dt> +E< / / e_5t|yZ‘t’e)|2N(de,dt))
0 0 0 I

) o) 2k
gck{E[supe—Wymﬂw / e—"}f|ut|2’“dt+1a( / e-ﬁtg<xr7o,o,o,o,o>dt) }
teR, 0 0

k

(A.4)

where we use the inequality as follows:

[ k S k
E< / / e_ﬁt|7&e)|2u(de)dt> §E< / / e_ﬁth&,e)ﬁN(de,dt)) . (A5)
0 & 0 &

Indeed, set G(t) :== [, e’ﬁt|'ya’e)\21/(de), and it follows that

E(/Ooo G(t)dt)k _E/Oook</os G(r)dr)k_lG(s)ds _E/Oook(/os G(r)dr)k_l/ge55|’y&7e)|2u(de)ds
—IE /0 - /g eﬁ5|ygg7e)|2( /O ) G(r)dr)k_lN(de,ds)

< m{ /0 h /g e—ﬂs|yg;e)2zv(de,ds)< /O h G(r)dr)k_l}

< k{E(/OOO/ge—ﬂsh&’e)PN(de,ds))k]}v [E(/OOC G(r)dr)krkl7

Thus, we have the inequality (A.5).
Then applying It6’s formula to e~ #*|y"|?* with (A6)—(A7) and Remark 2.5, we obtain

R RS Y W (FTE T
. t
b [ e [ (I P = P 2kl P ) Nide, ds)
t £ . . ) )
< PTG [ (B e s [ e 2kl (o S e oz (A6)
t t

T
+ K () 1ol + € F 5] ) + 2K]y 2% g(22,0,0,0,0,0) | ds / 2ke 0S|yt 2K L2 d W,
t

T T
—/ %e‘ﬁks\y?\%‘léd&—/ 2ke"3’”/ e 1P o N (de, ds).
t t £
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Note that again

k(2k — 1)

2kfy (e 5 2] < 2he My 4 Dy 2 a2,
k(2k -1
e L U L R E)

k k
2h]y | Ky (1) ] < bl + o KRl 2kl ] < 2k Ky 4 g2,

it follows that (A.6) becomes

T
— I — sk(Qk_l) I — u ~u
ey [ et I PR s
t
T
b [ e [ o P P = 2kl PR ) N e, d)
t £
T
< e PR |y 2k 4 / (Bk + 2kpo + 2ke™ 515 4 2ke ™52 4 2k 4 2ke ™ K45) e RSy 2R s (A7)
t

T
— S k u — u k u — u — u
[ e (SRt ol P+ Sl 4 2 g(62,0,0,0,0,0) )

T T T
= [ ke P taraw, - [ ke eyt < [ ket [ty e, ds).
t t t £
By Lemma 3.1, taking a = y;_ + 7, b= —y;_, it follows that |y|?* < (1 + €)|ys— + v|** + cc|y:—|?*, and

1 Ce
e V7 ﬁrelvl% - <1 + IJFE) lye— |*F.

Then (A.7) yields

T T
- u - sk 2k —1 w|2k— u ~u —Bks 1 u
ey [ oo MBSz pzpyas+ [T et [ PN (e, as)
t 2 t el+te

T
< e PRy 2k 4 / (ﬂk + 2kpg + 2ke K15 4 2ke K25 ok 4 2ke_K“s)e_5ks\ys\2kds
t

T T
—pBks Ce u —pBks u —-1_ u
+/ o ok /(H 1+€>ysIQ’“N(de,dS)Jr/ e Pk /%Iysfl% e NV (de, ds) (A8)
i & t &

T
— S k u — u k u — u — u
[ e (GREOIE o+ Gl + 2K g(2,0,0,0,0,0) ) ds

T T T
= [ ket taraw, - [ ke oyt — [ ket [t Nde,ds).
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Then, taking ¢ = 0 and choosing ¢ sufficiently small (the value of § will be taken in the following), we have

/ 7ﬁks ) |2k 2(|zu|2+|2u dS+E/ *Bks/ ‘7(5 e)|2k]\7(d(3 dS)
< E[e AT |y ] +]E/ ‘5’“/%\1/“ R ZC O

c( O\ _
+ IE/ <Bk - Dippn + 2ke KI5 4 2o K25 4 9k 4 2k K 4 (;f“))e ok |y 2k ds
0 €

T
— s k u — u k U — u - u
+E / ook (2K§<s>|ys|2’“ 2| o2 S P2 2 + 2k 1g<xs,o,o,o7o,0>)ds,
0

k
< E[e AT |y ] +E / o [ (284 GR30) EPt  Pr(acas
T
‘ o ) Ok
+ ]E/ <6k ¥ s + 2ke KIS 4 ke K25 4 2k 4 2keKes | % + 25)e ks lye [P ds
0 €

T
k
—HE/ e_Bks<2|yfj|2k_2|us|2—|—2k|y;‘|2k_1g(x:,0,07070,0)>ds,
0

and

T
k
E{ sup e_Bkt|y;‘|2k} §E[e_'ng|y%|2k} —|—E/ e_ﬂks/ <26k—i—Kg(s)>y;‘|2k—2|'y€S e)|21/(de)ds
te[0,T] 0 £ 2 '

T
c@ ) Ck
+ ]E/ (ﬁk Doty + 2he= K1 4 2heKas | oy 4 ope—tas L ETC) )e‘ﬁ’“yﬁ%ds
0

1+e¢ 26

(A.9)

T T 3
k 2
+]E/ e Pks (2|yg|2k2|us|2+2k|yg|2k1g(gjg’0,07070,0)>d5+Ck]E(/ 625ks|yg|4k2|zg|2ds>
0 0

T 3 T 3
+ck1a( / e-w’“ﬂy:ﬁk-ﬂzsﬁds) +ckE( A |yz|4’f-2|vzz,e>|2N<de,ds>) .
0 0 £

Note that

T % 1 302 T
OkE</ efﬂiks‘y ‘419 2‘2( |2d5) < E|: sup eﬁks|yg|2k:| + kE/ efﬁks|y|2k72|zg|2ds’
0 6 | sefo,m 2
r P 1 302
cu( [ et tpzpas) < | s oo+ 2k [ et
0 6 [ sco,m
T 3
cu( [ e [t o Piae.as)
0 £ ’
E

1 302\ [T 3c2_ (T
< o8| sup eyt 4 X8 [ ostepgas s Tkp [ [ et (e, ds),
6 2 J, N :

s€[0,T

(A.10)
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where we take A(k) = g= < 1 sufficiently small. Then (A.10) becomes

T
]E{ sup e‘ﬁ’“lyl‘lﬂ < 2 [P |y | ] +E/ e_ﬁ’“/ 40k + KEG ()] |yt P2 |7 Pv(de)dt
te[0,T] 0 &

T
1
+ IE/ 2 (Bk; kg + ke~ K1t 4 2o Ket 4 of 4 ope—Kut ST ) Ok
0

2 ) 1+e€ 20 (A.11)
302\ k
# 2O Yo har s om [ oo (Ll 2ot 0,0,0.0.0)Jat
3C2
+ 58T [t e ) [ [ g P, an)
0
It follows from (A.9) that
IE[ sup e 5kt|y |2k] < <2+ M(k,e)~ )E[e_ﬁkﬂy%ﬁk}
te[0,T]
3701% -1 ’ fﬂkt 2k—2 2
1+ M(k E e 46k—|—kK3 |yt | V()" v(de)dt
0
T
+(1+ —kM 1)@/ Z(Bk + 2kpug + 2ke K1t 4 9ke K2t 4 9k 4 Qe K4t (A.12)
0

C(1+€+Ce) Ck , 3CEA —Bkt|, w2k
e R ) lyz |7 dt

30}% —1 r — Bkt k u|2k—2 2 u|2k—1 u
+ {2+ = M(k,e) ]E/ e e 17 uel” + 2Ky 17 g(2,0,0,0,0,0) | dt,
0

where M (k, €) = min { k(w;_l) , 1+6} Then taking Bk + 2kus + 2ke ™51t + 2ke K2t 4 2k 4 2ke—Kat % +

k4 SC" <0 and §(k) = %ﬁ((t) (where K3(t) is taken sufficiently small satisfied (A7)), we have

302
E[ sup e-ﬁkﬂym?’f} < (z+ kM(k,e>-1)E[e-ﬁkT|y%|%]
te[0,7] A

T
- (2)\2+3C§)\M(k,e)‘1)E/ e_Bkt/ i 152 o Pr(de)dt (A.13)
0 &

3C} T
+2k(2 LSSV )E e (Pl + P 0(0,0,0,0,0,0) ).
0

Noting that

(2)\2+3Ck>\M k,e) ) / “”“/Iy K72 o Pr(de)dt

2(k—1) k —1
< <2/\2 + 3CEAM (k,e)! > E[

—Bkt| w2k
S (§]
z up |y ]

te[0,T
k

(2A2+SCkAM(ke ) ]E(/ / Pt PN (de, dt)) :
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and taking a(k) = A\2(k) such that
3C% ~1 g —Bkt|, u2k—2|, |2
2k 2+ TM(k’E) E ; e |y |ug|=dt

3Cq —1 —Bkt|, u|2k T e 2 *
< 2k(2+ TM(k,e) aE| sup e lys || + CLE e Py dt
0

t€[0,T)
k

T
< (4)\2k+60k/\M(k:,e)1)]E[ sup eﬁ’“|yy|2k] <4k+60kM( €)” >c E(/ eﬁt|ut|2dt> ,
t€[0,7] A 0

and

30]3 -1 r —Bkt|, u|2k—1 u
2k( 2+ TM<k’ e )E [ e lys'] g(x,0,0,0,0,0)dt
0

< <4)\2k‘ + 6CEAM (K, e)_1>]E [ sup e_ﬁkt|y§‘|2k}
t€[0,T)
T 2k
<4k+ GSkM(k,e)‘1>CaIE(/ e—itg(xg,o,ao,o,O)dt)
0
Therefore, taking limit with 7' — oo, (A.13) becomes
.
—Bkt| u|2k 2 2 1\ Pk -1 _ Bkt w2k
E| sup e ly |7 | < [ 20% 4+ 3C AM (K, €) ——E| supe |y
teR, k teR
(2)\2 + 3CEAM (K, ) > E(/ / e Pyl o) PN (de, dt)>
(A.14)
+ (8)\2k: + 12C,AM (k, e)_1>E[ sup e_ﬁkt|yf|2k}
teR,
6C, i b > s 2k
(4k + )\kM(k,e)l)Ca {E(/ e6t|ut|2dt> +IE(/ eztg(g;y,o,o,o,o,())dt> ]
0 0

where we have used the fact that
T—o0

1 1
_ _B _B(k—1 _ _ 2 _ _ _ 2
E[e T (2] = E[e™ 3T yple P08 |yg 7] < (B[ Ty#[?]) " (B[ DT yp[ 2] )" 2= 0.

Combining (A.14) with (A.4), we take Ag small enough such that

[SIE

_ {(2/\3 +3C2AM (K, €)™ )2““ ”kT + (2/\0 +3C2N\oM (k€)™ ) Cr + 8\2k + 120, Ao M (k, €)™ } >0,

thus, we get the desired result as follows:

oo k o0
IE{ sup e Pskt|yu 2k 4 (/ eﬂ4t|zg|2dt) + </ ﬁ4t|z"|2dt> (/ / e Py o PN (de, dt)) }
0 0

teR

SC;M[JE/ e_ﬂlkt|ut|2kdt+E</ e_B"tg(x?,O,O,O,O,O)dt> },
0 0
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where Ck . = Ci xy.e.o depends on some k, € and sufficiently small A\g(k), a(k). Moreover, £1 < min{fs, 84} and

Bo < min{fs, ﬂ4}7. The proof is complete.
The proof of Lemma 3.6. We first prove the first limit in (3.6). We set

And z¢(+) satisfies the following

1 1 -
dz§ = {/ b, dOz§ + (/ Bmd(‘)—bm>x(1,t) + (/ b d9—bu>vt]dt
0 0 0
1 1
+ {/ 0,d0Z; + </ o,df — 01>:r(17t) + ( O’ud9 — Ju> vt} dW,
0 0
1 1 _ 1 _
0 0 0

1 1
+/ [/ 1, dOZ; + (/ 1,dO — l_a:>$(1,t) + ( ) ] (de,dt).
& 0 0 0

By the a priori estimate in Lemma 3.2, we have

I 1 _ 1 _ 2k 3% 2k
sup E[e P2 |z¢| 2] < C’k[{/ eﬁ5t<E{</ bzdebr>z(1,t) + (/ budabu>vt] > dt}
0 0 0

teER 4

A e E(f @de_@) oo ([[man-a)] ") o) s
+{ / °°e—65t(E / [( ) z0, f)+( ludé—l_u>vt]2ku(de)> ”‘dt}%
+IE{ /OOO e*ﬁs’“/g [( )x(lt)+( ludel_u>vt]2k1/(de)dt}]

2:A1+A2+A3+A4+A5.

Note that
o0 1 =\ 2k o0 1 _ o\ 2k
A< Ok{/ e okt <E</ bydf) — bx> |x(1,t)2k>dt} + Ck{/ e Pl (E(/ bydf — bu> vt|2k>dt}
0 0 0 0
3 4 1 ETUNE
< Ck{ sup E[e_ﬂskt|x(1yt)|4k]} { / ez (E(/ b,df — bm> ) dt}
0 0

teR L

oo 1 _ o\ 4k B oo z
+Ck{/ e_ﬁskt@i(/ Eude—bu) )dt} (E/ —Bskt 4kdt) =0, ase—0,
0 0 0
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and with the same technique, we have Ay — 0, A3 — 0, as ¢ — 0,

) 1 2k
A4§Ck{/ eﬁﬁ’“<]E/ (/ zxdol;) y(de)|z(17t)|2k)dt}
0 & 0
) 1 B 2k
+Ck{/ eﬁf’kt(E/ (/ lude—lu> V(de)|vt2k>dt}
0 & 0
I poo - 1 N\ 2k 2\ 3
<6 s Bl oo *]) " [To % (5 [ [uar-1) viae)) ) ar
teER 4 0 g 0
[eS) 1 B 2k 2
+Ck{/ e—ﬁs’“(E(/ (/ lude—lu) u(de)) )dt}
0 & 0

oo 2
<E/ e_ﬂskt|vt|4kdt) — 0, as e = 0,
0

[N

and similarly, A5 — 0,as e — 0. Therefore, by (A.15), the first limit in (3.6) holds. Next, since

1 1 1 1 1 1
—dgs = {/ gzdﬂii—k/ gyd0g7§+/ g.d0Z; +/ g;d&éf—k/ ngG/ﬁ(ﬁt’e)I/(de)—k </ gmdg—gx>x(u)
0 0 0 0 0 £ 0
1 1 1
+ </ gyd0 — §y>y(1,t) + (/ g.d0 — §z>z(1,t) + (/ gzdf — ?]2) Z(1,)
0 0 0

1 1
+ </ g,d0 — §7> / Y(1,t,e)V(de) + (/ Gy dl — §u> vt} dt — Z;dW, — Z;d&, — / 7€t,e)N(de’ dt),
0 £ 0 £

by Lemma 3.2, we have

k

o0
E|: sup e_Bskt‘g;ﬂQk‘ + </ e—B4t|2tE|2dt)
0

o) k 0o k
4 ( / e—ﬂ4t|§§|2dt) + ( / / e_ﬁ“tﬁa,e)ﬁN(de,dt)) }
t€R+ 0 0 g
oo 1 1 1 1
< Ck{E(/O et [/0 90T} + (/0 god — §m>$(1,t) + (/0 gydo — §y> Y, T (/0 g.df — gz) Z(1,t)
1 1 1 2k
+ </0 gzdo 575)2(1,,5) + (/0 gdo E»y> /57(1,t,e)1/(d6) + </0 gudd — §u) 'Ut:| dt) }

2:B1 +B2+B3+B4+B5+B6+B7.
(A.16)
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Note that

B, < CkE(/ e Pokt)z E|2kdt> < Cf sup IE{ kt|§ct|2k} (/ e
0 tER 4+ 0
0o S Bot 1 T2k 2k—1
B, < ]E( / e"*““lwu,t)I%dt){ / (e‘z( / gxde—gm» dt}
0 0 0
Hokf % o0 _ Bot 1 2351 4k—2 %
< Cy suplE[ ERPs } E / o3 /gde—gx dt 50, ase— 0,
teR 4 0 0
oo . 1 2k
B; < IE[ sup e ’Bokt\y |2k</ ¥ (/ gydf —gy>dt> }
teR 0 0
% 00 , 1 4k %
< (E{ sup e_25°kt|y(1,t) ]) {IE(/ e_% (/ gydﬁ—gy>dt) } — 0, ase— 0,
teER+ 0 0
0o k LS 1 2 k
B, < E[( / e‘BUtz<1,t>l2dt) ( / e‘W( / gzde—gz) dt) }
0 0 0
oo 2ky 3 ) 1 2 2ky 3
< {IE(/ eﬁ°t|z(1,t)|2dt> } {E(/ eﬁ“t(/ gzdﬁgz) dt) } —0, ase— 0.
0 0 0

Similarly, we have Bs — 0, as ¢ — 0. And

[( 7(1 ) E)u(de)dt> ' ( /OOO o~ Pot ( /01 9,46 — gn,) th) k}

( Pt E)N(de,dt)>2k}§{E</Om e"‘)t(/(Jlgwd@ —gv)2dt>2k}% —0, as€—0,
=el( [

(=)

)—>0, as € = 0,

I /\

IA

{

I /\

o st 1 2R 2k—1
o oM |, |2kdt> (/ (6_2 (/ gudl — gu>) dt) ]
0 0
% oo Bot 1 21?51 4k—2 %
< Cg ﬂokt|vt4kdt> {E(/ (eg </ Gudl — ?]u)) dt) } — 0, as e = 0.
0 0

Therefore, by (A.16), the second and fourth limits in (3.6) hold.
Then we prove the third limit in (3.6). Since Z¢(-) satisfies the following equation

1
dZe =e~ 5 |:Z€h( ,u€) + Z(Lt) (h(xs’us) — Tl) + Z_t/ hodOZ;
0
+ Zt(/ h,df — h$>3;‘(17t) + Zt(/ h,do — hu) ’Ut:| dé&;,
0 0

by B-D-G’s inequality, we have
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%) k 0o k
E[ sup |E:’f|2k} < ]E(/ e_ﬂt|252|h(x€,u€)|2dt) +E</ e_Bt|Z(17t)|2(h(x6,uE) — E)2dt>
teER 4 0 0
1 k
/ h,do
0

o0 2 k [e’e) 1 2
+]E</ e P Z, 2 |5:t|2dt> +1E(/ e_5t|2t|2</ hlde—hw> |x(1,t)|2dt> (A.17)
0 0 0

00 1 2 k
+]E(/ e—5t|2t|2</ hude—hu) |vt|2dt> :=C; +Cs+ C3+ Cy +Cs.
0 0

Note that

Ci < CkE/ e 2t < Ok/ e HE[ sup |27 at,
0 0

teR,

thus by Lemma 3.3 and Lemma 3.5, we obtain
0o o k
C,; < E[ sup |Z(17t)|2k(/ e Pt (h(z¢, u) — h) dt) }
teER 4 0

% o _ 2k 2
< (E[ sup |Z(17t)4k]> {E(/ e Pt (h(z,u) — h)2dt> } —0, ase—=0,
teER 4 0

C; < CkIE/ e*%z’u%mﬂ%dt < ck/ e*#(mzﬁ’“)%(1E|5c§\4k)%dt
0 0

_ % oo ot + 2
< Cy (]E[ sup |Zt|4k]) / e_ﬁ:fdt< sup E[e_%ﬁﬂ%}) —0, ase—0,
teR 0 teRy
[o'e) Skt — 1 B 2k _ %
C, < CkIE[/ e_2|Zt|2k(/ hIdH—hz> |a:(1,t)|2’fdt} < Cy (E[ sup |zt|8ﬂ>
0 0 teR:
0o skt 1 B 8k % e %
X {/ e~ 1 (IE(/ h,do — hg;) ) dt}( sup E[e_2|x(17t)|4k}) — 0, ase — 0,
0 0 teRy
~ 1 ) 1 N2 2ky 1
Cs < (E[ sup |zt|4kD {E(/ eﬁt</ hude—hu) vt|2dt> }
teRy 0 0
oo i 00 o 1 _\?2 e k=25 §
< Cy <]E/ eﬁktvt|8kdt) {E(/ <e</ hude—hu> ) dt) } —0, as e — 0.
0 0 0

From (A.17), the third limit in (3.6) holds by Gronwall’s inequality. The proof is complete.

Proof of Lemma 3.9. We can deduce the variational inequality based on the fact that

(A.18)
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where we set
F($7y7 Z727 77 Z7 u) :: Zf(x) y7 Z7 27 ’Y’ u)' (A'lg)

We first deal with the first term. Note that

1 1
DFE[( / %do—%)ga}ﬂa[( / ¢yde—¢y)y<1,o>]+E[%@5}+E[¢yy<l7og,

where

1 1
E{ / ¢yde—¢y)@5} :EK / fbyde—qby)e—%s}
5 1 ~ 1 1 N2\ 3
< IE[ sup e2tgj§(/ ¢yd9¢y>} < (E[ sup eﬁt@ﬂﬂ) (E(/ ¢ydl — qﬁy) ) —0, ase—0,
tER+ 0 tER 4+ 0

and similarly, E[( [ ¢,d0 — ¢,)y(1.0)] = 0, as € = 0, and

E[6y3i6] < CE[(1+ [50])55] = CE[e™ %5 + e~ |5i|55]

< C]E{ sup egtgf} + CE{ sup e*§t|yt\ sup egtgjtﬁ}
teRy teR teRy

1 1 1
3 3 3
§C(E[sup eﬂt|g]§2}) +C(E[sup eﬂt|gt|2]> (E[sup eﬁt|37,f2}) —0, ase—0.
teR, teR, teR,
Therefore, we have
tim Dy = E[d,0.0]-

Next, we deal with the second term. Note that (we omit some ¢ in many integrands)

oo 1 1 1
D, =IE/ e‘ﬁt{/ F,d0(z¢ + 1) +/ F,do(g° +y1)+/ F.dO(Z° + z)
0 0 0 0

1 1 1 1
+/Pwm?+m+/zwp/w+mpm@+/Pgwé+zn+/ﬁmwht
0 0 & 0 0

= D1 + D22 + Da3 + Doy + Dgs + Dag + Doy,

and in the following we only deal with the first term, and others can be dealt with similarly. We have

o) 1 )
Dy, = ]E/ e_’Bt(/ F,do — Fw) zedt +]E/ e PtE zedt
0 0 0

o0 1 e}
+1E/ e_Bt(/ FwdH—Fw)xldt—i—E/ e PR, dt,
0 0 0
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where

o) 1 B o) 3 o) 1 S\ 2 3
E/ e—ﬁt(/ deG—FgC)jedtS (IE/ e—5t5;6|2dt> (E/ e—ﬁt(/ Fwde—FgC) dt)
0 0 0 0 0
s e} s % [e%s) 1 B 2 %
< < sup E[e™2"|z¢?] / e2tdt) <]E/ e5t</ F,do — Fz> dt) —0, ase—0.
teR 0 0 0

Similarly, E [ ¢~ P( [ F,d0 — F,)z1dt — 0, as ¢ — 0, and by (A.19), (H1),

o0

]E/ e BUE Gedt — E/ e PtZF icdt < O]E/ T PZ(1+ 7] + [y] + 2] + 2] + ]3] + |al)&“dt.
0 0 0
We can divide the above into several parts to deal with as follows:
o) B e’} B S PO § 1
E/ -G / e ME[Zz]dt < / e P (E2?)* (E[2[?) *dt
0 0 0

Nz [oe 3
< (IE[ sup Zz}) / egtdt< sup E[e5t|i€|2]> — 0, ase—0,
0

teR L teER L
E / e P Z|zladt < / e (E24)} (B2 (Bl ) Fat
0 0

1

_ i oo % 2
< (E[ sup 24}) / eitdt< sup E[eﬁtfﬂ) < sup E[eﬁt|zi€2]> — 0, ase—0,
0

teR4 teRy teR

E/ e P Z|glzcdt < E[( sup e_gty>( sup 2‘_,’) (/ e_gti“edt>}
0 t€R+ t€R+ 0
: NV Y
< (&] s e7?] ) (B[ s 2] ) (m( [ e taear) )
tER+ tER+ 0
o0 I S :
< C(E/ e_5t|£€|4dt> < C{ sup E[e_gt\@ﬂ‘l] (/ e_gtdt>} —0, ase—0,
0 teER L 0
o0 _ o0 % _ oo i o0 i
E/ e PLZ|z)z5dt < (IE/ e_'Btszt) <]E[ sup 24}/ e—ﬂtdt> (E/ e_5t|:i€|4dt>
0 0 teR 0 0

1

00 1

< C’( sup E[e_gtﬁceﬂ / e_gtdt) —0, ase—0.
teR, 0

Similarly, E [° e=#'Z|Z|Z°dt — 0, as € — 0, and
0o oo 1 oo : 0o :
E / o1 Z||5| |7 dt < (]E / / e—ﬁw?zv(de,dt)) (E{sup 274] / e—ﬁtdt> (IE / e—ﬁt|5;€|4dt)
0 o Je teR, 0 0

1
o0 I
< C’( sup E[e*§t|:i:€|4] / egtdt) —0, ase—0,
0

teR,
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1

. ) ~ ) 1 0 P LS 2
E / Pt Z|a|Eedt < (E / e—ﬂtz‘*dt) (E / e‘ﬁtIUI“dt) (E / e_ﬂt|"3"€|2dt)
0 0 0 ’

1 1
_ © 1 oo 5
< C(IE[ sup 24] / eBtdt> < sup E[e*gtﬁéﬂ / egtdt> —0, ase—0.
teRy 0 teRy 0

Therefore, we have

lim Dy; = IE/ e P Z fLaqdt.
e—0 0

The proof is complete.
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