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RISK-SENSITIVE MEAN FIELD GAMES WITH MAJOR AND

MINOR PLAYERS∗

Yan Chen1, Tao Li1,2,** and Zhixian Xin1

Abstract. We investigate a class of mean field games containing a large number of major and minor
players. Each player minimizes a quadratic-tracking type risk-sensitive cost functional, where the ref-
erence signal is a function of the state average term of the major and minor players. To reduce the
complexity for solving the problem, we design a sequence of decentralized strategies by the Nash cer-
tainty equivalence principle. Firstly, for the optimal control problems with quadratic type risk-sensitive
cost functionals, we propose a new verification theorem. Secondly, we apply the two-layer state aggre-
gation method to construct the fixed-point equations for the estimations of the state average terms and
give the conditions for the existence and uniqueness of the fixed points. Then, we design a sequence of
decentralized strategies by the estimations of the state average terms based on local information. It is
shown that the estimations of the state average terms are consistent with the true values for the closed-
loop systems, and the sequence of strategies designed is a decentralized asymptotic Nash equilibrium.
Finally, the effectiveness of the theoretical analysis is demonstrated by a numerical example.
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1. Introduction

The theory of mean field games is developed by introducing the mean-field method widely applied in
chemistry and physics into dynamic games. In mean field games, there are important coupling terms of states or
controls called mean field terms, which model the complex interactions among players. Specifically, the mean field
terms exist in dynamic equations or cost functionals. These kinds of models can be found in applications ranging
from engineering, economics and biology, such as demand dispatch for regulation of the power grid and electricity
price design [7, 8, 24], electric vehicle charging control [32], communication resource allocation for Internet of
Things [25], tracking the data of infectious diseases and effective separation of infected patients [29, 42].

Mean field game theory was proposed by Huang et al. [19–22] and Lasry and Lions [26–28] independently.
The main idea of this theory is to replace the overall effect of all agents on a single agent by an aggregation
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effect and thus to transform a multi-agent game into an optimal control of a single agent. Huang et al. [19–22]
studied mean field games with the fixed point (top–down) method and proposed the Nash certainty equivalence
principle. By using an auxiliary system with a continuum of players, they constructed a mean field estimation
and designed a sequence of decentralized strategies, then they proved that the sequence of strategies designed is
a decentralized asymptotic Nash equilibrium. Lasry and Lions [26–28] studied mean field games with the direct
(bottom-up) method. Firstly, they considered the games with N players and obtained a large scale system
of coupled equations by dynamic programming, then they analyzed the existence of the solution as N goes
to infinity. Weintraub et al. [44, 45] proposed a mean field approximation method for discrete-time stochastic
games and introduced the concept of oblivious equilibrium. In addition to the pioneering works mentioned above,
mean field game theory has been developed further in recent years. For linear-quadratic mean field games, Li
and Zhang [30] employed the fixed point method to study mean field games with time-averaged stochastic cost
functionals and introduced the notion of decentralized asymptotic Nash equilibrium in the sense of probability;
Bardi [2] discussed the case with time-averaged deterministic cost functionals by the direct method developed
in [26–28]; Huang and Zhou [23] studied the asymptotic solvability of linear-quadratic mean field games by
establishing a scale reset method; Bensoussan et al. [3] considered linear-quadratic mean field games based
on the stochastic maximum principle. For nonlinear mean field games, Anahtarci et al. [1] developed value
iteration algorithms to investigate mean field games with discounted cost functionals and time-averaged cost
functionals respectively, then they proved that the sequence of strategies designed is a decentralized asymptotic
Nash equilibrium.

It is worth noting that for the literature mentioned above, the roles of players are equivalent. However, in
practical systems, the roles of players are often different. For example, in price decision-making, the decisions
of minor companies are always affected by some major companies. When the major companies implement some
regulatory policies, all the minor companies will be affected by those policies in making production plans. There
have been lots of results on mean field games with major and minor players [6, 15, 18, 31, 36–39]. Nourian
et al. [37, 39] considered a class of mean field games with a large number of major and minor players by using
maximum likelihood estimation. Caines and Huang et al. [6, 15, 18, 31, 36, 38] investigated a class of mean
field games with one major player and a large number of minor players. Huang [18] divided minor players into
K classes according to the different values of parameters for LQG systems with discount factor, obtained a
sequence of decentralized strategies by the Nash certainty equivalence principle and proved that the sequence of
strategies is a decentralized asymptotic Nash equilibrium; Nguyen and Huang [36] extended the minor players
in [18] from discrete finite classes to a continuum of classes; Caines and Kizilkale [6] generalized the model in
[18] to the case with incomplete observation; Nourian and Caines [38] studied nonlinear mean field games with
one major player and a large number of minor players, then they proved that the sequence of strategies designed
is a decentralized asymptotic Nash equilibrium; Ma and Huang [31] analyzed the asymptotic solvability of mean
field games by dynamic programming and scale reset. Huang et al. [17] studied social optimal control problems
based on the variational method and the mean field uniform approximation method, then they proved that the
decentralized strategies designed are asymptotic social optimal strategies.

In a financial market, transaction strategy design problems related to asset management may come down
to optimal decision problems with risk-sensitive cost functionals [4, 10, 11, 13]. According to the preferences
of players for risk, these problems can be divided into three types: risk-neutral, risk-averse and risk-seeking.
Tembine et al. [43] characterized the equilibrium solution of the system by a forward Fokker-Planck-Kolmogorov
equation and a backward Hamilton-Jacobi-Bellman equation; Moon and Başar [34, 35] considered risk-sensitive
linear mean field games with time-averaged cost functionals and nonlinear mean field games by the stochastic
maximum principle; Saldi et al. [41] studied discrete-time risk-sensitive mean field games and proved that the
sequence of strategies designed is a decentralized asymptotic Nash equilibrium. So far, the research on risk-
sensitive mean field games has been limited to those with equivalent players, while, some problems may be
modeled as games with major and minor players in financial markets. It is well-known that the risk-sensitive
utility functional is always used to describe the reward of stock investment [5, 9, 13]. In a financial market with
a large number of major and minor stock investment companies, the average wealth of the minor companies
has no influence on the major companies, but the average wealth of the major companies has influence on the
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minor companies. Each company designs an appropriate investment strategy to maximize its investment reward.
Inspired by the above consideration, we study a kind of risk-sensitive mean field games with major and minor
players.

The contributions of this paper are summarized as follows.

(i) For the optimal control problems with quadratic type risk-sensitive cost functionals, we propose a new
verification theorem. Compared with the verification theorem in [12], we do not assume that the admissible
control laws are Markov strategies with linear growth and local Lipchitz conditions.

(ii) The state average terms of the major and minor players co-exist in the cost functionals of the minor
players. However, they are unavailable for each player to design its decentralized strategy. To this end,
we use the two-layer state aggregation method [37, 39] to construct the estimations of the state average
terms, that is, by the state aggregation method, firstly, we construct an estimation of the state average
term for the major players and design the strategies for the major players by this estimation, then we
replace the state average term of the major players in the cost functionals of the minor players by its
estimation, and construct an estimation of the state average term for the minor players, at last, we replace
the state average terms of both the major and minor players by their estimations, respectively, to design
the strategies for the minor players. In fact, for the case without major players, the problem degenerates
to the linear quadratic risk-sensitive mean field game in [35].

(iii) The cost of each player is a quadratic-tracking type risk-sensitive functional, which makes the concept
of consistency of estimations for the state average terms in [23, 30, 36] no longer applicable. To this
end, we define a new concept of consistency: the integrals of norm-square of the differences between the
estimations and the true values vanish in mean square as the players increase. Then, we prove that the
sequence of strategies designed is a decentralized asymptotic Nash equilibrium through the following steps.
Firstly, we construct tracking-type optimal control Auxiliary problems (I) and (II). They are derived by
replacing the state average terms of the major and minor players by the corresponding estimations in
the cost functionals, respectively. By Dyson expansion and Cauchy-Schwarz inequality, we transform the
differences between the costs of the original games and those of Auxiliary problems (I) and (II) into
the products of the mean square of the differences between two classes of quadratic functions and the
mean square of the integrals of exponential functions. Secondly, by the consistency of the estimations,
we prove that the differences between the two classes of quadratic functions vanish in mean square as
the players increase. Thirdly, by the calculation of the expectation of exponential functions related to
Brownian motion, we obtained the mean square boundedness of the integrals of exponential functions.
This implies the vanishing of the differences between the two classes of costs, based on which we prove
that the sequence of strategies designed is a decentralized asymptotic Nash equilibrium.

The rest of this paper is organized as follows. In Section 2, we give the state equations and the cost functionals
of risk-sensitive mean field games with a large number of major and minor players. In Section 3, we use the state
aggregation method to construct the fixed point equations on the estimations of the state average terms for the
major and minor players. Then we design the decentralized strategies. In Section 4, we prove that the estimations
of the state average terms are consistent with the state average terms for the closed-loop systems. In Section 5, by
the consistency of the estimations, we prove that the sequence of strategies designed is a decentralized asymptotic
Nash equilibrium. In Section 6, a numerical simulation example is given to demonstrate the theoretical results.
Finally, some conclusions and the future research direction are given.

The following notations will be used throughout the paper. We use the subscript L and subscript F as the label
of major and minor players. For a vector or matrix X, X> denotes the transposition of X, ‖X‖ denotes the 2-
norm of vector or Frobenius norm of matrix, and Tr(X) denotes the trace of X; In denotes the n×n-dimensional
identity matrix, Rn denotes the set of n-dimensional real column vectors, and Rn×m denotes the set of n×m-

dimensional real matrices; C1,2([0, T ]×Rn,R) =
{
V
∣∣V (t, x) : [0, T ]×Rn → R, and ∂V (t,x)

∂t , ∂V (t,x)
∂x and ∂2V (t,x)

∂xixj

are continuous with respect to (t, x) ∈ [0, T ]×Rn, i, j = 1, . . . , n
}

; C([0, T ],Rn) =
{
f
∣∣f(t) : [0, T ]→ Rn, and f

is continuous with respect to t ∈ [0, T ]
}

; for a vector-valued function f ∈ C([0, T ],Rn), ‖f‖∞, sup0≤t≤T ‖f(t)‖;
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for vectors x ∈ Rn, y ∈ Rn and matrix Q ∈ Rn×n, ‖x‖2Q, x>Qx, Q > 0 (Q ≥ 0) means that Q is positive definite
(positive semi-definite), and x ≤ y means that each component of x is not bigger than the corresponding
component of y; (Ω,F , {Ft}t≥0,P) denotes a complete probability space with a filtration {Ft}t≥0; for a given
random variable X, the mathematical expectation of X is denoted by E[X], and the variance of X is denoted
by var[X].

2. Problem formulation

We consider the following mean field games with NL major players and NF minor players. The dynamics of
the major and minor players are given by

dxLi(t) = [AL(θLi)xLi(t) +BL(θLi)uLi(t)] dt+DL(θLi)dWLi(t), t ≥ 0, i = 1, 2, . . . , NL, (2.1)

and

dxFj (t) =
[
AF (θFj )xFj (t) +BF (θFj )uFj (t)

]
dt+DF (θFj )dWFj (t), t ≥ 0, j = 1, 2, . . . , NF , (2.2)

respectively, where xLi(t) ∈ Rn and xFj (t) ∈ Rn represent the states of the major player i and minor player j
respectively, the initial states xLi(0) ∈ XL ⊆ Rn and xFj (0) ∈ XF ⊆ Rn, uLi(t) ∈ Rm and uFj (t) ∈ Rm represent

the control inputs of the major player i and minor player j respectively, θLi = (θ1
Li
, θ2
Li
, . . . , θl1Li) ∈ ΘL ⊆ Rl1 and

θFj = (θ1
Fj
, θ2
Fj
, . . . , θl2Fj ) ∈ ΘF ⊆ Rl2 are parameters, AL(·), AF (·), BL(·), BF (·), DL(·) and DF (·) are matrix-

valued functions with compatible dimensions, and {WLi(t),WFj (t), 0 ≤ t ≤ T, i = 1, 2, . . . , NL, j = 1, 2, . . . , NF }
are p-dimensional independent standard Brownian motions defined on the complete probability space (Ω,F , P )
and adapted to {Ft}t≥0.

The objective of each player is to minimize its cost functional by designing an appropriate strategy. The
risk-sensitive cost functionals of the major and minor players are given by

JLi
(
uLi(·), uL−i(·)

)
= γ lnE

[
exp

(
1

γ
ΦL

(
xLi(·), x

(NL)
L (·), uLi(·)

))]
, i = 1, 2, . . . , NL, (2.3)

and

JFj
(
uFj (·), uF−j (·), uL(·)

)
= γ lnE

[
exp

(
1

γ
ΦF

(
xFj (·), x

(NF )
F (·), x(NL)

L (·), uFj (·)
))]

, j = 1, 2, . . . , NF , (2.4)

respectively, where x
(NL)
L (·) = 1

NL

∑NL
i=1 xLi(·), x

(NF )
F (·) = 1

NF

∑NF
j=1 xFj (·), uL =

(
uL1

(·), uL2
(·), . . . , uLNL (·)

)
,

uL−i(·) =
(
uL1

(·), · · · , uLi−1
(·), uLi+1

(·), · · · , uLNL (·)
)
, uF−j (·) =

(
uF1

(·), · · · , uFj−1
(·), uFj+1

(·), . . . , uFNF (·)
)
,

ΦL

(
xLi(·), x

(NL)
L (·), uLi(·)

)
=

∫ T

0

(∥∥∥xLi(t)−HLx
(NL)
L (t)− gL

∥∥∥2

QL
+ ‖uLi(t)‖

2
RL

)
dt,

ΦF

(
xFj (·), x

(NF )
F (·), x(NL)

L (·), uFj (·)
)

=

∫ T

0

(∥∥∥xFj (t)−HFx
(NF )
F (t)−Hx(NL)

L (t)− gF
∥∥∥2

QF
+
∥∥uFj (t)∥∥2

RF

)
dt,

HL, HF , H, QL, QF , RL, RF , gL, gF are matrices or vectors with compatible dimensions, QL ≥ 0, QF ≥ 0,
RL > 0, RF > 0, and γ is the risk-sensitive parameter. The cases with γ > 0, γ < 0 and γ → ∞ correspond
respectively to risk-averse, risk-seeking and risk-neutral attitudes of the players.

From (2.3) and (2.4), we can see that the state average term of the major players has influence on the major
and minor players, and the state average term of the minor players only has influence on the minor players.
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Remark 2.1. Let λ = 1
γ . By using the Taylor expansion to (2.3) and (2.4) around λ = 0, one arrives at the

following relation

JLi
(
uLi(·), uL−i(·)

)
= E

[
ΦL

(
xLi(·), x

(NL)
L (·), uLi(·)

)]
+
λ

2
var
[
ΦL

(
xLi(·), x

(NL)
L (·), uLi(·)

)]
+ o (λ) ,

JFj
(
uFj (·), uF−j (·), uL(·)

)
= E

[
ΦF

(
xFj (·), x

(NF )
F (·), x(NL)

L (·), uFj (·)
)]

+
λ

2
var
[
ΦF

(
xFj (·), x

(NF )
F (·), x(NL)

L (·), uFj (·)
)]

+ o (λ) .

Note that the risk-averse cost functionals degenerate to the risk neutral cases if λ→ 0 (γ →∞).

For the systems (2.1)–(2.4), we introduce the following assumptions.

Assumption 2.2. The sets ΘL and ΘF are both bounded closed sets in Rl1 and Rl2 . The sets XL and XF are
both bounded closed sets in Rn.

Assumption 2.3. There exist distribution functions FL(θL, xL) and FF (θF , xF ) such that the sequences

of empirical distribution functions {FNL(θL, xL) = 1
NL

∑NL
i=1 1{θLi≤θL,xLi (0)≤xL}, NL = 1, 2, · · · } and

{FNF (θF , xF ) = 1
NF

∑NF
j=1 1{θFj≤θF ,xFj (0)≤xF }, NF = 1, 2, · · · } weakly converge to FL(θL, xL) and FF (θF , xF ),

respectively.

Assumption 2.4. The matrix-valued functions AL(θL), BL(θL) and DL(θL) are continuous with respect to
θL ∈ ΘL. The matrix-valued functions AF (θF ), BF (θF ) andDF (θF ) are continuous with respect to θF ∈ ΘF . For
any given θL ∈ ΘL, BL(θL)R−1

L B>L (θL)− 2
γDL(θL)D>L (θL) ≥ 0. For any given θF ∈ ΘF , BF (θF )R−1

F B>F (θF )−
2
γDF (θF )D>F (θF ) ≥ 0.

Under Assumption 2.4, for any given θL ∈ ΘL, there exists a unique solution to the generalized matrix-valued
Riccati differential equation

Ṗγ,θL(t) = −Pγ,θL(t)AL(θL)−A>L (θL)Pγ,θL(t) + Pγ,θL(t)
[
BL(θL)R−1

L B>L (θL)

− 2
γDL(θL)D>L (θL)

]
Pγ,θL(t)−QL,

Pγ,θL(T ) = 0,

(2.5)

and for any given θF ∈ ΘF , there exists a unique solution to the generalized matrix-valued Riccati differential
equation 

Ṗγ,θF (t) = −Pγ,θF (t)AF (θF )−A>F (θF )Pγ,θF (t)

+Pγ,θF (t)
[
BF (θF )R−1

F B>F (θF )− 2
γDF (θF )D>F (θF )

]
Pγ,θF (t)−QF ,

Pγ,θF (T ) = 0.

(2.6)

In this paper we require that the risk-sensitive parameter γ in (2.3) and (2.4) is large enough.

Assumption 2.5. For any given T ≥ 0, γ > γT , where γT is defined in Lemma A.2.

Remark 2.6. For the systems (2.1)–(2.4) with γ > 0, Assumption 2.5 guarantees the boundedness of the

terms sup
0≤t≤T

max
i=1,2,...,NL

E
[
exp

(
max{T 3,1}β2

γ ‖WLi(t)‖
2
)]

and sup
0≤t≤T

max
j=1,2,...,NF

E
[
exp

(
max{T 3,1}β2

γ

∥∥WFj (t)
∥∥2
)]

(the expectation of exponential functions related to Brownian motions), where β is a constant related to AL(θLi),
BL(θLi), DL(θLi), QL, RL, HL, T , AF (θFj ), BF (θFj ), DF (θFj ), QF , RF , H and HF . In fact, if γ is too small,
then the above terms are unbounded. For the case γ < 0, it is obvious that the above terms are bounded.
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We define the decentralized admissible control sets of the major and minor players in terms of local information
for the systems (2.1)–(2.4) as

U lLi =

{
uLi(·)

∣∣∣∣uLi(t) is adapted to σ(xLi(s), s ≤ t), t ∈ [0, T ],

the system (2.1) has a unique strong solution xLi(·),

E
[ ∫ T

0

(
exp

(
αMγ,L(θLi)

γ
‖xLi(t)‖2

))
‖xLi(t)‖2dt

]
<∞, ∃ α > 2, and

E
[
exp

(
32

γ

∫ T

0

(
‖xLi(t)‖

2
QL

+
∥∥∥ 1

NL
HLxLi(t)

∥∥∥2

QL
+ ‖uLi(t)‖

2
RL

)
dt

)]
<∞

}
, i = 1, 2, . . . , NL,

and

U lFj =

{
uFj (·)

∣∣∣∣uFj (t) is adapted to σ(xFj (s), s ≤ t), t ∈ [0, T ],

the system (2.2) has a unique strong solution xFj (·),

E
[ ∫ T

0

(
exp

(
αMγ,F (θFj )

γ
‖xFj (t)‖2

))
‖xFj (t)‖2dt

]
<∞, ∃ α > 2, and

E
[
exp

(
40

γ

∫ T

0

(∥∥xFj (t)∥∥2

QF
+
∥∥∥ 1

NF
HFxFj (t)

∥∥∥2

QF
+ ‖uFj (t)‖2RF

)
dt

)]
<∞

}
, j = 1, 2, . . . , NF ,

where Mγ,L(θLi) = Mγ,L(θL)|θL=θLi
, Mγ,L(θL) = supt∈[0,T ]‖Pγ,θL(t)‖, Mγ,F (θFj ) = Mγ,F (θF )|θF=θFj

and

Mγ,F (θF ) = supt∈[0,T ]‖Pγ,θF (t)‖. For comparison, we define

UgLi =

{
uLi(·)

∣∣∣∣uLi(t) is adapted to σ(xLi′ (s), i
′ = 1, 2, . . . , NL, s ≤ t), t ∈ [0, T ],

the system (2.1) has a unique strong solution xLi(·),

E
[ ∫ T

0

(
exp

(
αMγ,L(θLi)

γ
‖xLi(t)‖2

))
‖xLi(t)‖2dt

]
<∞, ∃ α > 2, and

E
[
exp

(
32

γ

∫ T

0

(∥∥xLi(t)∥∥2

QL
+
∥∥∥ 1

NL
HLxLi(t)

∥∥∥2

QL
+ ‖uLi(t)‖2RL

)
dt

)]
<∞

}
, i = 1, 2, . . . , NL,

and

UgFj =

{
uFj (·)

∣∣∣∣uFj (t) is adapted to σ(xLi′ (s), xFj′ (s), i
′ = 1, 2, . . . , NL, j

′ = 1, 2, . . . , NF , s ≤ t), t ∈ [0, T ],

the system (2.2) has a unique strong solution xFj (·),

E
[ ∫ T

0

(
exp

(
αMγ,F (θFj )

γ
‖xFj (t)‖2

))
‖xFj (t)‖2dt

]
<∞, ∃ α > 2, and

E
[
exp

(
40

γ

∫ T

0

(∥∥xFj (t)∥∥2

QF
+
∥∥∥ 1

NF
HFxFj (t)

∥∥∥2

QF
+ ‖uFj (t)‖2RF

)
dt

)]
<∞

}
, j = 1, 2, . . . , NF .

The objectives of the major and minor players are to minimize their cost functionals by designing appropriate
strategies over the admissible control sets U lLi and U lFj .
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Definition 2.7. A sequence of strategies {{v∗Li(·) ∈ U
l
Li
, v∗Fj (·) ∈ U

l
Fj
, i = 1, 2, . . . , NL, j = 1, 2, . . . , NF },

NL = 1, 2, . . . , NF = 1, 2, · · · } for the systems (2.1)-(2.4) is called a decentralized asymptotic Nash equilib-
rium with respect to the sequence of the cost functionals {{JLi , JFj , i = 1, 2, . . . , NL, j = 1, 2, . . . , NF }, NL =
1, 2, . . . , NF = 1, 2, · · · }, if there exist two nonnegative sequences {ηNL , NL = 1, 2, · · · } and {ηNL,NF , NL =
1, 2, . . . , NF = 1, 2, · · · } satisfying limNL→∞ ηNL = 0 and limNL→∞,NF→∞ ηNL,NF = 0 and such that

JLi
(
v∗Li(·), v

∗
L−i(·)

)
≤ inf
vLi (·)∈U

g
Li

JLi
(
vLi(·), v∗L−i(·)

)
+ ηNL , i = 1, 2, . . . , NL,

JFj
(
v∗Fj (·), v

∗
F−j (·), v

∗
L(·)

)
≤ inf
vFj (·)∈UgFj

JFj
(
vFj (·), v∗F−j (·), v

∗
L(·)

)
+ ηNL,NF , j = 1, 2, . . . , NF .

3. Design of strategies

For the systems (2.1)–(2.4), we need to consider optimal control problems with the reference trajectories

(HLx
(NL)
L + gL) and (HFx

(NF )
F + Hx

(NL)
L + gF ) for the major and minor players, respectively. However, since

uLi(·) ∈ U lLi and uFj (·) ∈ U lFj , the signals x
(NL)
L and x

(NF )
F are unavailable. Therefore, we solve the problem by

the Nash certainty equivalence principle [18, 21]. The designing process of the decentralized strategies can be
divided into the following three steps.

(i) To solve the quadratic-tracking type risk-sensitive optimal control problem with a deterministic tracking
signal.

(ii) To construct the estimation z∗L of the state average term for the major players, and to design the
decentralized strategies for the major players by z∗L.

(iii) To construct the estimation z∗F of the state average term for the minor players based on z∗L, and to design
the decentralized strategies for the minor players by z∗L and z∗F .

3.1. Optimal control with quadratic-tracking type risk-sensitive cost functional

For any τ ∈ [0, T ) and x ∈ Rn, consider the following system

dx(t) = [Ax(t) +Bu(t)]dt+DdW (t), (3.1)

with x(τ) = x, where x(t) ∈ Rn and u(t) ∈ Rm represent the state and control input respectively, W (t) is a
p-dimensional standard Brownian motion defined on (Ω,F , P ) and adapted to {Ft}t≥0, A, B and D are matrices
with compatible dimensions. The objective is to minimize the cost functional given by

J(τ, x;u(·)) = γ lnL(τ, x;u(·)), (3.2)

where

L(τ, x;u(·)) = E
{[

exp

(
1

γ

∫ T

τ

(
‖x(t)− y(t)‖2Q + ‖u(t)‖2R

)
dt

)]∣∣∣∣x(τ) = x

}
, (3.3)

y(t) ∈ Rn is a deterministic function, Q and R are matrices with compatible dimensions, Q ≥ 0 and R > 0.
Moreover, the systems (3.1)–(3.3) satisfy that BR−1B> − 2

γDD
> ≥ 0.

The admissible control set of the systems (3.1)–(3.3) is given by

Uτ =

{
u(·)

∣∣∣∣u(t) is adapted to σ(x(s), τ ≤ s ≤ t), t ∈ [τ, T ], the system (3.1) has a unique strong solution x(·),
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E
[ ∫ T

τ

(
exp

(
αMγ,1

γ
‖x(t)‖2

))
‖x(t)‖2dt

]
<∞, ∃ α > 2, and

E
[
exp

(
4

γ

∫ T

τ

(∥∥x(t)
∥∥2

Q
+ ‖u(t)‖2R

)
dt

)]
<∞

}
, (3.4)

where Mγ,1 = supt∈[0,T ]‖Pγ(t)‖ and Pγ(t) is the unique solution of the generalized matrix-valued Riccati
differential equation{

Ṗγ(t) = −Pγ(t)A−A>Pγ(t) + Pγ(t)
[
BR−1B> − 2

γDD
>
]
Pγ(t)−Q,

Pγ(T ) = 0.
(3.5)

It is known that for a family of risk-neutral optimal control problems with different initial times and states,
the relationship among them is always established via a HJB equation. If the HJB equation is solvable, then
one can obtain an optimal feedback strategy by minimising the Hamiltonian involved in the HJB equation [46].
Similarly, for the family of risk-sensitive optimal control problems above, we have the following result.

Theorem 3.1. (Verification theorem) Suppose that G ∈ C1,2([0, T ]×Rn,R) is a solution of the HJB equation
−∂V (τ,x)

∂τ = min
v∈Rm

{
∂V (τ,x)
∂x (Ax+Bv) + 1

γ

[
‖x− y(τ)‖2Q + ‖v‖2R

]
V (τ, x)

}
+ 1

2 Tr
(
∂2V (τ,x)
∂x2 DD>

)
, (τ, x) ∈ [0, T )× Rn,

V (T, x) = 1, x ∈ Rn,

(3.6)

such that ∥∥∥∥∂G(τ, x)

∂x

∥∥∥∥ ≤C0

[
exp

(
1

γ

(
Mγ,1‖x‖2+Mγ,2‖x‖

))](
‖x‖+1

)
, (3.7)

for some constant C0 > 0, where A,B,D,Q,R and T are given in the systems (3.1) and (3.3), Mγ,2 =
supt∈[0,T ]‖ξγ(t)‖, ξγ(t) is the unique solution of the linear differential equation

{
ξ̇γ(t) = −

[
A> − Pγ(t)BR−1B> + 2

γPγ(t)DD>
]
ξγ(t)−Qy(t),

ξγ(T ) = 0.
(3.8)

Then

(a) G(τ, x) ≤ inf v̄(·)∈Uτ L(τ, x; v̄(·)) for any (τ, x) ∈ [0, T ]× Rn, where L(τ, x; v̄(·)) is defined by (3.3).

(b) If there exists v∗(·) ∈ Uτ such that

v∗(t) ∈ arg min
v∈Rm

{
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x∗(t)

(Ax∗(t) +Bv) +
1

γ

[
‖x∗(t)− y(t)‖2Q + ‖v‖2R

]
G(t, x∗(t))

}
(3.9)

for Lebesgue×P-almost all (t, ω) ∈ [τ, T ] × Ω, where Uτ is defined by (3.4) and x∗(·) is the strong solution of
the system (3.1) under the control v∗(·), then G(τ, x) = L(τ, x; v∗(·)) = inf v̄(·)∈Uτ L(τ, x; v̄(·)) for any (τ, x) ∈
[0, T ]× Rn.

Proof. See Appendix B.
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Remark 3.2. For a risk-sensitive optimal control problem, Fleming and Soner proposed a verification theorem
(Chap. VI, Thm. 8.2 in [12]), under the conditions that the admissible control laws are Markov strategies with
linear growth and local Lipchitz conditions, and the gradient vector of the solution of the HJB equation with
respect to x satisfies linear growth condition, they obtained the optimal feedback strategy. Although the systems
(3.1)–(3.3) considered in Theorem 3.1 is a special case of [12], we do not assume that the admissible control
laws in (3.4) are Markov strategies, besides, the linear growth condition is weakened to (3.7).

For the systems (3.1)–(3.3) and the HJB equation (3.6), we have the following result.

Theorem 3.3. For the HJB equation (3.6), if BR−1B>− 2
γDD

> ≥ 0, then in the class of C1,2([0, T ]×Rn,R),
there exists a classical solution given by

G(τ, x) = exp

[
1

γ

(
x>Pγ(τ)x− 2x>ξγ(τ) + ϕγ(τ)

) ]
, (τ, x) ∈ [0, T ]× Rn, (3.10)

satisfying (3.7), where Pγ(τ) and ξγ(τ) are given by (3.5) and (3.8) respectively, and ϕγ(t) is the unique solution
of the following differential equation{

ϕ̇γ(t) = ξ>(t)BR−1B>ξ>γ (t)− y>(t)Qy(t)− 2
γ ξ
>
γ (t)DD>ξγ(t)− Tr

(
Pγ(t)DD>

)
,

ϕγ(T ) = 0.
(3.11)

Moreover, for the system (3.1) and the cost functional (3.2), if BR−1B> − 2
γDD

> ≥ 0 and γ > γT , where γT
is defined in Lemma B.1, then the optimal strategy is given by

u∗(t) = −R−1B>Pγ(t)x(t) +R−1B>ξγ(t), t ∈ [τ, T ],

and the optimal cost is given by

J(τ, x;u∗(·)) = γ lnG(τ, x) = x>Pγ(τ)x− 2x>ξγ(τ) + ϕγ(τ).

Proof. See Appendix B.

Remark 3.4. In Theorem 3.3, for the HJB equation (3.6), under the condition that BR−1B> − 2
γDD

> ≥ 0,

we prove the existence of the classical solution in C1,2([0, T ] × Rn,R) satisfying (3.7) by using a constructive
approach. Moreover, under the conditions that BR−1B> − 2

γDD
> ≥ 0 and γ > γT , if there exist two classical

solutions G(τ, x) ∈ C1,2([0, T ] × Rn,R) and G′(τ, x) ∈ C1,2([0, T ] × Rn,R) both satisfying (3.7) to the HJB
equation (3.6), then by Theorem 3.1, we have G(τ, x) = G′(τ, x) = inf v̄(·)∈Uτ L(τ, x; v̄(·)) for any (τ, x) ∈ [0, T ]×
Rn, i.e. the classical solution to the HJB equation (3.6) is unique, and is given by (3.10).

Remark 3.5. For the quadratic-tracking type risk-sensitive optimal control problem, under the condition that
the system has an optimal strategy, Moon and Başar (Thm. A1 and Ex. 5 in [35]) obtained the optimal condition
and proved the existence of the solution for the adjoint equation through the stochastic maximum principle,
then they designed the optimal strategy accordingly. Although the problem considered in Theorem 3.3 is a
special case of that considered in Theorem A1 of [35], different from [35], we design the optimal strategy for the
system (3.1) and the cost functional (3.2) by dynamic programming, and we do not assume the existence of the
optimal strategy in advance.

3.2. Design of strategies for major players

For the cost functionals (2.3), if x
(NL)
L (t) is replaced by some deterministic vector-valued function zL(t),

then the game of the major players in the models (2.1)–(2.4) is transformed into the following optimal tracking
control problem.
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Auxiliary problem (I). Minimize J̄Li,zL(uLi(·)) over U lLi , where

J̄Li,zL(uLi(·)) = γ lnE
[
exp

(
1

γ
ΦL (xLi(·), zL(·), uLi(·))

)]
, i = 1, 2, . . . , NL, (3.12)

xLi(t) is given by (2.1) and zL(t) ∈ Rn is a deterministic function.

Theorem 3.6. For Auxiliary problem (I), if Assumptions 2.4 and 2.5 hold, then the optimal strategies are given
by

ūLi(t) = −R−1
L B>L (θLi)Pγ,θLi (t)xLi(t) +R−1

L B>L (θLi)ξγ,θLi ,zL(t), t ∈ [0, T ], i = 1, 2, . . . , NL, (3.13)

where Pγ,θLi (t) = Pγ,θL(t)|θL=θLi
, ξγ,θLi ,zL(t) = ξγ,θL,zL(t)|θL=θLi

, Pγ,θL(t) is given by (2.5), and ξγ,θL,zL(t) is
the unique solution of the linear differential equation

ξ̇γ,θL,zL(t) = −
[
AL(θL)−BL(θL)R−1

L B>L (θL)Pγ,θL(t) + 2
γDL(θL)D>L (θL)Pγ,θL(t)

]>
ξγ,θL,zL(t)

− [QLHLzL(t) +QLgL] ,
ξγ,θL,zL(T ) = 0.

(3.14)

Proof. See Appendix B.

Substituting the strategies (3.13) into (2.1), we get the closed-loop system for the major player i as

dx̄Li(t) =
[
AL(θLi)−BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

]
x̄Li(t)dt+BL(θLi)R

−1
L B>L (θLi)ξγ,θLi ,zL(t)dt

+DL(θLi)dWLi(t), (3.15)

which leads to

x̄Li(t) =xLi(0) +

∫ t

0

[
AL(θLi)−BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (s)

]
x̄Li(s)ds

+

∫ t

0

BL(θLi)R
−1
L B>L (θLi)ξγ,θLi ,zL(s)ds+

∫ t

0

DL(θLi)dWLi(s).

Taking expectation and then taking derivative with respect to t on both sides of the above equation, we have

dEx̄Li(t)
dt

=
[
AL(θLi)−BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

]
Ex̄Li(t) +BL(θLi)R

−1
L B>L (θLi)ξγ,θLi ,zL(t).

Then, we construct an estimation of the state average term for the major players by the state aggregation
method. Firstly, we construct an auxiliary system

dEx̄θL (t)

dt =
[
AL(θL)−BL(θL)R−1

L B>L (θL)Pγ,θL(t)
]
Ex̄θL(t) +BL(θL)R−1

L B>L (θL)ξγ,θL,zL(t),
Ex̄θL(0) = xL,
zL(t) =

∫
ΘL×XL Ex̄θL(t)dFL(θL, xL).

(3.16)

The above system characterizes the limit case of the system (2.1) with the strategies (3.13) as NL →∞, which
is a continuum of major players, and each player is marked by θL and xL to indicate the distribution of the
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parameters. By (3.16), we have

Ex̄θL(t) =

∫ t

0

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)

∫ T

s2

ψγ,θL(s2, s1) [QLHLzL(s1) +QLgL] ds1ds2

+ φγ,θL(t, 0)xL, (3.17)

where φγ,θL(t, s), 0 ≤ t, s ≤ T , is the solution of{
dφγ,θL(t, s) =

[
AL(θL)−BL(θL)R−1

L B>L (θL)Pγ,θL(t)
]
φγ,θL(t, s)dt,

φγ,θL(s, s) = In,
(3.18)

and ψγ,θL(t, s), 0 ≤ t, s ≤ T , is the solution of{
dψγ,θL(t, s) = −

[
AL(θL)−BL(θL)R−1

L B>L (θL)Pγ,θL(t) + 2
γDL(θL)D>L (θL)Pγ,θL(t)

]>
ψγ,θL(t, s)dt,

ψγ,θL(s, s) = In.
(3.19)

For any given y ∈ C([0, T ],Rn), define the operator TL by

(TLy)(t) =

∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1) +QLgL]ds1ds2dFL(θL)

+

∫
ΘL×XL

φγ,θL(t, 0)xLdFL(θL, xL), t ∈ [0, T ]. (3.20)

Lemma 3.7. If Assumptions 2.2, 2.3 and 2.4 hold, then TL is an operator from (C([0, T ],Rn), ‖·‖∞) to
(C([0, T ],Rn), ‖·‖∞).

Proof. By Lemma A.1, we have

sup
θL∈ΘL

∥∥∥φγ,θL(t′, s)− φγ,θL(t, s)
∥∥∥ ≤ sup

θL∈ΘL

(
sup

0≤t,s≤T

∥∥∥∥∂φγ,θL(t, s)

∂t

∥∥∥∥)|t′ − t| ≤ C1|t′ − t|, ∀ t ∈ [0, T ], t′ ∈ [0, T ],

which leads to

sup
θL∈ΘL,xL∈XL

∥∥∥∥[ ∫ t′

0

∫ T

s2

φγ,θL(t′, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1) +QLgL]ds1ds2

+ φγ,θL(t′, 0)xL

]
−
[ ∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1) +QLgL]ds1ds2

+ φγ,θL(t, 0)xL

]∥∥∥∥
≤ sup
θL∈ΘL

∥∥∥∥∫ t′

t

∫ T

s2

φγ,θL(t′, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1) +QLgL]ds1ds2

∥∥∥∥
+ sup
θL∈ΘL

∥∥∥∥∫ t

0

∫ T

s2

[φγ,θL(t′, s2)− φγ,θL(t, s2)]BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1) +QLgL]ds1ds2

∥∥∥∥
+ sup
θL∈ΘL,xL∈XL

∥∥[φγ,θL(t′, 0)− φγ,θL(t, 0)]xL
∥∥

≤ sup
θL∈ΘL

∥∥BL(θL)R−1
L B>L (θL)

∥∥C2
1

(
T + T 2

)
sup

s1∈[0,T ]

‖QLHLy(s1) +QLgL‖(t′ − t) + C1 sup
xL∈XL

‖xL‖|t′ − t|
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=

[
sup

θL∈ΘL

∥∥BL(θL)R−1
L B>L (θL)

∥∥C2
1 (T + T 2) sup

s1∈[0,T ]

‖QLHLy(s1) +QLgL‖

+ C1 sup
xL∈XL

‖xL‖
]
|t′ − t|, ∀ y ∈ C([0, T ],Rn).

This together with (3.20) implies that

‖(TLy)(t′)− (TLy)(t)‖ ≤
[

sup
θL∈ΘL

∥∥BL(θL)R−1
L B>L (θL)

∥∥C2
1

(
T + T 2

)
sup

s1∈[0,T ]

‖QLHLy(s1) +QLgL‖

+ C1 sup
xL∈XL

‖xL‖
]
|t′ − t|, ∀ t ∈ [0, T ], ∀ t′ ∈ [0, T ].

Combining the continuity of y(t) with respect to t ∈ [0, T ] with the compactness of ΘL and XL, we have
‖(TLy)(t′)− (TLy)(t)‖ → 0 as |t′ − t| → 0. Hence, TL is an operator from (C([0, T ],Rn), ‖·‖∞) to (C([0, T ],Rn),
‖·‖∞).

By the virtue of TL and (3.17), the auxiliary system (3.16) can be rewritten as

zL = TLzL. (3.21)

Equation (3.21) especially embodies the property that the estimation zL(t) of the state average term for

the major players should possess: if every player views zL(t) as the estimation of x
(NL)
L and makes the optimal

strategy by zL(t), then the expectation of the state average term of the closed-loop system for the major players
ought to approach zL(t) as NL goes to infinity. So, if (3.21) has a unique solution, then this solution can be
used as the estimation of the state average term for the major players. The sufficient condition for the existence
and uniqueness of the solution of (3.21) is given below.

Assumption 3.8. ‖QL‖‖HL‖
∫

ΘL

∫ t
0

∫ T
s2

∥∥φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)

∥∥ds1ds2dFL(θL) < 1.

Theorem 3.9. If Assumptions 2.2–2.4 and 3.8 hold, then (3.21) has a unique solution.

Proof. By the definition of TL, it is known that

‖(TLy1)(t)− (TLy2)(t)‖∞

≤‖y1 − y2‖∞‖QL‖‖HL‖
∫

ΘL

∫ t

0

∫ T

s2

∥∥φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)

∥∥ds1ds2dFL(θL)

for any y1 ∈ C([0, T ], Rn) and y2 ∈ C([0, T ], Rn). From Assumptions 2.2, 2.3, 2.4 and 3.8, we know that TL is a
contraction operator on (C([0, T ], Rn), ‖·‖∞). By Banach fixed point theorem, (3.21) has a unique solution.

In the following section, we denote the unique solution of (3.21) as z∗L under Assumptions 2.2, 2.3, 2.4 and
3.8. Through the above analysis for the system (2.1), under Assumptions 2.2, 2.3, 2.4, 2.5 and 3.8, each player

can view z∗L(t) as the estimation of x
(NL)
L (t) and then designs the optimal strategy by z∗L(t). In the following

analysis, we construct the decentralized strategies for the major players as

u∗Li(t) = −R−1
L B>L (θLi)Pγ,θLi (t)xLi(t) +R−1

L B>L (θLi)ξγ,θLi ,z
∗
L

(t), t ∈ [0, T ], i = 1, 2, . . . , NL, (3.22)
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where Pγ,θLi (t) = Pγ,θL(t)|θL=θLi
, ξγ,θLi ,z

∗
L

(t) = ξγ,θL,zL(t)|θL=θLi ,zL=z∗L
, Pγ,θL(t) and ξγ,θL,zL(t) satisfy (2.5)

and (3.14) respectively. Under the strategies (3.22), the closed-loop system obtained from (2.1) is given by

dx∗Li(t) =
[
AL(θLi)−BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

]
x∗Li(t)dt+BL(θLi)R

−1
L B>L (θLi)ξγ,θLi ,z

∗
L

(t)dt

+DL(θLi)dWLi(t), i = 1, 2, . . . , NL. (3.23)

3.3. Design of strategies for minor players

Similar to the design of the strategies for the major players, for the cost functionals (2.4), if x
(NL)
L (t) and

x
(NF )
F (t) are replaced by z∗L(t) and some deterministic vector-valued function zF (t) respectively, then the game

of the minor players in the models (2.1)–(2.4) is transformed into the following optimal tracking control problem.

Auxiliary problem (II). Minimize J̄Fj ,zF ,z∗L(uFj (·)) over U lFj , where

J̄Fj ,zF ,z∗L(uFj (·)) = γ lnE
[
exp

(
1

γ
ΦF
(
xFj (·), zF (·), z∗L(·), uFj (·)

))]
, j = 1, 2, . . . , NF , (3.24)

xFj (t) satisfies the system (2.2) and zF (t) ∈ Rn is a deterministic function.

Theorem 3.10. For Auxiliary problem (II), if Assumptions 2.4 and 2.5 hold, then the optimal strategies are
given by

ūFj (t) = −R−1
F B>F (θFj )Pγ,θFj (t)xFj (t) +R−1

F B>F (θFj )ξγ,θFj ,zF (t), t ∈ [0, T ], j = 1, 2, . . . , NF , (3.25)

where Pγ,θFj (t) = Pγ,θF (t)|θF=θFj
, ξγ,θFj ,zF (t) = ξγ,θF ,zF (t)|θF=θFj

, Pγ,θF (t) is given by (2.6), and ξγ,θF ,zF (t) is

the unique solution of the linear differential equation
ξ̇γ,θF ,zF (t) = −

[
AF (θF )−BF (θF )R−1

F B>F (θF )Pγ,θF (t) + 2
γDF (θF )D>F (θF )Pγ,θF (t)

]>
ξγ,θF ,zF (t)

−[QFHF zF (t) +QFHz
∗
L(t) +QF gF ],

ξγ,θF ,zF (T ) = 0.

(3.26)

Proof. The proof is similar to that of Theorem 3.6.

Substituting the strategies (3.25) into (2.2), we get the closed-loop system for the minor player j as

dx̄Fj (t) =
[
AF (θFj )−BF (θFj )R

−1
F B>F (θFj )Pγ,θFj (t)

]
x̄Fj (t)dt+BF (θFj )R

−1
F B>F (θFj )ξγ,θFj ,zF (t)dt

+DF (θFj )dWFj (t).

Similar to Section 3.2, we construct an auxiliary system
dEx̄θF (t)

dt =
[
AF (θF )−BF (θF )R−1

F B>F (θF )Pγ,θF (t)
]
Ex̄θF (t) +BF (θF )R−1

F B>F (θF )ξγ,θF ,zF (t),
Ex̄θF (0) = xF ,
zF (t) =

∫
ΘF×XF Ex̄θF (t)dFF (θF , xF ).

(3.27)

By the system (3.27), we have

Ex̄θF (t) =

∫ t

0

φγ,θF (t, s2)BF (θF )R−1
F B>F (θF )

∫ T

s2

ψγ,θF (s2, s1)[QFHF zF (s1)

+QFHz
∗
L(s1) +QF gF ]ds1ds2 + φγ,θF (t, 0)xF , (3.28)
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where φγ,θF (t, s), 0 ≤ t, s ≤ T , is the solution of{
dφγ,θF (t, s) =

[
AF (θF )−BF (θF )R−1

F B>F (θF )Pγ,θF (t)
]
φγ,θF (t, s)dt,

φγ,θF (s, s) = In,
(3.29)

and ψγ,θF (t, s), 0 ≤ t, s ≤ T , is the solution of
dψγ,θF (t, s) = −

[
AF (θF )−BF (θF )R−1

F B>F (θF )Pγ,θF (t)

+ 2
γDF (θF )D>F (θF )Pγ,θF (t)

]>
ψγ,θF (t, s)dt,

ψγ,θF (s, s) = In.

(3.30)

For any given y′ ∈ C([0, T ],Rn), define the operator TF by

(TF y′)(t) =

∫
ΘF

∫ t

0

∫ T

s2

φγ,θF (t, s2)BF (θF )R−1
F B>F (θF )ψγ,θF (s2, s1)[QFHF y

′(s1) +QFHz
∗
L(s1)

+QF gF ]ds1ds2dFF (θF ) +

∫
ΘF×XF

φγ,θF (t, 0)xFdFF (θF , xF ), t ∈ [0, T ]. (3.31)

Taking a similar proof of Lemma 3.7, we can derive that TF is an operator from (C([0, T ],Rn), ‖·‖∞) to
(C([0, T ],Rn), ‖·‖∞).

By the virtue of TF and (3.28), the auxiliary system (3.27) can be rewritten as

zF = TF zF . (3.32)

Assumption 3.11. ‖QF ‖‖HF ‖
∫

ΘF

∫ t
0

∫ T
s2

∥∥φγ,θF (t, s2)B(θF )R−1
F B(θF )>ψγ,θF (s2, s1)

∥∥ ds1ds2dFF (θF ) < 1.

Theorem 3.12. If Assumptions 2.2, 2.3, 2.4 and 3.11 hold, then (3.32) has a unique solution.

Proof. The proof is similar to that of Theorem 3.9.

In the following section, we denote the unique solution of (3.32) as z∗F under Assumptions 2.2, 2.3, 2.4 and
3.11. Through the above analysis for the system (2.2), under Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11, each

player can view z∗F (t) as the estimation of x
(NF )
F (t) and then designs the optimal strategy by z∗F (t). In the

following analysis, we construct the decentralized strategies for the minor players as

u∗Fj (t) = −R−1
F B>F (θFj )Pγ,θFj (t)xFj (t) +R−1

F B>F (θFj )ξγ,θFj ,z
∗
F

(t), t ∈ [0, T ], j = 1, 2, . . . , NF , (3.33)

where Pγ,θFj (t) = Pγ,θF (t)|θF=θFj
, ξγ,θFj ,z

∗
F

(t) = ξγ,θF ,zF (t)|θF=θFj ,zF=z∗F
, Pγ,θF (t) and ξγ,θF ,zF (t) satisfy (2.6)

and (3.26) respectively. Under the strategies (3.33), the closed-loop system obtained from (2.2) is given by

dx∗Fj (t) =
[
AF (θFj )−BF (θFj )R

−1
F B>F (θFj )Pγ,θFj (t)

]
x∗Fj (t)dt+BF (θFj )R

−1
F B>F (θFj )ξγ,θFj ,z

∗
F

(t)dt

+DF (θFj )dWFj (t), j = 1, 2, . . . , NF . (3.34)

4. Consistency analysis

In this section, we analyze the consistency of z∗L(t) and z∗F (t) as the estimations of the state average terms
for the major and minor players, respectively. It is known that for systems with risk-neutral cost functionals,
the equilibrium property of the strategies designed based on the Nash certainty equivalence principle often
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depends on whether or not the estimations of the state average terms are convergent to their true values, which
is the consistency of the estimations [6, 18, 30, 38]. Similarly, for risk-sensitive mean field games with major and
minor players, the equilibrium of the strategies designed based on the Nash certainty equivalence principle also
depends on the consistency of the estimations. To derive the equilibrium property of the strategies, we prove
the consistency of the estimations in this section.

Firstly, define two auxiliary operators. For any given y ∈ C([0, T ],Rn) and y′ ∈ C([0, T ],Rn), define

(TNLy)(t) =

∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1)

+QLgL]ds1ds2dFNL(θL) +

∫
ΘL×XL

φγ,θL(t, 0)xLdFNL(θL, xL), t ∈ [0, T ], (4.1)

(TNF y′)(t) =

∫
ΘF

∫ t

0

∫ T

s2

φγ,θF (t, s2)BF (θF )R−1
F B>F (θF )ψγ,θF (s2, s1)[QFHF y

′(s1) +QFHz
∗
L(s1)

+QF gF ]ds1ds2dFNF (θF ) +

∫
ΘF×XF

φγ,θF (t, 0)xFdFNF (θF , xF ), t ∈ [0, T ]. (4.2)

Similar to the proof of Lemma 3.7, it can be obtained that TNL and TNF are operators from (C([0, T ],Rn), ‖·‖∞)
to (C([0, T ],Rn), ‖·‖∞). Let

εNL =

(∫ T

0

∥∥∥∥∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)(QLHLz

∗
L(s1) +QLgL)ds1ds2dFL(θL)

−
∫

ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)(QLHLz

∗
L(s1) +QLgL)ds1ds2dFNL(θL)

+

∫
ΘL×XL

φγ,θL(t, 0)xLdF(θL, xL)−
∫

ΘL×XL
φγ,θL(t, 0)xLdFNL(θL, xL)

∥∥∥∥2

dt

) 1
2

, (4.3)

εNF =

(∫ T

0

∥∥∥∥∫
ΘF

∫ t

0

∫ T

s2

φγ,θF (t, s2)BF (θF )R−1
F B>F (θF )ψγ,θF (s2, s1)(QFHF z

∗
F (s1) +QFHz

∗
L(s1)

+QF gF )ds1ds2dFF (θF )−
∫

ΘF

∫ t

0

∫ T

s2

φγ,θF (t, s2)BF (θF )R−1
F B>F (θF )

× ψγ,θF (s2, s1)(QFHF z
∗
F (s1) +QFHz

∗
L(s1) +QF gF )ds1ds2dFNF (θF )

+

∫
ΘF×XF

φγ,θF (t, 0)xFdF(θF , xF )−
∫

ΘF×XF
φγ,θF (t, 0)xFdFNF (θF , xF )

∥∥∥∥2

dt

) 1
2

. (4.4)

Lemma 4.1. For the systems (2.1)–(2.4), if Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold, then we have
limNL→∞ εNL = 0 and limNF→∞ εNF = 0.

Proof. From (3.20), (3.31), (4.1) and (4.2), we know that (4.3) and (4.4) can be rewritten as

ε2NL =

∫ T

0

‖(TLz∗L)(t)− (TNLz∗L)(t)‖2dt and ε2NF =

∫ T

0

‖(TF z∗F )(t)− (TNF z∗F )(t)‖2dt.

By the definition of φγ,θL(t, s) and the compactness of ΘL and XL, for any given t ∈ [0, T ], φγ,θL(t, 0)xL is

bounded and continuous with respect to (θL, xL) ∈ ΘL × XL, and
∫ t

0

∫ T
s2
φγ,θL(t, s2)BL(θL)R−1

L B>L (θL)ψγ,θL
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(s2, s1)[QLHLz
∗
L(s1) + QLgL]ds1ds2 is bounded and continuous with respect to θL ∈ ΘL. Based on Assump-

tion 2.3, (3.20) and (4.1), we have

lim
NL→∞

‖(TNLz∗L)(t)− (TLz∗L)(t)‖= 0, ∀ t ∈ [0, T ], (4.5)

which implies that the vector-valued sequence {(TNLz∗L)(t), NL ≥ 1} converges pointwise to (TLz∗L)(t) on [0, T ].
By Lemma A.1, we have

sup
θL∈ΘL

‖φγ,θL(t′, s)− φγ,θL(t, s)‖ ≤ sup
θL∈ΘL

(
sup

0≤t,s≤T

∥∥∥∥∂φγ,θL(t, s)

∂t

∥∥∥∥)|t′ − t)| ≤ C1|t′ − t|, ∀ t ∈ [0, T ], t′ ∈ [0, T ],

which leads to

sup
θL∈ΘL,xL∈XL

∥∥∥∥[ ∫ t′

0

∫ T

s2

φγ,θL(t′, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1) +QLgL]ds1ds2

+ φγ,θL(t′, 0)xL

]
−
[ ∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1) +QLgL]ds1ds2

+ φγ,θL(t, 0)xL

]∥∥∥∥
≤ sup
θL∈ΘL

∥∥∥∥∫ t′

t

∫ T

s2

φγ,θL(t′, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1) +QLgL]ds1ds2

∥∥∥∥
+ sup
θL∈ΘL

∥∥∥∥∫ t

0

∫ T

s2

[φγ,θL(t′, s2)− φγ,θL(t, s2)]BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLy(s1) +QLgL]ds1ds2

∥∥∥∥
+ sup
θL∈ΘL,xL∈XL

∥∥[φγ,θL(t′, 0)− φγ,θL(t, 0)]xL
∥∥

≤ sup
θL∈ΘL

∥∥BL(θL)R−1
L B>L (θL)

∥∥C2
1

(
T + T 2

)
sup

s1∈[0,T ]

‖QLHLy(s1) +QLgL‖|t′ − t|+ C1 sup
xL∈XL

‖xL‖|t′ − t|

=

[
sup

θL∈ΘL

∥∥BL(θL)R−1
L B>L (θL)

∥∥C2
1

(
T + T 2

)
sup

s1∈[0,T ]

‖QLHLy(s1) +QLgL‖

+ C1 sup
xL∈XL

‖xL‖
]
|t′ − t|, ∀ y ∈ C([0, T ],Rn).

For any given ε > 0, take

∆ = ε

/[
sup

θL∈ΘL

‖BL(θL)R−1
L B>L (θL)‖C2

1

(
T + T 2

)
sup

s1∈[0,T ]

‖QLHLz
∗
L(s1) +QLgL‖+C1 sup

xL∈XL
‖xL‖

]
.

It follows that for any given NL ≥ 1, t′ ∈ [0, T ], t ∈ [0, T ] and |t′ − t| ≤ ∆,

‖(TNLz∗L)(t′)− (TNLz∗L)(t)‖

≤
[

sup
θL∈ΘL

∥∥BL(θL)R−1
L B>L (θL)

∥∥C2
1

(
T + T 2

)
sup

s1∈[0,T ]

‖QLHLz
∗
L(s1) +QLgL‖+C1 sup

xL∈XL
‖xL‖

]
|t′ − t|

≤ε, (4.6)

which implies that the vector-valued function sequence {TNLz∗L(t), NL ≥ 1} is equicontinuous on [0, T ]. Since
uniform convergence can be derived from equicontinuity and pointwise convergence, by (4.5) and (4.6), we get
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supt∈[0,T ]‖(TLz∗L)(t)− (TNLz∗L)(t)‖→ 0 as NL →∞. Therefore, we have

lim
NL→∞

ε2NL = lim
NL→∞

∫ T

0

‖(TLz∗L)(t)− (TNLz∗L)(t)‖2dt =

∫ T

0

lim
NL→∞

‖(TLz∗L)(t)− (TNLz∗L)(t)‖2dt = 0,

which means limNL→∞ εNL = 0. By a similar proof of limNL→∞ εNL = 0, we can get limNF→∞ εNF = 0. This
completes the proof.

Definition 4.2. Define L̃4
F (0, T ;Rn) =

{
f
∣∣∣ f(t) ∈ Rn and f(t) is Ft-measurable, ∀ t ∈ [0, T ],

E
[( ∫ T

0
‖f(t)‖2dt

)2]
<∞

}
. For any given f ∈ L̃4

F (0, T ;Rn), define norm ‖f‖L̃4
F

=
{
E
[( ∫ T

0
‖f(t)‖2dt

)2]} 1
4

.

By Lemma C.1, we know that (L̃4
F (0, T ;Rn), ‖·‖L̃4

F
) is a normed linear space. Denote x

∗,(NL)
L (t) =

1
NL

NL∑
i=1

x∗Li(t) and x
∗,(NF )
F (t) = 1

NF

NF∑
j=1

x∗Fj (t).

Theorem 4.3. For the systems (2.1) and (2.2), if Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold, then under
the strategies (3.22) and (3.33), the solutions of the closed-loop systems (3.23) and (3.34) satisfy

∥∥∥z∗L − x∗,(NL)
L

∥∥∥
L̃4
F

= O

(
εNL +

1√
NL

)
, (4.7)∥∥∥z∗F − x∗,(NF )

F

∥∥∥
L̃4
F

= O

(
εNF +

1√
NF

)
. (4.8)

Proof. See Appendix C.

Remark 4.4. It proves the consistency of the estimations for the state average terms in the sense of L̃4
F -norm

in Theorem 4.3. That is, the L̃4
F -norms of the differences between the estimations of the state average terms

and their true values vanish as players increase.

5. Equilibrium analysis

In this section, we prove the equilibrium property of the strategies
{
u∗Li(·) ∈ U

l
Li
, u∗Fj (·) ∈ U

l
Fj
, i =

1, 2, . . . , NL, j = 1, 2, . . . , NF
}

with respect to the corresponding cost functionals
{
JLi , JFj , i = 1, 2, . . . , NL, j =

1, 2, . . . , NF
}

. Next, we give two lemmas prior to the equilibrium analysis.

Lemma 5.1. For the mean field game (2.1)–(2.4) and Auxiliary problems (I) and (II) (corresponding to (2.1),
(2.2), (3.12) and (3.24)), if Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold, then under the strategies (3.22)
and (3.33), the solutions of the closed-loop systems (3.23) and (3.34) satisfy

E
[
exp

(
4

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))]
<∞, (5.1)

E
[
exp

(
4

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))]
<∞, (5.2)

E

[(∫ 1

0

exp

(
(1− s)
γ

ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
exp

(
s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

)2
]
<∞, (5.3)

E
[
exp

(
4

γ
ΦF

(
x∗Fj (·), x

∗,(NF )
F (·), x∗,(NL)

L (·), u∗Fj (·)
))]

<∞, (5.4)
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E
[
exp

(
4

γ
ΦF

(
x∗Fj (·), z

∗
F (·), z∗L(·), u∗Fj (·)

))]
<∞, (5.5)

E
[(∫ 1

0

exp

(
(1− s)
γ

ΦF

(
x∗Fj (·), x

∗,(NF )
F (·), x∗,(NL)

L (·), u∗Fj (·)
))

×exp

(
s

γ
ΦF

(
x∗Fj (·), z

∗
F (·), z∗L(·), u∗Fj (·)

))
ds

)2
]
<∞ (5.6)

for any i = 1, 2, . . . , NL and j = 1, 2, . . . , NF .

Proof. See Appendix D.

Lemma 5.2. For the mean field games (2.1)–(2.4) and Auxiliary problems (I) and (II), if Assump-
tions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold, then∣∣∣JLi(u∗Li(·), u∗L−i(·))− J̄Li,z∗L(u∗Li(·))∣∣∣ = O

(
εNL +

1√
NL

)
, i = 1, 2, . . . , NL, (5.7)∣∣∣JFj(u∗Fj (·), u∗F−j (·), u∗L(·)

)
− J̄Fj ,z∗F ,z∗L

(
u∗Fj (·)

)∣∣∣ = O

(
εNL +

1√
NL

)
+O

(
εNF +

1√
NF

)
, j = 1, 2, . . . , NF .

(5.8)

Proof. We prove
∣∣∣JLi(u∗Li(·), u∗L−i(·))− J̄Li,z∗L(u∗Li(·))∣∣∣ = O

(
εNL + 1√

NL

)
first.

Since γ > 0, ΦL
(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

)
≥ 0 and ΦL

(
x∗Li(·), z

∗
L(·), u∗Li(·)

)
≥ 0, by the property of expo-

nential functions and Lemma 5.1, we obtain 1 ≤ E
[
exp

(
1
γΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))]
< ∞ and 1 ≤

E
[
exp

(
1
γΦL

(
x∗Li(·), z

∗
L(·), u∗Li(·)

))]
< ∞. Thus, by the mean value theorem of differentiation, we know that

there exists a constant a′ ≥ 1 and a′ ∈
[

min
{
E
[
exp
(

1
γΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))]
,E
[
exp
(

1
γΦL

(
x∗Li(·), z

∗
L(·),

u∗Li(·)
))]}

,max
{
E
[
exp
(

1
γΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))]
, E
[
exp
(

1
γΦL

(
x∗Li(·), z

∗
L(·), u∗Li(·)

))]}]
such that

∣∣∣JLi(u∗Li(·), u∗L−i(·))− J̄Li,z∗L(u∗Li(·))
∣∣∣

=γ

∣∣∣∣lnE
[
exp

(
1

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))]
− lnE

[
exp

(
1

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))]∣∣∣∣
=γ

∣∣∣∣ 1

a′

{
E
[
exp

(
1

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))]
− E

[
exp

(
1

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))]}∣∣∣∣
=
γ

a′
E
∣∣∣∣exp

[
1

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

)]
− exp

[
1

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

)]∣∣∣∣ .
By the above equation, Dyson expansion exp(a + b) − exp(a) = b

∫ 1

0
exp[(1 − s)a]exp[s(a + b)]ds and Cauchy-

Schwarz inequality, we have∣∣∣JLi(u∗Li(·), u∗L−i(·))− J̄Li,z∗L(u∗Li(·))∣∣∣
=

1

a′
E
[∫ 1

0

exp

(
(1− s)
γ

ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
×
∣∣∣ΦL(x∗Li(·), x∗,(NL)

L (·), u∗Li(·)
)
− ΦL

(
x∗Li(·), z

∗
L(·), u∗Li(·)

)∣∣∣ exp

(
s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

]
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≤ 1

a′

{
E
[∣∣∣ΦL(x∗Li(·), x∗,(NL)

L (·), u∗Li(·)
)
− ΦL

(
x∗Li(·), z

∗
L(·), u∗Li(·)

)∣∣∣2]} 1
2

×

{
E

[(∫ 1

0

exp

(
(1− s)
γ

ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
exp

(
s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

)2
]} 1

2

. (5.9)

By Lemma 5.1, we know

{
E

[(∫ 1

0

exp

(
(1− s)
γ

ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
exp

(
s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

)2
]} 1

2

<∞. (5.10)

By a2 − b2 ≤ (a− b)2 + 2|b||a− b|, Cr inequality, Cauchy-Schwarz inequality and Theorem 4.3, we get

E
[∣∣∣ΦL(x∗Li(·), x∗,(NL)

L (·), u∗Li(·)
)
− ΦL

(
x∗Li(·), z

∗
L(·), u∗Li(·)

)∣∣∣2]
=E

[(∫ T

0

(∥∥∥x∗Li(t)−HLx
∗,(NL)
L (t)− gL

∥∥∥2

QL
− ‖x∗Li(t)−HLz

∗
L(t)− gL‖2QL

)
dt

)2
]

≤E

[(∫ T

0

‖QL‖
∥∥∥(x∗Li(t)−HLx

∗,(NL)
L (t)− gL

)
−
(
x∗Li(t)−HLz

∗
L(t)− gL

)∥∥∥
×
∥∥∥(x∗Li(t)−HLx

∗,(NL)
L (t)− gL

)
−
(
x∗Li(t)−HLz

∗
L(t)− gL

)
+ 2

(
x∗Li(t)−HLz

∗
L(t)− gL

)∥∥∥dt

)2
]

≤E

[(∫ T

0

‖QL‖
(∥∥∥(x∗Li(t)− x

∗
Li(t))−HL

(
x
∗,(NL)
L (t)− z∗L(t)

)∥∥∥2

+ 2‖x∗Li(t)−HLz
∗
L(t)− gL‖

∥∥∥(x∗Li(t)− x
∗
Li(t))−HL

(
x
∗,(NL)
L (t)− z∗L(t)

)∥∥∥)dt

)2
]

≤E

[(
‖QL‖‖HL‖2

∫ T

0

∥∥∥z∗L(t)− x∗,(NL)
L (t)

∥∥∥2

dt+ 2‖QL‖‖HL‖
(∫ T

0

‖x∗Li(t)−HLz
∗
L(t)− gL‖2dt

) 1
2

×
(∫ T

0

∥∥∥z∗L(t)− x∗,(NL)
L (t)

∥∥∥2

dt

) 1
2

)2]

≤2E

[
‖QL‖2‖HL‖4

(∫ T

0

∥∥∥z∗L(t)− x∗,(NL)
L (t)

∥∥∥2

dt

)2
]

+ 8E
[
‖QL‖2‖HL‖2

∫ T

0

∥∥x∗Li(t)−HLz
∗
L(t)− gL

∥∥2
dt

∫ T

0

∥∥∥z∗L(t)− x∗,(NL)
L (t)

∥∥∥2

dt

]
≤2E

[(∫ T

0

∥∥∥z∗L(t)− x∗,(NL)
L (t)

∥∥∥2

dt

)2
]
‖QL‖2‖HL‖4+8‖QL‖2‖HL‖2

×

{
E

[(∫ T

0

‖x∗Li(t)−HLz
∗
L(t)− gL‖2dt

)2
]} 1

2
{
E

[(∫ T

0

∥∥∥z∗L(t)− x∗,(NL)
L (t)

∥∥∥2

dt

)2
]} 1

2

=O

(
ε4NL +

1

N2
L

)
+O

(
ε2NL +

1

NL

)
,
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which together with Cr inequality leads to

{
E
[∣∣∣ΦL(x∗Li(·), x∗,(NL)

L (·), u∗Li(·)
)
− ΦL

(
x∗Li(·), z

∗
L(·), u∗Li(·)

)∣∣∣2]} 1
2

≤ O
(
εNL +

1√
NL

)
. (5.11)

By (5.9)–(5.11) we obtain (5.7). Similar to the proof of (5.7), we can get (5.8).

Remark 5.3. Lemma 5.2 proves the vanishing of the differences between the costs based on the decentralized
strategies and those of Auxiliary problems (I) and (II) as the players increase, which is an important link between
the consistency of estimations for the state average terms and the equilibrium property of the decentralized
strategies.

Theorem 5.4. For the systems (2.1)–(2.4), if Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold, then

JLi
(
u∗Li(·), u

∗
L−i(·)

)
≤ inf
uLi∈U

g
Li

JLi
(
uLi(·), u∗L−i(·)

)
+O

(
εNL +

1√
NL

)
, i = 1, 2, . . . , NL, (5.12)

JFj
(
u∗Fj (·), u

∗
F−j (·), u

∗
L(·)

)
≤ inf
uFj∈U

g
Fj

JFj
(
uFj (·), u∗F−j (·), u

∗
L(·)

)
+O

(
εNL +

1√
NL

)
+O

(
εNF +

1√
NF

)
, j = 1, 2, . . . , NF , (5.13)

i.e. the sequence of {{u∗Li(·), u
∗
Fj

(·), i = 1, 2, . . . , NL, j = 1, 2, . . . , NF }, NL = 1, 2, . . . , NF = 1, 2, · · · } is a

decentralized asymptotic Nash equilibrium with respect to {{JLi , JFj , i = 1, 2, . . . , NL, j = 1, 2, · · · , NF },
NL = 1, 2, · · · , NF = 1, 2, · · · }.

Proof. See Appendix D.

6. Numerical example

Consider the scalar case of (2.1)–(2.4), where AL(θLi) = θLi and AF (θFj ) = θFj are uniformly distributed on

the intervals [θL, θL] and [θF , θF ] respectively, BL(θLi) = BL, DL(θLi) = DL, BF (θFj ) = BF , DF (θFj ) = DF ,
the initial states xLi(0) = xL(0), xFj (0) = xF (0), i = 1, 2, · · · , NL and j = 1, 2, . . . , NF . At the same time,∣∣ T 2

2RL
B2
LQLHL

∣∣ ∫ θL
θL

exp{max{2TθL, 0}}dFL(θL) < 1 and
∣∣ T 2

2RF
B2
FQFHF

∣∣ ∫ θF
θF

exp{max{2TθF , 0}}dFF (θF ) < 1,

where FL(θL) and FF (θF ) are uniform distribution functions on [θL, θL] and [θF , θF ] respectively.
By (2.5), (3.18) and (3.19), we have

Pγ,θLi (t) = QL

{
exp[µγ,Li(T − t)]− exp[µγ,Li(t− T )]

}/{
(µγ,Li + θLi) exp[µγ,Li(t− T )]

+ (µγ,Li − θLi) exp[µγ,Li(T − t)]
}
, 0 ≤ t ≤ T,

ψγ,θLi (t, s1) = exp

(
−
∫ t

s1

(
θLi −

1

RL
Pγ,θLi (s)B

2
L +

2

γ
Pγ,θLi (s)D

2
L

)
ds

)
,

φγ,θLi (t, s2) = exp

(∫ t

s2

(
θLi −

1

RL
Pγ,θLi (s1)B2

L

)
ds1

)
,

where µγ,Li =
√
θ2
Li

+
(

1
RL
B2
L −

2
γD

2
L

)
QL. By (2.6), (3.29) and (3.30), we have

Pγ,θFj (t) = QF

{
exp{µγ,Fj (T − t)} − exp[µγ,Fj (t− T )]

}/{
(µγ,Fj + θFj ) exp[µγ,Fj (t− T )]
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NL

N
L

×

Figure 1. The curve of εNL with respect to NL.

+ (µγ,Fj − θFj ) exp[µγ,Fj (T − t)]
}
, 0 ≤ t ≤ T,

ψγ,θFj (t, s1) = exp

(
−
∫ t

s1

(
θFj −

1

RF
Pγ,θFj (s)B2

F +
2

γ
Pγ,θFj (s)D2

F

)
ds

)
,

φγ,θFj (t, s2) = exp

(∫ t

s2

(
θFj −

1

RF
Pγ,θFj (s1)B2

F

)
ds1

)
,

where µγ,Fj =

√
θ2
Fj

+
(

1
RF
B2
F −

2
γD

2
F

)
QF . Since Pγ,θL(t) ≥ 0 and Pγ,θF (t) ≥ 0 for t ∈ [0, T ], we have

θL − 1
RL
Pγ,θL(t)B2

L ≤ θL and θF − 1
RF
Pγ,θF (t)B2

F ≤ θF . From Assumption 2.4, we know θL − 1
RL
Pγ,θL(t)B2

L +
2
γPγ,θL(t)D2

L ≤ θL and θF − 1
RF
Pγ,θF (t)B2

F + 2
γPγ,θF (t)D2

F ≤ θF for t ∈ [0, T ]. Therefore,

∣∣∣∣ 1

RL
B2
LQLHL

∣∣∣∣ ∫ θL

θL

∥∥∥∥∫ t

0

∫ T

s2

exp

{∫ t

s2

[
θL −

1

RL
Pγ,θL(s3)B2

L

]
ds3

}
exp

{
−
∫ s2

s1

[
θL −

1

RL
Pγ,θL(s4)B2

L

+
2

γ
Pγ,θL(s4)D2

L

]
ds4

}
ds1ds2

∥∥∥∥
∞

dF(θL) ≤
∣∣∣∣ T 2

2RL
B2
LQLHL

∣∣∣∣ ∫ θL

θL

exp{max{2TθL, 0}}dF(θL) < 1,

∣∣∣∣ 1

RF
B2
FQFHF

∣∣∣∣ ∫ θF

θF

∥∥∥∥∫ t

0

∫ T

s2

exp

{∫ t

s2

[
θF −

1

RF
Pγ,θF (s3)B2

F

]
ds3

}
exp

{
−
∫ s2

s1

[
θF −

1

RF
Pγ,θF (s4)B2

F

+
2

γ
Pγ,θF (s4)D2

F

]
ds4

}
ds1ds2

∥∥∥∥
∞

dF(θF ) ≤
∣∣∣∣ T 2

2RF
B2
FQFHF

∣∣∣∣ ∫ θF

θF

exp{max{2TθF , 0}}dF(θF ) < 1.

From the above we know that Assumptions 3.8 and 3.11 hold.
For the systems (2.1)–(2.4), we take parameters [θL, θL, BL, DL, QL, RL, HL, gL] = [0.3, 0.6, 1, 0.1, 1, 2.5, 0.8,

0.5], [θF , θF , BF , DF , QF , RF , HF , H, gF ] = [0.2, 0.5, 1, 0.05, 1, 2, 0.5, 0.3, 0.5], the initial states xL(0) = 0 and
xF (0) = 0, T = 1h and γ = 40. It can be proved that Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold.

We take a step size of 0.01 to discretize t, and a step size of 0.005 to discretize θL and θF . By using Banach’s
iterative method of step-by-step, the numerical solutions of z∗L(t) and z∗F (t) are obtained. Figure 1 and 2 show
the curves of εNL and εNF respectively. It is shown that both εNL and εNF vanish as NL and NF increase.



22 Y. CHEN ET AL.

NF

N
F

×

Figure 2. The curve of εNF with respect to NF .

7. Conclusion and future research

In this paper, we studied a class of risk-sensitive mean field games. The systems considered contain a large
number of major and minor players. The state average term of the major players has influence on the major
and minor players, and the state average term of the minor players only has influence on the minor players.
We constructed the estimations of the state average terms for the major and minor players by the two-layer
state aggregation method, and gave the conditions for the existence and uniqueness of the fixed points. Then,
we designed a sequence of decentralized strategies. We proved that the estimations of the state average terms
are consistent with their true values for the closed-loop systems, and the sequence of strategies designed is a
decentralized asymptotic Nash equilibrium.

The control inputs we considered are unconstrained. There have been some works on optimal control and
mean field games with input constraints [14–16]. So far, the works on the mean field games with control inputs
constraints have assumed that there are finite classes of minor players [14, 15]. The method used in [14, 15]
is to obtain the consistency condition of the mean-field system by determining the existence condition of the
solution for a set of (finite) coupled forward-backward stochastic differential equations with projection operators.
Different from [14, 15], there is a continuum of minor players in the systems (2.1)–(2.4). For the system with a
continuum of minor players, the problem of risk-sensitive mean field games with control inputs constraints can
not be solved by the existing method. This problem deserves further study in the future.

Appendix A. Proofs in Section 2

For the system (2.1)–(2.4), under Assumptions 2.2 and 2.4, for each θL ∈ ΘL, let φγ,θL(t, s), 0 ≤ t, s ≤ T , be
the solution of

{
dφγ,θL(t, s) =

[
AL(θL)−BL(θL)R−1

L B>L (θL)Pγ,θL(t)
]
φγ,θL(t, s)dt,

φγ,θL(s, s) = In,
(A.1)

and ψγ,θL(t, s), 0 ≤ t, s ≤ T , be the solution of

{
dψγ,θL(t, s) = −

[
AL(θL)−BL(θL)R−1

L B>L (θL)Pγ,θL(t) + 2
γDL(θL)D>L (θL)Pγ,θL(t)

]>
ψγ,θL(t, s)dt,

ψγ,θL(s, s) = In,
(A.2)
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and for each θF ∈ ΘF , let φγ,θF (t, s), 0 ≤ t, s ≤ T , be the solution of{
dφγ,θF (t, s) =

[
AF (θF )−BF (θF )R−1

F B>F (θF )Pγ,θF (t)
]
φγ,θF (t, s)dt,

φγ,θF (s, s) = In,
(A.3)

and ψγ,θF (t, s), 0 ≤ t, s ≤ T , be the solution of
dψγ,θF (t, s) = −

[
AF (θF )−BF (θF )R−1

F B>F (θF )Pγ,θF (t)

+ 2
γDF (θF )D>F (θF )Pγ,θF (t)

]>
ψγ,θF (t, s)dt,

ψγ,θF (s, s) = In.

(A.4)

Then we have the following lemmas.

Lemma A.1. For the systems (A.1)–(A.4), if Assumptions 2.2 and 2.4 hold, then there exists a constant C1

such that

sup
θL∈ΘL

sup
θF∈ΘF

sup
0≤t,s≤T

max

{∥∥∥∥∂φγ,θL(t, s)

∂t

∥∥∥∥ ,∥∥∥∥∂φγ,θL(t, s)

∂s

∥∥∥∥ ,∥∥∥∥∂φγ,θF (t, s)

∂t

∥∥∥∥ ,∥∥∥∥∂φγ,θF (t, s)

∂s

∥∥∥∥ ,
‖φγ,θL(t, s)‖, ‖ψγ,θL(t, s)‖, ‖φγ,θF (t, s)‖, ‖ψγ,θF (t, s)‖

}
≤ C1.

Proof. Firstly, by Bernoulli replacement method [40], we transform (2.5) into the following linear form
Ḣγ,θL(t) =

[
AL(θL)−

(
BL(θL)R−1

L B>L (θL)− 2
γDL(θL)D>L (θL)

)
Pγ,θL(t)

]
Hγ,θL(t),

Hγ,θL(T ) = In,
Kγ,θL(t) = Pγ,θL(t)Hγ,θL(t),
Kγ,θL(T ) = 0.

Let φγ,θL(t, s), 0 ≤ t, s ≤ T be the solution of{
dφγ,θL(t, s) =

[
AL(θL)−

(
BL(θL)R−1

L B>L (θL)− 2
γDL(θL)D>L (θL)

)
Pγ,θL(t)

]
φγ,θL(t, s)dt,

φγ,θL(s, s) = In.
(A.5)

For any given (t, θL) ∈ [0, T ]×ΘL, by (A.5), we have Hγ,θL(t) = φγ,θL(t, T )Hγ,θL(T ) = φγ,θL(t, T ). Thus, the

existence of
(
φγ,θL

)−1
(t, T ) implies that H−1

γ,θL
(t) exists. We know that (Hγ,θL(t),Kγ,θL(t)) satisfies the equation

[
Ḣγ,θL(t)

K̇γ,θL(t)

]
=

[
AL(θL) −

(
BL(θL)R−1

L B>L (θL)− 2
γDL(θL)D>L (θL)

)
−QL −A>L (θL)

] [
Hγ,θL(t)
Kγ,θL(t)

]
,

[
Hγ,θL(T )
Kγ,θL(T )

]
=

[
In
0

]
.

Because AL(θL), BL(θL) and DL(θL) are continuous with respect to θL ∈ ΘL, therefore, Hγ,θL(t) and Kγ,θL(t)
are continuous with respect to (t, θL) ∈ [0, T ] × ΘL. This together with the definition of the inverse matrix
implies that H−1

γ,θL
(t) is continuous with respect to (t, θL) ∈ [0, T ] × ΘL, then Pγ,θL(t) = Kγ,θL(t)H−1

γ,θL
(t) is

continuous with respect to (t, θL) ∈ [0, T ] × ΘL. Next, by the compactness of ΘL, we can find a constant C ′1
such that supθL∈ΘL sup0≤t≤T ‖Pγ,θL(t)‖≤ C ′1, which together with (A.1) yields

sup
θL∈ΘL

sup
0≤t,s≤T

max

{∥∥∥∥∂φγ,θL(t, s)

∂t

∥∥∥∥, ‖φγ,θL(t, s)‖
}
<∞. (A.6)
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Similar to the proof of (A.6), we have

max

{
sup

θL∈ΘL

sup
0≤t,s≤T

‖ψγ,θL(t, s)‖
}
<∞. (A.7)

Noting that dφγ,θL(t, s) = −φγ,θL(t, s)
[
AL(θL)−BL(θL)R−1

L B>L (θL)Pγ,θL(t)
]

ds. Then similar to the proof of
(A.6), we have

sup
θL∈ΘL

sup
0≤t,s≤T

max

{∥∥∥∥∂φγ,θL(t, s)

∂s

∥∥∥∥} <∞. (A.8)

Combining (A.6)–(A.8), we obtain

sup
θL∈ΘL

sup
0≤t,s≤T

max

{∥∥∥∥∂φγ,θL(t, s)

∂t

∥∥∥∥,∥∥∥∥∂φγ,θL(t, s)

∂s

∥∥∥∥, ‖φγ,θL(t, s)‖, ‖ψγ,θL(t, s)‖
}
<∞. (A.9)

Similar to the proof of (A.9), we get

sup
θF∈ΘF

sup
0≤t,s≤T

max

{∥∥∥∥∂φγ,θF (t, s)

∂t

∥∥∥∥,∥∥∥∥∂φγ,θF (t, s)

∂s

∥∥∥∥, ‖φγ,θF (t, s)‖, ‖ψγ,θF (t, s)‖
}
<∞.

Combining the above inequality with (A.9), we know that there exists a constant C1 such that Lemma A.1
holds.

Lemma A.2. Let

γT = inf{γ | γ > S(γ)}, (A.10)

where

S(γ) = sup
0≤t,s≤T

sup
θL∈ΘL

sup
θF∈ΘF

max

{
1280‖H>QFH‖

∥∥∥∥∂φγ,θL(t, s)

∂s

∥∥∥∥2

‖DL(θL)‖2 max
{
T 4, 1

}
,

1280‖H>QFH‖ ‖φγ,θL(t, s)‖2 ‖DL(θL)‖2 max
{
T 4, 1

}
,

1024
(
‖QL‖+ ‖H>LQLHL‖+

(
Mγ,L(θL)

)2‖BL(θL)R−1
L B>L (θL)‖

)∥∥∥∥∂φγ,θL(t, s)

∂s

∥∥∥∥2

‖DL(θL)‖2 max
{
T 4, 1

}
,

1024
(
‖QL‖+ ‖H>LQLHL‖+

(
Mγ,L(θL)

)2‖BL(θL)R−1
L B>L (θL)‖

)
‖φγ,θL(t, s)‖2 ‖DL(θL)‖2 max

{
T 4, 1

}
,

1280
(
‖QF ‖+ ‖H>F QFHF ‖+

(
Mγ,F (θF )

)2‖BF (θF )R−1
F B>F (θF )‖

)∥∥∥∥∂φγ,θF (t, s)

∂s

∥∥∥∥2

‖DF (θF )‖2 max
{
T 4, 1

}
,

1280
(
‖QF ‖+ ‖H>F QFHF ‖+

(
Mγ,F (θF )

)2‖BF (θF )R−1
F B>F (θF )‖

)
‖φγ,θF (t, s)‖2 ‖DF (θF )‖2 max

{
T 4, 1

}
,

48αMγ,L(θL)

∥∥∥∥∂φγ,θL(t, s)

∂s

∥∥∥∥2

‖DL(θL)‖2 max
{
T 4, 1

}
, 96αMγ,L(θL)‖‖φγ,θL(t, s)‖2 ‖DL(θL)‖2 max

{
T 4, 1

}
,

48αMγ,F (θF )

∥∥∥∥∂φγ,θF (t, s)

ds

∥∥∥∥2

‖DF (θF )‖2 max
{
T 4, 1

}
, 96αMγ,F (θF )‖‖φγ,θF (t, s)‖2 ‖DF (θF )‖2 max

{
T 4, 1

}}
.

Then we have γT <∞.
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Proof. We know that the generalized matrix Riccati differential equations (2.5) and (2.6) with γ →∞ are given
by {

ṖθL(t) = −PθL(t)AL(θL)−A>L (θL)PθL(t) + PθL(t)BL(θL)R−1
L B>L (θL)PθL(t)−QL,

PθL(T ) = 0,

and {
ṖθF (t) = −PθF (t)AF (θF )−A>F (θF )PθF (t) + PθF (t)BF (θF )R−1

F B>F (θF )PθF (t)−QF ,
PθF (T ) = 0.

The state transition matrices (A.1) and (A.3) with γ →∞ are given by{
dφθL(t, s) = [AL(θL)−BL(θL)R−1

L B>L (θL)PθL(t)]φθL(t, s)dt,
φθL(s, s) = In,

and {
dφθF (t, s) = [AF (θF )−BF (θF )R−1

F B>F (θF )PθF (t)]φθF (t, s)dt,
φθF (s, s) = In,

which leads to {
∂φθL (t,s)

∂s = −φθL(t, s)[AL(θL)−BL(θL)R−1
L B>L (θL)PθL(s)],

φθL(s, s) = In,
(A.11)

and {
∂φθF (t,s)

∂s = −φθF (t, s)[AF (θF )−BF (θF )R−1
F B>F (θF )PθF (s)],

φθF (s, s) = In.
(A.12)

Similar to the proof of Lemma A.1, by Bernoulli replacement method [40], we know that PθL(t) and PθF (t) are
continuous with respect to (t, θL) ∈ [0, T ]×ΘL and (t, θF ) ∈ [0, T ]×ΘF respectively. Combining (A.11), (A.12)

and the fact of the continuity of PθL(t) and PθF (t), we know that
∂φθL (t,s)

∂s and
∂φθF (t,s)

∂s are continuous with
respect to (t, s, θL) ∈ [0, T ] × [0, T ] × ΘL and (t, s, θF ) ∈ [0, T ] × [0, T ] × ΘF respectively, which together with
the compactness of ΘL and ΘF yields

lim
γ→∞

S(γ) = sup
0≤t,s≤T

sup
θL∈ΘL

sup
θF∈ΘF

max

{
1280‖H>QFH‖

∥∥∥∥∂φθL(t, s)

∂s

∥∥∥∥2

‖DL(θL)‖2 max
{
T 4, 1

}
,

1280‖H>QFH‖ ‖φθL(t, s)‖2 ‖DL(θL)‖2 max{T 4, 1},

1024
(
‖QL‖+ ‖H>LQLHL‖+

(
ML(θL)

)2‖BL(θL)R−1
L B>L (θL)‖

)∥∥∥∥∂φθL(t, s)

∂s

∥∥∥∥2

‖DL(θL)‖2 max
{
T 4, 1

}
,

1024
(
‖QL‖+ ‖H>LQLHL‖+

(
ML(θL)

)2‖BL(θL)R−1
L B>L (θL)‖

)
‖φθL(t, s)‖2 ‖DL(θL)‖2 max

{
T 4, 1

}
,

1280
(
‖QF ‖+ ‖H>F QFHF ‖+

(
MF (θF )

)2‖BF (θF )R−1
F B>F (θF )‖

)∥∥∥∥∂φθF (t, s)

∂s

∥∥∥∥2

‖DF (θF )‖2 max
{
T 4, 1

}
,

1280
(
‖QF ‖+ ‖H>F QFHF ‖+

(
MF (θF )

)2‖BF (θF )R−1
F B>F (θF )‖

)
‖φθF (t, s)‖2 ‖DF (θF )‖2 max

{
T 4, 1

}
,
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48αML(θL)

∥∥∥∥∂φθL(t, s)

∂s

∥∥∥∥2

‖DL(θL)‖2 max
{
T 4, 1

}
, 96αML(θL)‖‖φθL(t, s)‖2 ‖DL(θL)‖2 max

{
T 4, 1

}
,

48αMF (θF )

∥∥∥∥∂φθF (t, s)

ds

∥∥∥∥2

‖DF (θF )‖2 max
{
T 4, 1

}
, 96αMF (θF )‖‖φθF (t, s)‖2 ‖DF (θF )‖2 max

{
T 4, 1

}}
,

where ML(θL) = sup0≤t≤T PθL(t) and MF (θF ) = sup0≤t≤T PθF (t). Thus, there exist constants N > 0 and

γ∗ > 0, such that S(γ) < N for all γ > γ∗. Taking γ = max{γ∗, N}, which together with (A.10) leads to
γT <∞. This completes the proof.

Appendix B. Proofs in Section 3

Proof of Theorem 3.1. Firstly, we prove (a). For each (τ, x) ∈ [0, T ]× Rn and v ∈ Rm, by (3.6) we know

−∂G(τ, x)

∂τ
≤ ∂G(τ, x)

∂x
(Ax+Bv) +

1

γ

[
‖x− y(τ)‖2Q + ‖v‖2R

]
G(τ, x) +

1

2
Tr

(
∂2G(τ, x)

∂x2
DD>

)
,

which implies

1

γ

[
‖x− y(τ)‖2Q + ‖v‖2R

]
G(τ, x) +

∂G(τ, x)

∂τ
+
∂G(τ, x)

∂x
(Ax+Bv) +

1

2
Tr

(
∂2G(τ, x)

∂x2
DD>

)
≥ 0. (B.1)

Let t ∈ [τ, T ] and x̄(·) be the unique solution of system (3.1) under v̄(·) ∈ Uτ . Replacing τ, x and v by t, x̄(t)
and v̄(t) in (B.1), we have

1

γ

[
‖x̄(t)− y(t)‖2Q + ‖v̄(t)‖2R

]
G(t, x̄(t)) +

∂G(τ, x)

∂τ

∣∣∣∣
τ=t,x=x̄(t)

+
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

(Ax̄(t) +Bv̄(t))

+
1

2
Tr

(
∂2G(τ, x)

∂x2

∣∣∣∣
τ=t,x=x̄(t)

DD>
)
≥ 0. (B.2)

For the term exp
[

1
γ

∫ t
τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

]
G(t, x̄(t)), by Itô formula, we obtain

d

[
exp

(
1

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
G(t, x̄(t))

]
= exp

(
1

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
dG(t, x̄(t))

+G(t, x̄(t))d

[
exp

(
1

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)]
. (B.3)

By integrating the both sides of (B.3) from τ to T , we have

exp

(
1

γ

∫ T

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
G(T, x̄(T ))−G(τ, x)

=

∫ T

τ

exp

(
1

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)[
1

γ

(
‖x̄(t)− y(t)‖2Q + ‖v̄(t)‖2R

)
G(t, x̄(t))

+
∂G(τ, x)

∂τ

∣∣∣∣
τ=t,x=x̄(t)

+
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

(Ax̄(t) +Bv̄(t)) +
1

2
Tr

(
∂2G(τ, x)

∂x2

∣∣∣
τ=t,x=x̄(t)

DD>
)]

dt
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+

∫ T

τ

exp

(
1

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

DdW (t). (B.4)

Combining (B.2) with (B.4), we get

exp

(
1

γ

∫ T

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
−G(τ, x)

≥
∫ T

τ

exp

(
1

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

DdW (t). (B.5)

Next, we will prove

E
[ ∫ T

τ

exp

(
1

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

DdW (t)

∣∣∣∣x(τ) = x

]
= 0. (B.6)

By Cauchy-Schwarz inequality, we have

E

{∫ T

τ

∥∥∥∥ exp

(
1

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

D

∥∥∥∥2

dt

}

≤E

{[∫ T

τ

exp

(
2

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
dt

] 1
2

×
[ ∫ T

τ

∥∥∥∥∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

D

∥∥∥∥2

dt

] 1
2

}

≤
{
E
[ ∫ T

τ

exp

(
2

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
dt

]} 1
2

×
{
E
[ ∫ T

τ

∥∥∥∥∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

D

∥∥∥∥2

dt

]} 1
2

. (B.7)

By Cr inequality, we obtain

E
[ ∫ T

τ

exp

(
2

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
dt

]
≤E
[ ∫ T

τ

exp

(
4

γ

∫ t

τ

(
‖y(s1)‖2Qds1

)
exp

(
4

γ

∫ t

τ

(
‖x̄(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
dt

]
≤(T − τ) exp

(
4

γ

∫ T

τ

‖y(s1)‖2Qds1

)
E
[

exp

(
4

γ

∫ T

τ

(
‖x̄(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)]
. (B.8)

Since y(s1) is continuous with respect to s1 ∈ [0, T ], we have

exp

(
4

γ

∫ T

τ

‖y(s1)‖2Qds1

)
<∞. (B.9)
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By (3.4), we get

E
[

exp

(
4

γ

∫ T

τ

(
‖x̄(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)]
<∞,

which together with (B.8) and (B.9) leads to

E
[ ∫ T

τ

exp

(
2

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
dt

]
<∞. (B.10)

We know

E

[∫ T

τ

∥∥∥∥∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

D

∥∥∥∥2

dt

]
≤ ‖D‖2E

[∫ T

τ

∥∥∥∥∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

∥∥∥∥2

dt

]
. (B.11)

For the α given by (3.4), there exists a constant ε > 0, such that 2 + ε ≤ α. Then there exists a constant Nε > 0,
such that if ‖x̄(s)‖≥ Nε, then Mγ,2‖x̄(s)‖≤ εMγ,1‖x̄(s)‖2 and ‖x̄(s)‖+1 ≤ ‖x̄(s)‖2. For the above, by (3.7), we
know that

E

[∫ T

τ

∥∥∥∥∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

∥∥∥∥2

ds

]

≤C2
0E
{∫ T

τ

[
exp

(
2

γ

(
Mγ,1‖x̄(s)‖2+M2‖x̄(s)‖

))](
‖x̄(s)‖+1

)2

ds

}
≤C2

0E
{∫ T

τ

I{‖x̄(s)‖≥Nε}

[
exp

(
2

γ

(
Mγ,1‖x̄(s)‖2+Mγ,2‖x̄(s)‖

))](
‖x̄(s)‖+1

)2

ds

}
+ C2

0E
{∫ T

τ

I{‖x̄(s)‖<Nε}

[
exp

(
2

γ

(
Mγ,1‖x̄(s)‖2+Mγ,2‖x̄(s)‖

))](
‖x̄(s)‖+1

)2

ds

}
≤2C2

0E
{∫ T

τ

[
exp

(
2 + ε

γ

(
Mγ,1‖x̄(s)‖2‖

))](
‖x̄(s)‖2+‖x̄(s)‖+1

)
ds

}
+ C2

0E
{∫ T

τ

I{‖x̄(s)‖<Nε}

[
exp

(
2

γ

(
Mγ,1‖x̄(s)‖2+Mγ,2‖x̄(s)‖

))](
‖x̄(s)‖+1

)2

ds

}
≤4C2

0E
{∫ T

τ

[
exp

(
2 + ε

γ

(
Mγ,1‖x̄(s)‖2‖

))](
‖x̄(s)‖2

)
ds

}
+ C2

0E
{∫ T

τ

I{‖x̄(s)‖<Nε}

[
exp

(
2

γ

(
Mγ,1‖x̄(s)‖2+Mγ,2‖x̄(s)‖

))](
‖x̄(s)‖+1

)2

ds

}
≤4C2

0E
{∫ T

τ

[
exp

(
α

γ

(
Mγ,1‖x̄(s)‖2‖

))](
‖x̄(s)‖2

)
ds

}
+ C2

0E
{∫ T

τ

I{‖x̄(s)‖<Nε}

[
exp

(
2

γ

(
Mγ,1‖x̄(s)‖2+Mγ,2‖x̄(s)‖

))](
‖x̄(s)‖+1

)2

ds

}
.

This together with (3.4) and (B.11) leads to

E

[∫ T

τ

∥∥∥∥∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

D

∥∥∥∥2

dt

]
<∞. (B.12)
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Combining (B.7), (B.10) with (B.12), we have

E

[∫ T

τ

∥∥∥∥ exp

(
1

γ

∫ t

τ

(
‖x̄(s1)− y(s1)‖2Q + ‖v̄(s1)‖2R

)
ds1

)
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x̄(t)

D

∥∥∥∥2

dt

]
<∞.

This together with Chapter 1, Theorem 5.9 of [33] leads to (B.6). Taking expectations on both sides of (B.5)
and combining this with (B.6), we obtain

E
[

exp

(
1

γ

∫ T

τ

(
‖x̄(t)− y(t)‖2Q + ‖v̄(t)‖2R

)
dt

)∣∣∣∣x̄(τ) = x

]
−G(τ, x) ≥ 0, (B.13)

which implies

G(τ, x) ≤ E
[

exp

(
1

γ

∫ T

τ

(
‖x̄(t)− y(t)‖2Q + ‖v̄(t)‖2R

)
dt

)∣∣∣∣x̄(τ) = x

]
. (B.14)

This together with (3.3) yields G(τ, x) ≤ L(τ, x; v̄(·)). This proves (a). If there exists v∗(·) ∈ Uτ such that (3.9)
holds, then the inequalities (B.2), (B.5), (B.13) and (B.14) become equalities with v̄(·) = v∗(·), thus,

G(τ, x) = L(τ, x; v∗(·)). (B.15)

We know inf v̄(·)∈Uτ L(τ, x; v̄(·)) ≤ L(τ, x; v∗(·)), which together with (a) and (B.15) implies L(τ, x; v∗(·)) =
inf v̄(·)∈Uτ L(τ, x; v̄(·)) = G(τ, x). This proves (b). �

Lemma B.1. Let

γT = inf{γ | γ > S(γ)}, (B.16)

where

S(γ) = sup
0≤t,s≤T

max

{
192
(
‖Q‖+M2

γ,1‖BR−1B>‖
)∥∥∥∂φγ(t,s)

∂s

∥∥∥2

‖D‖2 max{T 4, 1},

384
(
‖Q‖+M2

γ,1‖BR−1B>‖
)
‖φγ(t, s)‖2 ‖D‖2 max{T 4, 1},

96αMγ,1‖‖φγ(t, s)‖2 ‖D‖2 max{T 4, 1}, 48αMγ,1

∥∥∥∂φγ(t,s)
∂s

∥∥∥2

‖D‖2 max{T 4, 1}
}
,

and φγ(t, s), 0 ≤ t, s ≤ T , is the solution of{
dφγ(t, s) =

[
A−BR−1B>Pγ(t)

]
φγ(t, s)dt,

φγ(s, s) = In.

Then we have γT <∞.

Proof. The proof is similar to that of Lemma A.2.

Proof of Theorem 3.3. Firstly, we will prove that G(τ, x) given by (3.10) is a classical solution to (3.7) in the
class of C1,2([0, T ]× Rn,R) satisfying (3.7).
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From BR−1B> − 2
γDD

> ≥ 0, we know that the system (3.5) has a unique solution. By (3.10), it is obvious

that ∂G(τ,x)
∂τ and ∂G2(τ,x)

∂x2 are continuous with respect to (τ, x) ∈ [0, T ]×Rn, thus G(τ, x) ∈ C1,2([0, T ]×Rn,R).
From (3.5), (3.8), (3.10) and (3.11), the left side of (3.6) with V (τ, x) = G(τ, x) is given by

−∂G(τ, x)

∂τ
=

1

γ
G(τ, x)

[
−x>Ṗγ(τ)x+ 2x>ξ̇γ(τ)− ϕ̇γ(τ)

]
=

1

γ
G(τ, x)

{
x>
[
Pγ(τ)A+A>Pγ(τ)− Pγ(τ)

(
BR−1B> − 2

γ
DD>

)
Pγ(τ) +Q

]
x

− 2x>
[(

A−BR−1B>Pγ(τ) +
2

γ
DD>Pγ(τ)

)>
ξγ(τ) +Qy(τ)

]
−ξ>γ (τ)BR−1B>ξγ(τ) + y>(τ)Qy(τ) +

2

γ
ξ>γ (τ)DD>ξγ(τ) + Tr

(
Pγ(τ)DD>

)}
. (B.17)

By (3.10) we know G(τ, x) > 0. This together with the right side of (3.6) yields

arg min
v∈Rm

{
∂G(τ, x)

∂x
(Ax+Bv) +

1

γ

[
‖x− y(τ)‖2Q + ‖v‖2R

]
G(τ, x)

}
= −1

2
R−1B>

(
∂G(τ, x)

∂x

)>/
G(τ, x),

which together with (3.10) implies that the right side of (3.6) with V (τ, x) = G(τ, x) is given by

min
v∈Rm

{
∂G(τ, x)

∂x
(Ax+Bv) +

1

γ

[
‖x− y(τ)‖2Q + ‖v‖2R

]
G(τ, x)

}
+

1

2
Tr

(
∂2G(τ, x)

∂x2
DD>

)
=
∂G(τ, x)

∂x
Ax+ ‖x− y(τ)‖2Q −

1

4

∂G(τ, x)

∂x
BR−1B>

(
∂G(τ, x)

∂x

)>/
G(τ, x)

+
1

2
Tr

(
∂2G(τ, x)

∂x2
DD>

)
=

1

γ
G(τ, x)

{
2
[
x>Pγ(τ)− ξ>γ (τ)

]
Ax+ x>Qx+ y>(τ)Qy(τ)− x>Qy(τ)− y>(τ)Qx

−
[
x>Pγ(τ)− ξ>γ (τ)

](
BR−1B> − 2

γ
DD>

)
[Pγ(τ)x− ξγ(τ)] + Tr

(
Pγ(τ)DD>

)}
=

1

γ
G(τ, x)

{
x>
[
Pγ(τ)A+A>Pγ(τ)− Pγ(τ)

(
BR−1B> − 2

γ
DD>

)
Pγ(τ) +Q

]
x

− 2x>
[(

A−BR−1B>Pγ(τ) +
2

γ
DD>Pγ(τ)

)>
ξγ(τ) +Qy(τ)

]
− ξ>γ (τ)BR−1B>ξγ(τ) + y>(τ)Qy(τ) +

2

γ
ξ>γ (τ)DD>ξγ(τ) + Tr

(
Pγ(τ)DD>

)}
. (B.18)

Combining (3.6), (B.17) with (B.18), we know that G(τ, x) is a classical solution of (3.6) in C1,2([0, T ]×Rn,R).
By (3.10), the definition of Mγ,1 and Mγ,2, we obtain∥∥∥∥∂G(τ, x)

∂x

∥∥∥∥ =
2

γ

[
exp

(
1

γ

(
x>Pγ(τ)x− 2x>ξγ(τ) + ϕγ(τ)

))](
x>Pγ(τ)− ξγ(τ)

)
≤ 2

γ
sup

τ∈[0,T ]

[
exp

(
ϕγ(τ)

)][
exp

(
1

γ

(
Mγ,1‖x‖2+Mγ,2‖x‖

))](
Mγ,1‖x‖+Mγ,2

)
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≤ 2

γ
sup

τ∈[0,T ]

[
exp

(
ϕγ(τ)

)]
max

{
Mγ,1,Mγ,2

}[
exp

(
1

γ

(
Mγ,1‖x‖2+Mγ,2‖x‖

))](
‖x‖+1

)
,

which together with the continuity of ϕγ(τ) with respect to τ ∈ [0, T ] leads to (3.7).
Secondly, by the sufficient condition of the extreme value of unary functions, we have

arg min
v∈Rm

{
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x∗(t)

(Ax∗(t) +Bv) +
1

γ

[
‖x∗(t)− y(t)‖2Q + ‖v‖2R

]
G(t, x∗(t))

}

=− 1

2G(t, x∗(t))
R−1B>

(
∂G(τ, x)

∂x

∣∣∣∣
τ=t,x=x∗(t)

)>
=−R−1B>Pγ(t)x∗(t) +R−1B>ξγ(t) (B.19)

for all (t, ω) ∈ [τ, T ] × Ω, where x∗(·) is the strong solution of the system (3.1) under the control u(t) =
−R−1B>Pγ(t)x∗(t) +R−1B>ξγ(t). Let

u∗(t) = −R−1B>Pγ(t)x∗(t) +R−1B>ξγ(t), t ∈ [τ, T ]. (B.20)

Next, we will prove that u∗(·) ∈ Uτ . Let

g1(t) =

{
0, t ∈ [0, τ),
4
γ

(
‖x∗(t)‖2Q + ‖u∗(t)‖2R

)
, t ∈ [τ, T ].

(B.21)

From (B.21) and Jensen inequality, we have

E
[
exp

(
4

γ

∫ T

τ

(∥∥x∗(t)∥∥2

Q
+ ‖u∗(t)‖2R

)
dt

)]
=E
[
exp

(
1

T

∫ T

0

4T

γ
g1(t)dt

)]
≤ 1

T
E
[ ∫ T

0

exp

(
4T

γ
g1(t)

)
dt

]
≤ τ
T

+
1

T

∫ T

τ

E
[
exp

(
4T

γ

(
‖x∗(t)‖2Q + ‖u∗(t)‖2R

))]
dt. (B.22)

Let φγ(t, s), 0 ≤ t, s ≤ T , be the solution of{
dφγ(t, s) =

[
A−BR−1B>Pγ(t)

]
φγ(t, s)dt,

φγ(s, s) = In,
(B.23)

and ψγ(t, s), 0 ≤ t, s ≤ T , be the solution of{
dψγ(t, s) = −

[
A−BR−1B>Pγ(t) + 2

γDD
>Pγ(t)

]>
ψγ(t, s)dt,

ψγ(s, s) = In.
(B.24)

Combining (3.1), (3.8), (B.20), (B.23) with (B.24), we get

x∗(t) =

∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2 + φγ(t, τ)x
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+

∫ t

τ

φγ(t, s2)DdW (s2), ∀ t ∈ [τ, T ]. (B.25)

From (B.20) and (B.22), (B.25), Cr inequality and Cauchy-Schwarz inequality, we have

E
[
exp

(
4

γ

∫ T

τ

(∥∥x∗(t)∥∥2

Q
+ ‖u∗(t)‖2R

)
dt

)]
≤ τ
T

+
1

T

∫ T

τ

E
[
exp

(
4T

γ

(
‖x∗(t)‖2Q+‖ −R−1B>Pγ(t)x∗(t) +R−1B>ξγ(t)‖2R

))]
dt

≤ τ
T

+
1

T

∫ T

τ

E
[
exp

(
8T

γ

(
‖x∗(t)‖2Q+‖R−1B>Pγ(t)x∗(t)‖2R+‖R−1B>ξγ(t)‖2R

))]
dt

≤ τ
T

+
1

T

∫ T

τ

exp

[
16T

γ

(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)Qy(s1)ds1ds2 + φγ(t, τ)

)>
Q

×
(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)Qy(s1)ds1ds2 + φγ(t, τ)x

)
+

16T

γ

(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)Qy(s1)ds1ds2 + φγ(t, τ)x

)>
Pγ(t)BR−1B>Pγ(t)

×
(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)Qy(s1)ds1ds2 + φγ(t, τ)x

)
+

8T

γ
‖R−1B>ξγ(t)‖2R

]
× E

{
exp

[
16T

γ

(∫ t

τ

φγ(t, s2)DdW (s2)

)>
Q

∫ t

τ

φγ(t, s2)DdW (s2)

+
16T

γ

(∫ t

τ

φγ(t, s2)DdW (s2)

)>
Pγ(t)BR−1B>Pγ(t)

∫ t

τ

φγ(t, s2)DdW (s2)

]}
dt

≤ τ
T

+
1

T
J

1
2
1 J

1
2
2 , (B.26)

where

J1 =

∫ T

τ

exp

[
32T

γ

(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)Qy(s1)ds1ds2 + φγ(t, τ)x

)>
QL

×
(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)Qy(s1)ds1ds2 + φγ(t, τ)x

)
+

32T

γ

(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)Qy(s1)ds1ds2 + φγ(t, τ)x

)>
Pγ(t)BR−1B>Pγ(t)

×
(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)Qy(s1)ds1ds2 + φγ(t, τ)x

)
+

16T

γ
‖R−1B>ξγ(t)‖2R

]
dt,

and

J2 =

∫ T

τ

{
E

[
exp

(
16T

γ

(∫ t

τ

φγ(t, s2)DdW (s2)

)>
Q

∫ t

τ

φγ(t, s2)DdW (s2)
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+
16T

γ

(∫ t

τ

φγ(t, s2)DdW (s2)

)>
Pγ(t)BR−1B>Pγ(t)

∫ t

τ

φγ(t, s2)DdW (s2)

)]}2

dt.

Since φγ(t, s) and ψγ(t, s) are continuous with respect to (t, s) ∈ [τ, T ] × [τ, T ], Pγ(t), ξγ(t) and y(t) are
continuous with respect to t ∈ [τ, T ], we have

J
1
2
1 <∞. (B.27)

Noting that
∫ t
τ
φγ(t, s2)DdW (s2) = DW (t) − φγ(t, τ)DW (τ) −

∫ t
τ
∂φγ(t,s2)
∂s2

DW (s2)ds2, by Cr inequality and
Jensen inequality, we have

16T

γ

[ ∫ t

τ

φγ(t, s2)DdW (s2)

]>
Q

∫ t

τ

φγ(t, s2)DdW (s2)

≤48T

γ
‖Q‖‖DW (t)‖2 +

48T

γ
‖Q‖‖φγ(t, τ)DW (τ)‖2 +

48T

γ
‖Q‖

∥∥∥∥∫ t

τ

∂φγ(t, s2)

∂s2
DW (s2)ds2

∥∥∥∥2

≤48T

γ
‖Q‖

(
‖DW (t)‖2 + ‖φγ(t, τ)DW (τ)‖2 + t

∫ t

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

)
, ∀ t ∈ [τ, T ]. (B.28)

Similar to the above inequality, we obtain

16T

γ

(∫ t

τ

φγ(t, s2)DdW (s2)

)>
Pγ(t)BR−1B>Pγ(t)

∫ t

τ

φγ(t, s2)DdW (s2)

≤48T

γ

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥(‖DW (t)‖2 + ‖φγ(t, τ)DW (τ)‖2

+ t

∫ t

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

)
, ∀ t ∈ [τ, T ]. (B.29)

From (B.28), (B.29), the definition of J2 and Cauchy-Schwarz inequality, we have

J2 ≤
∫ T

τ

{
E

[
exp

(
48T

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)‖DW (t)‖2

)
× exp

(
48T

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)‖φγ(t, τ)DW (τ)‖2

)

× exp

(
48T

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)t∫ T

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

)]}2

dt

≤
∫ T

τ

{
E
[
exp

(
192T

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)‖DW (t)‖2

)]} 1
2

×
{
E
[
exp

(
192T

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)‖φγ(t, τ)DW (τ)‖2

)]} 1
2

× E

[
exp

(
96T

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)t∫ T

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

)]
dt. (B.30)
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By the definition of Mγ,1, the condition γ > γT and the calculation of the expectation of the exponential function
related to Brownian motion, we have

E
[
exp

(
192T

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)‖DW (t)‖2

)]
≤
∫
Rp

exp

(
192T

γ

(
‖Q‖+M2

γ,1‖BR−1B>‖
)
‖D‖2x>x

)
1

(
√

2πt)p
exp

(
− x>x

2t

)
dx

≤
[
γ

/(
γ − 384 sup

τ≤t,s≤T

(
‖Q‖+M2

γ,1‖BR−1B>‖
)
‖D‖2T 2

)] p
2

<∞, ∀ t ∈ [τ, T ]. (B.31)

Similar to the above inequality, we have

E
[
exp

(
192T

γ

(
‖Q‖+‖Pγ(t)BR−1B>Pγ(t)‖

)
‖φγ(t, τ)DW (τ)‖2

)]
≤
∫
Rp

exp

(
192T

γ

(
‖Q‖+M2

γ,1‖BR−1B>‖
)
‖φγ(t, τ)D‖2x>x

)
1

(
√

2πt)p
exp

(
− x>x

2t

)
dx

≤
[
γ

/(
γ − 384 sup

τ≤t,s≤T

(
‖Q‖+M2

γ,1‖BR−1B>‖
)
‖φγ(t, τ)‖‖D‖2T 2

)] p
2

<∞, ∀ t ∈ [τ, T ]. (B.32)

Let

g2(t) =

{
0, t ∈ [0, τ),∥∥∥∂φγ(t,s2)

∂s2
DW (s2)

∥∥∥2

, t ∈ [τ, T ].
(B.33)

From (B.33) and Jensen inequality, we have

E

[
exp

(
96T

γ

(
‖Q‖+‖Pγ(t)BR−1B>Pγ(t)‖

)
t

∫ T

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

)]

=E
[
exp

(
1

T

∫ T

0

96T 2

γ

(
‖Q‖+‖Pγ(t)BR−1B>Pγ(t)‖

)
tg2(s2)ds2

)]
≤ 1

T
E
[ ∫ T

0

exp

(
96T 3

γ

(
‖Q‖+‖Pγ(t)BR−1B>Pγ(t)‖

)
g2(s2)

)
ds2

]
≤ τ
T

+
1

T

∫ T

τ

E

[
exp

(
96T 3

γ

(
‖Q‖+‖Pγ(t)BR−1B>Pγ(t)‖

)∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2
)]

ds2. (B.34)

By the definition of Mγ,1, the condition γ > γT and the calculation of the expectation of the exponential function
related to Brownian motion, we have

1

T

∫ T

τ

E

[
exp

(
96T 3

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2
)]

ds2
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≤ 1

T

∫ T

τ

∫
Rp

exp

[
96T 3

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)∥∥∥∥∂φγ(t, s2)

∂s2

∥∥∥∥2

‖D‖2x>x

]
1

(
√

2πs2)p
exp

(
− x>x

2s2

)
dxds2

≤ 1

T

∫ T

τ

[
γ

/(
γ − sup

τ≤t,s≤T

192

γ

(
‖Q‖+

∥∥Pγ(t)BR−1B>Pγ(t)
∥∥)∥∥∥∥∂φγ(t, s)

∂s

∥∥∥∥2

‖D‖2T 4

)] p
2

ds2

<∞, ∀ t ∈ [τ, T ],

which together with (B.34) leads to

E

[
exp

(
96T

γ

(
‖Q‖+‖Pγ(t)BR−1B>Pγ(t)‖

)
t

∫ T

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

)]
<∞, ∀ t ∈ [τ, T ]. (B.35)

Combining (B.30)–(B.32) with (B.35), we get J2 <∞. This together with (B.26) and (B.27) yields

E
[
exp

(
4

γ

∫ T

τ

(∥∥x∗(t)∥∥2

Q
+ ‖u∗(t)‖2R

)
dt

)]
<∞.

Moreover, we know

E
[ ∫ T

τ

(
exp

(
αMγ,1

γ
‖x∗(t)‖2

))
‖x∗(t)‖2dt

]
≤E

{[∫ T

τ

(
exp

(
2αMγ,1

γ
‖x∗(t)‖2

))
dt

] 1
2
[ ∫ T

τ

‖x∗(t)‖4dt

] 1
2

}

≤
{
E
[ ∫ T

τ

(
exp

(
2αMγ,1

γ
‖x∗(t)‖2

))
dt

]} 1
2
{
E
[ ∫ T

τ

‖x∗(t)‖4dt

]} 1
2

=

[ ∫ T

τ

E
(

exp

(
2αMγ,1

γ
‖x∗(t)‖2

))
dt

] 1
2
[ ∫ T

τ

E‖x∗(t)‖4dt

] 1
2

. (B.36)

Substituting (B.25) into E
[

exp
(

2αMγ,1

γ ‖x∗(t)‖2
)]

, by Cr inequality, we get

E
[
exp

(
2αMγ,1

γ
‖x∗(t)‖2

)]
=E
{

exp

[
2αMγ,1

γ

(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2 + φγ(t, τ)x

+

∫ t

τ

φγ(t, s2)DdW (s2)

)>(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2

+ φγ(t, τ)x+

∫ t

τ

φγ(t, s2)DdW (s2)

)]}
≤ exp

[
4αMγ,1

γ

(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2 + φγ(t, τ)x

)>
×
(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2 + φγ(t, τ)x

)]
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× E
{

exp

[
4αMγ,1

γ

(∫ t

τ

φγ(t, s2)DdW (s2)

)>(∫ t

τ

φγ(t, s2)DdW (s2)

)]}
, ∀ t ∈ [τ, T ]. (B.37)

Since φγ(t, s) and ψγ(t, s) are continuous with respect to (t, s) ∈ [τ, T ] × [τ, T ], and y(t) is continuous with
respect to t ∈ [τ, T ], we have

exp

[
4αMγ,1

γ

(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2 + φγ(t, τ)x

)>
×
(∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2 + φγ(t, τ)x

)]
<∞, ∀ t ∈ [τ, T ]. (B.38)

Noting that
∫ t
τ
φγ(t, s2)DdW (s2) = DW (t) − φγ(t, τ)DW (τ) −

∫ t
τ
∂φγ(t,s2)
∂s2

DW (s2)ds2, by Cr inequality and
Jensen inequality, we have

E
{

exp

[
4αMγ,1

γ

(∫ t

τ

φγ(t, s2)DdW (s2)

)>(∫ t

τ

φγ(t, s2)DdW (s2)

)]}
≤E

[
exp

(
12αMγ,1

γ

(
‖DW (t)‖2 + ‖φγ(t, τ)DW (τ)‖2 +

∥∥∥∥∫ t

τ

∂φγ(t, s2)

∂s2
DW (s2)ds2

∥∥∥∥2
))]

≤E

[
exp

(
12αMγ,1

γ

(
‖DW (t)‖2 + ‖φγ(t, τ)DW (τ)‖2 + t

∫ t

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

))]

≤
{
E
[

exp

(
48αMγ,1

γ
‖DW (t)‖2

)]} 1
4
{
E
[

exp

(
48αMγ,1

γ
‖φγ(t, τ)DW (τ)‖2

)]} 1
4

×

{
E

[
exp

(
24αMγ,1t

γ

∫ t

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

)]} 1
2

, ∀ t ∈ [τ, T ]. (B.39)

By the condition γ > γT and the calculation of the expectation of the exponential function related to Brownian
motion, we have

E
[

exp

(
48αMγ,1

γ
‖DW (t)‖2

)]
≤
∫
Rp

[
exp

(
48αMγ,1

γ
‖D‖2x>x

)]
1

(
√

2πt)p

[
exp

(
− x>x

2t

)]
dx

≤
[
γ

/(
γ − 96αMγ,1‖D‖2T

)] p
2

<∞, ∀ t ∈ [τ, T ]. (B.40)

Similar to the above inequality, we have

E
[

exp

(
48αMγ,1

γ
‖φγ(t, τ)DW (τ)‖2

)]
≤
∫
Rp

[
exp

(
48αMγ,1

γ
‖φγ(t, τ)D‖2x>x

)]
1

(
√

2πt)p

[
exp

(
− x>x

2t

)]
dx

≤
[
γ

/(
γ − sup

0≤s1,s≤T
96αMγ,1‖φγ(s1, s)‖2‖D‖2T

)] p
2

<∞, ∀ t ∈ [τ, T ]. (B.41)
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From (B.33) and Jensen inequality, we have

E

[
exp

(
24αMγ,1t

γ

∫ T

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

)]

=E
[
exp

(
1

T

∫ T

0

24αMγ,1Tt

γ
g2(s2)ds2

)]
≤ 1

T
E
[ ∫ T

0

exp

(
24αMγ,1T

2

γ
g2(s2)

)
ds2

]
≤ τ
T

+
1

T

∫ T

τ

E

[
exp

(
24αMγ,1T

2

γ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2
)]

ds2. (B.42)

By the condition γ > γT and the calculation of the expectation of the exponential function related to Brownian
motion, we have

1

T

∫ T

τ

E

[
exp

(
24αMγ,1T

2

γ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2
)]

ds2

≤ 1

T

∫ T

τ

∫
Rp

exp

(
24αMγ,1T

2

γ

∥∥∥∥∂φγ(t, s2)

∂s2

∥∥∥∥2

‖D‖2x>x

)
1

(
√

2πs2)p
exp

(
− x>x

2s2

)
dxds2

≤ 1

T

∫ T

τ

[
γ

/(
γ − sup

0≤s1,s≤T
48αMγ,1

∥∥∥∥∂φγ(s1, s)

∂s

∥∥∥∥2

‖D‖2T 3

)] p
2

ds2

<∞, ∀ t ∈ [τ, T ],

which together with (B.42) leads to

E

[
exp

(
24αMγ,1t

γ

∫ T

τ

∥∥∥∥∂φγ(t, s2)

∂s2
DW (s2)

∥∥∥∥2

ds2

)]
<∞, ∀ t ∈ [τ, T ]. (B.43)

Combining (B.39)–(B.41) with (B.43), we have

E
{

exp

[
4αMγ,1

γ

(∫ t

τ

φγ(t, s2)DdW (s2)

)>(∫ t

τ

φγ(t, s2)DdW (s2)

)]}
<∞, ∀ t ∈ [τ, T ],

which together with (B.37) and (B.38) leads to

E
[
exp

(
2αMγ,1

γ
‖x∗(t)‖2

)]
<∞, ∀ t ∈ [τ, T ]. (B.44)

Substituting (B.25) into E
[
‖x∗(t)‖4

]
, by Cr inequality, we have

E
[
‖x∗(t)‖4

]
=E
∥∥∥∥∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2 + φγ(t, τ)x+

∫ t

τ

φγ(t, s2)DdW (s2)

∥∥∥∥4

≤8

∥∥∥∥∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2 + φγ(t, τ)x

∥∥∥∥4
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+ 8E

[∥∥∥∥∫ t

τ

φγ(t, s2)DdW (s2)

∥∥∥∥4
]
, ∀ t ∈ [τ, T ]. (B.45)

Since φγ(t, s) and ψγ(t, s) are continuous with respect to (t, s) ∈ [τ, T ] × [τ, T ], and y(t) is continuous with
respect to t ∈ [τ, T ], we have

∥∥∥∥∫ t

τ

φγ(t, s2)BR−1B>
∫ T

s2

ψγ(s2, s1)y(s1)ds1ds2 + φγ(t, τ)x

∥∥∥∥4

<∞, ∀ t ∈ [τ, T ]. (B.46)

Noting that
∫ t
τ
φγ(t, s2)DdW (s2) = DW (t) − φγ(t, τ)DW (τ) −

∫ t
τ
∂φγ(t,s2)
∂s2

DW (s2)ds2, by Cr inequality and
Jensen inequality, we have

E

[∥∥∥∥∫ t

τ

φγ(t, s2)DdW (s2)

∥∥∥∥4
]

=E

[∥∥∥∥DW (t)− φγ(t, τ)DW (τ)−
∫ t

τ

∂φγ(t, s2)

∂s2
DW (s2)ds2

∥∥∥∥4
]

≤27E
[∥∥DW (t)

∥∥4
]

+ 27E
[∥∥φγ(t, τ)DW (τ)

∥∥4
]

+ 27E

[∥∥∥∥∫ t

τ

∂φγ(t, s2)

∂s2
DW (s2)ds2

∥∥∥∥4
]

≤27‖D‖4E
[∥∥W (t)

∥∥4
]

+ 27 sup
0≤s1,s≤T

∥∥φγ(s1, s)D
∥∥4E

[
‖W (τ)‖4

]
+ 27 sup

0≤s1,s≤T

∥∥∥∥∂φγ(s1, s)

∂s
D

∥∥∥∥4 ∫ t

τ

E
∥∥W (s2)

∥∥4
ds2

≤27‖D‖4p(p+ 2)t2 + 27 sup
0≤s1,s≤T

∥∥φγ(s1, s)D
∥∥4
p(p+ 2)τ2

+ 9 sup
0≤s1,s≤T

∥∥∥∥∂φγ(s1, s)

∂s
D

∥∥∥∥4

p(p+ 2)
(
t3 − τ3

)
<∞, ∀ t ∈ [τ, T ].

This together with (B.45) and (B.46) yields

E
[
‖x∗(t)‖4

]
<∞, ∀t ∈ [τ, T ]. (B.47)

Combining (B.36), (B.44) with (B.46), we obtain

E
[ ∫ T

τ

(
exp

(
αMγ,1

γ
‖x∗(t)‖2

))
‖x∗(t)‖2dt

]
<∞. (B.48)

This completes the proof of u∗(·) ∈ Uτ . Then by Theorem 3.1, we obtain L(τ, x;u∗(·)) = inf v̄(·)∈Uτ L(τ, x; v̄(·)) =

G(τ, x) = exp
[

1
γ

(
x>Pγ(τ)x− 2x>ξγ(τ) + ϕγ(τ)

)]
. This together with (3.2) leads to that u∗(t) =

−R−1B>Pγ(t)x(t) + R−1B>ξγ(t) is an optimal strategy in Uτ for the systems (3.1)–(3.3), and the optimal
cost is J(τ, x;u∗(·)) = γ lnL(τ, x;u∗(·)) = γ lnG(τ, x) = x>Pγ(τ)x − 2x>ξγ(τ) + ϕγ(τ). This completes the
proof. �



RISK-SENSITIVE MEAN FIELD GAMES WITH MAJOR AND MINOR PLAYERS 39

Proof of Theorem 3.6. For the convenience of analysis, we introduce a new admissible control set

U lLi =

{
uLi(·)

∣∣∣∣uLi(t) is adapted to σ(xLi(s), s ≤ t), t ∈ [0, T ],

the system (2.1) has a unique strong solution xLi(·),

E
[
exp

(
4

γ

∫ T

0

(∥∥xLi(t)∥∥2

QL
+ ‖uLi(t)‖2RL

)
dt

)]
<∞, and

E
[ ∫ T

0

(
exp

(
αMγ,L(θLi)

γ
‖xLi(t)‖2

))
‖xLi(t)‖2dt

]
<∞

}
, i = 1, 2, . . . , NL,

where Mγ,L(θLi) = Mγ,L(θL)|θL=θLi
and α is same with that in U lLi .

For the system (2.1) and the cost functionals (3.12), by Assumption 2.5 and Theorem 3.3, the optimal

strategies over U lLi , i = 1, 2, . . . , NL, are given by

ūLi(t) = −R−1
L B>L (θLi)Pγ,θLi (t)xLi(t) +R−1

L B>L (θLi)ξγ,θLi ,zL(t), t ∈ [0, T ], i = 1, 2, . . . , NL, (B.49)

where Pγ,θLi (t) = Pγ,θL(t)|θL=θLi
, ξγ,θLi ,zL(t) = ξγ,θL,zL(t)|θL=θLi

, Pγ,θL(t) is given by (2.5), and ξγ,θL,zL(t) is
the unique solution of the linear differential equation

ξ̇γ,θL,zL(t) = −
[
AL(θL)−BL(θL)R−1

L B>L (θL)Pγ,θL(t) + 2
γDL(θL)D>L (θL)Pγ,θL(t)

]>
ξγ,θL,zL(t)

− [QLHLzL(t) +QLgL] ,
ξγ,θL,zL(T ) = 0.

(B.50)

It is obvious that U lLi ⊂ U
l

Li , i = 1, 2, . . . , NL. Next, we will prove that ūLi(t) ∈ U lLi , i = 1, 2, . . . , NL.
Combining (2.1), (A.1), (A.2), (B.49) with (B.50), we get

x̄Li(t) =

∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2

+ φγ,θLi (t, 0)xLi(0) +

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2), ∀ t ∈ [0, T ].

Substituting the above equation and (B.49) into E
[
exp
(

32
γ

∫ T
0

(
‖x̄Li(t)‖2QL +

∥∥ 1
NL
HLx̄Li(t)

∥∥2

QL
+

‖ūLi(t)‖2RL
)
dt
)]

, by Jensen inequality, Cr inequality with Cauchy-Schwarz inequality, we have

E
[
exp

(
32

γ

∫ T

0

(∥∥x̄Li(t)∥∥2

QL
+
∥∥∥ 1

NL
HLx̄Li(t)

∥∥∥2

QL
+ ‖ūLi(t)‖2RL

)
dt

)]
=E
[
exp

(
32

γ

∫ T

0

(∥∥x̄Li(t)∥∥2

QL
+
∥∥∥ 1

NL
HLx̄Li(t)

∥∥∥2

QL
+‖ −R−1

L B>L (θLi)Pγ,θLi (t)x̄Li(t)

+R−1
L B>L (θLi)ξγ,θLi ,zL(t)‖2RL

)
dt

)]
≤ 1

T
E
[ ∫ T

0

exp

(
32T

γ

(∥∥x̄Li(t)∥∥2

QL
+
∥∥∥ 1

NL
HLx̄Li(t)

∥∥∥2

QL
+‖ −R−1

L B>L (θLi)Pγ,θLi (t)x̄Li(t)

+R−1
L B>L (θLi)ξγ,θLi ,zL(t)‖2RL

))
dt

]
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≤ 1

T

∫ T

0

E
[
exp

(
32T

γ

(
‖x̄Li(t)‖2QL +

∥∥∥ 1

NL
HLx̄Li(t)

∥∥∥2

QL
+‖R−1

L B>L (θLi)Pγ,θLi (t)x̄Li(t)‖
2
RL

+‖R−1
L B>L (θLi)ξγ,θLi ,zL(t)‖2RL

))]
dt

≤ 1

T

∫ T

0

exp

{
128T

γ

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2

+ φγ,θLi (t, 0)xLi(0)

]>
QL

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

×
∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

]
+

128T

γN2
L

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2

+ φγ,θLi (t, 0)xLi(0)

]>
H>LQLHL

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

×
∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

]
+

128T

γ

[ ∫ t

0

φγ,θLi (t, s2)

×BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

]>
× Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)

× [QLHLzL(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

]
+

128T

γ
‖R−1

L B>L (θLi)ξγ,θLi ,zL(t)‖2RL

}
× E

{
exp

[
128T

γ

[ ∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

]>
QL

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

+
128T

γN2
L

[ ∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

]>
H>LQLHL

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

+
128T

γ

[ ∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

]>
Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

×
∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

]}
dt

≤ 1

T
J

1
2
3 J

1
2
4 , (B.51)

where

J3 =

∫ T

0

exp

[
256T

γ

(∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2

+ φγ,θLi (t, 0)xLi(0)

)>
QL

(∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

×
∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

)
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+
256T

γ

(∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2

+ φγ,θLi (t, 0)xLi(0)

)>
H>LQLHL

(∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

×
∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

)
+

256T

γ

(∫ t

0

φγ,θLi (t, s2)

×BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLzL(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

)>
× Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

(∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)

× [QLHLzL(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

)
+

256T

γ
‖R−1

L B>L (θLi)ξγ,θLi ,zL(t)‖2RL

]
dt,

and

J4 =

∫ T

0

[
E

(
exp

(
128T

γ

(∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)>
QL

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

+
128T

γ

(∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)>
H>LQLHL

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

+
128T

γ

(∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)>
Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

×
∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

))]2

dt.

Since φγ,θLi (t, s) and ψγ,θLi (t, s) are continuous with respect to (t, s) ∈ [0, T ] × [0, T ], zL(t), ξγ,θLi ,zL(t) and
Pγ,θLi (t) are continuous with respect to t ∈ [0, T ] and ΘL is a bounded closed set, we have

J
1
2
3 <∞. (B.52)

Noting that
∫ t

0
φγ,θLi (t, s)DL(θLi)dWLi(s) = DL(θLi)WLi(t)−

∫ t
0

∂φγ,θLi
(t,s)

∂s DL(θLi)WLi(s)ds, by Cr inequality
and Jensen inequality, we have

128T

γ

(∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)>
QL

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

≤256T

γ
‖QL‖

(
‖DL(θLi)WLi(t)‖2 +

∥∥∥∥∫ t

0

∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)ds2

∥∥∥∥2
)

≤256T

γ
‖QL‖

(
‖DL(θLi)WLi(t)‖2 + t

∫ t

0

∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2

ds2

)
. (B.53)
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Similar to the above inequality, we obtain

128T

γ

(∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)>
H>LQLHL

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

≤256T

γ
‖H>LQLHL‖

(
‖DL(θLi)WLi(t)‖2 + t

∫ t

0

∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2

ds2

)
(B.54)

and

128T

γ

(∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)>
Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

×
∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

≤256T

γ

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥
×

(
‖DL(θLi)WLi(t)‖2 + t

∫ t

0

∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2

ds2

)
. (B.55)

From (B.53)–(B.55), the definition of J4, Cauchy-Schwarz inequality and Jensen inequality, we have

J4 ≤
∫ T

0

{
E

[
exp

(
256T

γ

(
‖QL‖+‖H>LQLHL‖+

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥)
×‖DL(θLi)WLi(t)‖2

)
exp

(
384T

γ

(
‖QL‖+‖H>LQLHL‖+

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥)

× t
∫ T

0

∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2

ds2

)]}2

dt

≤ 1

T

∫ T

0

E
[
exp

(
512T

γ

(
‖QL‖+‖H>LQLHL‖+

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥)
×‖DL(θLi)WLi(t)‖2

)]∫ T

0

E

[
exp

(
512T 2

γ

(
‖QL‖+‖H>LQLHL‖

+‖Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)‖

)
t

∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2
)]

ds2dt. (B.56)

By the definition of Mγ,L(θLi), Assumption 2.5, the compactness of ΘL and the calculation of the expectation
of the exponential function related to Brownian motion, we have

E
[
exp

(
512T

γ

(
‖QL‖+‖H>LQLHL‖+‖Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)‖

)
‖DL(θLi)WLi(t)‖2

)]
≤
∫
Rp

[
exp

(
512T

γ

(
‖QL‖+‖H>LQLHL‖+

(
Mγ,L(θLi)

)2‖BL(θLi)R
−1
L B>L (θLi)‖

)
‖DL(θLi)‖2x>x

)]
× 1

(
√

2πt)p

[
exp

(
− x>x

2t

)]
dx
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≤
[
γ

/(
γ − 1024 sup

0≤t≤T
sup

θLi∈ΘL

(
‖QL‖+‖H>LQLHL‖+

(
Mγ,L(θLi)

)2‖BL(θLi)R
−1
L B>L (θLi)‖

)
×‖DL(θLi)‖2T 2

)] p
2

<∞, ∀ t ∈ (0, T ]. (B.57)

Similar to the above inequality, we have

1

T

∫ T

0

E

[
exp

(
512T 2

γ

(
‖QL‖+‖H>LQLHL‖+

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥)

× t
∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2
)]

ds2

≤ 1

T

∫ T

0+

∫
Rp

[
exp

(
512T 3

γ

(
‖QL‖+‖H>LQLHL‖+

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥)
×
∥∥∥∥∂φγ,θLi (t, s2)

∂s2

∥∥∥∥2

‖DL(θLi)‖2x>x

)]
1

(
√

2πs2)p

[
exp

(
− x>x

2s2

)]
dxds2

≤ 1

T

∫ T

0

[
γ

/(
γ − 1024 sup

0≤t,s≤T
sup

θLi∈ΘL

(
‖QL‖+‖H>LQLHL‖

+
(
Mγ,L(θLi)

)2 ∥∥BL(θLi)R
−1
L B>L (θLi)

∥∥)∥∥∥∥∂φγ,θLi (t, s)∂s

∥∥∥∥2

‖DL(θLi)‖2T 4

)] p
2

ds2

<∞, ∀ t ∈ [0, T ]. (B.58)

Combining (B.56)–(B.58), we get J4 <∞. This together with (B.51) and (B.52) gives E
[
exp
(

32
γ

∫ T
0

(∥∥x̄Li(t)∥∥2

QL
+∥∥ 1

NL
HLx̄Li(t)

∥∥2

QL
+ ‖ūLi(t)‖2RL

)
dt
)]

< ∞. Therefore, ūLi(t) ∈ U lLi , i = 1, 2, . . . , NL, and then ūLi(t), i =

1, 2, . . . , NL, are the optimal strategies for Auxiliary problem (I). �

Appendix C. Proofs in Section 4

Lemma C.1. Define L̃4
F (0, T ;Rn) = {f | f(t) ∈ Rn and f(t) is Ft-measurable, ∀ t ∈ [0, T ],

E[(
∫ T

0
‖f(t)‖2dt)2] < ∞}. For any given f ∈ L̃4

F (0, T ;Rn), define norm ‖f‖L̃4
F

= {E[(
∫ T

0
‖f(t)‖2dt)2]} 1

4 . We

have (L̃4
F (0, T ;Rn), ‖·‖L̃4

F
) is a normed linear space.

Proof. Firstly, it is easy to prove that L̃4
F (0, T ;Rn) is a linear space, and ‖·‖L̃4

F
is non-negative and homogeneous.

Next, we will prove that ‖·‖L̃4
F

satisfies triangle inequality.

For any given f1 ∈ L̃4
F (0, T ;Rn) and f2 ∈ L̃4

F (0, T ;Rn), by Cauchy-Schwarz inequality, we have

E

[(∫ T

0

∥∥f1(t) + f2(t)
∥∥2

dt

)2
]

≤E

[(∫ T

0

∥∥f1(t)
∥∥∥∥f1(t) + f2(t)

∥∥dt+

∫ T

0

∥∥f2(t)
∥∥∥∥f1(t) + f2(t)

∥∥dt

)2
]
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≤E

((∫ T

0

∥∥f1(t)
∥∥2

dt

) 1
2
(∫ T

0

∥∥f1(t) + f2(t)
∥∥2

dt

) 1
2

+

(∫ T

0

∥∥f2(t)
∥∥2

dt

) 1
2
(∫ T

0

∥∥f1(t) + f2(t)
∥∥2

dt

) 1
2

)2


=E

((∫ T

0

∥∥f1(t)
∥∥2

dt

) 1
2

+

(∫ T

0

∥∥f2(t)
∥∥2

dt

) 1
2

)2(∫ T

0

∥∥f1(t) + f2(t)
∥∥2

dt

)
≤

E

((∫ T

0

∥∥f1(t)
∥∥2

dt

) 1
2

+

(∫ T

0

∥∥f2(t)
∥∥2

dt

) 1
2

)4


1
2 {

E

[(∫ T

0

∥∥f1(t) + f2(t)
∥∥2

dt

)2
]} 1

2

.

Dividing both sides of the above inequality into
{
E
[( ∫ T

0

∥∥f1(t) + f2(t)
∥∥2

dt
)2]} 1

2 , we have

{
E

[(∫ T

0

∥∥f1(t) + f2(t)
∥∥2

dt

)2
]} 1

2

≤

E

((∫ T

0

∥∥f1(t)
∥∥2

dt

) 1
2

+

(∫ T

0

∥∥f2(t)
∥∥2

dt

) 1
2

)4


1
2

.

Taking the square root on both sides of the above inequality and combining Minkowski inequality, we have

{
E

[(∫ T

0

∥∥f1(t) + f2(t)
∥∥2

dt

)2
]} 1

4

≤

E

((∫ T

0

∥∥f1(t)
∥∥2

dt

) 1
2

+

(∫ T

0

∥∥f2(t)
∥∥2

dt

) 1
2

)4


1
4

≤

{
E

[(∫ T

0

∥∥f1(t)
∥∥2

dt

)2
]} 1

4

+

{
E

[(∫ T

0

∥∥f2(t)
∥∥2

dt

)2
]} 1

4

,

which leads to the triangle inequality. Therefore, (L̃4
F (0, T ;Rn), ‖·‖L̃4

F
) is a normed linear space.

Proof of Theorem 4.3. We prove (4.7) first. It follows from (3.20) and (3.21) that

z∗L(t) =

∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLz

∗
L(s1) +QLgL]ds1ds2dFL(θL)

+

∫
ΘL×XL

φγ,θL(t, 0)xLdFL(θL, xL). (C.1)

It follows from (3.14), (3.18), (3.19), (3.22) and (3.23) that

x
∗,(NL)
L (t) =

∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLz

∗
L(s1) +QLgL]ds1ds2dFNL(θL)

+

∫
ΘL×XL

φγ,θL(t, 0)xLdFNL(θL, xL) +
1

NL

NL∑
i=1

∫ t

0

φγ,θLi (t, s)DL(θLi)dWLi(s). (C.2)

Combining (C.1), (C.2), Cr inequality with (4.3) yields

∫ T

0

∥∥∥z∗L(t)− x∗,(NL)
L (t)

∥∥∥2

dt
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≤2

∫ T

0

∥∥∥∥∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLz

∗
L(s1) +QLgL]ds1ds2dFL(θL)

−
∫

ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLz

∗
L(s1) +QLgL]ds1ds2dFNL(θL)

+

∫
ΘL×XL

φγ,θL(t, 0)xLdFL(θL, xL)−
∫

ΘL×XL
φγ,θL(t, 0)xLdFNL(θL, xL)

∥∥∥∥2

dt

+ 2

∫ T

0

∥∥∥∥ 1

NL

NL∑
i=1

∫ t

0

φγ,θLi (t, s)DL(θLi)dWLi(s)

∥∥∥∥2

dt

≤2

(
ε2NL +

∫ T

0

∥∥∥∥ 1

NL

NL∑
i=1

∫ t

0

φγ,θLi (t, s)DL(θLi)dWLi(s)

∥∥∥∥2

dt

)
.

Taking mean-square on both sides of the above inequality and using Cr inequality, we have

E

[(∫ T

0

∥∥∥z∗L(t)− x∗,(NL)
L (t)

∥∥∥2

dt

)2
]

≤8ε4NL + 8E

(∫ T

0

∥∥∥∥ 1

NL

NL∑
i=1

∫ t

0

φγ,θLi (t, s)DL(θLi)dWLi(s)

∥∥∥∥2

dt

)2
 . (C.3)

Noting that
∫ t

0
φγ,θLi (t, s)DL(θLi)dWLi(s) = DL(θLi)WLi(t)−

∫ t
0

∂φγ,θLi
(t,s)

∂s DL(θLi)WLi(s)ds, we have

E

(∫ T

0

∥∥∥∥ 1

NL

NL∑
i=1

∫ t

0

φγ,θLi (t, s)DL(θLi)dWLi(s)

∥∥∥∥2

dt

)2


≤E

[
T

∫ T

0

∥∥∥∥ 1

NL

NL∑
i=1

∫ t

0

φγ,θLi (t, s)DL(θLi)dWLi(s)

∥∥∥∥4

dt

]

=E

[
T

∫ T

0

∥∥∥∥ 1

NL

NL∑
i=1

(
DL(θLi)WLi(t)−

∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

)∥∥∥∥4

dt

]

=T

∫ T

0

E

[∥∥∥∥ 1

NL

NL∑
i=1

(
DL(θLi)WLi(t)−

∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

)∥∥∥∥4
]

dt

≤ T

N4
L

∫ T

0

NL∑
i=1

E
[
‖DL(θLi)WLi(t)‖4

]
dt+

T

N4
L

∫ T

0

NL∑
i=1

E

[∥∥∥∥∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

∥∥∥∥4
]

dt

+
3T

N4
L

∫ T

0

NL∑
i=1

NL∑
i′=1,i′ 6=i

E

[
‖DL(θLi)WLi(t)‖2

∥∥∥∥ ∫ t

0

∂φγ,θL
i′

(t, s)

∂s
DL(θLi′ )WLi′ (s)ds

∥∥∥∥2
]

dt

+
6T

N4
L

∫ T

0

NL∑
i=1

E

[
‖DL(θLi)WLi(t)‖2

∥∥∥∥∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

∥∥∥∥2
]

dt

+
3T

N4
L

∫ T

0

NL∑
i=1

NL∑
i′=1,i′ 6=i

E
[
‖DL(θLi)WLi(t)‖2‖DL(θLi′ )WLi′ (t)‖

2
]

dt+
3T

N4
L
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×
∫ T

0

NL∑
i=1

NL∑
i′=1,i′ 6=i

E

[∥∥∥∥∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

∥∥∥∥2∥∥∥∥∫ t

0

∂φγ,θL
i′

(t, s)

∂s
DL(θLi′ )WLi′ (s)ds

∥∥∥∥2
]

dt

+
4T

N4
L

∫ T

0

NL∑
i=1

E
[
‖DL(θLi)WLi(t)‖2

(
DL(θLi)WLi(t)

)> ∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

]
dt

+
4T

N4
L

∫ T

0

NL∑
i=1

E

[∥∥∥∥∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

∥∥∥∥2 (
DL(θLi)WLi(t)

)>
×
∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

]
dt+

12T

N4
L

∫ T

0

NL∑
i=1

NL∑
i′=1,i′ 6=i

E

[(
DL(θLi)WLi(t)

)>
DL(θLi′ )WLi′ (t)

×
(∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

)> ∫ t

0

∂φγ,θL
i′

(t, s)

∂s
DL(θLi′ )WLi′ (s)ds

]
dt. (C.4)

For the first term on the right side of (C.4), we have

T

N4
L

∫ T

0

NL∑
i=1

E
[
‖DL(θLi)WLi(t)‖

4
]

dt ≤ T

N4
L

NL∑
i=1

(
‖DL(θLi)‖4

∫ T

0

E
[
‖WLi(t)‖4

]
dt

)
≤p(p+ 2)T 4

3N3
L

max
i=1,2,...,NL

‖DL(θLi)‖4. (C.5)

For the second term on the right side of (C.4), we have

T

N4
L

∫ T

0

NL∑
i=1

E

[∥∥∥∥∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

∥∥∥∥4
]

dt

≤ T

N4
L

∫ T

0

t3
NL∑
i=1

∫ t

0

E

[∥∥∥∥∂φγ,θLi (t, s)∂s
DL(θLi)WLi(s)

∥∥∥∥4
]

dsdt

≤C
4
1p(p+ 2)T 8

21N3
L

max
i=1,2,...,NL

‖DL(θLi)‖4. (C.6)

For the third term on the right side of (C.4), we have

3T

N4
L

∫ T

0

NL∑
i=1

NL∑
i′=1,i′ 6=i

{
E
[
‖DL(θLi)WLi(t)‖2

]
E

[∥∥∥∥∫ t

0

∂φγ,θL
i′

(t, s)

∂s
DL(θLi′ )WLi′ (s)ds

∥∥∥∥2
]}

dt

≤3C2
1p

2T 6(NL − 1)

10N3
L

max
i=1,2,...,NL

‖DL(θLi)‖4. (C.7)

For the fourth term on the right side of (C.4), we have

6T

N4
L

∫ T

0

NL∑
i=1

E

[
‖DL(θLi)WLi(t)‖2

∥∥∥∥∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

∥∥∥∥2
]

dt

≤2
√

3C2
1p(p+ 2)T 6

5N3
L

max
i=1,2,...,NL

‖DL(θLi)‖4. (C.8)
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For the fifth term on the right side of (C.4), we have

3T

N4
L

∫ T

0

NL∑
i=1

NL∑
i′=1,i′ 6=i

E
[
‖DL(θLi)WLi(t)‖2‖DL(θLi′ )WLi′ (t)‖

2
]

dt

≤p(p+ 2)T 4(NL − 1)

N3
L

max
i=1,2,...,NL

‖DL(θLi)‖4. (C.9)

For the sixth term on the right side of (C.4), we have

3T

N4
L

∫ T

0

NL∑
i=1

NL∑
i′=1,i′ 6=i

E

[∥∥∥∥∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

∥∥∥∥2

×
∥∥∥∥∫ t

0

∂φγ,θL
i′

(t, s)

∂s
DL(θLi′ )WLi′ (s)ds

∥∥∥∥2
]

dt

≤3C4
1p

2T 6(NL − 1)

10N3
L

max
i=1,2,...,NL

‖DL(θLi)‖4. (C.10)

For the seventh term on the right side of (C.4), we have

4T

N4
L

∫ T

0

NL∑
i=1

E
[
‖DL(θLi)WLi(t)‖2

(
DL(θLi)WLi(t)

)> ∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

]
dt

≤
√

2p(p+ 2)C1pT
5

2N3
L

max
i=1,2,...,NL

‖DL(θLi)‖4. (C.11)

For the eighth term on the right side of (C.4), we have

4T

N4
L

∫ T

0

NL∑
i=1

E

[∥∥∥∥∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

∥∥∥∥2 (
DL(θLi)WLi(t)

)>
×
∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

]
dt ≤

√
6p(p+ 2)C3

1pT
7

9N3
L

max
i=1,2,...,NL

‖DL(θLi)‖4. (C.12)

For the ninth term on the right side of (C.4), we have

12T

N4
L

∫ T

0

NL∑
i=1

NL∑
i′=1,i′ 6=i

E

[(
DL(θLi)WLi(t)

)>
DL(θLi′ )WLi′ (t)

(∫ t

0

∂φγ,θLi (t, s)

∂s
DL(θLi)WLi(s)ds

)>

×
∫ t

0

∂φγ,θL
i′

(t, s)

∂s
DL(θLi′ )WLi′ (s)ds

]
dt ≤ 6C2

1p
2T 6(NL + 1)

5N3
L

max
i=1,2,...,NL

‖DL(θLi)‖4. (C.13)

By (C.4)–(C.13) and the compactness of ΘL, we have

E

(∫ T

0

∥∥∥∥ 1

NL

NL∑
i=1

∫ t

0

φγ,θLi (t, s)DL(θLi)dWLi(s)

∥∥∥∥2

dt

)2

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≤

(
p(p+ 2)T 4

3N3
L

+
C4

1p(p+ 2)T 8

21N3
L

+
3C2

1p
2T 6(NL − 1)

10N3
L

+
2
√

3C2
1p(p+ 2)T 6

5N3
L

+
p(p+ 2)T 4(NL − 1)

N3
L

+
3C4

1p
2T 6(NL − 1)

10N3
L

+

√
2p(p+ 2)C1pT

5

2N3
L

+

√
6p(p+ 2)C3

1pT
7

9N3
L

+
6C2

1p
2T 6(NL + 1)

5N3
L

)
max

i=1,2,...,NL
‖DL(θLi)‖4

=O

(
1

N2
L

)
.

Combining the above inequality with (C.3), we have E
[( ∫ T

0

∥∥z∗L(t)− x∗,(NL)
L (t)

∥∥2
dt
)2] ≤ 8ε4NL +O

(
1
N2
L

)
, which

together with Cr inequality leads to (4.7). Similar to the proof of (4.7), we can get (4.8). This completes the
proof of Theorem 4.3. �

Appendix D. Proofs in Section 5

Proof of Lemma 5.1. Firstly, we prove (5.1). Combining (3.14), (3.18), (3.19) with (3.23), we obtain

x∗Li(t) =

∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLz
∗
L(s1) +QLgL]ds1ds2

+ φγ,θLi (t, 0)xLi(0) +

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2). (D.1)

By (D.1) and the distribution of θL and xL, we get

x
∗,(NL)
L (t) =

∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLz

∗
L(s1) +QLgL]ds1ds2dFNL(θL)

+

∫
ΘL×XL

φγ,θL(t, 0)xLdFNL(θL, xL) +
1

NL

NL∑
i′=1

∫ t

0

φγ,θL
i′

(t, s)DL(θLi′ )dWLi′ (s). (D.2)

Combining (D.1), (D.2), Jensen inequality, Cr inequality with Cauchy-Schwarz inequality, we have

E
[
exp

(
4

γ
ΦL
(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))]
=E
[
exp

(
4

γ

(∫ T

0

∥∥∥x∗Li(t)−HLx
∗,(NL)
L (t)− gL

∥∥∥2

QL
+‖u∗Li(t)‖

2
RLdt

))]
≤ 1

T
E
[ ∫ T

0

exp

[
4T

γ

(∥∥∥x∗Li(t)−HLx
∗,(NL)
L (t)− gL

∥∥∥2

QL
+
∥∥−R−1

L B>L (θLi)Pγ,θLi (t)x
∗
Li(t)

+R−1
L B>L (θLi)ξγ,θLi ,z

∗
L

(t)
∥∥2

RL

)]
dt

]
≤ 1

T

∫ T

0

E
[
exp

(
4T

γ

(
3‖x∗Li(t)‖

2
QL + 3

∥∥∥HLx
∗,(NL)
L (t)

∥∥∥2

QL
+ 3‖gL‖2QL + 3

∥∥R−1
L B>L (θLi)Pγ,θLi (t)x

∗
Li(t)

∥∥2

RL

+ 3
∥∥R−1

L B>L (θLi)ξγ,θLi ,z
∗
L

(t)
∥∥2

RL

))]
dt

≤ 1

T

∫ T

0

exp

{
24T

γ

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLz
∗
L(s1) +QLgL]ds1ds2
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+ φγ,θLi (t, 0)xLi(0)

]>
QL

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLz
∗
L(s1)

+QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

]
+

24T

γ

[ ∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)

× [QLHLz
∗
L(s1) +QLgL]ds1ds2dFNL(θL) +

∫
ΘL×XL

φγ,θL(t, 0)xLdFNL(θL, xL)

]>
H>LQLHL

×
[ ∫

ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLz

∗
L(s1) +QLgL]ds1ds2

+

∫
ΘL×XL

φγ,θL(t, 0)xLdFNL(θL, xL)

]
dFNL(θL) +

24T

γ

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

×
∫ T

s2

ψγ,θLi (s2, s1)[QLHLz
∗
L(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

]>
Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)

× Pγ,θLi (t)
[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLz
∗
L(s1) +QLgL]ds1ds2

+ φγ,θLi (t, 0)xLi(0)

]
+

12T

γ
‖gL‖2QL +

12T

γ

∥∥R−1
L B>L (θLi)ξγ,θLi ,z

∗
L

(t)
∥∥2

RL

}

× E

{
exp

[
24T

γ

[ ∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

]>
QL

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

+
24T

γNL

NL∑
i′=1

[ ∫ t

0

φγ,θL
i′

(t, s2)DL(θLi′ )dWLi′ (s2)

]>
H>LQLHL

∫ t

0

φγ,θL
i′

(t, s2)DL(θLi′ )dWLi′ (s2)

+
24T

γ

[ ∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

]>
Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

×
∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

]}
dt

≤ 1

T
J

1
2
5 J

1
2
6 , (D.3)

where

J5 =

∫ T

0

exp

{
48T

γ

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLz
∗
L(s1) +QLgL]ds1ds2

+ φγ,θLi (t, 0)xLi(0)

]>
QL

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLz
∗
L(s1)

+QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

]
+

48T

γ

[ ∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)

× ψγ,θL(s2, s1)[QLHLz
∗
L(s1) +QLgL]ds1ds2dFNL(θL) +

∫
ΘL×XL

φγ,θL(t, 0)xLdFNL(θL, xL)

]>
H>LQL

×HL

[ ∫
ΘL

∫ t

0

∫ T

s2

φγ,θL(t, s2)BL(θL)R−1
L B>L (θL)ψγ,θL(s2, s1)[QLHLz

∗
L(s1) +QLgL]ds1ds2dFNL(θL)
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+

∫
ΘL×XL

φγ,θL(t, 0)xLdFNL(θL, xL)

]
+

48T

γ

[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)

× [QLHLz
∗
L(s1) +QLgL]ds1ds2 + φγ,θLi (t, 0)xLi(0)

]>
Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

×
[ ∫ t

0

φγ,θLi (t, s2)BL(θLi)R
−1
L B>L (θLi)

∫ T

s2

ψγ,θLi (s2, s1)[QLHLz
∗
L(s1) +QLgL]ds1ds2

+ φγ,θLi (t, 0)xLi(0)

]
+

24T

γ
‖gL‖2QL +

24T

γ
‖R−1

L B>L (θLi)ξγ,θLi ,z
∗
L

(t)‖2RL

}
dt,

and

J6 =

∫ T

0

{
E

[
exp

(
24T

γ

(∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)>
QL

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

+
24T

γNL

( NL∑
i′=1

(∫ t

0

φγ,θL
i′

(t, s2)DL(θLi′ )dWLi′ (s2)

)>
H>LQLHL

∫ t

0

φγ,θL
i′

(t, s2)DL(θLi′ )dWLi′ (s2)

)

+
24T

γ

(∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)>
Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

×
∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)]}2

dt.

Since φγ,θLi (t, s) and ψγ,θLi (t, s) are continuous with respect to (t, s) ∈ [0, T ] × [0, T ], z∗L(t), ξγ,θLi ,z
∗
L

(t) and
Pγ,θLi (t) are continuous with respect to t ∈ [0, T ] and ΘL is a bounded closed set, we have

J
1
2
5 <∞. (D.4)

Noting that
∫ t

0
φγ,θLi (t, s)DL(θLi)dWLi(s) = DL(θLi)WLi(t)−

∫ t
0

∂φγ,θLi
(t,s)

∂s DL(θLi)WLi(s)ds, by Cr inequality
and Jensen inequality, we have

24T

γ

[ ∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

]>
QL

∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

≤48T

γ
‖QL‖

(
‖DL(θLi)WLi(t)‖2 +

∥∥∥∥∫ t

0

∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)ds2

∥∥∥∥2
)

≤48T

γ
‖QL‖

(
‖DL(θLi)WLi(t)‖2 + t

∫ t

0

∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2

ds2

)
. (D.5)

Similar to the above inequality, we obtain

24T

γNL

[
NL∑
i′=1

(∫ t

0

φγ,θL
i′

(t, s2)DL(θLi′ )dWLi′ (s2)

)>
H>LQLHL

∫ t

0

φγ,θL
i′

(t, s2)DL(θLi′ )dWLi′ (s2)

]

≤ 48T

γNL

NL∑
i′=1

‖H>LQLHL‖

(
‖DL(θLi′ )WLi′ (t)‖

2 + t

∫ t

0

∥∥∥∥∂φγ,θLi′ (t, s2)

∂s2
DL(θLi′ )WLi′ (s2)

∥∥∥∥2

ds2

)
(D.6)



RISK-SENSITIVE MEAN FIELD GAMES WITH MAJOR AND MINOR PLAYERS 51

and

24T

γ

(∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

)>
Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

×
∫ t

0

φγ,θLi (t, s2)DL(θLi)dWLi(s2)

≤48T

γ

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥
×

(
‖DL(θLi)WLi(t)‖2 + t

∫ t

0

∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2

ds2

)
. (D.7)

From (D.5)–(D.7) and the definition of J6, we have

J6 ≤
∫ T

0

{
E

[
exp

[
48T

γ

(
‖QL‖+

1

NL
‖H>LQLHL‖+‖Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)‖

)

×‖DL(θLi)WLi(t)‖2
]
exp

(
48T

γ

(
‖QL‖+

1

NL
‖H>LQLHL‖+

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥)

× t
∫ T

0

∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2

ds2

)]
NL∏

i′=1,i′ 6=i

E

[
exp

(
48T

γNL
‖H>LQLHL‖

×

(
‖DL(θLi′ )WLi′ (t)‖

2 +

∫ T

0

∥∥∥∥∂φγ,θLi′ (t, s2)

∂s2
DL(θLi′ )WLi′ (s2)

∥∥∥∥2

ds2

))]}2

dt

≤
∫ T

0

E
[
exp

[
96T

γ

(
‖QL‖+

1

NL
‖H>LQLHL‖+‖Pγ,θLi (t)BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)‖

)
×‖DL(θLi)WLi(t)‖2

]]
1

T

∫ T

0

E

[
exp

(
96T 2

γ

(
‖QL‖+

1

NL
‖H>LQLHL‖

+‖Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)‖

)
t

∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2
)]

ds2

×
NL∏

i′=1,i′ 6=i

{
E
[
exp

(
96T

γNL
‖H>LQLHL‖‖DL(θLi′ )WLi′ (t)‖

2

)]}

×
NL∏

i′=1,i′ 6=i

{
1

T

∫ T

0

E

[
exp

(
96T 2t

γNL
‖H>LQLHL‖

∥∥∥∥∂φγ,θLi′ (t, s2)

∂s2
DL(θLi′ )WLi′ (s2)

∥∥∥∥2
)]

ds2

}
dt. (D.8)

By the definition of Mγ,L(θLi), Assumption 2.5, the compactness of ΘL and the calculation of the expectation
of the exponential function related to Brownian motion, we have

E
{

exp

[
96T

γ

(
‖QL‖+

1

NL
‖H>LQLHL‖+

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥)
×‖DL(θLi)WLi(t)‖2

]}
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≤
∫
Rp

exp

[
96T

γ

(
‖QL‖+

1

NL
‖H>LQLHL‖+

(
Mγ,L(θLi)

)2 ∥∥BL(θLi)R
−1
L B>L (θLi)

∥∥)‖DL(θLi)‖2x>x
]

× 1

(
√

2πt)p
exp

(
− x>x

2t

)
dx

≤
{
γ

/[
γ − 192 sup

0≤t,s≤T
sup

θLi∈ΘL

(
‖QL‖+

1

NL
‖H>LQLHL‖+

(
Mγ,L(θLi)

)2 ∥∥BL(θLi)R
−1
L B>L (θLi)

∥∥)

×‖DL(θLi)‖2T 2

]} p
2

<∞, ∀ t ∈ (0, T ]. (D.9)

Similar to the above inequality, we have

1

T

∫ T

0

E

[
exp

(
96T 2

γ

(
‖QL‖+

1

NL
‖H>LQLHL‖+

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥)

× t
∥∥∥∥∂φγ,θLi (t, s2)

∂s2
DL(θLi)WLi(s2)

∥∥∥∥2
)]

ds2

≤ 1

T

∫ T

0+

∫
Rp

exp

[
96T 3

γ

(
‖QL‖+

1

NL
‖H>LQLHL‖+

∥∥Pγ,θLi (t)BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)

∥∥)

×
∥∥∥∥∂φγ,θLi (t, s2)

∂s2

∥∥∥∥2

‖DL(θLi)‖2x>x

]
1

(
√

2πs2)p
exp

(
− x>x

2s2

)
dxds2

≤ 1

T

∫ T

0

{
γ

/[
γ − 192 sup

0≤t,s≤T
sup

θLi∈ΘL

(
‖QL‖+

1

NL
‖H>LQLHL‖

+
(
Mγ,L(θLi)

)2∥∥BL(θLi)R
−1
L B>L (θLi)

∥∥)∥∥∥∥∂φγ,θLi (t, s)∂s

∥∥∥∥2

‖DL(θLi)‖2T 4

]} p
2

ds2

<∞, ∀ t ∈ [0, T ], (D.10)

NL∏
i′=1,i′ 6=i

E
[
exp

(
96T

γNL
‖H>LQLHL‖‖DL(θLi′ )WLi′ (t)‖

2

)]

=

NL∏
i′=1,i′ 6=i

{
E
[
exp

(
96T

γ
‖H>LQLHL‖‖DL(θLi′ )WLi′ (t)‖

2

)] 1
NL

}

≤
NL∏

i′=1,i′ 6=i

{
E
[
exp

(
96T

γ
‖H>LQLHL‖‖DL(θLi′ )WLi′ (t)‖

2

)]} 1
NL

=

NL∏
i′=1,i′ 6=i

{∫
Rp

exp

(
96T

γ
‖H>LQLHL‖‖DL(θLi′ )‖

2x>x

)
1

(
√

2πt)p
exp

(
−x
>x

2t

)
dx

} 1
NL

≤
NL∏

i′=1,i′ 6=i

[
γ

/(
γ − 192 sup

θL
i′
∈ΘL

‖H>LQLHL‖‖DL(θLi′ )‖
2T 2

)] p
2NL
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<∞, ∀ t ∈ (0, T ], (D.11)

and

NL∏
i′=1,i′ 6=i

{
1

T

∫ T

0

E

[
exp

(
96T 2t

γNL
‖H>LQLHL‖

∥∥∥∥∂φγ,θLi′ (t, s2)

∂s2
DL(θLi′ )WLi′ (s2)

∥∥∥∥2
)]

ds2

}

≤
NL∏

i′=1,i′ 6=i

{
1

T

∫ T

0+

∫
Rp

exp

(
96T 3

γ
‖H>LQLHL‖

∥∥∥∥∂φγ,θLi′ (t, s2)

∂s2

∥∥∥∥2

‖DL(θLi′ )‖
2x>x

)

× 1

(
√

2πs2)p
exp

(
−x
>x

2s2

)
dxds2

} 1
NL

≤
NL∏

i′=1,i′ 6=i

{
1

T

∫ T

0

[
γ

/(
γ − 192 sup

0≤t,s≤T
sup

θL
i′
∈ΘL

‖H>LQLHL‖
∥∥∥∥∂φγ,θLi′ (t, s)∂s

∥∥∥∥2

×‖DL(θLi′ )‖
2T 4

)] 1
2

ds2

} p
NL

<∞, ∀ t ∈ [0, T ]. (D.12)

Combining (D.8)–(D.12), we have J6 < ∞. This together with (D.3) and (D.4) leads to (5.1). Similar to the
proof of (5.1), we can get (5.2).

Next, we prove (5.3). Firstly, by Cauchy-Schwarz inequality, we have

{
E

[(∫ 1

0

exp

(
(1− s)
γ

ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
exp

(
s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

)2
]} 1

2

≤
{
E
[∫ 1

0

exp

(
2(1− s)

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
ds

∫ 1

0

exp

(
2s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
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]} 1
2

≤

{
E

[(∫ 1

0

exp

(
2(1− s)

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
ds

)2
]} 1

4

×

{
E

[(∫ 1

0

exp

(
2s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

)2
]} 1

4

. (D.13)

By Jensen inequality, we get

[∫ 1

0

exp

(
2(1− s)

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
ds

]2

≤
∫ 1

0

exp

(
4(1− s)

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
ds (D.14)

and [∫ 1

0

exp

(
2s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

]2

≤
∫ 1

0

exp

(
4s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds. (D.15)
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It follows from (D.13)–(D.15) that

{
E

[(∫ 1

0

exp

(
(1− s)
γ

ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
exp

(
s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

)2
]} 1

2

≤
{
E
[∫ 1

0

exp

(
4(1− s)

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
ds

]} 1
4

×
{
E
[∫ 1

0

exp

(
4s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

]} 1
4

≤
{
E
[
exp

(
4

γ
ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))]} 1
4
{
E
[
exp

(
4

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))]} 1
4

.

This together with (5.1) and (5.2) yields

{
E

[(∫ 1

0

exp

(
(1− s)
γ

ΦL

(
x∗Li(·), x

∗,(NL)
L (·), u∗Li(·)

))
exp

(
s

γ
ΦL
(
x∗Li(·), z

∗
L(·), u∗Li(·)

))
ds

)2
]} 1

2

<∞.

This completes the proof of (5.3). We can prove (5.4)–(5.6) by a similar proof of (5.1)–(5.3). �

Proof of Theorem 5.4. Firstly, we prove (5.12). The process is similar to the proof of Theorem 4.6 of [36],
which can be divided into two steps.

The first step. To prove

E

(∫ T

0

∥∥∥∥ 1

NL
xLi(t) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)− z
∗
L(t)

∥∥∥∥2

dt

)2
 = O

(
ε4NL +

1

N2
L

)
, i = 1, . . . , NL. (D.16)

Let uLi be the strategy of the major player i, the strategies of other players are denoted by u∗Lk , k = 1, . . . , i−
1, i+ 1, · · · , NL. The state equations of the major player i and the major player k(k 6= i) are given by

dxLi(t) =[AL(θLi)−BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (t)]xLi(t)dt+BL(θLi)R

−1
L B>L (θLi)ξγ,θLi ,z

∗
L

(t)dt

+DL(θLi)dWLi(t) +BL(θLi)(uLi(t)− u∗Li(t))dt, (D.17)

dx∗Lk(t) =[AL(θLk)−BL(θLk)R−1
L B>L (θLk)Pγ,θLk (t)]x∗Lk(t)dt+BL(θLk)R−1

L B>L (θLk)ξγ,θLk ,z
∗
L

(t)dt

+DL(θLk)dWLk(t). (D.18)

The cost function of the major player i is given by

JLi
(
uLi(·), u∗L−i(·)

)
= γ lnE

[
exp

(
1

γ
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
))]

,

where u∗L−i(·) =
(
u∗L1

(·), u∗L2
(·), . . . , u∗Li−1

(·), u∗Li+1
(·), . . . , u∗LNL (·)

)
, ΦL

(
xLi(·), 1

NL
xLi(·)+ 1

NL

∑NL
i′=1,i′ 6=i x

∗
Li′

(·),

uLi(·)
)

=
∫ T

0

(
‖xLi(t)−HLz

∗
L(t) +HL

(
z∗L(t)− 1

NL
xLi(t)− 1

NL

∑NL
i′=1,i′ 6=i x

∗
Li′

(t)
)
− gL‖2QL +‖uLi(t)‖2RL

)
dt. The

admissible control set is UgLi , which is defined in Section 2. By lemma 5.1, there exists a constant C2 such that
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JLi
(
u∗Li(·), u

∗
L−i

(·)
)
≤ C2. If uLi(·) satisfies JLi

(
uLi(·), u∗L−i(·)

)
> C2, it is obvious that

JLi
(
u∗Li(·), u

∗
L−i(·)

)
≤ JLi

(
uLi(·), u∗L−i(·)

)
+O

(
εNL +

1√
NL

)
, i = 1, 2, . . . , NL. (D.19)

In the following part of step 1 and step 2, we only consider the strategy uLi satisfying JLi
(
uLi(·), u∗L−i(·)

)
≤

JLi
(
u∗Li(·), u

∗
L−i

(·)
)
≤ C2.

Since uLi(·) ∈ U
g
Li

, we have E
{

exp
[

1
γ

∫ T
0
‖uLi(t)‖2RLdt

]}
<∞. This together with Jensen inequality gives

E

[(∫ t

0

‖uLi(s)‖2RLds

)2
]

=γ2E

[(
1

γ

∫ t

0

‖uLi(s)‖2RLds

)2
]

≤γ2E

{[
exp

(
1

γ

∫ t

0

‖uLi(s)‖2RLds

)]2
}

≤γ2E

{[
exp

(
1

γ

∫ T

0

‖uLi(s)‖2RLds

)]2
}

<∞, ∀ t ∈ [0, T ]. (D.20)

For any given x ∈ Rm, define ‖x‖RL= (‖x‖2RL)
1
2 . It is easy to prove that ‖·‖RL is a norm on Rm over the field

R. Because all norms on a finite-dimensional normed linear space are equivalent, so ‖·‖RL is equivalent to ‖·‖
on Rm. Hence, there exist constants α > 0 and β > 0 such that α‖x‖RL≤ ‖x‖2≤ β‖x‖RL , which together with
(D.20) leads to

E

[(∫ t

0

‖uLi(s)‖2ds

)2
]
≤ β4E

[(∫ t

0

‖uLi(s)‖2RLds

)2
]
<∞, ∀ t ∈ [0, T ],

which together with (3.19), Cr inequality, the compactness of ΘL and the continuity of Pγ,θLi (s) and ξγ,θLi ,z
∗
L

(s)
with respect to s ∈ [0, T ] follows that there exist constants C3 and C4 such that

E

[(∫ t

0

‖uLi(s)− u∗Li(s)‖
2ds

)2
]

≤E

[(
2

∫ t

0

‖uLi(s)‖2ds+ 2

∫ t

0

‖u∗Li(s)‖
2ds

)2
]

≤8E

[(∫ t

0

‖uLi(s)‖2ds

)2
]

+ 8E

[(∫ t

0

‖u∗Li(s)‖
2ds

)2
]

=8E

[(∫ t

0

‖uLi(s)‖2ds

)2
]

+ 8E

[(∫ t

0

‖−R−1
L B>L (θLi)Pγ,θLi (s)xLi(s) +R−1

L B>L (θLi)ξγ,θLi ,z
∗
L

(s)‖2ds

)2
]

≤C3 + C4E

[(∫ t

0

‖xLi(s)‖2ds

)2
]
, ∀ t ∈ [0, T ].
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By the above inequality and Jensen inequality, we have

E


[∫ t

0

(∫ s

0

‖uLi(s1)− u∗Li(s1)‖ds1

)2

ds

]2


≤E

[(∫ t

0

s

∫ s

0

‖uLi(s1)− u∗Li(s1)‖2ds1ds

)2
]

≤E

[
t

∫ t

0

s2

(∫ s

0

‖uLi(s1)− u∗Li(s1)‖2ds1

)2

ds

]

≤t3
∫ t

0

E

[(∫ s

0

‖uLi(s1)− u∗Li(s1)‖2ds1

)2
]

ds

≤t3
∫ t

0

{
C3 + C4E

[(∫ s

0

‖xLi(s1)‖2ds1

)2
]}

ds

≤C3t
4 + C4t

3

∫ t

0

E

[(∫ s

0

‖xLi(s1)‖2ds1

)2
]

ds, ∀ t ∈ [0, T ]. (D.21)

By (3.23), we can rewrite (D.17) and (D.18) as

xLi(t) = x∗Li(t) +

∫ t

0

φγ,θLi (t, s1)BL(θLi)(uLi(s1)− u∗Li(s1))ds1, (D.22)

x∗Lk(t) = x∗Lk(t), k = 1, 2, . . . , i− 1, i+ 1, . . . , NL. (D.23)

By adding both sides of (D.22) and (D.23) for i = 1, . . . , NL and normalizing by 1
NL

, we have

1

NL
xLi(t) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)− z
∗
L(t)

=x
∗,(NL)
L (t)− z∗L(t) +

1

NL

∫ t

0

φγ,θLi (t, s1)BL(θLi)(uLi(s1)− u∗Li(s1))ds1,

which together with Lemma A.1 gives

∥∥∥∥ 1

NL
xLi(t) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)− z
∗
L(t)

∥∥∥∥
≤
∥∥∥x∗,(NL)

L (t)− z∗L(t)
∥∥∥+

C1‖BL(θLi)‖
NL

∫ t

0

‖uLi(s)− u∗Li(s)‖ds, ∀ t ∈ [0, T ].

Combining the above inequality with Cr inequality, we have

E

(∫ T

0

∥∥∥∥ 1

NL
xLi(t) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)− z
∗
L(t)

∥∥∥∥2

dt

)2

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≤E


[

2

∫ T

0

∥∥∥x∗,(NL)
L (t)− z∗L(t)

∥∥∥2

dt+
2C2

1‖BL(θLi)‖2

N2
L

∫ T

0

(∫ t

0

‖uLi(s)− u∗Li(s)‖ds
)2

dt

]2


≤8E

(∫ T

0

∥∥∥∥x∗,(NL)
L (t)− z∗L(t)

∥∥∥∥2

dt

)2
+

8C4
1‖BL(θLi)‖4

N4
L

E


[∫ T

0

(∫ t

0

‖uLi(s)− u∗Li(s)‖ds
)2

dt

]2
 .

Combining the above inequality with Theorem 4.3 and (D.21), we know that there exists a constant C5 such
that

E

(∫ T

0

∥∥∥∥ 1

NL
xLi(t) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)− z
∗
L(t)

∥∥∥∥2

dt

)2


≤C5

(
ε4NL +

1

N2
L

)
+

8C4
1C3T

4‖BL(θLi)‖4

N4
L

+
C4

1C4T
3‖BL(θLi)‖4

N4
L

∫ T

0

E

[(∫ t

0

‖xLi(s)‖2ds

)2
]

dt. (D.24)

By (D.17) and Cr inequality, we get

E

[(∫ t

0

‖xLi(s)‖2ds

)2
]

=E

[(∫ t

0

∥∥∥∥xLi(0) +

∫ s

0

(
AL(θLi)−BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (s1)

)
xLi(s1)ds1 +

∫ s

0

BL(θLi)R
−1
L

×B>L (θLi)ξγ,θLi ,z
∗
L

(s1)ds1 +

∫ s

0

BL(θLi)(uLi(s1)− u∗Li(s1))ds1 +

∫ s

0

DL(θLi)dWLi(s1)

∥∥∥∥2

ds

)2]

≤E

{[
4

∫ t

0

(∥∥∥∥xLi(0) +

∫ s

0

BL(θLi)R
−1
L B>L (θLi)ξγ,θLi ,z

∗
L

(s1)ds1

∥∥∥∥2

+

∥∥∥∥∫ s

0

(
AL(θLi)−BL(θLi)R

−1
L

×B>L (θLi)Pγ,θLi (s1)
)
xLi(s1)ds1

∥∥∥∥2

+

∥∥∥∥∫ s

0

BL(θLi)(uLi(s1)− u∗Li(s1))ds1

∥∥∥∥2

+

∥∥∥∥∫ s

0

DL(θLi)dWLi(s1)

∥∥∥∥2
)

ds

]2}

≤64

(∫ t

0

∥∥∥∥xLi(0) +

∫ s

0

BL(θLi)R
−1
L B>L (θLi)ξγ,θLi ,z

∗
L

(s1)ds1

∥∥∥∥2

ds

)2

+ 64E

[(∫ t

0

∥∥∥∥∫ s

0

(
AL(θLi)

−BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (s1)

)
xLi(s1)ds1

∥∥∥∥2

ds

)2]
+ 64E

[(∫ t

0

∥∥∥∥∫ s

0

BL(θLi)

× (uLi(s1)− u∗Li(s1))ds1

∥∥∥∥2

ds

)2]
+ 64E

[(∫ t

0

∥∥∥∥∫ s

0

DL(θLi)dWLi(s1)

∥∥∥∥2

ds

)2]
, ∀ t ∈ [0, T ]. (D.25)
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By the compactness of XL and the continuity of ξγ,θLi ,z
∗
L

(t) with respect to t ∈ [0, T ], we have

64

(∫ t

0

∥∥∥∥xLi(0) +

∫ s

0

BL(θLi)R
−1
L B>L (θLi)ξγ,θLi ,z

∗
L

(s1)ds1

∥∥∥∥2

ds

)2

<∞, ∀ t ∈ [0, T ]. (D.26)

From Jensen inequality, the compactness of ΘL and the continuity of Pγ,θLi (t) with respect to t ∈ [0, T ], we
know that there exists a constant C6 such that

64E

(∫ t

0

∥∥∥∥∫ s

0

(
AL(θLi)−BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (s1)

)
x̃′Li(s1)ds1

∥∥∥∥2

ds

)2


≤64E

[(∫ t

0

s sup
s2∈[0,T ]

∥∥AL(θLi)−BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (s2)

∥∥2
∫ s

0

∥∥x̃′Li(s1)
∥∥2

ds1ds

)2
]

≤64t3 sup
s2∈[0,T ]

∥∥AL(θLi)−BL(θLi)R
−1
L B>L (θLi)Pγ,θLi (s2)

∥∥4
∫ t

0

E

[(∫ s

0

∥∥x̃′Li(s1)
∥∥2

ds1

)2
]

ds

≤C3

∫ t

0

E

[(∫ s

0

∥∥x̃′Li(s1)
∥∥2

ds1

)2
]

ds, ∀ t ∈ [0, T ]. (D.27)

By Jensen inequality and the compactness of ΘL, we have

64E

(∫ t

0

∥∥∥∥∫ s

0

DL(θLi)dWLi(s1)

∥∥∥∥2

ds

)2
 ≤64E

[(∫ t

0

‖DL(θLi)WLi(s)‖2ds

)2
]

≤64t‖DL(θLi)‖2
∫ t

0

E[‖WLi(s)‖4]ds

=
64

3
t3‖DL(θLi)‖2p(p+ 2)

<∞, ∀ t ∈ [0, T ]. (D.28)

Combining (D.25)–(D.28), we know that there exist constants C7 and C8 such that

E

[(∫ t

0

‖xLi(s)‖2ds

)2
]
≤ C7 + C8

∫ t

0

E

[(∫ s

0

‖xLi(s1)‖2ds1

)2
]

ds, ∀ t ∈ [0, T ].

By the above inequality and Gronwall inequality, we obtain

E

[(∫ t

0

‖xLi(s)‖2ds

)2
]
<∞, ∀ t ∈ [0, T ],

which together with the compactness of ΘL leads to

C4
1C4T

3‖BL(θLi)‖4

N4
L

∫ T

0

E

[(∫ t

0

‖xLi(s)‖2ds

)2
]

dt = O

(
1

N4
L

)
. (D.29)
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By the compactness of ΘL, we have
8C4

1C3T
4‖BL(θLi )‖

4

N4
L

= O
(

1
N4
L

)
, which together with (D.24) and (D.29) gives

(D.16).
The second step. To prove

JLi
(
uLi(·), u∗L−i(·)

)
≥ JLi

(
u∗Li(·), u

∗
L−i(·)

)
−O

(
εNL +

1√
NL

)
. (D.30)

We rewrite (D.17) as

dxLi(t) =
[(
AL(θLi)−BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

)
xLi(t) +BLu

′
Li(t)

+BL(θLi)R
−1
L B>L (θLi)ξγ,θLi ,z

∗
L

(t)
]
dt+DL(θLi)dWLi(t), (D.31)

where u′Li(t) = uLi(t) +R−1
L B>L [Pγ,θLi (t)xLi(t)− ξγ,θLi ,z∗L(t)].

We constructed the following auxiliary problem. Minimize J̃Li(u
′′
Li

), i.e.

min
u′′Li

(·)∈ŨLi
J̃Li(u

′′
Li(·)) = γ lnE

[
exp

(
1

γ
ΦL
(
x̃Li(·), z∗L(·), u′′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

))]
,

s.t.

dx̃Li(t) =
[(
AL(θLi)−BL(θLi)R

−1
L B>L (θLi)Pγ,θLi (t)

)
x̃Li(t) +BL(θLi)u

′′
Li(t)

+BL(θLi)R
−1
L B>L (θLi)ξγ,θLi ,z

∗
L

(t)
]
dt+DL(θLi)dWLi(t), (D.32)

where x̃Li(0) = xL(0), ΦL
(
x̃Li(·), z∗L(·), u′′Li(·) − R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·) − ξγ,θLi ,z∗L(·))

)
=
∫ T

0

(
‖x̃Li(t) −

HLz
∗
L(t)− gL‖2QL + ‖u′′Li(t)−R

−1
L B>L (θLi)(Pγ,θLi (t)x̃Li(t)− ξγ,θLi ,z∗L(t))‖2RL

)
dt, and the admissible control set

is defined as

ŨLi =

{
u′′Li(·)

∣∣∣∣u′′Li(t)is adapted to σ(x̃Li′ (s), i
′ = 1, 2, . . . , NL, s ≤ t), t ∈ [0, T ],

the system (D.32) has a unique strong solution x̃Li(·),

E
[ ∫ T

0

(
exp

(
αMγ,L(θLi)

γ
‖x̃Li(t)‖2

))
‖x̃Li(t)‖2dt

]
<∞, and E

[
exp

(
32

γ

∫ T

0

(
‖x̃Li(t)‖2QL

+

∥∥∥∥ 1

NL
HLx̃Li(t)

∥∥∥∥2

QL

+
∥∥u′′Li(t)−R−1

L B>L (θLi)(Pγ,θLi (t)x̃Li(t)− ξγ,θLi ,z∗L(t))
∥∥2

RL

)
dt

)]
<∞

}
,

where α is same with that given in UgLi .
By comparing this auxiliary problem with Auxiliary problem (I), we know that J̃Li

(
u′′Li(·)

)
reaches the

minimum at u′′Li(·) ≡ 0. Hence,

J̃Li
(
u′Li(·)

)
≥ J̃Li(0) = J̄Li,z∗L

(
u∗Li(·)

)
. (D.33)



60 Y. CHEN ET AL.

Take u′′Li(·) = u′Li(·) in (D.32) and let x̃′Li(·) be the associated solution. We have x̃′Li(t) = x∗Li(t) +
∫ t

0
ψγ,Li(t, s)

×u′Li(s)ds, where x∗Li(t) is determined by (3.23). By (D.31) and (D.32), we have

x̃′Li(t) = xLi(t), ∀ t ∈ [0, T ]. (D.34)

Since JLi
(
uLi(·), u∗L−i(·)

)
≤ C2, we have

E
[
exp

(
1

γ
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
))]

<∞. (D.35)

By Cr inequality and Cauchy-Schwarz inequality, we have

E
[
exp

(
1

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

))]
≤E
[
exp

(
3

γ

∫ T

0

(
‖xLi(t)‖2QL+‖HLz

∗
L(t)‖2QL+‖gL‖2QL

+
∥∥u′Li(t)−R−1

L B>L (Pγ,θLi (t)x̃Li(t)− ξγ,θLi ,z∗L(t))
∥∥2

RL

)
dt

)]
≤E
[
exp

(
3

γ

∫ T

0

(
‖xLi(t)‖2QL +

∥∥u′Li(t)−R−1
L B>L (Pγ,θLi (t)x̃Li(t)− ξγ,θLi ,z∗L(t))

∥∥2

RL

)
dt

)]
× exp

(
3

γ

∫ T

0

(
‖z∗L(t)‖2QL+‖gL‖2QL

)
dt

)
. (D.36)

By the definition of admissible control sets UgLi and the boundedness of ‖gL‖2QL , we have

E
[
exp

(
3

γ

∫ T

0

(
‖xLi(t)‖2QL +

∥∥u′Li(t)−R−1
L B>L (Pγ,θLi (t)x̃Li(t)− ξγ,θLi ,z∗L(t))

∥∥2

RL

)
dt

)]
<∞. (D.37)

From the continuity of z∗L(t) with respect to t ∈ [0, T ] and boundedness of ‖gL‖QL , we get

exp

(
3

γ

∫ T

0

(
‖z∗L(t)‖2QL + ‖gL‖2QL

)
dt

)
<∞,

which together with (D.36) and (D.37) implies

E
[
exp

(
1

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

))]
<∞. (D.38)

Since γ > 0, we have ΦL
(
xLi(·), 1

NL
xLi(·) + 1

NL

∑NL
i′=1,i′ 6=i x

∗
Li′

(·), uLi(·)
)
≥ 0 and ΦL

(
x̃′Li(·), z

∗
L(·), u′Li(·) −

R−1
L B>L (Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

)
≥ 0. By the properties of the exponential function, (D.35) and (D.38), we

have 1 ≤ E
{

exp
[

1
γΦL

(
xLi(·), 1

NL
xLi(·) + 1

NL

∑NL
i′=1,i′ 6=i x

∗
Li′

(·), uLi(·)
)]}

<∞ and 1 ≤ E
[
exp
(

1
γΦL

(
x̃′Li(·), z

∗
L(·),

u′Li(·) − R−1
L B>L (Pγ,θLi (·)x̃Li(·) − ξγ,θLi ,z

∗
L

(·))
))]

< ∞, and by the differential mean value theorem,

we know that there exists a constant b′ ≥ 1 such that b′ ∈
[

min
{
E
[
exp
[

1
γΦL

(
xLi(·), 1

NL
xLi(·) +

1
NL

∑NL
i′=1,i′ 6=i x

∗
Li′

(·), uLi(·)
)]]

, E
[
exp
(

1
γΦL

(
x̃′Li(·), z

∗
L(·), u′Li(·) − R−1

L B>L (Pγ,θLi (·)x̃Li(·) − ξγ,θLi ,z
∗
L

(·))
))]}

,
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max
{
E
[
exp
[

1
γΦL

(
xLi(·), 1

NL
xLi(·) + 1

NL

∑NL
i′=1,i′ 6=i x

∗
Li′

(·), uLi(·)
)]]
,E
[
exp
(

1
γΦL

(
x̃′Li(·), z

∗
L(·), u′Li(·) − R

−1
L B>L

(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))
))]}]

and

∣∣∣JLi(uLi(·), u∗L−i(·))− J̃Li(u′Li(·))∣∣∣
=

∣∣∣∣γ lnE
[
exp

(
1

γ
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
))]

− γ lnE
[
exp

(
1

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi x̃Li(·)− ξγ,θLi ,z∗L(·))

))]∣∣∣∣
=

{
γ

b′

∣∣∣∣E[exp

(
1

γ
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
))

− exp

(
1

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

))]∣∣∣∣}.
By the above equation, Dyson expansion and Cauchy-Schwarz inequality, we have∣∣∣JLi(uLi(·), u∗L−i(·))− J̃Li(u′Li(·))∣∣∣

=
1

b′
E
{∫ 1

0

exp

[
(1− s)
γ

ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
)]

×
[
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
)

− ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

)]
× exp

[
s

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

)]
ds

}
≤ 1

b′

{
E

[∣∣∣∣ΦL(xLi(·), 1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
)

− ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

)∣∣∣∣2
]} 1

2

×

{
E

[(∫ 1

0

exp

(
(1− s)
γ

ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
))

× exp

(
s

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

))
ds

)2
]} 1

2

≤ 1

b′

{
E

[∣∣∣∣ΦL(xLi(·), 1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
)

− ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

)∣∣∣∣2
]} 1

2
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×
{
E
[ ∫ 1

0

exp

(
2(1− s)

γ
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
))

ds

×
∫ 1

0

exp

(
2s

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

))
ds

]} 1
2

≤ 1

b′

{
E

[∣∣∣∣ΦL(xLi(·), 1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
)

− ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

)∣∣∣∣2
]} 1

2

×

{
E

[(∫ 1

0

exp

(
2(1− s)

γ
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
))

ds

)2
]} 1

4

×

{
E

[(∫ 1

0

exp

(
2s

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

))
ds

)2
]} 1

4

.

From the above inequality and Jensen inequality, we obtain

∣∣∣JLi(uLi(·), u∗L−i(·))− J̃Li(u′Li(·))∣∣∣
≤ 1

b′

{
E

[∣∣∣∣ΦL(xLi(·), 1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
)

− ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

)∣∣∣∣2
]} 1

2

×
{
E
[ ∫ 1

0

exp

(
4(1− s)

γ
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
))

ds

]} 1
4

×
{
E
[ ∫ 1

0

exp

(
4s

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

))
ds

]} 1
4

≤ 1

b′

{
E

[∣∣∣∣ΦL(xLi(·), 1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
)

− ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

)∣∣∣∣2
]} 1

2

×
{
E
[
exp

(
4

γ
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
))]} 1

4

×
{
E
[
exp

(
4

γ
ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

))]} 1
4

. (D.39)
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By a2 − b2 ≤ (a− b)2 + 2|b||a− b|, (D.34) and Cauchy-Schwarz inequality, we have

E

[∣∣∣∣ΦL(xLi(·), 1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
)

− ΦL
(
x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))

)∣∣∣∣2
]

=E

{[∫ T

0

(∥∥∥∥xLi(t)−HLz
∗
L(t) +HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)
− gL

∥∥∥∥2

QL

−‖x̃′Li(t)−HLz
∗
L(t)− gL‖2QL

)
dt+

∫ T

0

(
‖u′Li(t)−R

−1
L B>L (θLi)

(
Pγ,θLi (t)xLi(t)− ξγ,θLi ,z∗L(t)

)
‖2RL

−‖u′Li(t)−R
−1
L B>L (θLi)

(
Pγ,θLi (t)x̃

′
Li − ξγ,θLi ,z∗L(t)

)
‖2RL

)
dt

]2}

≤E

{[∫ T

0

‖QL‖
∥∥∥∥(xLi(t)−HLz

∗
L(t) +HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)
− gL

)

−
(
x̃′Li(t)−HLz

∗
L(t)− gL

)∥∥∥∥∥∥∥∥(xLi −HLz
∗
L(t) +HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)

− gL
)
−
(
x̃′Li(t)−HLz

∗
L(t)− gL

)
+ 2
(
x̃′Li(t)−HLz

∗
L(t)− gL

)∥∥∥∥dt

+

∫ T

0

‖RL‖
∥∥∥(u′Li(t)−R−1

L B>L (θLi)
(
Pγ,θLi (t)xLi(t)− ξγ,θLi ,z∗L(t)

))
−
(
u′Li(t)−R

−1
L B>L (θLi)

(
Pγ,θLi (t)x̃

′
Li − ξγ,θLi ,z∗L(t)

))∥∥∥∥∥∥(u′Li(t)−R−1
L B>L (θLi)

×
(
Pγ,θLi (t)xLi(t)− ξγ,θLi ,z∗L(t)

))
−
(
u′Li(t)−R

−1
L B>L (θLi)

(
Pγ,θLi (t)x̃

′
Li − ξγ,θLi ,z∗L(t)

))
+ 2
(
u′Li(t)−R

−1
L B>L (θLi)

(
Pγ,θLi (t)x̃

′
Li − ξγ,θLi ,z∗L(t)

))∥∥∥dt

]2
}

≤E

{[∫ T

0

(
‖QL‖

∥∥∥∥xLi(t)− x̃′Li(t) +HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)∥∥∥∥2

+ 2‖QL‖

×
∥∥∥∥xLi(t)− x̃′Li(t) +HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)∥∥∥∥‖x̃′Li(t)−HLz
∗
L(t)− gL‖

)
dt

+

∫ T

0

(
‖RL‖‖R−1

L B>L (θLi)Pγ,θLi (t)‖
2‖xLi(t)− x̃′Li(t)‖

2+2‖RL‖‖R−1
L B>L (θLi)Pγ,θLi (t)‖

×
∥∥xLi(t)− x̃′Li(t)‖∥∥u′Li(t)−R−1

L B>L (θLi)
(
Pγ,θLi (t)x̃

′
Li(t)− ξγ,θLi ,z∗L(t)

)∥∥)dt

]2}

=E

{[∫ T

0

(
‖QL‖

∥∥∥∥HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)∥∥∥∥2
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+ 2‖QL‖
∥∥∥∥HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)∥∥∥∥‖x̃′Li(t)−HLz
∗
L(t)− gL‖

)
dt

]2}

≤E

{[
‖QL‖

∫ T

0

∥∥∥∥HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)∥∥∥∥2

dt+ 2‖QL‖

(∫ T

0

∥∥∥∥HL

(
z∗L(t)

− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)∥∥∥∥2

dt

) 1
2(∫ T

0

‖x̃′Li(t)−HLz
∗
L(t)− gL‖2dt

) 1
2

]2}

≤2E

[
‖QL‖2

(∫ T

0

∥∥∥∥HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)∥∥∥∥2

dt

)2]
+ 8E

[
‖QL‖2

×
∫ T

0

∥∥∥∥HL

(
z∗L(t)− 1

NL
xLi(t)−

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)

)∥∥∥∥2

dt

∫ T

0

‖x̃′Li(t)−HLz
∗
L(t)− gL‖2dt

]

≤2‖QL‖2E

[(∫ T

0

∥∥∥∥HL

(
1

NL
xLi(t) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)− z
∗
L(t)

)∥∥∥∥2

dt

)2]

+ 8‖QL‖2
{
E

[(∫ T

0

∥∥∥∥HL

(
1

NL
xLi(t) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)− z
∗
L(t)

)∥∥∥∥2

dt

)2]} 1
2

×

{
E

[(∫ T

0

‖x̃′Li(t)−HLz
∗
L(t)− gL‖2dt

)2
]} 1

2

. (D.40)

By Cr inequality, we have

E

[(∫ T

0

‖x̃′Li(t)−HLz
∗
L(t)− gL‖2dt

)2
]
≤E

[(∫ T

0

(
2‖x̃′Li(t)‖

2+2‖HLz
∗
L(t) + gL‖2

)
dt

)2
]

≤8E

[(∫ T

0

‖x̃′Li(t)‖
2dt

)2
]

+ 8

(∫ T

0

(
‖HLz

∗
L(t) + gL‖2

)
dt

)2

.

(D.41)

By (D.32) and Cr inequality, we have

E

[(∫ t

0

‖x̃′Li(s)‖
2ds

)2
]

=E

[(∫ t

0

∥∥∥∥x̃′Li(0) +

∫ s

0

AL(θLi)x̃
′
Li(s1)ds1 +

∫ s

0

BL(θLi)
(
u′Li(s1)−R−1

L B>L (θLi)

× (Pγ,θLi (s1)− ξγ,θLi ,z∗L(s1))
)
ds1 +

∫ s

0

DL(θLi)dWLi(s1)

∥∥∥∥2

ds

)2]

≤E

{[
4

∫ t

0

(
‖x̃′Li(0)‖2+

∥∥∥∥∫ s

0

AL(θLi)x̃
′
Li(s1)ds1

∥∥∥∥2

+

∥∥∥∥∫ s

0

BL(θLi)
(
u′Li(s1)−R−1

L B>L (θLi)
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× (Pγ,θLi (s1)− ξγ,θLi ,z∗L(s1))
)
ds1

∥∥∥∥2

+

∥∥∥∥∫ s

0

DL(θLi)dWLi(s1)

∥∥∥∥2
)

ds

]2}

≤64‖x̃′Li(0)‖4t2 + 64E

(∫ t

0

∥∥∥∥∫ s

0

AL(θLi)x̃
′
Li(s1)ds1

∥∥∥∥2

ds

)2


+ 64E

(∫ t

0

∥∥∥∥∫ s

0

BL(θLi)
(
u′Li(s1)−R−1

L B>L (θLi)(Pγ,θLi (s1)− ξγ,θLi ,z∗L(s1))
)
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DL(θLi)dWLi(s1)
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)2
 , ∀ t ∈ [0, T ]. (D.42)

By Jensen inequality and the compactness of ΘL, we know that there exists a constant C9 such that

64E

(∫ t

0

∥∥∥∥∫ s

0

AL(θLi)x̃
′
Li(s1)ds1

∥∥∥∥2

ds

)2
 ≤64E

[(∫ t

0

s‖AL(θLi)‖2
∫ s

0

‖x̃′Li(s1)‖2ds1ds
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]

≤64t3‖AL(θLi)‖4
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0

E

[(∫ s

0

‖x̃′Li(s1)‖2ds1

)2
]

ds

≤C9

∫ t

0

E

[(∫ s

0

‖x̃′Li(s1)‖2ds1

)2
]

ds, ∀ t ∈ [0, T ]. (D.43)

Since u′Li(·) ∈ ŨLi , we know E
[
exp
(

2
γ

∫ T
0

∥∥u′Li(s1)−R−1
L B>L (θLi)(Pγ,θLi (s1)− ξγ,θLi ,z∗L(s1))

∥∥2

RL
ds1

)]
<∞. This

together with Jensen inequality and the compactness of ΘL gives

64E

(∫ t

0

∥∥∥∥∫ s

0

BL(θLi)
(
u′Li(s1)−R−1
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)
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

≤64E

(∫ t

0

s

∥∥∥∥BL(θLi)‖2
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0
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L B>L (θLi)(Pγ,θLi (s1)− ξγ,θLi ,z∗L(s1))
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RL

ds1ds
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

≤64t3‖BL(θLi)‖4
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0

E
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0

∥∥u′Li(s1)−R−1
L B>L (θLi)(Pγ,θLi (s1)− ξγ,θLi ,z∗L(s1))

∥∥2

RL
ds1
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]

ds

=64t3‖BL(θLi)‖4γ2

∫ t

0

E

[(
1

γ

∫ s

0

∥∥u′Li(s1)−R−1
L B>L (θLi)(Pγ,θLi (s1)− ξγ,θLi ,z∗L(s1))

∥∥2

RL
ds1

)2
]

ds

≤64t3‖BL(θLi)‖4γ2

∫ t

0

E
[
exp

(
2

γ

∫ T

0

∥∥u′Li(s1)−R−1
L B>L (θLi)(Pγ,θLi (s1)− ξγ,θLi ,z∗L(s1))

∥∥2

RL
ds1

)]
ds

<∞, ∀ t ∈ [0, T ]. (D.44)

The norm ‖·‖RL is equivalent to ‖·‖ on Rm. This together with (D.44) implies

64E

(∫ t

0

∥∥∥∥∫ s

0

BL(θLi)
(
u′Li(s1)−R−1

L B>L (θLi)(Pγ,θLi (s1)− ξγ,θLi ,z∗L(s1))
)

ds1

∥∥∥∥2

ds

)2

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<∞,∀ t ∈ [0, T ]. (D.45)

We know 64‖x̃′Li(0)‖4t2 < ∞ for any t ∈ [0, T ] due to the compactness of XL. Combining this with (D.28),
(D.42), (D.43) and (D.45), we know that there exist constants C10 and C11 such that

E

[(∫ t

0

‖x̃′Li(s)‖
2ds

)2
]
≤ C10 + C11t

3

∫ t

0

E

[(∫ s

0

‖x̃′Li(s1)‖2ds1

)2
]

ds, ∀ t ∈ [0, T ].

This together with Gronwall inequality leads to

E

[(∫ t

0

‖x̃′Li(s)‖
2ds

)2
]
<∞, ∀ t ∈ [0, T ]. (D.46)

We know 8
( ∫ T

0
(‖HLz

∗
L(t) + gL‖2)dt

)2
<∞ since z∗L(t) is continuous with respect to t ∈ [0, T ]. Combining this

with (D.41) and (D.46) gives

E

[(∫ T

0

‖x̃′Li(t)−HLz
∗
L(t)− gL‖2dt

)2
]
<∞,

which together with (D.16), (D.40) and Cr inequality leads to

E

∣∣∣∣ΦL(xLi(·), 1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i

x∗Li′ (·), uLi(·)
)

−ΦL
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x̃′Li(·), z

∗
L(·), u′Li(·)−R

−1
L B>L (θLi)(Pγ,θLi (·)x̃Li(·)− ξγ,θLi ,z∗L(·))
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]

=O

(
ε2NL +

1

NL

)
. (D.47)

By Cr inequality and Cauchy-Schwarz inequality, we have

E
[
exp

(
4

γ
ΦL

(
xLi(·),

1

NL
xLi(·) +

1

NL

NL∑
i′=1,i′ 6=i
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NL
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≤

{
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(
32
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2
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2
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(
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‖gL‖2QL dt
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E

[
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(
32
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x∗Li′ (t)
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)]} 1
2

. (D.48)
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By the definition of admissible control sets UgLi and the boundedness of ‖gL‖2QL , we have

{
E

[
exp

(
32

γ

∫ T

0

(
‖xLi(t)‖2QL +

∥∥∥∥ 1

NL
HLxLi(t)

∥∥∥∥2

QL

+‖uLi(t)‖2RL

)
dt

)]} 1
2

× exp

(
16

γ

∫ T

0

‖gL‖2QLdt

)
<∞. (D.49)

Combining (D.18), Jensen inequality with Cauchy-Schwarz inequality, we have

E

[
exp

(
32

γ

∫ T

0

∥∥∥∥ 1

NL
HL

NL∑
i′=1,i′ 6=i

x∗Li′ (t)
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≤ 1

T
E
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(
32T

γ

∥∥∥∥ 1

NL
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NL∑
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x∗Li′ (t)
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QL

)
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]

≤ 1

T
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0
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[
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γN2
L

(
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i′=1,i′ 6=i
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0
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(t, s2)BL(θLi′ )R
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L B>L (θLi′ )
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E
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(
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L
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0

φγ,θL
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(t, s2)DL(θLi′ )dWLi′ (s2)
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(t, s2)DL(θLi′ )dWLi′ (s2)

)]
dt

≤ 1

T
J

1
2
7 J

1
2
8 , (D.50)

where

J7 =

∫ T

0

exp

[
128T

γ

(
NL∑

i′=1,i′ 6=i

∫ t

0

φγ,θL
i′

(t, s2)BL(θLi′ )R
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L B>L (θLi′ )
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×
∫ t

0

φγ,θL
i′

(t, s2)DL(θLi′ )dWLi′ (s2)

)]}2

dt.

Since φγ,θLi (t, s) and ψγ,θLi (t, s) are continuous with respect to (t, s) ∈ [0, T ]× [0, T ], z∗L(t) is continuous with
respect to t ∈ [0, T ] and ΘL is a bounded closed set, we have

J
1
2
7 <∞. (D.51)

Noting that
∫ t

0
φγ,θLi (t, s)DL(θLi)dWLi(s) = DL(θLi)WLi(t)−

∫ t
0

∂φγ,θLi
(t,s)

∂s DL(θLi)WLi(s)ds, by Cr inequality
and Jensen inequality, we have
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which together with the definition of J8 leads to
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dt. (D.52)

By Assumption 2.5, the compactness of ΘL and the calculation of the expectation of the exponential function
related to Brownian motion, we have

NL∏
i′=1,i′ 6=i

E
[
exp

(
256T

γNL
‖H>LQLHL‖‖DL(θLi′ )WLi′ (t)‖

2

)]

=

NL∏
i′=1,i′ 6=i

{
E
[
exp

(
256T

γ
‖H>LQLHL‖‖DL(θLi′ )WLi′ (t)‖

2

)] 1
NL

}

≤
NL∏

i′=1,i′ 6=i

{
E
[
exp

(
256T

γ
‖H>LQLHL‖‖DL(θLi′ )WLi′ (t)‖

2

)]} 1
NL

=

NL∏
i′=1,i′ 6=i

{∫
Rp

exp

(
256T

γ
‖H>LQLHL‖‖DL(θLi′ )‖

2x>x

)
1

(
√
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≤
NL∏

i′=1,i′ 6=i
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γ
/(

γ − 512 sup
θL
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∈ΘL

‖H>LQLHL‖‖DL(θLi′ )‖
2T 2

)] p
2NL

<∞, ∀ t ∈ (0, T ], (D.53)

and
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(
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Combining (D.52)–(D.54), we have J8 <∞. This together with (D.50) and (D.51) leads to

E

[
exp

(
8

γ

∫ T

0
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NL
HL

NL∑
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<∞,

which together with (D.48) and (D.49) implies

E

[
exp

(
4

γ
ΦL

(
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1

NL
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1
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x∗Li′ (·), uLi(·)
))]

<∞. (D.55)

Similar to the proof of (D.55), we can get

E
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exp
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4
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Combining (D.39), (D.47), (D.55), (D.56) and Cr inequality, we have
∣∣JLi(uLi(·), u∗L−i(·)) − J̃Li(u′Li(·))∣∣ ≤

O
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, which leads to JLi
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)
. This together with (D.33)

gives
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By Lemma 5.2, we have

J̄Li,z∗L
(
u∗Li(·)

)
≥ JLi
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)
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.
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Combining the above inequality with (D.57), we have JLi
(
uLi(·), u∗L−i(·)

)
≥ JLi
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u∗Li(·), u

∗
L−i

(·)
)
− O

(
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)
. This completes the proof of (D.30). Combining (D.19) with (D.30), we have (5.12).

Next, we rewrite ΦF
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+ ‖uFj (t)‖2RF )dt. Then similar to (5.12),
we get (5.13). �
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