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RISK-SENSITIVE MEAN FIELD GAMES WITH MAJOR AND
MINOR PLAYERS*

YAN CHEN!, TAO L1"?**® AND ZHIXIAN XIN'

Abstract. We investigate a class of mean field games containing a large number of major and minor
players. Each player minimizes a quadratic-tracking type risk-sensitive cost functional, where the ref-
erence signal is a function of the state average term of the major and minor players. To reduce the
complexity for solving the problem, we design a sequence of decentralized strategies by the Nash cer-
tainty equivalence principle. Firstly, for the optimal control problems with quadratic type risk-sensitive
cost functionals, we propose a new verification theorem. Secondly, we apply the two-layer state aggre-
gation method to construct the fixed-point equations for the estimations of the state average terms and
give the conditions for the existence and uniqueness of the fixed points. Then, we design a sequence of
decentralized strategies by the estimations of the state average terms based on local information. It is
shown that the estimations of the state average terms are consistent with the true values for the closed-
loop systems, and the sequence of strategies designed is a decentralized asymptotic Nash equilibrium.
Finally, the effectiveness of the theoretical analysis is demonstrated by a numerical example.
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1. INTRODUCTION

The theory of mean field games is developed by introducing the mean-field method widely applied in
chemistry and physics into dynamic games. In mean field games, there are important coupling terms of states or
controls called mean field terms, which model the complex interactions among players. Specifically, the mean field
terms exist in dynamic equations or cost functionals. These kinds of models can be found in applications ranging
from engineering, economics and biology, such as demand dispatch for regulation of the power grid and electricity
price design [7, 8, 24], electric vehicle charging control [32], communication resource allocation for Internet of
Things [25], tracking the data of infectious diseases and effective separation of infected patients [29, 42].

Mean field game theory was proposed by Huang et al. [19-22] and Lasry and Lions [26-28] independently.
The main idea of this theory is to replace the overall effect of all agents on a single agent by an aggregation
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effect and thus to transform a multi-agent game into an optimal control of a single agent. Huang et al. [19-22]
studied mean field games with the fixed point (top-down) method and proposed the Nash certainty equivalence
principle. By using an auxiliary system with a continuum of players, they constructed a mean field estimation
and designed a sequence of decentralized strategies, then they proved that the sequence of strategies designed is
a decentralized asymptotic Nash equilibrium. Lasry and Lions [26-28] studied mean field games with the direct
(bottom-up) method. Firstly, they considered the games with N players and obtained a large scale system
of coupled equations by dynamic programming, then they analyzed the existence of the solution as N goes
to infinity. Weintraub et al. [44, 45] proposed a mean field approximation method for discrete-time stochastic
games and introduced the concept of oblivious equilibrium. In addition to the pioneering works mentioned above,
mean field game theory has been developed further in recent years. For linear-quadratic mean field games, Li
and Zhang [30] employed the fixed point method to study mean field games with time-averaged stochastic cost
functionals and introduced the notion of decentralized asymptotic Nash equilibrium in the sense of probability;
Bardi [2] discussed the case with time-averaged deterministic cost functionals by the direct method developed
in [26-28]; Huang and Zhou [23] studied the asymptotic solvability of linear-quadratic mean field games by
establishing a scale reset method; Bensoussan et al. [3] considered linear-quadratic mean field games based
on the stochastic maximum principle. For nonlinear mean field games, Anahtarci et al. [1] developed value
iteration algorithms to investigate mean field games with discounted cost functionals and time-averaged cost
functionals respectively, then they proved that the sequence of strategies designed is a decentralized asymptotic
Nash equilibrium.

It is worth noting that for the literature mentioned above, the roles of players are equivalent. However, in
practical systems, the roles of players are often different. For example, in price decision-making, the decisions
of minor companies are always affected by some major companies. When the major companies implement some
regulatory policies, all the minor companies will be affected by those policies in making production plans. There
have been lots of results on mean field games with major and minor players [6, 15, 18, 31, 36-39]. Nourian
et al. [37, 39] considered a class of mean field games with a large number of major and minor players by using
maximum likelihood estimation. Caines and Huang et al. [6, 15, 18, 31, 36, 38] investigated a class of mean
field games with one major player and a large number of minor players. Huang [18] divided minor players into
K classes according to the different values of parameters for LQG systems with discount factor, obtained a
sequence of decentralized strategies by the Nash certainty equivalence principle and proved that the sequence of
strategies is a decentralized asymptotic Nash equilibrium; Nguyen and Huang [36] extended the minor players
in [18] from discrete finite classes to a continuum of classes; Caines and Kizilkale [6] generalized the model in
[18] to the case with incomplete observation; Nourian and Caines [38] studied nonlinear mean field games with
one major player and a large number of minor players, then they proved that the sequence of strategies designed
is a decentralized asymptotic Nash equilibrium; Ma and Huang [31] analyzed the asymptotic solvability of mean
field games by dynamic programming and scale reset. Huang et al. [17] studied social optimal control problems
based on the variational method and the mean field uniform approximation method, then they proved that the
decentralized strategies designed are asymptotic social optimal strategies.

In a financial market, transaction strategy design problems related to asset management may come down
to optimal decision problems with risk-sensitive cost functionals [4, 10, 11, 13]. According to the preferences
of players for risk, these problems can be divided into three types: risk-neutral, risk-averse and risk-seeking.
Tembine et al. [43] characterized the equilibrium solution of the system by a forward Fokker-Planck-Kolmogorov
equation and a backward Hamilton-Jacobi-Bellman equation; Moon and Bagar [34, 35] considered risk-sensitive
linear mean field games with time-averaged cost functionals and nonlinear mean field games by the stochastic
maximum principle; Saldi et al. [41] studied discrete-time risk-sensitive mean field games and proved that the
sequence of strategies designed is a decentralized asymptotic Nash equilibrium. So far, the research on risk-
sensitive mean field games has been limited to those with equivalent players, while, some problems may be
modeled as games with major and minor players in financial markets. It is well-known that the risk-sensitive
utility functional is always used to describe the reward of stock investment [5, 9, 13]. In a financial market with
a large number of major and minor stock investment companies, the average wealth of the minor companies
has no influence on the major companies, but the average wealth of the major companies has influence on the
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minor companies. Each company designs an appropriate investment strategy to maximize its investment reward.
Inspired by the above consideration, we study a kind of risk-sensitive mean field games with major and minor
players.

The contributions of this paper are summarized as follows.

(i) For the optimal control problems with quadratic type risk-sensitive cost functionals, we propose a new
verification theorem. Compared with the verification theorem in [12], we do not assume that the admissible
control laws are Markov strategies with linear growth and local Lipchitz conditions.

(ii) The state average terms of the major and minor players co-exist in the cost functionals of the minor
players. However, they are unavailable for each player to design its decentralized strategy. To this end,
we use the two-layer state aggregation method [37, 39] to construct the estimations of the state average
terms, that is, by the state aggregation method, firstly, we construct an estimation of the state average
term for the major players and design the strategies for the major players by this estimation, then we
replace the state average term of the major players in the cost functionals of the minor players by its
estimation, and construct an estimation of the state average term for the minor players, at last, we replace
the state average terms of both the major and minor players by their estimations, respectively, to design
the strategies for the minor players. In fact, for the case without major players, the problem degenerates
to the linear quadratic risk-sensitive mean field game in [35].

(iii) The cost of each player is a quadratic-tracking type risk-sensitive functional, which makes the concept
of consistency of estimations for the state average terms in [23, 30, 36] no longer applicable. To this
end, we define a new concept of consistency: the integrals of norm-square of the differences between the
estimations and the true values vanish in mean square as the players increase. Then, we prove that the
sequence of strategies designed is a decentralized asymptotic Nash equilibrium through the following steps.
Firstly, we construct tracking-type optimal control Auxiliary problems (I) and (II). They are derived by
replacing the state average terms of the major and minor players by the corresponding estimations in
the cost functionals, respectively. By Dyson expansion and Cauchy-Schwarz inequality, we transform the
differences between the costs of the original games and those of Auxiliary problems (I) and (II) into
the products of the mean square of the differences between two classes of quadratic functions and the
mean square of the integrals of exponential functions. Secondly, by the consistency of the estimations,
we prove that the differences between the two classes of quadratic functions vanish in mean square as
the players increase. Thirdly, by the calculation of the expectation of exponential functions related to
Brownian motion, we obtained the mean square boundedness of the integrals of exponential functions.
This implies the vanishing of the differences between the two classes of costs, based on which we prove
that the sequence of strategies designed is a decentralized asymptotic Nash equilibrium.

The rest of this paper is organized as follows. In Section 2, we give the state equations and the cost functionals
of risk-sensitive mean field games with a large number of major and minor players. In Section 3, we use the state
aggregation method to construct the fixed point equations on the estimations of the state average terms for the
major and minor players. Then we design the decentralized strategies. In Section 4, we prove that the estimations
of the state average terms are consistent with the state average terms for the closed-loop systems. In Section 5, by
the consistency of the estimations, we prove that the sequence of strategies designed is a decentralized asymptotic
Nash equilibrium. In Section 6, a numerical simulation example is given to demonstrate the theoretical results.
Finally, some conclusions and the future research direction are given.

The following notations will be used throughout the paper. We use the subscript L and subscript F as the label
of major and minor players. For a vector or matrix X, X " denotes the transposition of X, || X|| denotes the 2-
norm of vector or Frobenius norm of matrix, and Tr(X) denotes the trace of X; I,, denotes the n x n-dimensional

identity matrix, R™ denotes the set of n-dimensional real column vectors, and R™*" denotes the set of n x m-
2
dimensional real matrices; C12([0, T] x R",R) = {V|V(t,x) :[0,T] xR™ = R, and ava(i’x), 8‘/;;’3:) and 88‘;_(;’?)
iLj

are continuous with respect to (t,x) € [0,T7] x R",4,j =1,...,n}; C([0,T],R") = {f‘f(t) :[0,7] = R, and f
is continuous with respect to ¢ € [0,T]}; for a vector-valued function f € C([0,T],R"), || fllso= supg<;<r|lf(£)[l;
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for vectors z € R™, y € R™ and matrix Q € R™"*", Hac||2Qé 2T Qx, Q > 0(Q > 0) means that Q is positive definite
(positive semi-definite), and = < y means that each component of = is not bigger than the corresponding
component of y; (Q, F,{Fi}t>0,P) denotes a complete probability space with a filtration {F;}:>0; for a given
random variable X, the mathematical expectation of X is denoted by E[X], and the variance of X is denoted
by var[X].

2. PROBLEM FORMULATION

We consider the following mean field games with Ny, major players and Np minor players. The dynamics of
the major and minor players are given by

dSCLi(t) = [AL(9L7)1’L7(t)+BL(9L7)UL7(t)] dt+DL(9Li)dWLt(t), tZO,iZl,Q,...,NL, (21)
and
diL’Fj(t): [AF(QF].)SUFj(t)-l—BF(on)qu(t)] dt+DF(9Fj)dWFj(t), t>0,7=1,2,...,Np, (22)

respectively, where xr,(t) € R™ and x,;(t) € R" represent the states of the major player i and minor player j
respectively, the initial states 27, (0) € X, € R” and 25, (0) € Xp C R, ur,(t) € R™ and up, (t) € R™ represent
the control inputs of the major player ¢ and minor player j respectively, 01, = (Oii, O%i, N HlLl) € 0, CR" and
O, = ( },j,@%j, . .,6‘;3],) € Op C R2 are parameters, AL(+), Ar(-), BL(-), Br(-), Dr(-) and Dg(-) are matrix-
valued functions with compatible dimensions, and {Wr, (t), W, (t),0 <t <T,i=1,2,...,Np,j=1,2,...,Np}
are p-dimensional independent standard Brownian motions defined on the complete probability space (92, F, P)
and adapted to {F;}i>o0.

The objective of each player is to minimize its cost functional by designing an appropriate strategy. The
risk-sensitive cost functionals of the major and minor players are given by

T, (ur, (-)yun_ () =y InE [exp (i@L (xLi(-),x(LNL)(-),uLi(-)))] . i=1,2,...,Np, (2.3)
and

T (ur, (e, () = 7B [oxp (20 (o, (0,08 0 O, (0) )| 5= 12000, 2

respectively, where x(LNL)(-) = 1\%2?&1 xr,(+), m%NF)(-) = NLF Zjvjl 2, (+), up = (up, (-),ur, (), ... ,uLNL(-)),
uLﬂ'(') = (uL1(')7 to 7uLi—1(.)’uLi+1(.)? ULy, ())7 uF—j(.) = (uF1('>7 T >qu71(')7qu+1(')7 cey UFN g, ())v

P, (xLi(.)’x(LNL)(_)’uLi(_)> _ /OT (HxL(t) — HLJjgNL)(t) _ gLH;L + ||uL1(t)||éL> dt,
O (J}Fj(.),x;_‘NF)(.),x(LNL)(.),qu(-)> _ /OT (Hm (t) — HFx%NF)(t) - Hg;(LNL)(t) _ gFHQQF + |Jur, (t)HiF> dt,

Hyp, Hp, H, Qr, Qp, Ry, Rr, gr, gr are matrices or vectors with compatible dimensions, Qp > 0, Qr > 0,
Ry >0, Rp > 0, and ~y is the risk-sensitive parameter. The cases with v > 0, v < 0 and v — oo correspond
respectively to risk-averse, risk-seeking and risk-neutral attitudes of the players.

From (2.3) and (2.4), we can see that the state average term of the major players has influence on the major
and minor players, and the state average term of the minor players only has influence on the minor players.
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Remark 2.1. Let A = % By using the Taylor expansion to (2.3) and (2.4) around A = 0, one arrives at the
following relation

i (12,0, 0) = B [0 (2,0, 0,0, )] + e 2 (22,02 0,8,0) | 0 1),
Jr, (ur, ()sur_, () us () = E [@p (25, ()8 (). (), ur, ()]

+ %Var (@5 (25, (0,2890). 28 (), ur, ()] + 0 (1)

Note that the risk-averse cost functionals degenerate to the risk neutral cases if A = 0 (7 — 0).
For the systems (2.1)—(2.4), we introduce the following assumptions.

Assumption 2.2. The sets O and Op are both bounded closed sets in R** and R*2. The sets X, and Xp are
both bounded closed sets in R™.

Assumption 2.3. There exist distribution functions Fy(0;,21) and Fr(0p,zr) such that the sequences
of empirical distribution functions {Fy,(0p,21) = NLL ZZV:Ll Yo, <0p,2r, (0)<ar ), Vo = 1,2, -} and
{Fn.(0p,xp) = NLF Z;V=F1 1{9Fj Sep,xpj(o)gxp}aNF =1,2,---} weakly converge to Fr,(0,,z1) and Fr(0p,zr),
respectively.

Assumption 2.4. The matrix-valued functions Ar(61), Br(0r) and Dy (61) are continuous with respect to
01, € ©r. The matrix-valued functions Ap(0r), Br(0r) and Dp(0F) are continuous with respect to g € Op. For
any given 9L € @L, BL(QL)Rlez(QL) — %DL(GL)DI(QL) Z 0 For any given GF S @F; BF(QF)R}_;}B;E(QF) —
2Dp(0r)Dy(0F) > 0.

Under Assumption 2.4, for any given 0y, € ©p, there exists a unique solution to the generalized matrix-valued
Riccati differential equation

Py, (t) = —Pyg, (1)AL(0L) — AL (0L) Py, (t) + Py, (t) | BL(0L)R; ' B] (1)

~2D1(0)D1 (01)| Pyo (1) — Q.. (25)
P’Y,GL (T) = Oa

and for any given fr € Op, there exists a unique solution to the generalized matrix-valued Riccati differential
equation

Pyop(t) = =Py o () Ar(0r) — Af(0r) Py,or (¢)
+Py0, (1) | Br(0r)RE' BL(OF) = 2Dr(05) DE(0r) | Pyop (1) = Qr, (2.6)
P, g, (T) = 0.

In this paper we require that the risk-sensitive parameter v in (2.3) and (2.4) is large enough.
Assumption 2.5. For any given T' > 0, v > 7, where 7, is defined in Lemma A.2.

Remark 2.6. For the systems (2.1)—(2.4) with v > 0, Assumption 2.5 guarantees the boundedness of the
. 3 2 . 3 2 2
terms  su max [E {ex (M Wr. (¢ 2)} and su max [E [ex (M Wg. (t )}
e, B lexp g W, (8] e e B lexp : W, (®)]]
(the expectation of exponential functions related to Brownian motions), where £ is a constant related to Ay, (6z,),
BL(QLi)z DL(HLi), QL, RL7 HL, T, AF(QFJ.), BF(QFJ), DF(QFJ'); QF, RF, H and HF. In fact, lf’y iS too small,
then the above terms are unbounded. For the case v < 0, it is obvious that the above terms are bounded.
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We define the decentralized admissible control sets of the major and minor players in terms of local information
for the systems (2.1)—(2.4) as

L{L = {uL7() ur, (t) is adapted to o(zr,(s),s < t),t € [0,T],
the system (2.1) has a unique strong solution zp, (-),
T
M., (0L,
IE[/ (exp (w |xL(t)||2>> ||a:Li(t)|2dt} < oo, da>2, and
0 v
E[e (32 /T (x O3, + |- Hee (t)H2 iz, @)1 )dtﬂ <oo} i=1,2,... N
X - i AT i i ) =L, 4,... 9
p ~ /s L; Qr N, LTL; a5 L; RL L
and

up, (t) is adapted to o(xp,(s),s <t),t € [0,T7,

Z/lzlrj = {upj(‘)

the system (2.2) has a unique strong solution zp,(-),

E[/OT (exp (‘“M”’j(eﬂ)nxﬂ. (t)|2)> e, (t)th} <00, Ja>2, and

40 [T 9 1 9
[xp(y/o (H mOlg, + |5 Hrern @, + lur Ol j :

where My 1 (01,) = My L(01)lo,=0.,, My,L(0L) = sup,cpomyl|lPyo. (W)l My,r(0r;) = My p(0F)|op—6,, and
M, p(0F) = supepo 17l Py,0- ()| For comparison, we define

ug, = {Mic)

ur,(t) is adapted to o(zr,, (s),i" =1,2,...,Np,s < t),t € [0,T],

the system (2.1) has a unique strong solution zp, (),

E|:/OT (eXp (W

32 (7T 5 1 2
Ele — xr,(t —i—Hfo.tH + ||ur, (¢ 2>dt>]<oo}, i=1,2,...,Np,
{ XP( ~y /0 <H Ll( )||QL N; L Ll( ) on H Ll( )HRL T

|xL(t)||2>) |, (t)||2dt] < oo, da>2, and

and

ur, () is adapted to o(zr,, (s),2F, (s),7 = 1,2,...,Nz,5 =1,2,...,Np,s < t),t € 0,T],

ut, = {ur, )

the system (2.2) has a unique strong solution zp,(-),

E[/OT (exp (C“M”’j(eﬂ')nx@ (t)|2)> e, (t)th} <00, Fa>2, and

40 (T ) 1 9
Ele — zr (t —&—Hfo.tH + llup (D)2 )dt>}<oo}7 = 1.9.....Np.
[Xp<7/o (H FJ()HQF Ny F; (1) or lur, ()%, j \

The objectives of the major and minor players are to minimize their cost functionals by designing appropriate
strategies over the admissible control sets U and U, .
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Definition 2.7. A sequence of strategies {{v} () € U}Ji,v}j() € U}J_,i =1,2,...,N,j =1,2,...,Np},
Ny =1,2,...,Np =1,2,---} for the systems (2.1)-(2.4) is called a decentralized asymptotic Nash equilib-
rium with respect to the sequence of the cost functionals {{Jz,, Jr;,i = 1,2,...,Nr,j =1,2,...,Np}, Ny =
1,2,...,Np = 1,2,---}, if there exist two nonnegative sequences {nn,,Np = 1,2,---} and {9y, n.,NrL =

1,2,...,Np =1,2,---} satisfying limy, 0o 7, = 0 and lmp,; —s00 Np—roo NN, N = 0 and such that
JLi (vzl()vvz,l()) < inf JL;( Li(')vvz,i(')) +NNL 1=1,2,...,Ng,
vLi(-)GMZi
JFj (U;‘j(')7v},j(')7vz<')) < inf g JFj( Fj(.)7v}<7‘7j ()7’02()) +77NL,NF7 j =1,2,... aNF'
vpj(~)61/lpj

3. DESIGN OF STRATEGIES

For the systems (2.1)—(2.4), we need to consider optimal control problems with the reference trajectories
(HLx(LNL) +¢gr) and (pr%NF) + HI(LNL) + gr) for the major and minor players, respectively. However, since
ur,(-) € Uy, and up, () € Uy, , the signals 2N and 2V
the Nash certainty equivalence principle [18, 21]. The designing process of the decentralized strategies can be
divided into the following three steps.

are unavailable. Therefore, we solve the problem by

(i) To solve the quadratic-tracking type risk-sensitive optimal control problem with a deterministic tracking
signal.
(ii) To construct the estimation zj of the state average term for the major players, and to design the
decentralized strategies for the major players by 27 .
(iii) To construct the estimation z}. of the state average term for the minor players based on 2z}, and to design
the decentralized strategies for the minor players by 2} and z7.

3.1. Optimal control with quadratic-tracking type risk-sensitive cost functional

For any 7 € [0,T) and = € R™, consider the following system
dz(t) = [Az(t) + Bu(t)]dt + DAW (¢), (3.1)
with z(7) = z, where z(t) € R™ and u(t) € R™ represent the state and control input respectively, W(t) is a
p-dimensional standard Brownian motion defined on (92, F, P) and adapted to {F;}+>0, 4, B and D are matrices
with compatible dimensions. The objective is to minimize the cost functional given by

J (7, @;u()) = yIn L7, x5 u(-), (3-2)

where

i) =E{ fosn(L [ (1) vl + o))

y(t) € R™ is a deterministic function, @ and R are matrices with compatible dimensions, @ > 0 and R > 0.
Moreover, the systems (3.1)—(3.3) satisfy that BR™'BT — %DDT > 0.
The admissible control set of the systems (3.1)—(3.3) is given by

z(r) = x} (3.3)

u(t) is adapted to o(z(s), 7 < s <t),t € [r,T], the system (3.1) has a unique strong solution z(-),

tr = {ut)
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EUTT <exp (‘“‘fﬂnx(t)n?)) |x(t)||2dt] <00, Ja>2, and
E{exp( / (o2, + )%)dtﬂ < oo}, (3.4)

where M, 1 = sup,cjo || P(t)| and P,(t) is the unique solution of the generalized matrix-valued Riccati
differential equation

Py(t) = —Py()A — ATP,(t) + P, (t) [BR*lBT —2pDT| Py(t) - Q. 55)
P,(T) = 0. '

It is known that for a family of risk-neutral optimal control problems with different initial times and states,
the relationship among them is always established via a HJB equation. If the HJB equation is solvable, then
one can obtain an optimal feedback strategy by minimising the Hamiltonian involved in the HJB equation [46].
Similarly, for the family of risk-sensitive optimal control problems above, we have the following result.

Theorem 3.1. (Verification theorem) Suppose that G € C12([0,T] x R™,R) is a solution of the HJB equation

~ 2z — min {2 (Ag + Bo) + L [l — y(D)IB + [olE] Vir o)}
+§ Tr (agiwDDT> , (7_7 93) c [O,T) X Rn’ (36)
V(T7 x) = ]‘? €T G Rn’
such that
OG(1, 1) 1 )
—_ N’ 7/ < - .
|24 <colexp (2 (ot el +at,alel) )| (el 1), (37)

for some constant Cy > 0, where A,B,D,Q,R and T are given in the systems (3.1) and (3.3), M, =
supeo, /1€ (D)l; §4(¢) is the unique solution of the linear differential equation

{ &(t) == [AT = Py®)BRTBT + 2P,()DDT] &(t) — Qu(), 38)

gw(T) =
Then
(a) G(1,7) < infyyey, L(T,2;0(-)) for any (1,2) € [0,T] x R™, where L(7,2;9(-)) is defined by (5.3).
(b) If there exists v*(-) € U, such that

OG(1,x)
ox

vER™ T=t,x=z*(t)

v*(t) € arg min{ (Az*(t) + Bv) + % [||x*(t) — y(t)||é + H’UH%} G(t,x*(t))} (3.9)

for LebesquexP-almost all (t,w) € [1,T] x Q, where U, is defined by (3.4) and x*(-) is the strong solution of
the system (3.1) under the control v*(-), then G(7,z) = L(7,z;v*(-)) = inf5 ey, L(7,2;0(:)) for any (1,7) €
[0,T] x R™.

Proof. See Appendix B. O
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Remark 3.2. For a risk-sensitive optimal control problem, Fleming and Soner proposed a verification theorem
(Chap. VI, Thm. 8.2 in [12]), under the conditions that the admissible control laws are Markov strategies with
linear growth and local Lipchitz conditions, and the gradient vector of the solution of the HJB equation with
respect to x satisfies linear growth condition, they obtained the optimal feedback strategy. Although the systems
(3.1)—(3.3) considered in Theorem 3.1 is a special case of [12], we do not assume that the admissible control
laws in (3.4) are Markov strategies, besides, the linear growth condition is weakened to (3.7).

For the systems (3.1)—(3.3) and the HJB equation (3.6), we have the following result.

Theorem 3.3. For the HJB equation (5.6), if BR™'BT — %DDT > 0, then in the class of C*2([0,T] x R",R),
there exists a classical solution given by

G(1,z) = exp % (ITP,Y(T)JJ — 293T§,y(7') + <p,y(7')) , (r,z) €]0,T] x R, (3.10)

satisfying (3.7), where P, (1) and &,(7) are given by (3.5) and (3.8) respectively, and ., (t) is the unique solution
of the following differential equation

{ Py(t) =€T(MBRBTE (1) —y T ()Qy(t) — 267 () DD &, (t) — Tr (P, (t)DDT) (3.11)

©,(T) = 0.

Moreover, for the system (3.1) and the cost functional (3.2), if BR™'BT — %DDT >0 and v > ~yr, where yp
18 defined in Lemma B.1, then the optimal strategy is given by

u*(t) = —R'BTP,()z(t) + R™'BT&, (1), te[rT],
and the optimal cost is given by
J(roa;u () =vInG(r,2) = 2 Py (1)z — 22 7&, (1) + oy (7).

Proof. See Appendix B. O

Remark 3.4. In Theorem 3.3, for the HIB equation (3.6), under the condition that BR™'BT — %DDT >0,
we prove the existence of the classical solution in C12([0,7] x R™,R) satisfying (3.7) by using a constructive
approach. Moreover, under the conditions that BR~'BT — %DDT >0 and v > 7, if there exist two classical
solutions G(r,z) € C*2([0,7] x R™,R) and G'(r,z) € C**([0,T] x R",R) both satisfying (3.7) to the HIJB
equation (3.6), then by Theorem 3.1, we have G(7,z) = G'(7,z) = infy(. gy, L(7,2;0(-)) for any (7,7) € [0,T] x
R™, i.e. the classical solution to the HIJB equation (3.6) is unique, and is given by (3.10).

Remark 3.5. For the quadratic-tracking type risk-sensitive optimal control problem, under the condition that
the system has an optimal strategy, Moon and Bagar (Thm. A1l and Ex. 5 in [35]) obtained the optimal condition
and proved the existence of the solution for the adjoint equation through the stochastic maximum principle,
then they designed the optimal strategy accordingly. Although the problem considered in Theorem 3.3 is a
special case of that considered in Theorem A1 of [35], different from [35], we design the optimal strategy for the
system (3.1) and the cost functional (3.2) by dynamic programming, and we do not assume the existence of the
optimal strategy in advance.

3.2. Design of strategies for major players

For the cost functionals (2.3), if x(LNL)(t) is replaced by some deterministic vector-valued function zr(t),

then the game of the major players in the models (2.1)—(2.4) is transformed into the following optimal tracking
control problem.
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Auxiliary problem (I). Minimize Jy, ., (ur,()) over U}, , where

T 0, () =y [exp (21 (o, (e, ()|« = L2 Ve, (3.12)

xr,(t) is given by (2.1) and z1(t) € R™ is a deterministic function.

Theorem 3.6. For Auziliary problem (1), if Assumptions 2.4 and 2.5 hold, then the optimal strategies are given
by

ur,(t) = —Ry'BL(01,)Py6,, (Dxr,(t) + Ry B (01,)6v0,,.2. (1), t€[0,T), i=1,2,....Ny, (3.13)

where P’Y79Li (t) = Py, (t)|0L:0Li ’ g’YﬂLi,ZL (t) =&y 01,21 (t)|9L:9L,; » Py, (t) is given by (2.5), and &, 2, (t) is
the unique solution of the linear differential equation

é"/aeLvZL (t) = [AL(QL) - BL(GL)RZIBE(HL)P%@L (t) + %DL(QL)D—LF(QL)P’W% (t)} ! g’Y,GLJL (t)
—[QrHrzr(t) + Qryrl, (3.14)
5719L7ZL (T) =0.

Proof. See Appendix B. O

Substituting the strategies (3.13) into (2.1), we get the closed-loop system for the major player i as

dei (t) = [AL (eLm) - BL(QLi)RZIBZ(aLi)P’YﬁLi (t)] Zr, (t)dt + BL(aLi)Rlez(eLi)g'Y’eLiyzL (t)dt
+ DL(GLL)dWLl (t)’ (315)

which leads to
t
o1, =22, (0)+ [ [AL(6L) = BL(OL)RT BY (61,) Py, (9] a1, (5)ds
0
t t
+ / Br(01,) Ry B (01,)€, 0, -, (5)ds + / Dy (61,)dWy, (s).
0 0

Taking expectation and then taking derivative with respect to ¢ on both sides of the above equation, we have

d]E{fLi (t)

dt = [AL(GLz) - BL(QLi)RilBZ(gLi)P’YﬁLi (t)} E‘,ELi (t) + BL(GLi)RleZ(aLi)f’YﬁLi,ZL (t)

Then, we construct an estimation of the state average term for the major players by the state aggregation
method. Firstly, we construct an auxiliary system

oL _ [4(61) — BL(6) Ry B (61)Py0, (t)] EZo, (t) + Br(01)R; "BL (01)é,.0, -, (1),
Eiy, (0) = a1, (3.16)

ZL(t) = f@)LXXL ELEQL (t)dFL(9L7$L).

The above system characterizes the limit case of the system (2.1) with the strategies (3.13) as N, — oo, which
is a continuum of major players, and each player is marked by 8 and zj to indicate the distribution of the
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parameters. By (3.16), we have

¢ T
Ezg, (t) :/ o (ta52)BL(9L)RZIBZ(9L)/ Uy, (52,51) [QrHrzr(s1) + Qrgr] dsidss
0 S2
+ @0, (£, 0)2 L, (3.17)

where ¢, (t,5), 0 <t,s <T, is the solution of

{ o (t,5) = [AL(9L> - BL(HL)RZIBE(QL)P%GL (t)] P05, (t,s)dt, (3.18)
bry,01, (575) = I, .

and ¥ g, (t,s), 0 <t,s <T,is the solution of

{ AWy, (t.9) =~ [A1(00) ~ BL(OL)R; BL(00)Py 0, (1) + 2D1(00)DL(0) Py, ()] 0, (1. s},
Uy 0. (8, 8) =In.

(3.19)
For any given y € C([0,T],R"™), define the operator T, by
t T
(Try)(t) :/ / / G0, (t,52) BL(OL)RE ' BY (01)+,0, (52,51)[QrHLy(s1) + Qrgr]dsidsdF L (6L)
@L 0 S92
b e 0ndF O, e 0.T] (3.20)
OrxXp

Lemma 3.7. If Assumptions 2.2, 2.8 and 2.4 hold, then Tr is an operator from (C([0,T],R™),|‘|lec) to
(C([0, T R™), [[-loo)-

Proof. By Lemma A.1, we have

a(b"/ﬂL (tv 5)
ot

< sup < sup D|t’—t|§01|t’—t|, vVtelo,T),t €[0,T),

0L€eOL 0<t,s<T

(ZS’Y,GL (t/7 ‘9) - QS’%QL (ta 5)

sup
0L€0

which leads to

sup
0L€EOL,zL XL

t T
+¢’719L(t/50)x[1:| - {/0 / Gy 05 (t,52)Br(0L) R B (01)104,0, (52, 51)[QrHry(s1) + Qrgr)dsidss

t T
{/ / G0, (t' 52)BL(OL)RL ' By (0L) 1.6, (s2,51)[QLHLy(s1) + Qrgr]dsidss
0 S9

+ ¢'y,0L (t, O)SL'L:|

t' T
< swp || [ [ 0,0, (¢ 52)BLOL R BT (00)0,.0, (52, 50) Qe Huy(s1) + Quuldsadse
LEOL t S2
t T
+ ,Sup / / (b0, (t',52) = D0, (t,52)|BL(OL) R B (00)+.6, (52, 51)[QLHLy(s1) + Qrgr]dsidss
LEOL 0 So

+ sup ||[¢’Y,9L (t/,O) - (ZS’YﬁL (t,O)](L'LH
0L€OL,xL€XL

< sup ||Br(6)R;'BL(01)]| CF (T +T?) sup [|QrHry(s1) +Qrarl(t' =) +Cr sup [z |||t — 1]
0L€EOL s1€[0,T rr€XL
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:{ sup ||BL(0L)R; B (00)|| CH(T +T?) sup |QLHLy(s1) + QryLll
0LcOr, $1€[0,T]

+Cy sup ||a;L|]|t’—t7 vV y e C([0,T],R"™).
LEXL

x

This together with (3.20) implies that

II(TLy)(t’)—(TLy)(t)IIS[@Slelg |BL(@r)Ry BL (61)| CF (T +T?) Sl[lg)T]HQLHLy(sl)‘i‘QLgLH
L L s1€|0,

+Cy sup |xL||] [t —t|, Vtel0,T], Vtelo,T].
LEXL

x

Combining the continuity of y(t) with respect to ¢ € [0,7] with the compactness of ©; and X, we have
I(Toy) (@) — (Toy)(@)]] — 0 as |[t' — t| — 0. Hence, T, is an operator from (C([0,T],R"™), ||||s) to (C([0,T],R"™),
H”oo) O

By the virtue of 7y, and (3.17), the auxiliary system (3.16) can be rewritten as
z = ’TLZL. (321)

Equation (3.21) especially embodies the property that the estimation z(t) of the state average term for
the major players should possess: if every player views zr(t) as the estimation of a?(LNL ) and makes the optimal
strategy by zr (), then the expectation of the state average term of the closed-loop system for the major players
ought to approach zp(t) as Np goes to infinity. So, if (3.21) has a unique solution, then this solution can be
used as the estimation of the state average term for the major players. The sufficient condition for the existence

and uniqueness of the solution of (3.21) is given below.
Assumption 3.8. ||QL||HHLHf®L fg f}; ||¢%9L (t, 52)BL(9L>R21BE(9L)’¢7,0L (82, 51)H dSldSQdFL(QL) < 1.
Theorem 3.9. If Assumptions 2.2-2.4 and 3.8 hold, then (3.21) has a unique solution.

Proof. By the definition of 77, it is known that

I(Toy2) () = (TLy2)(1)l]oo

t T
<1 — velloc| QLI HL / / / 162,00 (£ 52) BL(00) R BY (01t 0, (52, 51)]| ds1 dsod P (61)
@L 0 S2

for any y1 € C([0,T], R™) and y» € C([0,T], R™). From Assumptions 2.2, 2.3, 2.4 and 3.8, we know that 7, is a
contraction operator on (C([0,T], R™), ||-||s). By Banach fixed point theorem, (3.21) has a unique solution. [

In the following section, we denote the unique solution of (3.21) as zj under Assumptions 2.2, 2.3, 2.4 and
3.8. Through the above analysis for the system (2.1), under Assumptions 2.2, 2.3, 2.4, 2.5 and 3.8, each player
can view z} (t) as the estimation of :U(LNL )(t) and then designs the optimal strategy by z} (). In the following

analysis, we construct the decentralized strategies for the major players as

Uzl (t) = _RleZ(oLi)P’Y7aLi (t)l‘Lz (t) + RZIBZ(QI@)&%@L“ZE (t)7 te [07 T]v i=1,2,...,Np, (322)
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where P’Y79L,; (t) = Pyo, (t)|9L:9Li’ g’YﬁL“ZZ (t) = §y.00,20 (t)|9L:9Li7ZL:ZZ7 Pyo, (t) and §y,00.21 (t) satisfy (2.5)
and (3.14) respectively. Under the strategies (3.22), the closed-loop system obtained from (2.1) is given by

day () = [AL(0L,) — BL(0L,) R, B} (01,) Py, ()] 27, (t)dt + BL(0,) R, B (01,)& 6., =; ()dt
+DL(9Li)dWLi(t)7 i=1,2,...,Np. (323)
3.3. Design of strategies for minor players

Similar to the design of the strategies for the major players, for the cost functionals (2.4), if x(LNL )(t) and

x%NF )(t) are replaced by zj (t) and some deterministic vector-valued function zp () respectively, then the game
of the minor players in the models (2.1)—(2.4) is transformed into the following optimal tracking control problem.

Auxiliary problem (II). Minimize Jp, .. .x (up,(-)) over Z/lll,j, where

JE, zp,zr (up, () = yInE [exp (i@F (zr, (), 2r (), zz(.),qu(-))ﬂ , j=1,2,...,Np, (3.24)

x,; (t) satisfies the system (2.2) and zx(t) € R" is a deterministic function.

Theorem 3.10. For Auziliary problem (II), if Assumptions 2.4 and 2.5 hold, then the optimal strategies are
given by

aFj (t) = _Rlle; (gFj)P’Y,HFj (t)mF] (t) + Rg'lB;(aF] )g’yﬁpj JZF (t)’ te [07 TL .7 = 13 27 ey NF» (325)

where P’Y79Fj (t) = P"/79F (t)|0F:0Fj ’ 57)0F]~ ZF (t) = 6’77917,21? (t)leFZOFj ’ P’Y,QF (t) is given by (26)7 and 5779F7ZF (t) is
the unique solution of the linear differential equation

&00.20 1) = = [Ar(0r) = Br(0r) R BE05)P, 0, (1) + 2Dr(0r) DF 0r) Py, (0] €100, (8)
—[QrHpzr(t) + QrHz} (1) + Qrgr), (3.26)
f’YveF;ZF (T) = 0.

Proof. The proof is similar to that of Theorem 3.6. O

Substituting the strategies (3.25) into (2.2), we get the closed-loop system for the minor player j as

dzp, (t) = {AF(9Fj) — Br(0r,)Rp' By (0r,) Py o, (t)} Zr, ()dt + Br(0r,) Ry Br (07,)6, 6r, =p (1)t
+ Dp (QFJ )dWFj (t).

Similar to Section 3.2, we construct an auxiliary system

B2 ® _ [Ap(6r) — Br(0r) Ry BE(08) Py oy (8)] EZo, (t) + Br(0r) Ry BR (0r)6y 021 (£),
Ez, (0) = o, (3.27)

ZF(t) = f@FXXF Ef@F (t)dFF(GF,xF).

By the system (3.27), we have

t T
Ezg, (t) =/ ¢w,ep(taSz)BF(9F)RElB;(9F)/ V05 (52,51)[QrHp2r(s1)
0 S2

+ QFHZZ(Sl) + QFgF]d51d52 + (ZS»Y,QF (t, O)JZF, (3.28)
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where ¢ g, (t,5), 0 <t,s <T, is the solution of

{ d(z)'yﬂF (t7 S) = [AF(GF) - BF (HF)Rl?‘lB; (HF)P’YﬂF (t)] ¢'710F (t7 S)dt7 (329)

('ZS'Y#QF (S? S) = In;
and ¥, 9, (t,8), 0 < t,s < T, is the solution of
Ay 0, (8 s) = — [Ap(ﬂp) — Br(9r)R:'BE(0F) Py o, (1)

+2Dp(0r) D) (0F) Py 0, (1) Tiﬂy,ep (t, s)dt, (3.30)
w’YﬁF (57 S) = ]n

For any given y' € C([0,T],R"™), define the operator Tr by

t T
(Toy') () = /@ / / 6 00 (t,52) Br (00) R BE (00 )0 0, (52.50) [ Qr Hey (s1) + QrHZ (1)

+ QFgF]dsldSQdFF(HF) +/ Qﬁ%gF (t,O)a:FdFF(HF,xF), te [07T} (331)
@FXXF
Taking a similar proof of Lemma 3.7, we can derive that Tp is an operator from (C([0,T],R"™), ||‘]le) to

(€0, TT,R™), [|]loo)-
By the virtue of 7p and (3.28), the auxiliary system (3.27) can be rewritten as

Zp = TFZF. (3.32)

Assumption 3.11. | Qr[l[|HF| [o, fg fsf |Gr.00 (t, 52) B(Op) R B(0F) T1by.0, (52, 51)|| ds1ds2dFp(0F) < 1.
Theorem 3.12. If Assumptions 2.2, 2.3, 2.4 and 3.11 hold, then (3.32) has a unique solution.
Proof. The proof is similar to that of Theorem 3.9. O

In the following section, we denote the unique solution of (3.32) as z} under Assumptions 2.2, 2.3, 2.4 and

3.11. Through the above analysis for the system (2.2), under Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11, each

player can view zj.(t) as the estimation of x%NF )(t) and then designs the optimal strategy by z3.(¢). In the

following analysis, we construct the decentralized strategies for the minor players as
up, (t) = =Rp' Bg (05,) Py oy, ()7r, (1) + Rp' B (05,)6y 00, 21 (1), t€[0,T], j=1,2,...,Np, (3.33)

where PA/7‘9F]- (t) = P“/,GF (t)|9F:9Fj7 fvﬁFj E3 (t) = g’YﬁF,ZF (t)|0F:9Fj VEF=ZE) P"/,GF (t) and g’YaeF,ZF (t) satisfy (26)
and (3.26) respectively. Under the strategies (3.33), the closed-loop system obtained from (2.2) is given by

day, () = [AF(epj) — Br(0r,)Rp' B (0r,) Py or, (8)| @5, (1)dt + Br(0r,) Ry Be (05,)&, 6r, 25 (1)t
+ Dp(0F,)dWE,(t), j=1,2,...,Np. (3.34)

4. CONSISTENCY ANALYSIS

In this section, we analyze the consistency of zj (t) and 2z} (t) as the estimations of the state average terms
for the major and minor players, respectively. It is known that for systems with risk-neutral cost functionals,
the equilibrium property of the strategies designed based on the Nash certainty equivalence principle often
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depends on whether or not the estimations of the state average terms are convergent to their true values, which
is the consistency of the estimations [6, 18, 30, 38]. Similarly, for risk-sensitive mean field games with major and
minor players, the equilibrium of the strategies designed based on the Nash certainty equivalence principle also
depends on the consistency of the estimations. To derive the equilibrium property of the strategies, we prove
the consistency of the estimations in this section.

Firstly, define two auxiliary operators. For any given y € C([0,T],R™) and y’ € C([0,T],R"), define

t T
(o) (1) = /@ / / br.00 (1 52) BL(OL) Ry B (00) 0, (52.51) QL Hyy(s1)

+ QLgL]dsldSQdFNL (GL) —|—/ ¢w,aL(t70)deFNL (QL,Z‘L), te [O,T], (4.1)
@LXXL

t T
(Ton /(1) = /@ / / 6y 00 (1, 52) Bp(0m) REV B (00 )05 0, (52, 50)[Qr Hry! (31) + QrH 2 (s1)

—+ QFgF]d$1dSQdFNF (QF) +/ ¢%9F (t, O)deFNF (QF,ZF), te [O,T] (42)
@F XXF

Similar to the proof of Lemma 3.7, it can be obtained that 7x, and T, are operators from (C([0,T],R"), ||-|loc)
to (C([0, T, R™), [|]o). Let

L

t T
,/@ /0/ ¢77‘9L(t’SQ)BL(QL)RleI(QL)w'YﬂL(SQa51)(QLHLZE(51)+QLgL)d51d$2dFNL(0L)
2 \}
dt) ; (4.3)

t T
/9/0/ %’QF(t’Sz)BF(eF)REIB;(eFWVﬁF(82’31)(QFHFZ?(S1)+QFHZZ(51)

t T
/@ / / 6 0, (£52)BL(00) Ry B (0) 0, (52, 51)(QLHo 75 (51) + Qrgr )dsi dssdF L (9,)

+/ Gry,0., (¢, 0)zLdF (01, 21) —/ G0, (8, 0)zdF N, (01, 71)
@LXXL @LXXL

Y

t T
+ QFQF)dSldSQdFF(eF) — / / / QS%QF (t, SQ)BF(GF)REIB;E(HF)
(")F 0 S92

X Yy 0, (52,51)(QrHrpzp(s1) + QrHz}(s1) + Qrgr)dsidsedF n,. (0F)

2dt> y (4.4)

Lemma 4.1. For the systems (2.1)-(2.4), if Assumptions 2.2, 2.5, 2.4, 2.5, 3.8 and 3.11 hold, then we have
limpy, oo €n, =0 and limy, o0 €np = 0.

+/ d)%gF(t,O)deF(eF,xF) —/ qf)%gF(t, O)IFdFNF(GF,.TF)
@FXXF ©

FXXF

Proof. From (3.20), (3.31), (4.1) and (4.2), we know that (4.3) and (4.4) can be rewritten as

T T
€Ny :/ I(T22)(8) = (T, 22) ()]t and e, :/ 1(Trz5) () = (Tove ) ()]t
0 0

By the definition of ¢, ¢, (f,s) and the compactness of Oy and X, for any given ¢ € [0,T], ¢, (¢, 0)xp is
bounded and continuous with respect to (01,z1) € O x X, and f(f fi b0, (t,52)Br(0r)R;. ' B] (01)1+.0,
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(s2,81)[QrLHLz5(s1) + Qrgr]dsidss is bounded and continuous with respect to 6, € O. Based on Assump-
tion 2.3, (3.20) and (4.1), we have

Jim (T, 22)@0) = (Tezp)(Ol=0, V¢ € [0.7), (45)

which implies that the vector-valued sequence {(7n, 25 )(t), Nr > 1} converges pointwise to (712} )(t) on [0, T].
By Lemma A.1, we have

9¢r6.. (L, 5)
ot

sup ||¢’Y:6L (t/, 8) - ¢%9L(t7s)|| < sup ( sup D ‘t/ - t)‘ < Clltl - t|7 Vite [O>T}> t'e [O>T}>
(€]

0L€EOL 0L,€0 0<t,s<T

which leads to

sup
0L€OL,xLe€XL

t T
+</>~/,9L(t/,0)$1:} - [/o / G0, (t,52)BL(0L) R B (01)04 0, (52, 1) [QrHry(s1) + Qrgr]dsidss

t T
/ / G0, (1, 52) BL(OL)RL "B (01)+,0, (52,51)[QrHLy(s1) + Qrgr]dsidss
t So

t' T
{/ / B0, (t',52) BL(OL) R "B (01)+,0, (52,51)[QLHLy(s1) + Qrgr]dsidss
0 So

+ Qﬁ%ab (t, O)ZL]

< sup
0L€0

t T
+ sup / / [¢W,9L (t/782) - d)"hQL (tv82)]BL(0L)R51‘B;<9L)1/}%9L (82781)[QLHLy(51) + QLgL]dsldSQ
0LeOL 0 Jso

+ sup || [¢7,9L (t/v 0) - (b'yﬂL (t, O)]xL ||
0L€OL,xeX],

< sup ||Br(r)R; ' BL(00)|| CF (T +T?) sup [QrHpy(s1) +Qrgrlllt’ —t|+C1 sup ||t —1|
0L€O, Sle[O,T] rrp€XL

{ sup ||BL(0L)R;"BL (0L)||CE (T +1T?) sup |QrHLy(s1)+ Qrywl
0L, €O SlE[O,T]

+ C7 sup ||a:L|]|t’t7 YV y e C(0,T]),R").

TLEXL
For any given ¢ > 0, take

A=c/| s [BoOR BLOIC T +T%) swp [QuLzi() + Quarl+Cr_sup ]
0L€OL s1€[0,T] zL€Xr

It follows that for any given Np > 1,¢' € [0,T],t € [0,T] and |t' — t| < A,

(T 22) () = (T 22) @)

<{ sup || Br(6r)R;'BL (00)|| CF (T +T?) suwp [|QrHrzg(s1) + Qrgr|+Ci sup ||$L||} |t — ]
0L€OL 51€[0,T] rr€XL

<e, (4.6)

which implies that the vector-valued function sequence {7y, 2} (t), N > 1} is equicontinuous on [0,T]. Since
uniform convergence can be derived from equicontinuity and pointwise convergence, by (4.5) and (4.6), we get
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supeio, ) [|(Te27)(t) — (Twv, 27)(t)[|— 0 as N — oc. Therefore, we have

T T
ek, = Jim [ ITL0 - (T O = [ i (T2 = (T, 25)(0)|de = 0

NL*)OO NL*)OO 0

which means limy, o €n, = 0. By a similar proof of limy, o0 €n, = 0, we can get limy, o0 €n, = 0. This
completes the proof. O

Definition 4.2. Define L%(0,T;R") = {f’ f(t) € R* and f(t) is F;-measurable, V ¢t € [0,T],
T 2 . - T 211
E[(fo Hf(t)||2dt) } < oo}. For any given f € L4(0, T;R"), define norm |||z, = {E[(fo ||f(t)\|2dt) H

By Lemma C.1, we know that (f/}(O,T;R"),NHE;) is a normed linear space. Denote xZ’(NL)(t) =

1 S #,(NF) ; &,
N—Lg:le(t) and z t) = x5 leFj(t).
1= 1=

Theorem 4.3. For the systems (2.1) and (2.2), if Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold, then under
the strategies (3.22) and (53.33), the solutions of the closed-loop systems (3.23) and (3.54) satisfy

« % (NL) _ 1 A7

-], 0o )
p—ap™) =0 . 4.8

’zF x is (ENF + m) . (4.8)

Proof. See Appendix C. O

Remark 4.4. It proves the consistency of the estimations for the state average terms in the sense of E‘}—norm
in Theorem 4.3. That is, the L%-norms of the differences between the estimations of the state average terms
and their true values vanish as players increase.

5. EQUILIBRIUM ANALYSIS

In this section, we prove the equilibrium property of the strategies {uz () € U,l;i U, () € Z/lfpj i =
1,2,...,Np,j=1,2,... ,NF} with respect to the corresponding cost functionals {JL“ Jr,i=1,2,...,Np,j =
1,2,...,N F}. Next, we give two lemmas prior to the equilibrium analysis.

Lemma 5.1. For the mean field game (2.1)—(2.4) and Auziliary problems (I) and (II) (corresponding to (2.1),
(2.2), (3.12) and (3.24)), if Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold, then under the strategies (3.22)
and (3.33), the solutions of the closed-loop systems (3.23) and (3.34) satisfy

B oxp (S0 (0,000 (0,01,0)) ) < 6.1
E :eXp (qu (x*Li(-),ZZC),uLC)))] <0, (5.2)

E ( / e (B2 (51,0010, 0) ) ox0 (20 (07,0052, ) ) ) ] <o (53)

B oxp (20 (05,003 (0. (0,05, ) ) | < o, (5.9
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B oxp (20 (5, (50,55 (s, ) ) | < o, (5.5)
e[(f Cexp (5= (o, ™ 0.3 (., )
xexp (20 (5, (.50, 21 (0, () ) s ] <o (5.6
foranyi=1,2,.... Ny and j = 1,2, ..., Np.
Proof. See Appendix D. 0

Lemma 5.2. For the mean field games (2.1)-(2.4) and Auziliary problems (I) and (II), if Assump-
tions 2.2, 2.8, 2.4, 2.5, 3.8 and 3.11 hold, then

1 .
T (g, () up () = Tz (u, ()] = O <6NL N) i=1,2,...,Ng, (5.7)
VNL
’JFJ (uf, () g (), u () = Ty 25,21 (u, ‘ =0 en, + Navs + O\ eny + )T L2,...,Np.
(5.8)
Proof. We prove ‘JLi (wp, (),us_ () = Jr,ex ( ‘ = (€NL + ﬁ) first.

Since v > 0, (27, (-), a:L’(NL)( ),uLl()) >0 and @ (27 (-),25(-),uj () >0, by the property of expo-
nential functions and Lemma 5.1, we obtain 1 < E [exp (%@L(xz() xL(NL)(.)’uzi(.)))} < oo and 1 <
E [exp (%@L (z3,(), zZ(),uE()))] < 00. Thus, by the mean value theorem of differentiation, we know that

. . * ,(IV * * *
there exists a constant a’ > 1 and a’ € [mm {E[exp(%@L(xLl( ),y L)(-),uLi(~)))},E{exp(%@L(xLi('),zL(-),

ui, (1)) ]} max {E[exp (1@ (27, (), 27 (), ui,()) ], Elexp (204 (27, (), 21.(), ug, ()) ) | }] such that

(g, (., () = i ()

InE [exp <7<1>L(xz (), 2. ),uzi(.))ﬂ —InE [exp (ich(zzi :

0]
e [ow (Fo (s, 0.01000.05,0) )| & [ewp (R0 (1,025 001,00 |}

exp [0 (57,0010, ()| - exp [I@L( a0, ()]

=y

—
~
™
%
—~
~—
S
~ %
—
~
~—
N———
[ S

=7

g
a/

By the above equation, Dyson expansion exp(a + b) — exp(a) = bfo exp[(1 — s)alexp[s(a + b)]ds and Cauchy-
Schwarz inequality, we have

70, (02, () = T (7, )]
o[ [ e (Lo (1,055 0.0,0) )

x| (2, (), 2y N () up, () = 2o (h, (), 25 ()vuz, () [exp ( 2@z (25, (), 25() up, () ) ds
Y
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<L e |os (o1,00. 02 ()3, ) - @0 a3, (05 O, )}
S |z, (), oy (-),ur,( (zr, (), 20(-),uz, (-)
2 1
( _S) * *,(NLr) * S * * * ’
x {E 2 (1,0 7E 0,01, 0)) ) exp S8 (E 050w, ) ) ds ) | b (59)

(/Olexp< : v

By Lemma 5.1, we know

{IE (/01 exp <(1 . Vo, (x*Li(.),xZ’(N”(.),u*Li(.)D exp (jm(xzi(-),zz(.),uzi(.))> ds) 21 }é < . (5.10)

By a? — b < (a — b)% + 2|b||a — b], C,. inequality, Cauchy-Schwarz inequality and Theorem 4.3, we get

B[ (o1, 00700, 0)) = @ (a3, (0,50, )]

(L (me - 00 = ), i 0~ 30 - ) dtﬂ

<E[(/ QLI H xL HL:U Ne) gL) (CU*Li(t)—HLZZ(t)_gL)H

x| (w2, 0) = Heap ™) = 91 ) = (21,06 = Huzi(0) — g2) +2 (a1, () = Hezi () — o) dt> ]

([ a0 - ot - a1 (550 - s0)

#2000 Huz30) - aul (03,0 - 23,0) - 12 (57 0) - 510 | )at) ]

<E

T 9 T 3
E <||QL|||HL2 20—y ™) dt+2||QL|||HL||( / ||xL<t>—Hin—:<t>—ngl2dt)

([ s a)')’

2 4 * *,(NL) 2 ?
<IE ||QLH 1L Hz (t) — oy N (1) H dt
+ 88 lQu e P / Jot, 0 - Bz 0~ oulfar [ z50 - a0 ol
L; rzp(t) — gL
<oE ( / |- - H dt) ] QeI I1HL | +81Qc P Hx

e[ a0 mao-ara [} ([ 0=t}

1
20(64 N2)+O<6N +]VL>
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which together with C. inequality leads to

[N

{B{[os (a2, 0™ 002,0) - 2002, 0100z, O |} <0 (vt o1=). G

By (5.9)—(5.11) we obtain (5.7). Similar to the proof of (5.7), we can get (5.8). O

Remark 5.3. Lemma 5.2 proves the vanishing of the differences between the costs based on the decentralized
strategies and those of Auxiliary problems (I) and (II) as the players increase, which is an important link between
the consistency of estimations for the state average terms and the equilibrium property of the decentralized
strategies.

Theorem 5.4. For the systems (2.1)-(2.4), if Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold, then

1
Jr (ur (- s J) < inf  Jr, (- % 0] —_— ,=1,2,..., N, 5.12
L; (uLl( )’uL,i( )) = uL:relUii L; (UL’L( )’UL, ( )) + (GNL m) y v y 4y s VL, ( )

T, (s, (g (Dui()) < in JF].(uE,(-),u*F_J.(-),uz('))+0(eNL+1)

g
up. €U
F; €U,

+0(6NF j=1,2,...,Np, (5.13)

1
)
i.e. the sequence of {{uz(),u}iﬂ](),z =1,2,...,N,j =1,2,...,Np}, N, =1,2,...,Np =1,2,---} is a

decentralized asymptotic Nash equilibrium with respect to {{Jp,, Jr;, i = 1,2,...,Ng, j = 1,2,--- ,Np},
NL:172a"' 7NF:1727“'}'

Proof. See Appendix D. O

6. NUMERICAL EXAMPLE

Consider the scalar case of (2.1)-(2.4), where Ar(,) = 0L, and Ap(0F,) = 0, are uniformly distributed on
the intervals [0, 0] and [0, 0F] respectively, Br(0r,) = BL, DL(GLZ,) =Dy, BF(GFj) = Bp, Dp(0p,) = Dp,
the initial states xp, (0) = 2.(0), x5;(0) = 2r(0), i = 1,2,--- , N, and j=1,2,...,Np. At the same time,

QTI;L B? QLHL| fa exp{max{2T9L,O}}dFL(9L) < land | B%QFHF| f@ exp{max{?TGF,O}}dFF(QF) < 1

where Fy,(0) and Fp(0p) are uniform distribution functions on [01,0;] and [0, 0F] respectively.
By (2.5), (3.18) and (3.19), we have

Pyoy, (t) = Qu{ explity (T = )] = explity 1, (¢ = )]} /{ (.2 + 0. explps. 1, (t = T)]

+ (N’Y,Li - oLi) eXp[u"hLi (T - t)]}v 0<t<T,

K 1 2
(o) = exp (= [ (00, = -Pra, 983 + 2P, (907 ) ).
s1 L Y

¢ 1
¢’Y’9Li <t7 82) = exp (/ (QLL - RiLP’Y’GLi (Sl)BIZJ> dsl) )

where piy 1, = \/9% + (Bt - %D%)QL. By (2.6), (3.29) and (3.30), we have

Pyor, (t) = Qr{ expliiy,m, (T =)} = explity (¢ = 1)1} /{ (.5, + 01 expli (¢ = )]
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4><1o'3 ‘

3.5

FIGURE 1. The curve of ey, with respect to Ny..

+ (1., = O explian i, (T = 1))}, 0 UST,

K 1 2
w’Y,GFj (t7 81) = €Xp (_ / <9Fj - RfP’Y’on (S)B%‘ + 7P’Y,9Fj (S)D%‘) dS) 9
S1 F ,‘Y

¢ 1
¢719F7~ (t,s2) = exp </ <9F,- - pr,epj (81)3127) d81> ,
’ So F

where iy, F, = \/H%J_ + (%FB%— %D%) Qr. Since Pyg,(t) > 0 and Py, (t) > 0 for t € [0,7], we have

0 — P%LP%QL (t)B? <0y, and Op — %FP779F (t)B% < 0. From Assumption 2.4, we know 6, — RLLP%% (t)B? +
2P0, ()D} <01 and 0 — 7Py 0, (t) B + 2Py 0, () D < 0p for ¢ € [0,T]. Therefore,

1 ﬁ t T t 1 So 1
‘_RLB%QLHL /9 /O / €exp { / |:0L — RfLP—Y’QL (83)3%] d33} exp{ - / |:9L — RiLP%gL (84)3%
2 ) o, 2
+ ;P%@L (S4)DL dsy pdsidss dF(GL) < EBLQLHL eXp{maX{QT@L,O}}dF(HL) <1,
S (23

1, 73 t T t 1 ) s2 1 ,
‘RBFQFHF / / / exp {/ {HF - RP,Y’QF(S3)BF:| d53} exp{ - / {HF - R—P%QF(&;)BF
F 97[‘ 0 S2 S2 F S1 F
2 ) o, Or
+ ;P%QF (S4)DF dsy pdsidss dF(QF) < Ry BrQrHp exp{max{2T9p,0}}dF(9F) < 1.
or

oo

From the above we know that Assumptions 3.8 and 3.11 hold.

For the systems (2.1)-(2.4), we take parameters [01,0., By, Dr,Qr, Ry, Hr, g1) = [0.3,0.6,1,0.1,1,2.5,0.8,
0.5], [0r,0F, Br, Dr,Qr, Rr,Hp, H, gr] = [0.2,0.5,1,0.05,1,2,0.5,0.3,0.5], the initial states z(0) = 0 and
zp(0) =0, T = 1h and v = 40. It can be proved that Assumptions 2.2, 2.3, 2.4, 2.5, 3.8 and 3.11 hold.

We take a step size of 0.01 to discretize ¢, and a step size of 0.005 to discretize 0, and 6. By using Banach’s
iterative method of step-by-step, the numerical solutions of zj (¢) and z5(t) are obtained. Figure 1 and 2 show

the curves of ey, and ey, respectively. It is shown that both ey, and ey, vanish as N and Np increase.
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5 %107

5 10 15 20 25 30
N

FIGURE 2. The curve of €y, with respect to Ng.

7. CONCLUSION AND FUTURE RESEARCH

In this paper, we studied a class of risk-sensitive mean field games. The systems considered contain a large
number of major and minor players. The state average term of the major players has influence on the major
and minor players, and the state average term of the minor players only has influence on the minor players.
We constructed the estimations of the state average terms for the major and minor players by the two-layer
state aggregation method, and gave the conditions for the existence and uniqueness of the fixed points. Then,
we designed a sequence of decentralized strategies. We proved that the estimations of the state average terms
are consistent with their true values for the closed-loop systems, and the sequence of strategies designed is a
decentralized asymptotic Nash equilibrium.

The control inputs we considered are unconstrained. There have been some works on optimal control and
mean field games with input constraints [14-16]. So far, the works on the mean field games with control inputs
constraints have assumed that there are finite classes of minor players [14, 15]. The method used in [14, 15]
is to obtain the consistency condition of the mean-field system by determining the existence condition of the
solution for a set of (finite) coupled forward-backward stochastic differential equations with projection operators.
Different from [14, 15], there is a continuum of minor players in the systems (2.1)—(2.4). For the system with a
continuum of minor players, the problem of risk-sensitive mean field games with control inputs constraints can
not be solved by the existing method. This problem deserves further study in the future.

APPENDIX A. PROOFS IN SECTION 2

For the system (2.1)—(2.4), under Assumptions 2.2 and 2.4, for each 0, € O, let ¢ 0, (¢t,5),0<t,s <T, be
the solution of

{8810 = [A00) =~ BLOWI L BT 00)Pr0. 0] 10,60 (A1)
Oy0.(5,8) = In, ’

and ¢, (t,s), 0 < t,s <T, be the solution of

{ At 0, (1.5) = — [AL(62) — BLOL)R; B (90)P, 0, (1) + 2DL(0)DE(01)P, 0, (1] iy, (1, 5) (A2)
1/)’)’79L (57 5) = Ina
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and for each 0r € Op, let ¢, 0, (t,s), 0 < t, s < T, be the solution of
{ g0, (t.5) = [Ap(0r) — Br(0r)RE Bf(08) Py o, (t)] dy.0, (8, 5)dE, (A.3)
d)'YﬂF (Sv 3) = Ip,

and ¥~ g, (t,8), 0 <t,s <T, be the solution of

A0, (1) = = [Ap(0r) — Br(9)R FBE 0P, (1)
F2Dp(0r) DEOF) Py (8] Gy0r (t5)ct (A4)
Uy op(8,8) = I,
Then we have the following lemmas.

Lemma A.1l. For the systems (A.1)-(A.4), if Assumptions 2.2 and 2.4 hold, then there exists a constant C
such that

8¢'}’79F (tv 5)
ot

9,01 (¢, 5)
0s

) ) ) )

¢'y gL t S
sup sup sup max
e 0pcOF 0<t,s<T

9,0, (L, )
Js

1600, (8 )1, 190,00 (85 S, Dy, (£ 8) 15 [[44,05 (£ 8)||} < Ch

Proof. Firstly, by Bernoulli replacement method [40], we transform (2.5) into the following linear form

1,0, (1) = [A(01) = (BL(0L)RL B (01) = 2DL(0)DL (01)) Py.o, ()| Hy0,, (1)
H0,(T) = I,

K’Y79L (t) = P'\heL (t)H“/ 23 (t)

K%eL (T) =0

Let 6%(% (t,s), 0 <t,s <T be the solution of

{d¢>v,eL<t,s>= [40061) = (BLOL RS BT 01) - 2D10L)DT (00)) Po, (0] B, 90ty o
%V)QL(S, s)=1I,.

For any given (¢,01) € [0,T] x O, by (A.5), we have Hy g, (t) = ¢, 4, (t,T)Hy9,(T) = ¢, 4, (t,T). Thus, the
existence of @%h)fl(t, T') implies that H,;éL (t) exists. We know that (H, g, (t), K 0, (t)) satisfies the equation

)=

AL(6L) —(BL(GL)Rlez(GL) - 3DL(9L)DI(9L))] [Hv,eL (t)} [Hv,eL (T)} _ [In} _
—Q, —AT(01) Koo, ()]’ Ky, (T) 0

Because Ar(0r), Br(0r) and Dy (6r) are continuous with respect to 0;, € Oy, therefore, H., 4, (t) and K g, (t)
are continuous with respect to (¢,6r) € [0, 7] x ©r. This together with the definition of the inverse matrix
implies that H_ L(t) is continuous with respect to (¢,6r) € [0,T] x O, then P, 4, (t) = K0, (t)H;éL (t) is
continuous Wlth respect to (t,05) € [0,T] x ©r. Next, by the compactness of Oy, we can find a constant C]
such that supy, cg, supg<i<r||Py,0, (t)[|< C1, which together with (A.1) yields

d) 0 t.S
sup  sup maX{H 7,05 (
0r,€0, 0<t,s<T

(t,s)|} < 0. (A.6)
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Similar to the proof of (A.6), we have

max{ sup  sup ||w%9L(t,s)||} < 0. (A.7)
6,0 0<t,s<T

Noting that de- g, (t,8) = —dv.0, (t,8) [AL(0L) — BL(0L)Ry B} (01) Py, (t)] ds. Then similar to the proof of
(A.6), we have

sup  sup max{HagbV AL ’} < 0. (A.8)
0, €0 0<t,s<T
Combining (A.6)—(A.8), we obtain
sup  sup max i 9L (t,5) , 09y, (8 5) tos), |90, (L, s < 0. A9
v.vL
0,€0 0<t,s<T s
Similar to the proof of (A.9), we get
3] (t, 3] t
sup sy e { | 2220 |00yt 191 < o
0r€OR 0<t,s<T 0s

Combining the above inequality with (A.9), we know that there exists a constant C; such that Lemma A.1
holds. O

Lemma A.2. Let

Fr = inf{y | v > S5(v)}, (A.10)

where

— a(bweL ts) 2

S(y)= sup sup sup max{1280|HTQFH||”
0<t,s<T 0,€OL Op€EOR

(01|12 max {T4,1},

12801 H T QrH]| 6,0, (8,9 |1 DL (00) | max {T4,1},

0 (t,
1020(JQu | + VT Que | + (00,100)) | B0 5 B 011 ) | 222

’ D1 ( GL)||2maX{T4 1}

1024(Qull + I HL QuHL + (My,1.(00)) | BL(0L) R BL L)) 65,0, ()| [ D1 (01)]1* max { 7%, 1},

0 (t
1280(||QFH + ||H1—4EQFHF|| + (M'Y’F(HF))QHBF(QF) IBF QF || H(JS,YQFS

‘ |De( 0F)||2max{T 1},

1280 (| Qrll + | HEQrH| + (M (06))* | Br (0 5 BE 06| ) 65,0, (t5) I |1Dp (0) | max {T%, 1},

0 (t,s

1800, 1 (6 H“\ D2 (02) |2 max {21}, 060, 1 (02) 6.0, () | Do (00)]* max {T,1},
Oy .0, (t, s

48al, ¢ (Or) \d’d] | D5 (05) |2 max { 7%, 1}, 96aM»y,F<9F>||||¢%eF<t,s>||2|DF<0F>Qmax{T‘*,l}}.

Then we have ¥ < 00.



RISK-SENSITIVE MEAN FIELD GAMES WITH MAJOR AND MINOR PLAYERS 25

Proof. We know that the generalized matrix Riccati differential equations (2.5) and (2.6) with v — oo are given
by

{ Py, (t) = =Py, (t)AL(0L) — AL (0L)Po, () + Po, (t)BL(0L)RL ' Bl (6L)Ps, () — QL.

and

{ Py (t) = —Pp, (1) Ap(0p) — AL(0F)Po. (t) + Po,. () Br(0p) Ry B (05) Po,. () — QF,

The state transition matrices (A.1) and (A.3) with v — oo are given by

{ deg, (t,s) = [AL(0L) — BL(0L)Ry ' B (6)Po, (1), (t, s)dt,
¢0L(575) = In»

and

{ Ao, (t,5) = [Ap(0F) — Br(0r)Rp' B (0F) Py, (1), (t, s)dt,
¢9F (53 3) =1I,,

which leads to

20069 — gy, (t,5)[A1(61) — Br(0r)R; B (61) Py, (5)], (A1)
¢0L (87 S) = I,

and
200 0) — Gy, (1, )[Ar (Or) — Br(9p) Ry BE (05) Pay (5)) (A.12)
¢9F (S 8) =1Ip.

Similar to the proof of Lemma A.1, by Bernoulli replacement method [40], we know that Py, (¢) and Py, (t) are
continuous with respect to (¢,61) € [0,T] x O and (¢,0r) € [0, T] x Op respectively. Combining (A.11), (A.12)
and the fact of the continuity of Py, (t) and Py, (t), we know that 8¢9Ls(t’s) and dd)ggs(t’s) are continuous with
respect to (¢,s,01) € [0,T] x [0,T] x ©p, and (¢,s,0F) € [0,T] x [0,T] x O respectively, which together with
the compactness of O, and O yields

[\v]

8¢9L t s)

D5 (81)]|? max {T4,1},

lim S(y)= sup sup sup max{1280|HTQFH|| H
Y0 0<t,s<T 0,€OL Op€EOF

1280||H T Qr H|| || @0, (¢, 5)II* | D2 (62) ) max{T*, 1},

1024 (1Ql + 1 H] QuHw | + (M (62)) | Bu(62) R B (00)]))

‘3(;59L (t,s

‘ 1D GL)||2maX{T 1}

1024(1Qull + IHL QuHL + (ML (60))* | BL(02)RE BLO)I1) b0, (&, )| 11 D1 (012 max {T*,1},
Ha(;SQF (t,s

1280(1Qr || + | H7 Qr Hell + (Mr (0r)) | Br (6) Ry BF (67| \ |Dr(6) P max {741},

1280 (I Qrll + I HEQr Hell + (Mr (95))* | Br (07) Rz BE 001 605 (¢ )| || Dr (9) | max { T*,1 |,
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2
18a015(02) | 2224 Dy o) 2w (74,1}, 96003 00, 191 D1 00) e {7, 1},
2
48a M (0r) %93735) |Dr(Or)]? max {7 1}, 96aMF(9F>||¢9F(t,s>||2||DF(9F)||2max{T4,1}},

where My, (01) = supg<;<t P, (t) and Mp(0r) = supg<;<r P, (t). Thus, there exist constants N > 0 and

v* > 0, such that S(y) < N for all v > ~*. Taking v = max{y*, N}, which together with (A.10) leads to

Fr < oo. This completes the proof. O
APPENDIX B. PROOFS IN SECTION 3

Proof of Theorem 3.1. Firstly, we prove (a). For each (7,2) € [0,T] x R™ and v € R™, by (3.6) we know

_OG(r, ) < OG(t,x)
or — Oz

1 1 0?G(t,x
(o + Bo) 4 2l =yl + ol Glra) + 5 1 (552 0DT),

which implies

0?G(t,x)
Ox?

OG(t,x) n OG(1, x)

1 2 2
[l =yl + el G ) + =5 E

(Az + Bv) + %Tr ( DDT> >0. (B.1)

Let t € [r,T] and Z(-) be the unique solution of system (3.1) under o(-) € U,. Replacing 7,2 and v by ¢, Z(t)
and o(t) in (B.1), we have

11, _ B B oG (1, x OG (1, x B B
S O B R e I e IR CCURY.L0)
T=t, =T (t T=t,xc=I(t
b oT ( DDT ) >o. (B.2)
2 Ox? r=t,2=%(t)

For the term exp [% f: (1z(s1) = y(s1)lIE + [[9(s1) %) ds1] G(t, Z(t)), by 1t formula, we obtain

d[exp (i / () — (el + ||v<sl>%)dsl)e<t,x<t>>]
—exp (1 [ It = uts0)ly + o0 s a6 70
+ G(t,m(t))d[exp (1

o]

/Tt (I12(s1) = y(s)11% + ||v(sl)|%)dsl>} (B.3)

By integrating the both sides of (B.3) from 7 to T', we have

T
exp (i/r (lz(s1) = y(s0)lIE + 5(81)Ilfq)d51>G(T,f(T)) - G(r,2)

-/ " exp (i / (late) - son)l + v(son%)dsl) [i(mt) —yOlI3 + [00I%) G, 7(1))

0G(T,x) 0G(T,z) 0?G(t,x) DDT> }dt
T=t,x=Z(t)

R L 922

(AZ(t) + Bo(t)) + % Tr (

T=t,x=Z(t) T=t,x=Z(t)
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T 1 /[t 0G(T,x
s e (2] (o)~ a0l + oo ) asy ) 245 Daw (),
T Y Jr z T=t,2=Z(t)
Combining (B.2) with (B.4), we get
1 T, _
exp (7 [ (aton) — sts0ly + ||v<sl>||%)ds1) - G(r,)
T 1 [t 0G(1,x
> [ow (2 [ (et - o0l + ot R ) 240 DAW (7).
T T Jr T Ar=te=a(t)
Next, we will prove
T 1/t OG(1,
E[ / exp( / (|:c<s1>—y<s1>||é+||v<sl>|%)dsl) r.2) Daw(r) xm:m}:o
™ T Jr T Ar=tz=3(t)

By Cauchy-Schwarz inequality, we have

E{ [
SE{ '/ " exp (2 [ Gsts)  wionli + |@<s1>||%%)dsl>dt}é
Y=o
<fe[ " exp 2/ () — wlsn)l + Jo(en) ) ) ] }
L= oy
By C, inequality, we obtain
| [ "o 2/ () — ylsn)I + olsn) ) ) e

<[ [ " exp (2 [ wtoolitss ) esp (2 [ (atonls + Iotsul)as: )]

<(T —7)exp (j /TT||y(sl)||édsl)E{eXp (f: /TT (Iz(s0)lIE + ||v(81>||%)d81)]-

L (e 2 G 2 0G(1,x)
exp (5 [ (Ite0) = o) + (el s ) 5 D

T=t,x=Z(t)

2
dt}

D

T=t,x=Z(t)

D

T=t,x=Z(t)

Since y(s1) is continuous with respect to s1 € [0, 7], we have

4 T
exp (7/ ||y(31)||2stl> < 00.

27

(B.4)

(B.5)

(B.7)

(B.8)

(B.9)
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By (3.4), we get

e (2] " (el + fotenlz)as )| <.

which together with (B.8) and (B.9) leads to

E[/ exp <7/ (Ilz(s1) — y(31)||2Q + ||’l7($1)%)d81>dt:| < 0. (B.10)
We know
T 2 T 2
E / 9G(r,2) D| at| < ||p|PE / 9G(r.2) dt|. (B.11)
- ox r=t, o=z (t) T Oz T=t,x=%(t)

For the « given by (3.4), there exists a constant € > 0, such that 2+ ¢ < a. Then there exists a constant N, > 0,
such that if ||Z(s)||> Ne, then M, 2||Z(s)||< eM, 1]|Z(s)||* and [|Z(s)[4+1 < ||Z(s)||*>. For the above, by (3.7), we

know that
[
<cgel [ [ow (2 (analaianiaon) )| (12611) as

<c8ed [ tiaconens [0 (2 (anallz P am aleo) )] (1) as )

+ CE{ [ taconens [on (2 (aallz P aatzo) )] (1w+1) s
<acie] [ o (22 (anallse1) ) (1P 1e611)as |

+ 8] [ taconens [oxn (2 (aallz P aatz o) )] (1w+1) s
<icge] [ [oo (22 (aratzP1) )] (171 as

+ C88{ [ tanens [0 (2 (dtatz etz o) )] (26)141) o)
<icge] [ [ow (& (1) )] (121 as)

+ CE{ [ taconeny [o (2 (nallzt 1 ar aleo) )| (1) as)

This together with (3.4) and (B.11) leads to

r

OG(T,x)
ox

T=t,x=Z(t)

OG(1,x)

E or

D

T=t,x=Z(t)

th] < 00. (B.12)
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Combining (B.7), (B.10) with (B.12), we have

E[/f

This together with Chapter 1, Theorem 5.9 of [33] leads to (B.6). Taking expectations on both sides of (B.5)
and combining this with (B.6), we obtain

OG(t,x)

exp ('17/7 (”56(81) - y(81)HZ) + ||’U(81)||%;i)d81) 52 D

T=t,x=%(t)

2
dt] < 00.

z(r) = ZC:| - G(r,z) >0, (B.13)

E[exp (i / "2 — I3 + |v<t>||%>dt)

which implies

oty <8l (1 [ (120 - w0l + o)) [pir) = o] (B.14)

;0(+)). This proves (a). If there exists v*(-) € U, such that (3.9)

This together with (3.3) yields G(r,z) < L(r,x
13) and (B.14) become equalities with o(-) = v*(-), thus,

holds, then the inequalities (B.2), (B.5), (B.

G(r,2) = L(7, 2507 (), (B.15)
We know infy(yey, L(7,2;9(-)) < L(7,2;0*(+)), which together with (a) and (B.15) implies L(7,z;v*(:)) =
infg(.yeu, L(7,2;9(+)) = G(7,2). This proves (b). -
Lemma B.1. Let

yr = inf{y | v > S(7)}, (B.16)

where

S() = sup max{192(||cz||+ 2 1BR BT || 22552 | D) ma(r, 1),

0<t,s<T

384(11QIl + M2 | BR'BT) |6, (1, )| | D|I* max{T*, 1},

960 M, 1 |

65 (&)1 | DIIP max{T", 1}, 48, || 22552

2
||D|2max{T4,1}},

and ¢~(t,s), 0 <t,s <T, is the solution of

{ do,(t,s) = [A— BRT'BTP,(t)] ¢,(t, s)dt,

Then we have yp < 00.

Proof. The proof is similar to that of Lemma A.2. O

Proof of Theorem 3.3. Firstly, we will prove that G(r, ) given by (3.10) is a classical solution to (3.7) in the
class of C%2([0,T] x R™, R) satisfying (3.7).
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From BR™'BT — %DDT > 0, we know that the system (3.5) has a unique solution. By (3.10), it is obvious

that ac:a(:,x) and 8G§;§’x) are continuous with respect to (7,x) € [0,T] x R", thus G(7,z) € C12([0,T] x R™,R).

From (3.5), (3.8), (3.10) and (3.11), the left side of (3.6) with V(7,z) = G(r,z) is given by

6Gé: z) :%G(T, x) [—xTPA,(T)a: + Zfo.,y (1) — gbv(r)}

1 . 2

:;G(T, x) {x—r |:P7(7’)A + ATP, (1) — Py(7) (BR BT - ,YDDT> P, (1) + Q] x
. 2 ’

— 22" { (A —~ BR'BTP,(1) + WDDTPW(T)> & (1) + Qy(f)}

—&] (N)BR'BT&, (1) +y" (1)Qu(7) + %gj (1)DDT¢, (1) + Tr (P, (7)DDT) } ) (B.17)

By (3.10) we know G(7,x) > 0. This together with the right side of (3.6) yields

. [0G(r,x) 1 3 9 9 _ 17 (0G(1,2) T
af}%g;m{ax (Am—i—Bv)—&—’Y[Hx y(T)||Q—|—||UHR]G(T,x) = 2R B B e G(r,x),

which together with (3.10) implies that the right side of (3.6) with V (7, z) = G(r, ) is given by

. [0G(r,x) 1 9 5 1 *G(r,z) 1
_9G(r,x) B ,  19G(r,@) oy o1 (0G(r2)\
=8 A+ g -yl - ;s BR'B ik G(r,z)

ol x>{2 T Py(r) — €] (1] Az + 2" Qa4 y T (DQy(F) — 2T Qy(r) — T (F)Qe

— [z Py(r) = & (7)] (BRlBT — jDDT) [Py(T)x — &,(7)] + Tr (P, (r)DDT) }

:%G(T, x){xT |:PV(7')A + ATP,(1) — Py(1) (BR—lBT ~ iDDT> P(7) + Q} x

. 2 T
— 2z [ (A —~ BR'BTP,(1) + ’YDDTPV(T)) & (1) + Qy(T)]
— & (MBR'BTE(1) +y " (1)Qu(T) + %gj (1)DD'¢, (1) + Tr (Py(1)DDT) } (B.18)

Combining (3.6), (B.17) with (B.18), we know that G(r, ) is a classical solution of (3.6) in C12([0,T] x R, R).
By (3.10), the definition of M, ; and M, 2, we obtain

2

-2 [exp (i (2P (r)a — 207 E, () + %(T)))] (a7 Py(r) — & ()

<2 sup (o (o)) [ ex0 (2 (MrallolP400,alel) ) | (M a4,

el 7€[0,T

OG(1,x)
Ox
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<% s [exp (ip3(r)) | max {0, 1,0, ) {exp (i(M%leHz—&-M 72||x|>)] (el +1),

which together with the continuity of ¢, (7) with respect to 7 € [0, T] leads to (3.7).
Secondly, by the sufficient condition of the extreme value of unary functions, we have

. {aG(T,x)
argmin{ ———

vER™ 833

T=t,x=x*(t)

(Az*(t) + Bv) + % [l () = 5117 + llvl7] G(t,w*(t))}

-

1 _ 0G(1, )

S —— - > R il S hets

2G(t,x* (t)) ( Ox T=t,x=x*(t)>
=—R'BTP,(t)z*(t) + RT'BT¢&,(t) (B.19)
for all (t,w) € [r,T] x Q, where z*(-) is the strong solution of the system (3.1) under the control u(t) =
—R- IBTP L (H)x*(t) +R™ 1BT&Y() Let

u*(t) = —R'BTP,(t)z*(t) + R'BT¢&, (1), te[r,T). (B.20)

Next, we will prove that u*(-) € U,. Let

(o telo
ailt) = { Ll I3 +lu* ONR), tel

From (B.21) and Jensen inequality, we have

slew(2 [ (o0l + v 0i)ar)] <foo(F [ Lawa)]
e[ o]

<z [ el (Ll @ns+ e oi))]a @22

7),

7T}'

(B.21)

23

Let ¢,(t,s), 0 <t,s <T, be the solution of

do,(t,s) = [A— BR'BTP,(t)] ¢,(t, s)dt,
{ b (5. 5) = I, (B.23)
and ¥, (t,s), 0 < t,s <T, be the solution of
{ dip, (t,s) = — [A — BR'BTP,(t) + %DDTPW(t)} ot s)dt, (B.24)
Uy(s,8) = In.

Combining (3.1), (3.8), (B.20), (B.23) with (B.24), we get

t T
- / 6, (t,52) BR™'BT / Vo (52, 51)y(s1)dsrdss + 6 (¢, T)a



32 Y. CHEN ET AL.
t
+/ 6. (1, 52)DAW (s3), ¥ t € [r,T]. (B.25)
From (B.20) and (B.22), (B.25), C.. inequality and Cauchy-Schwarz inequality, we have

elow(2 [l @l + v @l)ar)]

/TTE{exp(iT(llx*(t)HQQﬁL” —R'BTP(t)a*(t) + R‘lBTéw(t)lfz)ﬂdt

@
»
T

INA
+

IA
Nl Sl
_|_

Nl— = 3=

[ el (L (1o @l 1 BT 0 O R BT 1) Yo

IA
el

T t T T
= exp[mf( [ otsmrsT [ w7(827sl)czy<sl>dsld82+¢7(m>) Q

t T
X (/ ¢7(t,32)BR*1BT/ ¢—Y(82,81)Qy(81)d51d82—‘r(b—y(t,T)J})
.

16T</ ¢ (t,s2)BR™ 1BT/ ¥ (82, 51)Qy(s1)ds1dse + ¢ (8, 7)z ) P,(t)BR™'BT P, (1)
«( [ st samrsT / s, 3)Qu(ondsadsa + 0 (7)) + LR BT (O
X E{exp{ </ ¢,y t 52 DdW 52 ) Q/ ¢7 t EP) DdW(Sg)

+16T(/ 6. (1 SQ)DdW(52)>TPW(t)BR_lBTPW(t)/T ¢~/(t,82)DdW(52)] }dt

INA
= ol
<
N o

NI

JZJZ, (B.26)

N

+

where

T T
J1 :/ exp[ (/ ¢4(t, s2) BR™ 1BT/ Py (82,51)Qy(s1)dsidss + ¢ (¢, 7)x ) QL

X (/ ¢7(t,52)BR_1BT/ w»\/(SQ,Sl)Qy(Sl)d81d82+¢7(t,7—)$>

.
32T</ ¢ (t,s2)BR™ 1BT/ V- (52, 51)Qy(s1)ds1dsy + ¢, (t, 7)x > P,(t)BR™'BT P, (t)

x ( / 6. (t,52) BR™'BT / (52, 51)Qy(s1)ds1dss + 6. (¢, 7)a >+16T||R IBTE (1)]2 ]dn

and

Ja /TT {IE lexp(liT(/: o+ (t, sz)DdW(52)>TQ /Tt O~(t, 52)DAW (s2)
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T k 2
- 16T</ ¢ (t sz)DdW(Sz)) P,(t)BR™'BT P,(1) / ¢”(t’82)DdW(SQ)>]} "

Since ¢~(t,s) and 1, (t,s) are continuous with respect to (t,s) € [7,T] x [1,T], Py(t), & (t) and y(t) are
continuous with respect to ¢ € [, T], we have

JE < oo (B.27)

Noting that f: b~ (t, 52) DAW (s2) = DW (t) — ¢ (t, 7)DW (1) — f: a‘b”a(stz”)DW(sQ)dsQ, by C, inequality and
Jensen inequality, we have

167 |:/ ¢7 t 82 DdW 82 :| Q/ (ZSA/ t S92 DdW(Sz)
a 2
<@||Q||||DW< OIF + ZE1QI, ) DW P + [ 225 puy s,
t 2
<=l <||DW<t>|2 Hlon 6 DW ()P +¢ %;”wa) d) VielT.  (B29)

Similar to the above inequality, we obtain

16T(/ ol SQ)DdW(52)>TP7(t)BR1BTP7(t) /Tt ¢ (t, 52) DAW (s2)

T
<£ |P,(t)BR'BT P, (1)]| (IIDW(t)2 + ¢4 (t, 1) DW (7)|1?
t 2
+t/‘r %?DW(SQ) d52>, VtelrT). (B.29)

From (B.28), (B.29), the definition of J» and Cauchy-Schwarz inequality, we have

T
e {

<o 2L (10l + P3RBT Ry ||)|¢v<t,T>DW<T>|2)

e G (R O e A MU

DW(SQ)

)

1
2

i dSQ)] dt. (B30)

X exp< (||Q|| +||P,(t)BR'BT P, (¢ Ha% (F, 52)

682

< /TT{E[exp(M(@n + [P BE BT R0 JIDw ) ||
< {e|exo (2L (11 + |17, (0B8R BTR O] )l DW I ) |

T
><1Eexp<96 (el + [Pty BR- 1BTP()H)/ 99,(t, 52)

DW(SQ)

882
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By the definition of M, 1, the condition v > 7 and the calculation of the expectation of the exponential function
related to Brownian motion, we have

1927
E{exp( : <HQ||+HP t)BR'BT P, (t H IDW (¢ ||2>}
1

1927 T o T ) ( J:Tx)
< ex B D|*z = exp| — —— |dz
< [ ew(*Z (1l + o 1D ) e~ o

<l /(-3 sw (||Q||+ s BT DT ) |
7<t,s<T
D veenn (B.31)

(NS}

Similar to the above inequality, we have
92T _
o (225 (10117, 05 ET P O] o, ) DW )|
1927 9 1T o T 1 zlx
< -
< [ exo( SR (10 M2 BRIl (1D 0 ) e - 25

S[7/<7—384 sup (HQII
7<t,s<T

-1BT||)||e>v<t,r>||D||2T2)]Z‘Z

<oo, Vte|[rT]. (B.32)
Let
, telo,7), B33
Ha‘f’“” DW(s)|,  teln ) (B-33)
From (B.33) and Jensen inequality, we have
96T 1T r 8¢’7(t752) ?
lexo( 2 (1QI+1P, BRI BTP, 0] [ | 2552 DW (sa) | ase

5 [exp(T [ (1@l 1 0RB Ry 01 iatsa)iss )|
=1 Texp(gi(Q||+||P7<t>BR—1BTP7<t>||)92<52>)d82}

L’” (t 52)DW(52)

r 1 (7 96T I
<l 4=
<5+7 ) E[exp( S <||QH+HP()BR BTP( ||

i )] dss. (B.34)

By the definition of M, i, the condition v > 7 and the calculation of the expectation of the exponential function
related to Brownian motion, we have

0~ (t, s 2

—_ / ¢'Y 2) ) ] dSQ

652 DW(SQ)

exp< (||Q||+||P ) BR™'BT P, (t ||)H
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T

! e rr dxds
= exp| - 2=
(\/ 27T82)p P 282 2

2
||D|2T4)

“IBTP(t

|| H&by t 82

\ 1D

,*/ / exp [
—*/ [/( Sgngljz(nQn PR BT Ry 0] )| 2L

<oo, VYte|[rT],

2
d82

which together with (B.34) leads to

T 00~ (t, s2) DW (s2)

E
882

: d32>] <oo, Vte[r,T]. (B.35)

96T _
exp< —(lQI+1P, () BR BT P (1))
Combining (B.30)—(B.32) with (B.35), we get Jy < co. This together with (B.26) and (B.27) yields

(2 (1

Olfy + w1 )at) | <o

Moreover, we know

7
[ e (o (20252 *()H?))dtﬂ[ B <>||4dt] . (5.36)

Substituting (B.25) into ]E{exp (QO‘M” L|z* (¢ )||2)}, by C; inequality, we get

E oxp (2202 (017 |
:E{exp |:2an ! (/ ¢,y t SQ)BR 1BT/ ’l/},y 82,81) (81)d81d82 +¢,y(t 7')
/ (b’Y t SQ)DdW S92 ) (/ (b,y t 82 BR 1BT/ ’lbry 82,51) (Sl)dsldSQ

—|—¢7(t,7'):c+/ ¢7(t,52)DdW(sz)>H

40(M»Y 1

.
Sexp{ (/ ¢(t,s2)BR™ 1BT/ 1y (52, 51)y(s1)ds1dss + ¢4 (8, 7)x )

X </T ¢ (t,s2)BR™'BT / @/}W(Sg,sl)y(sl)dsldsz+¢'y(t,7')x>]
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xE{eXp {‘MM% (/ 6. (1, 5) DTV (s2) >T</: ¢7(t,32)DdW(52)>]}, Vie[nT.  (B37)

Since ¢ (t,s) and v¥(t,s) are continuous with respect to (¢,s) € [7,T] x [r,T], and y(t) is continuous with
respect to t € [1,T], we have

T

exp [40¢Mv, </ ¢~ (t,82)BR™ 1BT/ ¥y (52, 51)y(s1)ds1dse + o4 (t, ) )
X </ o4 (t, SQ)BR*IBT/ ¢7(52751)y(51)d51d52+¢,Y(t,7')x)] <oo, Vte[nT]. (B.38)

Noting that f: ¢~ (t, 52)DAW (s2) = DW (t) — ¢ (t, 7)DW (1) — f: %ZSQ)DW(SQ)(LQQ, by C, inequality and
Jensen inequality, we have

B e |20 ( t ¢7<t,52>DdW<52>)T( / t 6, (t.s2)DIW (s ) |

t
<E| exp (”‘f‘“(nDW@)2+|¢w<t,T>Dw<7>|2+\ / 901(1:52) by (4, ds,

882

12aMry’1 2 - . 2 t 8(157(]5,82)
oxp (7 <||DW(t) ot DW )+ [ 2okl

)
<{E[6XP <48QWM“ IDW(t)H?ﬂ }}I{E{exp (%||¢7(t77)DW(T)||2>} }i

t 2 %
x {]E exp <240‘14%1f/ 0¢,(t, 52) d32>” . VtelrnT) (B.39)

882
By the condition « > 7 and the calculation of the expectation of the exponential function related to Brownian
motion, we have

o (S100107) < | om0 s - 5

< [7/ <7 — 9604M7,1||D|2T)]

<oo, Vte|[rT]. (B.40)

IA

DW(SQ)

Similar to the above inequality, we have

| oxp (£ o, (0w ()|

< [, [e (B e e i) e e - ifﬂdx

< [fy / (v ~ sup 96al ,1||¢w<s1,s>||2||D||2T>} ’

0<s1,s<T

<co, VYte|nT]. (B.41)
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)

From (B.33) and Jensen inequality, we have
8¢'y (ta 52)

T
]Elexp<24aM%1t /
Y T 0s2
24C¥M 1Tt
=E exp( / T ge(s0)ds )}
[ T Jo Y (s2)ds2
T 2
<;E[/ exp<24aM%1T gz(sz))dsz}
v

2
% 7/ lexp<24a]\?y771T2 0 (t, 52) )]d52- (B.42)

852
By the condition v > ¢ and the calculation of the expectation of the exponential function related to Brownian

motion, we have
240 M., T? 2
exp( e P2 >]ds2

1/T
= E
TJ; Y
1 vz
2. Ty 4 _rz
| D||* = a:) (m)pexp< 2% )ddeQ

1 / / 2404MW \T?
< 5

DW(SQ)

DW(SQ)

(9(1)7 (t’ 52)
882

Do (t, 52) ||
0589

DW(SQ)

P
2

1 (7 )
S*/ [7/ (7— sup  48aM, ; % |D|| T3> dss
T 0<s1,s<T
<00, VitelnT],
which together with (B.42) leads to
24CVM,Y 1t T ('M»,(t, 82) 2
E |exp 5 : 5o PW(s2)|| dsz || <oo, Vi€ [rT]. (B.43)
T 2

Combining (B.39)—(B.41) with (B.43), we have

E{exp {MMW L (/ b (¢, 52) DAW (s5) )T(/: ¢7(t,sg)DdW(sg)>” <oo, VtelnT],

which together with (B.37) and (B.38) leads to

E |:eXp (%ux*(twﬂ <oo, Vie|nTl. (B.44)

Substituting (B.25) into E[[|z*(¢)||*], by C; inequality, we have

t 4
E[Jl2" (1) =EH / bt BRBT [ (5o s1y(sn)dindss 4 6 (6, 7)z + / 6. (t, 52) DAV (52)

s2

4

t
SSH/ %(t,Sz)BR*lBT/ Py (82, 81)y(s1)ds1dse + ¢4 (¢, T)x
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t
+ 8E / ¢’Y (t, SQ)DdW(SQ)

4

] , YtelnT). (B.45)
Since ¢(t,s) and 1,(t,s) are continuous with respect to (¢,s) € [r,T] x [7,T], and y(¢) is continuous with
respect to t € [, T], we have

4
<oo, VtelrT]. (B.46)

t T
/ 6 (t,52) BRBT / by (52, 51)y(s1)dsads + o (£, 7)a

Noting that f: b~ (t, $2)DAW (s9) = DW (t) — ¢ (t, 7)DW (T) — f: %@DW(SQ)dSQ, by C, inequality and
Jensen inequality, we have
41

—F lHDW(t) — ¢ (t, T)DW (1) — /T

EM [ ontaspaw)

i ad)’y (t’ 32)

652 DW(SQ)dSQ

<27||D|\4E[HW ||}+27 sup H%(sl,s)D|\4lE[HW<T)II4]
gT
+ 27 sup

aqS’Y 51,5 ¢ 4
0<s1,s<T aSDH /EHW(SQ)H dsy

§27||D|\4p(p+2)t2—|—27 sup H¢7 81,8 DH (p+2)7?

9179

T
/t 78¢’Y (t’ 52) DW(SQ)dSQ

<27 [ DW ()| '] + 27E ||, (¢, D (1) '] +27E e

T

4
49 sup a(b"/éila S)DH p(p + 2) (t3 _ 7_3)

0<s1,s<T
<oo, Vte|rT].

This together with (B.45) and (B.46) yields
E[llz*(t)||!] < oo, Vte€ [r,T]. (B.47)

Combining (B.36), (B.44) with (B.46), we obtain

| [ ' (e (222 a0l )l P | < . (B.48)

This completes the proof of u*(-) € U,. Then by Theorem 3.1, we obtain L(7, z; u*(-)) = infs(.)er, L(7,2;0(-))
G(1,x) = exp [% (2T Py(1)z — 22T & (T) + ¢ (T ))} This together with (3.2) leads to that wu*(t) =

2)
—R7!BTP,(t)x(t) + RTIBT¢, (t) is an optimal strategy in U, for the systems (3.1)—(3.3), and the optimal
cost is J(r,z;u*(-)) = yIn L(1,z;u*(-)) = yInG(1,2) = 2" Py(7)x — 227 &, (1) + ¢+ (7). This completes the
proof. ([l
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Proof of Theorem 3.6. For the convenience of analysis, we introduce a new admissible control set

ur, (t) is adapted to o(zr,(s),s < t),t € [0,T],

HlLi = {ULi(')

the system (2.1) has a unique strong solution zy,(-),

E{exp(i /OT (HxLi(t)HZL + |uLi(t)|f%L)dt)] < 0o, and

EUOT (exp (OWH%(@H?)) ||33Li(t)||2dt] < oo}, i=1,2,... N.,

where M, ,(0r,) = M, 1(01)]g,=0,, and « is same with that in ui .
For the system (2.1) and the cost functionals (3.12), by Assumption 2.5 and Theorem 3.3, the optimal
strategies over HlLi,i =1,2,..., Ny, are given by

ur, (t) = _RZIBI(QM)P’Y,@M (t)xLi (t) + RZIBE(HLi)g'YyGLwZL (t), te [07 T]? i=12,...,Ny, (B49)

where P’YﬁLi (t) = Py, (t)|9L:9L,;7 f’yﬂL,;,ZL (t) = §v.00.20 (t)|9L=9Li7 Pyo, (t) is given by (2.5), and §y.00,20 (t) is
the unique solution of the linear differential equation

€100 (0) =~ [AL(00) ~ BL(B1) RS B (00)Py 0, (1) + 2D(02)DE (01)Py.0, ()] €30, (1)
—[QrHr2L(t) + Qryzl, (B.50)
g’YaeL,ZL (T) =0.

It is obvious that UlLi C Zj{lLi,i =1,2,...,Ny. Next, we will prove that ar,(t) € UlLi,i =1,2,...,Np.
Combining (2.1), (A.1), (A.2), (B.49) with (B.50), we get

t T
T, (t) :/0 P00, (taSQ)BL(eLi)RleZ(QLi)/ Vo 0r, (82,51)[QrHLzr(s1) + Qrgrldsidss

t
+ 60, (1,0)2r,(0) + / by00 (t,52)Dr(05,)AWy, (52), ¥t e [0,T].
0

Substituting the above equation and (B.49) into E[exp(% fOT (lzL, I3, + HNLLHL,%L(t)HZ)L +

llar, (t)H?%L)dt)}, by Jensen inequality, C, inequality with Cauchy-Schwarz inequality, we have

32 (T, 2 1 _ 2 _
o (2 [ (Jew. 0, + | 5 Hoaw 0, + o0l )at) |

32 [T/, 2 1 ~ 2 _ _
—E {exp(7 / (Hm Oy, + || 5 oo ], 1= RE BLOLI Py, (21,0
T RUB](61)6 01, -0 (1) ||%¢L) dt)]
1 T 32T /7, 2 1 ~ 2 T _
ST]E{/O eXp(,y(H'rLi(t)HQL+H]\/'LHLxLi(t)HQL+|_RL By (00,)Pye,, ()2, (1)

+ RleZ (HLi)f%GLi JZL (t> ||%L) ) dt:|
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= [ Elexp HJJL 5, + HLJJL (t) ) +|[RL'BL (01,)Py 6., (0TL, ()R,
Np Qr

+HRZlBZ(9LL)£’Y,9LZ,ZL (t)||%2L)>:| dt

1 (7 1287 [ ! T T
ST [ exp S G0r, (t,82)Br(0r, )R B, (01,) | ¥ry.00, (52, 51)[QrHrzr(s1) + Qrgr]dsidsy
0 0 S2

T t
+ ¢y.0., (8, 0)2r, (0)} QL [/ Gy,0., (t s9)Br(01,)R; "B} (01,)
0

X / Yoy ,0r, (82, 51)[QrHrzr(s1) + Qrgrldsidss + é40, (¢,0)z1, (0)}

1287 ~ r
+ W[/ P00, (t782)BL(9Li)RLlBE(9L1:)/ Vr.0p, (52,51)[QrHLzL(s1) + Qrgr]dsidss
L 0 EP)

T t
T boon, (4,0}, (0)} HQuH, { | o (652 B 0L )R B 01,)
0
T t
></ Vy0r, (52,81)[QrLHrp21(s1) + Qrgrldsidsa + ¢y 0, (t70)xLi(0):| + 1287 {/ Gy,0,, (t, 52)
So Y 0
T T
X BL(9Li)RilBLT(9Li)/ Vo6, (52,50)[QrHr2r(s1) + Qrgrldsidss + dy 0, (¢,0)zL, (0)}
” t T
% Po, (©)BL(01,) R BY (01,) Py, >[ | v, s20BL) R BT 6L | (52.)
0 So

% [QuHpzn(s1) + Qugr)dsidss + b0, (0)c, <0>] + @HR;BL (00,0601, =1 (1 >||%L}

xE{exp[128T[ / B0, (,52) D (61, )V, <52] Q / B0, (,52) D (61, )AW, (52)

.
+ 28] [ v tsaiDn o)W )| BT QuL [ 610, 052D 0L YW (52

T
+ @ [/ by, GL (t,s2)Dp(0r,)dWy, (32)} Pyoy, (t)BL(0L,) Ry, BL G vz, ()

x / 61, (0:52) D1 01, )AW, ()]

T
J3=/ exp
0

+¢mi<t70>m0>) QL( / 05, (¢ 52) B (01, ) Ry BY (61)

T
X / Uy,0., (52,81)[QrHrzr(s1) + Qrgrldsidss + dy 0, (¢, 0)zL, (0)>

(B.51)

256T</ b0, (t,52)BL(01, YR;'B} (61, / Yoy 0r, (52,51)[QrHLzr(51) + Qrgr]dsidss
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+256T( / G0, (£,52) B (01, RT BL (01, / Ur0r, (s2,0)[QuHL 7 (1) + Qugrldsidsy
+ 00, (1021,0)) yQu, ( / G0, (t,52) Br(01,) Ry BT (01,)

x / s (5220 QuHz 21 (52) + Qugrldndss + 6, (¢, 0, (0 ) 256T< / D01, (1,52)
x By(0,) R BI (01, / Urion, (5205 QuHL 7 (51) + Qugr)dsadss + by, (1, 0)e, <o>)

% Pa,, (0)BL(00,) Ry B (00,)Pyo,, >( / G, (1 52) BL (010, )Ry B] (61, / G or, (52,51)

25671
x [QrHrzr(s1) + Qrgrldsidss + dy 0, (t,0)zL, (0)) + 7”3 'BL(01,) 00, 21 (t)||%zL] dt,

and

T
n= [
0

| 1287 (/ Gy, (t,52)Dr(0r,)AWT, (82)>

128T

E<exp(128T( / br0s. (£ 52) Dy (01, )AW, <32) o / By, (1, 52) D (01, ) AW, (s2)

.
Hy QLHL/ G0, (t82) D (01, )dW, (s2)

.
</ Gry,01, (8, 852) D (01, ) AW, (82)) Py, ()BL(0L,)R, "B (0L,) Py, (t)

2
></0 ¢w,9Li(t’52)DL(9L,-)dWLi(52)>>] dt.

Since ¢+, (t,s) and ¢, g, (t,s) are continuous with respect to (t,s) € [0,T] x [0,T], zL(t), &0, .2, (t) and
Py ., () are continuous with respect to ¢ € [0,7] and ©y, is a bounded closed set, we have

J2 < oo (B.52)

Ob~,0, (t,s . .
Noting that fot br00, (t8)Dp(01,)dWr,(s) = Dr(0r, )W, (t) — fot %DL(OM)WM (s)ds, by C,. inequality

and Jensen inequality, we have

128T(/ 605, (£, 5)Dp(01,)d WL, (52) ) QL/ Py,0,, (t,52) D (01,)dW L, (s2)

/t 010, (t,52) 2)
0

852
2
d82> . (B53)

256T

<7||QL|| (IIDL(HL:)WLZ» Ol + ‘ D (0L,)WL,(s2)ds2

52

to t,
<m||QL|I<||DL(eLi>WLi(t>2+”‘/0 HWD 0 2)
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Similar to the above inequality, we obtain

.
128T</ P61, (8, 52) D (02,)dWr, (52)> Hy, QLHL/ b,0,, (t,82) D (0,)AWL, (s52)

‘ ¢'Y79Li (tv 32)

882

256T

<THHL QrHL| <||DL(9Li)WL,i (t)[? +t Dr(0r,)Wr,(s2)
0

and

¢ T
1231—‘(\/0 ¢'Y,9Li (t782)DL(0Li)dWLi(82)) P’YﬁL ()BL(QL )R BL (GL) 61, (t)

t
x / 6r0, (12 52) Dy (61, )W, (52)
2561

< BTy, (OBLOL) R B 01 Pra, 0]
t s 2
X <|DL(9Li)WLi(t)||2+t/ %MDL(GLi)WLi(SQ) d82>. (B.55)
0 52

From (B.53)—(B.55), the definition of J4, Cauchy-Schwarz inequality and Jensen inequality, we have

T
J4§/ E
0

384T
><|DL<9Li>WLi<t)||2)exp< (LI IHLQuEL] + [Py, (0B (6L)RE BLOL) Py, ()] )

o )|V

<t [ oo ("2 (1QulIHT QUL + 1Py ()B100) BT BL 01 P, 0, 0]

256T
exp(v(||QL+|H{QLHL||+HP%eLiu)BL(eLi) 2'BL60L)Pya,, 0] )

ad”y,@L. (tv 52)

Dy Dp(0r,)WL,(s2)

x|DL(9Li>WLi(t>||2)] / 'E

51272
exp( (el +IHLQuL

+HP"/7‘9L1. (t)BL(aLi)Rlez(aLi)P’Y»9Li (t)

0P, (t,s
! H %DL(%JWM(”)
$2

2
)] dsadt. (B.56)

By the definition of M, 1(6r,), Assumption 2.5, the compactness of O and the calculation of the expectation
of the exponential function related to Brownian motion, we have

Eoxp (228 (1QulHHHE QuHL 1P, 0, (052 01 R; B 00)P, 00, (011262 )W, 0] )|

< [ o (P2 (1wl ET Qutul + (31, £600)) 18200y BE 011 D101 P )|
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<[/ (=102 s s (HQuHIET QuLl + (00, 160.) VL 600 57 (511

0<t<T GLi, €0y,

x||DL<eLi>||2T2)] ’
<00, Vte(0,T). (B.57)

Similar to the above inequality, we have

51272 _
1 / ( (|QL||+||HE QuHL| + || Proy. (0Bo(00 )Ry BY (61,)P, 5, (t)H)

4 e

I 51273
=N [exp< — (1QuUIHIHL QUL + 1Py, (1B (02) R BL (6L Po,, ()] )
0 RP

8¢7,9Li(t782) 2 2 T 1 .'L'TZC
X H T x 7(\/%)17 {exp(—zsz>}dmd32

852
1 T
<t P/ s s (1Qu+IH]Qu
0 0<t,s<T 0.,€0,

ad)’y,eLi (t7 52)

Doy Dr(0r,)Wr,(s2)

|Dr(0r,)

_ 8¢ N (ta S) 2 2
(00,1050 80001 R B 01)]) | 22%: G ) | ds,
<co, Vtel0,T] (B.58)
Combining (B.56)—(B.58), we get J4 < co. This together with (B.51) and (B.52) gives E [exp(% fOT (||zL. (®) ||2QL +
HNLLHLfL(t)H%QL + ||7_LL,;(t)H§:5L)dt)] < oco. Therefore, ur,(t) € U} ,i = 1,2,...,Ng, and then g, (t),i =
1,2,..., Np, are the optimal strategies for Auxiliary problem (I). |

APPENDIX C. PROOFS IN SECTION 4

Lemma C.1. Define L%(0,T;R") = {f| f(t) € R* and f(t) is Fi-measurable, ¥ t € [0,T],
E[(Jy [£()]2dt)?] < oo} For any given f € L%(0,T;R"), define norm || fllzs = {E[(fy [ F()[2dt)?]}5. We

have (L%(0,T;R™), ||Hi31r) is a normed linear space.

Proof. Firstly, it is easy to prove that L4(0, T;R") is a linear space, and ||-| i 1s non-negative and homogeneous.
Next, we will prove that ||| is satisfies triangle inequality.

For any given f; € l~/4}-(0, T;R™) and f5 € I~/4}-(0, T;R™), by Cauchy-Schwarz inequality, we have

([ 10+ sofa)]
SEK/OTHfl WA ® + £t )||dt+/OT||f2 ||| f1(2) + fa( )||dt)2]
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= (( [ (1o mora) s ([ isore)’ ([ THfl(t)Jrfz(t)szt)é)Q]
== (( [ iienra) ([ e \dt)) ([ 1w+ s dt)]
{ [(( [ iioira) s ([ o)) )]}{E ([ 1o o) |}

Dividing both sides of the above inequality into {]E[( fo Hf1 + fo(t) H2dt) 2} }%, we have

{=|( /OTHf1<t)+fz<t)H2dt)2H {E[(( [ inlFa) /0T|f2<t)2dt)é>4”$-

Taking the square root on both sides of the above inequality and combining Minkowski inequality, we have

{& | ([ 100+ 01 dt)]}g{EK( /f!fm!zdt)é? ( /Osz(t)thW”i 1
S{E </0T!|f1<t>||2dt)2 }“+ {E ( /()T!|f2<t>||2dt)2]}ﬂ

which leads to the triangle inequality. Therefore, (L% (0, T;R™), || 7 ) is a normed linear space. O

Proof of Theorem 4.3. We prove (4.7) first. It follows from (3.20) and (3.21) that
t T
— [ ][ Gt sa) B0 R B O, (52:50)[@e Hui (51) + QugndsidsadF (62)
O JO 2
+/ ¢%9L (t, O)deFL(GL,I’L). (Cl)
@LXXL
1t follows from (3.14), (3.18), (3.19), (3.22) and (3.23) that
() / / / .6, (t, 52) BLOL) R BL (010, (52, 51)[QLHL 21 (51) + Qrgrldsids2dF, (61)
Or
+/ b0, (t,0)zLdF N, (01, 7L) + ]\TZ/ Gry,01, (8, 8) D (0r,)AW L, (5). (C.2)
O XX L 1=1 0
Combining (C.1), (C.2), C, inequality with (4.3) yields

/

2
Zi(t) —ap M| at
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T
=3
0

T
,/@ /0 / ¢779L(t’SQ)BL(QL)Rlez(QLW}’YﬂL(52751)[QLHLZE(31)+QLgL]d81d52dFNL(9L)

/ G0, (t,52) BL(OL) R B (00),0, (52,51)[QLHL 2} (1) + Qrgr]dsidsedF L (6L)
(")L 0 S92

2

+/ ¢779L(t,O)ILdFL(9L,1‘L)—/ d)%gL(t,O)J}LdFNL(HL,.Z‘L) dt
@LXXL ©

LxXrp
T
/
0
2

2
dt

t
N7L Z A QS’Y»GLi (tv S)DL(GLZ)CH/VLZ (5)
i=1

T
<2 eNL+/
0

Taking mean-square on both sides of the above inequality and using C,. inequality, we have

Ny, t
1
N 2/0 Or.01, (t:5)Dr(01,)dWL,(s)

Np, t
1
N7L ;/O ¢779Li (t,s)Dr(0r,)dWr,(s)

o] ,S
Noting that f(f ¢’Y,9Li (tv S)DL(GLq)dWL(S) = DL(0L7)WL1 (t) - ft MDL(QLM)WL (s)ds, we have

s
EK/T ‘NLZ [ o, e9D101, >dWL<>2dt>2]

T/OT‘NLZ/ S5, (t.9)DL(02,) AW, () ]
r[ ];;(Dmmmi(t) [ by )as)
- | TEH S % (Duton o) | t Wm(ehwms)ds)

T NL TNL
_N4/ ZE 1DL(0r, )WL, (t)] dt+*/ [

/T Np

<E

=E

4
dt]
4
]dt
ty t,
/ 00v008:5) 1y (5, YW, (5)ds
0 0s

' aqﬁ%"bi/ (t.5) 2] dt

4
]dt

E |[|1DL(0L,)We, ()|

88 DL(QLi/)WLi/(S)dS

1=14'= 11’;&1
v Vs 06,0, (1,5) :
=1 ZE Do | [ 22, 0, ywy, (s)as|) [ ar

T NL 3T
/ E [|DL(01)Wr, @)D (0r, )W, (£)]?] dt + Nt
i=14'=1 7.’762

45

2dt> ] . (C.3)
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/T Nr ’
£ 00, (1, 5)

i=14'= 11’751
T Ni T
g [ 2 10w P s Wi ) [ T Dy 0 W]
Nr
+4T/TZE
0

N4
L i=1

DL (9[” )WLl (S)ds

t9 t,
/ ¢"/79qu ( 8) DL(QLH )WLi, (S)dS
0

2 t 8¢7,0L , (t7 S)
s /0

Os

2
]dt

2

Dr(01,)Wr, (s)ds (DLwLi)WLi(t))T

121 [T NL
dt + —— /

/t 6¢'Y79Li (tv S)
0 85

t9 s
« /0 9910, (85) 1y (o VW (s)ds E|(Dy(0,)Ws,(8) " DL(61, )W, (1)

88 =14 = 1 4 1
t a L t» T t 8¢ UL . t75
« ( / WDL(eL,:)WL,-(s)ds) / W(%HDL(GLH)WLV(SMS] dt. (C-4)
0 0

For the first term on the right side of (C.4), we have

NT /TiE DO, )W, @) ]dt< 1 Z(lDL 0r,)|* TIE[HWLi(t)Hﬂ dt)
i=1
HOIE 105001 (©5)
For the second term on the right side of (C.4), we have
5 /T - ’/Of WDL(HLi)WLi(s)dS T at
SW/ t?’Z/ Ha% o Dp(0r,)Wr,(s) 41 dsdt
<SP IT g 11001 (C6)

For the third term on the right side of (C.4), we have

/T 3 {E [1DL (O )W, ()] E ’ /Ot WDL(HL IWr, (s)ds 21 } dt
i=14/=1,i’#i
SOPTEE D 101001 )
For the fourth term on the right side of (C.4), we have
/T%:]E | DL (0L, )Wr, ()] t WDL(GM)WM(SMS 2] dt
A M LORTD ©s)

- 5N} i=1,2,....Np,
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For the fifth term on the right side of (C.4), we have

T NL
/ E[ID (O )Wr, O 1DL (0, )WL, (H)[I7] dt
i=14'=1 1’;&1
pp+2)TH (N — 1) 1
< ) .
- N3 i:ll,lzl?}.{,NLHDL(eL") (C.9)
For the sixth term on the right side of (C.4), we have
T NL t 9 t. s 2
/ ’ / 7%’%( 7 )DL(GLi)WLi(S)dS
O S
i=114'= 1 L4 £
by, (L, s 2
X / L()DL(GL,,)WL,,(S)dS dt
0 5‘8 ’ ‘
3CIP*TO (N, — 1)
<
=T 10N} 32y, 1P Ol (C.10)
For the seventh term on the right side of (C.4), we have
RS T [ 09y0,,(t5)
/ 2 F [HDL 0L W (O (De)We, () [ =222 D 0, )W (s
0
LV 2p(p + 2)C1pT® 4
S max IDu(0r,)] (©11)
For the eighth term on the right side of (C.4), we have
4T (T Jr ¢ 8(257 Or, (ta 5) ’ T
— E ——— "D (0, (s)d Dr(6;, (t
vil X [ | D)W (s)as| (Dul6r)Wi ()
t 0¢n.0, (t,5) \V6p(p +2)C3pT”
< [ DL 0, Wa (st < AT s a0 (©12)
0 s 9N} 171,2, N
For the ninth term on the right side of (C.4), we have
127 [T & i " 0¢y0,, (1, 9) !
/ 3 Z E (DL (0, )Wy (¢ )) Dy(0,)Wr, (t) ( / S D (01 W, (s)ds)
i=14'=1,i'#1i 0
¢ 6¢’7 0L (tv S) 602p2T6(NL + 1)
s il < 1
X/O 7{98 DL(QLi/)WLi/ (s)ds dt < 5N2 i—1,2, N ||DL(6L ) (013)

By (C.4)-(C.13) and the compactness of Op,, we have

o\ «)

Np ¢
1
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plp+2)T*  Clpp+2)T® N 3C3p*TO(NL — 1) N 2v3CEp(p + 2)T° L el 2)T* (N — 1)
3N? 21N? 10N? 5N? N?

BCLPTO (N, 1) | V20 +2)CapT® | /Bplp + 2CEpTT | 6CT°TO (N + 1)> D))
i—1,2, SN

10N} 2N? IN? 5N3

-0(57)

Combining the above inequality with (C.3), we have E( fOT sz (t)— xZ’(NL)(t)H2dt)2] < 8¢}y, + O(5= ), which
L

together with C, inequality leads to (4.7). Similar to the proof of (4.7), we can get (4.8). This completes the

proof of Theorem 4.3. O

APPENDIX D. PROOFS IN SECTION 5
Proof of Lemma 5.1. Firstly, we prove (5.1). Combining (3.14), (3.18), (3.19) with (3.23), we obtain

¢ T
z7, (1) :/ Py,01, (tvsz)BLWLi)RZlBLT(@Li)/ Vo0, (52, 51)[QrHrzL(s1) + Qrgr]dsidss
0 S92
t
G, (0021, (0) 4 [ 00, (6:52) Di (01 )AW (52). (D.1)
0
By (D.1) and the distribution of 8y, and xy,, we get
2y (@) / / / b0, (8, 52) BL(OL) R BE (01) 1,0, (52,51)[QLHL 21 (s1) + Qrgr]dsidsadF o, (1)
Or
1
—‘r/ qf)%gL (t,O){ELdFNL (HL,Z‘L) + Ni Z/ (ZS’Y,QL,, (t,S)DL(eLi,)dWLi,(S). (D2)
OrLxXp L il=1 0 *
Combining (D.1), (D.2), Jensen inequality, C,. inequality with Cauchy-Schwarz inequality, we have
4 * 5 (NL) [y
E |exp *‘I’L(xLi() T ()auL())
Y
4 T #,(NL) 2 * 2
—Elexp( = ( [ [or,0) — Hap ™ @) = gi|| g, @1, d
Y 0 QL

1 T AT
<hol [ ool
T [ 0 v

n R;lBZ(ﬁLi)Ew,eLi,zz (t)Hsz)] dt]

2
v, (1) = Hyap ™) = g+ || = Ry BL(O)Py o, (2, ()
a(NL) 2 1 * 2
<3 | Elew( 5 (3len 0, +3[Hey V@) +3locl, +31|R: B 60 Py, (001, 0],
_ 2
+3 HRLIBE(QLi)g’Y,eLwZZ Gl ))} d

e 24T [ [ r
ST/ eXP{W [/ P00, (taSQ)BL(QLj)RleZ(eLi)/ Yoy 0r, (82,81)[QrHLzy (51) + Qrgrldsidss
0 0 52
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T t T
+ &q.0,, (tao)quy(O):l QL{/ ¢'y,0Li(t732)BL(0Li)RZIBZ(9Li)/ Vry0r, (52,51)[QrHLz] (s1)
0
+ Quanldsidsa + 0.0, (10,0 + 227 | [ / / B0, (1, 52) BL(BL) Ry BL (00) 0, (52, 51)
Or
.
X [QrHpzy(s1)+ Qrgr)dsidsedFy, (01) +/® N br,0, (t,0)zLdF N, (9L79€L)} H} QrHp
. - L L
x [ L[] s tosa) B0 R B 0000, (52,50 QuHLE (50) + Qunldsndse
Op JO Jso
+ meL(t,o>zLdFNL<9L,xL>]dFNL<9L>+m[ / G100, (1, 52) B1 (0, )R7 ' B] (61,
OrLxXp
T T
X / 1/J'Y»9Li (327 sl)[QLHLZz(Sl) + QLgL]d81d82 + ¢%9Li (ta O)xLz (0):| P’YﬁLi (t)BL(aLl)Rlez(ng)
” t T
X Py, (t){/ Dr .00, (t752)BL(9Li)RilBE(9LJ/ Uy,0., (52, 51)[QrHLz1 (s1) + Qrgr]dsids,
0

Rp

T
+ &y6., (8 0)r, (0)} + 7||9L||QL + i 1R: BL (010800, 2 O }

xna{exp[ [ / Gv0s, (1 52) D (01, )W, <s2] Q: / Gr.0r, (t82)Di(01,) AW, (55)

24T

N
+VTL1, 1 {/ by 6., (1, Sz)DL(eL,)dWL/(Sz)] Hj LHL/ Gr6., (t,52)Dr(0L,,)dWL,, (s2)

)
24T[ / 60, (1 52) D1 (02, AW (s )] Py o, ()By(61 )Ry B] (61,)Pys, (1)

X/ ¢V76Li(t,SQ)DL(eLi)dWLi(SQ)‘| }dt
0

T
Jy = / exp{48T[ / by0,. (1, 52)Br (0, )Ry B] (01.) / 0y (52, 50)[QLHLZ (1) + Qrr)dsidsy
0

+¢v,6Li(t70)$Li(0} QL{/ b0, (t52) B (0, )Ry B (01, / Vr0,, (52,51)[QrHL2 (51)
+ Qrgrldsidss + ¢y, (£, 0)zr, (0 } 48T[/®L/ / ¢-.0, (t,52)Br(0r)R; B} (01)
.

X Py, (52,51)[QrHLzL (s1) + Qrgr]dsidsydF v, (01) +/ ¢v,0,(,0) 2L dF N, (01, 2)| H[ Qr
@L XXL

t T
x Hp, [/ / / G0, (t,52)BL(0L)R; B (01)14 0, (52, 51)[QLHL 2} (1) + Qrgr]dsidsadF, (01)
orJo Js,
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48T
+ [ ¢7,9L<t,o>deFNL<0L,xL>} [ / 6r0. (1. 52) B (00, Ry BY (01) / by, (s2,51)
@LXXL
)
< [QrHLz} (s1) + Qrgrldsidss + ¢y, (,0)2, (0)} Py, (t)BL(0,) R, B (01,)Py 0, (t)
t T
x [ J SRR A HOD / byon, (52 5)[QLHLZ} (1) + Qugrldsidsy
0

24T 24T
+ ¢y.0., (1 0)7, (0)} + THgLHéL — 1B "B (01.)6.00,.2; (DI, }dt,

and

JGZ/OT{E

Np t T t
+ 247 < Z (/ D01, (t,52)DL(0r, ) AWy, (52)> HLTQLHL/ Pr0r, (t,52) D (0L, )dWL, (82))
0 0

eXp<24T< / by 0, (1 52) Dy (8, )W, (52> o / Gy 00 (£ 52) D1, (B, )W, (52)

.
+ (/ bv,0,, (8, 82)Dr(0r,)dWE, (82)) Py, (t)Br(0r,) R, B (01,) Py 0, (t)

X/ ¢,Y’9Li(t782)DL(0Li)dWLi(82)>‘|} dt.
0

Since ¢4, (t,s) and v, (¢, s) are continuous with respect to (¢,s) € [0,7] x [0, T, 27 (¢), &0,,,2; () and
Py g, (t) are continuous with respect to ¢ € [0,7] and O, is a bounded closed set, we have

J2 < oo (D.4)

Ob~,0, (t,s . .
Noting that fot Oy, (t,8) DL (0, )AWL, (s) = Dp(00,)Wr,(t) — fot %DL(HM)WLI. (s)ds, by C,. inequality

and Jensen inequality, we have
24T
[/ Gy,01, (8, 82) D (01, ) AW, (52) ] QL/ Gry,01, (8, 82) D (0r, ) AW, (52)

t 2
/ MDL(%)WM (52)ds2 )
0

882
2
d82> . (D5)

<ﬂuQLn (lDLwLi)WLi(t)u? 4

6(;5%9“ (t, 82)

D55 Dp(0r,)Wr,(s2)

t
<48TQL||<|DL<9Li>WLi<t>||2+t /

0

Similar to the above inequality, we obtain

24T

NL T
N - (/ Gy,0,, (t52)Dr(Br,, )dWr, ,(82)> Hy QLHL/ G0, (ts2)Dr(Br,, )dWL /(82)]

il =

a¢779Li, (tv 52)
882

48T !
<r Z”HL QrHL| <|DL(9L )Wr, (1) +t/0

Dr(0r,, )WL, (s2)

2d82> (Dﬁ)
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51
and
= / 001, (1,52) D1 (01,) AW, <52>)TP»Y,9L (1)BL(01,)R; B} (01,)Pya,. (1
x / D00, (6,52) D (01,)dW, (55)
< Py, OBL6L) R B (61.)P,0,, O
x <||DL<eLi>wLi<t>||2 wr [ |22 b v s d) (0.7)

From (D.5)—(D.7) and the definition of Jg, we have

T
Jﬁg/ E
0
, 48T 1, -+ .
x[| D (0, )W, (t)|I” | exp B ||QL\|+FL||HLQLHL||+HPmeLi(t)BL(@Li) Bf (01,)Pyp,, (t)||

T 2 Np
P4 o )] 1
0

Dy, (eLL )WLL (82)
052 i =1,i' #i

T a¢ 0L, (tst)
x <||DL<9LZ.,>WL1., O+ [ | Do W (o)
0

48T
exp[ (||QL||+ VT QuHLI P, o, (1)Br(0)R 1BL<9L>%9L<>|)

48T
——||H QL H
exp (2N IHEQu |

)]}

T
< [ Eleso| 2L (1Qull + — | BT QuHLI+|Py 0, ()B1(01) Ry BL(01,) Py, (1)
0 L

x|DL<oLi>WLi<t>|2}}} [
)l

967" 1
— || H QL H
exp< (10l + I Q]

0 t,
HIP, 0, (B0 R BL00)Pr 0, 01 )| 2222 0y 0w (5

a 96T - )
< I E|eo| = IHL QuHLIIDL(OL, )W, ()]
i'=1,i'#1 NL
Ny, T 2
1 96T t 99,0, , (,52)
< ] / E |exp ||HLTQLHL|| — L D6, )W, (52) dsy pdt. (D.8)

By the definition of M, ,(6r,), Assumption 2.5, the compactness of O, and the calculation of the expectation
of the exponential functlon related to Brownian motion, we have

96T
E{exp[ : (||QL||+||HEQLHL+||PM 0BL(01,) Ry BY (00.)P, 0, ( H)

XHDL(GLJWLi(t)HQ]}
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96T 2 -
< [ o " (1Qel + 1T QUL+ (M 2(01.))” | Bubu) R BT 01
RP

X L exp(—x—rm>dx
(v2rt)P 2t
s{v/{vm sup  sup <||QL+ IH QuHL|| + (M,,1(01,))" || Br (6, )RleR@LJH)

0<t,s<T 01,€0

)is2 1" s]

P

x ||DL<0L1,>|2T2] }
<00, Vite(0,T]. (D.9)

Similar to the above inequality, we have
I 967
T /O E lexp (

; 8¢779Li (t, 82)
882

1 T 3
L / / e [%T
T 0+ JRp

H&m% (t,55) ||
X . —
2

1
(190l + T QuHLI + 1Py, (B2 02y B 020, 0]

b

1
(190l + 1T QuH I + 1Py, (OB (02 R BT (02,0, 0]

Dp(01,)Wr,(s2)

T x ! e z'w dxds
= exp| - 2=
(\/2’/T$2)p P 282 2

1 [T 1
S*/ {7/ lV —192 sup  sup (QLH + N*HHLTQLHLH
0 0<t,s<T 0Lie®L L

L(0L;)

P

¢ 79L ) 2 2
+ (My,0(01,))°|| BL(60L,)R; " BL (01, >H7 |DLOL)PT*| ¢ dse
<oo, Vtel0,T], (D.10)
Ny,

96T
E [exp (W VT QuHL|| D (62, )W, (¢ ||2)}

96T T
E[exp(nH QUL DL (0, )W, (¢ ||2)} }

96T
E [exp (||HLQLHL|||DL<9L, Wy, (t ||2)H

96T 2 T 1 Jij Np
Xp <||HL QrHL||Dr(0r,)| x) exp (— dx
i=1,i'#i (\/27715)1’ 2t

V192 sup |[H}QuHL||DL(61,)] T)}

L,E L

IN
&
=
T
@

IA
I
— 2
2 =~
*
)
\
/—\
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<oo, Vte(0,T), (D.11)

)]

(9Li,)||2xTz>

and

T 2
96Tt
/ E lexp < N ||H QrHL| Dr(01,, )WL, (s2)
0

L T 3
96T
< { //GXP< |H, QLHL]
i/ =1,1"#1 0+ JRP

1
1 Ni
X == eXp "T dxdss -
(V2msg)P 259

8¢779Li/ (t7 82)
882

—_

d)'y,@Li, (t’ 52) 2
0

N O 0. (t5)]2
< 7/ —192 sup sup |H}QrHL| ‘75
il=1 1/751 0<t,s§T9Li,e®L S
x||DL(0r,)|l T4> d52}
<o, Vtelo,T]. (D.12)

Combining (D.8)—(D.12), we have Jg < oo. This together with (D.3) and (D.4) leads to (5.1). Similar to the
proof of (5.1), we can get (5.2).
Next, we prove (5.3). Firstly, by Cauchy-Schwarz inequality, we have

{E ( / exp (U=, (07,0007 0,02, ) ) o (201 0, (052000, 0)) d)] }
<{e /o exp (2 (01,0050 0.01,0) ) s [ e (e, 05102, ) 0] }é

S{IE (/OXp (20, 0, L,<NL>()7U*Li(.)>)dSﬂ};

x {E ([ e (Z0ne, 050001, ) a5) ] }i | .

By Jensen inequality, we get

=

[ o (20 (51,0003 00, 0) ) ]

< Cexp (4“; Ve, (xzz.<->,xz*NL)(-),uzi(-))) ds (D.14)

and

< [oo (Lol ) a0
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Tt follows from (D.13)—(D.15) that

5 7
< {E [/01 exp (4(17— ), (:vzi(-),:vZ’(NL’(-),u;i(.D) ds} }i

{ [ o <475(I)L 2<')auzi(~))) ds} }i

< { [exp < (le el ),uLi(-)))] }‘1‘ {E [exp (th(mi(')aZZ<~>,uzi<.)))] }1 |

This together with (5.1) and (5.2) yields

{E K/ o (150 (11,031 00,00) s (S04, 0, 52005.0) ) d)] }é <.

This completes the proof of (5.3). We can prove (5.4)—(5.6) by a similar proof of (5.1)—(5.3). O

Proof of Theorem 5.4. Firstly, we prove (5.12). The process is similar to the proof of Theorem 4.6 of [36],
which can be divided into two steps.
The first step. To prove

E(/OT

Let ur, be the strategy of the major player i, the strategies of other players are denoted by uj, ,k=1,...,i—
1,i4+1,---, Nz. The state equations of the major player ¢ and the major player k(k # i) are given by

N

1 1
—ar,(t)+ — xy () — 27 (¢
N v (t) NLi/_;# POREAU

9 2
1
dt| | =0(ex, +—5), i=1,...,N.. (D.16)
L NL

dap,(t) =[AL(6L,) — BL(01,) Ry ' Bf (01,)Py6,, (D)), ()t + Br(0r,) R B] (01,)&.6,, = (H)dt

+ Dp(0r,)dWr,(t) + Br(0r, ) (ur, (t) — up, (t))dt, (D.17)
day, (t) =[AL(0L,) — BL(0L,) R, "B} (01,) Py, (D]2f, (t)dt + BL(0r, )R, B (01, )05, =; (t)dt
+DL(9Lk)dWLk( ) (D.lS)

The cost function of the major player i is given by

Ny,
JLi (uLi(')7 szl()) = VIHE |f§xp <'_1Y(I)L (‘rLi(.)7 NLLxLl() + NLL Z-/_;#i .’Iizi, ()7 uLz()))] )
where UE () = (U*Ll ()7 u*LQ(')ﬂ s 7U*L,;_1(') UEM ()7 s 7U*LNL ()) Pr (xLi('>7 NLLxLl() + NLL ZyLl R xL ,( )

* N,
) Jo (e, () = Hozi () + He (2 (8) = gron, () — 5 S0 @i, () —gilif, + llu, (0], )dt. The
adnns&ble control set is Z/{fi, which is defined in Section 2. By lemma 5.1, there exists a constant Cs such that



RISK-SENSITIVE MEAN FIELD GAMES WITH MAJOR AND MINOR PLAYERS 55

Ju (u, (), uy_ () < Co. If ug,(+) satisfies Jp, (ur, (-),u}_ (-)) > Cb, it is obvious that

i=1,2,...,Np. (D.19)

I, (up, (), up () < Jp, (s, (),ur (1) +0 <ENL + w%) ;

In the following part of step 1 and step 2, we only consider the strategy ur, satisfying Jr, (uL(), uy ()) <
Jr, (up, (), up_ () < Ca
Since ur,(-) € U7, we have E{exp[% fOTHuLi (t)[|%, dt] } < co. This together with Jensen inequality gives

([ oo ] ='E [(i o (S)”%Ldsﬂ
gm{ {exp (i / t|uh(s>|§%d3)r}
S72E{ {@cp(i /OT||ULi(S)||2RLdS>:|2}

<00, Vtelo,T). (D.20)

E

For any given x € R™, define ||z||r, = (||3:H%L)% It is easy to prove that ||-||g, is a norm on R™ over the field
R. Because all norms on a finite-dimensional normed linear space are equivalent, so ||-|| gz, is equivalent to |||
on R™. Hence, there exist constants « > 0 and 8 > 0 such that a||z||r, < ||z||2< B||z||r,, which together with

(D.20) leads to
B [( / tnuLi(s)Pds)Q] < B'E

which together with (3.19), C; inequality, the compactness of ©, and the continuity of P ¢, (s) and &, 22 (s)
with respect to s € [0,T] follows that there exist constants C3 and Cy such that

([ o6 = 91 ]

o (s (s)Pds + 2 [, ()1%0s)

g [

(/ tuL,.(s)nzds)Q ([ i oeas) ]

t 2 t 2
( / uLi<s>||2ds) ( [ IR B 0P, (o) + ;B <0Li>s%eh,z;<s>||2ds> ]

(f tnxLi(s)nst)Q]  Vte[T].

( /0 t||uLi (s)ll%Ldsﬂ <co, Vte[0,T],

E

<E

<8E +8E

=8E + 8K

<C5+ C4E
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By the above inequality and Jensen inequality, we have

B [ A —uz,i<sl>||dsl)2dsr
<E l( [ [0 = i, (s 17ass0s) ]
<k lt [t ([ waton - uzxsl)n?dsl)stl
<t [ ([ w0 - umsl)n?dsl)f ds

t s 2:
§t3/ {03+C4]E (/ ||xLi(sl)|2d51) }ds
0 0
t
§03t4+04t3/ E
0

(/OSH% (31)||2d51)2_ ds, Vtel0,T]. (D.21)

By (3.23), we can rewrite (D.17) and (D.18) as

e, (t) = 7, (1) +/0 D00, (6 51) BL(0r,)(ur; (s1) — up,(s1))ds1, (D.22)

wp () =af, (1), k=1,2,...,i—1i+1,...,Np. (D.23)

By adding both sides of (D.22) and (D.23) for i = 1,..., Nz, and normalizing by NLL, we have

1 L
—axp,(t)+ — xy,  (t) — 21.(t
w0 3 k0= s50)

. " L .
=ap M) = 50+ 5 [ 0o, (650 BuOr) (1) = (),

which together with Lemma A.1 gives

N

1 1 .
HNxLi (t) + N Z z,, (1) — ZL(t)H
L Ry
. Oy |1BL(6)] [ .
< [Jer ™ @ - 10| + ”]ffI(,L)/o lup,(s) — uj, (s)|lds, ¥ ¢ €[0,T].

Combining the above inequality with C). inequality, we have

9\ 2
dt)

1 oL
N, b (t) + N Z z,, (1) — 21(t)

i=1,i'#i
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SE{ Q/OT‘J:’Z(NL H 201 |BL (0r,) ||2/ (/ ur, (s zi(s)Hds)thr}
T 2 \? 4 T ‘ 9 72
<SE [(/O ‘ dt) ESCI”%WE{UO (/0 IIuLi(s)—u’zi(s)IId8> dt} }

Combining the above inequality with Theorem 4.3 and (D.21), we know that there exists a constant Cy such
that

oy N () — 25 (1)

T 1 1 N 2 2
E / N, L (t)JrNiL, Z 4mLi,(t)—zL(t) dt
0 i/ =1,1"#1

1 SOSTH|BL(0L)|]* CACLT?|B 4
<Cs (e, + —5 L 830G ”4L(9L’)” 4 GG’ 4L(9L )l / /Hx |2ds dt.  (D.24)
N? N? N?

By (D.17) and C, inequality, we get

E [( / tna:L,i(s)Vds)Q]

=\(/

% B (01,)6 0 21 (s1)ds1 + / " Bu(O1,)(ug, (1) — uf, (s1))dss + / "Dy (0,)dW, (51)
SE{ o (

x B (0L,)P. 0r, (8 1))z, (s1)dsy
) )
r1,(0) + / B0 R B] (00,60, 2 (s1)ds)
9 2
ds)
(/

+/ — Br(0r,)R 132(9@)137,9%(51))13Li(81)d81+/ Br(0,)RL!
0 0

“)

/8 (AL(0r,) — Br(0r,) R

0

2

1, (0) + / Br(00,)R7 B (00,6, 0, = (51)ds1
0

"

2

/O " Bu(00) (g, (1) — u, (s1))dss

/OS Dr(0r,)dWy,(s1)

<61 ( [

— Br(0r,) Ry ' BL (01, Py 6, (51)) 2z, (s1)ds1

9 2
ds)

9 2
ds> + 64E

n

/S Dy (0r,)dWp, (s1)
0

(/

(eLl)

/0 T (A(61)

+ 64E

x (ur,;(s1) —ug,(s1))ds1 + 64K

2 2
ds)], vite[0,T].  (D.25)
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By the compactness of X, and the continuity of &9, .z (t) with respect to ¢ € [0,T], we have

([

From Jensen inequality, the compactness of ©p and the continuity of Py, (t) with respect to ¢t € [0,T], we
know that there exists a constant Cg such that

5 2

ds>

i ( Ik

t s 2
(/ s sup ||AL(9L1)—BL(QLi)RleZ(GLi)P%gLi(32)H2/ Hi:’Li(sl)Hstlds)]
0 0

SQG[O,T]
s 9 2
(/ 12, (1) d31> ]ds
0

ds, Vtelo,T) (D.27)

5 2
ds) <oo, VYtel0,T]. (D.26)

zr,(0) +/ Br(0L,)R;'BL (01,)8.6,, =5 (s1)ds1
0

/OS (AL(01,) = Br(0r,)R; ' BL (01,) Py 0., (51))FT, (s1)ds

<64E

t
<64t> sup HAL 01,) — Br(0r,)R;' B} (01,)P. .01, (52 H /E
ng[OT]

< [|([ Sufzi(snu%sl)?

By Jensen inequality and the compactness of ©, we have

6AE (; ds>2 §64E[(/Ot|DL(QLi)WLi(s)Hst)T

t

2

/OS Dp(0r,)dWy,(s1)

<64t D (0r)[1” [ E[[Wr,(s)]|"]ds
64
*t3HDL(9L )IPp(p +2)
<o, Vite[0,T]. (D.28)

Combining (D.25)—(D.28), we know that there exist constants C; and Cg such that

(Aﬁmmmwﬁ scﬂ4g[EK47uﬁmw$QTw,thaﬂ

By the above inequality and Gronwall inequality, we obtain

([wh@waf]<w,VtGMH,

which together with the compactness of © leads to

([ro)]a-oll). o

2

CCAT3||BL(01,) ||4/
Ni
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4 4 4
By the compactness of O, we have 8C CsT ]U,]fL(GLi)H

L
(D.16).

The second step. To prove

= O(N ), which together with (D.24) and (D.29) gives

0 0) 2 (0, O ) =0 (e, + ). (D.30)
We rewrite (D.17) as

dzr, (1) Z[(AL(%) Br(0L,)R;'BL (01,) Py, (t)xL,(t) + Brul, (t)

+ Bu(00,) Ry BE (00,)6,.0,,2; (1)] At + Do (02,)aW2, (1), (D31)

where uf, (£) = ur, (t) + By BY [Py o, (D2, (t) — &0, = (1))
We constructed the following auxiliary problem. Minimize Jz, (u’L'), i.e.

min. JLi<u'L’i<->>=wlnE[exp(imszm»zz<->,uz'i<-> Ry BT (01,)( m<)m«)—sw,eL,i,z;c))))]

u'él ()eUr,
s.t.

dzr, (1) Z[(AL(HL,) Br(0r,)Ry'Bf (01,)Py.0,, () ZL,(t) + BL(0r,)uf, (t)

+ Bu(00,)R; BE(00,)6,.0,, 2 ()] dt + Do(02,)aWe, (1), (D.32)

where Z7,(0) = 2,(0), @1 (71, (), 25 (), uf, () = R;'BLOL)(Pyo,, ()i, () — &vor, 2 () = Jo (I72,(t
Hpz(t) — gL||2QL +[Juf, (1) — Ry, IBL (0r,)(Py, o, )z, (t) — &v.01,,23 (t))||%L)dt and the admissible control Set
is defined as

ufy (t)is adapted to o(Zp,,(s),7 =1,2,...,Ng,s < t),t € [0,T],

i, {0

the system (D.32) has a unique strong solution Z, (-),

E[/OT (eXp (WHM@)?)) ||iLi(t)||2dt} < oo, and E[exp<?f /OT (||5;Li<t)||gh

Hyan, )|+ [l () = B BE 0Py, (030,00 — &0, s O )dt)] < oo},

H N QL
where « is same with that given in L{gi.

By comparing this auxiliary problem with Auxiliary problem (I), we know that .Jr (u] () reaches the
minimum at u7,_(-) = 0. Hence,

Jr () = T, (0) = T, 25 (ui, () (D.33)
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Take uf (-) = u},(-) in (D.32) and let &7, (-) be the associated solution. We have 27 _(t) = z7, (t) + fot Uy 1, (,8)
xuly (s)ds, where 7 (t) is determined by (3.23). By (D.31) and (D.32), we have

I (t) =z, (t), Ytel0,T]. (D.34)

Since Ji, (ug, (), uj_,(-)) < Ca, we have

Boxn (S0 (01,0 o)+ 57 _NZ; 000 )] <. (D.35)

By C'. inequality and Cauchy-Schwarz inequality, we have
1 - N _ N
B oxp (20232, 00:5200. 5, ()~ R BL(Pran, (03,0~ 6100, 0) )|
<E 30 g, I Hez ()7 2
<Elexp( Z | e, g, +HIHLzr (015, +lgzlo,
_ - 2
e (0 Ry B (P, (071,060, 1 O], )
<E 3 2 L (t)— R;'BL(P Pr () — 2 )a
sElew| = [ oz, (018, + [[uk, () = Ry BL (Pyo,, ()31, (t) = &y0,,.25 ()], ) dt

T
‘ exp(i | U200, +louls,) dt). (D.36)

By the definition of admissible control sets 27 and the boundedness of ||g.[3), , we have

Bleo(2 [ (e I, + 44,0~ B BL Py, 00,0 - €0, O, ) )] <o @30

From the continuity of z} (¢) with respect to ¢ € [0, 7] and boundedness of |g.||q,, we get

3
exp(7 / (013, + ||gL|zL>dt) < oo,

which together with (D.36) and (D.37) implies
1 - N _ -
B [exp (20161, 00: 50, () B B (P, 07,0~ 0, () )| <00 (D39

Since v > 0, we have @ (zr,(-), NiLerq() + Ningil,i’géi xz/(),uLl()) >0 and @L(i’Ll(),ZZ(),u’Ll() -
R;'B] (Pyor, (1)Zr, () — fwﬂLi,zz('))) > 0. By the properties of the exponential function, (D.35) and (D.38), we
have 1 < E{exp[%@L (zr, (), NLLxL() + NLL 25\1[21,1'/# 7, (), ur, ()]} <ocand1 < E[exp(%CI)L (27, (), 210,
up (1) — RZIBE(P’%eLi(.)i‘Li(.) - 5%9szz(-))))] < oo, and by the differential mean value theorem,
we know that there exists a constant » > 1 such that V' € [min {E[exp[%@L (zL, (), NLLxLL() +

N Stz @, (vun, ()]s Elexp(2r (%, (), 21 (), up, () = Rp'BL(Pre,, (VFL,() = &von, e (D)1}
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N

max {E [exp[%@L (‘:ULi ()a NLLxLi () + NLL Zi’:l,i/;ﬁi »TL, ()7 ur, ())]] E [exp(%@L (filLZ ()7 ZZ()’ U/L7

(Pros, (071, = Ey0,,.25 ()] }] and

0 2, O, ) = T (o, )

=|yInE {exp<iq’L (ﬂﬂLi(')’ NiLxLi(.) + NLL Z.,_li;/# The (.)’ULi(.))ﬂ
i foxp (201 3, (0,500, 0 = R BT 00)(Prn, 71,00 = 6,.2() ) ‘
{; & {eXp(i(I)L (mLi(.), NLL"TL”(') + NLL i/%ﬁ zz, (), ug()))

1 - N _ -
~xp( 203,00 5000, 0) — R BT 00)(Pr, O30~ 00 ) ||
By the above equation, Dyson expansion and Cauchy-Schwarz inequality, we have

[ (ur () up () = ()]

1
<Jon(rn0 O+ 3 3w, O0)

~
Sbl,{E @L(wL() N SCL()-l-]éLi_;#xL ()uL()>

v
1 1
<b’{E (I)L<$L(),N LCL()—I-Mi/_;#ixL () UL())

61

() —R.'B]



62 Y. CHEN ET AL.

«{e| /Olexp(“lf)%(uic»NleLi<~>+NlL 3" o, () )

i=1,i'#i

3 / exp (210131, (0,500, (0 = R BT 00) (P, (051,0) = 6y, () )] }%

Np
P <‘rLi(')7 NiLxLl() + NLL Z xzi' ()VULz()>

i'=1,i'#i

= @1 (77, (), 2L(),ur, () = R BL (01,)(Pyor, (071, () = &y, 25 (1)

Y {E[( / 1 exp( 20y (a0, o 0+ NZ;é()u()))d)] }i

x {E[( / 1 exp(?jm (&, (), 25y, () = Ry B (00.) (P, (VL. () - aw,eL,i,z;c))))ds)?] }

From the above inequality and Jensen inequality, we obtain

~—

T (s, ()t () = i, )

= @ (a7, (), 21 (), ur, () = Ry BL (00 (Pyoy, (VTL,() = &y00, .21 (1)

«{e| | 1 oo (D, (0,0 om0+ 5 _sz 0.un.)) Jas] }i

{E{/Olexp(f%(ﬁ:ii(-),zz(.),u’Li(.) — R;'B}(00,)(Pyo,, ()iL, () — ’5%9Li7zz(~)))>ds} }i

"

{200 (8,000, )~ R BT 00)(P0n, 01,0~ E,0,.4) ) } (D.39)

= @p (77, (), 20 (),ul, () = R BL(00)(Pro, (031, () = &y00, .21 (1))

X {E {exp@% (m')’ SACCES 7 -NZ¢ r, <.>,uLi<'>)>} }i
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By a? — b* < (a — b)? + 2|b||a — b|, (D.34) and Cauchy-Schwarz inequality, we have

Ny
1 1 X
E[¢>L(xLi<->,NLxLi<->+M > i, Oun)
ir=1,' i

= @1 (L, (), 21 (), ur, () = Ry BL(O0,)(Pyo,, (VTL, () = &y00,.21 (1))

T

{8 ARSI 2
_ wp () — Hypzi(t) + Hy (zz<t> Lot <t>) -
0 NL NL =15 i ‘ QL

T
7, (6) — Huzg (1) - ganL) at+ [ (10, () = R BE O (Pri, (020,(0) = €00, ) I,

2
g, (8) = By BL0L) (Pros, (07, — &va,,.2: (1) ||%.-¢L)dt] }

gE{ [/OT|QL||

(m (t) — Hpzi(t) + Hy <zz<t) - NiL:cL (1) - — ij 75, (t)) - 9L>

i'=1,i'#i
1 1 &
- (o0 = 530 = o) || (o - i) + 11 (520 - o0 - 5 Y et )
=10 i

- gL> - (xL (t) — Hpzj () — gL> n 2(3:«;1, (t) — Hpzj(t) — 9L>

T
[ IR (42,00 = R BT 000 (P, (00,0 = €11, )
— (uh,(®) = RL"BL (0L (Pyan, (075, — &0, 0)) ||| (w0 = BT BL(01.)

X (Proy, (021,(8) = &0, (1) ) = (uf, () = R BEO1) (Proy, (03, — &1, (1))

n 2(qu1, () = RL'BL (01,) (6., (D77, — &61, 51 (t))) Hdt} 2}

SE{ /OT (QLH

Nr,
1 1
() =3 )+ Hp| 25 (t) — —=2x1. (1) — — ot
o i L(ZL() NLxLl() NLi/—;;éimL'ﬂ())

T
+/0 (IIRLIIIRilBZ((’Li)P»y,aLi OIPller, () = 27, O+ 2R I|RL BL (01,) Pye., (t)]]

)

2
+2(|Qcll

N N
L Loyt arti

Np
w1 () — &, (1) + Hy (zz<t> S lam-= S <t>)

127, (¢) — HpzL(t) — 9L|>dt

< |Jor, () = 2, (O)ll||ur, (8) = R BL (01,) (Pyos, (DL, () = &0,.25 (1) H)dt

=E{ /OT (QLH

1 1 2

Hy(z1(t) — —an,(t)— — > a},()
NL NL

i'=1,i'#i

63
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2
T, (t) — Hpzp(t) — 9L||>dt‘| }

1 Ny, 2 T
(4200 - a0 - - xzi/u)) dt+2||QL< /
i'=1,i'#i

)é( [ 1@ - a0 - gLn?dt)T}

Nr
1 1
2 H T(t) — —xp,(t) — — 7,
2@l (0 - a0 7 Z;‘())
1

T
gE{ 10.] /

1 1 &
_NiLxL(t)_NiL Z )

H, ( (t

i'=1,i'#i
) T 1 1 N 2 2 )
<2ElQL|| </0 HL(ZL(t)—NLxLi(t)—NLi ;ixLi,(t)) dt) +8E |[|Qc|
T 1 1 NL
<[ (0 - 5 ”‘Nj poy i, 0) [ [ 0 - im0 - gLn?dt]
Nr 2 2
<2[|QL|*E < ( ~ 2 xLi/(t)_ZE(t)) dt) ]
i =1,1"#1

et o)
{ ( IR I gL||2dt)2]}2. (D.40)

By C, inequality, we have

[( [ 10 - a0 - gL||2dt)2

1 1 &
Hil —zp () + — () — 2 (¢
L(NLIL,( )+ N, i/_;#mLi/( ) —21( ))

2

<E [( / (2% 2 )+ aul)at)
<8E l(/ Iz, (@)l dt)

2

es( [ (e + aul)ar)

(D.41)

By (D.32) and C, inequality, we have

[(/ I, |2ds>
=\

X (Pyo,, (s1) = &0, 21 (51)))ds1 +/ Dp(0r,)dWr,(s1)

SE{ 4/; (m P+

#, ( / Ap(00,)#, (1) d51+/ Br(0,) (s (s1) — Ry BE(601,)

“)

H/ Br(01,)(uy,(s1) — R."BL (61,)

AL 0r,) :EL (s1) d51
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ik

X (P’YﬁL,; (31) - 5’7,91,1.,22 (51)))(131

t
<6477, (0)]|*¢? + 64E [(/
0

t
+ 64 /
0

/ "Dy (0,)AW (s1)

0

9 2

ds) ]
/0 " Bu(01,) (uy, (51) — Ry B (60)(Pyay (51) — vy (51))) sy

¢ 2 2
+ 64E < ds)
0

By Jensen inequality and the compactness of ©p, we know that there exists a constant Cg such that

64E [(/Ot 2d5> 2] <64E </ s|AL(0r,) ||2/ |27, (51 ||2d51ds>21
<64t3||AL(6z,) (/ 27, (s1)]] dsl>2] ds
<Cg/0tEl(/os||:i'Li(sl)||2dsl> ]ds, Vtelo,T]. (D.43)

. ~ _ 2 .
Since u} () € Uz, , we know E[exp(% fOT |y, (s1) — RLlBg(é)Li)(P%gLi (51) —&y,01, 23 (51))HRLdsl)] < o0o. This
together with Jensen inequality and the compactness of O gives

| Aut6r), (s
0

&

, Vtelo,T). (D.42)

/0 "Dy (6,)AW, (51)

| Aut6r)3, (s
0

b4 ( [

/ “Bu(01) (uy, (51) — By B (00)(Py oy (51) — vy oz (51)) d51

t
<64E /
0

By (0r,) H/ |up, (s1) = R ' BL(0L,) (P, (s1) = &v.0,, 25 (51))

/ l(/ HUL 51) 1BI(0L71)(P’Y»9L1.( 1) —&y00, ZL(sl

—641%| B (61, [ /

<64t*||BL(0r,)

y
)
] s

< / [ul, (51) = Ry BL (0L,)(Py 0., (51) = &.0s, zL(Sl))HR d51> ]ds

<641 B (61,42 /E[xp(j /OTHu'Li(sn R BI(01,)(P, 0y, (s1) - sv,eL,i,z;@l))HZLda)]ds

<oo, Vtel[0,T) (D.44)

9 2
ds)

The norm ||-||g, is equivalent to ||-|| on R™. This together with (D.44) implies

i ( [

/OSBLwLi)(u'( D)~ RyVBL(61)(Pyoy (51) — vy oz (51))) dss
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<00,V t € [0,T). (D.45)

We know 64|27, (0)[** < oo for any t € [0,T] due to the compactness of X;. Combining this with (D.28),
(D.42), (D.43) and (D.45), we know that there exist constants Cp and C1; such that

l(/ 7% 2d5> (/(JS||fzi<sl>|2dsl)2] ds, Wite[o,T)

This together with Gronwall inequality leads to

(/ 17, (s)] ds) ] <0, Vtel0T). (D.46)

We know 8( fOT(HHLzz(t) + gL||2)dt)2 < oo since 27} (t) is continuous with respect to ¢ € [0,7]. Combining this

with (D.41) and (D.46) gives
[( / 1, (t) — Hozh () gL||2dt) ] < o0,

which together with (D.16), (D.40) and C, inequality leads to

t
< Cyp —|—011t3/ E
0

1 1 &
|00 (0.0 om0+ 5 D o, O 0)
i'=1,i'#i

~@p (77, (), 2L(),ul, () = R BL(01,)(Py oy, ()L, () = &v61,.21 (1))

= (e?vL - &) : (D.47)

By C, inequality and Cauchy-Schwarz inequality, we have

E|exp( 2o, acLi(-),NL ()+Ni %L: xy,, () ur, ()
Y L L

=10
16 [T 1 2 1 I, 2
<E|exp —/ zr, 2 —|—HHLxLi t —I—HHL xy, (¢
(7 0 ( - Np " Qr Ng i’:;;éi ) QL

+lgzld, + |ULi(t)|?zL>dt>]
<{E 2 Lu

< exp =/, lzr, (¥) ”QL N, Loy, (t)

16 [T 32 [T

X exp —/ ||9L||2QL dt | < E|exp 7/

v Jo 7 Jo

+|UL7~,(75)||3%L> dt)] }
QL
N 2 3
dtﬂ}  pay)
QL

1 *
FLHL >,

i=1,i'#i
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By the definition of admissible control sets U7 and the boundedness of || gLH?QL, we have

1
E e 32/T ez )12 +H ool o, a)| b
X _— . —_— . .
p ~ /o L; QL N, LTL,; o, L; Ryr
16 [T
X exp </ ||gL||éLdt> < 0.
Y Jo

Combining (D.18), Jensen inequality with Cauchy-Schwarz inequality, we have

[ <32 |1 % 2
E [exp / —Hp, a7 (B dt
v Jo lINL et Qr

1
<=E
-T

T Np
327 1
exp| —||—H x7 (t
J p( Hwm 3 o

i'=1,i'#i

>dt
QL

1 [T 647 [ &t N T
S*/ exp ’YN2 Z / QS'ngLi, (t752)BL(0Li/)RZ BL (aLL/)/ w"/ﬁLi, (52,51)[QLHL22(51)
0 L \i=1,i'#i70 52

N

t
S [ G, (s2)Br00) R B (6,)
k=1,k#:i"0

Ny,
64T
exp <W >

Lojr=1,ir#i

t T t

X [/ D01, (t732)DL(9Li/)dWLi/(32):| HLTQLHL/ Gr.01, (t,52)DL(0r, )AWL,, (@))]dt
0 0 '

1 .1 1
<5 IS

.
+ Qrgrldsidss + ¢y, , (£,0)7L,, (0)> H}QrH, <

T
X / Vr,00, (52,51)[QrHrzL(s1) + Qrgrldsidss + é40,, (¢,0)zL, (@)]E

where

T
J7 :/ exp
0

.
+ Qrgrldsidss + ¢y6, , (t,0)7 L, (0)> HQrHp (

1287 (St T
— > /%,9%, (t’Sz)BL(eLi/)RleZ(eLi/)/ Uy,0., (52, 51)[QLHL2 (51)
ir=1,i'#i "0 2

k=1, ki
T
X / Vo,0p, (52, 51)[QrHrzL(s1) + Qrgr]dsidss + dy0,, (¢, 0)37Lk(0)>] dt,

and

ng/j{@

Lojr=1,4#;

64T O t T
exp(,yNQ > ( / sb%ebi/(t,saDLwLi/)dWLi,(sz)) H]QuH
0
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(D.49)

(D.50)

Np t
> [ v, (t52)Bu00,) R B 01,)
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‘ 2
x / bron, (t,SQ)DL(eLi,)dWLi,(SQ)ﬂ} dt.
0

Since ¢y, (¢, s) and vy 9, (¢, s) are continuous with respect to (¢,s) € [0,T] x [0,T7, 27 (t) is continuous with
respect to t € [0,T] and ©f, is a bounded closed set, we have

J2 < oo (D.51)

. 09,0, (1.5)
Noting that [ ¢, (t,5)Dr(01,)dWr,(s) = Dy (01, ) Wi, (t) — [y —mi——

and Jensen inequality, we have

D01, )Wy, (s)ds, by C; inequality

N T
64T
oM. (/ D0, (L, 52)DL(9L/)dWL/(52)> Hy QLHL/ D0, (L, Sz)DL(eL,)dWL/(Sz)]
i'=1,1"#1
Ny, t
1287 D0y, (ts2) 2
<y > Il QLHL||<||DL<9LH>WL“ OF +¢ [ |5 Du6r, )W, ()| d)
Lojr=1,ir#i

which together with the definition of Jg leads to

T M 128T
Jg SA { 11 Elcxp( N2 ||H[TQLHL||DL(9Li/)WLi/(t)||2>

i'=1,i'#i

2
128T't B0, , (t,52)
x exp< 7 L Qui| / DL (01, )W (52)| d82>]} dt

/ 1 {Elew (257 17 QutLlIDL 01 W2, 017) |}

i'=1,1"#1
Np,

1 [T 256T2 99-6, , (t,52) 2
X H {T/O ]E[exp( HHL QLHL||H92+2DL(9LI_/)WL7L,(SQ)H >:|d82}dt. (D52)

i'=1,i'#i

By Assumption 2.5, the compactness of © and the calculation of the expectation of the exponential function
related to Brownian motion, we have

2
=

25671
E[exp(vnHL QuIL||DL(02, )W, (¢ >||2)}
i'=1,i'#i

E[exp<256THL QrHL|1Dr(0r, )Wy, (t )|2)] NlL}

Ni '{E{exp(mllH QLHLH|DL(0Li/)WLi,<t)||2>:|}M
{

IN

256T 1 rr "
= \H H D 2 T T Tor
/Rpexp( | L QuHL|IDL(0r,,) | >(\/27t)peXp( 2 )dx}
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Ny, D

oy
< I /(=12 s 17 QulIDu6n,)1T2),
V=11 #i Or, €01
<oco, Vte(0,T], (D.53)
and
N T 2 2
1 256721 D60y, (1:52)
H {T/ Elexp< ||HLTQLHL|’§;DL(QLi,)WL,;,(Sz) >1d82}
) iy 0 'YNL 2
i/ =1,1"#1i
N T 3 2
1 25671 09,6, , (t,52)
< I S5/ [ ew | H] QuH,| a‘ 1D (61,2
i'=1,i'#i TJo Jer v

1
r T

1 T Np,
o - dzd
(\/mvexp( 282> e
N 1 T L
< II {T/ [7/<v—512 sup  sup [|H[ QrHL|
0 Ogt,SSTGLi,G@L

Np
d82
i/ =1,i'#i

<oo, Vtel0,T]. (D.54)

SIS

Os

‘ 0.0y, (£:5)

2
IIDL(9L1-/)II2T4>

Combining (D.52)—(D.54), we have Jg < co. This together with (D.50) and (D.51) leads to

e 8 [T 1 N &
lexp<7/0 FLHL i,:%:/#ix,;i, (t) Chdt)] < 00,
which together with (D.48) and (D.49) implies
4 1 1 &
E eXp(’yq)L <33Li(')7 N—LxL() + N, zﬁ%ﬁx’iﬂ(),u;;()))] < o0 (D.55)
Similar to the proof of (D.55), we can get
B oxp (20 (85, (0,5 (3, 0) — B BT 00 (P, 03,0~ 601, (00) ) | <00 (050)

Combining (D.39), (D.47), (D.55), (D.56) and C, inequality, we have |Jp, (ur,(-),u} . (})) — Jr, (v, ()] <

o (ENL + ﬁ), which leads to Jz, (u,(-),u;_ (-)) > Jr, (uy, () -0 (eNL + ﬁ) This together with (D.33)

gives

T, gy (Yo ()) = T (w5, () — O (eNL (D.57)

*Vlm)

By Lemma 5.2, we have
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Combining the above inequality with (D.57), we have Ji, (ug,(-),u;_ () > Jo, (ui (-),u}_ () — O(en, +

ﬁ) This completes the proof of (D.30). Combining (D.19) with (D.30), we have (5.12).

Next, we rewrite @ (ar, (-), 2 SN, am, (), 22 SN w1, (Yur, () = ST (o () — Hezjp(t) — Hzp(6) +
Hi(25(t) — 5= SN 2w, (8) +H(1(0) = 1 S0, 70, (1) — gr 3, + lur, (8) [, )dz. Then similar to (5.12),
we get (5.13). O
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