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DERIVATIVES OF SUB-RIEMANNIAN GEODESICS ARE Lp-HéLDER
CONTINUOUS*

LEV LOKUTSIEVSKIY"**@® AND MIKHAIL ZELIKIN?

Abstract. This article is devoted to the long-standing problem on the smoothness of sub-Riemannian
geodesics. We prove that the derivatives of sub-Riemannian geodesics are always L,-Ho6lder continuous.
Additionally, this result has several interesting implications. These include (i) the decay of Fourier
coefficients on abnormal controls, (ii) the rate at which they can be approximated by smooth functions,
(iii) a generalization of the Poincaré inequality, and (iv) a compact embedding of the set of shortest
paths into the space of Bessel potentials.
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1. INTRODUCTION

Mathematics consists in proving the most obvious
thing in the least obvious way.

George Polya

Nonholonomic and non-Riemannian problems are currently being extensively studied by numerous mathe-
maticians. The interest in these problems started to rapidly grow in the mid-20th century, following the works of
famous mathematicians such as E. Cartan, Carathéodory, Gromov, Montgomery, Mitchell, Vershik, Agrachev,
and many others. The most mysterious and intriguing object in the theory is abnormal geodesics, which arise as
critical points of the end-point map. The question of how to investigate these geodesics has been present since
the inception of the theory, and in particular, the question on their smoothness has not yet been resolved.

In Riemannian geometry, analyzing geodesic smoothness properties is relatively straightforward. Riemannian
geodesics satisfy the Euler-Lagrange equation and hence they are as smooth (or analytic) as the right-hand side of
the equation. However, sub-Riemannian geodesics do not always satisfy the system of Euler-Lagrange equations.
Instead, they satisfy a system of differential inclusions that comes from the Pontryagin maximum principle
(PMP). A sub-Riemannian geodesic is called normal if it satisfies PMP with a non-degenerate Hamiltonian, and
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2 L. LOKUTSIEVSKIY AND M. ZELIKIN

in this case, it satisfies the Hamiltonian version of the Euler-Lagrange equation and hence it has to be smooth.
However, strictly abnormal geodesics do not satisfy PMP with a non-degenerate Hamiltonian. In this case, the
corresponding system of differential inclusions is not equivalent to any system of ordinary differential equations,
and hence the classical Riemannian approach on investigating geodesics smoothness suffers almost complete
failure.

The Pontryagin maximum principle still holds some potential for studying abnormal geodesics. However,
investigations based on the principle typically depend on the step value of the sub-Riemannian manifold, as they
all rely on the Goh condition. For example, geodesics on sub-Riemannian manifolds of step s = 2 are smooth
because the Goh condition implies that there are no abnormal geodesics in this case (see [3]). Even in the case
s =3, it is very difficult to study smoothness of abnormal geodesics using this method (though there are some
results in this direction [9, 15]). In the case s = 4, there are almost no general results. The only exception is
work [4], where the authors study smoothness of abnormal geodesics on sub-Riemannian manifolds of rank 2 and
step 4.

In 2016, Le Donne and Hakavuori achieved a remarkable result in [8]. They proved that sub-Riemannian
abnormal geodesics cannot have corners. Notably, their proof does not rely on the Pontryagin maximum principle,
and instead employs an idea of using an appropriate blow-up procedure. This result has been used by several
other mathematicians, including [5], where authors establish that geodesics on an analytic three-dimensional
sub-Riemannian manifold must be C'-smooth, regardless of the step value. The above mentioned work [4] also
draws on their result. Nevertheless, it should be noted that the absence of corners does not necessarily imply the
smoothness of abnormal geodesics on general sub-Riemannian manifolds.

Another interesting result is presented in [11]. The authors prove that the derivatives of geodesics satisfy the
Holder condition in the special case of left-invariant sub-Riemannian structures on Carnot groups of rank 2 that
additionally satisfy the following strong restriction: [g;,g;] =0 for 4,5 > 2 and ¢ + j > 4 (here g = @‘;:1 g; is
the corresponding Carnot stratification of the Lie algebra g).

However, despite the constant efforts of leading mathematicians, smoothness of abnormal sub-Riemannian
geodesics has not yet been proven. There are well-known examples [3], Section 12.6.1, of abnormal sub-Riemannian
extremals (but not geodesics) that are non-smooth. Nonetheless, to date, there are not a single example of a
non-smooth abnormal geodesic. The present work provides an explanation for this gap.

We develop an interpolational estimate on abnormal controls and apply convex duality theory to the estimate,
which allows us to prove the following result:

Theorem 1.1. Any arc length parametrized geodesic on a sub-Riemannian manifold of constant rank has
L,-Hélder continuous derivative for any 1 < p < oo.

Therefore, in order to find a non-smooth abnormal geodesic, it is necessary to search within a narrow class
of curves that have derivatives which are L,-Hoélder continuous with an exponent of 0 < o < 1, and are not
Cl-smooth. It should be noted that this class of curves is indeed very narrow, as for example, if a > 1/p, the
class is in fact empty.

Theorem 1.1 is formulated in a qualitative form. We state a quantitative formulation of this result in
Theorem 4.1 (see Sect. 4). Namely, Theorem 4.1 gives exact bounds on the exponent «. These bounds depend
only on p and the step s of the sub-Riemannian manifold. Some interesting corollaries of the main Theorem 4.1
are given in Section 5. They concern

the decay of the Fourier coefficients of controls on abnormal geodesics;

the rate of the approximation of abnormal controls by smooth functions;

the lower estimate of the coefficient in L,-Holder condition with an exponent «, which is similar to the
Poincaré inequality.

the compactness of the set of geodesics in the space of Bessel’s potentials H.
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3. BESOV SPACES AND L,-HOLDER CONDITION

We start with a brief explanation on the concept of L,-Holder condition. Choose an arbitrary function
u € L,([t1;t2] — R¥). In that follows, we write L,(t1;t2) = L,([t1;t2] — R¥) for short. Put (opu)(t) = u(t + h).

Definition 3.1. Let 1 < p < 0o, § > 0 be sufficiently small. The following function on —§ < h < § is called
L,-modulus of continuity of u over [t1;t2]:

wp(h,u) = ||lopu — UHLp(Isignh,)‘

where I, = (t1;t2 — 0) and I_ = (t1 + d;t2).

It is evident that, w,(0,v) = 0 and wy(h, u) — 0 for h — 0 (if p # 00). In the case of smooth manifolds, one
can introduce modulus of continuity as follows. Let M be a smooth manifold and g be a Riemannian metric on
it. Consider an absolutely continuous curve x : [t1;t2] = M and put u(t) = &(¢). In the definition of L,-modulus
of continuity, it is sufficient to replace o, by the parallel transport along the curve z(t) over time h with the
help of Levi-Civita connection, and to define the norm with the help of g. Let us remark that this definition
depends on the choice of g but not moderately high. Namely, let g and g be two Riemannian metrics on M.
Denote by wp(h, ) and @,(h, -) the corresponding L,-moduli of continuity. In this case, for any compact K C M,
there exists a constant C' > 1 such that if z(t) € K and u(t) = 2(¢), then

1
awp(h,u) < @p(h,u) < Cwy(h,u).

Definition 3.2. A function u is called L,-Holder continuous on [t1;to] if there exist & > 0 and ¢ > 0 such that
the following inequality (called L,-Hélder condition) is fulfilled for all 0 < |h| < ¢:

wp(h,u) < c|h]®.

The number « is called the exponent of the L,-Hélder condition. The minimal possible constant ¢ we denote by

cp (u):

wp(h, u)
c®(u) = sup L.
P o<lhj<s |P|*

It is easy to check that the definition of L,-Holder continuity with a given exponent a does not depend on the
choice of 6 > 0 (but constant ¢ (u) does) if § is sufficiently small. It is evident that in the case p = oo, we obtain
usual definitions of the modulus of continuity and Hélder continuous functions. The moduli of continuity are
directly related to the Besov and Sobolev spaces (see [14], Sect. 5.3), which will be repeatedly used in this paper.
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Definition 3.3. The Nikolski-Besov (or simply Besov') space B (t1,t2) (where 0 < oo < 1) consists of
functions u € Ly(t1,t2) that satisfy

def
lalls _(ente) 2 ully + e (w) < o

Let us remark that the different choices of § > 0 produces different norms on By (t1, t2), but all of them are
pairwise equivalent if § is sufficiently small (see [16], Sect. 4.4.1). Thus, the Nikolski-Besov space By . (t1,t2)
consists of functions L, (t1,t2) that are L,-Holder continuous with the exponent a € (0;1).

In what follows, we use interpolation theory of Banach spaces and theory of Besov spaces very often. For the
lack of the possibility to give a short introduction into so solid part of mathematics, we refer the reader to the
excellent book [16] for details.

4. THE MAIN RESULT

Let (M, A, g) be a smooth sub-Riemannian manifold of constant rank, i.e. M is a smooth manifold, dim M = n,
A(z) C T, M is a smooth distribution with a fixed dimension dim A(z) =k < n, and g(z) is a dot product on
A(x), which smoothly depends on x. Besides, following [3], we include into the definition the demand that the
distribution A(x) meets the Hérmander condition (the bracket-generating condition). A Lipschitz continuous
curve z(t) € M, t € [0;1], is called horizontal (or admissible) if #(¢) € A(z(t)) for a.e. t. The length of a
(horizontal) curve is defined in the standard way:

1
I(z) = / (D)l g(a ey -

Let us remind shortly various definitions of local minima (see [2]). Let z(¢) be a horizontal curve.

(@) Curve z(t) is called sub-Riemannian shortest path if any other horizontal curve y(t) that has 2:(0) = y(0)
and z(1) = y(1) meets the condition I(x) < i(y).
(C%) Curve z(t) is called C%local minimum if there exists a neighborhood U C M of the curve x(t) such that
any horizontal curve y(t) that lies in U and has z(0) = y(0), (1) = y(1) meets I(z) < I(y).
(W) Curve x(t) is called W, -local minimum for p = 1 or p = oo if there exists € > 0 such that any horizontal
curve y(t) that satisfies z(0) = y(0), (1) = y(1), and? ||& — §||, < € meets I(z) < I(y).

Sometimes C°-local minimum is called strong, W1 — weak, and W — Pontryagin’s. It is evident that there
are the following implications: G = C° = Wi = WL (see [3]).

Theorem 4.1. Let K C M be a compact set and distribution A at points of IC meet the Hormander condition of
step that is not greater than s.

Q0) If x(t) is a Wi-local minimum of the sub-Riemannian distance, x(t) € K, and |&(t)|, = const, then

derivative & 1s Lo-Holder continuous with exponent o = Sil, i.e.

i€ By (0;1).

1 According to the authors knowledge, spaces Bj oo were first introduced and studied by Nikolski. Then his student Besov
introduced spaces By for arbitrary 1 < ¢ < oo and developed the corresponding theory. Then spaces By , become much more
convenient to work with than just the Nikolski spaces By ., because of the very nice interpolational properties of the Besov spaces
By 4 with ¢ # 1, 00.

Here we use any finite trivialization M in a neighborhood of curve z(t). The choice of trivialization can affect on €, but it does
not affect on the definition of the local minimum itself.
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Moreover, for any 2 < p < oo, the derivative  is Ly-Hdlder continuous with any exponent o < p(%_l),
i.e. ¥ € By (0;1).

() For any 2 + S_% <p<oo,0< < p(%_l), and 0 < k < 1 — (s —2), there exists a constant® C > 0 such
that any sub-Riemannian shortest path x(t) € K with |(t)|y = l(x) satisfies

Il 52 o) < Cl@)™.

The full proof is given in Section 6. It is based on a new approach on how to investigate smoothness of
sub-Riemannian optimal controls. We call it the duality method of interpolational estimates. Namely, we
intend to construct an upper estimate on any optimal control u of the following form:

1
Jgr>130€(:1)Ie>0 : Vpe o0 1) /u<pdtgc||@||i—9||¢||g.
0

This estimate appears to be dual to an estimate on K-functional of an interpolation of the corresponding Sobolev
spaces?. This leads to a possibility to prove that optimal control u does satisfy L,-Hélder condition.

5. COROLLARIES OF THE MAIN THEOREM ON L,-HOLDER CONTINUITY OF
SUB-RIEMANNIAN GEODESICS DERIVATIVES

Theorem 4.1 has many convenient consequencies. For instance, Theorem 1.1 that is formulated in the
introduction. Here we give its proof.

Proof of Theorem 1.1. Consider a SR-geodesic on (M, A, g). Let K C M be its graph. The Hérmander condition
guarantees that s < co on compact I since the step is a lower semi-continuous function and, hence, it reaches
its minimum on compact K. Further, a geodesic can be divided into a finite number of parts, and it is a shortest
path on each of them. Hence, according to Theorem 4.1 (namely, the second part of item (20)), the velocity on
each of these parts satisfies L,-Holder condition for any 2 < p < oo. It remains to note that L,-Holder condition
for some p implies L,-Ho6lder condition for any 1 < g < p.

O

Now, let us suppose for the sake of statements simplicity that
A(x) = span(fi(z),. .., fr(x)).

In this case, horizontal curves have velocities of the form
k
B(t) =Y uy(t) f(x(t)),
j=1

where u = (uq,...,ux) is a control.
Since z(t) € WL (0;1), one obtains f;(z(t)) € WL (0;1) and g(x(t)) € WL (0;1). So control

u(t) = g(@(®))[fi(x(®)), £ ()] g(@(®)[E(t), f(x(t)]

3Constant C' depends on K, p, 3, and &, but it does not depend on x(-).
4Detailed definitions and properties of K-functional in general theory of interpolation can be found in [14, 16]. The K-functional
corresponding to our case is defined in (6.13).
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appears to satisfy L,-Hélder condition with the same exponent « as #(t). Moreover, the part (&) of Theorem 4.1
remains true with « in place of ¢ (only constant C' may differ) as fields f; and their derivatives % f; are bounded
on compact /.

The fact that control u is L,-Holder continuous makes it possible to estimate rate of decay for Fourier
series coefficients. Let £, = £,(R¥) for v > 1 denote the space of sequences {v™}%°___ ., v™ € R*, such that
Yo ™Y < o0,

Corollary 5.1 (on the Fourier coefficients). Let 4™, m € Z, be the Fourier coefficients of the control u € Lo (0;1)

and Sy be the partial Fourier sum, Sy = ZZ:—N Qme?rimt,

(W) Let z(t) be either a geodesic or Wi -local minimum and |u(t)|, = l(x) be the corresponding control. Then
for any® a < min{ p 1

L3} a# 25 and v > max{1,2 — S_%l} one has®

Z Im[**a™|? < oo; ™ ely; and 3C>0: VN |u—Sy|2 <CN™“.
meZ

(8) If K C M is compact, then for any 8 < 25%1, 0<k<1l—p(s—2), and 6 > ﬁ, there exists a constant

C' such that for any shortest path x lying in K with the control |u(t)|y = I(x), one has

> mPPlam? < Ci(x)®; @™ e < Cl(z)%;  and YN |lu— Sn|l2 < Cl(x)*N 7.
meZ

Proof. These are well known properties of the Fourier coefficients of functions being L,-Hélder continuous. Let
us prove, say, (20) (the proof of (&) is fully similar). Control u satisfies Lo-Holder condition with any index
0<a< Sil due to Theorem 4.1 (in the case (20), one can always choose, say, the graph of x as KC). We start
with proving the third assertion. The main tool here is [13], Theorem 1.3.9. Pinsky uses a slightly different
shifting operator &, (instead of o, used in the present paper) to define L,-Hélder continuity. Namely, he defines

the function &,u to be the periodic shift of u:

Gru(t) = u({t + h}) for a.e. t € [0;1]

(here {-} stand for the fractional part of a number). We will say that w is periodically L,-Holder continuous with
exponent &, if it is L,-Hélder continuous wrt periodic shift 6y, i.e. if there exists ¢ > 0 such that

def

Wp(h,u) = ||onu — ullL,01) < élh|®.

It is easy to see that if u € Lo(0;1) and p < oo, then these two definitions of L,-Holder continuity are
equivalent, but the exponents may differ. Indeed, on the one hand, w,(h, u) < @,(h,u). So, if u is periodically
L,-Holder continuous with an exponent &, then it is L,-Hélder continuous with the same exponent & (or greater).
On the other hand, for h > 0, we have

1

3 1
Wp(=h,u)P = Op(h,u)? = /0 |opu —ulP dt + [-H] |u — o_pu|dt + /
14h

= wp(h, u)? + wp(—h,u)? + (lo—14nu — ullL,(1-n1))"

< wy(hy w)? +wp(=h,w)? + 2lulloch'P)? < wp(hyu)? + wp(—h, w)? + 2 |[ul| 2

|o—14pu —ulP dt

5Here s > 2 is the maximal step at points of the curve x.
6 Authors would like to express their gratitude to professor L. Rizzi for a very useful discussion about the case o > %
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So if u € L (0;1) is L,-Holder continuous with an exponent «, then it is periodically L,-Holder continuous
with the exponent min{«, %} (or greater). Summarizing,

min{a,l} <a<a.
p
[13], Theorem 1.3.9 states that if u is periodically Lo-Holder continuous with an exponent &, then ||u — Sy||2 <
CN~% and the third assertion is proved. The first one follows from the third by using [13], Exercise 1.3.15. The
second assertion can be found, for instance, in [12] by using the inclusion By (0;1) C By ¢(0;1), which is valid
forall e >0 and 1 < g < oo (see [16], Sect. 4.6.1).

The case (®) has a very similar proof. The only differences are the following: (i) since u € Bg 1 o (051) for
s—17

1 17 1
25—17 5} — 2s—1° O

any 8 < 3=, we have u € Bg’oo(o; 1); (i) since s > 2, we have min{

Another property of L,-Holder continuity of the control is a possibility to approximate it well by smooth
functions. This property is non-trivial. There are a lot of functions in L. (0;1) that can not be approximated
well by smooth functions. Namely, there exists u € Lo (0;1) such that for any series of functions w. € C!
approximating u, ||u — we|2 < €, and any v > 0 one has €7 ||u||cc — 00 as € = +0. In other words, while one is
approximating u by smooth functions, their derivatives grow faster than any negative power of €. However, for
functions that are L,-Hélder continuous, it is possible to select smooth approximating functions that have much
smaller derivatives. In the corollary below, we suggest one possible way of choosing norms, but it is possible to
use other norms with the help of interpolation methods (see [16]).

Corollary 5.2 (on the approximation rate by smooth functions). Let z(t) be either a geodesic or Wi -local
minimum and |u(t)|; = l(z) be the corresponding control. If v > s — 1,7 then there exists a constant C > 0 such
that, for any e > 0, there is a function w € C*°(R) such that

lw = ullLy00) < Ce and  €7|[wlL o) < C-

Proof. This approximation is obtained by the following chain of inclusions. We first fix 0 < o« < 1. Then for
6> 0and 2 <r < oo, we have

1+4 1-&@)é+a(1+2L 2-&)s+a(l+1),
(L2(0:1), WA (05 1))ao0 D (B3 2(0:1), Brt™ (0:1))a, = Blp VT4 (0;1) o By o0+ (0;1),

The first inclusion is fulfilled for o < & and any 1 < p < oo (see [16], Sect. 1.3.3). The second equality is fulfilled
for zlv = 152 4+ & according to [16], 4.3.1 (and so p > 2 automatically) — this is so called diagonal case of
interpolation of Besov spaces. The last embedding is of Sobolev type (see [16], Sect. 4.6.2) since § > 0. Now we

apply the main Theorem 4.1: the control v belongs to the last space if

(2—&)5+&<1+i) <p(5271)=:1 (1;&+f>

or, equivalently,

1 1 2 1
a(l+—+--90 < — 20.
a<+s—1+r +r(s—1)) s

For § — +0 and r — oo, the factor in the left-hand side tends to 14+ -1 and the right-hand side tends to —L5.
Therefore, this inequality is compatible with & > o if and only if a(1+ 25) < A5 or a < 1.

"Where s is the sub-Riemannian step as always.
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Under this choice of a, one obtains u € (L2(0;1), WL (0;1))a.00. It means that the K-functional of the
interpolation (see [16], Sect. 1.3) satisfies the following estimate:

sup (MK (M,u)) = sup  inf (M~ *|jw —ull2 + M ¥|w|jw1 ) = C < cc.
M>0 M>0 weWZ (0;1) -

Space C*°(R) N W}(0;1) is dense in W, (0;1) (see [16], Sect. 2.3.2). Let us denote M* = &. Then for any ¢ > 0,
there exists a function w € C*°(R) such that ||w — ul[,(0;1) < 2Ce and ||| (0;1) < 20 Je(1=)/e, O

Theorem 4.1 also implies an estimate on constant ¢ (u) in L,-Hélder condition (see Def. 3.2), which is similar
to the Poincaré inequality

Corollary 5.3 (an analog of the Poincaré inequality). For any p and a from item () of Theorem 4.1,
there exists a constant C' > 0 such that for any geodesic (or Wi -local minimum) z(t) lying in K with control
lu(t)|g = U(z), one has

¢y (u) = Cllu —allp

where u = fol u(t) dt € R¥ is the mean value of the control u(t) on the interval t € [0;1].

In particular, if the system of fields f; is orthonormal, then for p = 2 and any 0 < a < s_%, there exists C > 0
such that

5 (u) > C\/l(x)? — u?

since, in this case,

lu— a3 = /0 (u(t) — ) dt = /0 (u?(t) — 2au(t) + @) dt = I(z)? — @*.

The proof of Corollary 5.3 is similar to the proof of the classic Poincaré inequality. Let us give it shortly.

Proof of Corollary 5.3. Let Y C By (0;1) consists of (not necessarily optimal) controls with zero average:
Y = {u: @ = 0}. First, we prove the inequality for u € Y. Suppose the opposite: for any constant C' > 0 there
exists u € Y such that cj (u) < C||ull,. In this case, there exists a sequence u™ € Y such that 5 (u™)/[|u™ |, — 0
as m — oo. Without loss of generality, we assume that cj(u™) + [[u™||, = 1 for all m.

The space By (0;1) can be represented as a dual space By ,,(0;1) = (B;f"l (0; 1))’ where % + p% =1 (see [16],
Sect. 4.8.1). Therefore, due to Banach—Alaoglu theorem, it is possible to choose a weak*-convergent subsequence
of the sequence u™. We keep indices m for the subsequence without loss of generality. Space By (0;1) is
compactly embedded into the space L,(0;1) according to the Rellich-Kondrachev theorem (see the proof of
Thm. 5.4 for details). Hence, there is a subsequence that converges strongly in L,(0;1). We also keep indices m
for it.

Thus, we obtain a sequence u" that converges to u strongly in L, and weakly* in BSVOO(O; 1)asm — oo. It is
evident that u € Y.

Recall that 5 (u™)/|[u™|l, — 0 as m — oo. Therefore, [|u™|, < 1 implies cj(u™) — 0. So [[u™||, — 1 and
|ull, = 1. Moreover, u is the weak*-limit of u™ in By’ (0;1), which implies

[ullp + ¢ (u) = [lullBg . < limsup ™| = 1.
' m— 00

So ¢5(u) = 0 and the function u is constant, which is impossible since % = 0 and [[ul|, = 1. Thus, the statement
is proved for any u € Y by contradiction.
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For an arbitrary function v € By ,,(0;1), one has u — 4 € Y and ¢ (u — u) g‘(u) It remains to note that
x(t) is a geodesic or Wi-local minimum. Hence, its control belongs to space B _(0;1) by Theorem 4.1.
O

Theorem 4.1 also gives us a possibility to prove a reinforced version of the Agrachev result on compactness of
the set of shortest paths [1]. Denote the set of all shortest paths lying in IC by X. Namely,

XcC {(xo,xl,u) e K x K x LOO(O;l)},

where a triplet (2%, 2!, u) belongs to X if and only if there exists a shortest path x(t) € WL (0;1) lying in K such
that (i) it has a constant velocity |@(t)|, = const; (ii) 2° = z(0) and z' = (1) are the initial and final points of
x(t); and (iii) u(t) is its control. So X consists of all triplets (z°, #!,u) corresponding to all shortest paths z(-) in

K.

Theorem 5.4 (on compactness of the set of shortest paths in the space of the Bessel potentials). Let K C M
be a compact set and f; form an orthonormal frame. Then X is a compact subset in K x K x HfB(O 1) where
HfB(O 1) is the space of Bessel potentials® and p and 3 are from item (&) of Theorem 4.1 or 1 <p <2+

6 < 25—1

_1;

Proof. Let us note that one can assume that fields f; vanish outside a compact without loss of generality. Indeed,
in the opposite case, we proceed as follows. Denote by V an open neighborhood of K such that its closure is
compact. Take a smooth function 4 such that ¢(z) =1 for z € K, ¢(z) =0 for « ¢ V and 0 < ¢(z) < 1 for
all z. We exchange fields f; by that of fj = 9 f; and exchange g appropriately. Under such a change (i) all
fields become complete; (ii) the rank becomes nonconstant, but remains constant in a neighborhood of K (which
is obviously enough for Theorem 4.1); (iii) horizontal curves in K remain the horizontal ones; (iv) a part of
horizontal curves lying out of IC cease to be horizontal; and (v) no new horizontal curves arise. Moreover, lengths
of horizontal curves in I remain unchanged, as for the rest, their lengths may only increase. The estimate in
item (&) of Theorem 4.1 does not altered since the shortest curves in K do not altered.

Without loss of generality, assume that p and S are from from item (&) of Theorem 4.1. Indeed, the statement
2L oo (0;1) € BS . (0;1).

At first, let us show that the set of all controls on shortest paths lying in K belongs to H, 5(0;1) and forms a
precompact set in it. The embedding of W (0; 1) into L,(0; 1) is compact by the Rellich— Kondrachev theorem (see

[6], Sect. 5.7). Take some numbers §;, j = 1,2, such that 5 < 1 < 2 < (q o) Then the Sobolev—Slobodeckij

spaces W,? 70;1) = ijp(o; 1) (see [16], Sect. 2.4.1) can be represented as the following interpolational ones (see
[16], Sect. 4.3.1):

25 7 follows from the continuity of the inclusion B?

ij (0;1) = (L,y(0;1), Wpl (0 1))s;.p-

Since W}(0;1) € Lp(0; 1), we have W/2(0;1) € W/ (0;1) (see [16], Sect. 1.16.4). The set of controls on shortest
paths lying in K is bounded in Wpﬁ2 (0;1) by Theorem 4.1 (since Bgf;ge((); 1) C Bgfp(O; 1) for any € > 0, [16],
Sect. 4.6.2) and thus it is precompact in Wfl (0;1). Now we recall that Wfl (0;1) C Hf (0;1) by the corresponding

embedding of Sobolev type (see [16], Sect. 4.6.2). Thus, the set of controls on shortest paths in K is precompact
in H2(0;1).
P )

8The assertion of the theorem remains true if one exchange the set Hg (0;1) by the Besov space Bg,q(O; 1) 1<¢g< >
or by the Sobolev—Slobodeckij space W,,B(O; 1) due to the continuity of the Sobolev embeddings Hg+€(0; 1) C Bf;',q(o; 1) and
HpBJrE(O; 1) C Wpﬂ(O; 1) for any € > 0 (see [16], Sect. 4.6.2).
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So, the set X is precompact in K x IC x Hf (0;1). In order to show that it is compact, let us consider two maps

e,i: KxKxLy(0;1) - K x L xR,
e(movwlvu) = (i'oﬂi'lv ”u(t)”P)v

(2% 2t u) = (2%, 2, dggr(2°, 2h)).

Here dgr (2, x') is the sub-Riemannian distant between x° and z'; #! is the value of the unique solution to the
differential equation & = > u; f;(x) with the initial condition x(0) = 2% at ¢ = 1; and #° is the value of the
unique solution to the same equation, but with the initial condition z(1) = ! and at t = 0.

We claim that since p > 1 (in fact, p > 2+ ﬁ), we have

X ={(2" 2" u) ‘ e(x, 2t u) = i(mo,ml,u)}.

Indeed, inclusion C is evident and inclusion D is also not so difficult to obtain. If the first two components
of e and ¢ coincide, then control u leads from z° to x'. If also the last components of e and i coincide, then
length of any horizontal curve x(t) having u(t) as a control (that is ||u(#)||1) is not greater than dgg(z°,z')
(since [lu(t)]l1 < |lu(®)|l, = dsr(2®,z')). In addition, dsr(z?,z') < ||u(t)|l; according to the definition of the
sub-Riemannian distance. So the equality can happen only if |u(t)| = dsr(2°, z!) for a.e. t as p > 1.

Map i is defined for all (z°, 2!, u) and it is continuous with respect to any topology on L,(0;1), and map e is
defined for all (20, 21, u) since fields f; vanish outside a compact and e is continuous with respect to the strong
topology on L, (0;1). Therefore, set X (as the set of points where e = 7) is strongly closed in the IC x IC x L,(0;1).
Hence, set X is closed in K x K x Hf(0;1) due to continuity of the embedding HJ(0;1) C L,(0;1) of Sobolev

type.
O

The previous theorem is formulated in terms of controls. But it can be easily reformulated it terms of the
shortest paths.

Corollary 5.5. Let K C M be a compact set. Then the set of shortest paths x(t) in IC with |&|, = I(x) is compact

in H;*B(O; 1) where p and B are from item (&) of Theorem 4.1 or1 <p <2+ Sil and B < ﬁ

Proof. Indeed, consider the following map

X — WL(0;1); (2% 2 u) — z(")
where z(t) is the unique solution to the equation & = Y u; f;(z) with the initial condition z(0) = 2° (we simply
forget about point x!). This map is surjective on the set of shortest paths in K by the definition of X. Since
XcC Hﬁ(O; 1) by Theorem 5.4, the image of X belongs to H;"’B(O; 1). Moreover, the map is continuous as a map
from K x K x HE(0;1) to Hy#(0;1). It remain to note that the continuous image of any compact set (e.g. X)

is also compact.
O

6. PROOF OF THEOREM 4.1

Proofs of the both items (20) and (&) in Theorem 4.1 are very close, so we write a united proof for both of
them and make special notes in places where they are different. For convenience of writing the united proof, in
the case (20), we denote by L the given curve length, L = I(x); and in the case (&), lengths of shortest paths in K
may differ, but all of them are bounded by a constant L (i.e. [(z) < L) since K is compact and sub-Riemannian
distance is continuous. In other words, L is a constant such that I(z) < L in both cases (20) and (&).



DERIVATIVES OF SUB-RIEMANNIAN GEODESICS ARE Lp-HOLDER CONTINUOUS 11

Outline of the proof: The proof of Theorem 4.1 is divided into five main parts. Firstly, in Section 6.1, we
present a precise reduction of the subriemannian problem to an optimal control one. This reduction is technical
and somewhat standard. Readers interested solely in the optimal control aspect may skip this section.

Secondly, in Section 6.2, we introduce additional assumptions on the optimal control problem that can be
assumed without loss of generality. These assumptions simplify greatly the rest of the proof.

Thirdly, in Section 6.3, we present the heart of the proof: a variation on an optimal trajectory that allows us
to establish a key interpolational estimate on the optimal control.

Fourthly, in Section 6.4, we demonstrate that the key interpolation estimate is dual to the problem of
approximating optimal controls by smooth functions.

Finally, in Section 6.5, we use the approximation to obtain estimates on the K-functional, which leads to an
interpolation of Besov spaces.

6.1. Reduction to an optimal control problem

Before we start the proof of Theorem 4.1, let us reduce it to the simplest possible form. We begin with
reducing the general problem to the optimal control one. So we want to prove that, without loss of generality,
one can assume that there exist vector fields f1,... fx € Vect(M) such that

A = span(fi,..., fr); (0Ch)

M C R"™ and for each i there exist some global coordinates on M (0Cy)
2

such that f;(x) is constant in these coordinates;

glfis f3] = 6ij- (0C3)

Proof of (OC1), (OC3) and (OC5). Obviously, any « € M has a neighborhood where vector fields satisfy-
ing (OC1) can be easily found. Moreover, vector fields f; are linearly independent since there are exactly
k = dim A of them. In particular, f; # 0. Hence, each point « € M has a neighborhood diffeomorphic to a ball in
R™ such that each vector field f; is constant in some local coordinates on that neighborhood. Moreover, since f;
are linearly independent, we may assume that f; are orthonormal by using the standard Gram—Schmidt process.

Thus, any point € M has a neighborhood U* (which is diffeomorphic to a ball in R™) and defined on U*
vector fields f; such that (OC}), (OCy), and (OC3) are fulfilled in M = U®. Let us now show that it is sufficient
to prove the theorem assuming M =U*".

Denote B = {¢€ € R" : || < 1} and let ¢* : B — U? be the corresponding diffeomorphism with ¢*(0) = z.
Let us cover compact K by a finite number of neighborhoods of the form ¢*m ( %B) Put ¢ = ¢*m for short.
Further, using this atlas, for any horizontal curve z(t) lying in the union of these neighborhoods, it is possible to
construct in standard manner a partition of [0;1] of the from 0 =ty < ¢t; < ... <ty =1 in such a way that, for
any 0 < j < N, there exists a (minimal) index m; such that x(t;) € ¢™ (3 B); x(t) € ¢ (3B) for t € [t;;tj41);
and if j +1 % N, then x(tj41) € ¢™ (20B).

Let us now use this partition to construct a number of overlapping intervals that cover [0;1]. Denote
s;’ = max{t € [tj;t;41] : 2(t) € ¢™i(30B)} for j < N — 1. Note that the motion time from a given point on
¢™(30B) to a given point on ¢™(10B) along any horizontal curve with bounded speed |#(t)|, < L is separated
from 0. A similar statement holds for the motion time from ¢™(30B) to ¢"(20B). Hence, there exists a constant
SF > 0 such that, for any horizontal curve z(t) in K with [#[, < L, we have s} —t; > ST and ;11 —s; > S*
for j < N —1. For j < N —1, let us now put s; = max{t € [t;;t;1] : 2(t) € ¢™i+1 (1 B)} if the written set is
not empty, and s; = t; otherwise. Similarly, there exists a constant S~ > 0 such that ¢;4; — s; = S~ for any
horizontal curve in K with [2[, < L. Put t;,,/, = max{sj, s; }. Obviously, z(t) € ¢™i(2B) for t € [tj;t;41/0]

(as [tj;tj11/2] C [tj3tj41)) and @(t) € o™i+ (3B) for t € [tjy1/0;tj41] (as x(t) € ¢™i+1 (3B) for t € (sj;t11]).
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Put S = min{S*, S~} > 0. Then tiv12 —t; = S and tj41 — 1412 = S for j < N — 1. In particular, number N
never exceeds 1+ 2/S on any horizontal curve z(t) in K with |&(t)|, < L.
Consider the following system of overlapping intervals:

[tost1], [ti23tal, [tsje,ts], - [tn—3/2,tN].

We know that z(t) € ¢™ (3¢l B) for t € [t;_1/2;t;41] if j < N and x(t) € ¢™ (3cl B) for ¢ € [to; t1] by construc-
tion. Moreover, each interval length is? 25 or greater, and length of any two consequent intervals intersection
is S or greater. Therefore, L,-Ho6lder continuity of & on [0; 1] with an exponent v is equivalent to L,-Hélder
continuity of & on each of these intervals with the same exponent v. Moreover, for any horizontal curve z(t) € K
with [2(t)|, < L, the norm of & in B} [0;1] is not greater than the sum of its norms in By [to,t:] and
B;oo[tjfl/% tj-‘rl] for Jj< N.

Thus, it is sufficient to prove Theorem 4.1 for the finite number of manifolds M,, = ¢*(B) (with compacts
K =K N ¢™(2cl B)). Conditions (OCy) and (OC») are fulfilled on any manifold M,,. It remains to take into
account the renormalization of time 7 = (t —t;_1/2)/(t;_1/2 —t;41) (or 7 = (t —to)/(t1 — to)), which allows one
to assume [t;_1/;t;41] = [0;1] (or [to;t1] = [0;1]). If the interval length is o, then this renormalization changes
norm |[ul|, by a factor of 0P, and constant cj(u) by a factor of c7P~“. Hence, after the renormalization, we
obtain a norm that is equivalent to the norm for the Besov space on [0;1] given in Definition 3.3, and this is of
no importance as length ¢ is bounded from 0 by S and does not exceed 1.

O

6.2. A series of simplifications

Assumptions (OC4) and (OCj5) allow us to reformulate the sub-Riemannian problem on shortest paths as an
optimal control problem of the following form:

1
l(w):/ \Jui+...+u2 — min
0

. 6.1
t=urfir(x)+ ... +upfr(z) (6.1)
z(0) = 2°; z(1) =zt
Here z : [0;1] — M is a Lipschitz continuous curve and u = (u1,...,u;) € L>=([0;1] — R¥) is a bounded control.

We believe that in the optimal control setting the term “admissible” is more appropriate than “horizontal”. So
pair (z,u) is called admissible if it satisfies both ODE and terminal conditions in (6.1). All previously introduced
notions can also be reformulated in the new setting, e.g. a pair (z,u) is called Wj-local minimum if there exists
an € > 0 such that, for any admissible pair (y,v) with ||u — v||; < &, one has I(z) < I(y).

Note that condition ||, = const in Theorem 4.1 is equivalent to the following one

[2(t)]g = |u(t)] = U(z) # 0 (6.2)

(we assume [(z) # 0 since u = 0 if I(z) = 0 and there is nothing to be proved).

We claim that to prove Theorem 4.1 it is sufficient to prove that the control u is L,-Holder continuous. Indeed,
since € W1 (0;1), L,-Holder continuity of u easily implies L,-Hélder continuity of 4 (t) = > fi(x(t)u;(t) (for
item (&), one should also use the fact that fields f; and their derivatives % f; are bounded on the compact ).

Thus, item (20) in Theorem 4.1 states that, for any Wi -local minimum (z,u) in problem (6.1) with |#|, = const
and for all ¢ <k, one has [lu;[|ps < co. Item (&) in the theorem states that there exists a constant C' > 0

such that, for any two given points z¥, 2! € K, any global minimum (z, ) in problem (6.1) with z(t) € K, and

9Except for the last one [tn—3/2,tn], which length is S or greater.
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|| = const and for all i < k, one has ||u;| gs < Cl(x)". Without loss of generality, we prove both items
p,o0
assuming ¢ = 1 since, for other ¢ < k, the proof is identical.
Let us make some additional simplifications to problem (6.1). Without loss of generality, we assume that

filz) =(1,0,...,0) (Ay)

Proof of (A1). Indeed, according to (OC3), each vector filed f; is constant under an appropriate choice of global
coordinates on M. Let us take the one that makes f; constant.
O

Without loss of generality, we also assume that

0 0?
M=R" and 3¢; >0 : sup{||fi||co,H(,)xfiHCo,HWfiHCo} < (4s)

Proof of (Az). According to (OC3), M is an open subset in R™. Field f; can be trivially prolonged to R™ by
keeping condition (A;). For f; having ¢ > 2, we use the following standard trick. Let X be embedded into M
with its e-neighborhood. Choose a sufficiently smooth function 1 : R® — R that satisfies ¢ = 1 on'? K + %EB,
¢ = 0 outside K + 2eB, and ¢ (z) € [0;1] for all . Let us now exchange f; by fi =¢fi € C°(R") and M
by M = R™ in problem (6.1). Under such an exchange of vector fields, we have: (i) some admissible curves that
leave K + %EB may become nonadmissible; (ii) lengths of remaining admissible curves may only become bigger;
and (iii) lengths of admissible curves in K + %EB stay the same. Hence, any admissible curve in K cannot lose
any of properties of being global minimum or Wj-local minimum. Moreover, the Héormaner condition at points
in K+ %5B is not affected by this exchange.

O

From now on, we denote the standard Euclidean norm of vector x € M = R" by |z|. Recall that dgr(x,y)
denotes the sub-Riemannian distance between x,y € M = R™ (if there is no admissible curves joining x and y,
we put dsg(x,y) = 00). So we claim that

1
do,c >0: Ve e CVye K+ 0B C—|33—y|SdSR(x,y)gcbb|x—y|l/s. (A3)
bb

Proof of (As). It follows directly from the ball-box theorem [7] and the fact that step of the sub-Riemannian
manifold at points in I never exceeds s by the hypothesis of the theorem. We denote the constant by ¢y, since it
comes from the ball-box theorem.

O

So, without loss of generality, we assume that conditions (A1), (42), and (Aj3) are fulfilled for optimal control
problem (6.1).

6.3. An interpolational estimate on the optimal control

We start with a brief explanation of key ideas the proof is based on. Consideration of the interpolational
estimate on the optimal control is based on the following well known idea. Denote by #; the (generalized)
derivative of u;. Suppose for a moment that @; € L,(0;1) for some 1 < r < co. Then, for any smooth test
function ¢ € C§°(0;1) = {p € C* : suppp € (0;1)}, integration by parts together with the Holder inequality

10Here we use the Minkowski sum A 4+ B = {a + bla € A,b € B}.
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i

y(t, A)

FIGURE 1. “Heartbeat” variation y(t) of the original curve z(t). On the figure, the end points
of supp ¢ are also shown as dots for convenience.

imply

T*

1 1
/umw:—/uw&SMMw
0 0

where 77 = r 4+ r*. The reversed statement also holds: if fol urp dt < constl||g||~ for any test function ¢ €
C§°(0; 1), then the generalized derivative 4; is a bounded linear functional on a dense subset of L,«(0;1) and,
hence, 11 € (Ly«(0;1))* = L.(0;1). So in the latter case, u; belongs to the Sobolev space W' (0;1).

At the same time, for an arbitrary function v € L,(0;1), we are only able to guarantee that fol vodt <
llull4ll@llq+ and one cannot expect ||¢]|,« (instead of ||¢||4+) in the right-hand side of the inequality. The proof of
Theorem 4.1 is based on an interpolational estimate on the optimal control: we will prove that

1
Au@MSOWM”WM

for some 0 < 6 < 1 and (not necessarily conjugate) g and r. This estimate appears to be dual to an estimate on
K-functional of f-interpolation of spaces Ly (0;1) and WL (0;1) and allows us to prove that uy is L,-Holder
continuous by proceeding to the Besov spaces.

The heart of the proof is the following variation depicted on Figure 1. Let us choose an arbitrary test function
¢ € C5°(0;1) and consider a new control'! u; — A (in the place of u1), A > 0, and the corresponding trajectory
y(t, \) starting at 20, i.e. y(-,\) is the unique solution to the following ODE

U= (u1 — Ap) f1 +uafo+ ... upfi

1 The condition A > 0 is of no importance and introduced by the authors to simplify further computations.
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with the initial state y(0, \) = z°. Since p(0) = (1) = 0, we have fol ¢ dt = 0. Therefore, no matter how large
modulo values the function ¢ takes, its fluctuations on the interval [0;1] will compensate each other in the
variation y(t, \), and the final distance between 2! and y(1, \) will be estimated in terms of the norm of function
¢ itself, and not by its derivative ¢ (see Lem. 6.1). Further, if 2 # y(1,\), then we add an admissible curve
§(t) that joins y(1,\) and 2. Length of that curve can be controlled by the ball-box Theorem (see Lem. 6.2).
At the end, we compare lengths of the original curve and the resulting variation, which gives us the desired
interpolational estimate on the control u;.

So, let us denote by P(t, A) the flow of the linear part of the variational equation along y, i.e. P(t,\) € GL(n)
and

. 0 0
P= (u2 %fg-f—...-’-’u,k %fk)P and P(0,A) =1,

and put Py(t) = P(t,0) for short. The term u; %fl vanish since f; is constant.
As we have mentioned above, the first key idea in the theorem proof is the following: change of the original
trajectory is estimated by the norm of ¢ itself, and not by the norm of its derivative .

Lemma 6.1. There exists a constant'? ¢ > 0 such that for all A > 0 and ¢ € C§°(0;1), one has

ly(t, A) — ()] < Mle®)] + cl(@)llel1)-

If additionally test function @ satisfies the following equality'3

1
/0 oPo(lr. foltta & -+ L1 fulug) i = 0. (6.3)

then

[y(1,2) — 2] < eX?[ll3. (6.4)
Proof. Let us estimate norms of operator P € GL(n) first. Assumption (A>) implies that [-Z f;| < ¢; and
|t]|o < L. Therefore, using the Gronwall inequality, we obtain || P|| < e¥L¢s. Similarly, ||[P~|| < e*L¢/. In other
words, norms of operators P and P~! are bounded by constant e¥¢s for all ¢, A, and ¢.

Further, using the theorem on smooth dependence of ODE solutions on the parameter, we obtain that y(¢, A)
is a.e. differentiable in ¢t and smooth in A. Thus, according to the Lagrange formula, we have

[y(t, A) —z(t)] <A sup |ya(t, p)l,
HE[0;A]

where y, stands for the derivative of y w.r.t. A, y) = a%y. Let us compute yy. Assumption (A4;) implies
. 0 0 .
Un = (u2 87xf2 + . ug %fk)yx —¢fi
Hence, using formula for the general solution to affine ODE, we obtain

uA(t\) = —P(t, ) / H(5)P (5, f1(y(s)) ds,

12Which does not depend on ¢, A, points 20, z! € K and pair (z,u) with z(t) € K.
13As usual, here we compute values of brackets [f1, f;] at the corresponding point of the original curve z(t).
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which, after an integration by parts, becomes

ya(t, A) = —o(t) f1(y(?)) +P(t,)\)/0 P~ (2, filuz + -+ i [i]uk) ds

since f; is constant and ¢(0) = 0. Using |u(t)| = I(x), we have
lya(t; V)] < lo(t)] + kLege? o0 i(z) ],

which proves the first estimate given in the lemma statement.
Now we proceed to the second estimate. Here we restrict ourselves to the right end-point. So let us write
down the Taylor expansion up the second order:

1
ly(1,A) — (1) — Aya(1,0)] < §A2 sup [yaa(1, 1)
HE[0;A]

and

j —(ungr +u£f) +(ua—2f+ +ua—2f)( )
Yxx = 2502 kaxkyAA 252 27 ko2 k YxsYx),

where yy) stands for the second derivative of y w.r.t. A, yan = %y.

If o satisfies the linear equation (6.3), then the linear part in the Taylor expansion disappears, i.e. yx(1,0) = 0.
Hence, if we consider only test functions ¢ € C°°(0;1) that satisfy (6.3), then position of the right end y(1, A) is
determined by the second variation. Let us estimate it. Since

82

1 2
_ 0
y)\A(l,A):P(l,A)/O P 1(U2@f2++ﬂk@

fk) (y>\7 y)\) dt?

we obtain
1
AL < kLege? o [P dt < kege? (gl + 2kLeset s ol + KL o).
0

Obviously ¢ € Lo(0; 1) implies ||¢]|1 < ||¢||2 by the Holder inequality. Hence,
[y (L, N)] < kLepe? ™ (1+ 2kLepet™r + k2L e ) || 3.

Thus,
¢ = max {1, kLcpeRter kLcpe® P¢r (1 4 2k Lepebter 4 k2L2C?ce2kch)}.

O

In the following lemma, we prove that, for some values of parameters 7, ¢, and ¢/, the following implication is
fulfilled

CUMell <1 = Uy) — Uz) + < Uz)A lellr)¢ = 0. (6.5)

Note that, using this implication, we then obtain a dual interpolational estimate on the control wu; in
Proposition 6.5.
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Lemma 6.2. There exist

(&) a constant ¢ such that, for any sub-Riemannian shortest path (z,u) with z(t) € K, the material
implication (6.5) holds for all A > 0 and functions ¢ € C§°(0;1) ifr=1,(=1/s, and ¢ =¢&;

() a depending on the choice of Wi-local minimum (z,u) constant & = &(x,u) such that the material
implication (6.5) holds for all A > 0 and functions ¢ € C§°(0;1) ifr =2, (=2/s, ¢ =&, and ¢ and A
satisfy additional restriction ¢ l(x)A||¢]1 < 1.

Proof. Let us use (A3). By the hypothesis of Theorem 4.1, ! € K. Hence, Lemma 6.1 implies that if |21 —
y(1,))| < o, then!?

dy © dsr(z',y(1,N) < el — y(1,1)[V*.
Let us consider only A > 0 such that cl(z)A||p|l1 < o. For these A, using Lemma 6.1, we obtain
dx < e (cl@)\e]l)"" (6.6)
If additionally c(x)(cp)*Allp|l1 < 47%, then dy < 1. So, we put
¢y = cmax{1/o, (4decpy)®}

and assume both ¢ > ¢{ and é > ¢}.

By the definition of the sub-Riamennian distance, there exists a pair (g,v) that satisfies the ODE in
problem (6.1) with terminal conditions §(0) = y(1,)), §(1) = ' (see Fig. 1) and has length p < 2d) < 3.
Without loss of generality, we assume |0(t)| = p. Consider the following composite pair (z,w), t € [0;1]:

o) = y(t/(1 = p)), for t € [0;1 — pl; wit) = o(t/(1—p)),  forte 051~ p);
gt =14 p)/p), forte[l—p;l]; So((t=1+p)/p), forte(1-pl];

where v = u — A(p,0...,0). Now, the pair (z,w) does satisfy both the ODE and terminal conditions in
problem (6.1).

First, we suppose that (z,u) is a global minimum for some given points 2° and . In this case, if the estimate
Alellr € 1/(¢ 1(z)) holds, then length of the original curve z(t) cannot be greater than length of the composite
curve z(t). Therefore, using Lemma 6.1, we obtain

l(z) < U(z) < Uy) + 2dx < U(y) + 2 (A l(z)[l]l1) /. (6.7)

Thus, item (&) in the lemma is proved for ¢ = max{cy, c(cp)®} = .-

Second, we prove item (2J) in the Lemma. Let (z,u) be not necessarily global but W{-local minimum in
problem (6.1) for some given x° and x!. In this case, we are able to find a constant & (stated in the lemma) for
any given pair (z,u), but & highly depends on (x,u) in general, and it seems that ¢ cannot be chosen uniformly
among all Wi-local minima in K.

Summarizing, let us fix a W{-local minimum (z,u) for the rest of the lemma proof. We claim that, for
small enough \, the composite control w(t) belongs to the e-neighborhood!® of the original control u(t), i.e.
|lu —wl|1 < e (which then implies that the composite pair (z,w) length cannot be less than length of (z,u)).

14Recall that the constant cp, comes from the ball-box theorem, see (A3) for details.
15Here ¢ is taken from the definition of Wll—local minimum.
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In order to prove inequality ||u — w|1 < &, let us estimate the left-hand side:

1 1

\v<t>|dt+% / 15((t — 1+ p)/p)] dt.

—p

1—p
lu— )y < |\u—v||1+/
0

o) = Tt/ —p))‘ et [

—p

Now we estimate each term in the right-hand side separately:

1—p
/0

[ —vlly = (A&, 0,...,0) [l = Allpl|1;

u(t) — T !

k 1
o(t/(1 p>>\ at < 20glh + Y- [ 10 = p)uil(1 = p)9) — i)l s

1 k 1
/1 NOEEIESS / g (6)] dt < Mgl + kL
-P i=1 -P

= e+ npnat=p.

P Ji-p
Obviously, L1(0;1)-norm of each function (1 — p)u;((1 — p)t) — u;(¢t) tends to 0 as p — 40. Therefore,
lu —wlly < 4N|@[l1 + v(p)

where v(p) > 0 and lim, , 1 ¥(p) = 0. Since p < dy, there exists d > 0 such that v(p) < £/2 if dy < d.

Thus, in order to fulfill inequality ||u —w||1 < €, it is enough to have 4\|[¢||1 < €/2 and ¢y (cl(a:))\||<,b||1)1/s <d
due to (6.6). The last two inequalities follow from the hypothesis in item (20) of the lemma and the condition in
material implication (6.5) if

dl(z) > ¢, = max{8/e, cl(z)(cp/d)*}.

So let us choose ¢ > max{c(, c}/l(x)} (recall that I[(x) # 0 due to (6.2)). Hence, if estimate & I(z)A]|¢|1 <1
holds, then ||u — w|| < €, and length of the original curve z(t) cannot be less than length of the composite curve
z(t): U(z) < (y) + 2dx.

Therefore, we obtain the same result as in item (&), but now we are able to use more accurate estimate on
the distance between x! and y(1,\), which is given in the second part of Lemma 6.1:

dy < e’ — y(1, \)]Y* < e/ N o) 27

Thus, item (20) of the Lemma is proved for & > ¢y (c/l(z)?)'/*. In other words, item (20) of the lemma is proved
by taking

¢ = max{ch, & /U(x), e (c/1x)?) /7).
O

In order to obtain the interpolational estimate on the control u;, we construct a lower bound for the left-hand
side of (6.5). Vector fields f; are orthonormal due to assumption (OCj3). Hence,

1 1
I(y) = / V0w =292 +ud+ .. b udi= / VI@? — 2hurp + A2@2 dt. (6.8)
0 0



DERIVATIVES OF SUB-RIEMANNIAN GEODESICS ARE Lp-HOLDER CONTINUOUS 19

Remark 6.3. Note that the previous equality is the only place in the proof of Theorem 4.1 where we are
actually use assumption (OCj3). It has not been used before and will not be used further.

It is not so hard to estimate {(y) with the help of the following lemma.

Lemma 6.4. Let I >0 and 1 < g < 2. Then, there exists a number csg > 0 such that, for any ¢ € C§°(0;1)
and u; € Lo (0;1) having ||u1||e <1, the following inequality is fulfilled

1

1 1
/ VB 2urd T 0Pt — 1 < espl | - 7/ i dt.
0 0

Proof. First, let [ = 1. Then

e If |1(t)| < 4, then we are able to estimate the square root in standard manner:

1
VI=2uy 497 = 1< —ugp + 59 <~y + 7.
o If [¢(t)] > 4, then [u9| < [¢] < 192 (as |ug| < 1) and 1 < L)%, Hence,
V1 =2u1p 4+ 92 =1 <209 < —ugp + 4]9h).

Denote the left-hand side of the inequality in the lemma statement by F'(I,u1,%). Then

1
F(1,uy,¢) < / P2 dt 44 / |1/;|dtf/ uptp dt. (6.9)
0

2|4l <4 4] >4

Now we unite both terms in the right-hand side of (6.9) in the following way. Let 1 < ¢ < 2 be an arbitrary
number. Then, for the first integral, we have

[ owa= [ wprars e [

4] <4 A 2|4 <4

For the second integral, we have

" / ] dt = 420 / 4971 | dt < 429 / ]9 o] e = 42 / ol dt.

t:||>4 t:|y[>4 t:|y|>4 t:|p[>4

Thus, inequality (6.9) implies
1 1
F(1,u1,¢) §4H/ |w|th7/ ur dt.
0 0
So

1
F(Luy, ) < 4]18]2 —/0 -y

In other words, putting cgg = 4 proves the lemma in the case [ = 1.
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For an arbitrary [, the lemma follows from the fact that F' is homogeneous: F(l,u1,) = IF(1,u1/1,%/1).
O

Let us now combine the previous two lemmas and show that they imply the following key interpolational
estimate on the control u; for some ¢ > 0:

1
/ wpdt < () o] 2]1°,
0

QZM and H_m.

q—¢ q—C¢

(6.10)

where

Here ¢ is an arbitrary test function that vanishes at ¢t = 0, 1, namely
p e Wy (0:1) = {p € Wy (0:1) : p(0) = (1) } -

Proposition 6.5 (interpolational estimate on control).

(&) There exists a constant ¢" such that, for any 1 < q <2, any sub-Riemannian shortest path (x,u) with
x(t) € K, and any test function ¢ € W, (0;1), inequality (6.10) holds for ¢' =&, r =1, and ¢ = 1/s;

(Q3) For any 1 < q < 2, there exists a constant ¢’ (which depends on the choice of Wi-local minimum (z,u) in
general, &' = &' (x,u,q)) such that, for any test function ¢ € Vi/ql((); 1), inequality (6.10) holds for ¢’ = ¢&”,
r=2, and { =2/s.

Proof. If ¢ = 1, then inequality (6.10) is trivially fulfilled for ¢ = 1. So we assume that ¢ > 1.

First, let ¢ be a smooth function, i.e. assume that ¢ € C5°(0;1). If we substitute expression (6.8) for I(y) and
the estimate in Lemma 6.4 (with ¢y = A¢ and I = I(z)) into the inequality in (6.5), we then obtain

1
A [ dt < conNi(@P gl + AU ol (6.11)
0

Let us divide (6.11) by A. Two terms will be obtained in the rhs: one has factor A9~1 and the other has factor
A~ The first one tend to co as A — +oo and vanish as A\ — 0. The second one tends to oo as A — 0 and vanish
as A — oco. So an optimal choice of A is a minimum point of the obtained rhs (which obviously exists due to

_ < __q
described behavior of factors A2~! and AS~1). For simplicity put Ao = () T llell# = 1l¢llg ¢ which differs
from the optimal value of A by a complicated constant factor of no importance. So we plug A = A¢ into (6.11):

q

1
/0 w < (¢ + esr)i@)" |||l

Thus, in the case (), the desired inequality is proved for ¢ € C§°(0;1)(0; 1) under restriction ¢'I(z)Xo|l¢|l1 < 1.
In the case (20), restrictions (6.3) and ¢'l(x)X||¢]|1 < 1 should be also fulfilled.
First, let us throw away restriction ¢’I(z)\o||¢|l1 < 1. On the one hand, since

2¢—1

ol(@) el = 1) 7= (lella/Iglla) 7,

the restriction ¢ I(z)M\o]|¢ll1 < 1 is definitely fulfilled if

2q

2q-1 .
col(@) " llelh < lIéllc,
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where ¢l > (/)" . Since 1 < ¢ < 2, we may put ¢ = max{(c')l_%, (¢')}=¢1. On the other hand, if the opposite
inequality is fulfilled for some test function ¢, then ||u1 |l < I(z) implies

/0 wpdt <U@)|¢lh < U@)lIpllg < W) (egl@)’ 7 llel)? ¢l

=(e))°U=)" T elllells= < i@ lellely

where ¢f > (c{)’)eL%l. Since 0 < 0 < (¢/(2—-¢) and 0 < (¢ —1)/q <
max{cy, (cf)</ =9} max{1, L/?}.

Thus, we have proved the case (&) for ¢/ = ¢’ = max{¢ + csg, ¢y, i} and p € C§°(0;1). In order to complete
the proof of (&), it remain to note that the space C§°(0;1) is dense in W1 (0;1) (see [16], Sect. 4.2.4) and
functionals [ u1¢, [|¢||r, and |||, are all continuous on qu (0;1).

Let us now proceed to the case (20). On the one hand, since

1 "o
5, we may put ¢ =

Aol(@)I8llg = 1) T (el /N8l 7,

inequality ¢’ I(x)Xo||¢]l1 < 1 is definitely fulfilled if

29-1 .
ctl(@) < el < [éllq

where ¢f = (¢')” '*. On the other hand, if the opposite inequality is fulfilled for some test function ¢, then
lu1]loe < 1(x) < L implies

! . . . 2q-1 L1—
/0 w@dt < U(@)l|lpl < Ua)l@lly < W) ()7 llel)’lellg™

=(¢])’U@) Vgl T ol 0 = egla) el Tl

where ¢ = (c{)? max{1, L?}.
Thus, in the case (20), the desired inequality is proved under two additional restrictions: (i) ¢ € C§°(0;1) and
(ii) o satisfies (6.3). Note that equality (6.3) defines a closed linear subspace in Wl(O 1) of the from

1
H = {<P € W (0;1) : /o ePo([f1, foluz + ...+ [f1, felu) dt = 0} :

Subspce H has finite codimension n as u € Lo (0;1) and Py € Lo (0;1). Space C§°(0;1)(0; 1) is dense in W;(o; 1)
and, hence, it is dense in H. Therefore, the desired inequality is fulfilled for all ¢ € H as both functionals
p(p) = Allelbllells = and fo w1 dt are continuous on Wl(O 1).

Generalized derivative u; can be considered as a linear functional on Wl(O 1). Moreover, we have proved
that it is dominated by p(¢) on H. Hence, u1|g < convp|gy due to linearity of ;. Functional conv p is positively
homogeneous, convex, and nonnegative. Therefore, convp is a seminorm on W1(0 1). Then, Hahn-Banach

separation theorem implies that linear functional %; has an extension tv to the whole space qu (0;1) that is also
dominated by conv p, i.e. w < convp < p. Since tv and ©; coincide on H, the H definition implies

iy =1 + (u, Po([f1, faluz + ... + [f1, felur))
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for a tuple of n constants € R™*. It remains to note that Py([f1, fo]us + ... + [f1, fiJux) € Loo(0;1). So, for
some constant ¢4 and any test function ¢ € W, (0;1), we obtain

1
/ o Po(lfr, oluz + .+ [f1, fidun)) dt < cllell < egllel ol < esllells el
0

Thus, it is sufficient to put ¢’ = ¢f + ¢§1(z) ™" (recall that, in the case (20), constant ¢ may depend on the

choice of local minimum (z,u) in general).
O

6.4. Duality and approximation of the optimal control
So, in order to improve length of the original trajectory x(t), we are trying to choose a test function ()
in such a way that the control variation u; — u; — A¢ improves the functional (6.1). It means that the term

—uy¢ should be as negative as possible. However, the x(t) optimality forbids — fol u1 dt to be too negative.
Namely, it is bounded by Proposition 6.5. Nonetheless, let us try to choose p(t) as best as possible assuming
that norms ||¢||, and ||¢||q in the right-hand side of (6.10) are given. To do so, we consider the following convex
optimization problem

1
—/ u1pdt —  min

0 peEW[0:1]

ol <1 (6.12)

1¢llq < M;

(0) = (1) = 0.

Denote by S9(uq, M) the value (i.e. infimum) of problem (6.12). So the x(t) optimality implies the following
lower bound on S%(uy, M):
Corollary 6.6. If for somer >1,q>1, (<1, and ¢’ > 0, the control uy satisfies inequality (6.10), then, for
any M > 0, one has
S4(uy, M) > —c"l(x)~ M0,

Proof. Indeed, (6.10) implies

1
/ wpdt < ) 211 < i) M0
0

since 0 < 0 < 1. O

The value S%(u1, M) of infimum in problem (6.12) is closely related to the approximation quality of the
control u; by smooth function. It is well known that the rate of such an approximation is equivalent to an upper
bound on K-functional of interpolation of the Lebesgue space Lg+(0;1) and the Sobolev space WL (0;1). We
will actively use this interpolation in the next subsection, and now we show duality of K-functional and value
S%(uy, M) of infimum in problem (6.12). Recall that K-functional is defined in our case as follows:

K17 (Muy) nf(ewllyz, +Mlw —u

) (6.13)
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In the following proposition, we use a functional that is very similar to K g: : we only change the term [[w||y1,
to the term ||w||,+. In fact, this change does not affect the interpolation procedure, which we explain in the next

section.

Proposition 6.7 (dual interpolational estimate on K-functional). For anyu; € Lo(0;1),1 <r < 00,1 < g < o0,
and M > 0, the following equality holds'S

ST (uy, M) + inf {
s M)+t (o

o+ M|lug — w||q*) =0 (6.14)

Proof. The statement trivially holds for M = 0. So we assume M > 0.

Problem (6.12) is convex. Hence, it is natural to apply duality theory of convex problems. In order to construct
the dual problem, we should include problem (6.12) into a family of convex problems. So let us take arbitrary
¥ = (1o,9¥1) € Lp(0;1) X Ly(0;1) and ¢* € W,/.(0;1) and consider the following family of convex problems,
which depend on parameters ¢* and ¥ = (19, 91):

1
—/ ("0 +¢*p)dt - min
0

PEW(0:1)
lle = ollr < 1; (6.15)
¢ — 1l < M;
¢(0) = (1) = 0.

Further, we show that problem (6.12) is in family (6.15) for ¢y = ¢; = 0 and under an appropriate choice of
parameter *.

Recall that a dual family to a family of optimization problems given in the following standard form (with
parameters ¥ and ¢*)

F(p,9) = {¢", ¢) — min (6.16)
is a family of optimization problems with the same parameters ¥ and ¢* of the form
F*(¢",9") = (,9") — min (6.17)

where F'* is the Legendre-Young—Fenchel convex conjugate to F'. We emphasize that parameters ¢* and 1) are
common for the both families, but original family problems are minimizing in ¢, and dual family problems are
minimizing in ¥*.

Usually, considerations of dual convex optimization problems require a careful choice of pair of spaces in
duality. So we assume that (¢, ¢*) and (¢, 9¥*) belong to some spaces (@, ®*) and (¥, U*), correspondingly.
Moreover, we equip both pair of spaces (®, ®*) and (¥, ¥*) with the weak and weak* topologies, correspondingly
(see [10] for details). This careful choice is needed in the first place for proper computation of convex conjugates,
e.g. F* and F**.

The dual family of optimization problems can be very useful as it is usually possible to prove that there is no
duality gap between the origin family and the dual one. Namely, it means that the sum of infima in both families
identically vanish for any choice of parameters ¢ and ¢*. Let us denote by S,- (1) the value of the corresponding
problem in the original family (note that ¢* enters the original family linearly, and v enters it nonlinearly), and
by Dy (¢*) the value of the corresponding problem in the dual family (here ) enters the dual family linearly,

16The second term is in fact K-functional up to some minor terms, and the first term is its dual interpolation estimate on control
uy
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and ¢* enters it nonlinearly). Then, a trivial inequality F(p,¥) + F*(,v¢) > (@, ¢*) + (¢,9*) implies that
S+ (1) + Dy (¢*) > 0. Moreover, we show below that there is no duality gap, i.e. Sy (¢) + Dy (¢*) = 0.

Now we compute the dual family to the original one given in (6.15). In order to do so, let us rewrite family (6.15)
in the standard form. We have ® = W, (0; 1), ®* = WL (0;1), ¥ = L,.[0; 1] X Ly(0;1), and ¥ = L.« [0; 1] x Lg- (0; 1).
We equip both spaces ® and ¥ with the weak topologies, and spaces ®* and ¥* with the weak* topologies.
Under this choice of topologies, pairs (®, ®*) and (¥, U*) become pairs of spaces in duality (see [10]).

Let us now write down a convenient formula for functional F'. Obviously, in order to throw out restrictions (6.15)
on ¢ (which are formally not included into the standard form (6.16)), we define F' as follows: F((p,¢) =0 if ¢
does satisfy restrictions in (6.15), and F'(y, 1) = oo if it doesn’t:

0, iffle—2olr <1, ¢ —1rlly <M and ¢(0) = ¢(1) = 0;
0o, otherwise.

F(so,lﬁ):{

Before we proceed to computing the dual family, let us find a particular value of parameter ¢* that includes
the original problem (6.12) into family (6.15). In other words, we are seeking for a function ¢* = ¢* such that

1 1
A% def Ak Ak _ .
Vo e W [0;1] (2%, 0) = /0 (o9 +soso)dt:/0 urpdi.

Linear functional fol u1 dt is continuous on qu(O; 1). Hence, the desired function $* exists and belongs to
(W, (0;1))* = W,.(0;1). So fol(gb(gé* — u1) + @p*)dt = 0 for any function ¢ € W} (0;1). Therefore, the du
Bois Reymond lemma implies that ¢* — u; € qu* (0;1) and

i(@* —up) =@~ (6.18)

dt
Under the described choice of F', original family (6.15) is represented in standard form (6.16), and original
problem (6.12) is included into the family when ¢ = 0 and ¢* = @*.
Let us now compute the dual family (having the same parameters ¢* and ). In order to do so, we first
compute F™*:

1
F*(o*,9*) = sup ((¢*, ) + (0%, ¢) — F(p,))) =  sup / (@™ + 9 o + Ygrho + Yiehr) dt.
o) lo—tollr<1 Jo
I p—prllq <M
0(0)=p(1)=0

Let us substitute no =99 — ¢ € L.(0;1) and 1 = 91 — ¢ € Ly(0;1), or g = ¢ + 19 and 1 = @+ n1:

1
et et = s / (6% + "0+ 03 (0 +10) + 01 (@ + ) dt
nollr< 0
[Im1]lq <M

£(0)=(1)=0

1 1 1
— s / Yimodi+  sup / Yimdi+  sup / ($(&" +07) + ole” +3)) dt.
lInoll-<1J0 Inllq<M JO #»(0)=¢(1)=0.0

The first supremum in the right-hand side is equal to 4]+, and the second one is equal to M ||¢7] 4« So
let us compute the third one. Terminal constraints ¢(0) = ¢(1) = 0 are linear in ¢. The inside integral is also
linear in ¢. Hence, there is an alternative: either the inside integral identically vanishes for all ¢ € qu (0;1)
having ¢(0) = ¢(1) = 0 (and, in this case, the third supremum is equal to 0) or there exists a function ¢ having
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»(0) = p(1) = 0 such that the inside integral does not vanish (and, in this case, the third supremum is equal to
00). So, let us find all * = (1§, ¥7) such that

/0 (P(* + 7)) + p(e* +5))dt =0

for all ¢ having ©(0) = ¢(1) = 0. According to the du Bois—Reymond lemma, the latter is equivalent to the
following: - (¢* +97) € L1(0;1) and &(¢* 4+ 47) = ™ + 4§, i.e. ¢* + ¢ € Wh(0;1).
Thus, dual family (6.17) of convex problems has the following form:

1

1
e+ M7 g+ —/ 5+ 1) — min
||’(/}1 ”q o (’(/}01/}0 ’(/}11/]1) PY*EL, (0;1)><Lq* (0;1) (619)

d
TS U] =0+ v
Recall that we denote by Dy, (¢*) the value of the corresponding problem in the dual family.

Functional F is convex (as both norms || - ||, and || - ||, are convex, and terminal constrains ¢(0) = ¢(1) =0
are linear) and closed (as any convex lower semicontinuous in the strong topology functional is also lower
semicontinuous in the weak topology'”). Therefore, the Fenchel-Moreau theorem implies F' = F'**. Hence, the
bidual family (i.e. dual to dual family (6.19)) coincides with the original one.

Let us now show that there is no duality gap when parameters ¢* and 1 have the desired values, namely, 1 = 0
and p* = ¢*. So let us prove that S+ (0) + Do (") = 0. Equalities Dy (¢*) + S35 () = 0 and Sy () + Dy (9*) =
0 can be proved in standard way (see [10]). Convexity of both functionals F' and F* implies convexity of S~
(on ) and Dy (on ¢*). Therefore, the Fenchel-Moreau theorem implies S = cl Sy« and D} = cl Dy. So it
remains to show that functional Dy is closed.

Let us make a natural change of variables in (6.19) and denote v = ¢* + . Then v € WL (0;1) and
problem (6.19) for ¢ = 0 takes the following form:

G(v) = [0 —¢"

e+ M|v— || g+ — min.
v

Clearly, the infimum value of G does not exceed A = ||¢*
Indeed, if [0 — ¢*|[;« > A or [[v — ¢* ||+ > 7 A, then G(v) > A. Therefore, infimum of G(v) over all functions
v coincides with that over the set of functions v having [[v — ¢*||¢« < A and || — ¢*||,+ < -, A. This set is
convex, bounded, and strongly closed. Hence, it is weak* compact in WL (0;1) by Banach—Alaoglu theorem.

e+ M||$*]| g+ We claim that function G(v) is coercive.

Consequently, for any ¢*, there exists a global minimum v,-. Moreover, both norms ||vy«||¢« and |0y« ||+ are
bounded as G(vy+) < A:
lp-llg- < 37l e +20¢%lg- and [og [l < 207 [l + MI|¢"[lg-- (6.20)

Now we are able to show that Dy is weak* lower semicontinuous using existence of a solution and bounds (6.20).
Let ¢f € qu*(O; 1) be an arbitrary function. Consider a sequence ¢, that converges to ¢f in the weak*
topology on W.(0;1) as m — oo and such that the sequence Do(¢},) has a limit. So we need to prove that

Do () < limy—so0 Do(},)-
Since 1 = 0, we have

Do) = inf F* (¢, ") = G(v,)

17Indeed, any strongly closed convex set is weakly closed by the Hahn-Banach theorem.
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as the infimum above is attained at ¢* = (0, — ¢*,v — $*(¢*)) for any choice of ¢*. Consider the following
sequence of solutions

w:n = (i/@;«n - sp:n’”‘ﬂfn - gb:n)'

Since ¢}, weakly* converges, the ¢, norms are bounded by uniform boundedness principle. Therefore, (6.20)
implies that the v, - norms are bounded as m — 0o. So using the Banach—Alaoglu theorem for the second time,
we are able to find a subsequence of v,x that weakly” converges. Without loss of generality, we keep indices m
for the subsequence. Hence, sequence 1), also weakly* converges to a function 1 as m — oo. It remain to note
that functional F* is lower weak* semicontinuous (as F™* is convex conjugate to F'), and so

lim Do(gh) = lim F*(gh, 05) > F*(¢5,45) > Dole}).

m—r o0

The latter proves that Dy is weak™ lower semicontinuous. Consequently, S+ (0) + Do(¢*) = 0 for all ¢*. In
particular, it is true for ¢* = @*.

Now, as we have already shown absence of the duality gap, we can construct an estimate on the rate of
uy approximation by functions from qu* (0;1). In order to do so, let us simplify the dual family under the
required choice of parameters ¢ = 0 and ¢* = ¢*. According to (6.18), ODE in (6.19) becomes < (uy +¢7) = ;.
Obviously, u1 + ¢7 € WL (0;1). So, if ¢ = 0 and ¢* = ¢*, then substitution w = u; + 9} gives the following
equivalent problem:

[l + M|lw — ui|lg« - min .
we

1
¥

Sum of that problem value and S%(u1, M) is equal to 0 as there is no duality gap. So (6.14) is proved.

6.5. Interpolation

Duality proved in Proposition 6.7 together with the interpolational estimate proved in Proposition 6.5 and
Corollary 6.6 imply the following estimate on the rate of control u; approximation by smooth functions. Namely,
we have proved that, for any M > 0, there exists a function w € WL (0;1) such that

]l + MJw — us|lg= < 2¢"1(z)"M*~? (6.21)

where ¢* = ¢q/(q¢— 1) > 2, 7* = 2 in the case (20), and r* = oo in the case (&), and 0 and « are defined by ¢
in (6.10). According to Proposition 6.5, ¢ = 2 in the case (20) and ¢ = 1 in the case (&).

The left hand side of (6.21) is very close the K-functional given in (6.13). We want to obtain an estimation
on the K-functional. Since we have already proved (6.21), we only need to estimate norm [[w||y1, (o;1)- There
are a lot of different pairwise equivalent norms on space WL (0;1). For our purposes, it is convenient to use
lwllws, 0:1) = l0]l + [wllg-. The first term is trivially estimated by (6.21). In order to estimate [Jw||q-, let us
use inequality |u1| < I(x): in the case (&), we have 0 < k < 1 and so I(z) < I(z)"L'~"; and in the case (20), we
have I(z) = I(x)*L!~*. Therefore, if M > 1, then

wllg < (2¢" + L7 (2)"M % < (2" + L %)l(z)" M0

and

[llw, + Mlw = wllg- < (4" + L' =")U(x)"M* .
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If the opposite 0 < M < 1 holds, then we can always take w = 0, which guarantees

- <l(z)M < LY F1(z)" M0,

i, + Ml = uy

=
Hence, K-functional of interpolation satisfies the following estimate:

Ky (M,ur) = inf(lw]lws, + Mlw = uilg-) < ¢"1(x)* M=

where ¢ > 4¢" + L'=*. Since & is between 1 and (1 +¢)/(2 — ¢), we can put ¢/ = 4¢” + max{1, L(1=20)/2=0},
Thus, the control u; belongs to the following interpolation space (see [16], Sect. 1.3.1):

up € X = (WE(0;1), Ly« (0;1))1-9.00 = (Lg= (05 1), WL (0; 1)) 00 (6.22)

So, it remains to reduce the interpolation space in the right-hand side to a standard one.

Interpolation (6.22) belongs to a so called nondiagonal case a 1-9 -+ 7# oo Unfortunately, no exact formula
for the nondiagonal interpolation is known. Nonetheless, we can exchange the nondiagonal interpolation space X
by a little bit bigger space, which we are actually able to compute explicitly. So let us consider the cases (&) and
(20) separately.

In the case (®), we have r* = oo, ¢* > 2, and 0 is given in (6.10). Hence, X defined in (6.22) becomes

X = (Lg=(0:1), WA (0:1))6,00
Let us use embedding theorems of Sobolev type (see [16], Sect. 4.6.2). First, Ly« (0;1) = HY. (0;1) C BY. . (0;1) as
q* > 2. Second, we fix ¢* < a < oo and use embedding W (0;1) C B} ,(0;1). Obviously, B1 .(0:1) C B% 4 (05 1).
Hence, for any 1 < p < oo and 0 < 8 < 6, we obtain (see [16], Sect. 1.3.3)
X C (Bg*,q* (07 1)7 Bé,a(o; 1))9,00 - (Bg*,q* (07 1)a B;,a(o; 1))5ap

Let us make a choice of p that leads to the diagonal type interpolation, namely

P q* a’

1_1-8 7

Then, the corresponding theorem for the diagonal type interpolation (see [16], Sect. 4.3.1) gives
X C (B ,+(0;1), B ,(0: 1)), = B (0;1) € B . (0;1).

Now, we find values that parameter S can take assuming that a fixed value of p is given. So the following
restrictions must be fulfilled: a > ¢* > 2 and

1 1
7 (g —1)¢ ¢ 1
:q p 9: — = .
<P %—§< —¢  ¢1-04+¢ g¢(s—-1)+1

The latter equality holds as ( = % in the case (®). Since a can be taken arbitrary large, the previous pair of
inequalities is equivalent to the following:

q* 1 1 .
0<l-—< ——— -~ - < < p.
p  q(s—1)+1 Pms—1 =1 =P
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Consequently, if p — -25 > 2, then ¢* can be taken arbitrary close to p — % So, proceeding to the limit
as a — oo and ¢* —>p——,weobta1n9—>(7) Note that if ¢* — p — 1 (572

Bﬁ C Bﬁ ¢ for an arbitrary ¢ > 0, number K can be taken arbitrary close to 1 - (é 1) independently of the
choice of 8. Hence, for any p > 2+ — 1, 0<pB< p(s g and 0 <k <1— m, there exists a constant C' > 0
such that

HulHBf,oo(O;l) < Cl(x)”.

Now, let us enlarge the interval of possible k Values using embeddings of Sobolev type. Let us find p > p
such that we are still able to select a number § < ( 7y such that the embedding B w(0;1) C Bg,oo((); 1) holds.
Obviously, this embedding holds if the following conditions are satisfied (see [16], Sect. 4.6.2)

B<pB and B—1<B—1~.
p iz

Since p > p, the second inequality follows from the first one. Thus, we need to satisfy only g < B < 5= 1).

Therefore, existence of the required [3 is guaranteed if p > ,8(s—1) Note that (g Ty > pas 8 < o= 1)
Thus, for some constant C’ > 0, we have
lunllsg o) < C/HWHBSOO(O;U'

The last norm (as we have already shown) can be estimated by C‘l( )F where & < 1 — 5(55_21 Since p can be

taken arbitrary close to ﬁ, K can take values that are arbitrary close to 1 — (s — 2). In other words, for

any & < 1 — B(s — 2), there exists a constant C”" = C’C' such that
HulHBg,N(O;l) S C//l(l‘)k’

and item (&) in Theorem 4.1 is proved.

Now we proceed to the case (20). In that case, we have r* = 2. So space X defined in (6.22) takes the form
X = (Lg-(0;1), W5 (05 1))g,00-
Since W3 (0;1) = B3 5(0;1) and Lg-(0;1) C BY. ,.(0;1) (see [16], Sect. 4.6.2), we obtain
X C (B 4+ (0;1), B3 5(0;1))g,00.

Again, B ,(0;1) C BY. ,.(0;1) as 1 — 3 > 0 — q% (see [16], Sect. 4.6.2). Therefore, for any 0 < a < 6 and
1 < p < o0, we have (see [16], Sect. 1.3.3)

X C (BY. 4+(0;1), B3 5(0;1))a.p

If we take p that satisfies 1(;“ + 4= 11;, then we obtain the following diagonal type interpolation:

*

(BY - (031), BLy(0: 1)) p = BE,(051) € BEy(0:1).
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We emphasize that p = ((¢") ' + (3 — (¢*)™)" = ((¢") ' +6(3 — (¢*)™")) ™" + 0 as @ — 6 — 0 since
q* > 2. Therefore p > 2. Further, as before, we fix p > 2 and check values that parameter o can take:

¢
DRI (s Eu e e g

O<a=

SIS
2 LS}
A= 1-

The latter equality holds as ( = % in the case (20). These inequalities are equivalent to the following ones:

—-1)—-2
p<q*<p(s )
s—2

This pair of inequalities is compatible if p > 2. Thus, for any p > 2, number ¢* can be taken arbitrary close to

the right-hand side, and 6 becomes arbitrary close to ﬁ. Therefore,

ur € BE o (01) (6.23)

for any p > 2 and o < ﬁ. So we have proved item (20) in Theorem 4.1 for p > 2.

It remains to consider the case p = 2. If p = 2, then for ¢* = 2, 7* =2, and 0 = Sfll (see (6.10) for ¢ =2/s),
definition (6.22) gives

X = (L2(0;1), W5 (0;1)) o oo

Since L2(0;1) = HY(0;1) and W3 (0;1) = H3(0;2) (see [16], Sects. 2.3.1 and 4.2.1), this interpolation belongs
to the diagonal case, and according to [16], Section 4.3.1, we have

X = (HJ(0;1), H(0;1)) = B, 2 (0;1).

=10
_1
It remains to note that By (0;1) C B, (0;1) for any a < -2 (see [16], Sect. 4.6.2).
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