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A FREE BOUNDARY PROBLEM IN THERMAL INSULATION WITH
A PRESCRIBED HEAT SOURCE

PAaoLo AcAMPORAYM ®, EMANUELE CRISTOFORONI?, CARLO NITSCH!
AND CRISTINA TROMBETTI!

Abstract. We study the thermal insulation of a bounded body Q C R"™, under a prescribed heat
source f > 0, via a bulk layer of insulating material. We consider a model of heat transfer between the
insulated body and the environment determined by convection; this corresponds to Robin boundary
conditions on the free boundary of the layer. We show that a minimal configuration exists and that it
satisfies uniform density estimates.
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1. INTRODUCTION

Let © C R be an open bounded set with smooth boundary, let f € L2(£2) be a positive function and let
B, Cy be positive constants. We consider the following energy functional

F(A,v) =/|W|2 d£2”+ﬁ/ v? dH" ! —2/ fodL™ +CoL™(A\ Q), (1.1)
A OA Q

and the variational problem

inf { F(A,v) (1.2)

A D Q open, bounded and Lipschitz
veWH(A), v>0in A .
This problem is related to the following thermal insulation problem: for a given heat source f distributed in a
conductor (2, find the best possible configuration of insulating material surrounding €. A similar problem has
been studied in [2, 10] for a thin insulating layer, and in [4, 5, 7] for a prescribed temperature in €.
For a fixed open set A with Lipschitz boundary, we have, via the direct methods of the calculus of variations,
that there exists ua € WH2(A) such that for all v € WH2(A), with v > 0 in A. Furthermore u4 solves the
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2 P. ACAMPORA ET AL.

following stationary problem, with Robin boundary condition on dA. Precisely

—Aus=f in Q,
oull  Ouy

8T = 781/ on 89,
Aug =0 in A\ Q,
A | Bus=0 on A,
ov

where v, and uX denote the traces of us on 9Q in  and in A\ Q respectively. That is

/ Vuy -V dL" + 5 upp dH ! = / fop dL™, (1.3)
A Q

0A

for all ¢ € WH2(A). The Robin boundary condition represents the case when the heat transfer with the
environment is conveyed by convection.

If for any couple (A4,v) with A an open bounded set with Lipschitz boundary containing  and v € W2(A),
v > 0in A, we identify v with vx 4, where x 4 is the characteristic function of A, and the set A with the support
of v, then the energy functional (1.1) becomes

Fw)= [ |Vo*dc™ + 5/ (0% +v?) dH" ! - 2/ fodLm 4+ CoL"({v>0}\Q), (1.4)
Rn Jy Q
and the minimization problem (1.2) becomes
inf{ Fv) ‘ v € SBVE(R") N WL2(Q) } : (1.5)

where U and v are respectively the approximate upper and lower limits of v, J, is the jump set and Vv is the
absolutely continuous part of the derivative of v. See Section 2 for the definitions.
We state the main results of this paper in the two following theorems.

Theorem 1.1. Let n > 2, let Q C R” be an open bounded set with Ct1 boundary, let f € L2(Q), with f >0
almost everywhere in Q. Assume in addition that, if n = 2,

1£13,0 < CoAs(B)L* (%), (1.6)

where B is a ball having the same measure of Q. Then problem (1.5) admits a solution. Moreover, if p > n
and f € LP(QY), then there exists a positive constant C = C(Q, f,p, 8,Co) such that if u is a minimizer to
problem (1.5) then

[ulloe < C.
Theorem 1.2. Let n > 2, let  C R™ be an open bounded set with CY' boundary, let p > n and let f € LP (),
with f > 0 almost everywhere in Q. Assume in addition that, if n = 2 condition (1.6) holds true. Then there exist
positive constants 69 = do(, f,p, B,Co), c =c(Q, f,p,5,Co), C = C(Q, f,p,5,Co) such that if u is a minimizer
to problem (1.5) then

u > 0 L"-a.e.in {u>0},
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and the jump set J,, satisfies the density estimates
er" L <H (T, N B(x)) < O
with x € Jy, and 0 < r < d(x,0Q). In particular, we have
W (T ) =0,

We refer to Section 2 for the definitions of Ag(B) in (1.6), and the distance d(z, Q) in Theorem 1.2. Section 3 is
devoted to the proof of Theorem 1.1, while Section 4 is devoted to the proof of Theorem 1.2.

We notice that the assumptions on the function f do not seem to be sharp. Indeed, it is well known that
(see for instance [12], Thm. 8.15), in the more regular case, the assumption f € LP(Q) with p > n/2 ensures the
boundedness of solutions to equation (1.3).

2. NOTATION AND TOOLS

In this section we recall some definitions and proprieties of the spaces BV, SBV, and SBV2. We refer to
[1, 3, 11] for a deep study of the properties of these functions.

In the following, given an open set  C R™ and 1 < p < oo, we will denote the LP(2) norm of a function
v € LP(Q) as ||v||p,, in particular when Q = R"™ we will simply write ||v]|, = ||v||p.rn-

Definition 2.1 (BV). Let u € L'(R"™). We say that u is a function of bounded variation in R™ and we write

u € BV(R"™) if its distributional derivative is a Radon measure, namely

dyp
Q " O0x;

= / ¢ dDju Ve e CZ(R™),
Q

with Du a R™-valued measure in R™. We denote with |Du/| the total variation of the measure Du. The space
BV(R") is a Banach space equipped with the norm

lullpv@n) = [lully + [Dul(R™).
Definition 2.2. Let £ C R" be a measurable set. We define the set of points of density 1 for E as

i £MB@)NE) _ 1},

ED — R™
{ TER N T LB (@)

and the set of points of density 0 for E as

EO© = { x eR®

_LMB.(x)NE)
A T m @y }

Moreover, we define the essential boundary of E as
O*E=R"\ (E® UEW),

Definition 2.3 (Approximate upper and lower limits). Let u: R™ — R be a measurable function. We define the
approzimate upper and lower limits of u, respectively, as

. L'(Br(z)N{u>t})
oD = (B, (2) ‘0}7

u(m):inf{teR
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and

u(;v)zsup{teR

i L'(Br(z)Nn{u<t})
ey ST G =0

We define the jump set of u as
Ju={zeR"|ulx) <u(z)}.
We denote by K, the closure of J,,.
If u(z) = u(x) =1, we say that [ is the approximate limit of v as y tends to z, and we have that, for any € > 0,

Jim sup L'Br(x) N {lu-1]>¢e)} _
r—0+ L(Br(x))

If uw € BV(R™), the jump set J, is a (n — 1)-rectifiable set, i.e. J, C U;cny Mi, up to a H"~ !-negligible set,
with M; a Cl-hypersurface in R™ for every i. We can then define %"~ !-almost everywhere on J, a normal v,
coinciding with the normal to the hypersurfaces M;. Futhermore, the direction of v, (x) is chosen in such a way
that the approximate upper and lower limits of u coincide with the approximate limit of u on the half-planes

HY ={yeR" |v,(z)-(y—2)>0}
and
H, ={yeR"|vy(z) (y—2)<0}

respectively.

Definition 2.4. Let E C R™ be a measurable set and let 2 C R™ be an open set. We define the relative perimeter
of F inside ) as

P(E;Q) = sup{ / dive dL™
E

p € Co(QR")
ol <1
If P(E;R™) < 400 we say that E is a set of finite perimeter.

Theorem 2.5 (Relative Isoperimetric Inequality). Let Q be an open, bounded, connected set with Lipschitz
boundary. Then there exists a positive constants C = C(Q) such that

n—1

min{ L*"(QNE),LM(Q\E)} -

< CP(E;Q),

for every set E of finite perimeter.
See for instance [14] for the proof of this theorem.

Theorem 2.6. Let 2 be an open, bounded, connected set with Lipschitz boundary. Then there exists a constant
C =C(R2) > 0 such that

HHO*ENON) < CH Y O*ENQ)

for every set of finite perimeter E C Q with 0 < L™(E) < L™(Q)/2.
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We refer to Theorem 2.3 of [8] for the proof of the previous theorem, observing that if  is a Lipschitz set,
then it is an admissible set in the sense defined in [8] (see [16], Rem. 5.10.2).

Theorem 2.7 (Decomposition of BV functions). Let uw € BV(R™). Then we have
dDu = Vu dL" + [T — u|v,, dH" | 5, +dD,

where Vu is the density of Du with respect to the Lebesque measure, vy, is the normal to the jump set J, and
D¢u is the Cantor part of the measure Du. The measure Du is singular with respect to the Lebesgue measure
and concentrated out of J,.

Definition 2.8. Let v € BV(R"), let I' C R be a H" -rectificable set and let v(z) be the generalized normal
to T defined for H" '-a.e. € T'. For H" '-a.e. x € T we define the traces v (v)(x) of v on ' by the following
Lebesgue-type limit quotient relation

im — v(y) — v (v)(z "y) =
lim /Bm' (1) — 7E (W) ()] dL™(y) =0,

where

Bl (z) ={y € B(2) | v(2) - (y —2) >0},

B (z) ={y € Br(z) |v(z)  (y —z) <0}.
Remark 2.9. Notice that, by Remark 3.79 of [1], for H" t-a.e. x € T, (v (v)(2),7p (v)(z)) coincides with
=

r
either (9(x),v(z)) or (v(x),v(x)), while, for H" l-a.e. z € I'\ J,, we have that vif (v)(z) = 75 (v)(z) and they
coincide with the approximate limit of v in z. In particular, if I' = J,,, we have

v, W) =0(@) 77, (V) (@) = v(@)

for H* t-ae. x € J,.
We now focus our attention on the BV functions whose Cantor parts vanish.

Definition 2.10 (SBV). Let u € BV(R™). We say that u is a special function of bounded variation and we write
u € SBV(R™) if Du = 0.

For SBV functions we have the following.

Theorem 2.11 (Chain rule). Let g: R — R be a differentiable function. Then if u € SBV(R™), we have
Furthermore, if g is increasing,
while, if g is decreasing,

We now give the definition of the following class of functions.
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Definition 2.12 (SBV'/?). Let u € L2(R™) be a non-negative function. We say that u e SBV%(R") if u? €
SBV(R"). In addition, we define

Ju = T2 ui=V u? u =/ u?

1
Vu := %V(UQ)X{ u>0}

Notice that this definition extends the validity of the Chain Rule to the functions in SBV? (R™). We refer to
Lemma 3.2 of [3] for the coherence of this definition.

Theorem 2.13 (Compactness in SBVY/2). Let uy, be a sequence in SBV? (R™) and let C > 0 be such that for
every k € N

/ V) d[i”+/ (uy, + ug) d?—l”_1+/ ujp dL" < C
R™ J n

w

Then there exists u € SBV? (R™) and a subsequence uy; such that

— Compactness:
Li,c(R™)
Up, ——— U

- Lower semicontinuity: for every open set () we have
/\Vu|2 dcr < ljminf/|Vukj|2 dcn
Q j=too Ja

and

Jj—+oo

/ (EQ +Q2) dH 1 < liminf/ (ﬂi +Qi) dHm !
JuNQ Jup QN !

Definition 2.14 (Robin Eigenvalue). Let  C R™ be an open bounded set with Lipschitz boundary, let § > 0.
We define Ag(€2) as

/|W|2 acr +5/ V? dHn!
Q o0 = W1,2

Ap(Q2) = inf (H\{0} ;. (2.1)
/1)2 dcr
Q

Remark 2.15. Standard tools of calculus of variation ensures that the infimum in (2.1) is achieved, see for
instance.

Lemma 2.16. For every 0 < r < R, the following inequality holds

M) < (G ) Aol

where Br and B, are balls with radii R and r respectively.
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Proof. Let ¢ be a minimum of (2.1) for ! = Bg and with ||¢]|2,5, = 1. We define

w(z) = <Rx) Vx € B,.

r

Therefore,

/| () 4en(e) + [ w2 aeiia)

OB,

/BT w(x)? dL™(z)

>
S

S}
N
IN

r r

(E)n_z/B IVe(y)? dL™(y) + (E)n_l/aB e(y)? dH" " (y)

(&)

Since r/R < 1, by minimality of ¢, we get

r

AR (552) " Aaton
()

3o

Ag (Br)

Let 8,m > 0, and let us denote by

Vol? dcn / 247 At 1
VoPdem+5 [ 47 a0 apvi ) (o)

/ 02 dLn L {v>0}) <m

Rn

Agym = inf

Here we state a theorem, referring to Theorem 5 of [3] for the proof.

Theorem 2.17. Let B C R"™ be a ball of volume m. Then
Apm = Ap(B).
We will denote by d(z, 9) the distance between 2 € R™ and the boundary 91, and for every e > 0 we define
Qe={zeQ|dxz,00)>c}.

We will use the following result.

Proposition 2.18. Let Q be an open bounded set with C1'1 boundary, then there exist a constant C = C(Q) > 0
and a g9 = €9(Q) > 0 such that

LM\ Q) <Ce Ve < gp.
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Proof. Tt is well known (see for instance Theorem 17.5 of [13]) that there exist a constant C = C(£2) and
€0 = €0(€2) > 0 such that

P(Q.) = P(Q) + C(Q) e + O(?),

for every 0 < e < gg. Let r(z) = d(z, 9Q) be the distance from the boundary of Q. By coarea formula we have

@) - |

acr — / P() dt < C(Q)e.
{0<r<e} 0

3. EXISTENCE OF MINIMIZERS

In this section we prove Theorem 1.1: in Proposition 3.3 we prove the existence of a minimizer to problem (1.5);
in Proposition 3.7 we prove the L estimate for a minimizer.

In this section, we will assume that Q C R” is an open bounded set with C!:! boundary, that f € L2(Q) is a
positive function and that 3, Cy are positive constants. We consider the energy functional F defined in (1.4).

Lemma 3.1. Let n > 2 and assume that, if n = 2, condition (1.6) holds true. Then there exist two positive

constants ¢ = ¢(2, f, 8,Co) and C = C(Q, f,8,Co) such that if v € SBV%(R") NWH2(Q), with F(v) <0 and
QC{v>0}, then

Lr{v>0}) <g, (3.1)

[[v]l2 < C. (3.2)

Proof. Let B’ be a ball with the same measure as { v > 0 }. By Theorem 2.17

0> F(v) > Ag (B’)/ v dLm -2 [ fodL”
n Sz

+CoL™ (v >0\ Q).

By Lemma 2.16 and Holder inequality

0235(8) (it ) 1ol = 20 laalle

L L (v>0)\ Q)

where B is a ball with the same measure as 2. Obviously (3.3) implies that

1£18.0 = As(B) <£n (@) ) CoL" ({v>0}\ @) > 0.

{v>0})

Let M = £"({v > 0}), and notice that, since Q C {v >0},

L ({v>0}\Q) = M- L"(9),



A FREE BOUNDARY PROBLEM IN THERMAL INSULATION WITH A PRESCRIBED HEAT SOURCE 9
therefore
1130 = Cors(B) (L7 (@)™ (M=% — M~ L(@)).
This implies (taking into account (1.6) if n = 2) that there exists ¢ = ¢(Q, f, 8,Cp) > 0 such that
L' {v>0}) <e
Finally observe that by (3.3) it follows
[vll2 < C(M), (3.4)

where

2% (| fla + \/ 11130~ Cons() (5570 ) " - cnm»)

As(B)L™(Q)

(M) =

27| f |20
~ A(B)LM(Q)

O

Remark 3.2. Let v € SBV%(R") NWLH2(Q), it is always possible to choose a function vg such that vy = v in
R™\ Q, F(vg) < F(v), and Q C {vg > 0}. Indeed the function vy € W2(Q), weak solution to the following
boundary value problem

(3.5)

—Avg=f in Q,
Vo = Vpu(v) on 09,

satisfies
/ Vg - Vi dL™ = / fopdLc
Q Q

for every ¢ € W () and vy = Yoq(v) on 0L in the sense of the trace. Then, extending vy to be equal to v
outside of ), we have that Q C {vg > 0} and F(vg) < F(v).

Proposition 3.3 (Existence). Let n > 2 and, if n = 2, assume that condition (1.6) holds true. Then there exists
a solution to problem (1.5).

Proof. Let {u} be a minimizing sequence for problem (1.5). Without loss of generality we may always assume
that, for all k¥ € N, F(ux) < F(0) =0, and, by Remark 3.2, Q C {u > 0 }. Therefore we have

0> F(ug) > |Vug|? dL™ + ﬁ/ (ur” +w”) dH ' — 2/ fodL®
J Q

R u

> [ [V dcr 1 / (T + ug?) AH" — 2| fllzalluslog
R Ty,
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and by (3.2),

/ Vel A"+ 8 / (@ + w®) dH" < ) f oo
Rn J,

U

Then we have that there exists a positive constant still denoted by C, independent on the sequence {uy},
such that

|Vug|? dC™ +/ (@, + up) dH" ! +/ ui dL" < C. (3.6)
Rn J n

uk

The compactness theorem in SBV%(R") (Thm. 2.13), ensures that there exists a subsequence {uy,} and a

function u € SBV? (R") N W12(Q), such that uy, converges to u strongly in L [(R™), weakly in W'2(Q), almost
everywhere in R™ and

/ |Vul? dL™ §1_iminf/ |Vug, > AL,
n Jj—=+0o0 Jrn

/ (ﬂ2+ﬂ2) dx1 g]iminf/ (Eij +gij) dH 1,
Ju Juy,
J

j——+oo
L'{u>0}\Q) Slimjnfﬁ"({ukj >0}\Q).
j*} o0
Finally we have

F(u) < liminf Fuy,) = inf { F(v) ’ v € SBVER") NW(@) |,

Jj—+oo

Therefore v is a minimizer to problem (1.5). O

Theorem 3.4 (Euler-Lagrange equation). Let u be a minimizer to problem (1.5), and let v € SBVY?(R™) such
that J, C J,. Assume that there exists t > 0 such that {v >0} C{u >t} L-a.e., and that

/ 0?2 dH ! < 4.
Ju\Jo

Then

Vu-Vode" 18 [ (@) +uy(v) dHr = / fodcn, (3.7)
Q

R» Ju
where y* = vi,

Proof. Notice that since v € SBV%(R”) with J, C J, we have that v € SBV%(R") N WH2(Q). Assume v €
SBVY/2(R™) N L>®°(R"). If s € R, recalling that {v >0} C {u >t} L -a.e.,

u(z) + sv(x) =u(x) >0 Lr-aeVre{u<t},
while, for |s| small enough,

u(x) + sv(x) >t —|s|||v||oc >0 Vee{u>t}.
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Therefore we still have
u+ sv € SBVZ(R", RT).
Moreover by minimality of u we have, for every |s| < sg
F(u) < F(u+ sv)

= [ |Vu+sVol> dC"
R’VL
+ / [('y*(u) + sv*(v))2 + (v (u) + S’y*(v))ﬂ dH" !
Jutso

-2 [ flut+sv)dL"+CoL"({u>0}).

R

Claim: The set
S:={s€[=s0,50] | H" ' (Ju\ Jursv) #0 }

is at most countable.

Let us define

Do ={z€Ju | (u)(x) # 7 (u)(2) },

Dy={z€J, |7 (u+sv)(x) #v (u+sv)(z)},
and notice that
H' T\ Do) =0, H" N Jugso \ D) = 0.
Then we have to prove that
{s€[-s0,50] | H* (Do \ Ds)#0}
is at most countable. Observe that if ¢ # s,
(D\ D) N (D\ Ds) = 0.

Indeed if z € D\ D;

then

11
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and so

If H° denotes the counting measure in R, we can write

S0
/ H* N (Do \ D) dH® = H" ' | [ Do\ Ds | <H" ' (Ju) < 400,

%0 (=50, 50)

then the claim is proved.
We are now able to differentiate in s = 0 the function F(u + sv), and observing that 0 ¢ S is a minimum for
F(u+ sv), we get

%5}'(%@) = [ Vu-VodC"+8 [ [uy"(v)+uy (v)] dH" ' - / fodL™=0.
R" Ju 0

If v ¢ L>°(R"™), we consider v, = min {v, h }. Then
O0F (u,vp) =0 Vh > 0.

Observe that, since ¥*(vs) = min { y*(v), h },

vE(oR) = 4 )  H hae. in J,.

Therefore, passing to limit for h — +o00, by dominated convergence on the term

Vu - Vo, dL",
R”L

and by monotone convergence on the terms
5[ Tt w@)] awn [ puacn
Ju Q

we get
0= li}rln O0F (u,vp) = 0F (u,v).

O

We now want to use the Euler-Lagrange equation (3.7) to prove that if f belongs to L?(Q) with p > n, and if
u is a minimizer to problem (1.5) then u belongs to L>°(R™). In order to prove this we need the following

Lemma 3.5. Let m be a positive real number. There exists a positive constant C = C(m, 3,n) such that, for
every function v € SBV%(R”) with L*({v>0}) < m,

1
*

(L)

gc{/ Vol d£"+ﬂ/ (* +2%) dH™ 7,
R™ Ju



A FREE BOUNDARY PROBLEM IN THERMAL INSULATION WITH A PRESCRIBED HEAT SOURCE

where 1* =

n 1 is the Sobolev conjugate of 1.

Proof. Classical Embedding of BV (R™) in L' (R"™) ensures that

L
e

(/ S dﬁ">1 <C(n)[Dv?| (R")

=C(n) V 20|Vl dL‘"+/ (v* + v?) d?—t"l].
n r]v

For every € > 0, using Young’s and Holder’s inequalities, we have

(/ ,U2~1* dﬁn) SC(gn)/ ’1)2 dcr

+ C(n) [5 Vol|? d£"+/ (v* + v?) dH"—l}
Ju

Rn

Sc(n) m% (/ ’()2.1* d£n>1*
E n

+ C(n) [5 Vol|? d£"+/ (v* + v?) dHH]
R‘n,

v

Setting & = 2C(n)m™ , we can find two constants C(m,n), C(m, 8,n) > 0 such that

L
¥

(/ U2-1* dLn)

< Clm,n) U Vo2 d£”+/ (@ + 0?) d’H”l}
n Jo

< C(m, B,n) [/RJWF ac" + 6 | (v* +?) dH"‘l} .

Jy

We refer to [15] for the following lemma.

13

Lemma 3.6. Let g : [0,+00) — [0, +00) be a decreasing function and assume that there exist C;a > 0 and 6 > 1

constants such that for every h > k >0,
g(h) < C(h— k)~ *g(k)’.
Then there exists a constant hg > 0 such that
g(h)=0 Yh > hg.

In particular we have
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Proposition 3.7 (L% bound). Let n > 2 and assume that, if n = 2, condition (1.6) holds true. Let f € LP(Q),
with p > n. Then there exists a constant C = C(Q, f,p, B,Co) > 0 such that if u is a minimizer to problem (1.5),
then

[uflo < C.

Proof. Let 4+ = ffu. For every o,y € SBV= (R™) satistying Jo,, Jy C J,,, define

alp )= | Ve-VodL 8 [ [y (e @)+ (9 (1)) dH"

R™ Ju

For every v satisfying the assumptions of Theorem 3.4, it holds that
a(u,v) = / fvdL".
Q

In particular, let us fix k € RT and define

then

u(x) —k ifu(x) >k,

7 (en) (@) = {0 if u(z) < k,

and analogously for v~ (). Furthermore, let us define
u(k) =L"({u>k}).

We want to prove that p(k) = 0 for sufficiently large k. From Theorem 3.4, we have

a(u, pr) = / feor AL, (3.8)
Q
and we can observe that

o, o) = / Vul? AL + B (@7 — k) + u(u — k)] dHm
{u>k} JuN{u>k}

> / |Vu|?> dL™ + B [(@—k)* + (u—k)*] dH"!
{u>k} Jun{u>k}

= a(Pk, Pk)-

Moreover, by minimality, F(u) < F(0) = 0 and by Remark 3.2, Q C {wu > 0 }. Therefore, (3.1) holds true and
we can apply Lemma 3.5, having that there exists C = C(Q, f, 8, Cp) > 0 such that

/Q for AL = a(u, k) > alors ok) > Cllogl- (3.9)
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On the other hand

n+1
2n

/ for dL™ = / flu—k)dL" < (/ frt dﬁ") [pxll2-1+
Q Qn{u>k} Qn{u>k} (3.10)

n+1

< | fllp.a lokllz1 p(k)2ne,

where

1
U:pi(n-l- ) > 1,
2n

since p > n. Joining (3.9) and (3.10), we have
ntl
erllz1e < Cllfllp.o p(k)2mer (3.11)

Let h > k, then

(h— 1Y () = /{ L R ar

g/ (u—Fk)>' acn
{u>h}

<[ R = g
{u>k}

Using (3.11) and the previous inequality, we have

n+1

p(h) < C(h— k)™ p(k) oo

Since p > n, then ¢’ < (n+1)/(n —1). By Lemma 3.6, we have that u(h) = 0 for all h > hy with hy =
ho(Q2, f, 8,Co) > 0, which implies

[tlloe < ho.

Proof of Theorem 1.1. The result is obtained by joining Proposition 3.3 and Proposition 3.7. O

4. DENSITY ESTIMATES FOR THE JUMP SET

In this section we prove Theorem 1.2: in Proposition 4.6 we prove the lower bound for minimizers to
problem (1.5); in Proposition 4.8 and Proposition 4.9 we prove the density estimates for the jump set of a
minimizer to problem (1.5).

In this section, we will assume that 2 C R™ is an open bounded set with C!! boundary, that f € LP(Q), with
p > n, is a positive function, and that 3, Cy are positive constants. We consider the energy functional F defined
in (1.4).

In order to show that if u is a minimizer to problem (1.5) then w is bounded away from 0, we will first prove
that there exists a positive constant § such that v > § almost everywhere in €2, and then we will show that this
implies the existence of a positive constant dy such that u > 0y almost everywhere in the set {u > 0}. In the
following we will denote by Uy := {u <t} N§.
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Remark 4.1. Let v be a minimizer to (1.5), by Remark 3.2, u is a solution to

—Au=f inQ,
u>0 on 0f)

Let ug € Wé’2 (©) be the solution to the following boundary value problem

(4.1)
ug =0 on 0f2.

{—Auo —f inQ,
Then, by maximum principle,

u>uy MQC{u>0} and {u<t}nNQ=UC{up<t}nqQ.

Lemma 4.2. There exist two positive constants to = to(Q2, f) and C = C(Q, f) such that if u is a minimizer
to (1.5) then for every t € [0,t0] it results

LMU) < Ct. (4.2)
Proof. Let ug be the solution to (4.1), fix € > 0 such that the set
Qe={ze|dz,00) >c}
is not empty. Since ug is superharmonic and non-negative in 2, by maximum principle we have that

a = infug > 0.
Q

€

then ug solves

—Aug=f in Q,
ug =10 on 01,
Uy > « on 0f)..

Therefore, if we consider the solution v to the following boundary value problem

—Av=0 inQ\Q,,
v=20 on 01,

V=« in Q.,
we have that u > ug > v almost everywhere in 2 and
{u<t}nNQ=U,C{ug<t}nQC{ov<t}n.

Hopf Lemma implies that
there exists a constant 7 = 7(€2) > 0 such that

% < -7 on 0f).
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Let x € Q, and let 2o be a projection of x onto the boundary 9, then

|z — x| = d(x,00), S

|z — o] = ~val@o),

where vq denotes the exterior normal to 9Q). We can write

v(x) = v(xo) +Vo(zg) - (x — zg) + 0 (| — x0])
oyt

:_%<xo>|x_xo\+o(|x—xo|> (4.3)

> 7|z — xo| + o (|x — x0])

T T
> §|x —xo| = §d(m,8§2)

for every x such that d(x,99Q) < o for a suitable o9 = ¢(£, f) > 0. Notice that if z € Q and lim,_,z v(z) =0
then necessarily T € 9. Therefore, there exists a tg = (2, f) > 0 such that v(z) < to implies d(z, 9Q) < oy.
Consequently, if ¢ < ty, we have that

{v<t} C{d(z,00) <oy},

and by (4.3), we get
LMW <L ({u<t)) <Lm <{x€Q ‘ d(z,00) < it}) .

Since Q is C!:!, by Proposition 2.18, we conclude the proof.

Lemma 4.3. Let g: [0,t;] — [0,+00) be an increasing, absolutely continuous function such that
g(t) < Ct™(g'(1))” Vvt e[0,t], (4.4)
with C >0 and o > o > 1. Then there exists tg > 0 such that
g(t)=0 vt <tp.

Precisely,

Cla — o-1  g=a\7-a
to = (Mg(tl)a _|_t10 > X

oc—1

Proof. Assume by contradiction that g(¢) > 0 for every ¢ > 0. Inequality (4.4) implies

~

Q

Qe

-

1
>
- C

9=

S
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Integrating between ty and ¢1, we have

g o—1 o—1 1 o o—«a o—«a
(g(t1) = —g(to) = )2— (tl" —ty” )

c—1

Since a > o > 1, we have

a—1 oc—1 7o = o—1
0<gt) ™ < (67 —tg7 ) +9(t) .

which is a contradiction if

~
o
INA
7N
Q
Q
|
2
Q
~
=
~—
‘:\
all
+
~
= la
all
Q
N—
q
|
Q

Remark 4.4. Let g be as in Lemma 4.3 and assume that g(t1) < K, then g(¢t) = 0 for all 0 < t <  where

o

- <C(a_°')K“a1 +tfva> T

oc—1

We now have the tools to prove the lower bound inside 2.

Proposition 4.5. There exists a positive constant § = §(82, f,p, 5,Co) > 0 such that if u is a minimizer to
problem (1.5) then

almost everywhere in 2.

Proof. Assume that  is connected and define the function

(z) max {u,t} in Q,
up(z) =
' u in R™\ Q

Recalling that Uy = {u <t} N Q, we have

Ju, \ O*Uy = J, \ 0°Us,

and on this set u; = u and T = .
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Then we get by minimality of u, and using the fact that J,, N 0*U; C 09,

= [ |Vu?dLr—2 | flu—t)dLm+ 3 (u? +@?) dH" '+
U, U, 0*UiNJy,

_ﬁ [t2 + (ng(u))ﬂ dan—l _ﬁ/ (t2—|—u2) dHn—l
(Ju,NO* U,

Ju,NO*UNJ,, N\u

> [ |Vul? dL™ — 28211 (0* U, N Q)
U

where we ignored all the non-negative terms except the integral of |Vu|?, and we used that u < ¢ in 9*U; \ J,,. By

Lemma 4.2, we can choose ¢ small enough to have £™(U;) < £L™(£2)/2, then applying the isoperimetric inequality
in Theorem 2.6 to the set £ = U, we get

|Vu|?> dL™ < 28 C 12 P(Uy; Q). (4.5)
U

Let us define
p(t) = P(Uy; Q),

and consider the absolutely continuous function

g(t) = /Ut u|Vu| dL" = /Otsp(s) ds.

By minimality of u we can apply the a priori estimates (3.6) to prove the equiboundedness of g, i.e. there
exists K = K(Q, f, 8,Co) > 0 such that g(¢) < K for all ¢ > 0. Using the Holder inequality and the estimate (4.5)
we have

g(t) < (/U, u? dﬁ”)é ( Ut\Vu\Q dﬁ”)é < \V2BC LM (UL (2p(t))?.

Fix 1 > ¢ > 0. Then we can write £L"(U;) = L"(U;)L"(U)'7¢, and by Lemma 4.2 there exists a constant
C =C(Q,f,B) > 0 such that

=

9(t) < OV LU p(1)*.
By the relative isoperimetric inequality in Theorem 2.5, we can estimate

LMUh)? < C(Q,n)p(t) =D,
and, noticing that p(t) = ¢'(¢)/t, we get

g(t) < Ct*(g' ()7,
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where

In particular, if we choose

c n—1 3n—3
c o9
n '3n—1)"

we have that @ > o > 1, and then, using Lemma 4.3 and Remark 4.4, there exists a 6 = 6(%, f,p, 8,Co) > 0
such that g(t) = 0 for every t < ¢. Then L"({u <t} N Q) =0 for every t < §, hence

u>90

almost everywhere in €.
When 2 is not connected, then

Q=0 U---UQp,

with ; pairwise disjoint connected open sets. Using u; as the function u truncated inside a single 2;, we find
constants ¢; > 0 such that

u(zx) > 0;
almost everywhere in ;. Therefore choosing 6 = min { 41, ...,0x } we have u(z) > § almost everywhere in . O

Finally, following the approach in [7], we have

Proposition 4.6 (Lower Bound). There exists a positive constant do = do(S, f,p, B, Co) such that if u is a
minimizer to problem (1.5) then

u250

almost everywhere in { u >0 }.

Proof. Let § be the constant in Proposition 4.5. For every 0 < t < ¢ let us define the absolutely continuous
function

t
ht) :/ |Vl dC :/ sP({u>s}:R"\ J,) ds.
{ut \Ju 0

By minimality of u we can apply the a priori estimates (3.6) to prove the equiboundedness of h, i.e. there exists
K =K(Q,f,5,Cy) > 0 such that h(t) < K for all ¢t > 0.

We will show that h satisfies a differential inequality. For any 0 < t < &, let us consider u? = UX{u>t}, Where
X{u>t} is the characteristic funtion of the set { u >t }, as a competitor for u. We observe that, by Proposition 4.5,
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Q C {u>t}, so we have that

0 >F(u) — F(uh)
:/ Vul? AL+ B (? +7?) dH"
{u<t P\ Ju Jun{u>t } (O

+B H2 danl o ﬂ U2 danl
JuNo*{u>t} O*{u>t P\Ju

+CoLr({0<u<t)).

Rearranging the terms,

/ |Vu|? dc™ + B (v + %) dH" !
{uét}\(}u Juﬁ{u>t}(0)

+ 3 w? dH" P CoL" ({0 <u<t))
JuNO*{u>t}

<BEP{u>t}; R\ J,) = Bth'(t).
On the other hand using Holder’s inequality, we have

1

1

h(t) < (/ Va2 d£"> {0 <u<t) (/ 2 d[i") .
{u<t} {u<t}

Classical Embedding of BV in L' applied to u?x{ ,<;}, ensures

(/ w2 d£"> < C(n)|D(u’xquzey) |(R™),
{u<t}

and, using (4.6),

ID(u?X{usiy)|(R™) :2/

{u<t}

u|Vu| dL™ +/

Jun{u>t}©

+/ 22 dHn71+/ U2 dr}_[nfl
JuNo*{u>t} O {u>t }\Jy

§2t<£”({0<u§t})/
{

< <2\j§0 + 3) th'(t).

Therefore, joining (4.7), (4.6), and (4.8), we have

(u2 + EQ) dnnt

N

|Vau|> dL™ |+ 3th'(t)
u<t }\Jy

h(t) < Cs (th' ()27,

21

(4.6)

(4.7)

(4.9)
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where

sk

. ) 3
om it (2)F ot (222 15)"

By (4.9) we now want to show that there exists dg = do(£, f,p, 5, Co) > 0 such that h(t) = 0 for every 0 < t < do.
Indeed assume by contradiction that h(t) > 0 for every 0 < t < §. We have

Integrating from tg > 0 to J, we get

(noy=55 — nito) ) = ctog ).
to
where
Co= T
Then

h(to) 771 < h(8)7 7 + Cylog (t;) .

Finally, for any

0<ty<d=dexp (—h(a)ﬁ/@) :
we have h(tp) < 0, which is a contradiction. Then, setting dy = dexp (—KTlH/CLL) < 4, we conclude that
h(t) =0 for any 0 < ¢ < Jp, from which we have
u > (50

almost everywhere in {u > 0}. O

Remark 4.7. From Proposition 4.6, if « is a minimizer to problem (1.5), we have that
" {u>0}CJ, CK,. (4.10)

Indeed, on 9* {u > 0} we have that, by definition, u = 0 and that, since u > dg L"-a.e. in {u >0}, w > dp.

Proposition 4.8 (Density Estimates). There exist positive constants C = C(Q, f,p,3,Co), ¢ = ¢(Q, f,p, 3, Co)
and & = 61(Q, f,p,8,Co) such that if u is a minimizer to problem (1.5) then for every B,.(x) such that
B,.(z) N =0, we have:

(a) For every x € R™\ Q,

H" Y J, N B,(z)) < Cr* Y (4.11)
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(b) For every x € K,,
LM(Br(z)N{u>0}) > cr'; (4.12)
(¢) The function u has bounded support, namely
{u>0} C Byys,.

Proof. This theorem is a consequence of Proposition 4.6, since we immediately have
/ (u® +u%) dH" ' > §§H" " (Ju N B, (2)),
JuNB,.(z)

and by minimality of u we have (a)
0 > F(u) — F(uxre\B, ()

/ (224_@2) dHn—l _/ u2 dHn_l
JuNBy(x) 0B (z)\Ju

/ (QQ‘FHQ) dH’rL—l_/ (HQ +ﬂg) dHn—l
JuNB,(z) 8B, (x)N{u>0}D)

> / (w? +7%) i = 2l 2 (9B, () 0 {u > 030),
JuNB,(x)

Y

Y

where, in the second inequality, we have used (4.10). Thus we have

2ull%

52 H*YOB,(x) N {u >0} < Crm (4.13)

H" 1 (J, N Bu(x)) <

where ' = C(Qv fvpa 57 OO) > 0.
(b) We now want to use the estimate (4.11) together with the relative isoperimetric inequality in order to get

a differential inequality for the volume of B,.(z) N {u > 0 }(1). Let z € K, then for almost every r we have

0<V(r)=LrBy(z)n{u>0}) <kP(B ()N {u>0})a
< kH" OB (z) N {u>0}D)=tT,

where k = k(Q, f,p,8,Co) > 0, and in the last inequality we used that (4.10) and (4.13) imply
P (Br(x) A{u>0 }(”) <yl (8Br(x) N {u> o}“)) +H" (J, N Bo(2))

- (1 N 2”2%1|oo> P(B,(x): {u>0}V),

Then we have
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which implies
L£(Bp(z) N {u>0}Y) > crn.

(¢) Finally, let = € K, such that d(z,dQ) > 1/§;. From (4.12), noticing that F(u) < F(0) = 0, we have that
o < LM({u> 01\ Q) < M/ e
1 — = )
Co Ja

which is a contradiction if 07 is sufficiently small. Then the thesis is given by (4.10). O
Finally, we have

Proposition 4.9 (Lower Density Estimate). There exists a positive constant ¢ = ¢(Q, f,p, 8,Co) such that if u
is a minimizer to problem (1.5) then

1. For any x € K,, and B,(z) CR"\ Q,
H"_l(Ju N B.(z)) > er™ L
2. Jy 1s essentially closed, namely
Hn_l(Ku \ Ju) = 0;
The proof of Proposition 4.9 relies on classical techniques used in [9] to prove density estimates for the jump

set of almost-quasi minimizers of the Mumford-Shah functional. We refer to Theorem 5.1 of [7] and Corollary 5.4
of [7] for the details of the proof.

Proof of Theorem 1.2. The result is obtained by joining Proposition 4.6, Proposition 4.8, and Proposition 4.9. [

Remark 4.10. Given the summability assumption on the function f and the lower bound given in Proposition 4.6,

we have that minimizers to (1.2) are almost-quasi-minimizers of the functional G, defined on SBV? (R™)NW1L2(Q)
as

G(v) = |Vl dL™ + XH"(],),
Rn

that is, there exists C(Q, f,p, 3,Co) > 0, A(Q, f,p, 8,Co) > X and a(n,p) > n — 1 such that, if B,.(z) is a ball of
radius r < 1, and v € SBV%(R") NWH2(Q), with {u # v} C B.(x), then

Gx(u; Br(x)) < Ga(v; Br(z)) + Cr?,

where

Ga(v; By (z)) := / Vo2 dL™ + XH™ 1 (J, N B,.(x)).
B, (z)

Indeed, let u be a minimizer to (1.2), let B,.(x) be a ball of radius r < 1, and let v € SBV%(R") NWL2(Q), with
{u#v} C B,(x), and let

w =min{max{v,0}, ||ulle }-
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By minimality of u we have that
Gx(u; By(x)) < Ga(v; Br(z)) + Cr",

where A\ = 363 and A = 28|Ju||%,. Moreover,
| ruaen <l (B, = O, £.p,6, Colr™
QNB,(x)

where

n
n>o¢=—/>n—1.
p

Finally, we have
Ga(u; Br(z)) < Ga(v; Br(x)) + Cre.

Such a minimality property can be used to prove that the lower density estimate in Proposition 4.9 still holds
even when B,.(z) N is non-empty. Indeed, the above density estimate is a consequence of the following decay
lemma

Lemma 4.11 (Decay lemma). Let 1 > v > n — «. There exists 19 = 170(n,Q,v,A) > 0 such that for every
T0 > 7 > 0 there exist ro = 1o(7,Q), €0 = €o(7, Q) > 0 such that, if xg € OQ, 1o > r >0, and u is a almost-quasi
minimizer on B, = B,.(xq) for the functional G such that

H"NJ,NB,) < egr™ ™,
then we have that either
Ga(u; By) <777,
or
Ga(u; Br) < 7"77Gx(u; By).

Proof. The proof of the decay lemma is similar to the one in Lemma 5.3 of [7], Section 4 of [6], Lemma 4.9 of [9];
the main difference is in the construction of the blow-up sequence of almost-quasi minimizers.

Let uy be a sequence of almost-quasi minimizer on B,, contradicting the lemma, with limy r; = 0. To reach a
contradiction one usually constructs a sequence of functions ¥y on the unit ball, related to the sequence uy, that
converges to an harmonic function v. In order to prove that v is harmonic we construct a sequence of admissible
test functions ¢y on B;, and use the minimality property of uy. If d(zo, Q) > 0, then the test function are only
required to be in SBV(B,, ), while, if xo € 99 the additional constraint v, € SBV(B,, ) N W2(Q N B, ) should
be treated with more carefulness.

Without loss of generality let zop = 0 and let Ej, = T,%fng)\(uk; B,,), and define

1
vg(w) = Wuk(rk@)-
k
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For any k, we extend u, € WH2(QN B, ) to Luy € WH2(B,, ), which is a function such that uy — Lug = 0 in Q.
Let us define, with a slight abuse of notation,

1
Log(z) = o2 Luy(ryz), wy = vg — Ly,

k

so that, by construction, and by properties of the blow-up,

limkinf L"({w, =0}) > limkinf r,"L"(QNB,,) > 0. (4.14)
This is the key property: by Poincaré inequality in SBV, there exist @y, truncated functions, such that

lim L"({wy, # 1wy }) =0, (4.15)

and, up to subtracting medians, wy, converge in L2 to some Sobolev function. By (4.14) and (4.15), and considering
that @y, is a truncation of wy, then for big enough k, up to L"-negligible sets,

{wk = 0} Q {wk = ﬁ)k}

This means that if we define ¥, = Wy + Lvy, then the scaled back functions

i (x) = B, (”’)

Tk

respect the property @y = uy in QN B,.,. Moreover, it is possible to choose an extension L (see Lem. 4.12) such
that, combining the Poincaré inequality in SBV and the Poincaré inequality in W12, then there exist constants
cx such that 9y — ¢ converge in L2 to a function v € W12(By). This ensures that, if we take p < p’ small enough,

n cut-off functions between B, and B,/, and ¢ € WH?(By), then the test functions 1, = E;/2<pk(as/rk), with

Pr = (77(@ + Ck) + (1 - ﬂ)ﬁk)XBp, + VkXB1\B, >

are admissible test functions for any ¢ € WH2(By), leading to similar computations that can be found in the
aforementioned papers. O

Lemma 4.12. Let Q an open set with Lipschitz boundary, and let xq € ON). There exist positive constants
po = po(Q,z0), C =C(Q,z0), § =06(Q,x0) > 1, and an extension operator

L:Wh2(Q) — WH2(B,, (0))

such that, for any uw € WH%(Q), and for any r < po, we have that Lu = u in QN B, (zo) and

/ |VLu|?> dC™ < C |Vul? dC™. (4.16)
B,,,(wo) QﬁBar(wo)

Proof. We can assume without loss of generality that xqg = 0, and, if s is small enough, we have that, up to
rotations,

QNB,={(2,1,) € By | v(z') <z, },
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for a suitable Lipschitz function v, with v(0) = 0. We denote by ® the diffeomorphism that flattens the boundary
012, namely

B(a’,2n) = (2, 20 — (), Y yn) = (W yn + ()
Let M = ||V7||loo, We claim that for any r < (1 4+ M)~2s we have
®(B;) C Bayanyr C 2(Bausanzr)- (4.17)
Indeed, let z € B,., then
()| < |2 + 2|zny(@)] + (@),
so that, we have
(@) < [z lIVA oo,
and then
|D(z)| < (1+ M)r.
In a similar way, we have that for any = € B ar)r,
@71 ()| < (1+ M),

thus the claim is proved.

Let us take a ball B; such that ®~1(B;) C B, which we can find thanks to (4.17), and let us reflect the
function v(x) = u(®(x)) as follows: for any = € By, we define

Lo(z) = v(x) if 2, <0,
N —3v(a’, —x,) + dv (a:’, —%") if x, >0,

which is still a Sobolev function in B;. Moreover, we have

/ |VLv|? dL" < c/ |Vo|? dLr,
By BiN{z, <0}

where C is independent of Q. We put Lu(x) = Lv(®~*(x)), and by change of variables, we get

/ VLu2 dC" < C(Q) / Vul? dCn. (4.18)
@-1(By)

QN®-1(B,)

Finally, taking po = (1 + M)~?s, and ty = (1 + M)~ 's, we have B,, C ® 1(B,). Therefore, denoting by
§=(1+ M)?, by (4.17) and (4.18), we get, for r < pg,

/ |V Lu|? dL™ < / |V Lu|? dL™ < c/ |Vu|?> dL™ < 0/ |Vu|? dL™.
B,(z0) ®-1(B s5,) QNe-1(B s5,) QNBs,
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Remark 4.13. Notice that if € is bounded, the constants in Lemma 4.12 can be chosen independent of the
point xg.

Remark 4.14. Let u be a minimizer to (1.5) and let A ={u > 0} \ K, then the boundary of A is equal to
K,: in first place, assume by contradiction that there exists an = € (9A) \ K, then u is superharmonic in a
small ball centered in x with radius r. Therefore, being

{u>0}NB.(z) #0,

it is necessary that « > 0 in the entire ball, and then z ¢ JA, which is a contradiction. In other words,

0A C K,

By the same argument we also have that A is open, and moreover J, C JA, then

K, C 0A.

In particular, the pair (A, u) is a minimizer for the functional

]-"(E,v):/|Vv|2 dﬁ"—2/ fv d£”+/ (v* +70%) dH" ' + CoL™(E\ Q)
E Q OFE

over all pairs (E,v) with E open set of finite perimeter containing Q and v € WH2(E).
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