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STACKELBERG METHOD TO STABILIZE GAME-BASED
CONTROL SYSTEM

YUE SUN', JUANJUAN XU?, HUANSHUI ZHANG?* AND RENREN ZHANG®

Abstract. In this paper, we are concerned with the stabilization problem of the game-based control
system. In particular, two players are involved in the system where one is to minimize the related
cost function and the other is to stabilize the system. Different from the previous works, the new
contribution is to derive the necessary and sufficient condition for the stabilization of the game-based
control system by applying Stackelberg game method. The key technique is to explicitly solve the
forward and backward difference equations (FBDEs) from the Stackelberg game and give the optimal
feedback gain matrix of the leader by using the matrix maximum principle.
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1. INTRODUCTION

In modern control theory, stabilizability is an essential and important concept, especially in system analysis
and synthesis. During the past few years, there have been extensive studies. Brian D. O. Anderson, in 1971, has
presented the stabilization of the time-invariant deterministic system in Section 3.2 of [1]. Under some additional
assumptions, the stabilization of the closed-loop system was formed when the control law is resulted from
optimizing an infinite-time performance index [1]. Subsequently, the stabilization problem of control systems
has been extended to stochastic systems, and then extended to time-delay systems, successively; see [3, 8, 13,
18, 19, 23] and reference therein. In [23], the stabilization of discrete-time systems with delay and multiplicative
noise was studied. It showed that the system is stabilizable in the mean-square sense if and only if an algebraic
Riccati-ZXL equation has a particular solution.

The above mentioned results belong to classical control theory, that is, the controllers have the common
goals of minimizing the performances and stabilizing the system. As the control theory is applied to more
and more fields, the classical control theory will no longer meet the demand, where the controlled system has
multiple objectives to realize, such as economic in social system [5], immune system in biological system [6],
ecosystem [14], smart grid and intelligent transportation in engineering system and so on. For example, for the
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virus and the immune system in [6], systemic therapy developed was often initially successful. However, with
the execution of the treatment, cancer or virus almost invariably evolved resistance. There generates different
objectives for the virus and the immune system, where the purpose of the immune system, which can be viewed
as the macro-controller, is to keep the body stable, while the virus, which can be viewed as the the rational
agent, has its own objective to pursue. Moreover, with the process of socio-economic modeling in recent years, it
is often necessary to consider the strategic interactions between different decision makers and the government,
especially in order to better achieve the objectives of economic planning and policies [9], where the government
modeled as the macro-controller, stabilizes the market through macro-control, while the different decision makers
modeled as the rational agents, want to maximize their own interests. The common feature of these systems
mentioned above is that the controlled system contains multiple controllers, which can be divided into rational
agent and macro-controller. The different status between the rational agent and macro-controller leads to the
objectives to be pursued differently. In particular, the effective way to solve this kind of problem is the game
method and such controlled systems can be modeled as the game-based systems. Most recently, a new control
framework called game-based control system (GBCS) is introduced in [20], which is composed by a hierarchical
decision-making structure, heterogeneous agents, different objectives for the plant and the control, and macro
regulation.

Motivated by [20], we will consider the stabilization problem for game-based system with Stackelberg method,
such as [6] and [9]. There has been extensive studies on the stabilization of Stackelberg game, such as [4, 15, 21,
24]. The infinite-horizon linear-quadratic Stackelberg games for discrete-time stochastic system with multiple
decision makers was studied in [12]. Necessary conditions for the existence of the Stackelberg strategy set
were derived in terms of the solvability of cross-coupled stochastic algebraic equations. The linear-quadratic
Stackelberg differential games including time preference rates with an open-loop information structure was
investigated in [10], and sufficient conditions to guarantee a predefined degree of stability were given based on
the distribution of the eigenvalues in the complex plane. By using a memoryless state feedback representations,
[11] developed an incentive strategy for discrete-time LQ state feedback Stackelberg games. It designed an
incentive policy for the leader, while the followers rational reaction guaranteed system stability. [17] proposed
an adaptive dynamic programming algorithm by solving the coupled partial differential equations and the
Stackelberg feedback equilibrium solution was obtained to ensure the stability of the system according to the
Lyapunov function. However, the necessary and sufficient condition for the stabilization problem of Stackelberg
game is still a challenge.

In this paper, we consider the Stackelberg method to stabilize the game-based system. In particular, the
rational controller modeled as the follower is to minimize its own cost function, while the macro-controller
modeled as the leader is to stabilize the system, which is different from the classical control theory of
Stackelberg game. In order to address the problem mentioned above, we consider the finite-horizon open-
loop Stackelberg strategy firstly. In the optimization of the follower, based on the maximum principle, the
non-homogeneous relationship between the costate and state is constructed and there derives a backward
equation. By solving the FBDEs, a homogeneous relationship between the state and non-homogeneous terms
in costate equation is derived. In the optimization of the leader, by using the matrix maximum princi-
ple, the optimization of the leader is converted into finding the optimal gain matrix, which minimizes the
cost function and is subject to the state equation. It is noted that the analytical solution is the feedback
form of the state and the calculation of which is more concise than the augmented state obtained in [16].
Finally, we derive the necessary and sufficient condition for the leader to stabilize the game-based system in
stabilization.

The rest of the paper is organized as follows. Section 2 presents some preliminaries of the stabilization problem
for the GBCS. The finite-time horizon results are given in Section 3. The stabilization of the GBCS is settled
in Section 4. Numerical examples are given in Section 5. Conclusions are provided in Section 6.

Notation: R™ denotes the n—dimensional Euclidean space and A” denotes the transpose of matrix A. A
symmetric matrix M > 0 (reps. > 0) means that it is positive definite (reps. positive semi-definite). If f =
f(x,y), fo represents the partial derivative of f(x,y) with respect to x.
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2. PROBLEM FORMULATION

Considering the following discrete-time GBCS
Tpp1 = Az + Biul + Byul, (2.1)

where z;, € R" is the state, uj, € R™ and u? € R™2 are the control inputs of the follower and the leader,
respectively. A and B;, i = 1,2 are constant matrices of appropriate dimensions. The initial state is o € R,
and the cost function to be minimized by u,lC is

o0
Ji = Z(Ingfﬁk +uy” Riyug, + up” Riguf), (22)
k=0

where 1, Ri2 are positive semi-definite matrices and Rp; is positive definite matrix of compatible dimensions.

Referring from [7], by assuming the homogeneous linear relation between the three adjoint states, three
coupling and asymmetric Riccati equations were proposed to design optimal strategies, where the analytical
Stackelberg equilibrium had been expressed in feedback form. In this paper, we consider the admissible control
set Uz for the leader in the feedback form to stabilize the system (2.1):

Uy = {u} = K%y : K? € R™2X"}, (2.3)

and the admissible control set of the follower is assumed to be Uy = {uj. : 29 x [0,00) — R™}.
Now, we are in the position to give the main problem.

Problem 2.1. Under the optimal controller u,l€ € Uy which minimizes the cost function Ji, find the necessary
and sufficient conditions for ui = K?z) € Uy to stabilize the GBCS (2.1).

Remark 2.2. It’s clear that Problem 2.1 is different from the classical control of Stackelberg game. The difficulty
of Problem 2.1 is to obtain the necessary and sufficient condition for the stabilization of the game-based system,
which is compared with the previous work [12], where only the solvable condition of the Stackelberg strategy
in the infinite horizon was given.

In order to fundamentally solve the Problem 2.1 mentioned above, we convert the problem of the stabilization
of the GBCS into an optimization problem based on the Stackelberg game, and denote the cost function of the
leader as

o0

Jo = Z(mezka +up! Rotuj, + ui! Rogui), (2.4)
k=0

where Q» is positive semi-definite matrices, such that there exist some matrices Cy satisfying Q, = C7 Cy and
Rs1, Roo are positive definite matrices of compatible dimensions.

3. FINITE-HORIZON RESULTS

It should be pointed out that the controller to minimize (2.4) will be the best stabilization controller for
(2.1). Now we will find the controller u; and u? to minimize (2.1) and (2.4), respectively. To this end, we firstly
consider the following problem in finite-time horizon.

Problem 3.1. Find the unique open-loop Stackelberg strategy (uj,u}), subject to (2.1), and such that

T (ur” (), u)

TR (uy" (u"), u”)

INIA
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where
N
‘]]1\/ = Z(x%@lxk + U}CTRHU}C + uiTRmui) + Z‘%+1H1$N+1, (3 1)
k=0
N
IR = Z(x;{Qz%k +u" Rovuy, + uj” Rooud) + xiy Hoxn 41, (32)
k=0

with H; > 0 and Hs > 0 of compatible dimensions.

To solve the Problem 3.1, we introduce the following Riccati equations

Py = Qi+ AP A= AP Bi(Tipy) ' BY P A, (3-3)
PP = Qo+ ATV Ry Ve A+ AT ML (Y1 ) PR Tt My A= M (D7) T ME L,

with terminal values Py, = Hy and P&, = H,, where

T}, =R+ B{ P, B,

I3 = Ros+ By Y} | R Yi1 Bo + By Myt (Y5 0) " PRy Y0t My ) B,
Mli—s—l =1- Bl(Ft+1)_lB?Plgl+1v

Mp., = By Y, R Y1 A+ BgMI%Il(Tl;-il-l)TPk2+1TI;—&lMli+1A7

Ske1 = (Chyy) " Bi Phyy,

Yit1 =1+ Bi(Thyq) ' Bl Tis1, (3.5)
Yit1 = Sp41 + (F11€+1)713?Tk+1TI;—&1-1M15+17
K} = ~Yi1(A+ BoK}), (3.6)

K = —(Tin) ' Mi 4,
T = ATM L T Yl My (A+ BoKR) + AT ML P Bo KR,
with the terminal value Ty4+; = 0.

Remark 3.2. The invertibility of F11€+1 and Fi_H are guaranteed by Ry; > 0 and Rgs > 0. In (3.5), it is assumed
that Yj41 is invertible. Otherwise, the recursion stops.

We now give the main results in Theorem 3.3 to find the open-loop Stackelberg strategy stated in
Problem 3.1.

Theorem 3.3. If the Riccati equations (3.3)-(3.4) admit solutions such that Ty, >0, T3, >0, and under
the condition Y41 is invertible, then Problem 3.1 has a unique open-loop Stackelberg strategy. And the optimal
Stackelberg strategy for the follower and the leader are

up = Kjay, (3.9)
up = Kiwy. (3.10)

The optimal cost functions of the follower and the leader are given as

JN =2l [P+ T] + To + E]zo, (3.11)
J3 = al Plxo, (3.12)
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where
N
g= Z[q)gﬂ,lTkTﬂM/iﬂBZKi%@hl — ®f T Bu(Th) T Bl Thp1 ®pqa
k=0
+@1 K{" (Ria + By Piy M Bo) K@y 1 + @ K7 By My Tt @ 1],
with

Dpy11 = Apt14i ... A,
Apgr = T3 i M (A+ BoK}).
Proof. The proof will be divided into three steps. The first step is to optimize the follower by the maximum

principle. The second step is to optimize the leader by the matrix maximum principle. Finally, we will calculate
the optimal cost functions of the two players.

3.1. The optimization of the follower

The optimization of the follower is considered firstly. By using the maximum principle, the non-homogeneous
relationship between the state and the costate is formulated in this subsection.

Following from [22], and applying Pontryagin’s maximum principle to the system (2.1) with cost function (3.1),
the following costate equations is derived:

0 = Rijup, + B A, (3.13)
N1 = AT/\k + Qxk, (314)

with the terminal value Ay = Hizn41.

The existence of uﬁ in (2.1) leads to the relationship between \x_; and xj are no longer homogeneous. Thus,
we assume that

e = Pp g + G, (3.15)

with terminal value (ny = 0.
Adding (3.15) into the equilibrium equation (3.13), then it can be rewritten as

0= Riyuj, + BY (Piy @kt + G
= (Ru1 + B{ Py Bu)up + B Py Azy + By Py Boui + Bi G,

since T}, 41 > 0, thus, the control of the follower can be calculated as
up = —(Thyq) HBY Py Avg + BT Pl Boud + BT Q). (3.16)

Next, we shall prove that (3.15) is established for any 0 < k < N by the method of inductive hypothesis,
where P} satisfies (3.3) and (;_1 satisfies the following equation,

Cr1 = ATML G+ AT ML P B (3.17)

According to Ay = P]1\7+133N+1 and (i = 0, we can derive that (3.15) is established for k¥ = N. Given any
s > 0, assume that (3.15) is established for any k > s, where P, | and ¢} satisfy (3.3) and (3.17), respectively,
we shall show that (3.15) also holds for k = s — 1.
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By using (3.15) and (3.14), then it derives

As—1 = AT(PSI_A,_lxs—i-l + Cs) + Q1
= A"P!, Az, + ATPl  Biul + AT Pl | Bou? + AT + Qi
= (Qu+ ATPL A=~ ATP B (D) ' BY Py Az + ATM G + AT ML Py Bous
= Pslxs + Csflv

which indicates that (3.15) holds for k = s — 1 with P! and (s_; satisfying (3.3) and (3.17), respectively.
Following from (3.16), then the state (2.1) can be rewritten as

1 = My Azg+ My Bouj,— Bi(Tiy1) BT G- (3.18)

3.2. The optimization of the leader

In this subsection, the optimization of the leader is considered, that is, minimizing (3.2), subject to (3.17)-
(3.18), where uj. is given in (3.16). The feedback form of the leader, i.e., uf = K2y, is used in the following
optimization due to the equivalence between the open-loop and the feedback solutions for the leader, which
is explained in Remark 3.4. We will iteratively solve the FBDEs (3.17)—(3.18) firstly. And then, by using the
matrix maximum principle, the optimal feedback gain matrix of the leader is yielded.

Adding ui = K2z, into (3.17) and (3.18), respectively, then there derives the FBDEs

Trp1 = M (A+ BoKR)ay, — By(Th ) ' BT G, (3.19)
Cemr = ATMIT G+ ATMIT, Pl By Ky, (3.20)

with the initial value x¢ and the terminal value (y = 0.
Then, by using inductive hypothesis, we will proof the FBDEs satisfy the homogeneous relationship

Co—1 = Thay, (3.21)
and in this way, we have
Tt = Tty M1 (A+ BoK})ay,. (3.22)
For k = N, it yields

TN41 = Mjl\f+1(A + BQK]%/)I'N,
CN 1= A MN_"_IP[{]_’_lBQK]QVxN - TN'rN7
which satisfy (3.21) and (3.22) for k = N.
We take any n > 0, and assume that (1 and x4 are as (3.21) and (3.22) for all £ > n + 1. We show that

these conditions will also holds for & = n.
For k = n, it follows that

Tpy1 = My (A+ BoK ), — Bi(T) )" B G
= M), (A+ BoKD)x, — By(L)y )" B Togang,
1€, Tnt1Tnt1 = n+1(A + By K ):L'n Since Y, 41 is invertible, then the state x,,41 is such that

Tn+1 = Tn+1M71L+1(A + Bo K, )xna
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which is exactly (3.22) for k = n. And the costate equation (,_1 satisfies

Coo1 = ATMIT G+ AT MY P By K2,
= [ATM L T Yoy My 1 (A + BoK7) + ATM L Py Bo Ky = Ty,

which is exactly (3.21) for k = n.
To this end, the control input of the follower can be written as

up = —(Chgr) ™ (B Pryy Azy, + BY Py Boug + B (i)
= =Sp1(A+ BoKR )y — (Thyy) ' By Tipa Tiy Miy1 (A + B2 KR )
= —Yk+1(A + BQK]%)(E}C (323)

Now, we are in the position to calculate the optimal feedback gain matrix of the leader.
Adding (3.23) and u? = KZzy, into (3.2), we have

N
TN =Y _[wf Qork + af (A + BoKR) Y R Vi1 (A + BoKR)a + o Ki' Roa Kiax] + 2 Hawy 1. (3.24)
k=0

Denote the matrix as X1 = xk“xgﬂ. Then, combining it with (3.22), it derives that
Xpr1 = Tty My (A+ BoK) Xi(A+ BoK) " ML (T )" (3.25)

Hence, the optimization of the leader can be converted into finding the optimal feedback gain matrix K7,
minimizes the cost function (3.24) and satisfies (3.25).
Denote the Hamiltonian function of the leader as

HE = Tr(1Qs + (A+ By KT RonYiss (A + BoKE) + KiT Roa K71 X,

FT i M (A + BaKR)Xi(A+ BaK2) MY (T3 PEL ), (3.26)
applying the matrix maximum principle, it yields

OH?
OK?
= Roo Ki Xy, + Roo K X}l + B YL 1 Ro1 Vi1 AXE + By Y Ro1 Vi1 AXi + BY Yy Ro1 Yiey
xBoK{ Xy + By Y, Rt Vi1 Bo KR X)E + By ML (Y )T PR My AX,
+B5Mk+1(Tl;il)TP13+1Tl;ilMli+1AXg + B, MkJrl(Tk-&l-l) k+1Tk+1Mk+1B2Kka
+BQTMk+1(TI;L)TP/?HT;LMI%HB?Klngv (3.27)
2
P = ‘;ix’;
= Qo+ (A+ BoK2) 'Y Ro1 Vi1 (A + BoK}) + K Roo K}
+H(A+ Bo KT Mgy (T ) PR Ty M (A + BaKR), (3.28)

O:

with terminal value P3_, = Hs.
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According to the symmetric of the matrices X and P,? 1, We have,

0 =[R2 + By Y, | R Yiy1 Bo + By My, (Y514 PRy Yot My Bo) K,
+B3 Y Ron Vi A + By My (Y50) T Pl T My, A
=T} +1Kk + Mk+1

Due to I'? 41 > 0, then the optimal gain matrix of the leader can be uniquely obtained, which satisfies (3.7).
Next, we will prove the feedback gain matrix K7 calculated in (3.27) by matrix maximum principle is optimal.
Following from (3.26), we derive

P H?
O(K})

7 =2Xp ® L7 (3.29)

Since X > 0, then 8(K2)2 > 0 if and only if Fk+1 > 0, i.e., K calculated in (3.27) by matrix maximum principle
is optimal.

Based on the discussion above, we can derive that the optimal controllers of the follower and the leader are
exactly (3.9) and (3.10).

By using (3.7), the Riccati equation of the leader can be written as
P2 =Qo+ KI5\ KP + KP"MZ |+ MPT KP + A"l (R Y1 A
+ATMk+1(TI;-&l-l)TPlcz+1Tl;—i1-1Mk+1A
= Q2+ ATV R Yin A+ AT M (T ) T PR Ty My A = M (T40) T M,
which is exactly (3.4), with terminal value P%, = Hs.

Lastly, we will calculate the optimal cost functions of the two players. We shall calculate the optimal cost
function of the follower firstly.

By applying (2.1) and (3.14), we get

Th Ae—1 — Ty Ak = @ (AT A + Quag) — (Azy, + Brug, + Boug) " Ay
=z} Qiay, — (Biuy, + Bouj)" A,
Adding the above equation from k = 0 to k = N, we have
N
A1 — TN AN = Z[m{@lxk — (Byuj 4+ Boul)T A

k=0
Compared the above equation with the cost function (2.2) and based on the equilibrium condition (3.13),
there derives

‘]N = x; Ix_1+ Z Rnuk + Bl Ak) + uiT(ngui + BgAk)]

=T Ix_ 1+ Z Ruuk + 32 )\k)] (330)



STACKELBERG METHOD TO STABILIZE GAME-BASED CONTROL SYSTEM 9
And by using (3.15), (3.17) and (3.18), it yields

up" By A\ = ui’ By (Pl + Cr)
= ui’ By Py (Myq Axy + My Boug — Bi(Ujyq) ™ ' BTG +ui! By G
= (Co1 — A"MT Ge) T + ui” By Pl My Boui + ui By ML G
= Gl_ywk — G (whpr — My Bauj + Bi(Th )7 BT ()
+ui” By Py My Bouj, +ui! By My{ G
= Ck 1Tk — Ck Tr41 + Ck Mk+132uk = Ck Bl(rllc-&-l)ilB{Ck
+ui! By Py M, Bouj + ui! By M G (3.31)

Combining (3.30) with (3.31), thus, we have

N
T = ag A+ T + Y (G M Bouf — ¢ Bi(Thyy) ™ BY G
k=0
+ui" (Roa + ng£+1Mé+1B2)Uk +up' By k+1Ck] (3.32)

According to (3.22), we can yield that

Thyr = T3y M (A + BoK})ay = Appaan
= Ak+1Akl‘k,1 =...= Ak+1Ak e Al.’L‘O = (I)k+1’1$0.

Adding it into (3.21) and ui = K,%a:k, there follows (; = Th+1Pr41,170 and u% = K,f@k,lxo.
Then the optimal cost function of the follower is

N
IN = Pywo +x{ 1+ (Thmo + Z (%T[‘I)£+1,1TICT+1M5+1B2K£‘I’M - ‘I’Zﬂ,ngﬂBl(Fiﬂ)_lB?
k=0

XTo1@p 1,1+ OF \KFT (Roz + B Pl MEy Ba) K31 + O K27 B MIT T2 @p1,1]0 )
= 23 [Py + T + Ty + E]xo. (3.33)

Next, we will consider the optimal cost function of the leader.
Adding

=-Yi1(A+ BQKk)xk = —Yi1 Az — Yk+1B2uk
into the state (2.1), we have
Tp1=(A— B1Y1A) g+ (By — B1Yyy 1 Ba)us. (3.34)
Denote the value function of the leader as

2 T 2 T 1T 1 2T 2
Vk = xk+1pk+1xk+1 + Ty, QQ.T]C + Uy, Rgluk + Uy, RQQUk. (335)
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Combining (3.34) with (3.35), the value function can be written as

Vi = ui"[Ras + By Yyl 1 Ro1Yis1 Ba + B3 Py By — By Py B1 Y1 By — By Yyl Bl P}, Bo
+B3 YL BT P2 B1Yii1 Bolui + 2ui” [By P2 A— B3 P2, B1Yi1A
-BIYL BT P2 A+ B]Y,L |\ B] P}, B1Yi1A+ Bl Yl | Ro1Yi 1 Alay,
+rp Qe+ ATPL A= AP B A= ATY L BY PR A+ ATY L BU P B Y A
+ATY)] R Y1 Alay,
= [“i + (F%+1)71M5+1Ik]Tri+1[u% + (Fiﬂ)flMl?ka] + rsz?% (3.36)

where the last equality is established because of
I = B1Yii1 = My — (I + Bi(Uiyy) " BY Top) Vi My + Vi My = iy Mgy
Substituting (3.36) from k£ = 0 to kK = N on both sides of the equation, it yields that
N

T 2 T p2 T 17T 1 2T 2
TN PN — 20 Piao + Y (2] Qawy + wi” Roruj, + ui” Roouf)
k=0

N
= Z[Ui + (T0) " ME o] TR [uf + (D) ™ M),
=0

according to the optimal control of the leader is ui = — (I3, ;)" ' M, xk, and compared with (2.4), the optimal
cost function of the leader is exactly (3.12).

Finally, we will show the uniqueness solvable of the open-loop Stackelberg strategy.

Combining (2.1) with (3.3), we have

T pl T 1 T 1T 1 171 1 2T RT pl 2
r Peay — 2 Py trgr = o Quey +uy” Ruug — g Tiyuy, — uy” By Pryy Boug — Wy, (3.37)
where
T 4T pl 1 \—1pTpl 1T pT pl 1T pT pl 2 T 4T pl 2
\I]k+1 ::CkA Pk+1Bl(Fk;+1) Bl Pk+1Axk+2uk Bl Pk+1Axk+2uk Bl Pk+132uk+2xk14 Pk+1Bguk.

Substituting (3.37) from k£ =0 to kK = N on both sides, it follows

N
Iy = b Pozo+ Y _[ut"Thqup + i (Raa + By Py, Bo)uj + Wiy,
k=0

2 7l
subsequently, we have ;(T‘g’z =T} 41- As a result, I 41 > 0 guarantees the unique solution to the follower.

Following from (3.29), Fi 41 > 0 guarantees the unique solution to the leader. This completes the proof of
Theorem 3.3. O
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Remark 3.4. Noting that the feedback form of the leader, i.e., uﬁ = K,ka, is equivalent to the open-loop
solution in the optimization of the leader. Adding (3.16) into (3.2), J% is recalculated as

N
J]2V = Z[xk (Q2+ A Pk+1Blsk+1B{Pk1+1A)xk + uk (R22 + B, Pk+1Blsk+1B1TPk1+1B2)Ui
k=0
+(EB1SE BT ¢, + 22T AT P By SEL BY PL Boud + 228 AT Pl B SEL BTG,
N

+2u3" By Py BiSpha BY Gl + o Hownn = Y f(k, wk, uf, Gr) + 21 Hav 1,
k=0

where S24, = (1) ' R21(I' ;)" Denoting the Hamiltonian function

H(k, xp, uf, ) = f(k, x, uf, G) + af (M Azy, + My, Bouj — Bi(Dyy )~ B Gr)
+8¢ (ATMliiCk + ATMk+1Pk+1BZUk)

we have the following results by using the maximum principle:

OH (k, zy, ui, (k)

= = H 2 .
0 aui w2 (3.38)
aH(k,xk,u%,Ck) Bui
= =H,+ H,» , .
k-1 8J;k * 8xk (3 39)
H(k 2
6k+1 _ 0 ( 7ﬂfk,u;€aCk) — HCa (340)
9k

with AN41 = HngNJrl and BO =0.
Due to H,2 =0, (3.38)—(3.40) are reduced to the following form:

0= H,, (3.41)
ar1 = H,, (3.42)
Br+1 = He, (3.43)

where (3.41)—(3.43) are exactly open-loop maximum principle for the leader, which means the equivalence
between the open-loop and the feedback solutions for the leader.

Remark 3.5. The advantage of the result in Theorem 3.3 is that the optimal open-loop Stackelberg strategy is
a direct feedback form of x,. Compared to [16], where the optimal open-loop Stackelberg strategy is designed by

augmented the state, i.e., the optimal controllers are the feedback form of & and & = 5 k } , the calculation
k

is more concise than that in [16].

4. STABILIZATION RESULTS
In this section, the stabilization of Stackelberg GBCS will be investigated.
Before giving the main results, we introduce the following AREs:
=Q +ATP'A - ATP'B,(TY)'B] P' A, (4.1)
= Qs+ ATY TRy YA+ ATMT(x="HTP2y='Mt A — M?T(T?) "1 M2 (4.2)
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where

I' = Ry, + B P'By, (4.3)
I'? = Ryy + BYYT Ry Y By + BI M (Y"HTP2Y ' M' By,
M!'=1-B,(TH) BT P!,
M? = BIYTRy YA+ BI M (x=HTpP2y—tMmt A,
S= @Y 'B{ P,

Y =1+B(THY'BIT, (4.4)
Y =S+ @H BTty M,
K' = -Y(A+ ByK?), (4.5)
K? = -(T*)"'M?, (4.6)
T = ATMYTTY "M (A + ByK?) + AT M'T P! B K. (4.7)

Throughout the rest of this paper, the following standard assumption is made, readers may refer to [8].

1
Assumption 4.1. (A, Q3) is observable.
Now, we will give the main results.

Theorem 4.2. Under Assumption 4.1, ui € Us stabilizes the GBCS (2.1) in stabilization if and only if there
exists a unique positive definite solution P? to the ARE (4.2). In this case, the stabilizing controller is given as

ui = Kka, (4.8)

while the optimal controller of minimizing Ji is given as following, i.e.,

up = Klay, (4.9)
And the optimal cost functions satisfy

Jr =2l P+ T+ TT +5)x, 4.10

1 0
Jy = xg P, 411

2 0

where
== [(A"TK?"(Ri2 + BY P'M'By) K?AF + (AR)T K*T BY M TT AR+
2 2
k=0

+(Ak+1)TTTM1 B2K2Ak o (Ak+1)TTTBl (1’11)71 B{TAIC+1],

with A = Y~'MY(A + By K?).

Remark 4.3. The main contribution in Theorem 4.2 is that the stabilizable condition for the game-based
system has been proposed, while only the solvable condition of the Stackelberg strategy in the infinite horizon
was given in [12].

Proof. We give the necessity proof at first.
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Necessity: Under Assumption 4.1, suppose there exists controllers uj, and ui with constants K and K2 such
that u,lC minimizes the cost function J; and u% stabilizes the system (2.1) in stabilization, respectively. We will
show there exists a unique solution P? > 0 to the ARE (4.2).

To make the time horizon N explicit in the finite horizon case, we rewrite P}, P?, F11€+1’ Fi+1, Mé_i_l, Ml?+1’
Yit1, Set1, Tha, Kli’ KI% and T} in (33>7(38) as Pkl(N)7 PkQ(N)7 Fl&:«kl(N)’ Fi+1(N)7 Ml%+1(N)’ M]§+1(N),
Yit1(N), Sk+1(N), Tip1(N), KL (N), KZ(N) and Ty (N). To consider the infinite horizon case, the terminal
weighting matrices in (3.1) and (3.2) are set to be zero, i.e., Hy = Hy = 0.

The proof will be divided into three parts. The first two steps will show P}(N) and PZ(N) are convergent.
Then we will prove limy_,o, PZ(N) = P? > 0.

Noted from Theorem 3.3, we can conclude that Problem 3.1 admits a unique solution.

Since P}(N) satisfies the standard Riccati equation

Py(N) = Qu+ AT Py (N)A = ATPpy (N)By(Th gy (V)1 BY Py (N)A,

and based on the monotone bounded theorem, we can yield that limy_,oo PL(N) = PL.
Next, we will show limy_s oo P,E(N) =P2>0.
Rewritten the Riccati equation (3.4) as

P(N) = Q2+ K" (N)Roo KR (N) + [Yiey1(N)A = Vi1 (N) Bo KR (N)] Ro1 [Yie1 (N) A — Y1 (N) Bo KR (N)]
FT e (N) M (N)A = T3 (N) My (N)Bo KR (N PR (N)[Y 5 (N) M (N)A = Y5} (N)
XMI%—H(N)BQKI%(N)]'

According to the terminal condition Hy = 0, then by using induction method, we have PZ(N) > 0.
Following from (3.12), it derives that,

2y PR(N)ao = J(N) < J5(N +1) = ] P2(N + L), (4.12)

the arbitrary of x¢ implies that PZ(N) < PZ(N + 1), i.e., PZ(N) increases with respect to N. Next the
boundedness of PZ(N) is to be proved as below.

Since the controllers u? = K2z, stabilizes system (2.1), while uj = K'x), minimizes the cost function (2.2),
thus we have

lim zp = lim (A+ B K" + BoK?)xp_1 =0, (4.13)
k—oo k—o0

and then we can yield that limy_,o ¥ 2 = 0.

oo
Following from [2], it follows that there exist constant c; satisfying: > 2z < 12 xo. Therefore, noting
k=0
from (2.4) that @2, K'TRy K" and K27 RyyK? are both bounded, there exists constant co such that

Jo

oo
T 1T 1., oT 2
E (v} Qazy + up” Roruy, +uj” Raouy)

e
I
<

[l’z(Qg -+ KlTRglKl -+ KQTR22K2)£L']€] S CngxO.

M

ES
I
o

Thus for any N > 0, from Theorem 3.3 we know that

JL‘(T;POZ(N)IEO = J;(N) S Jg S 6258(7;1‘0,
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which indicates that PZ(N) is bounded.
Also we know that PZ(N) is monotonically increasing, hence P3(N) is convergent, that is limy_, P3(N) =
P2, According to PZ(N) = Pg(N — k), we have

lim PZ(N) = Jim P}(N — k) =P?
—00

N—o0

What should be noted is that we do not use the convergence of the Ty (N) in the proof of the convergence
of PZ(N), however, according to the Riccati equation (3.4), the existence of the convergence for PZ(N) means
that Ty (N) is also convergence, thus, we assume limy_, o, Tx(N) =T.

Taking limitation of N on both sides of (3.3)—(3.8), therefore, (4.3)—(4.7) can be, respectively, obtained. And
P, P? satisfy the Riccati equations (4.1) and (4.2).

Next, we will show that there exist a positive integer Ny such that P#(Np) is positive definite. Suppose this
is not the case. Since PZ(N) > 0, then we can get an non-empty set

Xy={z€R":2+#0,27 P(No)z = 0}. (4.14)
By using (4.12), which means that
2zl P3N +1)zo = 0,= 2l P2(N)zo = 0,
i.e., Xn4+1 € Xn. Each Xy is a non-empty finite-dimensional set, so
1< <dim(X;) < dim(Xo) <n
where dim represents the dimension of the set. Thus, there must exist Ny, such that for any N > Ny,

dzm(XN) = dim(XNl )

which yields that Xy = Xy, , and thus

(] Xn = Xn, #0.
N>0

So there exists a nonzero vector x € Xy, such that
T p2 —
x' Pj(N)x =0,YN > 0.

Let 2 be equal to . Then the optimal value of (2.4) is as
N
= > lai" Qawh + (W) Raruf” + () Razu}’) = " P(N)a = 0,
k=0

where z7, u,lg* and uz* represent the optimal state and the optimal controllers, respectively. Note that Ry > 0,
Ros >0 and Qa2 = CTCy > 0. It follows that:

CQﬂjk—O uk —uk —ON>O

1
The observability of (A, Q3 ) given in Assumption 4.1 indicates that o = x = 0, which is a contradiction with
x # 0, i.e., there exists Ny such that PJ(N) > 0 for N > Nj.
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The uniqueness is shown in the following paragraph.
Since P! satisfies the standard Riccati equation (4.1), then P! is uniquely solvable. Suppose Z2 is another
solution to (4.1), (4.2) and (4.3)—(4.7) satisfying Z2 > 0, i.e.,

P'=Q,+ATP'A— ATP'B, (I 1BT P A,
7% = Qo+ ATYTRy YA — M?T(T?) I M? + ATMYT (r~HT 22T M A.
I' = Ry, + BY P'By,
I? = Roy + BI YT Ry Y By + B M (Y1) 22T M By,
M'=1- B, () 'BIP!,
M? = BIYTRy YA+ B MY (x~HT 221~ M' A,
S = (Y 'Bf P!,
Y =TI+BTHYY'BlT,
Y =S+ @Y 'BITr—M?!,
K'= - Y(A+ ByK?),
K2 _ —(F2)71M2,
T =ATMYP'ByK? + ATMYTTY ' MY (A + BoK?).
According to the uniqueness of the optimal cost function (4.11), then we can obtain
Jy = af P2rg = al Z%x. (4.15)
Since x¢ is the arbitrary initial state, thus (4.15) implies that P? = Z2, the uniqueness of the solution to (4.2)
has been obtained.

Sufficiency: Under Assumption 4.1, suppose P? > 0 is the solution to (4.2), we shall show that u) € U
minimizes the cost function J; and uj € Us stabilizes the system (2.1) in stabilization and minimizes the cost
function Js. -

Denote the Lyapunov function Hf as

H} = 2l P?xy,. (4.16)

By using (4.8) and (4.9), we have

up = =Y Az — Y Boul, (4.17)
adding (4.17) into (2.1), it derives

Tpi1 = Ary — B1Y Az — B1Y Boui + Boui
= (I - BY)Axy + (I — B1Y)Boui,
=Y'M"Axy + Y M Boud. (4.18)

Then, combining (4.16) and (4.18), there follows

ﬁ,z — HI%H = —[ui + (FQ)_lMZxk]TFQ[ui + (FZ)_lMQ:Ek] + nggxk + u,lcTRglu,lC + uiTRggui

= 2] Qowg + up” Rojuf, + ui’ Raguj > 0, (4.19)

where uj = K?zy, for k > 0 has been imposed in the last identity.
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Thus, we can conclude that H? is monotonically decreasing with respect to k. And Since P? > 0, then H? > 0
is bounded below. According to monotone bounded theorem, H ,3 is convergent. We will show limy_, o, x5 = 0 in
the following paragraph.

Actually, let m be any nonnegative integer, by adding from k = m to k = m + N on both sides of (4.19) and
taking limitation of m, it holds that

m+N
0= hin [HZ, — HZ N = hin Z (zF Qowp + up! Rojup + ui! Rogui) > 0. (4.20)
k=m

Since the coefficient matrices in (2.1) and (2.4) are time invariant, then via a time-shift of length m, it yields
that

m—+N
Z (foga:k + u,lcTRglu,lc + uiTRggui) > x,TnP,%L(m + Nz, = x%POZ(N)xm > 0. (4.21)
k=m

Taking limitation on both sides of (4.21) and using (4.20), we know that

lim zl P?(N)z,, = 0. (4.22)

m— o0

Moreover, there exists integer Ny such that for any N > Ny, PZ(Ng) > 0, thus (4.22) implies that

lim 2l 2, = 0. (4.23)
m—0o0
According to (4.13), we have
lim 2l (A+ BiK'+ BoK*) T (A4 BiK' + BoK?)a,, 1 = 0, (4.24)

m— o0

which implies that lim,,—seo mm = 0 due to the boundedness of A + B K' + By K?2.

Therefore, the controllers (4.8) stabilizes system (2.1) in stabilization.

To complete the proof the Theorem 4.2, we shall show that the optimal controllers (4.9) in Theorem 4.2
minimizes the cost function (2.2).

Denote the Lyapunov function

Hp =2} Ploy + o (1. (4.25)
Then combining (2.1) and (4.25), we have

Hy, — Hyyy

=z, Plaog + ay Gt — @ Plangs + 251G — G e + Gl i

= 2} Quwg +up’ Ryyup, + uil Rigui — [uj + (1)~ Y(B P*Azy, + Bf P! Boui + B ¢
x[up, + (TN B P*Axy, + BY P'Bou? + B (1)) — 203" BY P* M Ay, — aF AT M ¢, — ¢F MY Ay,
—ui" By M — GE M Byu — uil” (Rap + By PPM ' Ba)uj, + 2 Ge1 + G s + G Bu(TY) 7 BY G, (4.26)
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where

203" BT P M Axy, = —u3T BT P*M' Az, — 27 A" M7 P Byu?
= (o1 — ATMYG) T2y, — 2 Gy — ATMMTG)

= ¢l jap — a2l Gy + 2P AT MG, 4 ¢F MY Ay,

(4.27)
Adding (4.27) into (4.26), then it yields that
x{lek + u,1€T1‘511u,1C + uiTngui
= H} — H}y + [uh + (T) (B P! Axy, + BY P Byu + BYGOIT [u} + (I) ™} (B P! Az,
+BT P'Boui + BT ¢)] + ui' (Ryz + B2 P*M' Bo)ui + ui’ By M ¢ + ¢ M Boui
—Gi Bi(T) ' B G+ Gy — (g (4.28)
Thus, it holds
N
Z(ngll'k +up" Ryyuy, + up’ Rioug)
k=0
N
=2 Plag+al (o1 — Hy g+ [ug + (TY) 7 (BT P' Az + BY P! Byuj + BY ¢,)|I"
k=0
N
x[ug + (CY) 7N (BY P Ay + BY P'Byuj + BT Q)] + (Tywo + Y _[ui" (Raz + B P'M' By)uj,
k=0
+ui" By MG+ GEM Baug, — ¢ B1(T) T B Gil. (4.29)
By using (4.23), it holds that
lim Hy., =0. (4.30)

N—o0

Taking limitation of N — oo on both sides of (4.29) we know the optimal controller minimizes (2.2) is exactly
(4.9).
Thus, the optimal cost function of (2.2) is

Jf=al (P +T+T7 +2)af, (4.31)

which is exactly (4.10).

And applying similar procedure to the Lyapunov function of H? in (4.16), the controller (4.8) minimizes the
cost function (2.4) can be immediately obtained by (4.19), and the optimal cost function is exactly (4.11). This
completes the proof. O

Remark 4.4. In Theorem 4.2, a necessary and sufficient stabilization condition has been obtained for the
game-based system. The proposed method can be extended to solve the game-based systems with multiplicative
noises by applying optimization. We also note that the direct application of the method to the system with input
delay in the leader’s control, i.e., zx11 = Az + Blu,lf + Bgui_d, may lose efficiency since u%_d = K2z, makes
no sense due to the causality. In this case, a predictor-like controller u%_ =K ka\ k—q as in [23], where Tlk—d
is the predictor of z; based on the information from 0 to k — d, can be used to solve the problem combining
with the proposed Stackelberg method in this paper. This topic deserves further in-depth research.
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FIGURE 1. Trajectory of x; with controllers u,lC = —0.4268zj and ui = —0.0330z.

5. NUMERICAL EXAMPLES

Consider the system (2.1) and the cost functions (2.2) and (2.4) with A =1, By =2, Bo =1, Q1 = 1,
Q2=1, R;1 = 0.6, Rio =1, Ryy =1, Rog = 6.2, g = 7.3. By solving (4.1)—(4.2) and (4.3)—(4.7), we have
T =0.9965 > 0, P! =1.1325 > 0, P2 =1.2044 > 0, K! = —0.4268 and K2 = —0.0330. According to Theorem
4.2, there exist ui = —0.0330z, stabilizing the system (2.1) in stabilization and uj, = —0.4268z) minimizing
the cost function J;. As shown in Figure 1, the regulated state is stable.

6. CONCLUSION

In this paper, we have investigated the stabilization problem of the game-based system by Stackelberg method,
where the follower is designed to minimise its own cost function and the leader is designed to stabilize the
system. The analytical solution of the optimal open-loop Stackelberg strategy in finite horizon is derived.
The contribution is that we present the necessary and sufficient condition for the stabilization of the game-
based system. The result is of significance to the control problems of the virus and the immune system in [6],
socio-economic modeling in [9] and so on.
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