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CONTROLLABILITY OF THE SCHRODINGER EQUATION ON
UNBOUNDED DOMAINS WITHOUT GEOMETRIC CONTROL
CONDITION

MATTHIAS TAUFER®

Abstract. We prove controllability of the Schrodinger equation in R? in any time 7" > 0 with internal
control supported on nonempty, periodic, open sets. This demonstrates in particular that controllability
of the Schrodinger equation in full space holds for a strictly larger class of control supports than for
the wave equation and suggests that the control theory of Schrédinger equation in full space might be
closer to the diffusive nature of the heat equation than to the ballistic nature of the wave equation. Our
results are based on a combination of Floquet-Bloch theory with Ingham-type estimates on lacunary
Fourier series.
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1. CONTROLLABILITY OF THE SCHRODINGER EQUATION IN R¢

Consider the Schridinger equation in R? with internal control

{ié’tw Au=1gf inR?x][0,7], (1.1)

u(0) = ug € L?(RY)

where S C R? is the control set, 1g its indicator function, and f € L2(S x (0,7)) is called the control. For any
choice of f and wg, the solution of (1.1) is given by the Duhamel formula

t
u(t) = e*Pugy + / (=981 g f(s)ds.
0

Definition 1.1. Equation (1.1) is called controllable in time T > 0 if for all ug,ur € L%(R?) there exists
f € L?(S x (0,T)) such that the solution of (1) satisfies u(T") = ur.

Our main result is:

Theorem 1.2. Let S C R? be nonempty, periodic and open. Then (1.1) is controllable in any time T > 0.
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2 M. TAUFER
Remark 1.3. Since the free Schrodinger group (e );cg is unitary, controllability in time T is equivalent to
null-controllability in time T, that means that for every ug € L?(RY) there is a control f such that uz = 0.
Indeed, a null-control for the initial state

o = ug — e TPur

will send the initial state ug to ur in time T'. Therefore, from now on, we will focus on null-controllability and
assume that the target state up = 0.

Let us comment on the implications of Theorem 1.2: In recent years, control problems on unbounded domains
have gained attention — on the one hand motivated by applications to kinetic theory [3], on the other hand in
order to further the geometric understanding of problems on bounded domains by reconciling phenomena on
bounded and unbounded domains and using unbounded domains as a proxy for large domains or a family of
growing domains where the control set has a particular structure [20, 21, 24, 25, 31]. In parts this has coincided
with progress in the understanding of Anderson localization for random Schrédinger operators where conditions
on the support of random potentials and the form of randomness causing localization have been successively
relaxed [19, 26-29] Thus, also the task of identifying all sets S C R? that ensure controllability of controlled
systems has recently gained attention — for the controlled Schrodinger equation as well as for its two cousins —
the controlled wave equation

Low—Au=1gf in RY x [0, 7, 12)
((’LL(O), %U(O)) = (Uo, Ul),
and the controlled heat equation
d _ .
Gu—Au=1gf in R? x [0, 7], (13)
u(0) = up.

For the latter two, all sets S leading to null-controllability in time T" have recently been identified:

Definition 1.4. A set S C R satisfies the Geometric Control Condition (GCC) if there are 6, L > 0 such that
every straight line of length L has intersection at least ¢ with S (with respect to the one-dimensional Hausdorff
measure on the line).

A set S C R? is called thick if there are 7, p > 0 such that Vol(S N B,(z)) >~ for all z € R%.

Remark 1.5. The GCC is a strictly stronger condition that thickness. One example of thick sets not satisfying
the GCC are periodic arrangements of balls with small radii as permitted in Theorem 1.2. Figure 1 illustrates
some examples of thick sets and sets satisfying the GCC.

In the literature, one often finds the GCC formulated in terms of geodesics for a Riemannian metric, i.e.
tailored to controllability of differential operators of the form div AV instead of the pure Laplacian, and there
are versions for domains or manifolds with non-empty boundary. Since we are interested in the pure Laplacian in
full space, we refrain from formulating these more general variants. Also note that the GCC reflects the ballistic
nature of the wave equation whereas thickness reflects the diffusive nature of the heat equation.

In 2016, Burq and Joly proved a necessary and sufficient condition on the set S C R for open S. From [6]
openness can be dropped dimension d = 1.

Proposition 1.6 ([1], Sect. 6.2, and [6]). For the case d = 1). The controlled wave equation in RY, where S is
assumed open if d > 2, is controllable in some time T if and only if S C R satisfies the GCC.
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N&)nen:lpty,: opeh, périodic. Set sétisfying the GCC. Generic thick set.

F1cURE 1. Different types of control sets discussed in this article. Note that the nonempty, open,
periodic arrangement of balls on the left does not satisfy the GCC since there are arbitrarily
long straight lines in its complement.

Note that for the wave equation there will be a — in general positive — infimal time T (depending on the
parameters L,0 in the definition of the GCC) in which it is controllable — a consequence of finite speed of
propagation.

As for the heat equation in full space, if null-controllability holds in some time then it holds for all times
and, in 2018 and 2019 two articles by Egidi and Veselic [5] as well as by Wang, Wang, Zhang and Zhang [31]
independently proved that the necessary and sufficient criterion is thickness.

Proposition 1.7 ([5, 31]). The controlled heat equation in R? (1.3) is null-controllable in any time T > 0 if
and only if S C R? is thick.

Now, the Schrodinger equation shares properties both with the wave equation (time-reversability) and with
the heat equation (infinite speed of propagation). It is occasionally described as a chimera of the two or as a wave
equation with infinite speed of propagation. This raises the questions which criterion is necessary and sufficient
for controllability of the Schrédinger equation. So far, this has only been answered in dimension one, where the
concept of thickness and the GCC happen to coincide. Indeed, the references [7, 18] independently proved that
they are the necessary and sufficient criterion for controllability of the one-dimensional Schrodinger equation.

In higher dimensions, there are only preliminary results for the controlled Schrédinger equation so far. It is
known that, if the control set is a complement of a ball, the Schrédinger equation is null-controllable [22], with
explicit estimates on the cost [30]. Also, the following theorem stating that the GCC is sufficient for controllability
in any dimension sees to be folklore:

Theorem 1.8. If the control set is open and satisfies the GCC then the Schridinger equation in R? is
null-controllable in any time T > 0. In dimension d =1, the assumption that S is open can be dropped.

Proof. If S satisfies the GCC then the wave equation (1.2) is controllable in some time 7 > 0 by Proposition 1.6.
But a result by Miller immediately turns this into controllability of the Schrodinger equation in any time 7" > 0.
Indeed this is the statement of Theorem 3.1 in [17] with A = —A.! In the case d = 1, Theorem 1.8 improves
([17], Thm. 2.7), where a minimal time for controllability is required. d

Likewise, thickness is a known necessary condition:

Theorem 1.9 (Thm. 1.6 in [18] and Thm. 1.1 in [7]). Let the controlled Schrédinger equation be controllable in
some time T' > 0. Then S must be thick.

TStrictly speaking, the application of Theorem 3.1 in [17] leads to controllability of the Schrédinger equation with a different sign

convention i%u — Au = 1gf, but this merely amounts to a complex conjugation.
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I:I heat equation controllable

. Schrodinger equation controllable

I:I wave equation controllable

FIGURE 2. Known necessary and sufficient conditions on the control sets S C R? for the heat,
Schrédinger and wave equation.

For the sake of self-containedness we provide a proof in Section 3. It differs from the argument in [7, 18] which
rely on works in [17] in combination with Kovrijkine’s version of the Logvinenko—Sereda theorem [12, 16]. Instead,
we use an elementary construction of explicit counterexamples to an observability inequality for non-thick sets.

Now, in order to return to the interpretation of Theorem 1.2, we can summarize our findings in the following

Corollary 1.10. The set of all S C R? such that the controlled Schrédinger equation in R with control in S
is controllable in any time T > 0 is contained in the corresponding set for the heat equation (thick sets), but
strictly larger than the corresponding set for the wave equation (sets satisfying the GCC), see also Figure 2 for
an illustration.

One consequence is that when designing control systems for the Schrédinger equation, one has a larger choice
for the control support S C R? than for the wave equation.

It would be an interesting question to investigate whether the GCC still yields any benefit for controllability
of the Schrodinger equation — e.g. on the level of the control cost. Likewise, the question of identifying the class
of all sets S C R? which lead to controllability of the Schrédinger equationin full space remains open.

We also expect our results not necessarily be restricted to full space. Indeed, by reflection techniques, see for
instance [4] for analogous arguments in the case of the heat equation, Theorem 1.2 will also holds for half-spaces,
sectors or certain infinite cones. Also, infinite strips or slabs can be treated by a modification of the proof
of Theorem 1.2 in Section 2.1, taking the Floquet transform only in those directions in which the domain is
unbounded.

Let us finally note that recently, in [14], Le Balc’h and Martin have generalized Theorem 1.2 in the
2-dimensional case: They allow for S to be periodic, meaurable and not a measure zero set and no longer
require it to be open. Furthermore, they were able to add a bounded periodic background potential to the free
Laplacian.

2. PROOFS

Without loss of generality, we may assume that the periodic set S is a union of balls of radius R > 0, centered
at the lattice points of 27Z¢

S= |J Br(k.

ke2rzd

By the Hilbert Uniqueness method [15], (null)-controllability in time T is equivalent to the observability inequality

T
[l 2@y < C’/O [1se®u)|72gaydt for all e L*(RY). (2.1)
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2.1. Floquet—Bloch decomposition

We use Floquet—Bloch theory to reduce the observability estimate (2.1) to a family of observability estimates on
compact domains with varying boundary conditions. Let T¢ := R?/(27Z%) = (-, w]¢ denote the d-dimensional
torus.

Definition 2.1. Denote by F: L?(R?) — L2(T9 x T?) the Floquet transform

(Fu)(y,0) = 2m)~"2 > ™ uly + k).

ke2nZa

This is an isometric isomorphism that commutes with periodic functions in the sense that if v € L?(R?) and
f € L*>®(R?) is 2nZ%-periodic, then

F(f-u)(y,0) = [ |za (y) - (Fu)(y, 0)-
One also has for u € H2(R9)
F(Au)(y,0) = Ag(Fu)(y,0)

for almost all § € T? where Ay is the self-adjoint Laplacian on T? (in the y-coordinate) with 6-pseudoperiodic
boundary conditions, that means

there exists ¢ € HZ .(RY) with b |ra= ¢, and
D(Ag): ¢6L2(Td)l - gb 1 ( )~ ¢|Td ¢ ) e
¢(z + 27k) = exp(ik - 0)p(x) for all k € Z¢, x € R

Indeed, these statements can be seen by straightforward calculations on sufficiently smooth functions and
the general case follows by density. We also refer to [13, 23] for further reading on Floquet theory for partial
differential operators. In particular, one also has for all u € L2(R?)

F(e"u)(y,0) = ™2 (Fu)(y, ).

The spectral decomposition of the operator Ay is well-known:

Lemma 2.2. The spectral decomposition of Ay is given by the eigenbasis
Y . 0 d
(€")yer,, where T'g := Py +7Z
with corresponding eigenvalues

(1*)rer,-

Proof. Since (e™*¥);.cza is an orthogonal basis of L?(T%), so is (¢"¥),er,. The eigenvalue property and the
f-pseudoperiodicity are verified by explicit computation. O

By isometry of the the Floquet transform, the L.h.s. of (2.1) becomes

T T
/ /|(e”Au)(x)|2dx dt = / dt <eimu, lse“Au>Rd
0o Js 0
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T
N / dt (F(e"Au), F(1s€"™u)) 1y
0
T
:/ dg/ dt <eitA9(‘Fu)(‘79)v]-BReitAe(]:u)(.’e)>Td
']I‘d
_ / a6 / dt [ dyle’™ (Fu)(y,0))”
Td Br

/Td do/ dt/BR dy| Z ei(t|'7|2+y"/)a97;y|2

Y€l

where the ap = (g.5)er, € £2(Ty) are the Fourier coefficients of T¢ 3 y +— F(u)(y, 0) € L?(T?) with respect to
the eigenbasis from Lemma, 2.2 for fixed 6 € T¢. Writing

oen =) ()5

for ’y = (v,]v/?) € R¥*!, using unitarity of the Schrijdinger group to shift the integration in ¢ from [0, 7] to
-5, g] and using that, possibly after shrinking R, [~Z o 2] x Bpg certainly contains the (d 4 1)-dimensional ball
of radius R around the origin (which we again denote by Bg), we can lower bound this by

’ Z exp (z-7) 0497:),|2d2.
Br seb,

We have thus reduced the proof of the observability estimate (2.1) to the following statement: There exists C > 0
such that for all § € T¢ one has

| exp(2-7) ags] dz > Cllaolfar,, for all ay € £(Ty), (2.2)

R Fely

where

r 0 ¢ d d+1
Ty = iy €E — +Z%y CRYT
’ {W) 7o }

2.2. Lower bounds on exponential sums

We proceed to prove (2.2). For § = 0, this can be found in the 2-dimensional case in [9] as an ingredient in a
proof of controllability of the Schrédinger equation on rectangles, and for higher dimensions in [11]. While the
proofs therein immediately generalize to fized 6, we need to ensure that the resulting constants are #-independent
— a statement not explicitly provided in [11]. We therefore follow the central parts of the proofs given therein.

For a discrete set X C Rt let its gap be given by

gap(X) :=inf{|z —y|: z,y € X,z # y}.

The following lemma can be inferred in this form from Theorem 8.1 in [11], see also [9], Proposition 1. In one
dimension, the lemma is due to Ingham [8], while the higher dimensional case is essentially due to Kahane [10],
see also [2].
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Lemma 2.3. There is ¢ > 0, depending only on the dimension such that for all § > 0 there is C' > 0, depending
only on the dimension and on 0, such that for all R > § and all T C R with gap(I') > § we have

/ |Z ., exp(iyr)Pdr > C'Z|a7|2 for all a € ¢*(T).
Br

yel’ yel’

Remark 2.4. There is an explicit expression for the infimum of all possible ¢, see the remark after [11],
Theorem 8.1. More precisely, in dimension d > 2, the infimal ¢ is the first positive root of JdQ;l, the Bessel

function of first kind with parameter % Choosing a strictly larger ¢, one obtains a uniform C for all R > .
By demanding R > §, Lemma 2.3 imposes a reciprocal relation between the radius R of the ball and the gap

0. Since the gap of I'y is of order one, this would exclude small R. The following lemma remedies this by allowing
to decompose a discrete I' into finitely many I'; with larger gaps.

Lemma 2.5. Let R >0, N € N, and ¢ > 0 be the constant from Lemma 2.3. Let ' =T7 U--- ULy be such
that gap(I') > 1, and gap(T';) > ;. Then, there is C > 0, depending only on the dimension, on N, and on the §;
such that for all

C

C
> — o - .
R2<51+ +5N> (2.3)

we have

/ |Z ., exp(iyr)Pdz > CZ|0¢7|2 for all a € (*(T).
Br

vyel’ yel’

Here, we use the convention that for a one-element set gap(I') = co and é = 0. A qualitative variant of
Lemma 2.5 is due to [10], whereas we refer here again to [11], Proposition 8.4 from which the quantitative version
stated above can be inferred in combination with Lemma 2.3. While the statement a priori holds for all

C C
R><61+-~~+5N>,

the resulting constant C' will depend on a € > 0 with

C Cc
R—<51+~--+5N)+e,

chosen in the proof in [11]. The prefactor 2 in (2.3) thus allows for a uniform choice, depending only on the
dimension, on N, and on the §;.

Now, the next lemma provides an appropriate decomposition of the set I'y into appropriate subsets. For p = 2,
the #-independent version is in [9] in dimension d = 2 and in [11] in the higher-dimensional case. A 6-independent
version for p > 1 can also be obtained as a corollary of Théoréeme I11.4.1 in [10]. However, for the required
f-independence of the constant C' in Lemma 2.5, we provide a proof here.

Lemma 2.6. Let R >0, and p > 1. There is N € N such that for all § € T, we can decompose

gl 4 N
f = : — Zd = f‘ .
0 {<|’7|2) v e o + } jL:Jl 0,
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where for §; := gap(Ty ;) one has

c
2 — — | <
(5++5)<r

Proof. We split Ty into three components.
1. Points with (x1,...,24) bounded away from the azes. Defining for aw > 1

Ay ={z eR"™: |2;| > a Vje{l,...d}}
one has
gap(Do N Aa) > a
Indeed, let v € Ty with (v, |y|P) € A4 and e = (0,...,0,£1,0,...,0) € Z? be the k-th unit vector. Then,
() - ()| =
ols v +el?)| =

> (- (£ > (F20 + 1% > (a - 1) 2 a2,

(P2 = v+ el = (W2 = Iy £ exl?)?

Thus, choosing

6c 1
o =max{ —
R )
and setting f971 = A, NTy ensures g—f < %
2. Neighbourhoods of the azes in the first d coordinates. Next, for 8 > a let

Bop:=ASN{x e R 35 € {1,...,d}: |=;] > B}
The set B, g is a union of 2d many slabs, consisting of rectangular neighbourhoods around positive the z; to
zq axes in R?, and extending infinitely in the z44; direction. Let Boji .1 C Ba,p denote the union of the two
components which are arranged along the positive and negative part of the xj-axis. Then,
v e 74 + 0,
- N Ok
TyNBE,, = <| |2> |k + ~| 28,

|’yi+—z|§af0ralli7ék
2m

and we see that for sufficiently large 3, the distance to the next neighbour in x) direction grows quadratically.
Since Ba Bk has a finite profile in (z1,...Zg—1,Tk41,...,2q) direction, we can split Ba N Iy into

NOL = #{[70[ - 15 o+ 1]d71 N Zdil + (017 ceey ok—hek-‘rla ceey od)}
many components, each with fixed (x1,...,2x_1,Tk41,-..,2q) coordinates, and with gap at least

1B+ 112 —|B]> =28+ p* > 3B.
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FIGURE 3. Projections onto R? of the decomposition of I'y.

Uniting all d many components {Bai 5 w1i_, and choosing

2dN,c

ﬂZR

we ensure
dNq+1

C
2 —
6]

w.\ =

Jj=2

3. The bounded rest. We have covered all but at most (28 + 1) many points of T'y. Let each of these pOlIltb
form another T'y ; which has gap equal to co. We have found for each 6 T? a decomposition I'y = UJ 1F9 j
where N is uniformly bounded in 6 and (2.3) holds. O

The decomposition in the proof of the previous lemma is illustrated in Figure 3.

Proof of Theorem 1.2. Combining Lemma 2.6 with Lemma 2.5 yields the #-independent observability esti-

mate (2.2). Due to the reductions made at the beginning of this section this proves the observability inequality (2.1),

and consequently Theorem 1.2. O
3. THICKNESS IS NECESSARY FOR SCHRODINGER

We give an elementary proof of Theorem 1.9 (previously demonstrated using a different method in [18])
stating that in the case of controllability of the Schrodinger equation the control set S must be thick.

Proof. By the Hilbert uniqueness method [15], (null-)controllability in time T is equivalent to the observability
inequality

T
l|lul|? < C’/ [1se®u|?dt for all u e L*(RY).
0

Thus, it suffices to find for any € > 0 a function v € L?(R%) with

T
/ |15e™Atul2dt < eful|®.
0
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Clearly, we have for any u € L2(R%)
T A T ‘ T
/ [1ge™tu?dt < 2/ |1s [e’m — eAt] wldt + 2/ [1se®tul|?dt = (A) + (B).
0 0 0

For E > 0 to be chosen below let u = uy + ue with u; having Fourier support in Bg(0) and ugy Fourier support
in B%(0). Since 0 < 1g < Id and since the operator norm of 1g [ezm — eAt] is at most 2, we can estimate

T
(4) < 2/ I[e"* — e ur |t + 4T [|uz]|* = (A1) + (A2)
0
By Plancherel, we further estimate

T
(A1) = 2/ et — e € @R < 27 max (e — o € ul < T2 B2 ful®
0 [€|<E,te0,T]

Taking E sufficiently small (depending only on T') this can be made smaller than £||u[|?, independently of u.
We now choose u as a (square root of a) normalized Gaussian with standard deviation v, and center zq that is

u(z) = _ 1 exp (_Hx—xo|2) _
(27w)d/4 dv

where v > 0, o € R? will be chosen below. We have

o d/4 o d/4
u(§) = <7r) €Xp (*521/) , and up(§) = X|¢|>E (7r> exp (*52’/) .

The function 4 is the (square root of a) Gaussian with standard deviation proportional to v~ and for v > 1, its
mass will concentrate on Bg(0). Hence, choosing v sufficiently large (depending on E which is already fixed), we
obtain (Ay) = 4T ||uz|* < §||u||2

It remains to estimate (B). This is the time evolution part of the heat equation and can be made small by
putting ¢ into a center of a sufficiently large (depending on € and v) ball on which w has little mass, as has been
done for the heat equation, see for instance [5] for details. Such a clearing with center z( exists by assumption
since S is assumed not to be thick. O

Acknowledgements. The author thanks Kotaro Inami and Soichiro Suzuki for pointing out an error in an earlier version,
Walton Green for discussions, and the anonymus referees for helpful comments.
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