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UNIQUE CONTINUATION AND TIME DECAY FOR
A HIGHER-ORDER WATER WAVE MODEL

ADEMIR F. PAZOoTO" AND MIGUEL D. SOTO VIEIRA

Abstract. This work is devoted to prove the exponential decay for the energy of solutions of a higher
order Korteweg—de Vries (KdV)-Benjamin-Bona-Mahony (BBM) equation on a periodic domain with
a localized damping mechanism. Following the method in [L. Rosier and B.-Y. Zhang, J. Diff. Equ.
254 (2013) 141-178], which combines energy estimates, multipliers and compactness arguments, the
problem is reduced to prove the Unique Continuation Property (UCP) for weak solutions of the model.
Then, this is done by deriving Carleman estimates for a system of coupled elliptic-hyperbolic equations.
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1. INTRODUCTION

The field of dispersive equations has received increasing attention since the pioneering works of Stokes,
Boussinesq and Korteweg and de Vries in the nineteenth century. It pertains to a modern line of research which is
important both scientifically as well as for potential applications. On the one hand, the mathematical theoretical
research of dispersive equations is important for applied sciences since it has provided solid foundations for the
verification and applicability of these models. On the other hand, this theoretical research has proved to be
very valuable for mathematics itself. Such equations have presented very difficult and interesting challenges,
motivating the development of many new ideas and techniques within mathematical analysis. Particularly, sets
of equations were derived to describe the dynamics of the waves in some specific physical regimes and much
effort has been expended on various aspects of the initial and boundary value problems. In this context, Bona,
Carvajal, Panthee and Scialom [2] derived and analyzed a higher order water wave model to describe the
unidirectional propagation of water waves by using the second order approximation in the two-way model, the
so-called abed-system introduced in [3, 4]. The model is also known as the fifth order KdV—BBM type equation
and has the form

U + Uy — blutzz + 1 Uz + butzzzx + AQUgzzre
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The unknown u is a real valued function of the real variables = and ¢ and subscripts indicate partial differen-
tiation. The five parameters a,a;,b,b; and ~ are not arbitrary. Indeed, they are determined by the choice of
five more fundamental parameters 0, A\, 1, \; and p1. The constant 6 has physical significance. It is related to
the height at which the horizontal velocity is specified, a dependent variable which does not appear explicitly
in these unidirectional models. The parameter 6 € [0,1] because the vertical coordinate has been scaled by
the undisturbed depth hg. The constants A, 4, A\; and p; are modelling parameters and, in principle, can take
any real value. However, the five parameters that appear in (1.1) are not independent and should satisfy some
relations. All of them are shown in [2]. Such conditions come from the physics of the problem and we tacitly
assume them to hold throughout the entire paper. Depending on the problem under study (well-posedness of the
linear or nonlinear model, stabilization), additional restrictions on the sign of these parameters will be imposed
later on.

The incorporation of damping mechanisms is often crucial in obtaining good agreement between experimental
observations and the prediction of theoretical models describing the propagation of waves in dispersive media.
The problem might be easy to solve when the underlying models have a strong intrinsic dissipative nature, but
very often, as the cases we address here, the models are of conservative nature and the decay requires appropriate
damping mechanisms. Obviously, for practical purposes, it is desirable to achieve this property with a minimal
amount of damping both in what concerns its support and its intensity.

In this work, considerations will be given for model (1.1) on the one-dimensional torus T = R/(27Z), with a
localized damping term. Our purpose is to investigate the dissipative effects generated by this damping when
t — 0o. Our analysis does not depend on particular relations between the coefficients of the system. However,
in order to provide the tools needed to deal with the problem, we assume that

b, by > 0.
Under the above conditions, the following closed-loop system will be considered:

Up + Uy — blutzx + a1Uzzs + buthxa: + AUz

oty + () — 1= (02), — S(%)a = 0T = 0102 400D, (5,) €T (0T) (1)
U(J?, 0) = UO(x)a reT,

where o € C*(T) is a nonzero function. We also introduce the set
w={zeT:o(x)#0}#0. (1.3)

Then, if we consider the following equivalent norm in the L?-based Sobolev space H?(T),

(s £) 2y = / (6 + by + b2, )d, (1.4)

at least formally, we can deduce that

t
s )2y — letoll2gs ) = —2 / lou(s) |22y ds. (15)

Indeed, to obtain the identity above we multiply the equation in (1.2) by u and integrate by parts over the spatial
domain T. Identity (1.5) shows that the term on the right hand side plays the role of a damping mechanism.
Moreover, it indicates that the H?-norm decreases along the trajectories of the system, which generates a flow
that can be continued indefinitely in the temporal variable. Therefore, we can ask whether the solutions converge
to zero, as t — oo, and at which rate they decay.
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In view of (1.5), the problem of the exponential decay can be stated in the following equivalent form: To find
T >0 and C > 0, such that

T
o) 22y < C / ()22 oyt (1.6)

holds for every finite energy solution of (1.2). Indeed, from (1.6) and (1.5), we have that E(T) < SE(0) with
0 < B < 1, which combined with the semigroup property, allows us to derive the exponential decay of the
H?-norm of the solutions.

This paper is devoted to analyze this problem. Our analysis was inspired by the results proved in [11] from
which we borrow the main ideas involved in our proofs. In fact, proceeding as in [11], which combine multipliers,
energy estimates and compactness arguments, the problem of obtaining (1.6) is reduced to show that the unique
solution of (1.2), such that o(x)u = 0 everywhere, has to be the trivial one. This problem may be viewed as
a unique continuation one since ou = 0 implies that u = 0 in w x (0,T), for w given by (1.3). To solve this
problem we develop a Carleman inequality for weak solutions of the model as it has been done in [11] for a
KdV-BBM equation. The equation is first split into a coupled system of an elliptic equation and a transport
equation. Next, some Carleman estimates are derived with the same singular weights for both the elliptic
and the hyperbolic equations. Finally, the unique continuation result is proved by combining these Carleman
estimates with a regularization process. However, this unique continuation result cannot be applied directly due
to the regularity of solutions we are dealing with. Therefore, some additional assumptions concerning the initial
conditions are needed. More precisely, we assume that 0 < r < |lug||g2(ry and [Jugl| g3 (1) < R, for given r, R > 0.
These conditions seem to be technical, but, in their absence, we do not know how to derive the result. It is also
important to emphasize that the choice of the damping function was motivated by the controllability results
obtained in [1] for corresponding linearized system. Indeed, as an application of the controllability result, we
construct feedback controls via some results obtained in [8, 12], such that the resulting linearized closed-loop
system is shown to be exponentially stable. Such stabilization results play a crucial role in the analysis we
describe above.

We remark that the unique continuation property for the BBM equation is still an open problem. Moreover,
since the underlying Cauchy problem is a characteristic one, we cannot expect to apply Carleman-type estimates
or the classical Holmgren uniqueness theorem. In (1.1), the presence of the higher-order KAV term ;4 4., results
in much better properties and allows to establish a unique continuation result.

It is also worth mentioning that, in addition to the analysis carried out in the work, the stabilization of the
KdV and BBM equations have also been studied considering other types of damping mechanisms. In this sense,
we refer to [10, 11] for a quite complete review of the field.

The remainder of this paper is organized as follows: in Section 2, we prove some Carleman estimates and
derive a unique continuation property for the higher-order KdAV-BBM equation. Section 3 is devoted to the
stabilization of the damped equation. Finally, for the sake of completeness, we include in the Appendix some
computations used in Section 3 and the proof a Carleman estimate derived in [11].

2. CARLEMAN ESTIMATES

The first part of this section is devoted to prove an appropriate Carleman estimate for the higher-order
KdV-BBM equation

Ut + Uy — blutzm + a1Ugzy + butmzmr + QUgrzas

%mg)w L. =0, (@t eTx(0,7), @1

3
+*UU;$ + W(UQ)me - ]
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or
Uy — bluta:a: + butzwza: + AQUggrrrs + Q(U)Uz + p(u)uxxm + T(u)uwx = 07 (ZC7 t) S T X (Oa T)a (22)

where g(u) =1+ 3u— 3u?, p(u) = ay + 2yu and r(u) = (67 — 35 )uq-
Next, this Carleman estimate is employed to prove the following unique continuation result:

Theorem 2.1. Let a,b# 0, T > 22 and q,p,r € L>°(0,T; L=(T)). Let w C T be a nonempty open set. Let

lal

u € L2(0,T; HY(T)) U L>=(0,T; H3(T)) satisying (2.2) and
u(z,t) =0 for a.e. (x,t) €w x (0,T). (2.3)

Then, w =0 in T x (0,T).

Proof. We first assume that
u € L*(0,T; H*(T)). (2.4)

and let w = u — b1Ugy + DUgper € L2(0,T; L?(T)). Then, the pair (u,w) solves the following system

U — b1Uge + DUgpes = W (25)
wy + %wz = (% —q)Uy — (a—zl + D) Ugzy — TUgs- (2.6)

Just to make the assumption of the theorem clear, we recall the following remark, which can be found in [11]:

Remark 2.2. There is a finite speed propagation for KdV-BBM. For instance, if we assume that ¢(z) = ¢,

—ab1

p(z) = =3 and r(x) = 0 for all z € T, where a,b,b; > 0 are given, and that w = (27 — ¢, 27) for a small € > 0,

then the UCP fails in time T < M Indeed, picking any nontrivial initial state ug € C§°(0,€), we easily
see that the solution (u,w) of (2.5)~(2.6) is u(z,t) = ug(x — %t), w(x,t) = wo(x — £t), where wy = (I — 92 )uy.
Then, u(z,t) = 0 for (z,t) € w x (0, bm%ﬁ) although u # 0. Hence, the condition T" > % in the Theorem 2.1
is sharp.

We choose a system of coordinates and indentify T with [0,27). Thus, without loss of generality, we can
assume that a > 0, and that w = (27 — 0,27 +n) ~ [0,7) U (27 — n, 27) for some n € (0, ) (choosing the origin
of the coordinates inside w). Then, we consider T', such that

2bm
.

T> (2.7)

Following the approach developed in [11], we first obtain some Carleman estimates for the elliptic equation
(2.5) and the transport equation (2.6) with the same weights function. Next, we combine them to derive a single
one for (2.2). In order to do that, we pick § > 0 and p € (0,1), such that

p—baT > 246 (2.8)

and a function ¢ € C*°([0, 27]) satisfying

W(z) = (z + ) for = € [2, 27 — 1],

> 5 (2.9)
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dkw dk’(/J
0 = x(m)  fork=1,2,3,4,567, (2.10)
20 < %(m) <227+ 6) for x € [0,27]. (2.11)

Then, we introduce the function ¢ € C*°([0, 27] x R) as follows

p(@,t) = () — pa?t?. (212)
Under the above considerations, we derive the following Carleman estimate for (2.2).

Proposition 2.3. Let w, a and T be as above. Then, there exist some positive numbers so and Cs, such that,
for all s > sy and all uw € L*(0,T; HX(T)) satisfying (2.2), we have

T
/ /[5|umm|2+s|uxm\2 + sg\um\z + ss\ux|2 + 57\u|2]62wdzdt
o Jr
+ 5/[|u — biUgy + bumm|262s‘p]t:0dx (2.13)
T
T
< Cz/ /[S|uwmm|2 + 83| uge|* + 57 |ul|*]e* P dadt.
0 w

Proof. In order to make the reading easier, we proceed in several steps.

e Carleman estimate for the transport equation.

Lemma 2.4. There exist s; > so and Cy > 0 such that for all s > s1 and allw € L*(T x (0,T)) with w; + Twy €
L3(T x (0,7)), the following holds

T
/ /s|w|2e285"dxdt+/s[|w|2e25“’]t:0dx+/8[|w\2e25‘/’]t:de
o Jr T T

T T
<0 / /|wt+gwx|2e2wdmdt+/ /s|w|2e2s"9dxdt .
o Jr b 0 Jw

Proof. The result was proved in Lemma 5.5 of [11]. For the sake of completeness we have included the proof in
the Appendix. O

(2.14)

e Carleman estimate for the elliptic equation.

Lemma 2.5. There exist so > 1 and Cy > 0, such that, for all s > sy and all u € H*(T), the following holds

[s|ug[;m|2 + 53|um|2 + 55|uz|2 + 57|u\2]e25wdx

(2.15)
< Cy (/ |umm|2e25wdx —|—/(s7|u|2 + 53|um|2)625wd$> .
T w

Proof. We start by considering a classical change of function and a appropriate differential operator. More
precisely, let v = e*¥u and P = 9. Then, we decompose e*¥ Pu as follows

e Pu = e P(e™*Yv) = Pyu + Py,
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where

Py = ("9 4 35°Y2, + 45" Panathe )V + 125%Y0tn0 Vs + 65°Y V00 + Vavaa, (2.16)
PnU = —(6331/1325%95 + Swza:a:w)v - (453¢2 + 45%:1;30)% - 68’(/wava - 451/}17}1ME (217)

From the above decomposition, we obtain
[ Pul|? = || Pyol® + [ Pov]|* + 2(Pyu, Pyv),

where (f,g) = [; fgdz, and ||f|| = (f, ).
The next steps are devoted to analyze the inner product in the identity above. First, observe that, (2.16) and

(2.17) lead to

(Ppv, Pav) = ((5471};1 +3s5° a2ca: + 452’1/&”1%)@7 —(683’1/151/1@95 + $Vsaza)V)

(s™2 + 35292, + 452 ppethn )V, —(45303 + 480000 )V

("5 + 35%0%, + 45*Panathe )0, —65002000)

(505 + 35”02, + 45%Puaathe )0, —48U00s0z) + (12520000va, —(65* 02000 + 500 )V)
125°Y 3 Vg Vs —(4831/)5; + 48302 )Vs) + (125°90 Y5005, —65U00 Vs

125° 001 00Vs, — 4500 Usaz) + (65°1 3000, —(65°Y 00 + Vsaas)V)

65202000, —(48°Y2 + 450000 )02) + (65202000, —65UprVps ) + (68202000, —4500Vp0r)
Vazazs —(65° V2000 + Vo202 )) + (Vogae, —(48°13 + 450000 )0e) + (Vezra, —65UsaVas)

Vrzax, 4Swrvrrz)

+
+
+
+(
+
+(
+
+ (

= Zln.
n=1

Next, we compute each term T,,. This is done by employing (2.10) and by the integration by parts in x:

Il — — /(841/}‘3 + 382¢i$ + 432¢ww$w$>(683¢iw$x + waa:ww)vzdx
T

I, = _/(541/Ji + 33%&593 + 432¢wzz¢z)(483¢§ + dsthpesJ0svda
T

= / (592 + 3522, + 452 ppaths ) (25°92 4+ 28000 )] w0? AT
T

B = = [ (5402 + 35702, +45%earh) Bar)ovrecda
= 154058+ 3522, 4 46000) B0
b (6024 35202, + 4570 B
= = 1604 3522, 4 4 Bt P

+ / (%02 + 35202, + 45%paathe ) (651e ) |v2da
T
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= = [ (5102 4+ 3502, + 452400l
= /E[(84’(/J;1 + 35292 + 45200 )45 s 0V dT
+ /T (s*% + 35292 + 4%V ppaths ) 451U Vg d
- /T [(s*h2 + 35292, + 45% Y ppaths )48z | pavvpde
— /T[(s‘lz/f; + 3822, + 45200ty )As, ) w02 de
- /T[(S%;; + 35%92, + 45° Vaa s ) 251, o vada
= /T[(s4¢§ + 38292, + 4520002 ) 280 paa v de
- /T [(s 3 + 3507, + 45 Yuant)s )65t )0 d
Iy = = [ 12570 (%2 s+ rar v
= /T [65° 00102 (65° V2P0 + $Vawa)|av>da
Io=- /T 125205, 0 (4558 + At 02z
I; = —/TleQi/memGszbmvmvmdx = /T[36331/)m gz]mvfcdx
Iy=— /T 125240, 0 d50g Vg Ugads = — /T 18592000 0pal
= /T [485%92 4]V Via A + /T 485%92 )02, d

- _ / (2453024010 ) wv2d + / 48531p% )02 da
T T

o= = [ 60205502 + $te) 0o
= /T [652002(65°0 20 0s + $Usaas)]evvadz + /T 65202 (65° Y200 + $Ysaan)v2da
= B R s + Staralart® et [ OO+ st
Iig=— /T 65292 (45392 + 450400 ) Uz Vppda = /T[352¢§(4531/13 + 489302 )] 202
o = = [ 65202000020 = [ 365502 0ni2 o
Iio = —4682w§4s¢mvzzvzmdx = /T[12s3¢g]xvim

-[13 = - /(633¢i¢m + swzxmw)vvwzxmdx = /[Gstiwwz + Swwzzz)]wvvwzxdx
T T
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+ /T (6507 V00 + Shanea)VaVaade
=— /T [65%02 000 + 5¥sr0a)leatVaads — /T (65502000 + $Ysawa) ] VaVzade
- /T (65°020 00 + Ve )]aVeVppdr — /T (65°12 10 + SVppas V2, dx
= /T (65°9020 00 + $Vsswa)|zaavvedT + /T (65°02 000 + 5Vas)|ezv2d
+ /Tr [65° 02000 + $Vzzra)eavids — /T (65° V200 + SYsaaa)Vogd
= [ G165+ St [ 265502 + S ara
- /Tr (e s s
hy = - /T(483w2 + 45Yn0n ) VaVsanads = /T[<483¢§; + 45Y202) |2 Ve Vazade
+ /E(483w2 + 48V p0e ) Vpr Vagade
== 1502+ dsthenn)arvende = [ (45202 + dsthser)] oo
- /E[(2531/)2 + 2822 )] 202 A
= [l 25t s = [ 32550+ 25
Iis = — / 65920 VerVozredT = / 659202 Vez VezedT + / 653302, dT
T T T
- / 35U pppav2 Az + / 65002, da
T T

I =— / 45V VpprVereedt = / 2swmvgmdx.
T T
By combining the identities above, we get
le*% Pul|* = || Pyol® + || Pool|? +2/ hl(w)vgdxw/ ha(Y)vzda+
T T
T T

where

hi () = [(s*5 + 35*02, + 45° Vawaths) (25° U5 + 25V00s)]a
s'y + 3s° ’2 + 45" Y00 (6592000 + SVrara)
(st + 35%Y2, + 45* V4000 ) (35Ya) e

("3 + 35292, + 45*Yu0aths) 25V vaa

= (
=
+1
+[12s wxwm(ess% Yoo + SPoaaa)le — 3520265’V 000 + $Yuzaa)]en
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1

ha(1h) = [(s"0) + 35°02, + 45 Paaets) (65U0a)] — [(s"0] + 35°02, + 45™anats) 650w
— 128% P, 000 (45303 + dsthyes) + [365°0u 02, )0 — (24502 00) s
+ B2 (43 + Asthara)a
+ 2[65° Y300 + SVrzar)|ax + (25705 + 25V0an)]ane + 65°¢Y3(65° Y2 000r + 5Vrans)
ha(1) = 485°02 0, — 365°02 0, + [125°02 ], — (65°020s + 5Urras)
= 3[(25%3 + 25V00)]2 — 35Urana
ha(9) = 65Uy + 25000 = 85Uys.

The choice of the function ¢ given by (2.9) allows us to conclude that there exist sp > 1, K > 0 and K; > 0,
such that, for all s > sg,

2 () > KsT  for (z,t) € (g,% - g) % (0,T),
2ha()) > Ks®  for (z,1) € (g,% - g) % (0,T),
2hs(¥) > Ks®  for (x,t) € (g,% - g) % (0,7),
2ha(y) > Ks for (z,t) € (g,% - g) x (0,7),
and, if x € wo = [0, 2) U (27 — 2,27),
1201 (¥)| < K157 for (x,t) € wy x (0,7),
12ho(¥)| < K1s°  for (x,t) € wy x (0,7),
[2h3(¢))] < K,s®  for (x,t) € wo x (0,7,
[2h4(¢)| < Kys  for (x,t) € wo x (0,T).

Consequently, for s > s, we obtain C' > 0 satisfying
1Pl + /[s7|v|2 + loal? + 5 [vsal® + slvpeellde
T
= || P,v]|® + / [s7|0]> + 85 |ve|? + 8% |vae|? + 8|Vpaa|?]d
wo
+/ [sT|0|? + 8% (v | + 8% Vg |? + 8|Vpee|?]d
T\UJO

<IBlP + [ (7 + 5%l ol + sfoseaf?lda

wo

+C \ [2h1(¢)|v|2 + 2h2("/’)|vm‘2 + th(il))\va + 2h4(¢)|vmm|2]dx
T\wo

< ”vaHz Jr/ [57|U|2 + 55|Uz‘2 + SS‘UMF + 5|Urrz|2}dm

wo

+ C/[2h1(¢)|v|2 + 2ho (V) |0z |2 + 2h3 (V) [Vee|? + 2ha (V) [Vgaa|?]da
T
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<C <||e“”’bPu2 —I—/ [s7|v|2 + s5|vx\2 + 53\11”|2 + s|vmw2]dx> ,
wo
that is,

| Pl + /[s7|v\2 + 8°|vg|? + 83 |[Vga|® + 8|Vewe|?]dT
T

<cC (eswpuﬁ +/ [57J0f2 + 5% [us 2 + 5% [vaa? +s|vm2]dx> . (219
wo
Observe that [ s™!vgzee|*da is less than the right hand side of (2.18). Indeed,
As‘l|vwwwm|2dx = /Ts_1|va — (541/);1 + 3521#370 + 4521/)wmw1)v — 125200 Vp — 682’(/J§’wa|2d.’11
<C /jT sTH(|Bpol? + |55 + 35”92, + A% Puaathe[* 0] + (125" Putpus P o [* + (65792 * g0 | ) da
<057l (||va||2 + / (Slof + s*loa P + s4|vm|2>)
T
= (5Bl + [T 4 sl + 5 ona))
for some C' > 0. The above estimate and (2.18) leads to
/T{s_l\vmm\Q + 8lvsnal? + 53 [vma]? + 5%[va]? + 57[v[2}dz
<C(s Bl + [ (5Tl + el + o)
wo (2.19)

b [ (Glommal 4 sl + 5Pl T)of?))
wo

<c(simer+ [

wo

(8|Vpae|?® + 8% Vaz|> + 85 |0 |? + s7|112)> ,

where C' does not depend on s and v. In order to absorb the terms v, and v, above, let us consider £ € C§°(w)
with 0 < ¢ <1 for x € wg. Then, observe that

/ 0, 2 < / o, *de = / Evpupda = — / (€20s + Evpe)0da
wo w w w

1
= 5-/g“mﬂ?dac—/fvmvdac7

which allows us to deduce that

w

2/ s|ve[2da < HfMHLoo(T)/s|v|2dx+/<;/s_1|vm|2dx—|—/s3|v|2dx (2.20)
wo w w

and

/ |Uz:vm|2dx §/€|Ummm|2dx:/fvmxazvxmmdx: 7/(£mvmxr+€vzmmm)vmmdx

0
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1
= i/gzxvimdx_/gvzzmxvxmdx

Consequently,

2/ 8|Vppe|2da < ||§MHL00(T)/s\vm|2dx+n/sil\vmm\2dx+/€*1/s3|vm|2dx, (2.21)
wo w w

w

for any x > 0. Combining (2.19), (2.20) and (2.21) with x small enough and s > s¢ sufficiently large, for some
constant C' that does not depend on s and v we get

/{s_l\vmm\z + 8{vsnal? + 53 [vma]? + 5%[va]? + 57[v[2}dz (2.22)
T

<C <||e“/’Pu||2 +/(37|v|2 + 53|vm|2)dx> .

Replacing v by e*¥u in (2.22) we obtain (2.15). The proof of Lemma 2.5 is complete. O

We can now complete the proof of Proposition 2.3. Let v € L?(0,T; H*(T)) satisfying (2.2) and let w =
U — b1y + bgere € L2(0,T; L2(T)). Then,

b
wy + %wm - (% — QJue — (“—b1 + P)Uags — Tige € L2(0,T; L2(T)). (2.23)

Combining (2.5), (2.6) (multiplied by e~257<"t" and next integrated over (0, 7)) and (2.15), it follows that, for
s > s1, the following estimate holds

T
/ /[S|U.LLI|2 T S3|le|2 + S5|Uw|2 + S7|U|2 + S‘u - blua:w + buxwww|2]625dedt
o Jr
+ / (st — brtigy + Diigprs|?e®?)i—odz
T

T
b
S C/ /“ua:a:wz‘z + |(% - (])Uz - (% +p)uzxa: - rum|2]e2S‘Pda?dt
% T

—I—C/ /[s|u — DUz + DUazn|> + 57 |u)? 4 83Uz [}]]e** P dadt.
0 w

Then, choosing sy > s; and Cy > C large enough, we obtain (2.13) for any s > sy and any u € L2(0,T; H*(T))
satisfying (2.2). O

Finally, we can prove Theorem 2.1.

e If u e L?(0,T; H*(T)) satisfies (2.2) and (2.3), it follows from the Carleman estimate (2.13) that v = 0 in
T x (0,7).

o If u € L>(0,T; H*(T)) we have to employ a slightly different approach, since Lemmas 2.5 and 2.4,
employed to prove (2.13), cannot be applied directly. This is due to the lack of regularity of u and
W = U — b1Ugy + DUyyes, which solves (2.23). In order to overcome this difficulty, we first smooth them by
making use of Proposition 2.6, stated below. More precisely, for any function g and any h > 0, we set

(4] 1 t+h
g (I7t) = E g(I,S)dS.
t
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Then, taking into account the regularity of the functions ul" and w!?), as well as the equations of which
they are solutions, we proceed as in the previous case and derive a Carleman estimate for the function
ul". Finally, the unique continuation property is obtained by passing to the limit in this new estimate, as

h — 0. In order to do that, we employ Proposition 2.6 again.

We start the proof by stating Proposition 2.6 mention above (see, for instance, Prop. 1.4.29 in [6] and [11]):

Proposition 2.6. If X is a Banach space and g € LP(0,T, X), with 1 < p < oo, then for any h > 0 the function

given by

. 1 [t+h
g™ (z,t) = 7 g(x, s)ds,
t

satisfies

(i) g € W0, T — h; X),
(i) 19" oo, 7—n:x) < 19l Lo 0,755
(iii) g — g in LP(0,T'; X), ash — 0, forp < oo and T' < T.

Under the above conditions, pick any T’ € (%,T). Then, for any positive number h < hg =T —

function ul"l € W°°(0,7"; H*(T)) and solves the equation

h]

ug o

— blut
+(q(u)ug)M + (p(u) e ) + (r(u)uge)" =0 in L°(0,7"; H2(T)),

where v}" denotes (")), vi! denotes (vI"),, etc. Moreover,

ul(z,t) =0 in (z,t) €wx(0,T").
From (2.24), we infer that
Wil eae = 07 (" vy — by — (a()ua) ™ = (p(0)tae) " = (r(u)uza)").
Hence, since the right hand side of the above identity belongs to L>(0,T"; H=1(T)),
ulhl e L°°(0, T"; H4(T)).
This yields, with (2.5) and (2.6),

wlh = " — by ulh) 4yl

g . € L=(0,T"; L*(T))
h a a abl o0
w£ 4 gwg[,;h] = [(g — q)ux][h] - [(7 +p)umx][h] - [rum][h] € L>(0,T"; L*(T)).

T, the

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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Thus, from (2.24)—(2.28), Lemma 2.5 and 2.4, we obtain constants s; > 0 and Cy > 0, such that, for all s > s;
and all h € (0, ho), we have

/ / Sl 12 4 Sl 4 Sl 4 Tl 2 4 sl Ple? e dadt

<c / / [ulfd, P +

T’ 2 b 2 2
a a .
< C/ / |umxzz|2 [(E - q)uz][h]‘ + ‘[(bl + p)uzzz][h]’ + ‘[T’Umx][h]‘ ]62§(pd$dt
2

2

b
401 Je**¢dadt

R

2 b 2
<o / L e A 0 et (2:29)
2
/ /’ f—qux[h] (b q)u H‘ e?*Pdxdt
ab1 bl 2
— +p sz}[h] - (T +p)U¥;]I GZSLde?dt

/ / ’ rum —ru h]’ e2%?dxdt.

Comparing the powers of s in (2.29), we obtain the following estimate for s > s3 > s1,h € (0,ho) and some
constant Cs > C4 (that does not depend on s, h):

/ / |u[h] |2 +83|u[h |2 +85|u h]|2 +s7|u[h]| +S|u[h] |2]e23‘pdxdt
T’ a
<o [ [N~ gl - (& gutpereasar
o Jr b b
T/
+C / / P 4 pug]™ — (P20 4 )l 26?0 dads
o Jr b b
+C/ /Hru:cz][h] - Tu[zhz]‘262swdxdt.
o Jr

(2.30)

In order to pass to the limit in the right hand side of (2.30), we observe that, as h — 0,

¢ ]
(5 = ™ = (5
(G — ol = (5 —Qus in L*(0, T L*(T)),
aby oy (b
[( b + P)Uaza] ™ = ( b

ab ab .
(5 + Pl = (55 4 Puee in 20,7 L(T)),
[Fuge)™ = ruge in L2(0,T"; L*(T)),

rull = ruy, in L2(0,T; L*(T)),

—qu, i L*(0,T;LX(T)),

+ P)Uzze in L*(0,T'; L*(T)),

ul

while e?¢3¢ € L>(T x (0,T")). Consequently, for fixed s, we get

/ /| A = (5 = QulIPe e dedt — 0, as b= 0,
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/ /| Lh+pu1x$][h]—(%+ p)ulll [Pe?*+¢dzdt — 0, as h — 0,

/ / |[Ftge ) — rulll|2e?53¢dadt — 0, as h — 0.
o Jr

The convergences above and (2.30) allow us to conclude that, as h — 0,

/ / lulM 2253 dzdt — 0.
o Jr

Since ulM — w in L2(0,T’; L*(T)),

T T
/ /|u[h]|26253@dzdt%/ /|u|26253@dzdt,
o Jr o Jr

as h — 0. Therefore, we can conclude that v = 0 in T x (0,7”). As 7" may be taken arbitrarily close to T, we
infer that w =0 in T x (0,7). O

3. EXPONENTIAL STABILIZATION

Having the unique continuation result in hands, we derive the exponential decay of the solutions of (1.2) in
the energy space H?(T), as t — oo. This is done under suitable assumptions on the initial data.

Before going into the stabilization problem, let us explain the expression of the damping . We first write
the linearized system of (1.2) as

u; = Au + Bk,
fu- o

= Uy,

where A = —(I — 0102 +b92) 1 (0, + @192 + ad3), k(t) = (I — b102% + bd2) " h(t) € L?(0,T; H*(T)) is a control
input and

B=(I—-b0>+0b32) " o(I — b0 +b03).

We know from [1] that A is skew-adjoint in H*(T), and that (3.1) is exactly controllable in H*(T). Moreover,
if we choose the simple feedback law (see [8, 12])

k=—B**y (3.2)

the resulting closed-loop system

uy = Au — BB**u, (3.3)
u(0) '

:uo

is exponentially stable in H*(T), where B*® denotes the adjoint of B in L(H?*(T)). It is shown in the Appendix
that B*® is given by

B** = (1—-002 + 0,0 " 20(1 — b0? + b,02)2 7! (3.4)
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We also deduce that
B*?u = ou.

In order to make the results stated above more precise , let A = A — BB*2, where (BB*?)u = (I — b10% +
bdM) o (I — 102 + b0)(ou)]. Since BB*? € L(H*(T)) and A is skew adjoint in H*(T), A is the infinitesimal
generator of a group {W,(t)}ter on H*(T) (see [9], Thm. 3.4).

Then, we have the well-posedness and the following exponentially stabilization result for (3.1).

Lemma 3.1. Let 0 € C*°(T) with 0 # 0. Then, there exist a constant 3 > 0, such that, for s > 2, one can find
a constant Cs > 0 for which the following holds for all ug € H*(T):
Wa(®)uo|lgs < Cse™P|uollg-, ¥V t>0. (3.5)

Adding the feedback law k = —B*2u = —ou in the nonlinear equation (1.1) gives the closed-loop system
(1.2). Then, Lemma 3.1 and the analysis developed in [5] give the following well-posedness result in the space
H*(T) for s > 1:

Theorem 3.2. Let s > 2 and T > 0 be given. For any ug € H*(T), the system (1.2) admits a unique solution
w e C((0, T); H*(T)).

The next steps are devoted to show that (1.2) is globally exponentially stable in the space H2(T). In order
to do that, were start by proving the following observability inequality.

Proposition 3.3. Let Ry > 0 and r > 0 be given. Then, there exist two positive number T and 0, such that,
for any ug € H3(T) satisfying

0 <7 < luollg>(ry and [[uol sy < Ro,

the corresponding solution u of (1.2) satisfies

T
wﬂ@msoﬂwmmm%mw. (3.6)

Proof. Let T > 22 We argue by contradiction and suppose that (3.6) is not true. In this case, for any n > 1,

lal

(1.2) admits a solution u,, € C([0,T]; H3(T)) satisfying

0<r< ||u0,n ‘H?(T) and ||u0,n||H3(vﬂ-) < Ry (3.7)
and
T
2 1 2
llown ()2 dt < EHUOJL”HZ(’]I‘)v (3.8)
0
where g, = un(0). Since oy, = |[uonllm2(r) < [[Uonllms(r) < Ro, we can choose a subsequence of (o), still

denoted by (& )nen, such that lim,, o @, = a. Observe that, from (3.8), we obtain «,, > 0.

Following the notation introduced above, we consider the function v,, = —=, for all n > 1. Then, v,, satisfies
n

Un,t + Un,x — blvn,t:rm + A1Vn, zxx + bvn,tmrzr + AQUn xxxxe

7 1
+§anvnvn,m — v (V) s — @an(vi’m)w — gai(vi)g; = —o(I — b10? + b9} ov,
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and
| lowm@nde < . (3.9)
0
Moreover,
[vn (0) | 2 (1) = 1. (3.10)
Since
u, (0) _ Nun(O)llas(n)

R
Sia
r

107 (0)|| &73(T) =

O HH3(T) Qn

for all n € N, the sequence (v, )nen is bounded in L°°(0, T; H3(T)) and (v, ¢)nen is bounded in L (0, T'; H?(T)).
Then, from Aubin-Lions lemma, we deduce that (v, )nen is bounded in C(0,T; H*(T)) for 2 < s < 3. Therefore,
we can extract a subsequence of (v, )nen, still denoted by (v, )nen, such that

v, v in  C(0,T; H*(T)), (3.11)
vy — v in L®(0,T; H*(T)) weak-*, (3.12)

for some v € L°°(0,T; H3(T)) N C([0,T]; H*(T)), for all 2 < s < 3. Consequently, from (3.11) and (3.12), we
have that

QpUpUpn,s — QU in L(0,T, L*(T)) weak-*,
(V2 gzw — (V%) gpe in L0, T, L*(T)) weak-*,
an (v )e = a(vl)e in L®(0,T,L*(T)) weak-¥,
2 (3), = a?(v®), in L>®(0,T,L*(T)) weak-*.

n

Furthermore, by (3.9),

T T
2 < limi 2 =0. .
/0 ||av||H2(T)dt_hT{glcréf/o vnll2gs oyt = 0 (3.13)

Thus, v solves

Vg + Vg — blvtxm + a1Vzzx + bvtmmzz + QVzzazx

%(Ui)x - 10[2(1}3)20 = _U(I - blaﬁ + b@i)av, (JZ‘, t) €T x (OvT)v

3
+  Zavvy — ya(v?) pas — 5

2
and, in addition,
v=0, in wx(0,7).
From the UCP proved in Theorem 2.1 we conclude that v =0 in T x (0, 7).

In order to obtain a contradiction, we first claim that (v, )nen is linearizable in the sense of Proposition 9
in [7]. This is to say that, if (w,)nen denotes the sequence of solutions of the linear higher-order KdAV-BBM
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equation with the same initial data as follows

wn,t + wn,z - blwn.tmx + A Wrxr + bwtmrzz + AQWyrrze = *J(I - blag + ba;l)[o—wn]y (3 14)
wp(2,0) = v, (z,0), '
then
sup |lvn(t) — wn(t)||g2ry = 0, as n — oo. (3.15)

0<t<T
Indeed, if d,, = v,, — w,, then d,, solves

dn,t + dn,x - bldn,tz:v + aldn,zmm + bdn,tmrxm + adn,mrxmz

3 7 1
= _U(I - blai + b@;)[odn] - ianvnvn,x - 7an(v121)www + @an(vi,z)w + gai(vz)w
dn(0) = 0.

Since ||Wa(t)|l z(rz(ry) < Me¥t < Me*™, with w, M > 0, from Duhamel formula we have that, for ¢ € [0, 7],

T

13

||dn(t)HH2(T) S MQWT (/ ||(I — blﬁi + ba;l) 1§OénU7LUn7x||H2(T)dt
0

T
+ / 1 = 20 4 b0%) "yt (02 | 112yl
0

T
7
[ = 8122 40087 02 e
0

T 1
+/ (I — 102 +b<9§)‘1gan(vi)m\\mar)dt .
0

The above estimate combined with (3.11)—(3.12) and the fact that v = 0 give us (3.15).
The next steps are devoted to prove that ||vn(0)||312(1r) — 0, as n — oo. In fact, from Lemma 3.1 we have
that

l[wn (8) || r2(ry < e1e™ P |wn (0) || gr2ry, for all ¢ >0, (3.16)

and from the energy identity for (3.14), we get

T
1w ()12 my = lwn (O)Fg2m) = *2/0 llown (£)|[372 rydt

or

T
[ (0) 172y = llwn ()72 m) + 2/0 llown (6)11772 ) dt.
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Therefore, from (3.16) it follows that

T

T
lwn (0) 172y < 21 = cfe™71) 71 l/o lown(t) —Uvn(t)\\?p(qr)d“r/o |Uvn(t)|?{2(qr)df] : (3.17)

Estimate (3.17) combined with (3.9) and (3.15) yields ||vn(0)|\%[2(T) = Hwn(O)H%IQ(T) — 0, as n — 0o, which
contradicts (3.10). O

The main result of this section reads as follows:

Theorem 3.4. Let 0 € C(T) with 0 # 0, and § > 0 be as given in Lemma 3.1. Then, for any Ro,r > 0,
there exists a constant C' > 0, such that, for any ug € H3(T) with 0 < r < lluollg2(ry and [Juol| sty < Ro, the
corresponding solution u of (1.2) satisfies

[u(s )l rr2ry < Ce™ P Jluo|l 2.

Proof. From Proposition 3.3 and the energy identity

a2y = IO Zr2 () — 2/: low(r)||Fz(pydr, 20,
we have
(T2 < (1 =207 u(0) |37y
Thus,
JakT) 3y < (1= 26 ) [w(©) [3agrys k€N,
which, by the semigroup property, leads to

la(®) 32 x) < O™ u(O)|3gry,  for all &> 0.

APPENDIX A.
Proof of Lemma 2.4: (see [11], Lem. 5.5):
We first assume that w € H'(T x (0,7)). Let v = ¢*? and P = 9; + $0,. Then

e’ Pw = e*¥ P(e™*%v)

a a
= (—spiv — gsgazv) + (v + gvx)

= P,v+ Pyv.
It follows that

€% Pw|| 2y (0.7y) = 1Bl Z2(mx 0.1y + 1Pa0l22(mx(0.1y) + 2(Povs Pat) (e (0.7)- (A1)
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After some integrations by parts in ¢ and z in the last term in (A.1), we obtain

T 2
a a
2(Pyv, Pn”)%Q(Tx(QT)) = /o /irs(%t + Qg@xt + bﬁ‘pmw)Udedt

T

a a a

— / s(pe + gwm)vzlonx - —/ (et ng)vzlﬁ”dt- (A2)
T 0

Using (2.10)—(2.12) and the fact that v(0,t) = v(2m,t), we notice that the last term in (A.2) is null. From
(2.9)—(2.12), we infer that

a a? a? n n
Ot +26<pt:c+ b—Qcpm =2(1- p)lT2 >0 for (z,t) € (5,271' - 5) x (0,7,
T
—((pt—i-%goz) 22%(“7”—%—5) >0 for z€(0,2r),t=T

<,0t+%80x 22%6>0 for z € (0,2m),t =0.

Thus,

T T T
/ /s\v\2dxdt+/s(|v\f:0+|vt2:T)dx§C / /|es*0Pw|2dxdt+/ /s\v|2dxdt ,
o Jr T o Jr 0 Ju

which gives, at once, (2.14) by replacing v by e*?w. The proof of Lemma 2.4 is achieved when w € H'(T x (0,T)).
We now claim that Lemma 2.4 is still true when w and f are in L?(0,T; L?(T)). Indeed, in the case w €
C([0,T]; L*(T)), and if (w?) and f,, are two sequences in H*(T) and L?(0,T; H'(T)), respectively, such that
0 o2

w, — w(0) in L*(T)

fr = f in L*(0, T3 L*(T),
then the solution w™ € C([0,T]; H*(T)) of
Jur ",

w™(0) = w

wy +

satisfies w™ € HY(T x (0,T)) and w™ — w in C([0, T]; L?(T)), so that we can apply (2.14) to w™ and then pass
to the limit n — oco. The proof of Lemma 2.4 is complete.

Proof of (3.4):
Observe that

Coby (1 + ba? + b1x4)% <1+ xg)g]% < Chp, (1 + ba? + b1x4)5,

for s > 2 and some positive constants cp p,, Cpp, .- Then, we can define the following equivalent inner product in
H*(T) as

(u,v)s = /T(l + bx? + bya*) 2 Fu(z) Fo(z)d,
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where F¢ denote the Fourier transform of ¢. Hence, employing Plancherel Theorem, we get

(B, v)s = /11'(1 + b2 + biz*) 2 F(1 — 002 + b102) Lo (x) (1 — bd? + b103)p(z)] Fib(x)dx

= /(1 +ba? + b1x4)%*1]-"[a(x)(1 — b@i + blaﬁ)w(x)]ﬁ(x)dx

/]-' Y(1 = 002 4+ b10Y) ()] F[(1 — 002 4 b 94) 2~ 1ep(x)]da

= (o(z)(1 — bI2 + b192) ¢, (1 — bIZ + b102) 2~ b) 2(T)
= ((1 — 002 + b103)p, o (x) (1 — bI2 + b103) %~ ") L2(m)

- / FI(1 — b0 + 0102 (x)| Flo(@) (1~ 002 + 5:108) T op(a)]da

= /(1 + bz + b1x4)%]-'<p(x)(1 + bz + blx4)l_%}"[o(w)(1 — bd2 + b104) 3~ 1p(z)]dx
T

= /(1 + b2 + b1at) 2 Fo(x) F(1 — bd2 + b104) '~ 20(2) (1 — bI2 + b104) 2~ 14p(z)|dx
T
= (¢, (1 — b2 +b10H) 20 (x)(1 — bO? + b10%) 2 1),

for all p,¢ € H*(T). From the computation above we deduce (3.4).
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