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THE e—e PROPERTY AND THE BOUNDEDNESS OF
ISOPERIMETRIC SETS WITH DIFFERENT MONOMIAL WEIGHTS

EMERSON ABREUM ®, LEANDRO G. FERNANDES JR.? AND JOEL RAMIREZ?

Abstract. We consider a class of monomial weights z# = |z1|*...|zx|*Y in RY, where a; is a
nonnegative real number for each i € {1,..., N}, and we establish the £ — ¢ property and the bound-
edness of isoperimetric sets with different monomial weights for the perimeter and volume. Moreover,
we present cases of nonexistence of the isoperimetric inequality when it is not possible to associate the
corresponding Sobolev inequality. Finally, for N = 2, we developed an original type of symmetrization,
which we call star-shaped Steiner symmetrization, and we apply it to a class of isoperimetric problems
with different monomial weights.
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1. INTRODUCTION

This paper deals with the isoperimetric problem in RY with double density. More precisely, we consider two
densities as follows: let f : RY — R* and h: RY — R™ be given functions, and

my(E) = /E f@ar. PUE) = [ h@)i ),

where 0*F denotes the reduced boundary of E. The isoperimetric problem consists in searching for sets of
minimal weighted perimeter P, (E) among those sets E having weighted volume m(E) equal to a given positive
constant. A set solving the problem, if it exists, is called an isoperimetric set. When f(z) = 28 = |z4|* - ... -
lzn|PY and h(x) = 24 = |21]|% - ... |z§|*Y are monomial weights, there are three main questions which we
need to understand: the & — ¢ property; the boundedness, and geometric properties of isoperimetric sets.

We point out that a great attention has been given to the isoperimetric inequalities with weights, see for
instance [1, 7-10, 13, 14, 17, 18, 20-22, 24, 27-32, 35, 40-42] and the references therein. However, in the wide
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literature, the majority of works approach volume functional and perimeter functional carrying the same weight.
For the case in which the volume and the perimeter carry two different weights, see [1, 7-9, 11, 29, 30, 41].

A fundamental tool to study isoperimetric problem is the € — ¢ regularity property already discussed by
Almgren, Allard and Bombieri, see [2-6] and [16], which is mainly important to obtain boundedness and reg-
ularity of isoperimetric sets. This technique basically says that one can locally modify a set E by changing its
volume by a small quantity e (which may be positive or negative), while increasing the perimeter by at most a
quantity Cle|. This study was extended by Cinti and Pratelli in [27] and [28], they conveniently weakened the
€ — e property which is still sufficient to obtain boundedness, namely, an € — £? version of the property, this
method was applied to isoperimetric problems when volume and perimeter carry the same weights. Moreover,
in [41] Pratelli and Saracco considered isoperimetric problems with double density and studied the so-called
¢ — P property, boundedness and regularity of isoperimetric sets. Here, we remember this property and results
established in [41].

Definition 1.1 (The ¢ — 7 property, [41]). Let E be a set of locally finite perimeter and 3 € [0, 1]. We say that
E possesses the & —e? property (relative to the densities f and h) if for any ball B such that H"~'(BN9*E) > 0
there exist constants C' > 0 and € > 0 such that for all |¢| < g, there exists a set F' such that

FAE cC B, my(F) —my(E) = ¢, Py(F)— Py(E) < Cle|P.

Theorem A (The ¢ — &’ Property, [41]). Assume that f and h are locally bounded, that h is locally a-Hélder
for some o € [0,1], and that E C RN is a set of locally finite perimeter. Then, E possesses the € — & property,
where B is given by

a+(N-1)(1-a)
a+ N(1-a)

B=B(N.a)= (1)

If o = 0 ( in which case locally a-Holder precisely means locally bounded ) and h is continuous, then E possesses

the e —e ™" property for all constants C > 0 ( that is, given any ball B then the constant C' of Definition 1.1
can be taken arbitrarily small, up to choosing € small enough ).

Theorem B (Boundedness, [41]). Assume that there exists a constant M > 0 such that

1
Mgf(;v)<M, Mgh(x)gMVxeRN,
and that E C RYN is an isoperimetric set for which the & — e property holds with an arbitrarily small constant
C. Then, E is bounded.

In order to prove the boundedness results of the isoperimetric sets in [27, 28] and [41], the authors used the
classical isoperimetric inequality combined with either the ¢ — £? property with 8 > (N —1)/N or the € — e
property when the constant C' can be chosen arbitrarily small. Based on their arguments, it is essential to
obtain the £ — £” property with % < B <1, because they made some estimates constructed on the classical
isoperimetric inequality.

It is worth noting that the Theorem B does not cover the cases f(z) = 2% = |21[" ... |2,|°" and h(z) =
o = |xq|® ... |2, |*, where the b)s and as are nonnegative numbers. According to [41], for functions satisfying
the hypothesis of Theorems A and B, they are l.s.c and positive, and hence, they are always locally away from
zero. Thus, in Theorem A, f and h are locally bounded and away from zero, whereas in Theorem B these
requests are made globally. These assumptions are essentially sharp. They can be slightly relaxed to the case of
“essentially bounded” or “essentially a-Hélder” functions as defined in ([28], Defs. 1.6 and 1.7). On the axes, the
monomial weights do not fulfill this hypothesis. Furthermore, if the smallest power of 24 satisfies 0 < a;, < 1,



THE e—e PROPERTY AND THE BOUNDEDNESS OF ISOPERIMETRIC SETS WITH DIFFERENT MONOMIAL WEIGHTS 3

then h is a;,-Holder, but not Lipschitz, and so, we may apply the Theorem A to obtain equation (1.1) with

Qi, + (N - 1)(1 - aio)
aio + N(l - aio)

B = , where a;, := min{a;;j € {1,...,N},a; > 0}, (1.2)

however, this value of 8 will not be big enough to get the boundedness of the isoperimetric set. So, in some ways,
our results are improvements since we relaxed the way the weights behave towards zero. Here, our approach is
not based on the classical isoperimetric inequality, because the densities are not locally bounded from below by
a positive constant.

Throughout this paper, we will assume N > 2 and that the vectors A = (a1, as,...,an), B = (b1,...,by) €
RY are nonnegative if all its entries are nonnegative, and we set

a:=a1+azx+---+an, b:=by+by+---+bpn,
and
RY = {(z1,...,zn5) € RY;z; > 0, whenever a; > 0}.

Thus, for example R%O,l) = {(z1,22) € R% 2o > 0} = R3.

In order to prove the boundedness of isoperimetric sets with different monomial weights, we are going to use
the existence of isoperimetric inequalities and the half Steiner symmetrization with weights, already studied by
the first two authors in [1]. More precisely, we are going to apply the existence of isoperimetric inequalities with

different monomial weights and the € — e property with & N4+ < B < 1; however, as was mentioned, the value

of B given by equation (1.2) is not necessarily greater than & ﬁi;l,

with & JJ\FiEl < 8 < 1. In this direction, let us state our first two important results.

then it is essential to prove the property

Theorem 1.2 (The e— property). Assume that a; = b; for some i € {1,...,N}. Then, any isoperimetric set
E C RY, relative to the densities h(x) = 2 and f(x) = 2B, possesses the e— property.

The primary difference between Theorem A and the preceding conclusion is that g = 1.
Theorem 1.3 (Boundedness). Suppose that the following conditions are satisfied:

Eg;; 0 ggi —1N]¢i;1bi < Mgzl forallie {1,...,N};
a—0<l;

(H3) b; <a; forallie{1,...,n} and a; =b; for some j € {1,...,N}.

Then, any isoperimetric set E in RY | relative to the densities 2% and x4, is bounded.

As noticed by Cabré and Ros-Oton in [21], when a — b < 1, the isoperimetric set is in RY. See also [1],
Remark 3.4. To better understand the assumptions made in the Theorem 1.3, notice that the condition (H1)
comes from [1], Theorem 1.1, it is a necessary condition to the existence of isoperimetric inequality. Second,
the condition (H?2) is also based on [1], Theorem 1.1, it concerns the sufficient condition. Moreover, the strict
inequality @ — b < 1 is required by our argument used to establish the Theorem itself. Finally, we emphasize
that the condition (H3) is derived from [1], Theorem 1.3, that is, the half Steiner symmetrization with weights,
and it will be very important in our arguments.

As it was mentioned, the conditions (H1) and (H2) are based on [1]. Furthermore, when a — b > 1, the study
is not complete. The next result follows the same purpose of [1], Theorem 1.1, and give us a slight improvement
of cases of nonexistence of the isoperimetric inequality with a — b > 1.

Theorem 1.4. Assume that the conditions

(H4) a; — Nﬁiglbi = Nﬁigl forie I, where I C{1,---,N},




4 E. ABREU ET AL.

(H5) a—b>1,
are satisfied. Then, there is no isoperimetric inequality relative to the densities % e x4,

We wish to point out that, in general, to find an isoperimetric set, it is a difficult task. Some attempts to find
a set E in RY which minimizes the weighted perimeter [, zAdH#~ =" once the weighted volume [, zBZdH" is
prescribed, it was discussed by Cabré and Ros-Oton in [21] when A = B, by Alvino at al. in [9], and by the
first two authors in [1], Theorem 1.3 including the case A # B. Here, under some conditions, we will show that
our search to the isoperimetric sets can be restricted to a specific class of sets. The main ingredient in the proof
will be a Steiner symmetrization argument when the volume and the perimeter carry two different monomial
weights, but unlike [1], Theorem 1.3, we will not have the restriction a; = b; for some i € {1,..., N}. This part
of the work will be developed only in the 2-dimensional Euclidean space R? with the assumption a = b + 2. We
emphasize that, for this condition, we do not even know if the corresponding isoperimetric inequality exists.
Hence, our symmetrization is also intended to help in this way. Noticing that, if we assume a = b+ 2, then
the assumption (H4) in the Theorem (1.4) can still be satisfied. However, if (H4) holds for every i = 1,..., N,
then we arrive at the absurd, a = a + 1. In fact, as we will see below, our arguments permit us to suspect that,
if (H4) fails, then such an isoperimetric set exists. We are going to symmetrize an arbitrary set E C R? so
that the obtained set E® has the same volume and the perimeter does not increase. As our argument is a bit
more general, we extend to weights 2| |y|*2 (22 4+ 32)"/2. Moreover, it is worth to mention that symmetrization
methods are extremely useful in analysis and geometry, with a numerous applications. Oftentimes, these methods
are associated with isoperimetric inequalities. One of the most important is the classical Steiner symmetrization
introduced by Steiner in 1840. In this direction, we refer to the interested reader to [12, 23, 25, 36].

In the following, we describe the mentioned symmetrization. Let us consider N = 2, A = (a1, a2), B = (b1, ba),
two nonnegative vectors, [, k € R, and the following functions:

fa,y) = |a" [y (@® + y*)"? and h(z,y) = |2 |y|* (2* +y°)*/2.
Thus, in this case we study the following isoperimetric problem for smooth sets:
minimize P x(E) for all sets E C R? satisfying mp(E) = 1.

where
Paj(E) = / |z |y|*2 (2 + y*)*/2dH (z,y) and mp (E) = / (" [y[°2 (22 + y?) !/ 2dH2 (x, y).
oO*FE E

It is important to point out that the existence and nonexistence of isoperimetric inequalities referred above
are obtained by the first two authors, for k =1 =0 in [1], and by Balogh-Gutiérrez-Kristaly [11] for a class of
homogeneous weights when it is possible to associate the corresponding Sobolev inequality.

The main goal now is to study the perimeter inequality under a Steiner type symmetrization. To do this,
we assume that b+ 1+ 1 > —1 with b = by + by. We define the star-shaped Steiner symmetrization with weights
as follows: Given a set E C R? and 0 € [0, 7], we denote by Ey := E N Ly, the corresponding one-dimensional
polar section of E, where

Ly = {(z,y) € R*;x = rcos(f),y = rsin(d) and r € R}.

The star-shaped distribution function pp; of E is defined by

pup(6) = / [r[PTH LK (r), for all 6 € [0, 7).
ENLyg
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FIGURE 1. The star-shaped Steiner symmetrization of the set E.

Finally, denoting the essential star-shaped projection of E by

)

bt 1+2 rw

H®(E) = {9 S [O,W};ﬂg’l(e) > 0} and 773’1(9) = |: 5 uB,l(Q)

we set the star-shaped Steiner symmetrization with weights of E as being the set
E® := {(rcos(0),rsin(0));0 € I®(E) and —np,(0) <r <np.(0)}.

By Fubini’s theorem, it follows that pup; is an H!- measurable function in [0, 7], I®(E) is a measurable set
in R! and

mp(E®) ?:/® (" |y|*2 (2% + y*) !/ 2dH? (x, y) :/ 2" [y|*2 (2 + y*) " 2dH> (2, y) = mp(E).
E E

The weighted perimeter inequality under the star-shaped Steiner symmetrization with weights reads as
follows.

Theorem 1.5. Consider I,k real numbers. Let A = (a1,a2) be a nonnegative vector, and let B = (by,b2) a
vector satisfyingb+1+1:=b; +by+1+1> —1. Assume thata+k =b+2+1 and

/ rPHFL cos(6)]2 | sin() |42 dH (1)
Eg":={(r cos(),r sin(9))€d* E;v,(r,0)=0} —0. (13)
P cos(6)]2 | sin(9)|*2dH (r)
(E?)V"'::{(T cos(0),rsin(0))€0* E®;v,.(r,0)=0}

Then

Pan(E®) < Pay(E).
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Moreover, if Pa(E®) = Pa(E), then for H' — a.e. 0 € I®(E), the set
Ey is equivalent to the segment (—np.1(6),n5,(0)). (1.4)

The condition (1.3) is equivalent to say that both the reduced boundary of E® and E have no flat parts
contained in Ly whenever 0 € (0, 7). Although it might seem artificial, if the goal is to obtain a minimizer for
the isoperimetric inequality, this condition happens naturally, see Remark 5.2.

The plan of the paper is as follows. In Section 2 we define some basic elements that we will use throughout the
paper. Section 3 is devoted to the proof of the Theorems 1.2 and 1.3. Section 4 discusses the proof of Theorem
1.4. Finally, Section 5 concerns on the proof of Theorem 1.5.

2. NOTATION AND PRELIMINARIES

Most of the definitions and notations contained in this section come basically from Geometric Measure
Theory, see for instance [33, 34, 38, 39], along with some further definitions.
Given a function w : RV — R*, locally Lipschitz on RY, we set the P,,-Perimeter of a measurable set F as

P,(E) :=sup {/E div(w(z)(x))dz; ¢ € CLHRY RN), || < 1 on RN} :

If F is a smooth bounded open set, then the weighted perimeter P, is equivalent to
P.(E) = / w(z)dHN (@),
OE

and the same happens for w(z) = x4, where HV~! is the (N — 1)-dimensional Hausdorff measure. We denote
P, instead of P, a.

We say that a Borel set E C RY is a set of locally finite perimeter if its characteristic function 1z is BV,
function. We briefly recall that the reduced boundary 9*E of a locally finite perimeter set £ C RY is the
collection of points 2 € R such that:

1. |D1gl|| (B(z,r)) > 0 for all » > 0, where B(z,r) denotes the ball with center x and radius r,
1

2. lim —— vgd|D1g| = vp(z),and
=0 | D1g|[ (B(,7)) JB(x.r)
3. |ve(x)] =1,

where ||D1g|| and vg are, respectively, the Radon measure on RY and the ||D1g||-measurable function vg :
RN — RY given by the Riesz Representation Theorem, se for instance [33], Theorem 1.38. The vector vg(z) =
(vea(z),...,vg n(x)) is called the generalized outward normal to E at z.

Theorem C (De Giorgi). Assume that E has locally finite perimeter in RY .
(i) Then
(oo}

OE=||JK;|UF,

Jj=1

where |D1g||(F) =0 and K; is a compact subset of C*-hypersurface S; for every j € N.
(i) Furthermore, vp(x)|s,; is normal to S; for all j € N, and
(iii) |Dlg|| =HN 1L O*E.
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For a nonnegative measurable function v : RY — R, we set by m., the Lebesgue measure with weight v(z),
namely,

m (M) = [ (o),

for all HV-measurable set M in RYN. If y(z) = 2P = |z|** - ... - |zy|*Y, we denote mp instead of m,5.
If a measurable set M satisfies 0 < m, (M) < oo, then R4, g n(M) denotes the isoperimetric quotient of M
given by

Ra,pN(M):= %-
[mp(M)] N+

It follows that, for any smooth open set  with 0 < mp(Q2) = fQ rBdx < oo, we define

/ e dHN 7 (2)
RA,B,N(Q) = 99 Nra—1 -

a
{/ dex]
Q

Thus, the best constant of the isoperimetric inequality, related to weights 24 and zZ, is defined by

Cy N =1inf {Ra g n(Q): Qis a smooth open set, and 0 < mp(Q2) < oo} . (2.1)
For = (z1,...,2x) € RN a vector, and A = (ay,...,ay) € RY a nonnegative vector, we will use the
following notations:
Ti = (T1,- -, Tio1, Tit1,- - TN);
éi = (ar,...,ai-1,Qi41,..,aN);
Bi = (b1, e ,b¢,17bi+17 e ,bN).

3. BOUNDEDNESS AND € — &€ PROPERTY OF ISOPERIMETRIC SETS

The plan for this section is the following: first, we show the € — ¢ property of isoperimetric sets based on
the half Steiner symmetrization with weights. Then, we prove the boundedness of isoperimetric sets using their
¢ — &P property with Nﬁigl <pB <1

In order to prove Theorem 1.2, we need to make a small improvement on [1], Theorem 1.3. Thus, we briefly
remember the half Steiner symmetrization with weights defined in [1]. Given a set E C RY and x € RV~1 we

denote the corresponding one-dimensional section of E by

E, ={yeR;(x,y) € E}.

The distribution function u of F is defined by
w(x) = / ly|y dH (y), = € RN L.
Em

Finally, denoting the essential projection of E by w(E)" = {# € RVN"Lpu(z) > 0} and I(z) :=
((by 4+ Du(x))®~+T, we set the half Steiner symmetrization with weights of E with respect to the hyperplane
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{xn = 0} as being the set
E*={(z,y) e RN ' xRz e n(E)",0<y <l(x)},

whenever ay > by and ay > 0. By Fubini’s theorem, it follows that p is an HN-1_ measurable function in
RN-1 E* is a measurable set in RV and

mp(E*) = / PN [y P dHY () = / PNy o5 Y (2, y) = mip(E).
s E

By the above equality and the following result, we can compare the isoperimetric quotients of E and E*.

Theorem 3.1 (half Steiner symmetrization: cases of equality). Let D be an open set in RN~! and let E C ]RX
be a set of locally finite perimeter with finite volume mp(E) and finite perimeter Pa(FE). Assume that

/ a [y AN T (2, y) = / 2y N dHN T (2, y) = 0, (3.1)
(DXR)ﬂE‘?VN:O} (DXR)I’TE{VN:O}

wherebEnyEO} = {(x,y) € 0*E*;vps n(x,y) = 0}, and Eq, —oy = {(z,y) € 0" E;vp n(x,y) = 0}. Then, for
ay =bny >0,

Pa(E*,D x R) < Pa(E, D x R). (3.2)
Moreover, if
Pu(E*,D x R) = PA(E, D x R), (3.3)
then for HN=! — a.e. z € m(E)* N D
E, is equivalent to the segment (0,1(x)). (3.4)

Here, the inequality (3.2) comes from [1], Theorem 1.3, while equation (3.4) is the improvement.

Proof of Theorem 3.1. The first part follows from [1], Theorem 1.3. For the benefit of the reader we are going
to write a brief demonstration here. We have that

Pa(E5D x®) = [ N Y dHY (2, y)
0*E*N(DxR)

A b 2
xQZN 2an 2(aN bn) N|l |NVE5=j(xvl(x)) N-—1 z
(1a)) + i) 23( — ) )

N-1 (,9) 2
— $ZN 7))2en T (an—bn) N _VE T N=1cpy. )
= [ ™ @) +Y ( LI dHO(w) HY @) (39)

e, N (7,y)]
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Note that, for each z € n(E)", there exists z € (9*E),, such that I(z) < z and, therefore,

2
Z T ve j(x,
2ANZ 2aN (/ AN|y‘aN E,J( y) d?f%y))

|VE N(aj?y)|

2
S .Z'2ZN / y aNdHO + / AN y an VEJ(xay) dHO y .
( (o~ E), vl Z (0*E), i lve.N(z,y)| )

j=1

It follows from equation (3.5) and the discrete Minkowski’s inequality that

2 2
P ES;D % R)< JL‘QZN (/ (lNdHO > 4 (/ KN an VEJ(‘T7y) drH(] > drHNfl T
A </ o Z I et i () (@)

N—-1 2
< 224N y|2on + (xAN ylan VEJ(W) dH° y AHN (2

Jj=1

AN an _
/ / I g0y ap N (e, y) = / PN GHY N (a,y) = Pa (EiD X R).  (3.6)
“E |VEN z,y)| 8*EN(DxR)

This ends the first part.

Now we will show the second part of the theorem. Since P4(F) is finite, it follows from [43] that E, is

rectifiable. Thus, up to a set of null (N — 1)-dimensional Hausdorff measure, for any fixed = there exist k € N
and real numbers d; = d;(x) with d; < d;4; such that

By = (do, dy) U (do, d3) U (da, ds) .. . (die, dpos1)- (3.7)

On the other hand, by equations (3.3), (3.5) and (3.6) we have that

I(z)o~ = / [ H (y),
(0*E),

i.€.

a

ot [wmaew| ™= [ e, (35)

From equations (3.7) and (3.8) we deduce that

aN
an+1

S (dat - dg ) ,

0<i<k, even

_ON
an+1

v+ [ i )

k+1

yaNHO daN
JUEDS

1=0
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and consequently,
_aN
an+1
1 1
SO (dgytt —dgn Tt = div + de (3.9)

0<i<k,i even

It is easy to check that £ = 0 and dy = 0. Indeed, from the elementary inequality (a + b)™ < a™ +b7, (7 € (0, 1),
a>0,b>0),if k>0 or dy # 0, then we readily obtain that

anN
an+1
aN
an+1 an+1 an—+1 an+1\any+1
E (diyy ™ —div™h) < E (diy ™ —agy )
0<i<k, even 0<i<k, even
k
S N T DR BTSSP
0<i<k, even i=0

which are both in contradiction with equation (3.9). Therefore, the theorem follows from equation (3.7).
O

Proof of Theorem 1.2. First of all, notice that it suffices to consider i = N. Second, we will consider the
case ay = by > 0, because the case ay = by = 0 follows from similar arguments using the classical Steiner
symmetrization (see Rem. 3.2).

According to Theorem 3.1 and a similar argument as in [1], Remark 5.3, it follows that any isoperimetric set
relative to the densities 27 and 24 is a graph of a function u € VVllocoo (rn(E)T), i.e.

FE = {(fN,IEN) € WN(E)Jr XR; 0<ay < U(TN)}.

In order to prove the & — & property, we take a ball B in RY such that HY~'(B N d*E) > 0 and we consider
only the case B C RY, since the case BN ORY # () follows from similar arguments. Thus, there are 20 =
(29,29,...,2%_,) € RZ Y'and § > 0 small such that

Ci={weRIY a) —d<mi<al 46, Vie{l,...,.N-1}} Cnn(E)*.
Let us now define X = (Zy,zn) € RY,

Fs := {X; either X € E or Ty € Q° and w(Ty) < zn < u(Ty) + 6}, (see Fig. 2 below),
Q= {xER%_l; x; :x? and x975<xj <x?+5for all j # i},
x’iO(—J) :('Tlvxzu" sy Li—1,T 7 5xz+17"'7xN71)7 and

Ii0(+5) = (l‘l,IQ, . 71‘7;_1,56,Lv +5, Liglye-- ,:EN_l), where i € {1, . .,N — 1}

By definition of Fjy, see Figure 2, we have that

w(ZTN)+0
mp(Fs) = / / xN xNNdech
Q% Ju

(@N)

_ bn+1 — by+1
sz(E)+/ 70N (u(@n) + 0" — (u(@n)™"

Qs by +1

dzn
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/\y F(‘S
y=u(x)+06
y = u()
0 N T 3 7 /+
Q Tt2(E)
FIGURE 2. The sets Fj’s.
=mp(E)+4§ EEN (u(@n) + 0(@,)0)" dTn =: mp(E) + 5 -~(3), (3.10)

Q5

where the function p : Q% — (0,1) is given by the Mean Value Theorem and + is a bounded function for
0<d<1.
On the other hand, it follows from Area Formula and basic inequalities that

Pa(F5) = Pa(E) */ [(w(@x) +8)™ = (w(@N)) ] ZAN 1T+ [Vul@y) Pdzy

Q5

N—-1 an+1 an+1
i0(—s)) + 0 - i0(— A
N (x?+5)ai/ (ulzio(-9)) +9) (i) " Ao g
= Qf aN+1
N-1 an+1 an+1
u(z; +0 - i A,
N 0 gy / (uio(15)) +9) (i) ™ A g
im1 Qf CLN+1

< Pa(E) + (1+ ull@8) ™™ /1 + IValf < o) - /Qa Ty dTy

N-1 .
+2 ; (‘xzo‘ + ]_)ai (||u||LoC(Q5) + 1)aN . 5 Qf f?}\llNdle

Then

1
2

PA(F5) < PA(E) + C(N, A) (1 + ||u||Loo(Q6))aN (1 + HVuH%oc(Qs)) -0+ QC(N, A) (HuHLoo(Qs) + 1)aN -0,

(3.11)

where C'(N, A) is a constant which depends only on N and A.
Therefore, taking e = v(0)d, the theorem follows from equations (3.10) and (3.11). O

Remark 3.2. In the case ay = by = 0, we can use the perimeter inequality under Steiner symmetrization:
cases of equality, due to Chlebik-Cianchi-Fusco [25], to conclude that any isoperimetric set E is locally a graph of
a function, i.e., for each % € mn(E)* := {ZTy € ]Rg_l;’HN’l(EgN) > 0}, Bz, = {y € R;(Tn,y) € E}, there
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exists a neighborhood V(z%) C RQN and functions u,v € W2 (V(z%)) such that w(Zy) < v(Ty), VIn €

loc
V(z%) and
(V@EXN) xR)NE = {(Zn,zn); Tn € V(@N), u@N) < 2n < v(@N)},

see [25], Theorem 1.1. Thus, we can use the same sets Q° C V(Z%) and Fj in the above proof to demonstrate
that the isoperimetric set F satisfies the ¢ — ¢ property.

Proof of Theorem 1.3. Let E be an isoperimetric set relative to the densities z? and z4, i.e.,
Rap.n(E) =inf{Rap n(M);0 <mp(M) < +oo}.

By Theorem 1.2, we may choose a ball B CC RY and some £ > 0 such that for every || < £ there exists a set
F satisfying FAE CC B,

/dex:/dex—i—e, (3.12)
F E

/ e dHN " (z) < / zAdHN L (z) + €.
O*F O*E

Since & ;\;igl < 1, then we have, for ¢ sufficiently small,

/ A dHY " (z) S/ fﬂAdHN*(x)Hg/ PAGUN 1 (g) 4 CABN Megt (3.13)
o F B o E 2

Setting Br__ := {z € RY;0 < |z| < R}, with R, > 0 big enough, one has B C Br__ and mp(E\Bg_ ) < Z.
Let us now define ¢ : (Rs, +00) — [0, +00) by

©(R) := mp(E\Bg), where Bg := {z € RY;0 < |z| < R}.

Thus ¢ is a bounded and locally Lipschitz decreasing function, and in particular ¢ € Wlloc1 (R). Therefore, we
can assume that ¢ is a locally absolutely continuous function. Notice that, if ¢(R) = 0 for some R > 0, then
the set E is bounded, and the proof follows. Hence, assume by contradiction that ¢(R) > 0, for any R > 0.

It follows from equation (3.12), with € = ¢(R), that mp(F N Br) = mp(E). Since E is an isoperimetric set,
we then get

Py(E) < PA(F'N Br) = Pa(F) + Pa(EN Bgr) — Pa(E)

< PA(F) — P4(E\Bg) + 2/3*3 B eAHN (). (3.14)

On the other hand, by the Coarea formula, for almost every R > 0, we have

o(R) = — /8 e (3.15)
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Hence, making the following change of variable

Y(01,...,0n_1) = (x1,22,...,2N), where

N-1
=R H sin ()
k=1
N-1
T = Rcos(0p—1) H sin(fg), 2<m <N —1,
k=m
xn = Recos(On_1),
with 61 € [0,27) and ; € (0,7) for all i € {2,..., N — 1},

and setting Vg := ¢~ (0B N E), we get from equation (3.15) that

~J(R) = /8 A

N-1 N-1
/ R TT (Icos(6:) "+ sin(@)"++) | RN T |sin<9k>l’“‘1] AHHO).
1=1 k=2
From (H3) we get
N-1 N—-1
R)> [ R T (lcos(6:)|*+ [ sin(6:)|*++er) |[RN [ sin(&k)|k11 dHN1(0)
Vr i—1 k=2

R~ / zAdHN
OBRrNE

It follows from equations (3.12)—(3.16) that

PA(E) < PaA(F) = PaA(B\B) 42 [ a* Y1 (o)

c Nial '
IR o(R) N — Pa(E\Br) — 2R*/(R).

< Pa(E) +

By the isoperimetric inequality with weights 2” and x4 proved in [1], Theorem 1.1, we obtain

c Niaot ,
Cas (ms(B\BR) ™ < PA(E\Br) < 2N o(R) N5 — 2R /(R).

Hence

- 2
P(B) T < =R (R),

Observe now that equation (3.17) can be rewritten as

d 1— N+a—1

— otmy ] 5 D0t Cana

N+b 2

RY=*, whenever ¢(R) > 0.

(3.16)

(3.17)



14 E. ABREU ET AL.

Thus

a— a— C
w(to)l_th*bl —gp(t)l_NIJ\?le > A,B,2 (tb—a+1 _ tgfaJrl)

= 2(N +b)

for all t > to, which leads to a contradiction if ¢(¢) > 0. In fact, this inequality implies the existence of some R; >
R such that ¢(R) =0 VR > Ry, i.e., E is a bounded set. Hence, the proof of the theorem is completed. [

4. NONEXISTENCE OF THE ISOPERIMETRIC INEQUALITY

This section is devoted to prove Theorem 1.4. The main step of the proof is to show that there exists a sequence

of sets (€2)->0 such that the weighted perimeter P4(€2.) — 0, while the weighted volume mp(Q.) — [ # 0 as
e — 0.

First of all, we consider a = b+ k, k > 1, and

_N+a—1

(k —1)(1+ by)
TN

1+by)=1+0
(1+0bn) + 0N + N b ,

ie - —1= % > 0. Let us define the sequence of sets (£2:)e>0 (see Fig. 3) as follows:

1§LE1 <ﬂ67
Q. =< (z1,29,--- o) €RY 0<zny <pe(rn-1), for N > 2, , (4.1)
T <xip1 <P, t=1,---,N—2 when N > 3.
1
eTToN

where 3. — 400, f7° = c€(0,1) as € = 0, and ¢.(t) = x> t > 0.
S T

The boundary of ). is given by

N-2
9. =1%U (U FQ) ur¥-turNurdtt

i=1
where
M={l=a1, 2; <241 < B, 0< oy < pelan_1); i=1,--- N —2},
ri — 1<2 < Be, 5 =xig1, v < xjp1 < Pe,0< 2y < pe(xn—_1)
€ .7:177N_27j7é2 ’
N-1 _ 1<z <Be, 2j <zjy1 < Be, an1 =0, 0<zany <@ (zn_1)
€ j:]_,”',N*?), ’
Fé\[:{lgwlgﬂzﬁ xjgmj+l SBE, xN:SDE(-TNfl); j:17"'7N_27}7
Fév+1:{1§1'1§,35, Ijémj-‘rlgﬂay 'TN:07]:177N727}
In order to simplify the calculations we define, for n =0,1,--- | N — 1:
N
he=ie—n+N-1+b— > b,
i=N-—n
Spe =i — lo.c (a +1)+n+§n:a ;, and
n,e . bN+1 N N—i,

=1
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X3

X2

Xa = Qe(x1)

¥ 2

(a) (b)

FIGURE 3. The set €, for (a) N =2, and (b) N = 3.

l
tne 0.

e == bN+1aN+n+ZaNZ

i=1

If a and b verify (H4) and (H5), then a direct computation shows that

ea
e >0, Spet N-n—2<0, t,.<0, ty_1.= —ﬁ,
limil, . #0, lim s, . #0, limt¢, . #0, forn=1,2,...,. N —2, (4.2)
e—0 e—0 e—0
lims,.—1#0, forn=1,2,...N—1. (4.3)
e—=0

Also, we have the following estimate:

Be  rBe Be Be o b b b N
N N “+1
E/ / / / w11x22 ¥ Jo ij j+1ﬁ i~2edry_jpdey—j - - - dooday
1 T TN—j—1 JTN—

Be  pBe Be o b b
< 5/ / / il N 9ﬂ1+bN i1 B lj— 2eday ;- dwgday
1 ITN—j—1
/BS €
:25/ / / aliale L ah BTl day - - dagdan
TN—j—1

/85 /BS
/ / xl{lxl; "'x?\év:;:i/@‘e_lj’sde—j—l -+ dwedry
TN—j—2
< 82N/ big=in-zedy < e2VB7° = o(1), as e — 0. (4.4)
1

In order to be able to prove Theorem 1.4 we need to show the following:
Claim 1. mp(Qe) — l as € — 0, for some I > 0.
Claim 2. P4(Q:) — 0 as e — 0.
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Proof of Claim 1. From the definition of €., equations (4.2) and (4.4), it follows that

Be Be Be LPE(CEN*I)
(by + 1)mp(Q:) = (by + 1)/ / . / / tBdrydey_jdey_o---doads
1 Xy IN-—-2 0

/(35 BE BE BE b b b b b 1

_ N-2_ ON-1 +

_/ / / / 2w TN gy Pe(@N—1)N T dey_den_2 -
1 T TN—3JTN_

-~d$(}2d.’171
B ﬁa ﬁs Ba ,Bs by bs bN 2 lle d d d d
= £ ... I11;2" N2 Nl IN—l :CN_Q... :CQ ‘Tl
1 TN_3
. PP e l
= ./ / / 'y TN, (legs /35_l1’5) doy_2---dwodr
1,e x1
A e
= l— / / 5171 :c2 cxys Tden_g - dzadzy + o(1)
1l,e
/BE ﬁE b b b l
/ / / ey xy sy osdey_g- - dzadzy 4 o(1)
ll sl2 € TN
65 ﬂi l
= —/ / ababza, Vot dagday + o(1)
heloe--In—3e J1 Jay
65
€
= / a2 day + o(1)
lieloe - In_3eln_2c J1
1
= (1-82°)+0(1) =1#0ase—0.
ligloe - In_3cln_2¢

Proof of Claim 2. Since

N-2
PA(Q.) < / ardHN T+ Y / e dHN L+ / e dHN 1 + / e dHN L+ / zAdHN L, (4.5)
e i—1 YT yr ry AR

e

it is suffices show that

/lacAd’)'{N_l—>O7 ase — 0, foreach i=0,1,2,--- ,N + 1.

From the definition of TY+1 we have that

/N zAdHN 1 =0, for all € > 0 small.
ry+t
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From the definitions of ly ., s,.. and by equation (4.2), it follows that

+oo +oo pe(xn—-1)
— a
/ zAdHN ! S/ / / 19252 o W deyday_q - - - dao
Fg 1 N—2J0

1 +oo +oo L
an-—1
:7/ / 25?2 pe(wn—1) ™V T day -+ - day
an +1J; x

—2

+oo +oo lo,e
_i/ / 202 ... 0N 1$_1+bN(aN+1)de Lo do
= S B _
an + 1 1 N—-1“N-1
an+1
400 “+ o0
—i/ .../ xaQ...xaN71x0’5 de 1...dx2
= 2 N-1TN-1 -
any +1 1 TN_2
an+1
+oo +oo
_ e az | S1e=lg .o.d
= 71 Ty Ty q IN—-1 To
an + 1 TN-2
Sy +00 +00
anN_—_2 S1
= R T odry_o---drs
N-2%N_2
(QN + 1 |51 s| / /
- oo +oo
52—
= R 1 dl‘N_g L de‘g
N-2
((ZN + 1 |31 s| / /
€1+bN /+00 /+oo x5 S3e
= S T dry_3---dzg
N-3TN-_3
(an +1) |81 52|
an+1
€1+bN 1
= —0ase—0. (4.7)
(an +1)[S1,682,e - SN—2,¢]
Similarly, from the definition of T'%, for i = 1,2,--- , N — 2, and following the above calculations, we have that

/ AdHNfl
AT A A
Ti—1 Tit2

+o0 pe(zn-1)
a Qi1 Ai42 Gi43 aN—1
/ / it xfie Ve e e deydey o - dagpsdaoda - - - da

AR A A A

a;t+ai+1, ai+2, Qit3 aN—1,_,50,¢
/ zt R TNy Ty XN Ty Sidrn_y - daspadasoda; - - day
TN—-2
an+1
gl+bn 1

C(an + 1) |s1,e82.6 SN_(i44)

+o00 +oo +o0 I
a;tait+1 Qit2 Qi3 SN —(it+4),e X . L.
/ / / / T xi ;[ji+2 xi+3 xi+3 dmz+3dxl+2dxl d$]7
Ti-1 Tit+2
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and so
atdHN !
2
£ Tﬁbt\,l o0 +oo  ptoo

a +a; a; SN (s ;
itT@it1,.0it2 5N (i+3) dei+2dxi .

€Ty i+2 Lit2 “day.

- (aN +1)[s1,:52,-

Since x; = x;41 < @40 in 'L, that is, ;12 depends on z;, it follows that

an+1

_ eT+by 1 +oo +o0 a N
/ eAaHN T < g g U SN G gy
i (anv +1)[s1:826- - 5N—(i+2),s| 1 Zi1

an+1

glttn 1 oo +oo . _—9
= .. xllll...fo e dxi"'dl'l
(an +1) [s1682,c SN (iv2).el J1 -

an+1
-y 1

(an +1) [s1,e82, - SN—(i4),e(SN—ie — 1) (SN—ig1,e — 1)+ (Sn—2,c — 1)(sn—1,c — 1)|

and by equations (4.2)—(4.3),

/_xAdHN_1—>0aSE—>O, fori=1,2,--- ,N —2. (4.8)

Now, by the definitions of I'Y, t,, . and by equation (4.2), we have that

—+oo —+oo
/ xAdeNflg/ / legpgchl \/l—l—cp TN_1) d$N1
Fév 1 IN-—-2
+oo

lO €
aN—2 _an—1_ T~ ItboN @
CXN_oTN_1 TN_q dl’N_ldl’N_Q"'d$1
TN TN
+o00 +oo +c>o
a a
— 1+bN / / / 'rNN 2ZJ;NN 113;N lde 1dey_o---day
+o0 +o0
<e 1+bN / / S(}(;VN 22$N Qde'N 2 d.’L'l
|t1 s|
O/N _
€1+bN 1+by)eton
_ ( ) — 0, ase — 0. (4.9)
|t1,st2,s T |t1,st2,s T tN—2,s|aN

From equation (4.1) we have that S, — 400, and 57¢ — ¢ € (0,1), as € — 0. Hence, we readily deduce that

Be Be Be e (Be)
/ zAdHN T :/ / / / rPad? o S BN N denday g - - - daaday
ry-1*
Be Be Be WE(BE
<ﬁa aN/ / / / :,C Ndeydry_o---dradr;

e+ N—1+4+b—bp
——— (an+1
< 2N6a an+N— 261+5Nﬂ T+bn (an+1)

N+ _e(any+1D)+N+b a 1 an+1

— 9N, 1+bN Be oy — 2N€71$7bt\] (ﬂ;s) T+oy (ﬂs)_iﬁt’l\)’ s 0ase—0. (4.10)
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Therefore, Claim 2 follows from equations (4.5)—(4.10). O

Proof of Theorem 1.4. Notice that, it suffices to consider the case i = N. We consider the sequence of sets
(Qc)e>0 defined in equation (4.1). By Claim 1 and Claim 2, we have that

PA(Qe
Al N)+a—1 —0ase—0.

Cnap < ————
[mp ()] ™+

Therefore, C', 4,5 = 0, which implies that there is no isoperimetric inequality. O]

5. STAR-SHAPED STEINER SYMMETRIZATION

It is well known that the Steiner symmetrization is one of the simplest and most powerful symmetrization
processes ever introduced in analysis, which has a number of remarkable applications to geometric and analytical
problems. For a more general type of symmetrization, we refer to the reader [13, 15, 19, 23, 25, 37], and references
therein.

In this section, we will study the perimeter inequality under a slightly refined version of symmetrization,
namely, star-shaped Steiner symmetrization, as follows: Let [, b be real numbers satisfying b+174+1 > —1. Given
aset E C R? and 0 € [0, 7], we denote by Ep := E N Ly the corresponding one-dimensional polar section of E,
where

Ly = {(z,y) € R%; 2 = rcos(),y = rsin(d) and r € R}.

The distribution function pp; of E is defined by setting for all 6 € [0, 7]

pa®) = [ ),
ENLyg
Finally, denoting the essential projection of E by

bt1+2 }bw

®(E):={6 € [0,7]; up,(0) > 0} and np,(0) := [ 5 wi,1(0)

we set the star-shaped Steiner symmetrization with weights of E as being the set
E® :={(rcos(0),rsin(0));0 € I®(E) and —np,(0) <7 <np(0)},

see Figure 4.
To prove the theorem, let us now fix some notations and basic consequences. Based on the change of variable
x =rcos(d), y = rsin(f), we set

-

¢, = cos()i + sin(6)7,

)

&y := —sin(0)i + cos(0)7,
where 7 := (1,0) and j := (0,1). It is easy to see that

= cos(f)é,. — sin(h)éy,

LSRN

sin(@)e,. + cos(6)ep.
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v

FIGURE 4. The star-shaped Steiner symmetrization of the set E.

Moreover, if u : R? — R is a function of class C1(R?\{(0,0)}) then wu(z,y) = u(rcos(d),rsin(8)) =: u(r, )
satisfies

— —

ou
——€p.

Vu(r,0) = Eer + -

Now, let E C R? be a set of locally finite perimeter. The outward normal of E at (r,6) will be denote by
ve(r,0) = v,€, + vg€y. Thus, for u(r cos(9),rsin(f)) =6, 6 € [0,n), r € R, we have

, where V" 25 := va(r,0) — (Va(r, 0) - vg(r,0)) ve(r, 0)

e -
7]

is the tangential gradient; see [38], Chapter 18. The following lemma will be crucial to our arguments.

Lemma 5.1 (See [26], Lem. 6.3). Let ¥ C R? be an open cone and let E C ¥ be a measurable set such that
P4(E,Q) < 0o for any Q CC . Then, for any ¢ € L*(E), we have

/E YdH? = /H . /E 9 i (r0)drdH* (6).

Moreover, for H'—almost every 6 € TI®(E), Eg C R is a 1—dimensional set of locally finite perimeter such that
the Vol’pert property 0*Eg N {r >0} ={r >0 : LyNI*E # 0} holds.

Now we are ready to prove one of our main results.

Proof of Theorem 1.5. The first part of the proof is divided in two steps.
Step one: The function upi(0) = [, [7["TH dH (r) is such that up, € WLL(R), with

d b+1+3
a2l (0) = 7/ |7’|7l/6d7’-[0(7“), for H! —a.e. § € R.
do 8*ENLyg v
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Proof of the Step one. Indeed, given » € C}((0,7)), we have
[ Ounioas= [ o) [
e (E) 1% (E) Eo
= / 1 (7 cos(8),rsin(0))g’ (0)|r|PFH1dH2(6, r)
1€ (E) xR
_ / 15(r cos(0), rsin(0))div [p(0)r]r|* L eq] dH2(0, 7).
1% (E) xR
It follows from Gauss-Green theorem that

/ (O (0)d0 = / S(O)|r[*F2pdH (1, 6).
% (E) “E

Now, by Coarea formula on locally 1-rectifiable sets [38], Theorem 18.8, we get

/ o (0)up.a(0)d0 = / / P(O)r[P 3 a3 (r)an ().
e (E) ®(E) J8*ENLg v

Therefore, up,; € Wllo’cl(R), with

d,UB . / ‘7‘|b+l+31/9 o
L(0) = — —d
g (6) 8*ENLy |vr Hir)

b+1+3
= —/ [r ™, dH°(r)
8*E®NLy v

B bii+s Vo(=nB,(0),0) bii43 Vo(nB,1(6),0)
014+ O
_ bti+s Vo(nB,1(6), 0) or H! — a.e

= —2|np.(0)"T —|Vr(773,z(9),9) for H e 0eR

Step two: Pai(E®) < Pa(E).

Proof of the Step two. Before we start the proof let us recall a generalization of the Minkowski’s inequality,
which, in its classical form is

1/p 1/p 1/p
m m

m
Zv]—&—w] < va + wa , for m € Nyv; > 0,w; >0, and p > 1.

This, by repeated application, can be extended to the form

1/p 1/p

m t p t m
(va) gz Zvij , form,t e N,v; ; >0, and p > 1.
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Returning to the proof, from assumption equation (1.3) and Lemma 5.1 we deduce that the set 0*FE N Ly is
almost everywhere discrete. Hence, from the previous inequality we obtain

2 2
\/ ([ bnaoe) « ([ s Laee))
9*ENLyg 9*ENLg Vr

2
2
— < Z |ra+k+1> +< Z |p|ath+1 9) Z (|r|atr+1)? <T|a+k+1’/">
VT

r€d0*ENLy O0*ENLy 0*ENLg

2
-/ ¢ (bt (o122 ) )

Now, it follows from Coarea formula on locally 1-rectifiable sets, and the above inequality that

ai as k/2
Pa(E) = /8 Lyl [+ 7] )

|T‘a+k+1
= / | cos(8)]** | sin(6)]*2 / ———dH  (r)dH ()
e (E)

8*ENLg v

:/ \cos(e)\aqsin(a)\@/ |r|a+’“+1,/1+( ) dH° (r)dH (0)
e (E) 8*ENLy Vr

= [ e ismor| \/|r|2<a+k+1>+(|r|a+k+1 ) an0iryin 0
ne(E) 8*ENLg Vr

2 2
> [ cos<e>“1|sin<e>“2¢ ( / r|a+k+1dH°<r>) +< / |r|a+k“”9dﬂ°<r>) a1 (0),
e (E) 8*ENLy 9*ENLg Uy
(5.1)

Now, we are going to use isoperimetric inequalities on R with different weights in the perimeter and volume
which are powers of the distance function to the origin cf. [7], Theorem 6.1. More precisely, since

b+l+1)+1<a+k+1 and /

[P 3 () = / PP g (1),
ENLg E®NLg

then

/ |7"|a+k+1d7'[0(7") > / |’I“|a+k+17'[0(’l”). (52)
O*ENLy

O0*E®NLg

By equations (5.1) and (5.2), we obtain

2 2
Pas(E) > [ cos<e>“1|sin(e>|a2\/ ([ weenaee) « ([ ppsntaee) oo
e (k) 8*ENLg 9*ENLy Vp

2 2
> [ |cos<0>|“l|sin<e>|av ( / |r|a+k+1cm0(r)) +( / |r|“+'“+1”9d%°<r>) 4 (0).
e (k) 8*E®NLy 9*ENLg Uy
(5.3)
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It follows from step one, a + k = b+ 1 + 2 and equation (5.3) that

Pu®)z [ cos<e>“1|sin<9>“2\/ ([ e« (Yei) o)

2 2
:/ |cos(9)|“1|sin(9)|“2\/ (/ |r|a+k+1d7{0(r)> +(/ r|a+k+1”9dH0(r)) dH*(0)
e (E) 8*E®NLg 0*(E®)NLg Vr

| Jeosto)sin(o) (IO 4] = npa (O +)" + (0)
= cos(0)]1| sin(0)]*2 atkt1v0(nB,1(0),0) atki1Vo(—nB1(6),0) 2 | anle
1% (E) <|773,z(9) +k+ W + [1B,1(0)] +k+ VT(_UBM)

. 6),0)\* 1
— 2/ cos(6 ay sin(@ as 0 2(a+k+1) + ( 0 a+k+1 VG(TIB,Z( B > dH 0
REECRE \/nB,m ) n @ D) i o)

. B (O)| "+
= 2/ cos(0)|*|sin(8)|*? —————=dH (0
n@(;;)' (0)[* | sin(6)] o (151000, ) (0)
: [ (0)*TFH [ = npa(0)|* T !
= | cos(0)]**|sin(6)]*2 { . + : dH(9)
/H®(E) v (n,1(0),0)] ~ |vr(—np5.(0),0)|
= PA,k(E®)' (54)
Therefore, the first part of the theorem follows from Step 2. O

To prove the second part of the theorem, we use step two and [7], Theorem 6.1. Indeed, by the equality
Pai(E®) = Pax(E),

and equations (5.2)-(5.4), we can observe that
/ |r| @ TR AHO (1) :/ |r| @R aHO (1) for H! — ae. O € I®(E).
8*ENLg 8*E®NLg

By [7], Theorem 6.1, we then get

Ey = (=nB,1(0),1m5,(0)).

Thus, the proof of equation (1.4) is assured and, consequently, the Theorem 1.5.
O

Remark 5.2. Let us consider the nonnegative vectors A = (a1,a2) and B = (b1, b2), together with the case
=4k =0. Let E be an open rectifiable set in R?. If £ minimizes the isoperimetric quotient

PA(E)
(mp(E)|

Al

)

then the reduced boundary 0*E has no flat parts contained in Ly for § € (0,7/2). Indeed, assume by contra-
diction that such a flat part exists in Lg, for some 6y € (0,7/2). Since FE is a rectifiable set, and its boundary
O*E € C! (see [41], Thm. C), we can suppose that exist r1,ry positive numbers with 71 < 75 such that

{(rcos(p),rsin(bp));r <r <ry} C O*E.
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Ya Ya
Ty
E°
r E
O] N —,
TY() f oo N >0 R //3 6, R
0 \\\ - X 0 - X
Seo--7t<0
(a) (b)

FIGURE 5. The set E with flat part on the boundary and the set E(v,t).

Therefore, in a neighborhood of the flat portion in the reduced boundary 0*F, the set E is on one side of this
flat portion, see Figure 5 — cases (a) and (b). We will consider the case (a). The case (b) follows in a similar
manner. For € > 0 small enough, let ro,rg + ¢ € (r1,r2). Given tg > 0, we will take ¢ € (—tg, %), and s € [0,¢].
Defining

o(s,t) = (o1(s,t),02(s,t)) 1= ro(cos(fy),sin(6y)) + (C(s)lsr(l?g()J) :g;((zg))) (i) € R?,

we have owed the flat portion in the reduced boundary 0* FE, that our inner and outer variations can be taken
symmetrically, which allow us to consider the set

E\{o(s,7(s)) €eR% 0<s<e 0<7 <t} for ¢t > 0,
EU{o(s,7Y(s)) €R?} 0<s<e, t<T7<0} fort<O,

pon-|

where 1 € C*([0,¢];R), 0 < < 1, 9(0) = 0 = +(e), and 1 # 0. The following figures illustrates the situation.
Thus,

€

ro+e
PA(E(3),t)) = Pa(E) —/ r%cos(fp)** sin(y)*>dr +/ lo1 (s, t0(8))|* |o2(s, t1p(s))]*?

T0 0

d
o100 .

and

e ptg(s)
mp(E) — / / lo1 (s, 7)|P oo (s, 7)[*2drds,  for t >0,
mp(E(,t) = 0c "%
mp(E) —|—/ / o1 (s, 7)|P oo (s, 7)|2drds,  for t <0,
0 Jtp(s)

Since that mp(FE) > 0, the function F : (—tg,t9) — R given by

_ Pa(E(1),t)) . (5.5)
mp(E(y, 1)) 5
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is well-defined, once, if necessary we can take ¢ sufficiently small. Calculating the one-sided derivatives of F' at
t = 0, we obtain

F.(0) :(;) — (P;,(E(@,o)) n ((Zi;)) Tiz(é)) /Os |01(8,0)|b1|02(s,0)|b2¢(3)d8) ,
mB b+2
f 1 / (a+1) Pa(E) EJ 5 0P 1o (5. 0)*22(5)ds

Since F'(t) has a minimum in ¢ = 0, we conclude that F” (0) = I, (0) = 0. Applying the derivative in equation
(5.5) at t = 0, we get

(a+1) Pa(E)

= /6 [a101(s,0)* "1 oa(s,0)* sin(fp) + az01(s,0) oa(s,0)** " cos(bo)] ¢ (s)ds.
0

/oE |71 (s, 0)|" 2(s, 0) "2 (s5)ds

Noticing that the right-hand side is positive, while the left-hand side is negative, which leads to a contradiction
if the set E has flat parts.

We conclude this section with the following remark.

Remark 5.3. In the case a =b =0 and k = [+ 2 > 0, the isoperimetric constant is given by

/ (22 + ) 2dH (x,y)
O*F

: E C R?, open and bounded p . (5.6)

Cr 2 := inf EEVEDE

[y e

As an application of Theorem 1.5, we can show that the balls with center at the origin are isoperimetric sets
for k > 0 and, furthermore, Cj 2 = (27r)*1/kk(k+1)/k. In fact, by [41], Theorem C and Theorem 1.5, we can
consider the sets F as regular and star-shaped Steiner symmetric. Following the same argument of Remark 5.2,
O*F has no flat parts contained in Ly for # € (0, 7). Thus, 0*E can be parameterized by C* curves. For every
0<ar <az < g < B <fa <, let us define the set

’yl(ul»ﬂz) =re Cl((a17a2))ar >0, } .

I {7 e CY((ay, ) U (B1, B2)); " = p e CY((B1, ), p > 0
(B1.82) ’ T

Finally, let G(7v) = {(7(0) cos(#),v(6) sin(8)) € R?; 6 € (a1, az) U (B, B2)}. Thus

PE(0)V/ p(0)2 + (p'(0))2d0

] (1+3)/(+2)

2/&2 rk(t‘))«/r(&)Q+(r’(9))2d9+2/

B2
1 B1

Cri2 = Hel%
~

o B
vECR?, open and bounded ( 2 )(l+3)/(l+2) [/ ’ A240 +/ : A0

G(7)=0" BORL\{(0.4),+>0} 2 . .
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Given a parametrization v € I' of the reduced boundary of an admissible set F, let us fix a positive constant R
such that

[e%] B2 T
/ 7(0)2d6 + / p(0)+2do = / R™*2dp.

1 1 0

On the one hand, by construction, we have fE (:L‘2 + y2)l/2 dH*(z,y) = fBR(O) (x2 + y2)l/2 dH?*(z,y); on the

other hand, by Jensen’s inequality ( applied to w — wis ), we get

& az B2
/8 @) dH (@) =2 / rH(O)V/r(0)2 + (7(0))2d0 + 2 /ﬁ POV p(0)2 + (v (9))2d0

ai

g B2 . Qs % ) 5 %
> 2/ rl+3(0)d0 + 2/ pl+3(9)d9 > 2‘042 - a1|7l+72 </ Tl+2(0)d9> + 2|52 . 61|7Z+72 / pl+2(0)d9

- ' o B

b == @2 ;1—7:23 B2 ;j%
>2 (5) </ rl+2(0)d6> + / Pl+2(9)d9

a1 L
143

TR, (o) | [ 7 Nt g s [ [T =1

Z 2 (5) 2_(m_ ) / 7‘l+2(9)d9 + / pl+2(9)d9 = (5) 27 12 |: Rl+2d9:| _ 27TRH_3
a1 N 0

k
= / (2% +y°)* dH' (@,y),
0BR(0)
where in the fourth inequality we have used that
(s +1)PTE < 2P(sPT 4¢Pt forall s >0, t > 0 and p > 0.

This establishes the equality, which concludes the proof.

Acknowledgements. The authors are grateful to the anonymous referee for their valuable comments and suggestions that
improved the quality of the paper.
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