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THE ε–ε PROPERTY AND THE BOUNDEDNESS OF

ISOPERIMETRIC SETS WITH DIFFERENT MONOMIAL WEIGHTS

Emerson Abreu1,* , Leandro G. Fernandes Jr.2 and Joel Ramirez3

Abstract. We consider a class of monomial weights xA = |x1|a1 . . . |xN |aN in RN , where ai is a
nonnegative real number for each i ∈ {1, . . . , N}, and we establish the ε− ε property and the bound-
edness of isoperimetric sets with different monomial weights for the perimeter and volume. Moreover,
we present cases of nonexistence of the isoperimetric inequality when it is not possible to associate the
corresponding Sobolev inequality. Finally, for N = 2, we developed an original type of symmetrization,
which we call star-shaped Steiner symmetrization, and we apply it to a class of isoperimetric problems
with different monomial weights.
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1. Introduction

This paper deals with the isoperimetric problem in RN with double density. More precisely, we consider two
densities as follows: let f : RN → R+ and h : RN → R+ be given functions, and

mf (E) :=

∫
E

f(x)dx, Ph(E) :=

∫
∂∗E

h(x)dHN−1(x),

where ∂∗E denotes the reduced boundary of E. The isoperimetric problem consists in searching for sets of
minimal weighted perimeter Ph(E) among those sets E having weighted volume mf (E) equal to a given positive
constant. A set solving the problem, if it exists, is called an isoperimetric set. When f(x) = xB := |x1|b1 · . . . ·
|xN |bN and h(x) = xA := |x1|a1 · . . . · |xN |aN are monomial weights, there are three main questions which we
need to understand: the ε− ε property; the boundedness, and geometric properties of isoperimetric sets.

We point out that a great attention has been given to the isoperimetric inequalities with weights, see for
instance [1, 7–10, 13, 14, 17, 18, 20–22, 24, 27–32, 35, 40–42] and the references therein. However, in the wide
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literature, the majority of works approach volume functional and perimeter functional carrying the same weight.
For the case in which the volume and the perimeter carry two different weights, see [1, 7–9, 11, 29, 30, 41].

A fundamental tool to study isoperimetric problem is the ε − ε regularity property already discussed by
Almgren, Allard and Bombieri, see [2–6] and [16], which is mainly important to obtain boundedness and reg-
ularity of isoperimetric sets. This technique basically says that one can locally modify a set E by changing its
volume by a small quantity ε (which may be positive or negative), while increasing the perimeter by at most a
quantity C|ε|. This study was extended by Cinti and Pratelli in [27] and [28], they conveniently weakened the
ε − ε property which is still sufficient to obtain boundedness, namely, an ε − εβ version of the property, this
method was applied to isoperimetric problems when volume and perimeter carry the same weights. Moreover,
in [41] Pratelli and Saracco considered isoperimetric problems with double density and studied the so-called
ε− εβ property, boundedness and regularity of isoperimetric sets. Here, we remember this property and results
established in [41].

Definition 1.1 (The ε− εβ property, [41]). Let E be a set of locally finite perimeter and β ∈ [0, 1]. We say that
E possesses the ε− εβ property (relative to the densities f and h) if for any ball B such that Hn−1(B∩ ∂∗E) > 0
there exist constants C > 0 and ε > 0 such that for all |ε| < ε, there exists a set F such that

F∆E ⊂⊂ B, mf (F )−mf (E) = ε, Ph(F )− Ph(E) ≤ C|ε|β .

Theorem A (The ε− εβ Property, [41]). Assume that f and h are locally bounded, that h is locally α-Hölder
for some α ∈ [0, 1], and that E ⊂ RN is a set of locally finite perimeter. Then, E possesses the ε− εβ property,
where β is given by

β = β(N,α) =
α+ (N − 1)(1− α)

α+N(1− α)
. (1.1)

If α = 0 ( in which case locally α-Hölder precisely means locally bounded ) and h is continuous, then E possesses

the ε− εN−1
N property for all constants C > 0 ( that is, given any ball B then the constant C of Definition 1.1

can be taken arbitrarily small, up to choosing ε small enough ).

Theorem B (Boundedness, [41]). Assume that there exists a constant M > 0 such that

1

M
≤ f(x) ≤M,

1

M
≤ h(x) ≤M ∀x ∈ RN ,

and that E ⊂ RN is an isoperimetric set for which the ε− εN−1
N property holds with an arbitrarily small constant

C. Then, E is bounded.

In order to prove the boundedness results of the isoperimetric sets in [27, 28] and [41], the authors used the

classical isoperimetric inequality combined with either the ε− εβ property with β > (N − 1)/N or the ε− εN−1
N

property when the constant C can be chosen arbitrarily small. Based on their arguments, it is essential to
obtain the ε− εβ property with N−1

N < β ≤ 1, because they made some estimates constructed on the classical
isoperimetric inequality.

It is worth noting that the Theorem B does not cover the cases f(x) = xB := |x1|b1 . . . |xn|bN and h(x) =
xA := |x1|a1 . . . |xn|aN , where the b′is and a′is are nonnegative numbers. According to [41], for functions satisfying
the hypothesis of Theorems A and B, they are l.s.c and positive, and hence, they are always locally away from
zero. Thus, in Theorem A, f and h are locally bounded and away from zero, whereas in Theorem B these
requests are made globally. These assumptions are essentially sharp. They can be slightly relaxed to the case of
“essentially bounded” or “essentially α-Hölder” functions as defined in ([28], Defs. 1.6 and 1.7). On the axes, the
monomial weights do not fulfill this hypothesis. Furthermore, if the smallest power of xA satisfies 0 < ai0 < 1,
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then h is ai0-Hölder, but not Lipschitz, and so, we may apply the Theorem A to obtain equation (1.1) with

β =
ai0 + (N − 1)(1− ai0)

ai0 +N(1− ai0)
, where ai0 := min{aj ; j ∈ {1, . . . , N}, aj > 0}, (1.2)

however, this value of β will not be big enough to get the boundedness of the isoperimetric set. So, in some ways,
our results are improvements since we relaxed the way the weights behave towards zero. Here, our approach is
not based on the classical isoperimetric inequality, because the densities are not locally bounded from below by
a positive constant.

Throughout this paper, we will assume N ≥ 2 and that the vectors A = (a1, a2, . . . , aN ), B = (b1, . . . , bN ) ∈
RN are nonnegative if all its entries are nonnegative, and we set

a := a1 + a2 + · · ·+ aN , b := b1 + b2 + · · ·+ bN ,

and

RNA = {(x1, . . . , xN ) ∈ RN ;xi > 0, whenever ai > 0}.

Thus, for example R2
(0,1) = {(x1, x2) ∈ R2;x2 > 0} = R2

+.
In order to prove the boundedness of isoperimetric sets with different monomial weights, we are going to use

the existence of isoperimetric inequalities and the half Steiner symmetrization with weights, already studied by
the first two authors in [1]. More precisely, we are going to apply the existence of isoperimetric inequalities with
different monomial weights and the ε− εβ property with N+a−1

N+b < β ≤ 1; however, as was mentioned, the value

of β given by equation (1.2) is not necessarily greater than N+a−1
N+b , then it is essential to prove the property

with N+a−1
N+b < β ≤ 1. In this direction, let us state our first two important results.

Theorem 1.2 (The ε–ε property). Assume that ai = bi for some i ∈ {1, . . . , N}. Then, any isoperimetric set
E ⊂ RNA , relative to the densities h(x) = xA and f(x) = xB, possesses the ε–ε property.

The primary difference between Theorem A and the preceding conclusion is that β = 1.

Theorem 1.3 (Boundedness). Suppose that the following conditions are satisfied:

(H1) 0 ≤ ai − N+a−1
N+b bi ≤ N+a−1

N+b for all i ∈ {1, . . . , N};
(H2) a− b < 1;
(H3) bi ≤ ai for all i ∈ {1, . . . , n} and aj = bj for some j ∈ {1, . . . , N}.
Then, any isoperimetric set E in RNA , relative to the densities xB and xA, is bounded.

As noticed by Cabré and Ros-Oton in [21], when a − b < 1, the isoperimetric set is in RNA . See also [1],
Remark 3.4. To better understand the assumptions made in the Theorem 1.3, notice that the condition (H1)
comes from [1], Theorem 1.1, it is a necessary condition to the existence of isoperimetric inequality. Second,
the condition (H2) is also based on [1], Theorem 1.1, it concerns the sufficient condition. Moreover, the strict
inequality a − b < 1 is required by our argument used to establish the Theorem itself. Finally, we emphasize
that the condition (H3) is derived from [1], Theorem 1.3, that is, the half Steiner symmetrization with weights,
and it will be very important in our arguments.

As it was mentioned, the conditions (H1) and (H2) are based on [1]. Furthermore, when a− b > 1, the study
is not complete. The next result follows the same purpose of [1], Theorem 1.1, and give us a slight improvement
of cases of nonexistence of the isoperimetric inequality with a− b > 1.

Theorem 1.4. Assume that the conditions

(H4) ai − N+a−1
N+b bi = N+a−1

N+b for i ∈ I, where I ( {1, · · · , N},
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(H5) a− b > 1,

are satisfied. Then, there is no isoperimetric inequality relative to the densities xB e xA.

We wish to point out that, in general, to find an isoperimetric set, it is a difficult task. Some attempts to find
a set E in RN which minimizes the weighted perimeter

∫
∂E

xAdHN−1 once the weighted volume
∫
E
xBdHN is

prescribed, it was discussed by Cabré and Ros-Oton in [21] when A = B, by Alvino at al. in [9], and by the
first two authors in [1], Theorem 1.3 including the case A 6= B. Here, under some conditions, we will show that
our search to the isoperimetric sets can be restricted to a specific class of sets. The main ingredient in the proof
will be a Steiner symmetrization argument when the volume and the perimeter carry two different monomial
weights, but unlike [1], Theorem 1.3, we will not have the restriction ai = bi for some i ∈ {1, . . . , N}. This part
of the work will be developed only in the 2-dimensional Euclidean space R2 with the assumption a = b+ 2. We
emphasize that, for this condition, we do not even know if the corresponding isoperimetric inequality exists.
Hence, our symmetrization is also intended to help in this way. Noticing that, if we assume a = b + 2, then
the assumption (H4) in the Theorem (1.4) can still be satisfied. However, if (H4) holds for every i = 1, . . . , N ,
then we arrive at the absurd, a = a+ 1. In fact, as we will see below, our arguments permit us to suspect that,
if (H4) fails, then such an isoperimetric set exists. We are going to symmetrize an arbitrary set E ⊂ R2 so
that the obtained set E⊗ has the same volume and the perimeter does not increase. As our argument is a bit
more general, we extend to weights |x|b1 |y|b2(x2 + y2)l/2. Moreover, it is worth to mention that symmetrization
methods are extremely useful in analysis and geometry, with a numerous applications. Oftentimes, these methods
are associated with isoperimetric inequalities. One of the most important is the classical Steiner symmetrization
introduced by Steiner in 1840. In this direction, we refer to the interested reader to [12, 23, 25, 36].

In the following, we describe the mentioned symmetrization. Let us consider N = 2, A = (a1, a2), B = (b1, b2),
two nonnegative vectors, l, k ∈ R, and the following functions:

f(x, y) ≡ |x|b1 |y|b2(x2 + y2)l/2 and h(x, y) ≡ |x|a1 |y|a2(x2 + y2)k/2.

Thus, in this case we study the following isoperimetric problem for smooth sets:

minimize PA,k(E) for all sets E ⊂ R2 satisfying mB,l(E) = 1.

where

PA,k(E) :=

∫
∂∗E

|x|a1 |y|a2(x2 + y2)k/2dH1(x, y) and mB,l(E) :=

∫
E

|x|b1 |y|b2(x2 + y2)l/2dH2(x, y).

It is important to point out that the existence and nonexistence of isoperimetric inequalities referred above
are obtained by the first two authors, for k = l = 0 in [1], and by Balogh-Gutiérrez-Kristály [11] for a class of
homogeneous weights when it is possible to associate the corresponding Sobolev inequality.

The main goal now is to study the perimeter inequality under a Steiner type symmetrization. To do this,
we assume that b+ l+ 1 > −1 with b = b1 + b2. We define the star-shaped Steiner symmetrization with weights
as follows: Given a set E ⊂ R2 and θ ∈ [0, π], we denote by Eθ := E ∩ Lθ, the corresponding one-dimensional
polar section of E, where

Lθ = {(x, y) ∈ R2;x = r cos(θ), y = r sin(θ) and r ∈ R}.

The star-shaped distribution function µB,l of E is defined by

µB,l(θ) =

∫
E∩Lθ

|r|b+l+1dH1(r), for all θ ∈ [0, π].
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Figure 1. The star-shaped Steiner symmetrization of the set E.

Finally, denoting the essential star-shaped projection of E by

Π⊗(E) := {θ ∈ [0, π];µB,l(θ) > 0} and ηB,l(θ) :=

[
b+ l + 2

2
µB,l(θ)

] 1
b+l+2

,

we set the star-shaped Steiner symmetrization with weights of E as being the set

E⊗ :=
{

(r cos(θ), r sin(θ)); θ ∈ Π⊗(E) and − ηB,l(θ) < r < ηB,l(θ)
}
.

By Fubini’s theorem, it follows that µB,l is an H1- measurable function in [0, π], Π⊗(E) is a measurable set
in R1 and

mB,l(E
⊗) :=

∫
E⊗
|x|b1 |y|b2(x2 + y2)l/2dH2(x, y) =

∫
E

|x|b1 |y|b2(x2 + y2)l/2dH2(x, y) =: mB,l(E).

The weighted perimeter inequality under the star-shaped Steiner symmetrization with weights reads as
follows.

Theorem 1.5. Consider l, k real numbers. Let A = (a1, a2) be a nonnegative vector, and let B = (b1, b2) a
vector satisfying b+ l + 1 := b1 + b2 + l + 1 > −1. Assume that a+ k = b+ 2 + l and∫

Eνrθ :={(r cos(θ),r sin(θ))∈∂∗E;νr(r,θ)=0}
rb+l+1| cos(θ)|a1 | sin(θ)|a2dH1(r)∫

(E⊗θ )νr :={(r cos(θ),r sin(θ))∈∂∗E⊗;νr(r,θ)=0}
rb+l+1| cos(θ)|a1 | sin(θ)|a2dH1(r)

 = 0. (1.3)

Then

PA,k(E⊗) ≤ PA,k(E).
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Moreover, if PA,k(E⊗) = PA,k(E), then for H1 – a.e. θ ∈ Π⊗(E), the set

Eθ is equivalent to the segment (−ηB,l(θ), ηB,l(θ)). (1.4)

The condition (1.3) is equivalent to say that both the reduced boundary of E⊗ and E have no flat parts
contained in Lθ whenever θ ∈ (0, π). Although it might seem artificial, if the goal is to obtain a minimizer for
the isoperimetric inequality, this condition happens naturally, see Remark 5.2.

The plan of the paper is as follows. In Section 2 we define some basic elements that we will use throughout the
paper. Section 3 is devoted to the proof of the Theorems 1.2 and 1.3. Section 4 discusses the proof of Theorem
1.4. Finally, Section 5 concerns on the proof of Theorem 1.5.

2. Notation and preliminaries

Most of the definitions and notations contained in this section come basically from Geometric Measure
Theory, see for instance [33, 34, 38, 39], along with some further definitions.

Given a function ω : RN → R+, locally Lipschitz on RN , we set the Pω-Perimeter of a measurable set E as

Pω(E) := sup

{∫
E

div(ω(x)φ(x))dx;φ ∈ C1
c (RN ,RN ), |φ| ≤ 1 on RN

}
.

If E is a smooth bounded open set, then the weighted perimeter Pω is equivalent to

Pω(E) =

∫
∂E

ω(x)dHN−1(x),

and the same happens for ω(x) = xA, where HN−1 is the (N − 1)-dimensional Hausdorff measure. We denote
PA instead of PxA .

We say that a Borel set E ⊂ RN is a set of locally finite perimeter if its characteristic function 1E is BVloc
function. We briefly recall that the reduced boundary ∂∗E of a locally finite perimeter set E ⊂ RN is the
collection of points x ∈ RN such that:

1. ‖D1E‖ (B(x, r)) > 0 for all r > 0, where B(x, r) denotes the ball with center x and radius r,

2. lim
r→0

1

‖D1E‖ (B(x, r))

∫
B(x,r)

νEd‖D1E‖ = νE(x), and

3. |νE(x)| = 1,

where ‖D1E‖ and νE are, respectively, the Radon measure on RN and the ‖D1E‖-measurable function νE :
RN → RN given by the Riesz Representation Theorem, se for instance [33], Theorem 1.38. The vector νE(x) =
(νE,1(x), . . . , νE,N (x)) is called the generalized outward normal to E at x.

Theorem C (De Giorgi). Assume that E has locally finite perimeter in RN .

(i) Then

∂∗E =

 ∞⋃
j=1

Kj

 ∪ F,
where ‖D1E‖(F ) = 0 and Kj is a compact subset of C1-hypersurface Sj for every j ∈ N.

(ii) Furthermore, νE(x)|Sj is normal to Sj for all j ∈ N, and
(iii) ‖D1E‖ = HN−1 ∂∗E.
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For a nonnegative measurable function γ : RN → R, we set by mγ the Lebesgue measure with weight γ(x),
namely,

mγ(M) =

∫
M

γ(x)dx,

for all HN -measurable set M in RN . If γ(x) = xB := |x|b1 · . . . · |xN |bN , we denote mB instead of mxB .
If a measurable set M satisfies 0 < mγ(M) <∞, then RA,B,N (M) denotes the isoperimetric quotient of M

given by

RA,B,N (M) :=
PA(M)

[mB(M)]
N+a−1
N+b

.

It follows that, for any smooth open set Ω with 0 < mB(Ω) =
∫

Ω
xBdx <∞, we define

RA,B,N (Ω) :=

∫
∂Ω

xAdHN−1(x)[∫
Ω

xBdx

]N+a−1
N+b

.

Thus, the best constant of the isoperimetric inequality, related to weights xA and xB , is defined by

CA,B,N := inf {RA,B,N (Ω) : Ω is a smooth open set, and 0 < mB(Ω) <∞} . (2.1)

For x = (x1, . . . , xN ) ∈ RN a vector, and A = (a1, . . . , aN ) ∈ RN a nonnegative vector, we will use the
following notations:

xi := (x1, . . . , xi−1, xi+1, . . . , xN );
Ai := (a1, . . . , ai−1, ai+1, . . . , aN );
Bi := (b1, . . . , bi−1, bi+1, . . . , bN ).

3. Boundedness and ε− ε property of isoperimetric sets

The plan for this section is the following: first, we show the ε − ε property of isoperimetric sets based on
the half Steiner symmetrization with weights. Then, we prove the boundedness of isoperimetric sets using their
ε− εβ property with N+a−1

N+b < β ≤ 1.
In order to prove Theorem 1.2, we need to make a small improvement on [1], Theorem 1.3. Thus, we briefly

remember the half Steiner symmetrization with weights defined in [1]. Given a set E ⊂ RNA and x ∈ RN−1, we
denote the corresponding one-dimensional section of E by

Ex = {y ∈ R; (x, y) ∈ E}.

The distribution function µ of E is defined by

µ(x) :=

∫
Ex

|y|bNdH1(y), x ∈ RN−1.

Finally, denoting the essential projection of E by π(E)+ = {x ∈ RN−1;µ(x) > 0} and l(x) :=

((bN + 1)µ(x))
1

bN+1 , we set the half Steiner symmetrization with weights of E with respect to the hyperplane
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{xN = 0} as being the set

Es =
{

(x, y) ∈ RN−1 × R;x ∈ π(E)+, 0 < y < l(x)
}
,

whenever aN ≥ bN and aN > 0. By Fubini’s theorem, it follows that µ is an HN−1- measurable function in
RN−1, Es is a measurable set in RN and

mB(Es) :=

∫
Es
xBN |y|bNdHN (x, y) =

∫
E

xBN |y|bNdHN (x, y) =: mB(E).

By the above equality and the following result, we can compare the isoperimetric quotients of E and Es.

Theorem 3.1 (half Steiner symmetrization: cases of equality). Let D be an open set in RN−1, and let E ⊂ RNA
be a set of locally finite perimeter with finite volume mB(E) and finite perimeter PA(E). Assume that

∫
(D×R)∩Es{νN=0}

xAN |y|aNdHN−1(x, y) =

∫
(D×R)∩E{νN=0}

xAN |y|aNdHN−1(x, y) = 0, (3.1)

where Es{νN=0} = {(x, y) ∈ ∂∗Es; νEs,N (x, y) = 0}, and E{νN=0} = {(x, y) ∈ ∂∗E; νE,N (x, y) = 0}. Then, for
aN = bN > 0,

PA(Es, D × R) ≤ PA(E,D × R). (3.2)

Moreover, if

PA(Es, D × R) = PA(E,D × R), (3.3)

then for HN−1 – a.e. x ∈ π(E)+ ∩D

Ex is equivalent to the segment (0, l(x)). (3.4)

Here, the inequality (3.2) comes from [1], Theorem 1.3, while equation (3.4) is the improvement.

Proof of Theorem 3.1. The first part follows from [1], Theorem 1.3. For the benefit of the reader we are going
to write a brief demonstration here. We have that

PA
(
Es;D × R

)
=

∫
∂∗Es∩(D×R)

xAN |y|aNdHN−1(x, y)

=

∫
D

√√√√ x2AN (l(x))2aN + |l(x)|2(aN−bN )
N−1∑
j=1

(
xAN |l(x)|bN νEs,j(x, l(x))

νEs,N (x, l(x))

)2

dHN−1(x)

=

∫
D

xAN

√√√√ (l(x))2aN +

N−1∑
j=1

(∫
(∂∗E)x

|l(x)|(aN−bN )|y|bN νE,j(x, y)

|νE,N (x, y)|dH
0(y)

)2

dHN−1(x). (3.5)
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Note that, for each x ∈ π(E)+, there exists z ∈ (∂∗E)x such that l(x) ≤ z and, therefore,

x2AN l(x)2aN +

N−1∑
j=1

(∫
(∂∗E)x

xAN |y|aN νE,j(x, y)

|νE,N (x, y)|dH
0(y)

)2

≤ x2AN

(∫
(∂∗E)x

|y|aNdH0(y)

)2

+

N−1∑
j=1

(∫
(∂∗E)x

xAN |y|aN νE,j(x, y)

|νE,N (x, y)|dH
0(y)

)2

.

It follows from equation (3.5) and the discrete Minkowski’s inequality that

PA
(
Es;D × R

)
≤
∫
D

√√√√ x2AN

(∫
(∂∗E)x

|y|aNdH0(y)

)2

+

N−1∑
j=1

(∫
(∂∗E)x

xAN |y|aN νE,j(x, y)

|νE,N (x, y)|dH
0(y)

)2

dHN−1(x)

≤
∫
D

∫
(∂∗E)x

√√√√x2AN |y|2aN +

N−1∑
j=1

(
xAN |y|aN νE,j(x, y)

|νE,N (x, y)|

)2

dH0(y)dHN−1(x)

=

∫
D

∫
(∂∗E)x

xAN |y|aN
|νE,N (x, y)|dH

0(y)dHN−1(x, y) =

∫
∂∗E∩(D×R)

xAN |y|aNdHN−1(x, y) = PA (E;D × R) . (3.6)

This ends the first part.
Now we will show the second part of the theorem. Since PA(E) is finite, it follows from [43] that Ex is

rectifiable. Thus, up to a set of null (N − 1)-dimensional Hausdorff measure, for any fixed x there exist k ∈ N
and real numbers dj = dj(x) with dj ≤ dj+1 such that

Ex = (d0, d1) ∪ (d2, d3) ∪ (d4, d5) . . . (dk, dk+1). (3.7)

On the other hand, by equations (3.3), (3.5) and (3.6) we have that

l(x)aN =

∫
(∂∗E)x

|y|aNH0(y),

i.e.

[
(aN + 1)

∫
Ex

|y|aNdH1(y)

] aN
aN+1

=

∫
(∂∗E)x

|y|aNH0(y). (3.8)

From equations (3.7) and (3.8) we deduce that

[
(aN + 1)

∫
Ex

|y|aNdH1(y)

] aN
aN+1

=

 ∑
0≤i≤k,i even

(
daN+1
i+1 − daN+1

i

)
aN
aN+1

,

∫
(∂∗E)x

|y|aNH0(y) =

k+1∑
i=0

daNi ,
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and consequently,

 ∑
0≤i≤k,i even

(
daN+1
i+1 − daN+1

i

)
aN
aN+1

= daN0 +

k∑
i=0

daNi+1. (3.9)

It is easy to check that k = 0 and d0 = 0. Indeed, from the elementary inequality (a+ b)τ < aτ + bτ , (τ ∈ (0, 1),
a > 0, b > 0), if k > 0 or d0 6= 0, then we readily obtain that

 ∑
0≤i≤k,i even

(
daN+1
i+1 − daN+1

i

)
aN
aN+1

<
∑

0≤i≤k,i even

(
daN+1
i+1 − daN+1

i

) aN
aN+1

<
∑

0≤i≤k,i even

(
daN+1
i+1 + daN+1

i

) aN
aN+1 < daN0 +

k∑
i=0

daNi+1,

which are both in contradiction with equation (3.9). Therefore, the theorem follows from equation (3.7).

Proof of Theorem 1.2. First of all, notice that it suffices to consider i = N . Second, we will consider the
case aN = bN > 0, because the case aN = bN = 0 follows from similar arguments using the classical Steiner
symmetrization (see Rem. 3.2).

According to Theorem 3.1 and a similar argument as in [1], Remark 5.3, it follows that any isoperimetric set
relative to the densities xB and xA is a graph of a function u ∈W 1,∞

loc (πN (E)+), i.e.

E = {(xN , xN ) ∈ πN (E)+ × R; 0 < xN < u (xN )}.

In order to prove the ε − ε property, we take a ball B in RN such that HN−1(B ∩ ∂∗E) > 0 and we consider
only the case B ⊂ RNA , since the case B ∩ ∂RNA 6= ∅ follows from similar arguments. Thus, there are x0 =
(x0

1, x
0
2, . . . , x

0
N−1) ∈ RN−1

A
and δ > 0 small such that

Qδ := {x ∈ RN−1

A
; x0

i − δ < xi < x0
i + δ, ∀i ∈ {1, . . . , N − 1}} ⊂ πN (E)+.

Let us now define X = (xN , xN ) ∈ RNA ,

Fδ :=
{
X; either X ∈ E or xN ∈ Qδ and u(xN ) ≤ xN < u(xN ) + δ

}
, (see Fig. 2 below),

Qδi := {x ∈ RN−1

A
; xi = x0

i and x0
j − δ < xj < x0

j + δ for all j 6= i},
xi0(−δ) = (x1, x2, . . . , xi−1, x

0
i − δ, xi+1, . . . , xN−1), and

xi0(+δ) = (x1, x2, . . . , xi−1, x
0
i + δ, xi+1, . . . , xN−1), where i ∈ {1, . . . , N − 1}.

By definition of Fδ, see Figure 2, we have that

mB(Fδ) = mB(E) +

∫
Qδ

∫ u(xN )+δ

u(xN )

xbNN xBNN dxNdxN

= mB(E) +

∫
Qδ
xBNN

(u(xN ) + δ)
bN+1 − (u(xN ))

bN+1

bN + 1
dxN
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Figure 2. The sets Fδ’s.

= mB(E) + δ

∫
Qδ
xBNN (u(xN ) + %(xn)δ)

bN dxN =: mB(E) + δ · γ(δ), (3.10)

where the function % : Qδ → (0, 1) is given by the Mean Value Theorem and γ is a bounded function for
0 < δ < 1.

On the other hand, it follows from Area Formula and basic inequalities that

PA(Fδ) = PA(E) +

∫
Qδ

[(u(xN ) + δ)
aN − (u(xN ))

aN ]xANN
√

1 + |∇u(xN )|2dxN

+

N−1∑
i=1

(x0
i + δ)ai

∫
Qδi

(
u(xi0(−δ)) + δ

)aN+1 −
(
u(xi0(−δ))

)aN+1

aN + 1
xAiNiN dxiN

+

N−1∑
i=1

(x0
i − δ)ai

∫
Qδi

(
u(xi0(+δ)) + δ

)aN+1 −
(
u(xi0(+δ))

)aN+1

aN + 1
xAiNiN dxiN

≤ PA(E) +
(
1 + ‖u‖L∞(Qδ)

)aN √
1 + ‖∇u‖2

L∞(Qδ)
·
∫
Qδ
xANN dxN

+ 2

N−1∑
i=1

(
|x0
i |+ 1

)ai (‖u‖L∞(Qδ) + 1
)aN · δ · ∫

Qδi

xAiNiN dxiN

Then

PA(Fδ) ≤ PA(E) + C(N,A)
(
1 + ‖u‖L∞(Qδ)

)aN (
1 + ‖∇u‖2L∞(Qδ)

) 1
2 · δ + 2C(N,A)

(
‖u‖L∞(Qδ) + 1

)aN · δ,
(3.11)

where C(N,A) is a constant which depends only on N and A.
Therefore, taking ε = γ(δ)δ, the theorem follows from equations (3.10) and (3.11).

Remark 3.2. In the case aN = bN = 0, we can use the perimeter inequality under Steiner symmetrization:
cases of equality, due to Chleb́ık-Cianchi-Fusco [25], to conclude that any isoperimetric set E is locally a graph of
a function, i.e., for each x0

N ∈ πN (E)+ := {xN ∈ RN−1

A
;HN−1(ExN ) > 0}, ExN := {y ∈ R; (xN , y) ∈ E}, there



12 E. ABREU ET AL.

exists a neighborhood V (x0
N ) ⊂ RN

AN

and functions u, v ∈ W 1,∞
loc (V (x0

N )) such that u(xN ) < v(xN ), ∀xN ∈
V (x0

N ) and

(V (x0
N )× R) ∩ E = {(xN , xN ); xN ∈ V (x0

N ), u(xN ) < xN < v(xN )},

see [25], Theorem 1.1. Thus, we can use the same sets Qδ ⊂ V (x0
N ) and Fδ in the above proof to demonstrate

that the isoperimetric set E satisfies the ε− ε property.

Proof of Theorem 1.3. Let E be an isoperimetric set relative to the densities xB and xA, i.e.,

RA,B,N (E) = inf {RA,B,N (M); 0 < mB(M) < +∞} .

By Theorem 1.2, we may choose a ball B ⊂⊂ RNA and some ε > 0 such that for every |ε| < ε there exists a set
F satisfying F∆E ⊂⊂ B, ∫

F

xBdx =

∫
E

xBdx+ ε, (3.12)

∫
∂∗F

xAdHN−1(x) ≤
∫
∂∗E

xAdHN−1(x) + ε.

Since N+a−1
N+b < 1, then we have, for ε sufficiently small,

∫
∂∗F

xAdHN−1(x) ≤
∫
∂∗E

xAdHN−1(x) + ε ≤
∫
∂∗E

xAdHN−1(x) +
CA,B,N

2
ε
N+a−1
N+b . (3.13)

Setting BR∞ := {x ∈ RNA ; 0 < |x| < R∞}, with R∞ > 0 big enough, one has B ⊂ BR∞ and mB(E\BR∞) < ε.
Let us now define ϕ : (R∞,+∞)→ [0,+∞) by

ϕ(R) := mB(E\BR), where BR := {x ∈ RNA ; 0 < |x| < R}.

Thus ϕ is a bounded and locally Lipschitz decreasing function, and in particular ϕ ∈ W 1,1
loc (R). Therefore, we

can assume that ϕ is a locally absolutely continuous function. Notice that, if ϕ(R) = 0 for some R > 0, then
the set E is bounded, and the proof follows. Hence, assume by contradiction that ϕ(R) > 0, for any R > 0.

It follows from equation (3.12), with ε = ϕ(R), that mB(F ∩BR) = mB(E). Since E is an isoperimetric set,
we then get

PA(E) ≤ PA(F ∩BR) = PA(F ) + PA(E ∩BR)− PA(E)

≤ PA(F )− PA(E\BR) + 2

∫
∂∗BR∩E

xAHN−1(x). (3.14)

On the other hand, by the Coarea formula, for almost every R > 0, we have

ϕ′(R) = −
∫
∂BR∩E

xBHN−1(x) (3.15)
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Hence, making the following change of variable

ψ(θ1, . . . , θN−1) = (x1, x2, . . . , xN ), where

x1 = R

N−1∏
k=1

sin(θk)

xm = R cos(θm−1)

N−1∏
k=m

sin(θk), 2 ≤ m ≤ N − 1,

xN = R cos(θN−1),

with θ1 ∈ [0, 2π) and θi ∈ (0, π) for all i ∈ {2, . . . , N − 1},

and setting VR := ψ−1 (∂BR ∩ E), we get from equation (3.15) that

−ϕ′(R) =

∫
∂BR∩E

xBHN−1(x)

=

∫
VR
Rb

N−1∏
i=1

(
| cos(θi)|bi+1 | sin(θi)|b1+···+bi

) [
RN−1

N−1∏
k=2

| sin(θk)|k−1

]
dHN−1(θ).

From (H3) we get

−ϕ′(R) ≥
∫
VR
Rb

N−1∏
i=1

(
| cos(θi)|ai+1 | sin(θi)|a1+···+ai

) [
RN−1

N−1∏
k=2

| sin(θk)|k−1

]
dHN−1(θ)

= Rb−a
∫
∂BR∩E

xAdHN−1. (3.16)

It follows from equations (3.12)–(3.16) that

PA(E) ≤ PA(F )− PA(E\BR) + 2

∫
∂∗BR∩E

xAHN−1(x)

≤ PA(E) +
CA,B,N

2
ϕ(R)

N+a−1
N+b − PA(E\BR)− 2Ra−bϕ′(R).

By the isoperimetric inequality with weights xB and xA proved in [1], Theorem 1.1, we obtain

CA,B,N (mB(E\BR))
N+a−1
N+b ≤ PA(E\BR) ≤ CA,B,N

2
ϕ(R)

N+a−1
N+b − 2Ra−bϕ′(R).

Hence

ϕ(R)
N+a−1
N+b ≤ − 2

CA,B,N
Ra−bϕ′(R). (3.17)

Observe now that equation (3.17) can be rewritten as

− d

dR

[
ϕ(R)1−N+a−1

N+b

]
≥ b− a+ 1

N + b

CA,B,2
2

Rb−a, whenever ϕ(R) > 0.
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Thus

ϕ(t0)1−N+a−1
N+b −ϕ(t)1−N+a−1

N+b ≥ CA,B,2
2(N + b)

(
tb−a+1 − tb−a+1

0

)
for all t > t0, which leads to a contradiction if ϕ(t) > 0. In fact, this inequality implies the existence of some R1 >
R∞ such that ϕ(R) = 0 ∀R ≥ R1, i.e., E is a bounded set. Hence, the proof of the theorem is completed.

4. Nonexistence of the isoperimetric inequality

This section is devoted to prove Theorem 1.4. The main step of the proof is to show that there exists a sequence
of sets (Ωε)ε>0 such that the weighted perimeter PA(Ωε)→ 0, while the weighted volume mB(Ωε)→ l 6= 0 as
ε→ 0.

First of all, we consider a = b+ k, k > 1, and

aN =
N + a− 1

N + b
(1 + bN ) = 1 + bN +

(k − 1)(1 + bN )

N + b
,

i.e. aN
1+bN

− 1 = k−1
N+b > 0. Let us define the sequence of sets (Ωε)ε>0 (see Fig. 3) as follows:

Ωε =

(x1, x2, · · · , xN ) ∈ RN
∣∣∣∣∣∣

1 ≤ x1 < βε,
0 ≤ xN ≤ ϕε(xN−1), for N ≥ 2,

xi ≤ xi+1 < βε, i = 1, · · · , N − 2 when N ≥ 3.

 , (4.1)

where βε → +∞, β−εε → c ∈ (0, 1) as ε→ 0, and ϕε(t) =
ε

1
1+bN

t
ε+N−1+b−bN

1+bN

, t > 0.

The boundary of Ωε is given by

∂Ωε = Γ0
ε ∪
(
N−2⋃
i=1

Γiε

)
∪ ΓN−1

ε ∪ ΓNε ∪ ΓN+1
ε ,

where

Γ0
ε = {1 = x1, xi ≤ xi+1 ≤ βε, 0 ≤ xN ≤ ϕε(xN−1); i = 1, · · · , N − 2} ,

Γiε =

{
1 ≤ x1 ≤ βε, xi = xi+1, xj ≤ xj+1 < βε, 0 ≤ xN ≤ ϕε(xN−1)

j = 1, · · · , N − 2, j 6= i

}
,

ΓN−1
ε =

{
1 ≤ x1 ≤ βε, xj ≤ xj+1 ≤ βε, xN−1 = βε, 0 ≤ xN ≤ ϕε(xN−1)

j = 1, · · · , N − 3,

}
,

ΓNε = {1 ≤ x1 ≤ βε, xj ≤ xj+1 ≤ βε, xN = ϕε(xN−1); j = 1, · · · , N − 2, } ,
ΓN+1
ε = {1 ≤ x1 ≤ βε, xj ≤ xj+1 ≤ βε, xN = 0; j = 1, · · · , N − 2, } .

In order to simplify the calculations we define, for n = 0, 1, · · · , N − 1:

ln,ε =: ε− n+N − 1 + b−
N∑

i=N−n
bi,

sn,ε =: − l0,ε
bN + 1

(aN + 1) + n+

n∑
i=1

aN−i, and



THE ε–ε PROPERTY AND THE BOUNDEDNESS OF ISOPERIMETRIC SETS WITH DIFFERENT MONOMIAL WEIGHTS 15

(a) (b)

6

Figure 3. The set Ωε, for (a) N = 2, and (b) N = 3.

tn,ε =: − l0,ε
bN + 1

aN + n+

n∑
i=1

aN−i.

If a and b verify (H4) and (H5), then a direct computation shows that

ln,ε > 0, sn,ε +N − n− 2 < 0, tn,ε < 0, tN−1,ε = − εaN
1 + bN

,

lim
ε→0

ln,ε 6= 0, lim
ε→0

sn,ε 6= 0, lim
ε→0

tn,ε 6= 0, for n = 1, 2, ..., N − 2, (4.2)

lim
ε→0

sn,ε − 1 6= 0, for n = 1, 2, ..., N − 1. (4.3)

Also, we have the following estimate:

ε

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−j−1

∫ βε

xN−j

xb11 x
b2
2 · · ·x

bN−j
N−j x

bN−j+1

N−j+1β
−lj−2,ε
ε dxN−j+1dxN−j · · · dx2dx1

≤ 2ε

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−j−1

xb11 x
b2
2 · · ·x

bN−j
N−j β

1+bN−j+1
ε β−lj−2,ε

ε dxN−j · · · dx2dx1

= 2ε

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−j−1

xb11 x
b2
2 · · ·x

bN−j
N−j β

−lj−1,ε
ε dxN−j · · · dx2dx1

≤ 22ε

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−j−2

xb11 x
b2
2 · · ·x

bN−j−1

N−j−1β
−lj,ε
ε dxN−j−1 · · · dx2dx1

≤ ε2N
∫ βε

1

xb11 β
−lN−2,ε
ε dx1 ≤ ε2Nβ−εε = o(1), as ε→ 0. (4.4)

In order to be able to prove Theorem 1.4 we need to show the following:
Claim 1. mB(Ωε)→ l as ε→ 0, for some l > 0.
Claim 2. PA(Ωε)→ 0 as ε→ 0.
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Proof of Claim 1. From the definition of Ωε, equations (4.2) and (4.4), it follows that

(bN + 1)mB(Ωε) = (bN + 1)

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−2

∫ ϕε(xN−1)

0

xBdxNdxN−1dxN−2 · · · dx2dx1

=

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−3

∫ βε

xN−2

xb11 x
b2
2 · · ·x

bN−2

N−2 x
bN−1

N−1ϕε(xN−1)bN+1dxN−1dxN−2 · · · dx2dx1

= ε

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−3

∫ βε

xN−2

xb11 x
b2
2 · · ·x

bN−2

N−2 x
−l1,ε−1
N−1 dxN−1dxN−2 · · · dx2dx1

=
ε

l1,ε

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−3

xb11 x
b2
2 · · ·x

bN−2

N−2

(
x
−l1,ε
N−2 − β−l1,εε

)
dxN−2 · · · dx2dx1

=
ε

l1,ε

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−3

xb11 x
b2
2 · · ·x

−l2,ε−1
N−2 dxN−2 · · · dx2dx1 + o(1)

=
ε

l1,εl2,ε

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−4

xb11 x
b2
2 · · ·x

bN−3

N−3 x
−l2,ε
N−3 dxN−3 · · · dx2dx1 + o(1)

=
ε

l1,εl2,ε · · · lN−3,ε

∫ βε

1

∫ βε

x1

xb11 x
b2
2 x
−lN−3,ε

2 dx2dx1 + o(1)

=
ε

l1,εl2,ε · · · lN−3,εlN−2,ε

∫ βε

1

xb11 x
−lN−2,ε

1 dx1 + o(1)

=
1

l1,εl2,ε · · · lN−3,εlN−2,ε
(1− β−εε ) + o(1)→ l 6= 0 as ε→ 0.

Proof of Claim 2. Since

PA(Ωε) ≤
∫

Γ0
ε

xAdHN−1 +

N−2∑
i=1

∫
Γiε

xAdHN−1 +

∫
ΓN−1
ε

xAdHN−1 +

∫
ΓNε

xAdHN−1 +

∫
ΓN+1
ε

xAdHN−1, (4.5)

it is suffices show that

∫
Γiε

xAdHN−1 → 0, as ε→ 0, for each i = 0, 1, 2, · · · , N + 1.

From the definition of ΓN+1
ε , we have that

∫
ΓN+1
ε

xAdHN−1 = 0, for all ε > 0 small. (4.6)
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From the definitions of l0,ε, sn,ε and by equation (4.2), it follows that

∫
Γ0
ε

xAdHN−1 ≤
∫ +∞

1

· · ·
∫ +∞

xN−2

∫ ϕε(xN−1)

0

1a1xa22 · · ·x
aN−1

N−1 x
aN
N dxNdxN−1 · · · dx2

=
1

aN + 1

∫ +∞

1

· · ·
∫ +∞

xN−2

xa22 · · ·x
aN−1

N−1 ϕε(xN−1)aN+1dxN−1 · · · dx2

=
ε
aN+1

1+bN

aN + 1

∫ +∞

1

· · ·
∫ +∞

xN−2

xa22 · · ·x
aN−1

N−1 x
− l0,ε

1+bN
(aN+1)

N−1 dxN−1 · · · dx2

=
ε
aN+1

1+bN

aN + 1

∫ +∞

1

· · ·
∫ +∞

xN−2

xa22 · · ·x
aN−1

N−1 x
s0,ε
N−1dxN−1 · · · dx2

=
ε
aN+1

1+bN

aN + 1

∫ +∞

1

· · ·
∫ +∞

xN−2

xa22 · · ·x
s1,ε−1
N−1 dxN−1 · · · dx2

=
ε
aN+1

1+bN

(aN + 1)

1

|s1,ε|

∫ +∞

1

· · ·
∫ +∞

xN−3

xa22 · · ·x
aN−2

N−2 x
s1,ε
N−2dxN−2 · · · dx2

=
ε
aN+1

1+bN

(aN + 1)

1

|s1,ε|

∫ +∞

1

· · ·
∫ +∞

xN−3

xa22 · · ·x
s2,ε−1
N−2 dxN−2 · · · dx2

=
ε
aN+1

1+bN

(aN + 1)

1

|s1,εs2,ε|

∫ +∞

1

· · ·
∫ +∞

xN−4

xa22 · · ·x
aN−3

N−3 x
s2,ε
N−3dxN−3 · · · dx2

=
ε
aN+1

1+bN

(aN + 1)

1

|s1,εs2,ε · · · sN−2,ε|
→ 0 as ε→ 0. (4.7)

Similarly, from the definition of Γiε, for i = 1, 2, · · · , N − 2, and following the above calculations, we have that

∫
Γiε

xAdHN−1

≤
∫ +∞

1

· · ·
∫ +∞

xi−1

∫ +∞

xi

∫ +∞

xi+2

· · ·

· · ·
∫ +∞

xN−2

∫ ϕε(xN−1)

0

xa11 · · ·xaii x
ai+1

i+1 x
ai+2

i+2 x
ai+3

i+3 · · ·x
aN−1

N−1 x
aN
N dxNdxN−1 · · · dxi+3dxi+2dxi · · · dx1

=

∫ +∞

1

· · ·
∫ +∞

xi−1

∫ +∞

xi

∫ +∞

xi+2

· · ·

· · ·
∫ +∞

xN−2

xa11 · · ·x
ai+ai+1

i x
ai+2

i+2 x
ai+3

i+3 · · ·x
aN−1

N−1 x
s0,ε
N−1dxN−1 · · · dxi+3dxi+2dxi · · · dx1

=
ε
aN+1

1+bN

(aN + 1)

1

|s1,εs2,ε · · · sN−(i+4),ε|

×
∫ +∞

1

· · ·
∫ +∞

xi−1

∫ +∞

xi

∫ +∞

xi+2

xa11 · · ·x
ai+ai+1

i x
ai+2

i+2 x
ai+3

i+3 x
sN−(i+4),ε

i+3 dxi+3dxi+2dxi · · · dx1,
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and so∫
Γiε

xAdHN−1

≤ ε
aN+1

1+bN

(aN + 1)

1

|s1,εs2,ε · · · sN−(i+3),ε|

∫ +∞

1

· · ·
∫ +∞

xi−1

∫ +∞

xi

xa11 · · ·x
ai+ai+1

i x
ai+2

i+2 x
sN−(i+3),ε

i+2 dxi+2dxi · · · dx1.

Since xi = xi+1 ≤ xi+2 in Γiε, that is, xi+2 depends on xi, it follows that

∫
Γiε

xAdHN−1 ≤ ε
aN+1

1+bN

(aN + 1)

1

|s1,εs2,ε · · · sN−(i+2),ε|

∫ +∞

1

· · ·
∫ +∞

xi−1

xa11 · · ·x
ai+ai+1

i x
sN−(i+2),ε

i dxi · · · dx1

=
ε
aN+1

1+bN

(aN + 1)

1

|s1,εs2,ε · · · sN−(i+2),ε|

∫ +∞

1

· · ·
∫ +∞

xi−1

xa11 · · ·x
sN−i,ε−2
i dxi · · · dx1

=
ε
aN+1

1+bN

(aN + 1)

1

|s1,εs2,ε · · · sN−(i+4),ε(sN−i,ε − 1)(sN−i+1,ε − 1) · · · (sN−2,ε − 1)(sN−1,ε − 1)| ,

and by equations (4.2)–(4.3),∫
Γiε

xAdHN−1 → 0 as ε→ 0, for i = 1, 2, · · · , N − 2. (4.8)

Now, by the definitions of ΓNε , tn,ε and by equation (4.2), we have that∫
ΓNε

xAdHN−1 ≤
∫ +∞

1

· · ·
∫ +∞

xN−2

xa11 · · ·x
aN−1

N−1 ϕε(xN−1)aN
√

1 + ϕ′ε(xN−1)2dxN−1 · · · dx1

≤ ε
aN

1+bN

∫ +∞

1

· · ·
∫ +∞

xN−3

∫ +∞

xN−2

xa11 · · ·x
aN−2

N−2 x
aN−1

N−1 x
− l0,ε

1+bN
aN

N−1 dxN−1dxN−2 · · · dx1

= ε
aN

1+bN

∫ +∞

1

· · ·
∫ +∞

xN−3

∫ +∞

xN−2

xa11 · · ·x
aN−2

N−2 x
aN−1

N−1 x
t0,ε
N−1dxN−1dxN−2 · · · dx1

≤ ε
aN

1+bN
1

|t1,ε|

∫ +∞

1

· · ·
∫ +∞

xN−3

xa11 · · ·x
aN−2

N−2 x
t1,ε
N−2dxN−2 · · · dx1

=
ε

aN
1+bN

|t1,εt2,ε · · · tN−2,ε|
1

|tN−1,ε|
=

(1 + bN )ε
aN

1+bN
−1

|t1,εt2,ε · · · tN−2,ε|aN
→ 0, as ε→ 0. (4.9)

From equation (4.1) we have that βε → +∞, and β−εε → c ∈ (0, 1), as ε→ 0. Hence, we readily deduce that∫
ΓN−1
ε

xAdHN−1 =

∫ βε

1

∫ βε

x1

· · ·
∫ βε

xN−3

∫ ϕε(βε)

0

xa11 xa22 · · ·x
aN−2

N−2 β
aN−1
ε xaNN dxNdxN−2 · · · dx2dx1

≤ βa−aNε

∫ βε

1

∫ βε

1

· · ·
∫ βε

1

∫ ϕε(βε)

0

xaNN dxNdxN−2 · · · dx2dx1

≤ 2Nβa−aN+N−2
ε ε

aN+1

1+bN β
− ε+N−1+b−bN

1+bN
(aN+1)

ε

= 2Nε
aN+1

1+bN β
− ε(aN+1)+N+b

1+bN
ε = 2Nε

aN+1

1+bN

(
β−εε

) aN+1

1+bN (βε)
− N+b

1+bN → 0 as ε→ 0. (4.10)
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Therefore, Claim 2 follows from equations (4.5)–(4.10).

Proof of Theorem 1.4. Notice that, it suffices to consider the case i = N . We consider the sequence of sets
(Ωε)ε>0 defined in equation (4.1). By Claim 1 and Claim 2, we have that

CN,A,B ≤
PA(Ωε)

[mB(Ωε)]
N+a−1
N+b

→ 0 as ε→ 0.

Therefore, CN,A,B = 0, which implies that there is no isoperimetric inequality.

5. Star-shaped Steiner symmetrization

It is well known that the Steiner symmetrization is one of the simplest and most powerful symmetrization
processes ever introduced in analysis, which has a number of remarkable applications to geometric and analytical
problems. For a more general type of symmetrization, we refer to the reader [13, 15, 19, 23, 25, 37], and references
therein.

In this section, we will study the perimeter inequality under a slightly refined version of symmetrization,
namely, star-shaped Steiner symmetrization, as follows: Let l, b be real numbers satisfying b+ l+ 1 > −1. Given
a set E ⊂ R2 and θ ∈ [0, π], we denote by Eθ := E ∩ Lθ the corresponding one-dimensional polar section of E,
where

Lθ = {(x, y) ∈ R2;x = r cos(θ), y = r sin(θ) and r ∈ R}.

The distribution function µB,l of E is defined by setting for all θ ∈ [0, π]

µB,l(θ) =

∫
E∩Lθ

|r|b+l+1dH1(r).

Finally, denoting the essential projection of E by

Π⊗(E) := {θ ∈ [0, π];µB,l(θ) > 0} and ηB,l(θ) :=

[
b+ l + 2

2
µB,l(θ)

] 1
b+l+2

,

we set the star-shaped Steiner symmetrization with weights of E as being the set

E⊗ :=
{

(r cos(θ), r sin(θ)); θ ∈ Π⊗(E) and − ηB,l(θ) < r < ηB,l(θ)
}
,

see Figure 4.
To prove the theorem, let us now fix some notations and basic consequences. Based on the change of variable

x = r cos(θ), y = r sin(θ), we set

~er := cos(θ)~i+ sin(θ)~j,

~eθ := − sin(θ)~i+ cos(θ)~j,

where ~i := (1, 0) and ~j := (0, 1). It is easy to see that

~i = cos(θ)~er − sin(θ)~eθ,

~j = sin(θ)~er + cos(θ)~eθ.
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Figure 4. The star-shaped Steiner symmetrization of the set E.

Moreover, if u : R2 → R is a function of class C1(R2\{(0, 0)}) then u(x, y) = u(r cos(θ), r sin(θ)) =: u(r, θ)
satisfies

∇u(r, θ) =
∂u

∂r
~er +

1

r

∂u

∂θ
~eθ.

Now, let E ⊂ R2 be a set of locally finite perimeter. The outward normal of E at (r, θ) will be denote by
νE(r, θ) = νr~er + νθ~eθ. Thus, for u(r cos(θ), r sin(θ)) = θ, θ ∈ [0, π), r ∈ R, we have

∥∥∥∇∂∗Eu∥∥∥ =
|νr|
|r| , where ∇∂∗Eu := ∇u(r, θ)− (∇u(r, θ) · νE(r, θ)) νE(r, θ)

is the tangential gradient; see [38], Chapter 18. The following lemma will be crucial to our arguments.

Lemma 5.1 (See [26], Lem. 6.3). Let Σ ⊂ R2 be an open cone and let E ⊆ Σ be a measurable set such that
PA(E,Ω) <∞ for any Ω ⊂⊂ Σ. Then, for any ψ ∈ L1(E), we have∫

E

ψdH2 =

∫
Π⊗(E)

∫
Eθ

rψ(rθ)drdH1(θ).

Moreover, for H1−almost every θ ∈ Π⊗(E), Eθ ⊆ R is a 1−dimensional set of locally finite perimeter such that
the Vol’pert property ∂∗Eθ ∩ {r > 0} = {r > 0 : Lθ ∩ ∂∗E 6= ∅} holds.

Now we are ready to prove one of our main results.

Proof of Theorem 1.5. The first part of the proof is divided in two steps.
Step one: The function µB,l(θ) =

∫
E∩Lθ |r|

b+l+1dH1(r) is such that µB,l ∈W 1,1
loc (R), with

dµB,l
dθ

(θ) = −
∫
∂∗E∩Lθ

|r|b+l+3νθ
|νr|

dH0(r), for H1 − a.e. θ ∈ R.
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Proof of the Step one. Indeed, given ϕ ∈ C1
c ((0, π)), we have∫

Π⊗(E)

ϕ′(θ)µB,l(θ)dθ =

∫
Π⊗(E)

ϕ′(θ)

∫
Eθ

|r|b+l+1dH1(r)dθ

=

∫
Π⊗(E)×R

1E(r cos(θ), r sin(θ))ϕ′(θ)|r|b+l+1dH2(θ, r)

=

∫
Π⊗(E)×R

1E(r cos(θ), r sin(θ))div
[
ϕ(θ)r|r|b+l+1eθ

]
dH2(θ, r).

It follows from Gauss-Green theorem that∫
Π⊗(E)

ϕ′(θ)µB,l(θ)dθ =

∫
∂∗E

ϕ(θ)|r|b+l+2νθdH1(r, θ).

Now, by Coarea formula on locally 1-rectifiable sets [38], Theorem 18.8, we get∫
Π⊗(E)

ϕ′(θ)µB,l(θ)dθ =

∫
Π⊗(E)

∫
∂∗E∩Lθ

ϕ(θ)|r|b+l+3 νθ
|νr|

dH0(r)dH1(θ).

Therefore, µB,l ∈W 1,1
loc (R), with

dµB,l
dθ

(θ) = −
∫
∂∗E∩Lθ

|r|b+l+3νθ
|νr|

dH0(r)

= −
∫
∂∗E⊗∩Lθ

|r|b+l+3νθ
|νr|

dH0(r)

= −
[
|ηB,l(θ)|b+l+3 νθ(−ηB,l(θ), θ)

|νr(−ηB,l(θ), θ)|
+ |ηB,l(θ)|b+l+3 νθ(ηB,l(θ), θ)

|νr(ηB,l(θ), θ)|

]
= −2|ηB,l(θ)|b+l+3 νθ(ηB,l(θ), θ)

|νr(ηB,l(θ), θ)|
for H1 − a.e. θ ∈ R

Step two: PA,k(E⊗) ≤ PA,k(E).

Proof of the Step two. Before we start the proof let us recall a generalization of the Minkowski’s inequality,
which, in its classical form is

 m∑
j=1

(vj + wj)
p

1/p

≤

 m∑
j=1

vpj

1/p

+

 m∑
j=1

wpj

1/p

, for m ∈ N, vj ≥ 0, wj ≥ 0, and p ≥ 1.

This, by repeated application, can be extended to the form

 m∑
j=1

(
t∑
i=1

vi,j

)p1/p

≤
t∑
i=1

 m∑
j=1

vpi,j

1/p

, for m, t ∈ N, vi,j ≥ 0, and p ≥ 1.
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Returning to the proof, from assumption equation (1.3) and Lemma 5.1 we deduce that the set ∂∗E ∩ Lθ is
almost everywhere discrete. Hence, from the previous inequality we obtain√(∫

∂∗E∩Lθ
|r|a+k+1dH0(r)

)2

+

(∫
∂∗E∩Lθ

|r|a+k+1
νθ
νr
dH0(r)

)2

=

√√√√( ∑
r∈∂∗E∩Lθ

|r|a+k+1

)2

+

( ∑
∂∗E∩Lθ

|r|a+k+1
νθ
νr

)2

≤
∑

∂∗E∩Lθ

√
(|r|a+k+1)

2
+

(
|r|a+k+1

νθ
νr

)2

=

∫
∂∗E∩Lθ

√
(|r|a+k+1)

2
+

(
|r|a+k+1

νθ
νr

)2

dH0(r).

Now, it follows from Coarea formula on locally 1-rectifiable sets, and the above inequality that

PA,k(E) =

∫
∂∗E

|x|a1 |y|a2
[
x2 + y2

]k/2
dH1(x, y)

=

∫
Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
∫
∂∗E∩Lθ

|r|a+k+1

|νr|
dH0(r)dH1(θ)

=

∫
Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
∫
∂∗E∩Lθ

|r|a+k+1

√
1 +

(
νθ
νr

)2

dH0(r)dH1(θ)

=

∫
Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
∫
∂∗E∩Lθ

√
|r|2(a+k+1) +

(
|r|a+k+1

νθ
νr

)2

dH0(r)dH1(θ)

≥
∫

Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
√ (∫

∂∗E∩Lθ
|r|a+k+1dH0(r)

)2

+

(∫
∂∗E∩Lθ

|r|a+k+1 νθ
νr
dH0(r)

)2

dH1(θ),

(5.1)

Now, we are going to use isoperimetric inequalities on R with different weights in the perimeter and volume
which are powers of the distance function to the origin cf. [7], Theorem 6.1. More precisely, since

(b+ l + 1) + 1 ≤ a+ k + 1 and

∫
E∩Lθ

|r|b+l+1dH1(r) =

∫
E⊗∩Lθ

|r|b+l+1dH1(r),

then ∫
∂∗E∩Lθ

|r|a+k+1dH0(r) ≥
∫
∂∗E⊗∩Lθ

|r|a+k+1H0(r). (5.2)

By equations (5.1) and (5.2), we obtain

PA,k(E) ≥
∫

Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
√ (∫

∂∗E∩Lθ
|r|a+k+1dH0(r)

)2

+

(∫
∂∗E∩Lθ

|r|a+k+1 νθ
νr
dH0(r)

)2

dH1(θ)

≥
∫

Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
√ (∫

∂∗E⊗∩Lθ
|r|a+k+1dH0(r)

)2

+

(∫
∂∗E∩Lθ

|r|a+k+1 νθ
νr
dH0(r)

)2

dH1(θ).

(5.3)
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It follows from step one, a+ k = b+ l + 2 and equation (5.3) that

PA,k(E) ≥
∫

Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
√ (∫

∂∗E⊗∩Lθ
|r|a+k+1dH0(r)

)2

+

(
dµB,l
dθ

(θ)

)2

dH1(θ)

=

∫
Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
√ (∫

∂∗E⊗∩Lθ
|r|a+k+1dH0(r)

)2

+

(∫
∂∗(E⊗)∩Lθ

|r|a+k+1 νθ
νr
dH0(r)

)2

dH1(θ)

=

∫
Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2

√√√√√√


(
|ηB,l(θ)|a+k+1 + | − ηB,l(θ)|a+k+1

)2
+(

|ηB,l(θ)|a+k+1 νθ(ηB,l(θ), θ)

νr(ηB,l(θ), θ)
+ |ηB,l(θ)|a+k+1 νθ(−ηB,l(θ), θ)

νr(−ηB,l(θ), θ)

)2

dH1(θ)

= 2

∫
Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
√
|ηB,l(θ)|2(a+k+1) +

(
|ηB,l(θ)|a+k+1 νθ(ηB,l(θ), θ)

νr(ηB,l(θ), θ)

)2

dH1(θ)

= 2

∫
Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2 |ηB,l(θ)|
a+k+1

|νr(ηB,l(θ), θ)|
dH1(θ)

=

∫
Π⊗(E)

| cos(θ)|a1 | sin(θ)|a2
[ |ηB,l(θ)|a+k+1

|νr(ηB,l(θ), θ)|
+
| − ηB,l(θ)|a+k+1

|νr(−ηB,l(θ), θ)|

]
dH1(θ)

= PA,k(E⊗). (5.4)

Therefore, the first part of the theorem follows from Step 2.

To prove the second part of the theorem, we use step two and [7], Theorem 6.1. Indeed, by the equality

PA,k(E⊗) = PA,k(E),

and equations (5.2)–(5.4), we can observe that∫
∂∗E∩Lθ

|r|a+k+1dH0(r) =

∫
∂∗E⊗∩Lθ

|r|a+k+1dH0(r) for H1 − a.e. θ ∈ Π⊗(E).

By [7], Theorem 6.1, we then get

Eθ = (−ηB,l(θ), ηB,l(θ)).

Thus, the proof of equation (1.4) is assured and, consequently, the Theorem 1.5.

Remark 5.2. Let us consider the nonnegative vectors A = (a1, a2) and B = (b1, b2), together with the case
l = k = 0. Let E be an open rectifiable set in R2. If E minimizes the isoperimetric quotient

PA(E)

[mB(E)]
a+1
b+2

,

then the reduced boundary ∂∗E has no flat parts contained in Lθ for θ ∈ (0, π/2). Indeed, assume by contra-
diction that such a flat part exists in Lθ0 for some θ0 ∈ (0, π/2). Since E is a rectifiable set, and its boundary
∂∗E ∈ C1 (see [41], Thm. C), we can suppose that exist r1, r2 positive numbers with r1 < r2 such that

{(r cos(θ0), r sin(θ0)); r1 < r < r2} ⊂ ∂∗E.
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(a) (b)

Figure 5. The set E with flat part on the boundary and the set E(ψ, t).

Therefore, in a neighborhood of the flat portion in the reduced boundary ∂∗E, the set E is on one side of this
flat portion, see Figure 5 – cases (a) and (b). We will consider the case (a). The case (b) follows in a similar
manner. For ε > 0 small enough, let r0, r0 + ε ∈ (r1, r2). Given t0 > 0, we will take t ∈ (−t0, t0), and s ∈ [0, ε].
Defining

σ(s, t) = (σ1(s, t), σ2(s, t)) := r0(cos(θ0), sin(θ0)) +

(
cos(θ0) sin(θ0)
− sin(θ0) cos(θ0)

)(
s
t

)
∈ R2,

we have owed the flat portion in the reduced boundary ∂∗E, that our inner and outer variations can be taken
symmetrically, which allow us to consider the set

E(ψ, t) =

{
E\{σ(s, τψ(s)) ∈ R2; 0 ≤ s ≤ ε, 0 ≤ τ < t} for t > 0,

E ∪ {σ(s, τψ(s)) ∈ R2; 0 ≤ s ≤ ε, t < τ ≤ 0} for t < 0,

where ψ ∈ C1([0, ε];R), 0 ≤ ψ ≤ 1, ψ(0) = 0 = ψ(ε), and ψ 6= 0. The following figures illustrates the situation.
Thus,

PA(E(ψ, t)) = PA(E)−
∫ r0+ε

r0

racos(θ0)a1 sin(θ0)a2dr +

∫ ε

0

|σ1(s, tψ(s))|a1 |σ2(s, tψ(s))|a2
∣∣∣∣ d

ds
σ(s, tψ(s))

∣∣∣∣ ds,
and

mB(E(ψ, t)) =


mB(E)−

∫ ε

0

∫ tψ(s)

0

|σ1(s, τ)|b1 |σ2(s, τ)|b2dτds, for t > 0,

mB(E) +

∫ ε

0

∫ 0

tψ(s)

|σ1(s, τ)|b1 |σ2(s, τ)|b2dτds, for t < 0,

Since that mB(E) > 0, the function F : (−t0, t0)→ R given by

F (t) :=
PA(E(ψ, t))

mB(E(ψ, t))
a+1
b+2

. (5.5)



THE ε–ε PROPERTY AND THE BOUNDEDNESS OF ISOPERIMETRIC SETS WITH DIFFERENT MONOMIAL WEIGHTS 25

is well-defined, once, if necessary we can take t0 sufficiently small. Calculating the one-sided derivatives of F at
t = 0, we obtain

F ′+(0) =
1

mB(E)
a+1
b+2

(
P ′A(E(ϕ, 0)) +

(a+ 1)

(b+ 2)

PA(E)

mB(E)

∫ ε

0

|σ1(s, 0)|b1 |σ2(s, 0)|b2ψ(s)ds

)
,

F ′−(0) =
1

mB(E)
a+1
b+2

(
P ′A(E(ϕ, 0)) +

(a+ 1)

(b+ 2)

PA(E)

mB(E)

∫ ε

0

|σ1(s, 0)|b1 |σ2(s, 0)|b2ψ(s)ds

)
.

Since F (t) has a minimum in t = 0, we conclude that F ′−(0) = F ′+(0) = 0. Applying the derivative in equation
(5.5) at t = 0, we get

− (a+ 1)

(b+ 2)

PA(E)

mB(E)

∫ ε

0

|σ1(s, 0)|b1 |σ2(s, 0)|b2ψ(s)ds

=

∫ ε

0

[
a1σ1(s, 0)a1−1σ2(s, 0)a2 sin(θ0) + a2σ1(s, 0)a1σ2(s, 0)a2−1 cos(θ0)

]
ψ(s)ds.

Noticing that the right-hand side is positive, while the left-hand side is negative, which leads to a contradiction
if the set E has flat parts.

We conclude this section with the following remark.

Remark 5.3. In the case a = b = 0 and k = l + 2 > 0, the isoperimetric constant is given by

Ck,l,2 := inf


∫
∂∗E

(x2 + y2)k/2dH1(x, y)[∫
E

(x2 + y2)l/2dH2(x, y)

](k+1)/(l+2)
; E ⊂ R2, open and bounded

 . (5.6)

As an application of Theorem 1.5, we can show that the balls with center at the origin are isoperimetric sets
for k > 0 and, furthermore, Ck,l,2 = (2π)−1/kk(k+1)/k. In fact, by [41], Theorem C and Theorem 1.5, we can
consider the sets E as regular and star-shaped Steiner symmetric. Following the same argument of Remark 5.2,
∂∗E has no flat parts contained in Lθ for θ ∈ (0, π). Thus, ∂∗E can be parameterized by C1 curves. For every
0 ≤ α1 < α2 ≤ π

2 ≤ β1 < β2 ≤ π, let us define the set

Γ :=

{
γ ∈ C1((α1, α2) ∪ (β1, β2));

γ|(α1,α2)
= r ∈ C1((α1, α2)), r ≥ 0,

γ|(β1,β2)
= ρ ∈ C1((β1, β2)), ρ ≥ 0

}
.

Finally, let G(γ) =
{

(γ(θ) cos(θ), γ(θ) sin(θ)) ∈ R2; θ ∈ (α1, α2) ∪ (β1, β2)
}

. Thus

Ck,l,2 = inf
γ∈Γ

∀E⊂R2, open and bounded
G(γ)=∂∗E∩R2

+\{(0,t),t>0}


2

∫ α2

α1

rk(θ)
√
r(θ)2 + (r′(θ))2dθ + 2

∫ β2

β1

ρk(θ)
√
ρ(θ)2 + (ρ′(θ))2dθ

(
2
l+2

)(l+3)/(l+2)
[∫ α2

α1

rl+2dθ +

∫ β2

β1

ρl+2dθ

](l+3)/(l+2)


.
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Given a parametrization γ ∈ Γ of the reduced boundary of an admissible set E, let us fix a positive constant R
such that ∫ α2

α1

r(θ)l+2dθ +

∫ β2

β1

ρ(θ)l+2dθ =

∫ π

0

Rl+2dθ.

On the one hand, by construction, we have
∫
E

(
x2 + y2

)l/2
dH2(x, y) =

∫
BR(0)

(
x2 + y2

)l/2
dH2(x, y); on the

other hand, by Jensen’s inequality ( applied to w 7→ w
l+3
l+2 ), we get

∫
∂∗E

(
x2 + y2

) k
2 dH1(x, y) = 2

∫ α2

α1

rk(θ)
√
r(θ)2 + (r′(θ))2dθ + 2

∫ β2

β1

ρk(θ)
√
ρ(θ)2 + (ρ′(θ))2dθ

≥ 2

∫ α2

α1

rl+3(θ)dθ + 2

∫ β2

β1

ρl+3(θ)dθ ≥ 2|α2 − α1|−
1
l+2

(∫ α2

α1

rl+2(θ)dθ

) l+3
l+2

+ 2|β2 − β1|−
1
l+2

(∫ β2

β1

ρl+2(θ)dθ

) l+3
l+2

≥ 2
(π

2

)− 1
l+2

(∫ α2

α1

rl+2(θ)dθ

) l+3
l+2

+

(∫ β2

β1

ρl+2(θ)dθ

) l+3
l+2


≥ 2

(π
2

)− 1
l+2

2−( l+3
l+2−1)

[∫ α2

α1

rl+2(θ)dθ +

∫ β2

β1

ρl+2(θ)dθ

] l+3
l+2

=
(π

2

)− 1
l+2

22− l+3
l+2

[∫ π

0

Rl+2dθ

] l+3
l+2

= 2πRl+3

=

∫
∂BR(0)

(
x2 + y2

) k
2 dH1(x, y),

where in the fourth inequality we have used that

(s+ t)p+1 ≤ 2p(sp+1 + tp+1) for all s > 0, t > 0 and p > 0.

This establishes the equality, which concludes the proof.

Acknowledgements. The authors are grateful to the anonymous referee for their valuable comments and suggestions that
improved the quality of the paper.
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