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A GENERAL MAXIMUM PRINCIPLE FOR PROGRESSIVE
OPTIMAL CONTROL OF PARTIALLY OBSERVED MEAN-FIELD
STOCHASTIC SYSTEM WITH MARKOV CHAIN

T1AN CHEN® AND YUNXIAO JIA®

Abstract. In this paper, we study an optimal control problem of partially observed mean-field type
stochastic control system with Markov chain in progressive structure. The control variable is allowed
to enter the diffusion term of the state process and the drift term of the observation process. The
control domain need not be convex. In our model, the cost functional and the observation are also of
mean-field type. By virtue of a special spike variation, the related stochastic maximum principle has
been obtained. The stochastic maximum principle in progressive structure is essentially different from
the classical case.
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1. INTRODUCTION

Over the past decades, Markov regime-switching models have been widely used in economy and engineering.
Compared with the traditional model, Markov chain model can better describe the changes between model
states. In the economic model, a continuous time finite state Markov chain is often used to describe the change
of the economic level, for example, bear market and bull market, see [9, 34, 37] for more details.

Stochastic control problem plays an important role in control theory. The stochastic maximum principle
(SMP), which is a necessary condition for the optimal control problem, is one of the important tools to solve
the optimal control problem. Promoting the development of SMP is not only of great significance in theory
but also of great practical significance in the application of finance and engineering. It was first formulated
by Pontryagin in the 1950s and it converted the optimization problems into maximizing the corresponding
Hamiltonian functions. Bismut [4] introduced the linear backward stochastic differential equation (BSDE) as
the adjoint equation and Peng [20] obtained the general SMP by the second-order adjoint equation. Tang and
Li [27] studied the optimal control problem with Poisson random measure in predictable structure and they
gave the corresponding SMP. More research on the predictable structure can be seen [21, 35] etc. With the
development of forward-backward stochastic differential equation (FBSDE), more scholars have studied the
SMP of forward-backward stochastic control systems, see [12, 32]. Donnelly [8] studied the sufficient SMP for
the stochastic control system with regime-switching and the necessary SMP was studied by Tao and Wu [28].
In order to solve the flawed estimates (see [23]), Song et al. [23] introduced a new method of spike variation
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and thus derived the rigorous SMP. They revealed the essential difference between the stochastic control system
with jump and that without jump. More details of progressive structure can be seen [7, 24].

Mean-field is a useful tool for investigating the collective behavior arising from individuals’ mutual interaction,
which is very popular in physics. Because of its wide application, mean-field control and game problems have
attracted more and more attention, see [13, 17, 29]. There are two typically used problem frames and models
for the mean-field control. The first one is the large population system which contains many cooperative agents,
and it is also called mean-field game firstly studied independently by Huang et al. [14] and Lasry and Lions
[15]. Another one is mean-field type control system, where the dynamic is given by some mean-field system, like
mean-field stochastic differential equation (MF-SDE). Andersson and Djehiche [2] studied the optimal control
problem of a mean-field type stochastic control system with convex domain and that with non-convex domain
is studied by Buckdahn et al. [5]. Yong [33] studied the linear-quadratic (LQ) optimal control problem in mean-
field system and obtained the related feedback form optimal control. Zhang et al. [35] obtained a global SMP
for a Markov regime-switching mean-field model driven by Brownian motions and Poisson random measure and
the SMP of mean-field stochastic control problems with the joint distribution of the controlled state and the
control process was gotten by [1]. Sun et al. [25] studied the two-person zero-sum mean-filed LQ stochastic
differential games.

As mentioned above, they all assume that the overall information is available, i.e., decision makers can obtain
all information of the state. However, in practice, decision makers can only get partial information in most
cases. There is rich literature about partial information control system see [3, 10, 36]. Li and Tang [18] obtained
the SMP for partially observed stochastic control system with non-convex domain by a purely probabilistic
approach. Wang and Wu [30] and Wu [31] studied the partially observed optimal control of forward-backward
stochastic systems with convex and non-convex control domain, respectively. Brandis et al. [19] derived the
SMP of a mean-field type stochastic control system with partial information, under which dynamic is governed
by a controlled It6-Lévy process. Since the partial information problem is a very fast-growing research field, it is
very hard to exhaustively and roundly account for all the developments of it, and here we refer to [6, 16, 26, 38]
for interesting readers to get more details about it.

In this paper, we derive a general SMP for partially observed mean-field type stochastic control system with
Markov chain in progressive structure. When it is assumed that the admissible controls are predictable, the
flawed estimates may cause some problems (see [23, 24]), thus we solve this problem in progressive structure.
We extend the special spike variation which was first introduced by [23] to the case of partial information.
The dynamics of state and observation are governed by MF-SDE with Markov chain. The control variables are
allowed to enter into all coefficients and the control domain is non-convex. Thus, sharper estimates for the first
order variational equations are given (see (4.20) and (4.37)). In order to deal with this problem, three first order
adjoint equations and one second order adjoint equation are introduced. Compared with [5] and [35], the main
difficulty of this paper is to give an appropriate estimate for the first order variational equations of state and
observation as the coeflicients are progressive rather than predictable. Actually, the auxiliary process A defined
in Lemma 4.3 becomes more complex due to the progressive coefficients. Then the general SMP for stochastic
control system with Markov chain and partial information is derived. It is worth pointing out that our partially
observed SMP can degenerate into many well-known results under some appropriate assumptions.

The main contribution of this paper comparing with existing literatures can be summarized as follows:

(1) A general partially observed mean-field stochastic control model with Markov chain in progressive struc-
ture is introduced. Different from the existing literature, the coefficients in this control system are progressive.
Thus the terms dV; and dV; cannot be replaced with each other (see Rem. 3.2), which is different from the
predictable structure. In the progressive structure, a more accurate characterization of stochastic control system
with jumps is given.

(2) We introduce the progressive structure into the partially observed model. The state and observation are
defined on a reference probability space (Q, F,F, P) (see (3.1) and (3.2)), and the cost functional is defined on
probability space (Q, F,F, P*) (see (3.4)). In order to solve this problem, we transfer the cost function of original
partially observed problem to the reference probability space by virtue of Girsanov’s theorem (see (3.5)). Then
we can solve this problem through classical method.
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(3) Due to the introduction of the mean field term, we need some more accurate estimates of variational
equations of state and observation (see (4.20)). In this proof process, the introduction of auxiliary process A is
necessary. Since all coefficients are progressive, the auxiliary process and related proof process are more complex
and difficult.

(4) In virtue of the dual predictable projection, we introduce three first order adjoint processes and one
second adjoint process in the progressive structure to solve this problem. Then the corresponding SMP of
partially observed stochastic control system have been obtained. And our result can degenerate into many
well-known results under some appropriate assumptions (see Rem. 5.2).

The rest of this paper is organized as follows. In Section 2, we give some preliminaries about the stochastic
integral in progressive structure. Section 3 formulates the partially observed optimal control problem. We employ
the special spike variation and introduce the first and second order variation equation in Section 4. In order to
get the maximum principle in the progressive structure, the related adjoint equations are given in Section 5. In
Section 6, we present an LQ optimal control problem to demonstrate the effectiveness of our SMP.

2. PRELIMINARIES

Given a fixed time horizon T > 0. Let (92, F,F, P) be a filtered probability space. On this probability space,
there exists a two-dimensional Brownian motion (B.,Y.) and a continuous-time finite state stationary Markov
chain «. taking value in D = {1,2,...,n} with o-field D. We assume that the filtration F generated by B., Y.
and a., that is

Fii=0{as,0<s<t}Vo{BsYs,0<s<t} VN, vt € 10,77,

where N denotes the totality of P-null sets. Then F satisfies the usual condition.

The generator of a. is Q = (¢i;)nxn. Note that g;; > 0, for ¢ # j and 2?21 ¢i; = 0,50 ¢ < 0. In what follows,
we further assume that g;; > 0 for i # j, so g;; < 0. Define function f*: D — R, fi = Ity (), i € D, which has
the following semimartingale decomposition,

t
b =1h /quﬂdHMZ* i /qa ids + M},

where M is an F martingale satisfying E|M/[?> <occ. Define V;Y =3, fi fi , i # j, which counts the
number of times that o jumps from i to j up to time ¢. Since i # j, we have

S fafh= 2 fa (- HL) = X0 s (AR,

0<s<t 0<s<t 0<s<t

t t t
= [ rian = [ s [ .
0 0 0

We give the notation )7, . as abbreviation for 327 | 371" | ;. Then we define

ij
Vi

= ZV;”—/ Z Goi fi ds+ £ de)—/otrsdsw;,

i#] O i

where 7y = ZZ;J qas]fé L V= ZZ&J fot fi dM?. Now, for a given Hilbert space H, if £ : Q — H is an
Fr-measurable, square-integrable random Varlable we write £ € L% (Q;H); if z : [0,T] x @ — H is an F;-
predictable, square-integrable process, we write z € MZ2(0,T;H); if z : [O T] x Q — H is an F;-adapted cadlag
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process satisfying E[sup,c(o 1) [2:|?] < 00, we write z € Sp(0,T;H); if x : [0,T] x Q — H is an Fy-predictable

process satisfying E[fOT |z¢|2dV}] < oo, we write z € FZ(0,T;H).

In this paper, we consider the partially observed optimal control problem in progressive structure. Given a
Euclidean space N, stochastic process X : [0,T] x @ — N is called progressive (predictable) if X is G/B(N)
(P/B(N)) measurable, where G(P) is the progressive (predictable) o-field on [0, 7] x Q. In contrast to other
articles about SMP with Markov chain jump, the coefficient of the control system is progressive and the integral

is progressive rather than predictable. Let ((A) = E| fOT I4dV;] denote the measure on B([0,7]) ® F. Obviously,

¢ is not a probability. For any F ® B([0,1])/B(R) measurable integrable process X, we set E[X] = E[fOT Xd(¢]
and denote the Radon-Nikodym derivatives with respect to the predictable o-field P by E[X|P]. It is worth
pointing out that E has similar properties to expectation but it is not an expectation. Next, we give some
properties of progressive stochastic integral and dual predictable projection (see [11, 23, 24]). For a progressive

process (K¢)icjo,1) satisfying E[fOT |K;|?dV;] < oo, the stochastic integral fot K.V, is well-defined and it is a
square integrable martingale.
Proposition 2.1. Suppose K. is a progressive process satisfying E[fOT |K¢|2dV;] < oo, then

t t t
/stvsz/ stvs—/ E[K,|Plr.ds,  Vte[0,T).
0 0 0

Remark 2.2. Under the assumption of Proposition 2.1, we have

EU; stvs] - EU;E[KSW]TSdS} (2.1)

In particular, if K. is a predictable process, we have the well-known result

E{/OtKSdVS} ZE[/OthTst}

Proposition 2.3. Suppose that K. and K. are progressive processes satisfying E[fOT(|Kt|2 + |K,[2)dV;] < oo,

we have
. N . B N t _ . ~
{/ stVs,/ stVs} :/ KK .dV, A(/ stVs> = K;AV;.
0 0 t 0 0 t

3. STATEMENT OF THE PROBLEM

Let {7, }n>1 be the jump time of V', then {7}, },,>1 is a sequence of strictly increased stopping times. Let U be
a nonempty subset of R. Consider the following progressive mean-field stochastic control system with Markov
chain

dXt = b(t, Xt, E[Xt], Ut)dt + O'(t, Xt, E[Xt], Ut)dBt
+ ’y(tv Xt77 E[th}a ut)d‘/t + C(ta thv E[th]v ut)d‘;;H (31)
Xo = o,
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where g € R, b,0,7,¢,: 2% [0,T] x Rx Rx U — R. Assume that state process X. cannot be directly observed,
but we can observe a related white noise process Y., which satisfies the following MF-SDE,

t

t
Yt:/ h(s,Xs,E[Xs],us)ds+/ AW, (3.2)
0 0

where h: Q x [0,T] x R x Rx U — R and W" denotes a stochastic process depending on the control variable
u. We also assume that c. can be directly observed. Let {F} };c(o,7) be the natural filtration generated by Y.
and a. Then we define the admissible control set

Uod = {u | u is F) -progressive process, taking values in U, such that

T P
sup E[|ut|?] < oo and E{/ |ut|th] < oo for any p > 2}.
t€[0,T] 0

Remark 3.1. For any u. € Uyq and p > 2, we have

P

T £ > £ 00 p T P
E|:/ |ut|2d%:| = E[Z |uTn,2I]‘{TnST}:| S E|:Z |uTn|]]‘{TnST}:| = E|:/ |Utd‘/;5:| < 00.
0 n=1 n=1 0

Then we give some assumptions to ensure the well-posedness of the controlled system.

Assumption (H1)
i) b,0,7,¢,h are G ® B(R) ® B(R) ® B(U)/B(R) measurable.
ii) b,0,7,¢, h are twice continuously differentiable with respect to (z,#) with bounded first and second order
partial derivatives, they and their partial derivatives in (z, &) are continuous in (z, Z, u). There exists a constant
C such that |L(¢,z,7,u)| <C(1 + |z| + |Z| + |u|) with £ =b,0,7,c and |h(t,z,7,u)| < C.
iit) B[f, [b(t,0)*dt+ [y |o(t, 0)Pde-+(fy [yt 0)[dVi)>+ [y [e(t, 0)[*dVi] < oc.
iv) v (t, x, T, u) + ¢ (t, 2, &, u) + 1> 0.

In the above, the last condition is necessary to ensure the process A. in Lemma 4.3 is well-defined. Under
(H1), we know that (3.1) admits a unique solution for any admissible control. Define dP* = Z¥%dP, where

t 1 t
70— exp{/ h(s, Xo, E[X.], us)dY, — 5/ |h(s,Xs,E[Xs],us)|2ds}.
0 0

Obviously, Z* can be characterized as follows
dZy = ZPh(t, X, E[X¢], u)dYs, Zy =1. (3.3)
Let (H1) hold, we know that P" is a new probability measure by Girsanov’s theorem. Under probability

measure P%, (B.,W") is a two-dimensional standard Brownian motion and V. is still a compensated martingale.
We introduce the following cost functional

T T
J(w) =E“[ | X gt [ X B Vit o B | (9

where I, f : QX [0,T] X RXxRxU = R, g: Qx Rx R— R. E* denotes mathematical expectation under
probability P*. Then the partially observed optimal control problem studied in our paper can be described as
follows:
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Problem (OCP). Find an admissible control 4. € U,q such that

J(@.) = inf J(u.).

u€EUqq
Then we introduce some assumptions:

Assumption (H2).

i) I, f are G ® B(R) ® B(R) ® B(U)/B(R) measurable, g is Fr ® B(R) ® B(R)/B(R) measurable.

ii) I, f, g are twice continuous differentiable with respect to (x,Z) with bounded second order partial derivatives,

they and their partial derivatives in (x,Z) are continuous in (x,%,u). There exist a constant C such that

L(t 2,2, u)| < CU+ | + 2+ [uf?), [Lo(t, 2, 2, u)| < C(L+ [2] + [2] + |u]), |C(t 2,7, )| < C(1+]a|+|2]+

[ul) with £ = 1, f and |g(z, 5)| < C(1 1 |o]? + [7[2), |ga(2:3)| < C(1+ |a| + [7]), |gs (2, 7] < O+ |a] + |7]).
Obviously, the cost function (3.4) can be written as

T T
J(u.) :E[/ Z;‘l(t,Xt,E[Z;‘Xt],ut)dt—kZ%g(XT,E[Z%XT])+/ Z' f(t, X,—, E[Z" Xy_),uy)dV}
0 0
(3.5)

Remark 3.2. Let (H1)-(H2) hold in predictable structure. If v is P ® B(R) ® B(R) ® B(U)/B(R) measurable,
we have the following result for any X. € S2(0,T; R) and any u. € Uga,

Y (t, Xee s B[Xi-],ue)| < C(17(2,0,0,0)] + [ X | + [ E[Xe-]| + Jue ).

By Proposition 2.1, we have

t t t
/ 5 (8, Xy, E[X,_ ] ug)dV; = / 5 (8, Xy E[X,_], ug)dV, + / Y (s, X, E[X,], uy)rsds.
0 0 0

Then the state system (3.1) can be rewritten as

dXt = [b(t, Xt, E[Xt], Ut) + "}/(S7 XS, E[Xg]7 US)T‘S]dt + O'(t, Xt7 E[Xt], Ut)dBt
+ [’Y(tv Xt*v E[th]a ut) + C(tu Xt*v E[Xt*]v ut)]df/tv
XO = Xp.

This shows that v can be omitted in the state system. If f is P ® B(R) ® B(R) ® B(U)/B(R) measurable, we
have

T
J(’U,) = E“ |:/ {l(t, Xt, Eu[Xt], Ut) + f(t7 Xta Eu [Xt], Ut)T‘t}dt + g(XT7 Eu [XT]) .
0
We also know that f can be omitted in the cost functional.

4. VARIATION

In this section, we focus on the SMP for the cost functional (3.5) subject to (3.1) and (3.2). Suppose @. € Uya
is the optimal control, X. and Z. are the correbpondlng trajectories of (3.1) and (3.2). For simplification, we use
the abbreviation Z = Z% E = E® and W = W™, Since U is not necessary convex, we employ spike variations,
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for any ¢ € [0, 17,

e if (t,w) € O :=]t,t+ ]]\U[[T 1)

n=1

u, otherwise,

where [T,] := {(w,t) € Q x [0,T]|T,,(w) = t} is the graph of T},, and v is a bounded F} measurable function
that takes values in U. Since T, is a stopping time, [T,] is a progressive set. Therefore, the spike variation u¢ is
progressive and we can show that u¢ € U,q. And we can know that (J)2 ,[7},] is negligible under P x Leb, thus
it is also negligible under P* x Leb, where Leb denotes the Lebesgue measure. For more details of this variation

we can see Song et al. [23].

Remark 4.1. (i) As we all know, Markov chain «. is a Feller process, then «. is a quasi-left continuous process.
So is V. T, is not a predictable time, so [T;,] is not predictable, which means that u¢ is not predictable;
that’s the reason why we allow the integrand of the stochastic integral to be progressive. In fact, T;, are totally
unpredictable times.

(ii) In order to deal with the stochastic optimal control problem with Markov chain and partial information
in progressive structure, we introduce a special spike variation (see (4.1)). On the one hand, this form of
variation requires us to dig out the graph of all jump time of Markov chain, thus the jump time of Markov chain
should be observed. On the other hand, only if the admissible control set is F} -adapted, which is generated by
observation Y. and Markov chain «., the perturbed control u¢ can belong to this admissible set again. Thus we
assume that the Markov chain a. can be directly observed. Otherwise, the perturbed control no longer belongs
to the admissible control set U,q.

For simplification, we introduce the following notations,

o(t) = o(t, Xy, B[Xy], 1), m(t) :=

0a(t) = u(t, Xo, B[Xy], 11t), ual(t ) = %m(t XtaE[XtLﬁt)a
(t) =12 (t, Xo—, E[X,_], 1), X
#(t) == s (t, Xo, B[X4], ), 1

t,u) = go(t,Xt,E[Xt] u) — <,0(t7X,5,E[X,g]ﬂl,g)7

an(t,u) = n(t, Xi—, B[X;_],u) — n(t, X;—, BE[X;_], i),

where ¢ = b,0,h,l,g; n = 7,¢, f, and the mathematical expectation E in [, f, g should be replaced by E™.
We denote by X¢ and Z°¢ the trajectories of u. By the estimate of MF-SDE and noticing that (Leb x
P)([T.]) = 0, we can obtain

B| sw |x; - %l
t€[0,T]

< CE[(/OT |5b(t,u§)dt>p + (/OT <$a(zt,u§)|2dt>g + (/OT |57(t,u§)dvt>p + </OT |§c(t,u§)|2th)g}
< CE[(/{HE v — at|dt)p + (/{HE lv — ﬁt|2dt> ’

| T
= 0(e”) + O(e2).
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Indeed, there is no jump on O. Thus the jump terms 7, ¢ do not influence the order of variation. Thanks to this,
we can use the method in Peng [20] to get the desired conclusion. Then we introduce the first-order variation
equation

dXi ¢ = {b:(6) X1+ + bz (t) E[X1,¢] + 0b(t, ug) }dt + {0, (t) X1 4

+0z(t)E[X14] + 0o (t, uf) }dBy + {72 (t) X1,

+ 730 E[X1- 13V + {co () X1 + ca(t) B[X0 -]}V, (4.2)
AZ1 ¢ = {Z1h(t) + Zihe () X1 4 + Ziha () E[X14] + Z:0h(t, u) }dY;,
X10=0, Zipg=0, tel0,T),

and the second-order variation equation

1
dXo = {bs ()Xot + bz(t) E[X2.] + ibww(t)Xit + 0by (t, ug) X1 ¢ ydt

1
+{o. ()Xot + 0z(t) E[X24] + §am(t)xit + 00, (t,u§) Xy ¢ }dBy

1
+ {1 (t) X2 i— +7z(t) E[Xo] + 5%1(75))(12,15—}(“4

1 , ~ (4.3)
+{co(t) X2 - + cz(t)E[Xa,—] + icm(t)XLt—}dV;f

AZa s = {Zoth(t) + Z1.the () X1, + Zihe(t) Xos + Zihs(t) E[X24]

1, X
+ iZthm(t)Xit + Zy 46h(t,uf) + ZiShy(t,uf) X 4 }dY;

X270 = 0, 2270 = 0, te [O,T}

Under (H1)-(H2), it is easy to show that (4.2) and (4.3) admit a unique solution, respectively. We have the
following basic estimate.

Lemma 4.2. Let (H1)-(H2) hold. For any u. € U,q and k > 1, then we have

sup E|Z"*F < oo, and sup E| X% < C’(l + sup Eut|4k).
t€[0,T) t€[0,T) t€[0,T]

Lemma 4.3. Suppose (H1)-(H2) hold. Let (®¢)ic(0,1] be a progressively measurable process, for any p > 1, there
exists a positive constant C, such that

E{ sup |<I>t|p] < C,. (4.4)
t€[0,7)
Then there exists a function p: (0,00) — (0,00) with p(e) | 0 as € | 0, such that

T
| et a <, o
0

Proof. We recall the dynamic (4.2) of X; . and we set

A= exp{/ot{;ai(s)—bw(s)}ds—/otaw(s)st_/Otcw(s)df/s"'/ot{lnw+C‘T(S)}dVS}'
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Then, by applying Itd’s formula to A; X ¢, we get
t
X1, :Ft/ As{ (ba(s) = 0u(5)0a(s)) E[X1,s] + (3b(s, u5) — 0u(s)d0 (s, ug)) }ds
t
+Ft/ A {Ow E[X1s) + do(s,u }dB —I—Ft/ As_ci(s)E[XLs_]df/s
0

r, /0 e {7a(5) + (33(5) + €3(5)) (B(s) — e2(5)) VE[X1 o]V,

where I'y = A;l and S(¢t) = Gt );:;(8;1?)( ;’(t) Under (H1)-(H2), for any p > 1 there exists a positive constant
Cp, such that

B| sw (Al 410 | <G (45)
€[0T

Moreover, with the help of (4.4) it also follows that

E{ sup |<I>tI‘t|p} < Cp. (4.6)
t€[0,T]

By the Ité6 Representation Theorem, for every t € [0,7], there exists unique (ay(-),r:()) € M2(0,T; R) x
FZ(0,T; R) such that

t t
(I)tFt = E[‘btl—‘t] +/ Oét(S)dBS +/ mt(s)dVS7 P-as.. (47)
0 0

In virtue of (4.6), Burkholder-Davis-Gundy (B-D-G) inequality and Doob’s inequality, we can know that there
exists a constant C}, independent of ¢ such that for any p > 1,
P
<CpE [ sup }

S / +(r)dB, +/Osl<at(r)df/r

C( ) ‘/at dB—i—/nt()dffsp

gq(ﬂ@mm]wm@nm)g@E{mp@J#}gq.
t€[0,T)

P
2

5| [ Tou(o)? + (o)

IN

< CpE|®y — E[®,14]|"

For p = 1, by using Holder’s inequality, we can easily get

EK/Ot|at(s)|2ds+/0t|/<ct(s)|27'sds)é] <c

Then we have, for any p > 1

t t z
sup E[(/ |at(s)\2ds—|—/ |/st(s)|2rsds> ] < Cp. (4.8)
t€[0,7) 0 0
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We consider
CI)tXLt = Jl(t) + Jg(t) + Jg(t) + J4(t), te [O,T],

where

t

Ji(t) = @y [ A{[bz(s) — 02(5)0z(s)|E[ X1 5] + [6b(s, us) — 0(s)d0 (s, us)] }ds,

t

Jo(t) =&,y [ Asfoz(s)E[Xq] + do(s,us)]dBs,

t

J3(t) = o,I,

o— — S—

t
As_O(s)E [ X1 5| dVs, Ju(t) :@trt/ Ay cz(s)E[X1 s ]dVs,
0

with 0(t) = vz (t) + (vz(t) + ¢z (t))(B(t) — cx(t)). The following estimate for E[J1(¢)] holds:

/OT | ELA @) dt < 0(62 + /OT /Ot |E[X1,s]|2dsdt), te0,7]. (4.9)

Indeed, by virtue of (4.5), (4.6) and Lemma 4.2, we have

yE[Jl(t)]ySCE[ sup |®,T¢|- sup [A¢|- (/ \EXlsydere)]
t€[0,T] t€[0,T]

<C( |:Sllp |(I)tI‘t| :|)2<E|: sup ’At :|) |:/ |EX15}dS+E:|
te[0,T] te[0,T

< Ce+C/ |E[X14]|ds,  te][0,T],
0
which yields (4.9). To estimate E[J3(t)], we notice that

El(0)] = E|orr | s (oa(6) XL + sos.u5)) 4.

£ [ 1 (5) Awors(8) ELX, das| + 8| [ t ()5,
s = Jor (B)+Jaa(t), t €10,T).

In view of (4.5) and (4.8), we have

t t t
T ()2 <E[ sup \AtP/ |at(s)|2ds] / |E[X1’S]|2ds§0/ X J][2ds. (4.10)
0 0 0

te[0,T)
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Moreover,
. t
| Jaa (#)| SCE[ sup (1+|Xt|+\v\+|ﬁtl)~/ Iat<s)As|I<t,t+adS]
te[0,T) 0
- 1
< Ce: (E |ozt(s)As|2[(t$t+6]ds]>
LJo
/T J\E t ) 21\ %
< Ce? (E sup | Ay D (E[(/ |ove(s)| I(t,t+€]ds> D
L t€[0,T] 0
_ ¢ , 2 1
< Cez (E (/ o (s))| I(t,t+e]ds> D
L \Jo
Therefore,

/oT ’J22(t)|2dt = Ce(/OTE{ (/Ot |at(8)’2l(t,t+e]d3)2:|dt> é.

Setting p1(€) := C(fOT E[(fot |ve(8)| 21 (7.71qds)?)dt) 2, from (4.8), then

T t 2 t 2
/ E[/ ’at(s)’2I(t7t+dds} dt < Cr sup E{/ ‘at(3)|2ds] < 00.
0 0 0

te[0,T)

Thus by the dominated convergence theorem and noticing I(77; — 0 in product measure dtdP, we can easily
obtain that p;(e) — 0 as € | 0. Hence,

/0 | Joa () |*dt < epi (). (4.11)

Combining (4.10) and (4.11), we have the following estimate

/()T|E[J2(t)]|2dt§C’(epl(e)+/0T /Ot{E[XLSHstdt), te0,T). (4.12)

Observing the expression (4.7), we get

E[J3(t)] = E[@tFt]E{/O AS_G(S)E[XLS_]dVS:| +E{/O As_0(s)k(s)E [ X1 5-]dV;
L= J31(t) + ng(t).

With the help of (4.5) and (4.8), we obtain

| J1 (1)) < CE[ sup |<I>t1“t|2] ‘E Uot ASE[XLS]th} 2

t€[0,T]

t t
<CE[ sup |At|2] / |E[X1$S]]2ds§0/ |E[X1 ]| ds.
0 0

te[0,T)
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Similarly, we can obtain
2 ¢ 2
|Js2(t)|” < C | |E[X1]| ds.
0
Thus we have

T T t
2 2
/0 [E[Js(0)]%dt < © /0 /O |BIX.)Pdsdt, ¢ [0,7).

Then, with the expression (4.7) we can get

[/ Ao ca(s)(9) B[ X1,e ]dvs].

We also obtain
2

Bl -|e] [ t ALBle (9Pl B[ s

scE[ up A / s d}/ B[X1 s
<c / (B, 1] 2ds.
0

Then

/TyE[J4(t)]|2dtg C/T /t|E[X17S]|2dsdt, tel0,7).

In view of (4.9) and (4.12)—(4.14), we have

T T t
/ |E[®, X1 4]t < 0(62 +epi(e) +/ / ]E[Xl,s]\gdsdt).
0 0 0

where C' = C(®) depends on the semimartingale ®.
Now, taking ® =1,C; := C(1) in (4.15) we get

T
[ Ie X1t|dt<c<e+ep1< //|EX15|dsdt>
0

Then by Gronwall’s inequality, we have
T 2
/ |E[X1)[%dt < C (& + epa(c)).
0
Substituting (4.16) into (4.15), we have
T 2
/ ’E[q)tXLtH dt<C (62 + epl(e)) )
0

Finally, setting p(e) := C (e 4+ p1(€)) in (4.17), we obtain the result.

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Based on the above two lemmas, we have the following estimates.

Lemma 4.4. Let (H1)-(H2) hold. Then, for any k > 1,

E[ sup |X1’t‘2k] < Cre, E| sup |Z1’t‘2]C < Cre”,
t€[0,T L t€[0,T] J

E{ sup !Xg,t’%} < Che?r, E| sup |Z2’t|2k < COpe?F,
t€[0,T] L t€[0,T] .

2
sup |E[X1.4]|” < eple), sup |E[Z1:X14]| < eple), €>0,

te[0,T] t€[0,T]

where p: (0,00) — (0,00) such that p(e) L 0 as € L 0, p may vary line by line.

13

(4.18)

(4.19)

(4.20)

Proof. The proof of the first estimate of (4.18) and (4.19) is a slight extension of Lemma 4.3 of [24], so we omit

1t.
From (4.2), noticing the boundedness of 7, vz, we have

B = [ (B9 + BB + B, )]s + B| [ 500010 +25(0)BLX - Jav.

Setting ®; = b, (), with the help of Lemma 4.3, we obtain

/t Elba(s)X14)ds| < t/t |E[bs(s)X14]|"ds < Ceple), € [0,T].
0 0

We also have

2 t 2
<C<EU |u§—a5dsD < Cé.
0

Moreover, noticing (2.1) and setting ®; = E[,(¢)|P], by virtue of Lemma 4.3 again, we get

o] o)

and

/t E[0b(s,u)]ds
0

2 2

<ct / | BBl ()[P1X1.0][2ds < Cej(e),

- ’E { /ot E[%(S)lp]Xl,srsds}

2

- ‘E{/;E[%(s)P]E[Xl,s]rsds} i < c/ot |E[X1 ]| ds.

5[ [ oEx v

Then we have
t
|EX.,)] <C (eﬁ(e) +é +/ |E[X1,S]|2ds) . telo,T).
0

From Gronwall’s inequality, we get the first estimate in (4.20), with p(e) = C(p(e) + €),e > 0.
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For the estimation of Z; ., noticing the boundedness of h, h,, hz, we have

T k %
E[(/ |Zthm(t)X1¢|2dt> ] gc(E{ sup |X1¢|4’“D < Ce,
0 t€[0,7]

Similarly,

E(/OT |Zthi(t)E[XM]|2dt)k < c( sup |E[X1,t]{2>k < Ceé*p*(e).

t€[0,T]

By virtue of L? estimate, we have

E{ sup |Zl7t|2k}
t€[0,T)

2k 2k

< C’E{ sup

t
/ Zshy ()X, 4dY,
te[0,T] 0

t
/ Z1,sh(s)dYs
0

]-l—C’E{ sup

t€[0,T)

|

t
/ Zs0h(s, us)IpdY,
0

2k]
T 5 k T 5 k T 5 k

< CE[/ | Ziha (t) X1, dt} +OE[/ | Zi6h(t, uf)| dt} +CEU | Zihs (1) E[X14]| dt}
0 0 0

< Cé".

2k
] +C’E[ sup

t
/ Zshz(s)E[X ¢]dY,
te[0,7]

+CE{ sup
0

te[0,T)

By applying It6’s formula to 7 ;X ¢+, we have

E[Z1:X14] = E[/Ot {Zl,gbz(S)Xl,s + Z1,sbz(s)E[ X1 5] + Z1,s5b(8,ug)}ds]
+FE {/Ot Zy - {’V:L’(S)Xl,sf + %(S)E[Xl,s]}d‘/s]
— E[/Ot {Zl,s[bz(s) + E[vz (8)|Plrs] X1,s + Z1,s[bz(s) + Elvz (s)lrs| B[ X1, s] + Z1,56b(s, uj)}ds] ,

Similar to above method and noticing (2.1), we obtain

1

t % 1
|E[Zl7tX1,t]|§C/ |E[ZLSX1,S]|d5+C<E{ sup |Zlyt|2D [ sup |E[X17t]|2]
0 t€[0,T] t€[0,T]

3 21\ %
ro(e] am aer]) (2] )
t€[0,T]

t
< O(/ |E[Zl,sX1,s]|dS + ep(e) + 63)
0

t
/ 0b(s,us)ds
0

From Gronwall’s inequality, we get the second estimate in (4.20).
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For the estimation of Z5 ., noticing the boundedness of h, h, hz, hes, with the same discussion above we have

k k

T T
E{ sup |Zz,t|2’<} gCEU |Zl,thm(t)X17t2dt} +0EU |Z1,t5h(t,u§)|2dt}
0 0

t€[0,T)

T k T k
+CE[/ |Zthx(t)X2,t|2dt} +0EU |ZtX1,t5hx(t,u§)|2dt]
0 0

T

T k k
N 14
+ OE[/ |Zthfc(t)E[X2,t]|2dt} + CE{/ |2Zthxx(t)X12,t|2dt:|
0 0

< O,
O
Lemma 4.5. Let (H1)-(H2) hold. Then we have
e v 2

E[ sup | XF— X - Xy X ] = (), (421)

te[0,T)
B| s (2~ 2 21— 2’| = ot (422)

t€[0,T]

Proof. Set AX.:= X, + Xo. AZ :=Zy.+ Zy., ¢ := X — X. — AX., we have
dip§ = WE(t;b)dt + VE(t; 0)dB; + UE(t;~)dV; 4+ U(t; )V,
where, for ¢ = b, o, respectively
V(5 9) = o(t, X, BIX[] up) — o(t, X, E[Xe], ) — da () AX,
~ O2(DBIAX] — S 0ua(t)XT, — 561, 15) — 66,1, 05) X,
for ¢ = 7, ¢, respectively
V(5 9) = ot Xi_, B[X{_],uf) — (8, Xo, E[Xe-], ) — du()AX, -
— OR(DBIAX ] — S 0uat)XE - — 56(1,5) — 66u(t, uf) X
According to spike variations, we know that d¢(t, u§) =d¢, (¢, us) =0, (-a.s.. In order to be consistent with b, o,

we add these two terms to the above equation.
Now we first consider the estimate of ¥¢(¢;b). For each t € [0,T], we have

1
0

for the subscript ¢ which indicates the first and the second order derivatives of b, respectively, with respect to
i =x,%,xx, 2%, &%, and for real X € [0, 1],

D) = bi(t, Xy + MXE — Xy), B[X, + A(Xf — X3)), uf).
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Moreover
b(t, X£, B[X{], u$) — b(t, Xy, B[X], ul) — ba () AXy — bz (t) E[AXY]

= /l{bi(t)wi OGO E[F] + (b(1) — 0o (8)) AXy + (5(1) — bz () E[AX¢] }d6.
0

Similarly, we have
1
BO(t) — bu(t) =0 / (00 (805 + bP2 () Blbs] + b8 () AX, + b2 (1) EIAX ] Yo + by (¢, us),
0

and

b(t) — b fe/{b B0+ DL () B + DL () AKX, + b2 () E[AX,] Yo + Sba(t, uf).

Then we have
1
Ue(t;b) = / {05.(t)5 + b (1) Eb]dO + WS (£:b) + U5(t;b) + W5(t; b) + Wi (t:D),
0

where

) / / {092 (1) [(AX)? — X2,] + 2672 (1) AX, E[AX] + 622 (t) (E[AX,])? }dodd,

W (t;b) = / /b9@ — by (£)) X1 ,dodf),

WS (£ b) = Oby (£, u) Xa. + bz (¢, ul) E[AX,].

From the definition of ¥¢ and the Lemma 4.4, we have

E{ sup |wf|2] < Cé,
t€[0,T]

together with (4.18) and (4.19), this yields

E{ sup |\I/i(t;b)|2] < Cé.
te[0,7]

With the help of (4.18) and (4.19), we also have

E{ sup |(AX;)? — X12’t2] < Cé.
t€[0,T)

Wi (b) = / / {20005 + 2 (OB AX, + WA EIAX,) + b2 () B[] EIAX,] }dods,

(4.23)
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Using (4.18)—(4.20), we get

E[ sup |AX; ~E[AXt]|2} < €%ple),
t€[0,T]

Similarly, we obtain that

sup ’EAXt < é%ple),
t€[0,T)
Thus
E{ sup |\I/§(t;b)|2] < é2ple). (4.24)
te[0,7)

Using Hélder’s inequality, we obtain

E[/jﬂz;(t;b)ﬁdt}SCELESBPT”XM ///|b99 bm(t))Fdadgdt}
SC(EL:& st (6 [ [ [ w0 -eaotin] )

Set p1(e fo fo fo 692 (t) — by (t)]*d0ddt]) 2 and then by the dominated convergence theorem, we can
prove ,01( ) — 0 as € 0. Hence in view of (4.18), it holds that

T
B| [ wsenpe] < éne. (4.25)
0
Finally, noticing (4.19) and (4.20), we have

r T
E / |6b(t,u§)X2’t|2dt} < OGE[ sup |X2,t|2} < Cé,
LJO te[0,T)

- T
E / |06z (¢, ug) E[ X1 4] dt} < Ce sup |E Xlt’ < Céple),
LJO te[0,T]

- T
E / |0bz (¢, ug) E[ X2 4] dt} < Ce sup |E th’ < Cé.
LJO t€[0,T)

Therefore,
T
B| [ s okal < e (4.26)
0

Finally, by virtue of (4.23), (4.24)—(4.26), we have

E[ / e b>|2dt} <épl+C | " B[ ar, (4.27)
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Similarly, we can prove that

E[/OT|\IJE(t;a)|2dt] < er(e)+O/OTE[|¢§|2]dt. (4.28)

For W¢(t;~y) and ¥(¢;¢)

1
- / 0005 + A2 EE |10+ WS (1) + Wa(t:) + U5(t57),

where

WS (1) = / / (o205 + P2 (B ]) AX,— + 22005 E[AX,_] +~22(t) E[_| E[AX,_] }ded,

W (t;y) = / / (Y22 (O)[(AX, )2 — X2, ]+ 29%2()AX;_E[AX, ] +~22(t) (E[AX,_])*}deds,

WS (¢57) / / ’yM %x(t)]Xit_dgdG.

By the similar method, we also have

E[ up mwﬂ <0¢ and E[ sup |\P§<m>|2] < p(e). (4.20)
t€[0,T te[0,T]

Since the coefficients are progressive rather than predictable, the proof of the estimation of ¥§(¢; ) is different.
Using Holder’s inequality, we get

T 2 T
EK/ I\I’é(tw)lth) } SC(E{ sup |X17t|8D ps (€),
0 t€[0,T]

where pa (€ fo fo fo 1798(t) — 72 (t))|d0dedV;)?. Tt is easy to verify that 792(t) — v4s(t) — 0 as € . 0.

E [( / ' wg(m)dv;)z] < (). (4.30)

By virtue of (4.29)-(4.30), we obtain

e|( ] ' |\P6<t;w>|dvt)2} <ep e [ Bluiar, (4.31)

Similarly, we also have

E[ / e c>|2dvt} <éplo+C | " B[ at, (4.32)
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From the definition of ¢f, by virtue of B-D-G inequality and (4.28), (4.29), (4.31) and (4.32), we have

2

E{ sup |w§|ﬂ SCEUOT\I’E(M)F“] +CE{/OT|\I}E(t§’Y)|th}

t€[0,T)

T T
+CEU |\1/6(t;a)2dt] +0EU \Iff(t;c)de;]
0 0
T
< C{ezp(e) +/ E[|1/)§|2]dt}
0
Hence, by Gronwall’s inequality, we obtain

E[ sup mﬂ < Cep(e)
t€[0,T]

Then we can obtain the estimate (4.21). And the estimate (4.22) can be proved similarly. O

Now we give the variation equation for the cost functional. Define

A T A A A A A

J=F {/ {Ztlm(t)AXt + Zol(t,ug) + AZ(E) + Z1 4l () X1t + Ztlj(t)El:ZtAXt + AZtXt]
0

T
+ lzzm(t)xft}dt + / {Z}, Fo(AX,_ + AZy_ f(t) + Zi_ fs(DE[Z AX, + AZ,_X,_]
2 ’ 0 (4.33)

14 A 1.
+ Z1p— fa(t) X10- + §Zt—fm(t)X12,t— }th + Z79:(T)AXT + §ZTgm(T)X12,T

+ AZrg(T) + Z1,79.(T) X7 + Z79:(T)E[Zr AXr + AZr Xr] |

Lemma 4.6. Let (H1)-(H2) hold. Then we have

Proof. By (4.33), we have
T T
T — (@) — J = E[/ W (1 1)t +/ W (t F)AV; + U5 (Ts g) |,
0 0

where
W (t51) = Z{1(0, X7, BIZXE) ) — Zu400) + (AKX, + LLa ()X,
+0U(t,uf) + lz (O E[Z:AX, + AZ Xy} — AZ(t) — Z1,alo(8) X4,
Wt ) = Z5_f (0 X, BIZEXE L)~ Z {F(0) + Fo(AXe + 3 fur)XT
+ [i(OB[Z-AXy— + AZ_ Xy ]} — AZy_ f(t) — Zrg— fu() X1,
WE(T; g) = Z5ng(Xg, EIZ5X5]) — Zr{g(T) + gu(T)AXT + % 0,0 (T) X2,

2
— gj(T)El:ZATAXT + AZTXT} } - AZTg(T) - Zlyng(T)leT.
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We first consider the estimate of W¢(¢;1). Set L(t, Zt, Xt, E[Z: X4, us) = Zil(t, Xy, E[Z: X¢], ut). Similar to the
proof of Lemma 4.5, we have

1
We(t; 1) = / {LIt)o5 + LY(t)05 + LE(H) E[pf] }A0 + W (t; L) + Wi (t; L) + W§(¢; L),
0
where ¢¢ := Z¢ — Z. — AZ., o¢ := Z° X — ZAX. — AZX. — Z.X. and

WS (t; L) / / {IL22(t) o5 + LI (t)ys + L () E[S]| E[ZiAX, + AZ X
+ (LEE(1) o5 + L9@< B0 + L (D EGi)AX, + (LL ()95 + LI (D) Elpi]) AZ}dodo,
US(t; L) = / 0 / {2L02(t)(AX,AZy — X14214) + LI2(H)(AX)? — X3,) + (LI2(t) + LI2(t) AZ,E[Z, A X,
OL€€(O)( E[Z:AX])? + 2L (1) E[Z,AX,|E[AZ, Xy) + 2172 (1) AX, E[Z, A X,]}dod#,
w(: L) / / (L92(8) — Lan(0) X2, + 2(L22(1) — Lo () 210X 1),
W (t; L) / / (L% (t) + L2 (1)) AZ, + 2L°2 (1) AX,|E[AZ, X,) + L2 (t) (E[AZ,X,])? }dedd,
WE(t; L) = 6L (t,u§)AZy 4+ 0 Lo (t, u$) AXy + 0Lz (¢, ul) B[ Z:AXy + AZ X

From the definition of 9¢, ¢¢ and ¢¢, noticing Lemma 4.5,

E[ sup |w;|2] < 2p(0). E[ sup |¢:|2] < 2p(0).

t€[0,T t€l0,T]
by virtue of (4.20), we have
E[lgfl] < BlI6iXE| + [(Ze + AZ)vi| + |AZAXL] < ple).
With (4.18) and (4.19), we have

E{ sup |\I/§(t,L)|} < Ce?.
t€[0,7)

(4.34)

Noticing (4.18) and (4.19), we have

E|: sup |AXtAZt — Xl,tzl,t:| + E|: sup ‘(AXt) Xl t|:| < CE%
te[0,T] te[0,T]

Again, using (4.18)—(4.20), we have

E{ sup |AZE ZtAXt]@ < ep(e), E[ sup |AXtE[ZtAXt]] < ep(e),
te[0,T] te[0,T]

sup |E[Z:AXE[AZX]| < ep(e), sup |E[Z:AX]]? < ep(e).
te[0,T] te[0,T]
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Hence,
E{ sup |5 (¢ L)@ < ep(e). (4.35)

Using Holder inequality, we get

[/ / / |(Za5(#) - wa(t))XiAdeGdt]
SC( Les[%pT]X“D < [/ //'Leg (75))|2dgdt9d1t]>é

< €ps3 (6)7

by dominated convergence theorem, we can prove ps3(e fo fo fo |L92(t) — Lye(t)]? dodfdt])? satisfies
p3(€) — 0 as e | 0. Similarly, we also have

[/ / / [e24G (t))Zl,tXLtIdgdet] < ep(e).

Then we have

E{ sup |W5(¢; L)@ < ep(e). (4.36)
t€[0,T)

Applying Itd’s formula, we can verify that the solution of Z; . has the following explicit expression
gt
Ziy=— Zt/ (o (9)X1,6 + hs(5) ELX 0] 4 Oh(s, ) ) ds
0
t
+7 / (Ral$) X110 + ha(8)ELX ] + Bh(s.5) )Y,
0
then we have
t
ElZ1,) = - / (BLZho(3)X1 2] + Bl Zuhs (5)] EX 1] + B[Z:0h(s, uS)] ) ds.
0

In fact, using Doob’s inequality,

E[ sup |Zshm(s)17] < c(pflyEUZTV’] <C

te[0,T)

With the help of Lemma 4.3, by setting ®; = Z;h, (t), we obtain

t 2 t
‘ / BlZuha(s)X1.4)ds| <t / |E[Zuha(s)X1.0)Pds < Tep(e).
0 0
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By view of (H1)-(H2) and Lemma 4.4, it holds that

|B[Z04]| < (ep(e))?. (4.37)
Then we have the following estimate with a similar argument
E{ sup |\Ilfl(t;L)|} < ep(e). (4.38)
t€[0,T]
In virtue of (4.18)—(4.20), we know that,
E{ sup |\Ilg(t,L)|} < ep(e). (4.39)
t€[0,T]
According to Lemma 4.5 and (4.34)—(4.36), (4.38) and (4.39), we have
T
E{/ |\Ile(t;l)|dt] < Cep(e).
0
Similarly, we show that
T
B| [ Wt niav] < cot,  ama B[w @) < Coto,
0
Then we get the result directly. O

Now we can rewrite (4.33) as

. AT 1 . N

J = E[/ {l.(t)AX, + glm(t)Xf_yt + () E[AX, + AT Xy + 01, ug) + AT (E) 4 Ty ole (6) X1, pdt
0

T
+/ {f2(t)AX;— + %fxm(t)Xit— + AT f() + f3 () E[AX,— + AT X, ] + Ty fo(t) X1 }dV
0

1 . N
+9-(T)AXT + §gm(T)XiT + 9z (D)E[AXy + ATy X7 + AT7g(T) + T 79.(T) X1 7|

where AL, = FL. + FQ,. with FLA = ZAilZl’. and F27, = 2,71227,.

5. ADJOINT EQUATIONS AND THE MAXIMUM PRINCIPLE

By It6’s formula and simple calculation, the solutions to (4.2) and (4.3) have the following explicit expressions:

t
Zii =2 / [l (8)X1s + ha () E[X1.0] + Sh(s, uS) YWV,
0
t
Tos = 2 / [ho(8) Xas + ha(5) E[Xa.s] + Shals, u) X1 .0
0

1 . .
+ §hm(s)xfs + 271 7y 5[0h(s,ul) + ha(s) X1, FdW,.
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Then we have

t
Ty, = / [ha(8) X1 + ha(8)E[X1 4] + 6h(s,us) YTV,
0

t
Tyy = / [ha(8)Xa.s + ha(8)E[Xa.s] + (s, uS) X1.s
0

1 R
+ th(s)Xis + T s[0h(s,ug) + hz(s)Xl,s]}dWS.

Now we introduce the first order and second order adjoint equations.

dZt —{l |P]T‘t + XtE[ [ ( )|P]Tt] + Xt }dt
+ Zl’tdBt + Zg’tth + Ctd‘/;g, (51)
zr =g(T) + XTE[QJ?(T)L te [0, T]'
060 = (&b 1) + Gou0) + 2200 (t) + Lo (1) + Bl () [Plreée + Bpa()
+ et >|7>]m9t +E[f,(t)[Plre }dt + GdB, + GdW, + 9,4V, (5.2)
gT:ga:(T)v te [O,T].
dpr = —{Piba(t) + @02 (t) + 22,0ha () + Lo (8) + Ellz ()] + Elya (1) Plpir
+ ]E[%( )+ Cm( )|Plkere + Bl fo () Plry + E[E[f3(8)|P]r]
27V E [pibs () + 405 () + 22,ha () + Ela (1) + ez () Plkers (5.3)
[ 7 ()P ptrt] }dt + q:dB; + C]tth + kedV,
pT—gw(T)+E[ z(T),  te[0,T].
AP, = —{2b,(t) Py + P02 (t) + 202(t)Qt + buw ()Pt + 0wa(t)qr + haa(t) 22,4
20, (1) + L (8) + (2B (D[ PLE, + 2By (8) + 0 ()| PI,
(5.4)

+E[(2(t) + ca(t)*[PUP: + Ki) + Elyaw () + cou (8) Pk
+ ptE[%wc(t)W)] + E[fxx(t)‘lp])rt}dt + QtdBt + Qtth + thf/ta
PT:gww<T), te [O,T]

Since the partial derivatives of the state coefficients are bounded, we can easy to verify the well-posedness of

the above MF-BSDEs (see [22], [27]).
Applying 1t6’s formula to z; ATy, we have

E[g(T)ATr + Elgs (T)) X7 Al'r]
T
- E{/o { — AT (1) + XeEls (0] + E[f (O)|Plre + X EELf3(0)|Pllre) + 22 (ha(H) AX,

1
+ hz(£) E[AX;] 4+ Sh(t, uf) + 0hy (t,uf) X1 + ihm(t)Xft + Ty [6R(t, uf) + hm(t)Xl,t])}dt} .
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Noticing

T
E{ / ZQ,t(ahw(t,ug)Xu+r1,t5h(t,ug))dt] — o(e).
0

By virtue of (2.1), we have

E[ / T{AFtl(t)Hi(t)E[AFt&]}dt+ / {fz()E[AT,_ X, ]+ AT, f(£)}dVi+gz(T) E[ATr X 7] +g(T)Alp
0

:E{/ngt{h (AX;+hz (1) E [AXt]+5h(t,u§)+2hm(t)Xit+I‘17thx(t)X1,t}dt} +o(e).
0

(5.5)
Applying Itd’s formula to &'y ;X1 +, we have

T
By 1g.(T)X1,r] = E{/ {Cthz(t)Xlg,t — Tyla(t) X1, — 22,the ()T X1 + [Gha () X1t + (€403 (1)
0
+05C) T4 ) B[X1¢] + &T1,60b(t, uf) + GT1 100 (8, uf) + G X1 ¢Sh(t, u;)}dt

T
# [ {69500 + 0025(0) + drca O BLXL -]+ T o) X1 favi.
0
Similar to Lemma 3.3 of [5], noticing (4.20) we have

{/ {Ct () X1+ (&bz(t) + U:ECt)Fl,t}E[Xl,t]dt_ = o(e),

E{ / (ftI‘uch(t,ut) + G100 (tul) + & X1 Oh(t, ug))dt = o(e),
0 i

A~ T T
E |:A [(&_ + 19t)’)/§;(t) + ﬂtCﬁ(t)} F17t_E[X17t_]th = O(E).

Then we have

T T
E[/ Iy 4l (8) X, dt + / Ty fo(t)Xq,—dV, + Fl,Tgw(T)Xl,T:|

0 0
(5.6)

T
=F |:/ (Cthx(t)X%,t - Zthhw(t)Fl,tXLt)dt] + 0(6).
0
Applying It6’s formula to p; AX;, we have

E[(92(T) + Elgz(T)]) AXr]
[/ [lb(t. ) + 8, (1,05 X 1] + 00 () + b0, (1.0 X 1] — (La(0)

+ 22,4ho () + Ells ()] + Elz,4ha(t)] 2 + Efo(8)[Plre + E[E[f3(4)|P]]re) AX,

1

1 T
+ 5 [pbea(t) + Goan (O)X3, bt + / {(pr— + ki) vaa () + Krcaa(t)} XF V2.
0
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It is easy to verify that

T
E {/0 (ptébw(t, ug) + Qt50w(t,ut))X17tdt] = o(e),
then we have
A T . T A A
E[/ {l()AX; + 13(t) E[AX,] }dt +/ {f()AX,— + fz(H) E[AX,-]}dV; + g2 (T)AXp + gi(T)E[AXT]}
0 0
T
= E{ /0 {pt(Sb(ﬁ, ug) — 22,0 (ha () AX, + hz () E[AX,]) + 00 (t, uf) + %(ptbm(t) + 4100a (1)) X12,t} &t
1 (T
+ § /O {(ptf + kft)’Ya::p(t) + ktca:w(t)}Xitd‘/t} + 0(€>.

(5.7)
Applying It6’s formula to P, X7, we have

T
E[gzm(T)XiT} = E[A {2[(Qt -+ PtCTz(t))let + PtO'j(t)E[Xl,t]:l 50’(t,u§) —+ Pt[(sg(t’u;)}Q —+ Q(Ptbj —+ thi

+ Ptaz(t)ai(t))Xl,tE[Xl,t] - (ptbzr(t) + qtaxm(t) + lza:(t) + 22,thza:(t) + 2§thz(t))X12,t
+ Po2()(B[X14])" = (ke + p)B[e (D]P] + K can (1) P] + El 0 (1) P]) X2 7

T
+2PtX1,t5b(t,u§)}dt +/O {Q[Pt,w(t) + (cx(t) + w(t) Ko X1.e- E[X1.]

(Pt Kl + c£<t>12(E[X1,t_})2}dw} |
where @ (t) = vz (¢)[1 + V2 (t) + ¢z (t)] + ¢z (t)[cx (t) + V2 (¢)]. Similar to Lemma 3.3 of [5], noticing (4.20) we have
| /0 {[Pba(t) + Qi + Pros()os (0] X1 ELX1 ] + Pi(t) (E[Xl,t])z}dt} — ofe),
A : T
E /0 {Ptletéb(t,u,f) + [(Q + Prow(t) X1 + Pros(t) E[X 1)) 00 (t, u;)}dt} = o(e),

~ - T
FE /0 {(Pt_ + Kf)?ﬂ(t) + Ktci(t)}XLt_E[XLt_]th} = 0(6),

r T
E /0 {(Po+ Ky)(a(t) + Ci(t))z(E[Xl,t—])Q}th] = o(e).
Thus we have
. T T
E[/ loo (1) X7 ,dt + / foa(O)XT,_dV; + ggm(T)XiT}
AO T ’ N
= E{ / {Pt 0o (t,ug)]* 1o — [pebrw(t) + 4:0wa (t) + 22,0k (t) + Qgthx(t)]xit}dt (5.8)
0

- /OT {ptﬂm(t)Xip + ki (Vo (t) + sz(t))Xlz,t}d‘/t:| + o(e).
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From (5.5)—(5.8), we have

. T 1
j=E {/ {ptdb(t, f) + qud0 (1) + 22,0h(E ) + Ot uf) + 5 Pildo (t, ug)]Q}dt] + o(e). (5.9)
0

Finally, let us define the Hamiltonian associated with random variable X € L'(Q,F, P),
H(t, X, u,p,q,22) = pb(t, X, E[X],u) + qo(t, X, E[X],u) + U(t, X, E*[X],u) + 22h(t, X, E[X],u).

Then we have the main result of this paper.

Theorem 5.1. Let (H1)-(H2) hold. Assume that u. is the optimal control, X. is the corresponding trajectory,
(p.,q.,q.,k.) satisfies (5.3), (2., 21, 22,.,¢.) satisfies (5.1) and (P.,Q.,Q., K.) satisfies (5.4). Then we have a.e.
a.s. for any u € U,

o

(5.10)

. ) o 1 S o2
E[H(t, X, w, Do, qes 22,0) — H(t, Xy, U, e, Qi 22,0) + ipt (U(thta E[X],u) —o(t, X;, E[Xy], Ut))

Proof. Notice that [ J;2,[T,] is negligible under P x Leb, thus by (5.9) we have

s o T 1
J = E{/ {ptéb(t, V) + @0 (t,v) + z2,10h(t,v) + dl(t,v) + §Pt [do(t, v)]2}l(t7t+5]dt} + o(e).
0

Then both sides are divided by € and letting € — 0, we have for a.e. t

N _ s 1 - 2
E{H(t,Xf,U,pf, qt, ZQ,E)_H(ta t> Ut, Pt 4t 2’27{)+§Pf(50(t, ’U)) :| Z 0.
We also have

A A _ 1
E[E[H(t,X{,U,p{,Q{,ZQ,E)_H(t, t?ut7pt7qt722 t)+2Pt(5U t v ) |-/T-'Y}:| 0.

Then for any A € ]:t}’ and u € U, let v =ulag + ulac, we have

E{IAE[HO?’ X{,U7p{7 4z, Z2,f)7H(t XtautaptaqtazZ t)+ Pt(50' t u ) |FY]i|
which means a.e. a.s.
EVH(t, Xe,u,pe, qe, z2,) — H(t, Xe, G, pey g, 22,0) + ipt(ﬂ(t,XuE[Xt],u) —o(t, Xy, B[X], ) |]'—Y} 0.

O

Remark 5.2. Under some proper assumptions, our conclusion can degenerate to the preceding results.

i) If the stochastic control system is completely observed and all coefficients do not depend on the expected
value of the state process. Suppose v = f = 0, it is easy to know that the adjoint equations (5.1) and (5.3) are
not necessary. And the adjoint equations (5.2) and (5.4) degenerate into (5.1) and (5.2) in Song and Wu [24],
respectively. Then the SMP also degenerates into the main result (5.7) in Theorem 5.1 of [24].

ii) If all coefficients of the stochastic control system do not depend on the expected value of the state process.
Suppose v = ¢ = f = 0, we can know that the adjoint equation (5.3) is not necessary. And the adjoint equations
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(5.1), (5.2) and (5.4) degenerate into (2.5) in Li and Tang [18]. Then the SMP also degenerates into the main
result (2.6) in Theorem 2.1 of [18].

6. APPLICATION TO AN LQ PROBLEM

In this section, we present an LQ example to illustrate that how to find the optimal control by our results.
Let us consider the following partially observed stochastic control system with jumps,

dXt = {AtXt + AtE[Xt] + Btut}dt + {CtXt + CtE[Xt] + Dtut}dBt
+{F:X; + F,E[X,]}dV; + {H, X, + HtE[Xt]}d‘Z‘/ (6.1)
Xo =x,

where A.,A.,B.,C.,C.,D.,F,F,H., H. are all deterministic uniformly bounded functions. And the observation
process Y. is given by the following SDE,

dY; = hds + AW,
YO = 07

where h. is a deterministic uniformly bounded function. An admissible control process u. is an F,' -progressive

process with values in U C R such that sup,¢(o ) E[ut|?] < co and E[fOT |u]dV4]P < oo for any p > 2, then the
admissible control set can be denoted by U, 4. In practice, the range of control variable is limited for some reasons
such as U = (—o0, —1]|J[1, +00), which means that in the “on” direction, the minimal value is 1, while in the
“off” direction, the maximal value is —1. Now we introduce a new probability measure P* by dP* = ZpdP
with Z; = exp{ [ hsdVs — & [ |hs|?ds}, which is the unique solution to SDE: dZ; = Z;h,dY; with Zy = 1. Then
the optimal control problem is to find an optimal admissible control @. to minimize

J(u.) = %Eu [/OT RyuZdt + Q(E“[XT])z} , (6.2)

where R. is a deterministic uniformly bounded function such that R. > 0 and @ is a non-negative constant. It
is obvious that the cost functional (6.2) can be rewritten as

1 T

Noticing that the diffusion term of state equation (6.1) depends on control variable u and U is not convex,
Theorem 5.1 is still workable in this case. Then we can obtain the maximum condition by Theorem 5.1 as
follows,

1 .1
FE iRtaf + Byl + thtat|f4 < E[2Rtu2 + Bipiu + thtu|f4, Yu e U.

Thus we have

vy, vt € (—o0, —1] U[l, +00),
Uy =1, 0<uy <1, (6.3)
— ]., —-1< vy < 0,
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7 Y [ Y
where v; = — Belpdl 7, ];;DtE[thFf | Here (p-,q.,q., k.) is the solution to the following adjoint equation,

dpy = —{ Aips + Ciqi + Fyrepe + (Fy + Hy)roky + Zt_lﬁmtpt + Ciq
+ (Fy + Hy)riky + Fyryp) Yt + qdBy + GdWy + ki dV, (6.4)
pr = QE[X7].

Next we would like to show that an admissible control 4. defined by (6.3) is indeed an optimal control.

Proposition 6.1. Let u. be a given control, X. is the related state and (p.,q.,q., k.) is the corresponding solution
to the adjoint equation (6.4). Then 4. defined by (6.3) is an optimal control.

Proof. Suppose X. is the trajectory of system (6.1) corresponding to any admissible control u. € Uyq. Since
Q > 0, we obtain Q(E[X7])? — Q(E[X7])? > 2QE[X7](E[Xr] — E[X7]). Applying It&’s formula to p,(X: — X;)
on the interval [0, 7], we have

A o R T
QE[%r] (B [Xr] - E[Xy]) = E[ / {Bup (e — i) + Dygy (g — i) Y.

Then we obtain

1 T I I 1 ISP
J(u) = J(a.) = 7B U Rtufdt} - 2E[/ Rtufdt} + 5Q(Eup(TD2 _ 5Q(E[XT])Q
0 0
1 T . NI S
> 2EU {R:Zui — RtZtuf}dt] + QE[Xr](E"[X7] — E[X7])
0
NS
= E[/ {iRt(uf —@7) + Bypy(uy — @iy) + Dyge(us — ﬂt)}dt]
0
NS
= E|:/ EbRt(uf — ﬁ?) + Btpt(ut — 12,5) + tht(ut — at)‘ff} dt:l
0
>0, Yu. € Uyq
Therefore, 4. is the optimal control and X. is the optimal trajectory. O

7. CONCLUSION

In this paper, we derive the general SMP for partially observed mean-field type stochastic control system
with Markov chain in progressive structure. The dynamic of state and observation are governed by MF-SDEs.
The LP estimate of the stochastic system with random jump in predictable structure is essentially different from
that in progressive structure. Since the usual estimates in predictable structure are flawed, which may cause
some problems. We introduce a special spike variation to overcome this flaw. Because of the introduction of
the mean-field term, we need sharper estimates for the first order variational equations and the product term.
Three first order adjoint equations and one second order adjoint equation are introduced to deal with the state
process and observation. The form of our partially observed SMP with Markov chain is similar to the form of
the partially observed SMP in [18] without jumps. The reason is that both SMP hold a.e. a.s.. Since the measure
of all jumps’ graphs of Markov chain is a negligible set under P* x Leb, jumps do not influence our result. Our
partially observed SMP characterizes the behaviour of the optimal control on the area that V is continuous,
it has no information about the optimal control on the jump’s time. Our future research is to find a way to
characterize the optimal control on the jumps with the general control domain.
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