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A GENERAL MAXIMUM PRINCIPLE FOR PROGRESSIVE

OPTIMAL CONTROL OF PARTIALLY OBSERVED MEAN-FIELD

STOCHASTIC SYSTEM WITH MARKOV CHAIN

Tian Chen and Yunxiao Jia*

Abstract. In this paper, we study an optimal control problem of partially observed mean-field type
stochastic control system with Markov chain in progressive structure. The control variable is allowed
to enter the diffusion term of the state process and the drift term of the observation process. The
control domain need not be convex. In our model, the cost functional and the observation are also of
mean-field type. By virtue of a special spike variation, the related stochastic maximum principle has
been obtained. The stochastic maximum principle in progressive structure is essentially different from
the classical case.
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1. Introduction

Over the past decades, Markov regime-switching models have been widely used in economy and engineering.
Compared with the traditional model, Markov chain model can better describe the changes between model
states. In the economic model, a continuous time finite state Markov chain is often used to describe the change
of the economic level, for example, bear market and bull market, see [9, 34, 37] for more details.

Stochastic control problem plays an important role in control theory. The stochastic maximum principle
(SMP), which is a necessary condition for the optimal control problem, is one of the important tools to solve
the optimal control problem. Promoting the development of SMP is not only of great significance in theory
but also of great practical significance in the application of finance and engineering. It was first formulated
by Pontryagin in the 1950s and it converted the optimization problems into maximizing the corresponding
Hamiltonian functions. Bismut [4] introduced the linear backward stochastic differential equation (BSDE) as
the adjoint equation and Peng [20] obtained the general SMP by the second-order adjoint equation. Tang and
Li [27] studied the optimal control problem with Poisson random measure in predictable structure and they
gave the corresponding SMP. More research on the predictable structure can be seen [21, 35] etc. With the
development of forward-backward stochastic differential equation (FBSDE), more scholars have studied the
SMP of forward-backward stochastic control systems, see [12, 32]. Donnelly [8] studied the sufficient SMP for
the stochastic control system with regime-switching and the necessary SMP was studied by Tao and Wu [28].
In order to solve the flawed estimates (see [23]), Song et al. [23] introduced a new method of spike variation
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and thus derived the rigorous SMP. They revealed the essential difference between the stochastic control system
with jump and that without jump. More details of progressive structure can be seen [7, 24].

Mean-field is a useful tool for investigating the collective behavior arising from individuals’ mutual interaction,
which is very popular in physics. Because of its wide application, mean-field control and game problems have
attracted more and more attention, see [13, 17, 29]. There are two typically used problem frames and models
for the mean-field control. The first one is the large population system which contains many cooperative agents,
and it is also called mean-field game firstly studied independently by Huang et al. [14] and Lasry and Lions
[15]. Another one is mean-field type control system, where the dynamic is given by some mean-field system, like
mean-field stochastic differential equation (MF-SDE). Andersson and Djehiche [2] studied the optimal control
problem of a mean-field type stochastic control system with convex domain and that with non-convex domain
is studied by Buckdahn et al. [5]. Yong [33] studied the linear-quadratic (LQ) optimal control problem in mean-
field system and obtained the related feedback form optimal control. Zhang et al. [35] obtained a global SMP
for a Markov regime-switching mean-field model driven by Brownian motions and Poisson random measure and
the SMP of mean-field stochastic control problems with the joint distribution of the controlled state and the
control process was gotten by [1]. Sun et al. [25] studied the two-person zero-sum mean-filed LQ stochastic
differential games.

As mentioned above, they all assume that the overall information is available, i.e., decision makers can obtain
all information of the state. However, in practice, decision makers can only get partial information in most
cases. There is rich literature about partial information control system see [3, 10, 36]. Li and Tang [18] obtained
the SMP for partially observed stochastic control system with non-convex domain by a purely probabilistic
approach. Wang and Wu [30] and Wu [31] studied the partially observed optimal control of forward-backward
stochastic systems with convex and non-convex control domain, respectively. Brandis et al. [19] derived the
SMP of a mean-field type stochastic control system with partial information, under which dynamic is governed
by a controlled Itô-Lévy process. Since the partial information problem is a very fast-growing research field, it is
very hard to exhaustively and roundly account for all the developments of it, and here we refer to [6, 16, 26, 38]
for interesting readers to get more details about it.

In this paper, we derive a general SMP for partially observed mean-field type stochastic control system with
Markov chain in progressive structure. When it is assumed that the admissible controls are predictable, the
flawed estimates may cause some problems (see [23, 24]), thus we solve this problem in progressive structure.
We extend the special spike variation which was first introduced by [23] to the case of partial information.
The dynamics of state and observation are governed by MF-SDE with Markov chain. The control variables are
allowed to enter into all coefficients and the control domain is non-convex. Thus, sharper estimates for the first
order variational equations are given (see (4.20) and (4.37)). In order to deal with this problem, three first order
adjoint equations and one second order adjoint equation are introduced. Compared with [5] and [35], the main
difficulty of this paper is to give an appropriate estimate for the first order variational equations of state and
observation as the coefficients are progressive rather than predictable. Actually, the auxiliary process Λ defined
in Lemma 4.3 becomes more complex due to the progressive coefficients. Then the general SMP for stochastic
control system with Markov chain and partial information is derived. It is worth pointing out that our partially
observed SMP can degenerate into many well-known results under some appropriate assumptions.

The main contribution of this paper comparing with existing literatures can be summarized as follows:
(1) A general partially observed mean-field stochastic control model with Markov chain in progressive struc-

ture is introduced. Different from the existing literature, the coefficients in this control system are progressive.
Thus the terms dVt and dṼt cannot be replaced with each other (see Rem. 3.2), which is different from the
predictable structure. In the progressive structure, a more accurate characterization of stochastic control system
with jumps is given.

(2) We introduce the progressive structure into the partially observed model. The state and observation are
defined on a reference probability space (Ω,F ,F, P ) (see (3.1) and (3.2)), and the cost functional is defined on
probability space (Ω,F ,F, Pu) (see (3.4)). In order to solve this problem, we transfer the cost function of original
partially observed problem to the reference probability space by virtue of Girsanov’s theorem (see (3.5)). Then
we can solve this problem through classical method.
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(3) Due to the introduction of the mean field term, we need some more accurate estimates of variational
equations of state and observation (see (4.20)). In this proof process, the introduction of auxiliary process Λ is
necessary. Since all coefficients are progressive, the auxiliary process and related proof process are more complex
and difficult.

(4) In virtue of the dual predictable projection, we introduce three first order adjoint processes and one
second adjoint process in the progressive structure to solve this problem. Then the corresponding SMP of
partially observed stochastic control system have been obtained. And our result can degenerate into many
well-known results under some appropriate assumptions (see Rem. 5.2).

The rest of this paper is organized as follows. In Section 2, we give some preliminaries about the stochastic
integral in progressive structure. Section 3 formulates the partially observed optimal control problem. We employ
the special spike variation and introduce the first and second order variation equation in Section 4. In order to
get the maximum principle in the progressive structure, the related adjoint equations are given in Section 5. In
Section 6, we present an LQ optimal control problem to demonstrate the effectiveness of our SMP.

2. Preliminaries

Given a fixed time horizon T > 0. Let (Ω,F ,F, P ) be a filtered probability space. On this probability space,
there exists a two-dimensional Brownian motion (B·, Y·) and a continuous-time finite state stationary Markov
chain α· taking value in D = {1, 2, . . . , n} with σ-field D. We assume that the filtration F generated by B·, Y·
and α·, that is

Ft := σ{αs, 0 ≤ s ≤ t} ∨ σ{Bs, Ys, 0 ≤ s ≤ t} ∨ N , ∀t ∈ [0, T ],

where N denotes the totality of P -null sets. Then F satisfies the usual condition.
The generator of α· is Q = (qij)n×n. Note that qij ≥ 0, for i 6= j and

∑n
j=1 qij = 0, so qii ≤ 0. In what follows,

we further assume that qij > 0 for i 6= j, so qii < 0. Define function f i : D → R, f ix = I{i}(x), i ∈ D, which has
the following semimartingale decomposition,

f iαt
= f iα0

+

∫ t

0

n∑
j=1

qαsjf
i
jds+M i

t = f iα0
+

∫ t

0

qαsids+M i
t ,

where M i
· is an F martingale satisfying E|M i

t |2 <∞. Define V ijt =
∑

0<s≤t f
i
αs−

f jαs
, i 6= j, which counts the

number of times that α jumps from i to j up to time t. Since i 6= j, we have

V ijt =
∑

0<s≤t

f iαs−
f jαs

=
∑

0<s≤t

f iαs−

(
f jαs
− f jαs−

)
=
∑

0<s≤t

f iαs−

(
∆f jα

)
s

=

∫ t

0

f iαs−
df jαs

=

∫ t

0

f iαs
qαsjds+

∫ t

0

f iαs−
dM j

s .

We give the notation
∑n
i6=j as abbreviation for

∑n
j=1

∑n
i=1,i6=j . Then we define

Vt :=

n∑
i 6=j

V ijt =

∫ t

0

n∑
i 6=j

(
qαsjf

i
αs

ds+ f iαs−
dM j

s

)
=

∫ t

0

rsds+ Ṽt,

where rs =
∑n
i 6=j qαsjf

i
αs

, Ṽt =
∑n
i6=j
∫ t

0
f iαs−

dM j
s . Now, for a given Hilbert space H, if ξ : Ω → H is an

FT -measurable, square-integrable random variable, we write ξ ∈ L2
FT

(Ω;H); if x : [0, T ] × Ω → H is an Ft-
predictable, square-integrable process, we write x ∈M2

F (0, T ;H); if x : [0, T ]× Ω→ H is an Ft-adapted càdlàg
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process satisfying E[supt∈[0,T ] |xt|p] < ∞, we write x ∈ SpF(0, T ;H); if x : [0, T ] × Ω → H is an Ft-predictable

process satisfying E[
∫ T

0
|xt|2dVt] <∞, we write x ∈ F 2

F (0, T ;H).
In this paper, we consider the partially observed optimal control problem in progressive structure. Given a

Euclidean space N , stochastic process X : [0, T ] × Ω → N is called progressive (predictable) if X is G/B(N)
(P/B(N)) measurable, where G(P) is the progressive (predictable) σ-field on [0, T ] × Ω. In contrast to other
articles about SMP with Markov chain jump, the coefficient of the control system is progressive and the integral

is progressive rather than predictable. Let ζ(A) = E[
∫ T

0
IAdVt] denote the measure on B([0, T ])⊗ F. Obviously,

ζ is not a probability. For any F⊗ B([0, T ])/B(R) measurable integrable process X, we set E[X] = E[
∫ T

0
Xdζ]

and denote the Radon-Nikodym derivatives with respect to the predictable σ-field P by E[X|P]. It is worth
pointing out that E has similar properties to expectation but it is not an expectation. Next, we give some
properties of progressive stochastic integral and dual predictable projection (see [11, 23, 24]). For a progressive

process (Kt)t∈[0,T ] satisfying E[
∫ T

0
|Kt|2dVt] < ∞, the stochastic integral

∫ t
0
KsdṼs is well-defined and it is a

square integrable martingale.

Proposition 2.1. Suppose K· is a progressive process satisfying E[
∫ T

0
|Kt|2dVt] <∞, then

∫ t

0

KsdṼs =

∫ t

0

KsdVs −
∫ t

0

E[Ks|P]rsds, ∀t ∈ [0, T ].

Remark 2.2. Under the assumption of Proposition 2.1, we have

E

[ ∫ t

0

KsdVs

]
= E

[ ∫ t

0

E[Ks|P]rsds

]
. (2.1)

In particular, if K· is a predictable process, we have the well-known result

E

[ ∫ t

0

KsdVs

]
= E

[ ∫ t

0

Ksrsds

]
.

Proposition 2.3. Suppose that K· and K̃· are progressive processes satisfying E[
∫ T

0
(|Kt|2 + |K̃t|2)dVt] < ∞,

we have

[ ∫ ·
0

KsdṼs,

∫ ·
0

K̃sdṼs

]
t

=

∫ t

0

KsK̃sdVs, ∆

(∫ ·
0

KsdṼs

)
t

= Kt∆Vt.

3. Statement of the problem

Let {Tn}n≥1 be the jump time of V , then {Tn}n≥1 is a sequence of strictly increased stopping times. Let U be
a nonempty subset of R. Consider the following progressive mean-field stochastic control system with Markov
chain


dXt = b(t,Xt, E[Xt], ut)dt+ σ(t,Xt, E[Xt], ut)dBt

+ γ(t,Xt−, E[Xt−], ut)dVt + c(t,Xt−, E[Xt−], ut)dṼt,

X0 = x0,

(3.1)
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where x0 ∈ R, b, σ, γ, c, : Ω× [0, T ]×R×R×U → R. Assume that state process X· cannot be directly observed,
but we can observe a related white noise process Y·, which satisfies the following MF-SDE,

Yt =

∫ t

0

h(s,Xs, E[Xs], us)ds+

∫ t

0

dWu
s , (3.2)

where h : Ω× [0, T ]×R×R× U → R and Wu
· denotes a stochastic process depending on the control variable

u. We also assume that α· can be directly observed. Let {FYt }t∈[0,T ] be the natural filtration generated by Y·
and α. Then we define the admissible control set

Uad =

{
u | u is FYt -progressive process, taking values in U, such that

sup
t∈[0,T ]

E
[
|ut|p

]
<∞ and E

[ ∫ T

0

|ut|dVt
]p
<∞ for any p ≥ 2

}
.

Remark 3.1. For any u· ∈ Uad and p ≥ 2, we have

E

[ ∫ T

0

|ut|2dVt

] p
2

= E

[ ∞∑
n=1

|uTn
|21{Tn≤T}

] p
2

≤ E
[ ∞∑
n=1

|uTn
|1{Tn≤T}

]p
= E

[ ∫ T

0

|ut|dVt
]p
<∞.

Then we give some assumptions to ensure the well-posedness of the controlled system.

Assumption (H1)
i) b, σ, γ, c, h are G ⊗ B(R)⊗ B(R)⊗ B(U)/B(R) measurable.
ii) b, σ, γ, c, h are twice continuously differentiable with respect to (x, x̃) with bounded first and second order
partial derivatives, they and their partial derivatives in (x, x̃) are continuous in (x, x̃, u). There exists a constant
C̄ such that |L(t, x, x̃, u)|≤ C̄(1 + |x|+ |x̃|+ |u|) with L = b, σ, γ, c and |h(t, x, x̃, u)|≤ C̄.

iii) E[
∫ T

0
|b(t,0)|2dt+

∫ T
0
|σ(t,0)|2dt+(

∫ T
0
|γ(t,0)|dVt)2+

∫ T
0
|c(t,0)|2dVt]<∞.

iv) γx(t, x, x̃, u) + cx(t, x, x̃, u) + 1� 0.
In the above, the last condition is necessary to ensure the process Λ· in Lemma 4.3 is well-defined. Under

(H1), we know that (3.1) admits a unique solution for any admissible control. Define dPu = ZuTdP , where

Zut = exp

{∫ t

0

h(s,Xs, E[Xs], us)dYs −
1

2

∫ t

0

|h(s,Xs, E[Xs], us)|2ds

}
.

Obviously, Zu· can be characterized as follows

dZut = Zut h(t,Xt, E[Xt], ut)dYt, Zu0 = 1. (3.3)

Let (H1) hold, we know that Pu is a new probability measure by Girsanov’s theorem. Under probability
measure Pu, (B·,W

u
· ) is a two-dimensional standard Brownian motion and Ṽ· is still a compensated martingale.

We introduce the following cost functional

J(u·) = Eu
[ ∫ T

0

l(t,Xt, E
u[Xt], ut)dt+

∫ T

0

f(t,Xt−, E
u[Xt−], ut)dVt + g(XT , E

u[XT ])

]
, (3.4)

where l, f : Ω × [0, T ] × R × R × U → R, g : Ω × R × R → R. Eu denotes mathematical expectation under
probability Pu. Then the partially observed optimal control problem studied in our paper can be described as
follows:
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Problem (OCP). Find an admissible control û· ∈ Uad such that

J(û·) = inf
u∈Uad

J(u·).

Then we introduce some assumptions:

Assumption (H2).
i) l, f are G ⊗ B(R)⊗ B(R)⊗ B(U)/B(R) measurable, g is FT ⊗ B(R)⊗ B(R)/B(R) measurable.
ii) l, f, g are twice continuous differentiable with respect to (x, x̃) with bounded second order partial derivatives,
they and their partial derivatives in (x, x̃) are continuous in (x, x̃, u). There exist a constant C̄ such that
|L(t, x, x̃, u)| ≤ C̄(1 + |x|2 + |x̃|2 + |u|2), |Lx(t, x, x̃, u)| ≤ C̄(1 + |x|+ |x̃|+ |u|), |Lx̃(t, x, x̃, u)| ≤ C̄(1 + |x|+ |x̃|+
|u|) with L = l, f and |g(x, x̃)| ≤ C̄(1 + |x|2 + |x̃|2), |gx(x, x̃)| ≤ C̄(1 + |x|+ |x̃|), |gx̃(x, x̃)| ≤ C̄(1 + |x|+ |x̃|).

Obviously, the cost function (3.4) can be written as

J(u·) = E

[ ∫ T

0

Zut l(t,Xt,E[Zut Xt], ut)dt+ ZuT g(XT , E[ZuTXT ]) +

∫ T

0

Zut−f(t,Xt−, E[Zut−Xt−], ut)dVt

]
(3.5)

Remark 3.2. Let (H1)-(H2) hold in predictable structure. If γ is P ⊗B(R)⊗B(R)⊗B(U)/B(R) measurable,
we have the following result for any X· ∈ S2

F(0, T ;R) and any u· ∈ Uad,

|γ(t,Xt−, E[Xt−], ut)| ≤ C̄(|γ(t, 0, 0, 0)|+ |Xt−|+ |E[Xt−]|+ |ut|).

By Proposition 2.1, we have

∫ t

0

γ(s,Xs−, E[Xs−], us)dVt =

∫ t

0

γ(s,Xs−, E[Xs−], us)dṼs +

∫ t

0

γ(s,Xs, E[Xs], us)rsds.

Then the state system (3.1) can be rewritten as


dXt = [b(t,Xt, E[Xt], ut) + γ(s,Xs, E[Xs], us)rs]dt+ σ(t,Xt, E[Xt], ut)dBt

+ [γ(t,Xt−, E[Xt−], ut) + c(t,Xt−, E[Xt−], ut)]dṼt,

X0 = x0.

This shows that γ can be omitted in the state system. If f is P ⊗ B(R)⊗ B(R)⊗ B(U)/B(R) measurable, we
have

J(u·) = Eu
[ ∫ T

0

{l(t,Xt, E
u[Xt], ut) + f(t,Xt, E

u[Xt], ut)rt}dt+ g(XT , E
u[XT ])

]
.

We also know that f can be omitted in the cost functional.

4. Variation

In this section, we focus on the SMP for the cost functional (3.5) subject to (3.1) and (3.2). Suppose û· ∈ Uad
is the optimal control, X̂· and Ẑ· are the corresponding trajectories of (3.1) and (3.2). For simplification, we use
the abbreviation Ẑ = Z û, Ê = Eû and Ŵ = W û. Since U is not necessary convex, we employ spike variations,
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for any t̄ ∈ [0, T ],

uε =

v, if (t, ω) ∈ O :=]]t̄, t̄+ ε]]\
∞⋃
n=1

[[Tn]],

û, otherwise,

(4.1)

where [[Tn]] := {(ω, t) ∈ Ω × [0, T ]|Tn(ω) = t} is the graph of Tn, and v is a bounded FYt̄ measurable function
that takes values in U . Since Tn is a stopping time, [[Tn]] is a progressive set. Therefore, the spike variation uε· is
progressive and we can show that uε· ∈ Uad. And we can know that

⋃∞
n=1[[Tn]] is negligible under P × Leb, thus

it is also negligible under Pu ×Leb, where Leb denotes the Lebesgue measure. For more details of this variation
we can see Song et al. [23].

Remark 4.1. (i) As we all know, Markov chain α· is a Feller process, then α· is a quasi-left continuous process.
So is V . Tn is not a predictable time, so [[Tn]] is not predictable, which means that uε· is not predictable;
that’s the reason why we allow the integrand of the stochastic integral to be progressive. In fact, Tn are totally
unpredictable times.
(ii) In order to deal with the stochastic optimal control problem with Markov chain and partial information
in progressive structure, we introduce a special spike variation (see (4.1)). On the one hand, this form of
variation requires us to dig out the graph of all jump time of Markov chain, thus the jump time of Markov chain
should be observed. On the other hand, only if the admissible control set is FYt -adapted, which is generated by
observation Y· and Markov chain α·, the perturbed control uε· can belong to this admissible set again. Thus we
assume that the Markov chain α· can be directly observed. Otherwise, the perturbed control no longer belongs
to the admissible control set Uad.

For simplification, we introduce the following notations,



ϕ(t) := ϕ(t, X̂t, E[X̂t], ût), η(t) := η(t, X̂t−, E[X̂t−], ût),

ϕx(t) := ϕx(t, X̂t, E[X̂t], ût), ϕxx(t) := ϕxx(t, X̂t, E[X̂t], ût),

ηx(t) := ηx(t, X̂t−, E[X̂t−], ût), ηxx(t) := ηxx(t, X̂t−, E[X̂t−], ût),

ϕx̃(t) := ϕx̃(t, X̂t, E[X̂t], ût), ηx̃(t) := ηx̃(t, X̂t−, E[X̂t−], ût),

δϕ(t, u) := ϕ(t, X̂t, E[X̂t], u)− ϕ(t, X̂t, E[X̂t], ût),

δη(t, u) := η(t, X̂t−, E[X̂t−], u)− η(t, X̂t−, E[X̂t−], ût),

where ϕ = b, σ, h, l, g; η = γ, c, f , and the mathematical expectation E in l, f, g should be replaced by Eu.
We denote by Xε

· and Zε· the trajectories of uε· . By the estimate of MF-SDE and noticing that (Leb ×
P )([[Tn]]) = 0, we can obtain

E

[
sup
t∈[0,T ]

|Xε
t − X̂t|

]

≤ CE
[(∫ T

0

|δb(t, uεt)|dt
)p

+

(∫ T

0

|δσ(t, uεt)|2dt

) p
2

+

(∫ T

0

|δγ(t, uεt)|dVt
)p

+

(∫ T

0

|δc(t, uεt)|2dVt

) p
2
]

≤ CE
[(∫ t̄+ε

t̄

|v − ût|dt
)p

+

(∫ t̄+ε

t̄

|v − ût|2dt

) p
2
]

= O(εp) +O(ε
p
2 ).
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Indeed, there is no jump on O. Thus the jump terms γ, c do not influence the order of variation. Thanks to this,
we can use the method in Peng [20] to get the desired conclusion. Then we introduce the first-order variation
equation



dX1,t = {bx(t)X1,t + bx̃(t)E[X1,t] + δb(t, uεt)}dt+ {σx(t)X1,t

+ σx̃(t)E[X1,t] + δσ(t, uεt)}dBt + {γx(t)X1,t−

+ γx̃(t)E[X1,t−]}dVt + {cx(t)X1,t− + cx̃(t)E[X1,t−]}dṼt,
dZ1,t = {Z1,th(t) + Ẑthx(t)X1,t + Ẑthx̃(t)E[X1,t] + Ẑtδh(t, uεt)}dYt,
X1,0 = 0, Z1,0 = 0, t ∈ [0, T ],

(4.2)

and the second-order variation equation

dX2,t = {bx(t)X2,t + bx̃(t)E[X2,t] +
1

2
bxx(t)X2

1,t + δbx(t, uεt)X1,t}dt

+ {σx(t)X2,t + σx̃(t)E[X2,t] +
1

2
σxx(t)X2

1,t + δσx(t, uεt)X1,t}dBt

+ {γx(t)X2,t− + γx̃(t)E[X2,t−] +
1

2
γxx(t)X2

1,t−}dVt

+ {cx(t)X2,t− + cx̃(t)E[X2,t−] +
1

2
cxx(t)X2

1,t−}dṼt

dZ2,t = {Z2,th(t) + Z1,thx(t)X1,t + Ẑthx(t)X2,t + Ẑthx̃(t)E[X2,t]

+
1

2
Ẑthxx(t)X2

1,t + Z1,tδh(t, uεt) + Ẑtδhx(t, uεt)X1,t}dYt

X2,0 = 0, Z2,0 = 0, t ∈ [0, T ].

(4.3)

Under (H1)-(H2), it is easy to show that (4.2) and (4.3) admit a unique solution, respectively. We have the
following basic estimate.

Lemma 4.2. Let (H1)-(H2) hold. For any u· ∈ Uad and k ≥ 1, then we have

sup
t∈[0,T ]

E|Zut |2k <∞, and sup
t∈[0,T ]

E|Xt|2k ≤ C
(

1 + sup
t∈[0,T ]

E|ut|4k
)
.

Lemma 4.3. Suppose (H1)-(H2) hold. Let (Φt)t∈[0,T ] be a progressively measurable process, for any p ≥ 1, there
exists a positive constant Cp such that

E

[
sup
t∈[0,T ]

|Φt|p
]
≤ Cp. (4.4)

Then there exists a function ρ̃ : (0,∞)→ (0,∞) with ρ̃(ε) ↓ 0 as ε ↓ 0, such that∫ T

0

|E[ΦtX1,t]|2 dt ≤ ερ̃(ε), ε > 0.

Proof. We recall the dynamic (4.2) of X1,· and we set

Λt := exp

{∫ t

0

{1

2
σ2
x(s)− bx(s)

}
ds−

∫ t

0

σx(s)dBs −
∫ t

0

cx(s)dṼs +

∫ t

0

{
ln

1

1 + γx(s)+cx(s)
+ cx(s)

}
dVs

}
.
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Then, by applying Itô’s formula to ΛtX1,t, we get

X1,t = Γt

∫ t

0

Λs
{(
bx̃(s)− σx(s)σx̃(s)

)
E[X1,s] +

(
δb(s, uεs)− σx(s)δσ(s, uεs)

)}
ds

+ Γt

∫ t

0

Λs
{
σx̃(s)E[X1,s] + δσ(s, uεs)

}
dBs + Γt

∫ t

0

Λs−cx̃(s)E[X1,s−]dṼs

+ Γt

∫ t

0

Λs−
{
γx̃(s) +

(
γx̃(s) + cx̃(s)

)(
β(s)− cx(s)

)}
E[X1,s−]dVs,

where Γt = Λ−1
t and β(t) =

c2x(t)+cx(t)γx(t)−γx(t)
1+γx(t)+cx(t) . Under (H1)-(H2), for any p ≥ 1 there exists a positive constant

Cp, such that

E

[
sup
t∈[0,T ]

(|Λt|p + |Γt|p)
]
≤ Cp. (4.5)

Moreover, with the help of (4.4) it also follows that

E

[
sup
t∈[0,T ]

|ΦtΓt|p
]
≤ Cp. (4.6)

By the Itô Representation Theorem, for every t ∈ [0, T ], there exists unique (αt(·), κt(·)) ∈ M2
F (0, T ;R) ×

F 2
F (0, T ;R) such that

ΦtΓt = E[ΦtΓt] +

∫ t

0

αt(s)dBs +

∫ t

0

κt(s)dṼs, P -a.s.. (4.7)

In virtue of (4.6), Burkholder-Davis-Gundy (B-D-G) inequality and Doob’s inequality, we can know that there
exists a constant Cp independent of t such that for any p > 1,

E

[ ∫ t

0

[|αt(s)|2 + |κt(s)|2rs]ds
] p

2

≤ CpE
[

sup
s∈[0,t]

∣∣∣∣ ∫ s

0

αt(r)dBr +

∫ s

0

κt(r)dṼr

∣∣∣∣p]
≤ Cp

(
p

p− 1

)p
E

∣∣∣∣ ∫ t

0

αt(s)dBs +

∫ t

0

κt(s)dṼs

∣∣∣∣p ≤ CpE∣∣ΦtΓt − E [ΦtΓt]
∣∣p

≤ Cp
(
E
[
|ΦtΓt|p

]
+
∣∣E[ΦtΓt]

∣∣p) ≤ CpE[ sup
t∈[0,T ]

|ΦtΓt|p
]
≤ Cp.

For p = 1, by using Hölder’s inequality, we can easily get

E

[(∫ t

0

|αt(s)|2ds+

∫ t

0

|κt(s)|2rsds
) 1

2
]
≤ C.

Then we have, for any p ≥ 1

sup
t∈[0,T ]

E

[(∫ t

0

|αt(s)|2ds+

∫ t

0

|κt(s)|2rsds
) p

2
]
≤ Cp. (4.8)
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We consider

ΦtX1,t := J1(t) + J2(t) + J3(t) + J4(t), t ∈ [0, T ],

where

J1(t) = ΦtΓt

∫ t

0

Λs
{

[bx̃(s)− σx(s)σx̃(s)]E[X1,s] + [δb(s, uεs)− σx(s)δσ(s, uεs)]
}

ds,

J2(t) = ΦtΓt

∫ t

0

Λs
[
σx̃(s)E[X1,s] + δσ(s, uεs)

]
dBs,

J3(t) = ΦtΓt

∫ t

0

Λs−θ(s)E [X1,s−] dVs, J4(t) = ΦtΓt

∫ t

0

Λs−cx̃(s)E [X1,s−] dṼs,

with θ(t) = γx̃(t) + (γx̃(t) + cx̃(t))(β(t)− cx(t)). The following estimate for E[J1(t)] holds:

∫ T

0

∣∣E[J1(t)]
∣∣2dt ≤ C

(
ε2 +

∫ T

0

∫ t

0

∣∣E[X1,s]
∣∣2dsdt

)
, t ∈ [0, T ]. (4.9)

Indeed, by virtue of (4.5), (4.6) and Lemma 4.2, we have

∣∣E[J1(t)]
∣∣ ≤ CE[ sup

t∈[0,T ]

∣∣ΦtΓt∣∣ · sup
t∈[0,T ]

∣∣Λt∣∣ · (∫ t

0

∣∣E[X1,s]
∣∣ds+ ε

)]

≤ C
(
E

[
sup
t∈[0,T ]

∣∣ΦtΓt∣∣2]) 1
2
(
E

[
sup
t∈[0,T ]

∣∣Λt∣∣2]) 1
2
[ ∫ t

0

∣∣E[X1,s]
∣∣ds+ ε

]
≤ Cε+ C

∫ t

0

∣∣E[X1,s]
∣∣ds, t ∈ [0, T ],

which yields (4.9). To estimate E[J2(t)], we notice that

E[J2(t)] = E

[
ΦtΓt

∫ t

0

Λs

(
σx̃(s)E[X1,s] + δσ(s, uεs)

)
dBs

]
= E

[ ∫ t

0

αt(s)Λsσx̃(s)E[X1,s]ds

]
+ E

[ ∫ t

0

αt(s)Λsδσ(s, uεs)ds

]
: = J21(t)+J22(t), t ∈ [0, T ].

In view of (4.5) and (4.8), we have

|J21(t)|2 ≤ E
[

sup
t∈[0,T ]

|Λt|2
∫ t

0

|αt(s)|2ds

]
·
∫ t

0

|E[X1,s]|2ds ≤ C
∫ t

0

|E[X1,s]|2ds. (4.10)
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Moreover,

∣∣J22(t)
∣∣ ≤ CE[ sup

t∈[0,T ]

(
1 + |X̂t|+ |v|+ |ût|

)
·
∫ t

0

∣∣αt(s)Λs∣∣I(t̄,t̄+ε]ds]

≤ Cε 1
2

(
E

[ ∫ t

0

∣∣αt(s)Λs∣∣2I(t̄,t̄+ε]ds]) 1
2

≤ Cε 1
2

(
E

[
sup
t∈[0,T ]

∣∣Λt∣∣4]) 1
4
(
E

[(∫ t

0

∣∣αt(s)∣∣2I(t̄,t̄+ε]ds)2 ]) 1
4

≤ Cε 1
2

(
E

[(∫ t

0

∣∣αt(s)∣∣2I(t̄,t̄+ε]ds)2 ]) 1
4

.

Therefore,

∫ T

0

∣∣J22(t)
∣∣2dt ≤ Cε

(∫ T

0

E

[(∫ t

0

∣∣αt(s)∣∣2I(t̄,t̄+ε]ds)2 ]
dt

) 1
2

.

Setting ρ1(ε) := C(
∫ T

0
E[(
∫ t

0
|αt(s)|2I(t̄,t̄+ε]ds)2]dt)

1
2 , from (4.8), then

∫ T

0

E

[ ∫ t

0

∣∣αt(s)∣∣2I(t̄,t̄+ε]ds]2

dt ≤ CT sup
t∈[0,T ]

E

[ ∫ t

0

∣∣αt(s)∣∣2ds

]2

<∞.

Thus by the dominated convergence theorem and noticing I(t̄,t̄+ε] → 0 in product measure dtdP , we can easily
obtain that ρ1(ε)→ 0 as ε ↓ 0. Hence,

∫ T

0

∣∣J22(t)
∣∣2dt ≤ ερ1(ε). (4.11)

Combining (4.10) and (4.11), we have the following estimate

∫ T

0

∣∣E[J2(t)]
∣∣2dt ≤ C

(
ερ1(ε) +

∫ T

0

∫ t

0

∣∣E[X1,s]
∣∣2dsdt

)
, t ∈ [0, T ]. (4.12)

Observing the expression (4.7), we get

E[J3(t)] = E[ΦtΓt]E

[ ∫ t

0

Λs−θ(s)E [X1,s−] dVs

]
+ E

[ ∫ t

0

Λs−θ(s)κt(s)E [X1,s−] dVt

]
: = J31(t) + J32(t).

With the help of (4.5) and (4.8), we obtain

∣∣J31(t)
∣∣2 ≤ CE[ sup

t∈[0,T ]

∣∣ΦtΓt∣∣2] · ∣∣∣∣E [∫ t

0

Λs−E[X1,s−]dVt

]∣∣∣∣2
≤ CE

[
sup
t∈[0,T ]

∣∣Λt∣∣2] · ∫ t

0

∣∣E[X1,s]
∣∣2ds ≤ C

∫ t

0

∣∣E[X1,s]
∣∣2ds.
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Similarly, we can obtain

∣∣J32(t)
∣∣2 ≤ C ∫ t

0

∣∣E[X1,s]
∣∣2ds.

Thus we have ∫ T

0

∣∣E[J3(t)]
∣∣2dt ≤ C

∫ T

0

∫ t

0

∣∣E[X1,s]
∣∣2dsdt, t ∈ [0, T ]. (4.13)

Then, with the expression (4.7) we can get

E[J4(t)] = E

[ ∫ t

0

Λs−cx̃(s)κt(s)E[X1,s−]dVs

]
.

We also obtain

|E[J4(t)]|2 =

∣∣∣∣E[ ∫ t

0

ΛsE[cx̃(s)|P]κt(s)E[X1,s]rsds

]∣∣∣∣2
≤ CE

[
sup
t∈[0,T ]

|Λt|2
∫ t

0

|κt(s)|2ds

] ∫ t

0

|E[X1,s]|2ds

≤ C
∫ t

0

|E[X1,s]|2ds.

Then ∫ T

0

∣∣E[J4(t)]
∣∣2dt ≤ C

∫ T

0

∫ t

0

∣∣E[X1,s]
∣∣2dsdt, t ∈ [0, T ]. (4.14)

In view of (4.9) and (4.12)–(4.14), we have∫ T

0

∣∣E[ΦtX1,t]
∣∣2dt ≤ C

(
ε2 + ερ1(ε) +

∫ T

0

∫ t

0

∣∣E[X1,s]
∣∣2dsdt

)
. (4.15)

where C = C(Φ) depends on the semimartingale Φ.
Now, taking Φ = 1, C1 := C(1) in (4.15) we get∫ T

0

∣∣E[X1,t]
∣∣2dt ≤ C

(
ε2 + ερ1(ε) +

∫ T

0

∫ t

0

∣∣E[X1,s]
∣∣2dsdt

)
.

Then by Gronwall’s inequality, we have∫ T

0

∣∣E[X1,t]
∣∣2dt ≤ C

(
ε2 + ερ1(ε)

)
. (4.16)

Substituting (4.16) into (4.15), we have∫ T

0

∣∣E[ΦtX1,t]
∣∣2dt ≤ C

(
ε2 + ερ1(ε)

)
. (4.17)

Finally, setting ρ̃(ε) := C (ε+ ρ1(ε)) in (4.17), we obtain the result.
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Based on the above two lemmas, we have the following estimates.

Lemma 4.4. Let (H1)-(H2) hold. Then, for any k ≥ 1,

E

[
sup
t∈[0,T ]

∣∣X1,t

∣∣2k] ≤ Ckεk, E

[
sup
t∈[0,T ]

∣∣Z1,t

∣∣2k] ≤ Ckεk, (4.18)

E

[
sup
t∈[0,T ]

∣∣X2,t

∣∣2k] ≤ Ckε2k, E

[
sup
t∈[0,T ]

∣∣Z2,t

∣∣2k] ≤ Ckε2k, (4.19)

sup
t∈[0,T ]

∣∣E[X1,t]
∣∣2 ≤ ερ(ε), sup

t∈[0,T ]

∣∣E[Z1,tX1,t]
∣∣ ≤ ερ(ε), ε > 0, (4.20)

where ρ : (0,∞)→ (0,∞) such that ρ(ε) ↓ 0 as ε ↓ 0, ρ may vary line by line.

Proof. The proof of the first estimate of (4.18) and (4.19) is a slight extension of Lemma 4.3 of [24], so we omit
it.

From (4.2), noticing the boundedness of γx, γx̃, we have

E[X1,t] =

∫ t

0

(
E[bx(s)X1,s] + E[bx̃(s)]E[X1,s] + E[δb(s, uεs)]

)
ds+ E

[ ∫ t

0

γx(s)X1,s− + γx̃(s)E[X1,s−]dVs

]
.

Setting Φt = bx(t), with the help of Lemma 4.3, we obtain

∣∣∣∣∫ t

0

E[bx(s)X1,s]ds

∣∣∣∣2 ≤ t∫ t

0

∣∣E[bx(s)X1,s]
∣∣2ds ≤ Cερ̃(ε), t ∈ [0, T ].

We also have ∣∣∣∣∫ t

0

E[δb(s, uεs)]ds

∣∣∣∣2 ≤ C(E[ ∫ t

0

|uεs − ûs|ds
])2

≤ Cε2.

Moreover, noticing (2.1) and setting Φt = E[γx(t)|P], by virtue of Lemma 4.3 again, we get∣∣∣∣E[ ∫ t

0

γx(s)X1,s−dVs

]∣∣∣∣2 =

∣∣∣∣E[ ∫ t

0

E[γx(s)|P]X1,srsds

]∣∣∣∣2 ≤ Ct∫ t

0

∣∣E[E[γx(s)|P]X1,s]
∣∣2ds ≤ Cερ̃(ε),

and ∣∣∣∣E[ ∫ t

0

γx̃(s)E[X1,s−]dVs

]∣∣∣∣2 =

∣∣∣∣E[ ∫ t

0

E[γx̃(s)|P]E[X1,s]rsds

]∣∣∣∣2 ≤ C ∫ t

0

∣∣E[X1,s]
∣∣2ds.

Then we have

∣∣E[X1,t]
∣∣2 ≤ C (ερ̃(ε) + ε2 +

∫ t

0

∣∣E[X1,s]
∣∣2ds

)
, t ∈ [0, T ].

From Gronwall’s inequality, we get the first estimate in (4.20), with ρ(ε) = C(ρ̃(ε) + ε), ε > 0.
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For the estimation of Z1,·, noticing the boundedness of h, hx, hx̃, we have

E

[(∫ T

0

∣∣Ẑthx(t)X1,t

∣∣2dt

)k]
≤ C

(
E

[
sup
t∈[0,T ]

∣∣X1,t

∣∣4k]) 1
2

≤ Cεk.

Similarly,

E

(∫ T

0

∣∣Ẑthx̃(t)E[X1,t]
∣∣2dt

)k
≤ C

(
sup
t∈[0,T ]

∣∣E[X1,t]
∣∣2)k ≤ Cεkρk(ε).

By virtue of Lp estimate, we have

E

[
sup
t∈[0,T ]

∣∣Z1,t

∣∣2k]

≤ CE
[

sup
t∈[0,T ]

∣∣∣∣∫ t

0

Z1,sh(s)dYs

∣∣∣∣2k ]+ CE

[
sup
t∈[0,T ]

∣∣∣∣∫ t

0

Ẑshx(s)X1,sdYs

∣∣∣∣2k ]

+ CE

[
sup
t∈[0,T ]

∣∣∣∣∫ t

0

Ẑshx̃(s)E[X1,s]dYs

∣∣∣∣2k ]+ CE

[
sup
t∈[0,T ]

∣∣∣∣∫ t

0

Ẑsδh(s, uεs)IOdYs

∣∣∣∣2k ]
≤ CE

[ ∫ T

0

∣∣Ẑthx(t)X1,t

∣∣2dt

]k
+ CE

[ ∫ T

0

∣∣Ẑtδh(t, uεt)
∣∣2dt

]k
+ CE

[ ∫ T

0

∣∣Ẑthx̃(t)E[X1,t]
∣∣2dt

]k
≤ Cεk.

By applying Itô’s formula to Z1,tX1,t, we have

E[Z1,tX1,t] = E

[ ∫ t

0

{
Z1,sbx(s)X1,s + Z1,sbx̃(s)E[X1,s] + Z1,sδb(s, u

ε
s)
}

ds

]
+ E

[ ∫ t

0

Z1,s−

{
γx(s)X1,s− + γx̃(s)E[X1,s−]

}
dVs

]
= E

[ ∫ t

0

{
Z1,s[bx(s) + E[γx(s)|P]rs]X1,s + Z1,s[bx̃(s) + E[γx̃(s)]rs]E[X1,s] + Z1,sδb(s, u

ε
s)
}

ds

]
.

Similar to above method and noticing (2.1), we obtain

|E[Z1,tX1,t]| ≤ C
∫ t

0

|E[Z1,sX1,s]|ds+ C

(
E

[
sup
t∈[0,T ]

|Z1,t|2
]) 1

2
[

sup
t∈[0,T ]

|E[X1,t]|2
] 1

2

+ C

(
E

[
sup
t∈[0,T ]

∣∣Z1,t

∣∣2]) 1
2
(
E

[∣∣∣∣ ∫ t

0

δb(s, uεs)ds

∣∣∣∣2]) 1
2

≤ C
(∫ t

0

∣∣E[Z1,sX1,s]
∣∣ds+ ερ(ε) + ε

3
2

)
.

From Gronwall’s inequality, we get the second estimate in (4.20).
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For the estimation of Z2,·, noticing the boundedness of h, hx, hx̃, hxx, with the same discussion above we have

E

[
sup
t∈[0,T ]

|Z2,t|2k
]
≤ CE

[∫ T

0

|Z1,thx(t)X1,t|2dt

]k
+ CE

[ ∫ T

0

|Z1,tδh(t, uεt)|2dt

]k
+ CE

[ ∫ T

0

|Ẑthx(t)X2,t|2dt

]k
+ CE

[∫ T

0

|ẐtX1,tδhx(t, uεt)|2dt

]k
+ CE

[ ∫ T

0

|Ẑthx̃(t)E[X2,t]|2dt

]k
+ CE

[ ∫ T

0

|1
2
Ẑthxx(t)X2

1,t|2dt

]k
≤ Cε2k.

Lemma 4.5. Let (H1)-(H2) hold. Then we have

E

[
sup
t∈[0,T ]

∣∣Xε
t − X̂t −X1,t −X2,t

∣∣2] = ε2ρ(ε), (4.21)

E

[
sup
t∈[0,T ]

∣∣Zεt − Ẑt − Z1,t − Z2,t

∣∣2] = ε2ρ(ε). (4.22)

Proof. Set ∆X· := X1,· +X2,· ∆Z· := Z1,· + Z2,·, ψ
ε
· := Xε

· − X̂· −∆X·, we have

dψεt = Ψε(t; b)dt+ Ψε(t;σ)dBt + Ψε(t; γ)dVt + Ψε(t; c)dṼt,

where, for φ = b, σ, respectively

Ψε(t;φ) := φ(t,Xε
t , E[Xε

t ], u
ε
t)− φ(t, X̂t, E[X̂t], ût)− φx(t)∆Xt

− φx̃(t)E[∆Xt]−
1

2
φxx(t)X2

1,t − δφ(t, uεt)− δφx(t, uεt)X1,t,

for φ = γ, c, respectively

Ψε(t;φ) := φ(t,Xε
t−, E[Xε

t−], uεt)− φ(t, X̂t−, E[X̂t−], ût)− φx(t)∆Xt−

− φx̃(t)E[∆Xt−]− 1

2
φxx(t)X2

1,t− − δφ(t, uεt)− δφx(t, uεt)X1,t−.

According to spike variations, we know that δφ(t, uεt)=δφx(t, uεt)=0, ζ-a.s.. In order to be consistent with b, σ,
we add these two terms to the above equation.

Now we first consider the estimate of Ψε(t; b). For each t ∈ [0, T ], we have

b(t,Xε
t , E[Xε

t ], u
ε
t)− b(t, X̂t, E[X̂t], u

ε
t) =

∫ 1

0

bθx(t)(Xε
t − X̂t) + bθx̃(t)E[Xε

t − X̂t]dθ,

for the subscript i which indicates the first and the second order derivatives of b, respectively, with respect to
i = x, x̃, xx, xx̃, x̃x̃, and for real λ ∈ [0, 1],

bλi (t) := bi(t, X̂t + λ(Xε
t − X̂t), E[X̂t + λ(Xε

t − X̂t)], u
ε
t).
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Moreover

b(t,Xε
t , E[Xε

t ], u
ε
t)− b(t, X̂t, E[X̂t], u

ε
t)− bx(t)∆Xt − bx̃(t)E[∆Xt]

=

∫ 1

0

{
bθx(t)ψεt + bθx̃(t)E[ψεt ] + (bθx(t)− bx(t))∆Xt + (bθx̃(t)− bx̃(t))E[∆Xt]

}
dθ.

Similarly, we have

bθx(t)− bx(t) = θ

∫ 1

0

{bθ%xx(t)ψεt + bθ%xx̃(t)E[ψεt ] + bθ%xx(t)∆Xt + bθ%xx̃(t)E[∆Xt]}d%+ δbx(t, uεt),

and

bθx̃(t)− bx̃(t) = θ

∫ 1

0

{bθ%xx̃(t)ψεt + bθ%x̃x̃(t)E[ψεt ] + bθ%xx̃(t)∆Xt + bθ%x̃x̃(t)E[∆Xt]
}

d%+ δbx̃(t, uεt).

Then we have

Ψε(t; b) =

∫ 1

0

{bθx(t)ψεt + bθx̃(t)E[ψεt ]dθ + Ψε
1(t; b) + Ψε

2(t; b) + Ψε
3(t; b) + Ψε

4(t; b),

where

Ψε
1(t; b) =

∫ 1

0

θ

∫ 1

0

{(
bθ%xx(t)ψεt + bθ%xx̃(t)E[ψεt ]

)
∆Xt + bθ%xx̃(t)ψεtE[∆Xt] + bθ%x̃x̃(t)E[ψεt ]E[∆Xt]

}
d%dθ,

Ψε
2(t; b) =

∫ 1

0

θ

∫ 1

0

{
bθ%xx(t)

[
(∆Xt)

2 −X2
1,t

]
+ 2bθ%xx̃(t)∆XtE[∆Xt] + bθ%x̃x̃(t)

(
E[∆Xt]

)2}
d%dθ,

Ψε
3(t; b) =

∫ 1

0

θ

∫ 1

0

(
bθ%xx(t)− bxx(t)

)
X2

1,td%dθ,

Ψε
4(t; b) = δbx(t, uεt)X2,t + δbx̃(t, uεt)E[∆Xt].

From the definition of ψε· and the Lemma 4.4, we have

E

[
sup
t∈[0,T ]

|ψεt |2
]
≤ Cε2,

together with (4.18) and (4.19), this yields

E

[
sup
t∈[0,T ]

|Ψε
1(t; b)|2

]
≤ Cε3. (4.23)

With the help of (4.18) and (4.19), we also have

E

[
sup
t∈[0,T ]

|(∆Xt)
2 −X2

1,t|2
]
≤ Cε3.
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Using (4.18)–(4.20), we get

E

[
sup
t∈[0,T ]

|∆Xt · E[∆Xt]|2
]
≤ ε2ρ(ε),

Similarly, we obtain that

sup
t∈[0,T ]

∣∣∣E[∆Xt]
∣∣∣4 ≤ ε2ρ(ε),

Thus

E

[
sup
t∈[0,T ]

|Ψε
2(t; b)|2

]
≤ ε2ρ(ε). (4.24)

Using Hölder’s inequality, we obtain

E

[ ∫ T

0

|Ψε
3(t; b)|2dt

]
≤ CE

[
sup
t∈[0,T ]

|X1,t|4 ·
∫ T

0

∫ 1

0

∫ 1

0

|bθ%xx(t)− bxx(t)
)
|2dθd%dt

]

≤ C
(
E

[
sup
t∈[0,T ]

|X1,t|8
]) 1

2
(
E

[ ∫ T

0

∫ 1

0

∫ 1

0

|bθ%xx(t)− bxx(t)
)
|4dθd%dt

]) 1
2

.

Set ρ̄1(ε) := C(E[
∫ T

0

∫ 1

0

∫ 1

0
|bθ%xx(t)− bxx(t)|4dθd%dt])

1
2 and then by the dominated convergence theorem, we can

prove ρ̄1(ε)→ 0 as ε ↓ 0. Hence, in view of (4.18), it holds that

E

[ ∫ T

0

|Ψε
3(t; b)|2dt

]
≤ ε2ρ̄1(ε). (4.25)

Finally, noticing (4.19) and (4.20), we have

E

[ ∫ T

0

|δb(t, uεt)X2,t|2dt

]
≤ CεE

[
sup
t∈[0,T ]

|X2,t|2
]
≤ Cε2,

E

[ ∫ T

0

|δbx̃(t, uεt)E[X1,t]|2dt

]
≤ Cε sup

t∈[0,T ]

∣∣E[X1,t]
∣∣2 ≤ Cε2ρ(ε),

E

[ ∫ T

0

|δbx̃(t, uεt)E[X2,t]|2dt

]
≤ Cε sup

t∈[0,T ]

∣∣E[X2,t]
∣∣2 ≤ Cε3.

Therefore,

E

[ ∫ T

0

|Ψε
4(t; b)|2dt

]
≤ ε2ρ(ε), (4.26)

Finally, by virtue of (4.23), (4.24)–(4.26), we have

E

[ ∫ T

0

|Ψε(t; b)|2dt

]
≤ ε2ρ(ε) + C

∫ T

0

E
[
|ψεt |2

]
dt, (4.27)
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Similarly, we can prove that

E

[ ∫ T

0

|Ψε(t;σ)|2dt

]
≤ ε2ρ(ε) + C

∫ T

0

E
[
|ψεt |2

]
dt. (4.28)

For Ψε(t; γ) and Ψε(t; c)

Ψε(t; γ) =

∫ 1

0

{
γθx(t)ψεt− + γθx̃(t)E[ψεt−]

}
dθ + Ψε

1(t; γ) + Ψε
2(t; γ) + Ψε

3(t; γ),

where

Ψε
1(t; γ) =

∫ 1

0

θ

∫ 1

0

{(
γθ%xx(t)ψεt− + γθ%xx̃(t)E[ψεt−]

)
∆Xt− + γθ%xx̃(t)ψεt−E[∆Xt−] + γθ%x̃x̃(t)E[ψεt−]E[∆Xt−]

}
d%dθ,

Ψε
2(t; γ) =

∫ 1

0

θ

∫ 1

0

{
γθ%xx(t)[(∆Xt−)2 −X2

1,t−] + 2γθ%xx̃(t)∆Xt−E[∆Xt−] + γθ%x̃x̃(t)
(
E[∆Xt−]

)2}
d%dθ,

Ψε
3(t; γ) =

∫ 1

0

θ

∫ 1

0

[
γθ%xx(t)− γxx(t)

]
X2

1,t−d%dθ.

By the similar method, we also have

E

[
sup
t∈[0,T ]

|Ψε
1(t; γ)|2

]
≤ Cε3, and E

[
sup
t∈[0,T ]

|Ψε
2(t; γ)|2

]
≤ ε2ρ(ε). (4.29)

Since the coefficients are progressive rather than predictable, the proof of the estimation of Ψε
3(t; γ) is different.

Using Hölder’s inequality, we get

E

[(∫ T

0

|Ψε
3(t; γ)|dVt

)2]
≤ C

(
E

[
sup
t∈[0,T ]

|X1,t|8
]) 1

2

ρ̄
1
2
2 (ε),

where ρ̄2(ε) = E(
∫ T

0

∫ 1

0

∫ 1

0
|γθ%xx(t)− γxx(t)

)
|dθd%dVt)

4. It is easy to verify that γθ%xx(t)− γxx(t)→ 0 as ε ↓ 0.

E

[(∫ T

0

|Ψε
3(t; γ)|dVt

)2]
≤ ε2ρ̄2(ε). (4.30)

By virtue of (4.29)–(4.30), we obtain

E

[(∫ T

0

|Ψε(t; γ)|dVt
)2]
≤ ε2ρ(ε) + C

∫ T

0

E
[
|ψεt |2

]
dt, (4.31)

Similarly, we also have

E

[ ∫ T

0

|Ψε(t; c)|2dVt

]
≤ ε2ρ(ε) + C

∫ T

0

E
[
|ψεt |2

]
dt, (4.32)
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From the definition of ψεt , by virtue of B-D-G inequality and (4.28), (4.29), (4.31) and (4.32), we have

E

[
sup
t∈[0,T ]

|ψεt |2
]
≤ CE

[ ∫ T

0

|Ψε(t; b)|2dt

]
+ CE

[ ∫ T

0

|Ψε(t; γ)|dVt
]2

+ CE

[ ∫ T

0

|Ψε(t;σ)|2dt

]
+ CE

[ ∫ T

0

|Ψε(t; c)|2dVt

]
≤ C

[
ε2ρ(ε) +

∫ T

0

E
[
|ψεt |2

]
dt

]
.

Hence, by Gronwall’s inequality, we obtain

E

[
sup
t∈[0,T ]

|ψεt |2
]
≤ Cε2ρ(ε)

Then we can obtain the estimate (4.21). And the estimate (4.22) can be proved similarly.

Now we give the variation equation for the cost functional. Define

Ĵ = E

[ ∫ T

0

{
Ẑtlx(t)∆Xt + Ẑtδl(t, u

ε
t) + ∆Ztl(t) + Z1,tlx(t)X1,t + Ẑtlx̃(t)E

[
Ẑt∆Xt + ∆ZtX̂t

]
+

1

2
Ẑtlxx(t)X2

1,t

}
dt+

∫ T

0

{
Ẑt−fx(t)∆Xt− + ∆Zt−f(t) + Ẑt−fx̃(t)E

[
Ẑt−∆Xt− + ∆Zt−X̂t−

]
+ Z1,t−fx(t)X1,t− +

1

2
Ẑt−fxx(t)X2

1,t−

}
dVt + ẐT gx(T )∆XT +

1

2
ẐT gxx(T )X2

1,T

+ ∆ZT g(T ) + Z1,T gx(T )X1,T + ẐT gx̃(T )E
[
ẐT∆XT + ∆ZT X̂T

]]
.

(4.33)

Lemma 4.6. Let (H1)-(H2) hold. Then we have

lim
ε→0

1

ε
(J(uε· )− J(û·)− Ĵ) = 0.

Proof. By (4.33), we have

J(uε· )− J(û·)− Ĵ = E

[ ∫ T

0

Ψε(t; l)dt+

∫ T

0

Ψε(t; f)dVt + Ψε(T ; g)

]
,

where

Ψε(t; l) = Zεt l(t,X
ε
t , E[ZεtX

ε
t ], u

ε
t)− Ẑt

{
l(t) + lx(t)∆Xt +

1

2
lxx(t)X2

1,t

+ δl(t, uεt) + lx̃(t)E
[
Ẑt∆Xt + ∆ZtX̂t

]}
−∆Ztl(t)− Z1,tlx(t)X1,t,

Ψε(t; f) = Zεt−f(t,Xε
t−, E[Zεt−X

ε
t−], uεt)− Ẑt−

{
f(t) + fx(t)∆Xt− +

1

2
fxx(t)X2

1,t−

+ fx̃(t)E
[
Ẑt−∆Xt− + ∆Zt−X̂t−

]}
−∆Zt−f(t)− Z1,t−fx(t)X1,t−,

Ψε(T ; g) = ZεT g(Xε
T , E[ZεTX

ε
T ])− ẐT

{
g(T ) + gx(T )∆XT +

1

2
gxx(T )X2

1,T

− gx̃(T )E
[
ẐT∆XT + ∆ZT X̂T

]}
−∆ZT g(T )− Z1,T gx(T )X1,T .
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We first consider the estimate of Ψε(t; l). Set L(t, Zt, Xt, E[ZtXt], ut) = Ztl(t,Xt, E[ZtXt], ut). Similar to the
proof of Lemma 4.5, we have

Ψε(t; l) =

∫ 1

0

{
Lθz(t)φ

ε
t + Lθx(t)ψεt + Lθx̃(t)E[ϕεt]

}
dθ + Ψε

3(t;L) + Ψε
4(t;L) + Ψε

5(t;L),

where φε· := Zε· − Ẑ· −∆Z·, ϕ
ε
· := Zε·X

ε
· − Ẑ·∆X· −∆Z·X̂· − Ẑ·X̂· and

Ψε
1(t;L) =

∫ 1

0

θ

∫ 1

0

{[Lθ%zx̃(t)φεt + Lθ%x̃x̃(t)ψεt + Lθ%x̃x̃(t)E[ϕεt]]E[Ẑt∆Xt + ∆ZtX̂t]

+ (Lθ%xz(t)φ
ε
t + Lθ%xx(t)ψεt + Lθ%xx̃(t)E[ϕεt])∆Xt + (Lθ%zx(t)ψεt + Lθ%zx̃(t)E[ϕεt])∆Zt}d%dθ,

Ψε
2(t;L) =

∫ 1

0

θ

∫ 1

0

{2Lθ%zx(t)(∆Xt∆Zt −X1,tZ1,t

)
+ Lθ%xx(t)(∆Xt)

2 −X2
1,t) + (Lθ%x̃z(t) + Lθ%zx̃(t))∆ZtE[Ẑt∆Xt]

+ Lθ%x̃x̃(t)(E[Ẑt∆Xt])
2 + 2Lθ%x̃x̃(t)E[Ẑt∆Xt]E[∆ZtX̂t] + 2Lθ%xx̃(t)∆XtE[Ẑt∆Xt]}d%dθ,

Ψε
3(t;L) =

∫ 1

0

θ

∫ 1

0

(Lθ%xx(t)− Lxx(t))X2
1,t + 2(Lθ%zx(t)− Lzx(t))Z1,tX1,t)d%dθ,

Ψε
4(t;L) =

∫ 1

0

θ

∫ 1

0

{[(Lθ%zx̃(t) + Lθ%x̃z(t))∆Zt + 2Lθ%xx̃(t)∆Xt]E[∆ZtX̂t] + Lθ%x̃x̃(t)(E[∆ZtX̂t])
2}d%dθ,

Ψε
5(t;L) = δLz(t, u

ε
t)∆Zt + δLx(t, uεt)∆Xt + δLx̃(t, uεt)E[Ẑt∆Xt + ∆ZtX̂t].

From the definition of ψε· , φ
ε
· and ϕε· , noticing Lemma 4.5,

E

[
sup
t∈[0,T ]

|ψεt |2
]
≤ ε2ρ(ε), E

[
sup
t∈[0,T ]

|φεt|2
]
≤ ε2ρ(ε),

by virtue of (4.20), we have

E
[
|ϕεt|

]
≤ E

[
|φεtXε

t |+ |(Zt + ∆Zt)ψ
ε
t |+ |∆Zt∆Xt|

]
≤ ρ(ε).

With (4.18) and (4.19), we have

E

[
sup
t∈[0,T ]

|Ψε
1(t;L)|

]
≤ Cε 3

2 . (4.34)

Noticing (4.18) and (4.19), we have

E

[
sup
t∈[0,T ]

|∆Xt∆Zt −X1,tZ1,t|
]

+ E

[
sup
t∈[0,T ]

|(∆Xt)
2 −X2

1,t|
]
≤ Cε 3

2 .

Again, using (4.18)–(4.20), we have

E

[
sup
t∈[0,T ]

∣∣∆ZtE[Ẑt∆Xt]
∣∣] ≤ ερ(ε), E

[
sup
t∈[0,T ]

|∆XtE[Ẑt∆Xt]|
]
≤ ερ(ε),

sup
t∈[0,T ]

|E[Ẑt∆Xt]E[∆ZtX̂t]| ≤ ερ(ε), sup
t∈[0,T ]

|E[Ẑt∆Xt]|2 ≤ ερ(ε).
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Hence,

E

[
sup
t∈[0,T ]

|Ψε
2(t;L)|

]
≤ ερ(ε). (4.35)

Using Hölder inequality, we get

E

[ ∫ T

0

∫ 1

0

θ

∫ 1

0

|(Lθ%xx(t)− Lxx(t))X2
1,t|d%dθdt

]
≤ C

(
E

[
sup
t∈[0,T ]

X4
1,t

]) 1
2
(
E

[ ∫ T

0

∫ 1

0

∫ 1

0

|(Lθ%xx(t)− Lxx(t))|2d%dθdt

]) 1
2

≤ ερ̄3(ε),

by dominated convergence theorem, we can prove ρ̄3(ε) := C(E[
∫ T

0

∫ 1

0

∫ 1

0
|Lθ%xx(t)− Lxx(t)|2 d%dθdt])

1
2 satisfies

ρ̄3(ε)→ 0 as ε ↓ 0. Similarly, we also have

E

[ ∫ T

0

∫ 1

0

θ

∫ 1

0

|(Lθ%zx(t)− Lzx(t))Z1,tX1,t|d%dθdt

]
≤ ερ(ε).

Then we have

E

[
sup
t∈[0,T ]

|Ψε
3(t;L)|

]
≤ ερ(ε). (4.36)

Applying Itô’s formula, we can verify that the solution of Z1,· has the following explicit expression

Z1,t =− Ẑt
∫ t

0

(
hx(s)X1,s + hx̃(s)E[X1,s] + δh(s, uεs)

)
ds

+ Ẑt

∫ t

0

(
hx(s)X1,s + hx̃(s)E[X1,s] + δh(s, uεs)

)
dYs,

then we have

E[Z1,t] = −
∫ t

0

(
E[Ẑshx(s)X1,s] + E[Ẑshx̃(s)]E[X1,s] + E[Ẑsδh(s, uεs)]

)
ds.

In fact, using Doob’s inequality,

E

[
sup
t∈[0,T ]

|Ẑshx(s)|p
]
≤ C

(
p

p− 1

)p
E
[
|ẐT |p

]
≤ Cp.

With the help of Lemma 4.3, by setting Φt = Ẑthx(t), we obtain

∣∣∣∣ ∫ t

0

E[Ẑshx(s)X1,s]ds

∣∣∣∣2 ≤ t∫ t

0

∣∣E[Ẑshx(s)X1,s]
∣∣2ds ≤ Tερ̃(ε).
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By view of (H1)-(H2) and Lemma 4.4, it holds that∣∣E[Z1,t]
∣∣ ≤ (ερ(ε))

1
2 . (4.37)

Then we have the following estimate with a similar argument

E

[
sup
t∈[0,T ]

|Ψε
4(t;L)|

]
≤ ερ(ε). (4.38)

In virtue of (4.18)–(4.20), we know that,

E

[
sup
t∈[0,T ]

|Ψε
5(t;L)|

]
≤ ερ(ε). (4.39)

According to Lemma 4.5 and (4.34)–(4.36), (4.38) and (4.39), we have

E

[ ∫ T

0

|Ψε(t; l)|dt
]
≤ Cερ(ε).

Similarly, we show that

E

[ ∫ T

0

|Ψε(t, e; f)|dVt
]
≤ Cερ(ε), and E

[
|Ψε(T ; g)|

]
≤ Cερ(ε).

Then we get the result directly.

Now we can rewrite (4.33) as

Ĵ = Ê

[ ∫ T

0

{
lx(t)∆Xt +

1

2
lxx(t)X2

1,t + lx̃(t)Ê[∆Xt + ∆ΓtX̂t] + δl(t, uεt) + ∆Γtl(t) + Γ1,tlx(t)X1,t

}
dt

+

∫ T

0

{
fx(t)∆Xt− +

1

2
fxx(t)X2

1,t− + ∆Γt−f(t) + fx̃(t)Ê[∆Xt− + ∆ΓtX̂t−] + Γ1,t−fx(t)X1,t−
}

dVt

+ gx(T )∆XT +
1

2
gxx(T )X2

1,T + gx̃(T )Ê[∆XT + ∆ΓtX̂T ] + ∆ΓT g(T ) + Γ1,T gx(T )X1,T

]
,

where ∆Γ· = Γ1,· + Γ2,· with Γ1,· = Ẑ−1
· Z1,· and Γ2,· = Ẑ−1

· Z2,·.

5. Adjoint equations and the maximum principle

By Itô’s formula and simple calculation, the solutions to (4.2) and (4.3) have the following explicit expressions:

Z1,t = Ẑt

∫ t

0

{
hx(s)X1,s + hx̃(s)E[X1,s] + δh(s, uεs)

}
dŴs,

Z2,t = Ẑt

∫ t

0

{
hx(s)X2,s + hx̃(s)E[X2,s] + δhx(s, uεs)X1,s

+
1

2
hxx(s)X2

1,s + Ẑ−1
s Z1,s[δh(s, uεs) + hx(s)X1,s]

}
dŴs.
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Then we have

Γ1,t =

∫ t

0

{
hx(s)X1,s + hx̃(s)E[X1,s] + δh(s, uεs)

}
dŴs,

Γ2,t =

∫ t

0

{
hx(s)X2,s + hx̃(s)E[X2,s] + δhx(s, uεs)X1,s

+
1

2
hxx(s)X2

1,s + Γ1,s[δh(s, uεs) + hx(s)X1,s]
}

dŴs.

Now we introduce the first order and second order adjoint equations.
dzt = −

{
l(t) + E[f(t)|P]rt + X̂tÊ[E[fx̃(t)|P]rt] + X̂tÊ[lx̃(t)]

}
dt

+ z1,tdBt + z2,tdŴt + ςtdṼt,

zT = g(T ) + X̂T Ê[gx̃(T )], t ∈ [0, T ].

(5.1)


dξt = −

{
ξtbx(t) + ζtσx(t) + z2,thx(t) + lx(t) + E[γx(t)|P]rtξt + E[γx(t)

+ cx(t)|P]rtϑt + E[fx(t)|P]rt
}

dt+ ζtdBt + ζ̃tdŴt + ϑtdṼt,

ξT = gx(T ), t ∈ [0, T ].

(5.2)



dpt = −
{
ptbx(t) + qtσx(t) + z2,thx(t) + lx(t) + Ê[lx̃(t)] + E[γx(t)|P]ptrt

+ E[γx(t) + cx(t)|P]ktrt + E[fx(t)|P]rt + Ê[E[fx̃(t)|P]rt]

+ Ẑ−1
t Ê

[
ptbx̃(t) + qtσx̃(t) + z2,thx̃(t) + E[γx̃(t) + cx̃(t)|P]ktrt

+ E[γx̃(t)|P]ptrt
]}

dt+ qtdBt + q̃tdŴt + ktdṼt,

pT = gx(T ) + Ê[gx̃(T )], t ∈ [0, T ].

(5.3)



dPt = −
{

2bx(t)Pt + Ptσ
2
x(t) + 2σx(t)Qt + bxx(t)pt + σxx(t)qt + hxx(t)z2,t

+ 2hx(t)ζ̃t + lxx(t) +
(
2E[γx(t)|P]Pt + 2E[γx(t) + cx(t)|P]Kt

+ E[(γx(t) + cx(t))2|P](Pt +Kt) + E[γxx(t) + cxx(t)|P]kt

+ ptE[γxx(t)|P] + E[fxx(t)|P]
)
rt
}

dt+QtdBt + Q̃tdŴt +KtdṼt,

PT = gxx(T ), t ∈ [0, T ].

(5.4)

Since the partial derivatives of the state coefficients are bounded, we can easy to verify the well-posedness of
the above MF-BSDEs (see [22], [27]).

Applying Itô’s formula to zt∆Γt, we have

Ê
[
g(T )∆ΓT + Ê[gx̃(T )]X̂T∆ΓT

]
= Ê

[ ∫ T

0

{
−∆Γt

(
l(t) + X̂tÊ[lx̃(t)] + E[f(t)|P]rt + X̂tÊ[E[fx̃(t)|P]]rt

)
+ z2,t

(
hx(t)∆Xt

+ hx̃(t)E[∆Xt] + δh(t, uεt) + δhx(t, uεt)X1,t +
1

2
hxx(t)X2

1,t + Γ1,t

[
δh(t, uεt) + hx(t)X1,t

])}
dt

]
.
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Noticing

Ê

[ ∫ T

0

z2,t

(
δhx(t, uεt)X1,t + Γ1,tδh(t, uεt)

)
dt

]
= o(ε).

By virtue of (2.1), we have

Ê

[ ∫ T

0

{
∆Γtl(t)+lx̃(t)Ê[∆ΓtX̂t]

}
dt+

∫ T

0

{
fx̃(t)Ê[∆Γt−X̂t−]+∆Γt−f(t)

}
dVt+gx̃(T )Ê[∆ΓT X̂T ]+g(T )∆ΓT

]
= Ê

[ ∫ T

0

z2,t

{
hx(t)∆Xt+hx̃(t)E[∆Xt]+δh(t, uεt)+

1

2
hxx(t)X2

1,t+Γ1,thx(t)X1,t

}
dt

]
+o(ε).

(5.5)
Applying Itô’s formula to ξtΓ1,tX1,t, we have

Ê
[
Γ1,T gx(T )X1,T

]
= Ê

[ ∫ T

0

{
ζ̃thx(t)X2

1,t − Γ1,tlx(t)X1,t − z2,thx(t)Γ1,tX1,t +
[
ζ̃thx̃(t)X1,t +

(
ξtbx̃(t)

+ σx̃ζt
)
Γ1,t

]
E[X1,t] + ξtΓ1,tδb(t, u

ε
t) + ζtΓ1,tδσ(t, uεt) + ζ̃tX1,tδh(t, uεt)

}
dt

+

∫ T

0

{[
ξt−γx̃(t) + ϑtγx̃(t) + ϑtcx̃(t)

)
Γ1,t−E[X1,t−] + Γ1,t−fx(t)X1,t−

}
dVt

]
.

Similar to Lemma 3.3 of [5], noticing (4.20) we have

Ê

[ ∫ T

0

{
ζ̃thx̃(t)X1,t +

(
ξtbx̃(t) + σx̃ζt

)
Γ1,t

}
E[X1,t]dt

]
= o(ε),

Ê

[ ∫ T

0

(
ξtΓ1,tδb(t, u

ε
t) + ζtΓ1,tδσ(t, uεt) + ζ̃tX1,tδh(t, uεt)

)
dt

]
= o(ε),

Ê

[ ∫ T

0

[(
ξt− + ϑt

)
γx̃(t) + ϑtcx̃(t)

]
Γ1,t−E[X1,t−]dVt

]
= o(ε).

Then we have

Ê

[ ∫ T

0

Γ1,tlx(t)X1,tdt+

∫ T

0

Γ1,t−fx(t)X1,t−dVt + Γ1,T gx(T )X1,T

]
= Ê

[ ∫ T

0

(
ζ̃thx(t)X2

1,t − z2,thx(t)Γ1,tX1,t

)
dt

]
+ o(ε).

(5.6)

Applying Itô’s formula to pt∆Xt, we have

Ê
[(
gx(T ) + Ê[gx̃(T )]

)
∆XT

]
= Ê

[ ∫ T

0

{
pt[δb(t, u

ε
t) + δbx(t, uεt)X1,t] + qt[δσ(t, uεt) + δσx(t, uεt)X1,t]−

(
lx(t)

+ z2,thx(t) + Ê[lx̃(t)] + Ê[z2,thx̃(t)]Ẑ−1
t + E[fx(t)|P]rt + Ê

[
E[fx̃(t)|P]

]
rt
)
∆Xt

+
1

2
[ptbxx(t) + qtσxx(t)]X2

1,t

}
dt+

1

2

∫ T

0

{
(pt− + kt)γxx(t) + ktcxx(t)

}
X2

1,t−dVt

]
.
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It is easy to verify that

Ê

[ ∫ T

0

(
ptδbx(t, uεt) + qtδσx(t, uεt)

)
X1,tdt

]
= o(ε),

then we have

Ê

[ ∫ T

0

{
lx(t)∆Xt + lx̃(t)Ê[∆Xt]

}
dt+

∫ T

0

{
fx(t)∆Xt− + fx̃(t)Ê[∆Xt−]

}
dVt + gx(T )∆XT + gx̃(T )Ê[∆XT ]

]
= Ê

[ ∫ T

0

{
ptδb(t, u

ε
t)− z2,t

(
hx(t)∆Xt + hx̃(t)E[∆Xt]

)
+ qtδσ(t, uεt) +

1

2

(
ptbxx(t) + qtσxx(t)

)
X2

1,t

}
dt

+
1

2

∫ T

0

{(
pt− + kt

)
γxx(t) + ktcxx(t)

}
X2

1,t−dVt

]
+ o(ε).

(5.7)
Applying Itô’s formula to PtX

2
1,t, we have

Ê
[
gxx(T )X2

1,T

]
= Ê

[ ∫ T

0

{
2
[
(Qt + Ptσx(t))X1,t + Ptσx̃(t)E[X1,t]

]
δσ(t, uεt) + Pt[δσ(t, uεt)]

2 + 2
(
Ptbx̃ +Qtσx̃

+ Ptσx(t)σx̃(t)
)
X1,tE[X1,t]−

(
ptbxx(t) + qtσxx(t) + lxx(t) + z2,thxx(t) + 2ζ̃thx(t)

)
X2

1,t

+ Ptσ
2
x̃(t)

(
E[X1,t]

)2 − ((kt + pt)E[γxx(t)|P] + ktE[cxx(t)|P] + E[fxx(t)|P]
)
X2

1,trt

+ 2PtX1,tδb(t, u
ε
t)
}

dt+

∫ T

0

{
2[Pt−$(t) + (cx̃(t) +$(t))Kt]X1,t−E[X1,t−]

+ (Pt− +Kt)[γx̃(t) + cx̃(t)]2
(
Ê[X1,t−]

)2}
dVt

]
,

where $(t) = γx̃(t)[1 + γx(t) + cx(t)] + cx̃(t)[cx(t) + γx(t)]. Similar to Lemma 3.3 of [5], noticing (4.20) we have

Ê

[ ∫ T

0

{[
Ptbx̃(t) + (Qt + Ptσx(t))σx̃(t)

]
X1,tE[X1,t] + Ptσ

2
x̃(t)

(
E[X1,t]

)2}
dt

]
= o(ε),

Ê

[ ∫ T

0

{
PtX1,tδb(t, u

ε
t) +

[
(Qt + Ptσx(t))X1,t + Ptσx̃(t)E[X1,t]

]
δσ(t, uεt)

}
dt

]
= o(ε),

Ê

[ ∫ T

0

{(
Pt− +Kt

)
$(t) +Ktcx̃(t)

}
X1,t−E[X1,t−]dVt

]
= o(ε),

Ê

[ ∫ T

0

{
(Pt− +Kt)(γx̃(t) + cx̃(t))2

(
E[X1,t−]

)2}
dVt

]
= o(ε).

Thus we have

Ê

[ ∫ T

0

lxx(t)X2
1,tdt+

∫ T

0

fxx(t)X2
1,t−dVt + gxx(T )X2

1,T

]
= Ê

[ ∫ T

0

{
Pt[δσ(t, uεt)]

2IO −
[
ptbxx(t) + qtσxx(t) + z2,thxx(t) + 2ζ̃thx(t)

]
X2

1,t

}
dt

−
∫ T

0

{
pt−γxx(t)X2

1,t− + kt
(
γxx(t) + cxx(t)

)
X2

1,t−

}
dVt

]
+ o(ε).

(5.8)
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From (5.5)–(5.8), we have

Ĵ = Ê

[ ∫ T

0

{
ptδb(t, u

ε
t) + qtδσ(t, uεt) + z2,tδh(t, uεt) + δl(t, uεt) +

1

2
Pt[δσ(t, uεt)]

2
}

dt

]
+ o(ε). (5.9)

Finally, let us define the Hamiltonian associated with random variable X ∈ L1(Ω,F, P ),

H(t,X, u, p, q, z2) := pb(t,X,E[X], u) + qσ(t,X,E[X], u) + l(t,X,Eu[X], u) + z2h(t,X,E[X], u).

Then we have the main result of this paper.

Theorem 5.1. Let (H1)-(H2) hold. Assume that û· is the optimal control, X̂· is the corresponding trajectory,
(p·, q·, q̃·, k·) satisfies (5.3), (z·, z1,·, z2,·, ς·) satisfies (5.1) and (P·, Q·, Q̃·,K·) satisfies (5.4). Then we have a.e.
a.s. for any u ∈ U ,

Ê

[
H(t, X̂t, u, pt, qt, z2,t)−H(t, X̂t, ût, pt, qt, z2,t) +

1

2
Pt
(
σ(t, X̂t, E[X̂t], u)− σ(t, X̂t, E[X̂t], ût)

)2∣∣∣FYt ] ≥ 0.

(5.10)

Proof. Notice that
⋃∞
n=1[[Tn]] is negligible under P̂ × Leb, thus by (5.9) we have

Ĵ = Ê

[ ∫ T

0

{
ptδb(t, v) + qtδσ(t, v) + z2,tδh(t, v) + δl(t, v) +

1

2
Pt[δσ(t, v)]2

}
I(t̄,t̄+ε]dt

]
+ o(ε).

Then both sides are divided by ε and letting ε→ 0, we have for a.e. t̄

Ê
[
H(t̄, X̂t̄, v, pt̄, qt̄, z2,t̄)−H(t̄, X̂t̄, ût̄, pt̄, qt̄, z2,t̄)+

1

2
Pt̄
(
δσ(t̄, v)

)2] ≥ 0.

We also have

Ê
[
Ê
[
H(t̄, X̂t̄, v, pt̄, qt̄, z2,t̄)−H(t̄, X̂t̄, ût̄, pt̄, qt̄, z2,t̄)+

1

2
Pt̄
(
δσ(t̄, v)

)2∣∣FYt̄ ]]≥0.

Then for any A ∈ FYt̄ and u ∈ U , let v = uIA + ûIAc , we have

Ê
[
IAÊ

[
H(t̄, X̂t̄, u, pt̄, qt̄, z2,t̄)−H(t̄, X̂t̄, ût̄, pt̄, qt̄, z2,t̄)+

1

2
Pt̄
(
δσ(t̄, u)

)2∣∣FYt̄ ]]≥0,

which means a.e. a.s.

Ê
[
H(t, X̂t,u, pt, qt, z2,t)−H(t, X̂t, ût, pt, qt, z2,t) +

1

2
Pt
(
σ(t, X̂t, E[X̂t], u)− σ(t, X̂t, E[X̂t], ût)

)2∣∣FYt ] ≥ 0.

Remark 5.2. Under some proper assumptions, our conclusion can degenerate to the preceding results.
i) If the stochastic control system is completely observed and all coefficients do not depend on the expected

value of the state process. Suppose γ = f = 0, it is easy to know that the adjoint equations (5.1) and (5.3) are
not necessary. And the adjoint equations (5.2) and (5.4) degenerate into (5.1) and (5.2) in Song and Wu [24],
respectively. Then the SMP also degenerates into the main result (5.7) in Theorem 5.1 of [24].

ii) If all coefficients of the stochastic control system do not depend on the expected value of the state process.
Suppose γ = c = f = 0, we can know that the adjoint equation (5.3) is not necessary. And the adjoint equations
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(5.1), (5.2) and (5.4) degenerate into (2.5) in Li and Tang [18]. Then the SMP also degenerates into the main
result (2.6) in Theorem 2.1 of [18].

6. Application to an LQ problem

In this section, we present an LQ example to illustrate that how to find the optimal control by our results.
Let us consider the following partially observed stochastic control system with jumps,

dXt =
{
AtXt + ĀtE[Xt] +Btut

}
dt+

{
CtXt + C̄tE[Xt] +Dtut

}
dBt

+
{
FtXt + F̄tE[Xt]

}
dVt +

{
HtXt + H̄tE[Xt]

}
dṼt

X0 = x,

(6.1)

where A·, Ā·, B·, C·, C̄·, D·, F·, F̄·, H·, H̄· are all deterministic uniformly bounded functions. And the observation
process Y· is given by the following SDE, {

dYt = htds+ dWt,

Y0 = 0,

where h· is a deterministic uniformly bounded function. An admissible control process u· is an FYt -progressive

process with values in U ⊂ R such that supt∈[0,T ]E[|ut|p] <∞ and E[
∫ T

0
|ut|dVt]p <∞ for any p ≥ 2, then the

admissible control set can be denoted by Uad. In practice, the range of control variable is limited for some reasons
such as U = (−∞,−1]

⋃
[1,+∞), which means that in the “on” direction, the minimal value is 1, while in the

“off” direction, the maximal value is −1. Now we introduce a new probability measure Pu by dPu = ZTdP
with Zt = exp{

∫ t
0
hsdYs− 1

2

∫ t
0
|hs|2ds}, which is the unique solution to SDE: dZt = ZthtdYt with Z0 = 1. Then

the optimal control problem is to find an optimal admissible control û· to minimize

J(u·) =
1

2
Eu
[ ∫ T

0

Rtu
2
tdt+Q(Eu[XT ])2

]
, (6.2)

where R· is a deterministic uniformly bounded function such that R· � 0 and Q is a non-negative constant. It
is obvious that the cost functional (6.2) can be rewritten as

J(u·) =
1

2
E

[ ∫ T

0

ZtRtu
2
tdt+ ZTQ(E[ZTXT ])2

]
,

Noticing that the diffusion term of state equation (6.1) depends on control variable u and U is not convex,
Theorem 5.1 is still workable in this case. Then we can obtain the maximum condition by Theorem 5.1 as
follows,

Ê

[
1

2
Rtû

2
t +Btptût +Dtqtût

∣∣FYt ] ≤ Ê[1

2
Rtu

2 +Btptu+Dtqtu
∣∣FYt ], ∀u ∈ U.

Thus we have

ût =


νt, νt ∈ (−∞,−1]

⋃
[1,+∞),

1, 0 ≤ νt < 1,

− 1, − 1 < νt < 0,

(6.3)
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where νt = −BtÊ[pt|FY
t ]+DtÊ[qt|FY

t ]
Rt

. Here (p·, q·, q̃·, k·) is the solution to the following adjoint equation,


dpt = −

{
Atpt + Ctqt + Ftrtpt + (Ft +Ht)rtkt + Z−1

t Ê
[
Ātpt + C̄tqt

+ (F̄t + H̄t)rtkt + F̄trtpt
]}

dt+ qtdBt + q̃tdWt + ktdṼt,

pT = QÊ[X̂T ].

(6.4)

Next we would like to show that an admissible control û· defined by (6.3) is indeed an optimal control.

Proposition 6.1. Let û· be a given control, X̂· is the related state and (p·, q·, q̃·, k·) is the corresponding solution
to the adjoint equation (6.4). Then û· defined by (6.3) is an optimal control.

Proof. Suppose X· is the trajectory of system (6.1) corresponding to any admissible control u· ∈ Uad. Since
Q ≥ 0, we obtain Q(E[XT ])2−Q(Ê[X̂T ])2 ≥ 2QÊ[X̂T ](E[XT ]− Ê[X̂T ]). Applying Itô’s formula to pt(Xt− X̂t)
on the interval [0, T ], we have

QÊ[X̂T ]
(
Eu[XT ]− Ê[X̂T ]

)
= Ê

[ ∫ T

0

{
Btpt(ut − ût) +Dtqt(ut − ût)

}
dt

]
.

Then we obtain

J(u·)− J(û·) =
1

2
Eu
[ ∫ T

0

Rtu
2
tdt

]
− 1

2
Ê

[ ∫ T

0

Rtû
2
tdt

]
+

1

2
Q
(
Eu[XT ]

)2 − 1

2
Q
(
Ê[X̂T ]

)2
≥ 1

2
E

[ ∫ T

0

{
RtZtu

2
t −RtZtû2

t

}
dt

]
+QÊ[X̂T ]

(
Eu[XT ]− Ê[X̂T ]

)
= Ê

[ ∫ T

0

{1

2
Rt(u

2
t − û2

t ) +Btpt(ut − ût) +Dtqt(ut − ût)
}

dt

]
= Ê

[ ∫ T

0

Ê
[1

2
Rt(u

2
t − û2

t ) +Btpt(ut − ût) +Dtqt(ut − ût)
∣∣∣FYt ]dt]

≥ 0, ∀u· ∈ Uad.

Therefore, û· is the optimal control and X̂· is the optimal trajectory.

7. Conclusion

In this paper, we derive the general SMP for partially observed mean-field type stochastic control system
with Markov chain in progressive structure. The dynamic of state and observation are governed by MF-SDEs.
The Lp estimate of the stochastic system with random jump in predictable structure is essentially different from
that in progressive structure. Since the usual estimates in predictable structure are flawed, which may cause
some problems. We introduce a special spike variation to overcome this flaw. Because of the introduction of
the mean-field term, we need sharper estimates for the first order variational equations and the product term.
Three first order adjoint equations and one second order adjoint equation are introduced to deal with the state
process and observation. The form of our partially observed SMP with Markov chain is similar to the form of
the partially observed SMP in [18] without jumps. The reason is that both SMP hold a.e. a.s.. Since the measure
of all jumps’ graphs of Markov chain is a negligible set under Pu × Leb, jumps do not influence our result. Our
partially observed SMP characterizes the behaviour of the optimal control on the area that V is continuous,
it has no information about the optimal control on the jump’s time. Our future research is to find a way to
characterize the optimal control on the jumps with the general control domain.



A GENERAL MAXIMUM PRINCIPLE FOR PROGRESSIVE OPTIMAL CONTROL 29

References
[1] B. Acciaio, J. Backhoff-Veraguas and R. Carmona, Extended mean field control problems: stochastic maximum principle and

transport perspective. SIAM J. Control Optim. 57 (2019) 3666–3693.

[2] D. Andersson and B. Djehiche, A maximum principle for SDEs of mean-field type. Appl. Math. Optim. 63 (2011) 341–356.
[3] A. Bensoussan, Maximum principle and dynamic programming approaches of the optimal control of partially observed

diffusions. Stochastics 9 (1983) 169–222.
[4] J. Bismut, An introductory approach to duality in optimal stochastic control. SIAM Rev. 20 (1978) 62–78.

[5] R. Buckdahn, B. Djehiche and J. Li, A general stochastic maximum principle for SDEs of mean-field type. Appl. Math. Optim.
64 (2011) 197–216.

[6] T. Chen and Z. Wu, A general maximum principle for partially observed mean-field stochastic system with random jumps in
progressive structure. Math. Control Relat. Fields 13 (2023) 664–694.

[7] T. Chen, Y. Song and Z. Wu, The maximum principle for stochastic control problem with Markov chain in progressive structure.
Syst. Control Lett. 166 (2022) 105303.

[8] C. Donnelly, Sufficient stochastic maximum principle in a regime-switching diffusion model. Appl. Math. Optim. 64 (2011)
155–169.

[9] R.J. Elliott, T.K. Siu and A. Badescu, On pricing and hedging options in regime-switching models with feedback effect. J.
Econ. Dyn. Control 35 (2011) 694–713.

[10] U.G. Haussmann, The maximum principle for optimal control of diffusions with partial information. SIAM J. Control Optim.
25 (1987) 341–361.

[11] S. He, J. Wang and J. Yan, Semimartingale Theory and Stochastic Calculus. Routledge (2019).

[12] M. Hu, Stochastic global maximum principle for optimization with recursive utilities. Probab. Uncertain. Quantit. Risk 2
(2017) 1–20.

[13] J. Huang, X. Li and J. Yong, A linear-quadratic optimal control problem for mean-field stochastic differential equations in
infinite horizon. Math. Control Relat. Fields 5 (2015) 97–139.
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