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PROBABILITY-OF-FAILURE-BASED OPTIMIZATION FOR

RANDOM PDES THROUGH CONCENTRATION-OF-MEASURE

INEQUALITIES

Rogelio Ortigosa-Martinez1, Jesus Martinez-Frutos2

and Francisco Periago1,*

Abstract. Control and optimization problems constrained by partial differential equations (PDEs)
with random input data and that incorporate probabilities of failure in their formulations are numer-
ically extremely challenging, since the computational cost of estimating the tails of a probability
distribution is prohibitive in many situations encountered in real-life engineering problems. In addition,
probabilities of failure are often discontinuous and include huge flat regions where gradients vanish.
Based on the McDiarmid concentration-of-measure inequality, this paper proposes a new functional
which provides a tight and smooth bound for the probability of a given random functional of exceed-
ing a prescribed threshold parameter. Hence, this approach relieves the above-mentioned difficulties in
the case where the solution map is convex with respect to the random parameter, as in the case of
a deterministic differential operator and the random parameter appearing linearly in the right-hand
side term. Well-posedness of the corresponding optimal control problem is established and the viability
of the proposed method is numerically illustrated by two benchmarks examples arising in topology
optimization and optimal control theory.
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1. Introduction

During the last decades there has been an increasing interest in mathematical modelling, analysis and numer-
ical simulation methods for optimal control and design of distributed parameter systems with random input
data (e.g. physical parameters, initial and/or boundary conditions and modelling assumptions).

When uncertainty in those inputs is set within a probabilistic framework (typically using random variables
and/or random fields), the output of the physical system (usually modelled as a PDE) is also random and so
the considered objective function, which depend on that output, is a random variable. In some situations, one
may be interested in obtaining an optimal control or design for each particular realization of the uncertain
parameters [11, 25]. However, in many other cases of practical interest it is preferable to get a control/design
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independent of specific values of the random inputs and at the same time robust with respect to those random
fluctuations of the parameters. In this latter case, a deterministic cost functional ought to be considered, usually
involving statistical quantities of interest of the original random objective function. Within this probabilistic
framework, the two following approaches are the typical models of choice in applications:

� On the one hand, if one aims at reducing the system variability under variations in the input data, then the
natural choice is to average the random cost functional (see e.g. [5, 6, 10, 12, 29]). Since the statistical mean
is risk neutral, in order to reduce the dispersion in the output, one may add to the averaged functional
a measure of dispersion such as the variance of the random cost [16–18]. In that case, the tuning process
for the weighting parameters plays a crucial role in order to properly balance the two terms that appear
in the cost functional.

� On the other hand, if one is less concerned with the system variability and more with the quantification of
expected losses related with the damages caused by extreme events, then the corresponding cost functional
and/or the constraints may be defined as the probability that a certain functional exceeds a given threshold
parameter (also known as probability of failure in the context of structural optimization).

The present paper is concerned with this latter situation so that a more in depth literature review related to
probability-of-failure-based optimization is presented next.

Literature review. Probabilities of failure are discontinuous functions and include huge flat regions where
gradients vanish. For these reasons, Monte Carlo and variants are the methods mainly used in optimization
for random PDEs in this context [8, 19]. Even so, the estimation of rare events via Monte Carlo sampling
can be computationally prohibitive in situations where a single evaluation of the cost functional is expensive.
Concentration-of-measure inequalities are numerically-efficient tools to relieve the high computational cost of
Monte Carlo sampling when it is used to compute probabilities of failure. The use of concentration-of-measures
inequalities is not new, as it has been previously considered in several situations. For instance, in [26] the Bon-
ferroni inequalities are used to estimate probability functions, and in [7] several linearized methods are proposed
with the same purpose. Variance-based inequalities, such as Bienaymé-Tchebychev inequality, are widely used,
mainly because of their easy numerical processing [4]. Jensen and Edmunson-Madansky bounds have also been
used in nonlinear mathematical programming [23]. Obviously, for an upper bound to be useful in optimization
it must be tight, i.e., it must be close to the associated probability of failure. The well-known bounded dif-
ferences inequality (also called McDiarmid’s or Hoeffding–Azuma inequality) establishes sharp concentration if
the involved function does not depend too much on any of its variables [21, 28]. The application of McDiarmid’s
inequality to certification and the theory of quantification of margins and uncertainties in Engineering has been
considered in [13] where the sharpening of McDiarmid’s inequality was numerically illustrated with the aid of
an imploding ring example. However, its use in random PDE-constrained optimization does not appear to have
been attempted to date.

Alternatively, buffered probability of exceedance (bPOE) has been proposed [14] to deal with optimization
problems which involve probability functions in their formulations. bPOE counts the number of the largest
losses, such that the average of these losses is equal to a given threshold. Also, it has exceptional mathematical
properties and it can be easily minimized [9]. However, bPOE is more conservative compared to the measure
counting the exceedances, which is the formulation this paper deals with. As a consequence, the applicability
of bPOE to some specif problems of interest in Engineering (e.g. structural optimization) should be deeply
analysed, since optimal solutions derived from bPOE could have a very poor mechanical performance. For
the contrary, the tightness of the McDiarmid bound avoids this undesirable mechanical behavior, but the
minimization of the corresponding objective function is mathematically more complicated, especially in the
absence of suitable convexity conditions.

Contributions and organization of the paper. This article introduces and analyses, both at the theoret-
ical and numerical viewpoints, a new functional (which is derived from McDiarmid’s concentration-of-measure
inequality) to deal with control and optimization problems which involve probabilities of failure (in the cost
function and/or in the constraints). For clarity in the exposition and to explore its applicability in Engineer-
ing, the abstract setting is accompanied by two benchmark examples arising in topology optimization and in
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optimal control theory. Numerical simulation results show an excellent performance of the proposed approach,
in terms of statistical accuracy and computability, in the case in which the dependence, with respect to the
random parameter, is convex and smooth of the underlying random cost functionals. Indeed, as far as statis-
tical accuracy is concerned, McDiarmid’s bound has been proved as a very tight bound for the probability of
failure [13]. As for computability, the main gain is achieved in the numerical approximation of the statistical
quantities of interest, since the proposed descent algorithm requires, at each iteration, the computation of the
expectation of the random cost function and the numerical resolution of a convex optimization problem. On
the contrary, computing the tails of a probability function by using Monte-Carlo method is prohibitive in many
real applications.

The paper is structured as follows. Section 2 sets out the problem and proposes the new functional. Well-
posedness of the corresponding optimal control/design problem is established in Section 3. A gradient-based
numerical algorithm is described in Section 4, which is complemented with numerical experiments in Section 5.
Both the main strengths and shortcomings of the proposed approach are described in the final Section 6.

2. Setting of the problem

2.1. Functional framework and notation

In this paper, D ⊂ Rd, d ≥ 1 a natural number, stands for a physical domain, i.e., a bounded domain with
smooth boundary ∂D. The spatial variable is denoted by x = (x1, · · · , xd) ∈ D. Γ ⊂ RN is a parameter space.
It is assumed that the parameters z = (z1, · · · , zN ) ∈ Γ follow a probability law conducted by a density function
ρ : Γ → R+, with ρ = ρ (z) ∈ L∞ (Γ) . Thus, (Γ,B (Γ) , ρ(z) dz) is a probability space, where B (Γ) is the σ-
algebra of Borel sets on Γ and ρ(z) dz is the probability measure, with dz the Lebesgue measure. By V it is
denoted a separable Hilbert space of real valued functions from D, and V ′ is the topological dual of V . Between
both, a pivot Hilbert space H is considered so that V ↪→ H ↪→ V ′ is a Gelfand triple. L2

ρ (Γ;V ) is the Hilbert
space composed of all (equivalence classes of) strongly measurable functions g : Γ→ V whose norm

∥g∥L2
ρ(Γ;V ) =

(∫
Γ

∥g (·, z) ∥2V ρ(z) dz
)1/2

is finite.
Hereafter, both the divergence (div) and the gradient (∇) operators involve only derivatives with respect to

the spatial variable x ∈ D.

2.2. State law

Going forward, we consider optimization problems constrained by parametric, linear PDEs of the general
form

L (y(x, z)) = F (x, z, u) , x ∈ D, z ∈ Γ, (2.1)

which also incorporates suitable boundary and/or initial conditions. Hereabove, L is a linear differential operator
with derivatives only with respect to the spatial variable x ∈ D, and F is a forcing term, which includes a control
or design variable u that typically belongs to some subspace of the pivot space H.

We shall write y = y(z, u) to show the dependence of the state variable y on both the random parameter z
and on the control variable u.

Our main assumption on the random field PDE solution y(x, z) is:
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Assumption 2.1. Set F ∈ L2
ρ (Γ;V

′). Problem (2.1) admits a unique solution in the Hilbert space L2
ρ (Γ;V ).

Moreover, there exists C > 0 such that

∥y∥L2
ρ(Γ;V ) ≤ C∥F∥L2

ρ(Γ;V
′)

Two typical examples that fulfill this assumption are the following.

2.2.1. Random conductivity equation

Consider the following random elliptic system{
−div (a(x, z)∇y) = f(x, z), in D × Γ
y = 0, on ∂D × Γ.

(2.2)

It is very common in applications to model the diffusion coefficient a(x, z) as a truncated Karhunen-Loève
expansion of a log-normal random field. We refer the reader to [15], Chapter 2 for concrete examples.

When (2.2) represents a control system, the right-hand side in (2.2) may take the form

f(x, z) = b(x, z)u(x), (2.3)

with u = u(x) a deterministic control function, and b(x, z) a random field that models uncertainty in the
magnitude of the control.

Let V = H1
0 (D) be the usual Sobolev space and let us assume that f(z) ∈ V ′ for all z ∈ Γ. The variational

formulation of problem (2.2) takes the form: find y = y (x, z) ∈ L2
ρ (Γ;V ) such that∫

Γ

ρ(z)

∫
D

a∇y · ∇v dxdz =

∫
Γ

ρ(z) < f(z), v > dz ∀v ∈ L2
ρ (Γ;V ) , (2.4)

where < ·, · > denotes the duality product between V and V ′. The following hypotheses on the input data are
assumed to hold:

(A1) a = a(x, z) ∈ L∞ (Γ;L∞(D)) and there exist amin, amax > 0 such that

0 < amin ≤ a(x, z) ≤ amax <∞ a.e. x ∈ D and for all z ∈ Γ.

(A2) f ∈ L2
ρ (Γ;V

′).

Under assumptions (A1) and (A2), a straightforward application of Lax-Milgram’s lemma [15], Theorem. 3.1
proves that the variational problem (2.4) has a unique solution y = y (x, z) which satisfies the estimate

∥y∥L2
ρ(Γ;V ) ≤

CP

amin
∥f∥L2

ρ(Γ;V
′), (2.5)

where CP = CP (D) is the Poincaré constant.

2.2.2. Random system of linearized elasticity

Let us assume that the boundary of the physical domain D is decomposed into three disjoint parts

∂D = ∂DD ∪ ∂DN ∪ ∂D0, |∂DD| > 0, (2.6)
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where | · | stands for the Lebesgue measure. Consider the system of linearized elasticity with random input data
−div(Ae(y(x, z))) = f in D × Γ,

y(x, z) = 0 on ∂DD × Γ,

(Ae(y(x, z))) · n = g on ∂DN × Γ,

(Ae(y(x, z))) · n = 0 on ∂D0 × Γ,

(2.7)

with y = (y1, · · · , yd) the displacement vector field, e (y) =
(
∇yT +∇y

)
/2 the strain tensor and n the unit

outward normal vector to ∂D. The fourth order elasticity tensor A is defined (for isotropic linear materials)
according to the Kooke’s law as

Aijkl = µ (δikjl + δiljk) + λδijδkl; i, j, k, l ∈ {1, 2, 3} (2.8)

where δij represents the ijth component of the Kronecker delta tensor. In (2.8) , λ = λ(x, z) and µ = µ(x, z)
are the Lamé moduli of the material. Thus, Ae (y) is the stress tensor. In the same vein, the volume and surface
loads f and g depend on a spatial variable x and on a random parameter z ∈ Γ, i.e. f = f(x, z) and g = g(x, z).

The following assumptions on the uncertain input parameters of system (2.7) are considered:

(B1) λ, µ ∈ L∞(Γ;L∞(D)) and there exist µmin, µmax, λmin, λmax such that

0 < µmin ≤ µ(x, z) ≤ µmax <∞ a.e. x ∈ D, for all z ∈ Γ,

and

0 < λmin ≤ 2µ(x, z) + dλ(x, z) ≤ λmax <∞ a.e. x ∈ D, for all z ∈ Γ,

(B2) f = f(x, z) ∈ L2
ρ

(
Γ;L2(D)d

)
,

(B3) g = g(x, z) ∈ L2
ρ

(
Γ;L2(∂DN )d

)
.

Next, the Hilbert space

V =
{
v ∈ H1(D)d : v|∂DD

= 0 in the sense of traces
}
,

equipped with the usual H1(D)d-norm, is introduced.
Similarly to the preceding subsection, a weak solution of (2.7) is a random field y ∈ L2

ρ (Γ;V ) such that∫
Γ

∫
D

Ae(y(x, z)) : e(v(x, z)) dx ρ(z) dz =

∫
Γ

[∫
D

f · v dx+

∫
∂DN

g · v ds
]
ρ(z) dz, (2.9)

for all v ∈ L2
ρ (Γ;V ). Here above, A : B =

∑d
i,j=1 aijbij denotes de full contraction of A and B.

By using Korn’s inequality and under assumptions (B1)-(B3) it is easy to prove that there exists a unique
solution to (2.9). Moreover, there exists c > 0 such that

∥y∥L2
P(Γ;V ) ≤ c

(
∥f∥L2

ρ(Γ;L
2(D)d) + ∥g∥L2

ρ(Γ;L
2(∂DN )d)

)
.

Remark 2.2. As in the case of the conductivity equation, the control variable may enter the system (2.7)
through the loads f and/or g. For instance, we may take u = g. However, in the context of Structural Opti-
mization, the design/control variable is the characteristic function of the domain where the problem is posed,
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i.e., u(x) = 1D(x). To facilitate the reading of the article, the setting of the optimization problem in this latter
situation is presented in Section 2.3.2 below.

Remark 2.3. As in the case of the random conductivity equation, there is no additional difficulty in taking
the loads f(z) ∈ H−1(D) and g(z) ∈ H−1/2(∂DN ). This is a typical situation in structural mechanics when
point-wise loads are considered.

2.3. A concentration-of-measure-based cost functional for risk-averse optimization

Let J = J(z, u) be a given cost functional associated to the solution of problem (2.1). Here u = u(x) denotes
a deterministic control/design variable that is assumed to belong to some suitable set of admissible controls
Uad. Two specific examples will be described at the end of this section.

Risk-averse optimization [15], Chapter 3 provides a conservative treatment of uncertainty. In this context,
the quantity to be minimized is the probability of exceeding a prescribed threshold parameter η > 0, i.e,

P ({z ∈ Γ : J (z, u) ≥ η}) , (2.10)

where P = ρ dz.

Remark 2.4. Probabilities of failure, as given by (2.10), may also be a part of inequality constraints. A typical
industrial application in structural mechanics is the minimization of mass (or volume) with risk-averse-type
constraints for stress and eigenvalue of the device. The analytical and numerical treatment in this situation is
very similar to the case in which probability of failure appears in the cost functional. For the sake of clarity, the
latter case is considered hereafter.

As indicated in the Introduction, risk-averse optimization involves a very high computational burden. For-
tunately, this difficulty may be circumvented with the help of concentration-of-measure inequalities such as
McDiarmid’s inequality, that is recalled and adapted to our framework next.

For any function g : Γ→ R the McDiarmid diameters of g are defined as

Dn(g) = sup
z1,··· ,zn,z′

n,··· ,zN
|g (z1, · · · , zn, · · · , zN )− g (z1, · · · , z′n, · · · , zN ) |, 1 ≤ n ≤ N, (2.11)

where (z1, · · · , zn, · · · , zN ), (z1, · · · , z′n, · · · , zN ) ∈ Γ. The McDiarmid diameter system is then

D (g) =

√√√√ N∑
n=1

D2
n(g). (2.12)

For g ∈ L1
ρ (Γ), the McDiarmid inequality (see [21], Lem. 1.2 or [13], Thm. 2.1 for the case of independent

random variables, and [22] for centering sequences) states that for every r ≥ 0

P (g − E [g] ≥ r) ≤ exp

(
−2 r2

D2 (g)

)
, (2.13)

where E [g] =
∫
Γ
g(z)ρ(z) dz is the expectation of g.

Putting r = (η − E (g))+, with η > 0 and (t)+ = max {0, t} the positive part of t ∈ R, in (2.13) yields

P (g ≥ η) ≤ exp

(
−2

(η − E [g])
2
+

D2 (g)

)
. (2.14)
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When applied to complex Engineering systems, g = g (z) represents the random output of interest of a given
physical system. Similarly to [13], Section 2.1, a conservative certification criterion for that system is then
obtained by requiring that

exp

(
−2

(η − E [g])
2
+

D2 (g)

)
≤ ϵ (2.15)

for some small certification tolerance ϵ > 0. Thus, if (2.15) holds, then it is certified that, with probability 1− ϵ,
the output g will not exceed the given threshold η.

Similarly to the theory of quantification of margins and uncertainties [13], the certification criterion (2.15)
may be rewritten in the equivalent and simpler form

(η − E [g])+
D (g)

≥
√

log
√

1/ϵ. (2.16)

For our purposes in this paper, inequality (2.14) provides a computationally affordable bound for risk-averse-type
cost functionals as that bound depends on the expectation of g. However, the computation of the McDiarmid
diameter D (g) is a non trivial global optimization problem in the parameter space Γ. Instead of D(g) one may
use the trivial upper bound

D (g) ≤ N

(
sup
z∈Γ

g (z)− inf
z∈Γ

g (z)

)
. (2.17)

Notice that equality in (2.17) holds in the case N = 1.
All things considered and putting in the above discussion g(z) = J (z, u) we are led to consider the new

optimization problem 
Maximize in u : J# (u) :=

(η−E[J(z,u)])+
N∆[J(z,u)]

subject to
u ∈ Uad,

(2.18)

where the expectation E [J (z, u)] is calculated with respect to the random parameter z, and

∆ [J (z, u)] = sup
z∈Γ

J (z, u)− inf
z∈Γ

J (z, u) . (2.19)

Remark 2.5. The following remarks concerning problem (2.18) are in order:

� Replacing the McDiarmid diameter D(g) by the right-hand side in (2.17) we loss tightness in the bound
(2.14). Nonetheless, this simplification is more convenient for our optimization purposes here since (2.19)
retains the important information concerning the system’s uncertainty and above all leads to a simpler
and computationally cheaper optimal control problem.

� The meaning of problem (2.18) is as follows. In order to maximize J# (u), the control variable has to do
a double task: on one hand, u should shift E [J (u)] to the left of the threshold η (numerator of J# (u));
on the other hand, the control ought to reduce the variability (uncertainty) of the system (denominator
of J# (u)). As a consequence, u tends to concentrate the probability measure of J(z, u) around its mean
value. In turns, this implies the maximization of J# (u) and so the minimization of the desired probability
of exceeding the threshold value η.
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� Notice that if u# is an optimal control for problem (2.18), then (2.14) and (2.17) provide the estimate

P
({

z ∈ Γ : J
(
z, u#

)
≥ η

})
≤ exp

(
−2J#(u#)2

)
, (2.20)

which, similarly to (2.14)-(2.15), also gives a (more conservative) certification criterion for J
(
z, u#

)
of

not exceeding η.

We conclude this section with two concrete examples arising in optimal control and in topology optimization,
respectively.

2.3.1. Tracking-type optimal control

In the case of problem (2.2)-(2.3), and for a desired target yT ∈ L2(D), the parameter-dependent cost
functional J(z, u) might be

J (z, u) =
1

2
∥y(z, u)− yT ∥2L2(D), (2.21)

where y = y(z, u) is the weak solution to (2.2) and the control u ∈ Uad, with

Uad =
{
u ∈ L2 (D) : m ≤ u (x) ≤M a.e. x ∈ D

}
, −∞ < m < M < +∞, (2.22)

the set of admissible controls.
Thus, taking into account (2.20), problem (2.18) may be considered as a conservative version of a risk-averse

approximate controllability problem.

2.3.2. Structural topology optimization

In the case of structural topology optimization, where the state law is the random system of linearized
elasticity (Sect. 2.2.2), the design variable u(x) = 1D(x) is the characteristic function of the domain D. Since the
domain D will change during the optimization process, λ, µ and f must be known for all possible configurations
of D. Thus, a working bounded domain D̃ is introduced, which contains all admissible domains D and satisfies
that ∂DD ∪ ∂DN ⊂ ∂D̃. Therefore, it is assumed that λ, µ and f are defined in D̃. Both ∂DD and ∂DN

are kept fixed during optimization. Thus, the only part of the boundary that is allowed to change during the
optimization process is ∂D0 (see beginning of Sect. 2.2.2). Besides, a volume constraint is usually imposed
on the set of admissible shapes. Thus, the admissibility set Uad is composed of all characteristic functions 1D
associated to subsets D that satisfy the conditions

D ⊂ D̃, ∂DD ∪ ∂DN ⊂ ∂D̃, |D| = V0 with 0 < V0 < |D̃|. (2.23)

As for the cost functional, a typical choice is the so-called compliance, which is defined by

J(1D, z) =

∫
D̃

1D(x)f(x, z) · yD(x, z) dx+

∫
∂DN

g(x, z) · yD(x, z) ds, (2.24)

where y = yD is the solution to (2.7) posed in the domain D.

3. An existence result

This section analyses existence of solutions for the type of optimization problems considered in the preceding
section. We start with the following trivial result.
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Proposition 3.1. Let Γ ⊂ RN be a compact set and let us assume that for each fixed u ∈ Uad the mapping

z 7→ J (z, u)

is continuous. Then, ∆ [J (u)], as given by (2.19), is finite and non-negative.

Remark 3.2. The continuity condition of the mapping z 7→ J (z, u) is satisfied by the two examples presented
in Sections 2.3.1 and 2.3.2 if one assumes enough regularity on the random input data. Indeed, for the case of
tracking-type optimal control, where J is given by (2.21), in addition to conditions (A1)-(A2) one has to assume
that a = a(x, z) ∈ C0 (Γ;L∞(D)) and f ∈ C0 (Γ;L∞(D)). Then, the weak solution y(z, u) of (2.2) satisfies
y ∈ C0

(
Γ;H1

0 (D)
)
and so the mapping

z 7→ J (z, u)

is continuous. For a proof, we refer the reader to [1], Lemma 3.1. Similarly, for the case of structural optimization,
continuity, with respect to the random parameters, of the Lamé coefficients and forces must be assumed.

Under conditions of Proposition 3.1, let us denote by

zmax (u) = argmax
z∈Γ

J(z, u) and by Jmax(u) = J(zmax(u), u). (3.1)

Remark 3.3. Notice that zmax(u) may be not unique. However, in what follows it is assumed that the parameter
space Γ is a compact subset of RN and that the map z 7→ J (z, u) is continuous for each fixed u. Thus, the
existence of a global maximum is guaranteed. This maximum may be not unique, yet there is no ambiguity in
the definition of the optimization problem (3.2) considered here below.

In order to avoid possible singularities it is convenient to add a small positive parameter in the denominator
of J (u), as given in problem (2.18). Moreover, if infz∈Γ J (z, u) ≥ 0, then ∆ [J (u)] ≤ Jmax(u). Notice that this
condition is trivially satisfied by the two benchmark examples presented above. Both things considered lead to
the following simplified version of problem (2.18) which, as shown next, enjoys nice convexity properties and so
it is a well-posed optimization problem:

Maximize in u : J ⋆ (u) :=
(η−E[J(u)])+
NJmax(u)+ε

subject to
u ∈ Uad,

(3.2)

with ε > 0 a small regularization parameter.
Notice that if supz∈Γ J (z, u) and infz∈Γ J (z, u) range at different scales, then the solutions obtained by both

problems (2.18) and (3.2) will be essentially the same. This is illustrated by the numerical simulation results in
Section 5.

Analogously to the case of problem (2.18), if u⋆ is a solution to problem (3.2), then the bound

P ({z ∈ Γ : J (z, u⋆) ≥ η}) ≤ exp
(
−2J ⋆(u⋆)2

)
(3.3)

holds.
We are now in a position to prove our main existence result.

Theorem 3.4. In addition to the hypotheses of Proposition 3.1 let us assume:

(i) the admissibility set Uad is a bounded, closed and convex subset of L2 (D),
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(ii) the control-to-state operator

S : L2 (D) → L2
ρ (Γ;H)

u 7→ S(u) := y(z, u),

where y(z, u) is the solution to (2.1) and H is the pivot space in the Gelfand tripe V ↪→ H ↪→ V ′, is linear
and continuous.

(iii) the mapping u 7→ J(z, u) is convex and uniformly Lipschitz continuous, i.e., there exists C > 0, which
doesn’t depend on z ∈ Γ, such that

|J(z, u)− J(z, v)| ≤ C∥u− v∥L2(V ) for all u, v ∈ Uad.

Then there exists an optimal solution for problem (3.2).

Proof. Since (η − E [J (u)])+ ≤ η and NJmax(u) + ε ≥ ε, the functional J ⋆ (u) is uniformly bounded above and
so there exists its supremum.

Let {uj}j∈N ⊂ Uad be a maximizing sequence, i.e.

lim
j→∞

J ⋆ (uj) = sup
u∈Uad

J ⋆ (u) .

Since Uad is a bounded, closed and convex subset of L2 (D), there exists u⋆ ∈ Uad such that for some subsequence,
not relabelled,

uj ⇀ u⋆ weakly in L2(D) as j →∞.

The continuity of the control-to-state operator S implies that the mapping

u 7→ −E [J(z, u)]

is continuous. By (iii), it is also concave. Thus, it is weakly upper semi-continuous and so

η − E [J(u⋆)] ≥ lim sup
j→∞

(η − E [J(uj)]) .

Moreover, since the positive part function (·)+ is continuous and non-decreasing,

(η − E [J(u⋆)])+ ≥ lim sup
j→∞

(η − E [J(uj)])+ . (3.4)

Let us now analyse the denominator in J ⋆ (u). Since for each fixed z ∈ Γ the function u 7→ J(z, u) is convex,
for 0 < λ < 1 and u1, u2 ∈ Uad one has

Jmax (λu1 + (1− λ)u2) = J (zmax (λu1 + (1− λ)u2) , λu1 + (1− λ)u2)
≤ λJ (zmax (λu1 + (1− λ)u2) , u1) + (1− λ)J (zmax (λu1 + (1− λ)u2) , u2)
≤ λmaxz∈Γ J (z, u1) + (1− λ)maxz∈Γ J (z, u2)
= λJ (zmax (u1) , u1) + (1− λ)J (zmax (u2) , u2)
= λJmax (u1) + (1− λ)Jmax (u2) ,
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which proves that Jmax (u) is convex. In addition, by (iii), Jmax(u) is Lipschitz continuous since it is the
supremum of a family of such functions. Thus, it is weakly lower semi-continuous and so

Jmax (u
⋆) ≤ lim inf

j→∞
Jmax (uj) . (3.5)

Finally, by (3.4) and (3.5),

lim sup
j→∞

J ⋆ (uj) = lim sup
j→∞

(η − E [J(uj)])+
NJmax (uj) + ε

≤ lim sup
j→∞

(η − E [J(uj)])+ lim sup
j→∞

1

NJmax (uj) + ε

=

lim sup
j→∞

(η − E [J(uj)])+

lim inf
j→∞

NJmax (uj) + ε

≤ (η−E[J(u⋆)])+
NJmax(u⋆)+ε

= J ⋆ (u⋆) ,

which completes the proof.

Remark 3.5 (Tracking-type optimal control). Let us revisit the control problem formulated in Section 2.3.1. If
the right-hand side term b(x, z) in (2.3) is a smooth random field and the random parameter z lies in a compact
set (see [1], Sect. 3 for precise statements and examples), it is straightforward to show that hypotheses (ii)–(iii)
in Theorem 3.4 are fulfilled. As a consequence, an existence of solution result is obtained in such a case.

Remark 3.6 (Structural topology optimization). Consider now the optimization problem of Section 2.3.2. As
before, enough regularity with respect to the random parameter z ∈ Γ in the loads and compactness of the
parameter space Γ must be assumed in order to show that hypotheses (ii)–(iii) in Theorem 3.4 are satisfied.
As for the set of admissible designs Uad, which in this case is composed of characteristic functions associated
to domains that satisfy a volume constraint, also regularity properties and a suitable topology ought to be
considered in order to comply with assumptions (i)–(iii) in the above existence theorem. The ε-cone property and
the convergence in the sense of characteristic functions ensure that the compactness and continuity conditions
required in the proof of Theorem 3.4 are satisfied in this case. We refer the reader to [20] for more details on
this passage.

4. Numerical resolution method

This section addresses the numerical approximation of the optimization problems presented in the preceding
sections. The numerical resolution of problem (3.2), and similarly problem (2.18), entails a double optimization
process. Indeed, for a fixed u ∈ Uad the denominator in J ⋆ (u) is obtained by solving the maximization problem
(3.1) in the parameter space Γ. Then, the maximization of J ⋆ (u) is performed with respect to u ∈ Uad.

We advocate for a gradient-based descent method. A key ingredient is to have at one disposal an accurate
computation of the involved gradients. Although most of the commercial optimization routines use gradients
which are approximated by finite differences methods, more accurate results are obtained when continuous
gradients are supplied. Next section provides explicit computation of the required gradients for the two prob-
lems considered along the paper: the tracking-type optimal control problem of Section 2.3.1, and the topology
optimization problem of Section 2.3.2. In order to fit in with the theoretical existence result presented in the
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preceding section, we focus on the case in which the mapping z → J(z, u) enjoys good convexity properties. This
situation occurs, for instance, when uncertainty in the input parameters is restricted to the right-hand term of
the state law and the random parameter appears in affine form. Two typical cases of practical interest are: (a)
the control action is as in (2.3), with b(x, z) a smooth random field with uncertain parameters appearing in an
affine form, and (b) uncertainty enters in the loads also in affine form in the case of linearized elasticity.

Finally, we describe the numerical algorithm and provide the most relevant implementation details.

4.1. Computation of continuous gradients. Case of tracking-type control

As indicated above, throughout this section we assume that the differential operator is deterministic so that
uncertainty only appears in the right-hand side term of the PDE.

4.1.1. Computation of the gradient of J(z, u) with respect to z ∈ Γ.

Let u ∈ Uad be as in (2.22). A formal computation shows that

∂J

∂zj
(z, u) =

∫
D

(y − yT )
∂y

∂zj
dx, 1 ≤ j ≤ N. (4.1)

where ∂y
∂zj

solves

∫
D

a∇ ∂y

∂zj
· ∇v dx =

∫
D

∂f

∂zj
v dx, ∀v ∈ H1

0 (D) and ρ− a.e. in Γ. (4.2)

4.1.2. Computation of the gradient of J ⋆(u).

Since the function (t)+ = max {0, t}, t ∈ R, is not differentiable, the smooth approximation is considered

(t)+ ≈ +
1

2

[√
t2 + α+ t

]
:= sα(t),

with α > 0 a regularization parameter. Thus, J ⋆(u) is approximated by

J̃ ⋆(u) :=
sα (η − E [J(z, u)])

NJmax (u) + ε
. (4.3)

A straightforward application of the formal Lagrangian method [15], Section 4.2 and of the chain rule yields
the gradient of J̃ ⋆(u):

(
J̃ ⋆
)′

(u) =
− (s′α (η − E [J(z, u)]))E′ [J(z, u)] (NJmax (u) + ε)− sα (η − E [J(z, u)])NJ ′

max (u)

(NJmax (u) + ε)
2 , (4.4)

where

s′α (η − E [J(z, u)]) =
1

2

 η − E [J(z, u)]√
(η − E [J(z, u)])

2
+ α

+ 1

 , (4.5)

E′ [J(z, u)] =

∫
Γ

b(x, z)p (x, z) ρ(z) dz, (4.6)
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p = p(x, z) being a solution to the adjoint system{
−div (a∇p) = y − yT , in D × Γ
p = 0, on ∂D × Γ,

(4.7)

and

J ′
max(u) = b(zmax)pmax, (4.8)

with pmax = pmax(x) a solution to{
−div (a∇pmax) = yzmax

− yT , in D
pmax = 0, on ∂D,

(4.9)

yzmax = yzmax(x) being a solution to (2.2) for z = zmax.

Remark 4.1. For the case of problem (2.18), in addition to solving (3.1) it is necessary to minimize J(z, u)
with respect to z ∈ Γ for each fixed u ∈ Uad. Thus, denoting by

zmin (u) = argmin
z∈Γ

J(z, u) and Jmin(u) = J(zmin, u), (4.10)

the term Jmax (u) in (4.3) and in (4.4) has to be replaced by Jmax (u) − Jmin (u), and J ′
max (u) in (4.4) by

J ′
max (u)− J ′

min (u), where J ′
min (u) = b(zmin)pmin, with pmin = pmin(x) a solution to{

−div (a∇pmin) = yzmin
− yT , in D

pmin = 0, on ∂D,
(4.11)

yzmin
= yzmin

(x) being a solution to (2.2) for z = zmin.

4.2. Computation of continuous gradients. Case of structural topology optimization

For the case of structural topology optimization we advocate for a density-based approach [2]. In this case,
it is customary to introduce a pseudo-density field u : D → [0, 1], where the extreme cases u = 0 and u = 1
represent void and solid regions, respectively. An energy interpolation scheme is used in order to interpolate the
Lamé parameters {λ, µ} according to the classical Solid Isotropic Material with Penalization method (SIMP)
[2, 3], i.e.

λ = upλ+ ελ(1− up), µ = upµ+ εµ(1− up), (4.12)

where the penalizing exponent typically adopts a value of p = 3 and where the parameter ε ≈ 10−7 is used in
order to ensure an admissible condition number of the stiffness matrix associated with the underlying Finite
Element discretization of (2.9). We refer the reader to [2] for a complete account of the SIMP method.

Remark 4.2. With the aim of preventing the ill-posedness of the optimization problem, a filtered pseudo-
density field ũ : D → [0, 1] is introduced. A well-known filtering technique is that associated with the solution
of the boundary value problem ũ− l2

2
∆2ũ = u, in D

∇ũ · n = 0, on ∂DN

(4.13)
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where l ∈ R+ represents the length scale of the filter and n denotes the unit outward normal vector.

Next, we focus on the computation of E′[J(z, u)], the rest of comutations being similar to the previous case.
To this end, we consider the Lagrangian

L(u, y, v) = E[J(z, u)]−Π(u, y, v), (4.14)

with Π(u, y, v) defined as

Π(u, y, v) =

∫
Γ

∫
D

A(u)e(y(x, z)) : e(v(x, z)) dx ρ(z) dz −
∫
Γ

[∫
D

f · v dx+

∫
∂DN

g · v ds
]
ρ(z) dz︸ ︷︷ ︸

E[J(v)]

, (4.15)

for all v ∈ L2
ρ (Γ;V ). A standard computation yields

E′[J(z, u)] = −
∫
Γ

∫
D

A′(u)e(y(x, z)) : e(p(x, z)) dxρ(z)dz (4.16)

where p(x, z) = y(x, z), given the self-adjoint nature of the Lagrangian in (4.14)-(4.15). From equations (2.8)
and (4.12), the term A′(u) is obtained as

A′(u) = µ′(u) (δikjl + δiljk) + λ′(u)δijδkl (4.17)

with

µ′(u) = pµup−1 (1− ε) ; λ′(u) = pλup−1 (1− ε) . (4.18)

Finally, a straigtforward computation leads to

J ′
max(u) = −

∫
D

A′(u)e(y(x, zmax)) : e(y(x, zmax) dx, (4.19)

4.3. Numerical algorithm

Algorithm 1 summarizes the main steps for solving problem (3.2) for the case of the optimal control problem
of Subsection 2.3.1, the case of topology optimization being completely analogous.

The following two remarks concerning this algorithm are in order:

Remark 4.3. The resolution of the maximization problem (3.1) is straightforward in the the case in which the
parameter space Γ is a rectangle in RN and the mapping z 7→ J(z, u) is convex and continuous for each u ∈ Uad.
Indeed, in such a situation the maximum is attained at a vertex of the rectangle [24], Corollary 32.3.1. The
above-mentioned conditions assumed on Γ and J(z, u) are satisfied in many situations of practical interest (see,
e.g. [15]. In particular, the two benchmark examples considered in Section 5 comply with those hypotheses.

Remark 4.4. The numerical algorithm 1 is a gradient-based descent one in the sense that: (a) the computation
and use of the continuous gradient is crucial to determine a descent direction, and (b) it is not a one-shot method,
but an iteration-based one. For the numerical experiments of Section 5 we rely on cutting-edge and well-
established numerical optimization algorithms, precisely an interior-point method (as implemented in Matlab’s
routine fmincon) for the first experiment, and the Method of Moving Asymptotes (MMA) in the second one.
These two methods follow the general scheme of our algorithm. Providing those with continuous gradients is a
cornerstone of the success of both methods. Additionally, and for the sake of self-contained and completeness,
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Algorithm 1: Numerical approximation of problem (3.2) by a projected gradient algorithm.

Data: Initial guess u0 ∈ Uad, threshold parameter η, regularization parameters ε, α, and stopping
tolerance δ

Result: optimal control u⋆ and optimal cost J ⋆ (u⋆)
1 for k ← 0 to convergence do
2 solve the maximization problem (3.1);

3 Compute a descent direction uk for J̃ ⋆
(
uk
)
by using (4.4), (4.6) and (4.8);

4 Choose a step size λk for which J̃ ⋆
(
P[m,M ]

(
uk + λkuk

))
< J̃ ⋆

(
uk
)
, where

P[m,M ](u) = max (m,min (u,M)) is the projection operator onto Uad;
5 Update the control uk+1 = P[m,M ]

(
uk + λkuk

)
;

6 if
|J̃ ⋆(uk+1)−J̃ ⋆(uk)|

J̃ ⋆(uk+1)
≤ δ then

7 break ;

the numerical experiment 1 has been conducted using a simple projected gradient method (exactly the same
as described in Algorithm 1) leading to the same solution as in the case of the interior-point method. In the
projected gradient method, the selection of λk is done using the following straightforward strategy: in a first
step, an acceptable step length (acceptable meaning that the cost functional decreases) is found by using the
bisection method. A second stage is performed to improve this initial step length. Precisely, the acceptable step
is increased by multiplying it by a scale factor while the cost functional is reduced with respect to the previous
iteration. If the cost function is not decreased after a prescribed number of steps, the algorithm terminates. We
refer the reader to [27], p. 95 and to the computer codes accompaning to [15], Chapter 5, where this strategy
is implemented. Alternatively, more efficient line-search methods (e.g. Armijo’s rule) may be used, yet this is
not a concern in this paper. As a matter of fact, in the experiment 1 we observe that the objective function
decreases at each iterates and that the algorithm stops at a stationay point. Notice that an explicit solution is
known in this case.

An adaptive, anisotropic, sparse grid algorithm is used for numerical integration in the random domain,
which is needed for the computation of E [J (u)] and its sensitivity (4.6) (see [15], Chapter 4 for details).

5. Numerical experiments

This section presents numerical simulation results for the two benchmark optimization problems considered
in this paper. Experiment 1 focuses on the case of tracking-type optimal control and Experiment 2 is concerned
with structural topology optimization.

The overall objective is to study the numerical performance of the proposed approach. Precisely, we will
compare numerical simulation results for both problems (2.18) and (3.2) and will check the effectiveness of
McDiarmid’s bound. Comparison with variance-based bounds is also considered. The computational cost of the
proposed algorithm will be discussed as well.

5.1. Numerical example 1: tracking-type optimal control

Configuration of the experiment. In this experiment, the physical domain D = (0, 1)
2
is the unit square

and the control region O is a circle centered at the point (0.5, 0.5) and of radius r = 0.25.
The considered target function yT is the solution of{

−div (∇y) = 1Ou, in D,
y = 0, on ∂D,

(5.1)
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Figure 1. Experiment 1. (a) Target function yT . (b) Optimal control for problem (2.18) and
for c = 0.1.

with u (x) = 1, x ∈ O. Figure 1a plots the target yT . No constraints are imposed in the control variable.
The diffusion coefficient a is taken as constant and equal to 1. Uncertainty is incorporated in the controller

device through a random variable which is uniformly distributed in the interval [0.9 − c, 0.9 + c]. Precisely, in
(2.3) we take b(x, z) = z1O(x), where z ∼ U (0.9− c, 0.9 + c).

The cost functional J(z, u) considered in this experiment is the one given by (2.21), with yT the target
function just indicated. Then, both the cost J#(u) and J ⋆(u) are considered, as given by (2.18) and (3.2),
respectively.

The input data for the gradient-based algorithms are taken as:

u0 (x) = 1, x ∈ O, ε = α = δ = 10−10,

where δ denotes the tolerance for the stopping criterion included in fmincon function of Matlab.
Implementation’s details. Numerical approximation in the physical domain is performed by using

Lagrange P1-finite elements on a mesh composed of 1829 DOF. A quadrature rule composed of 100
Gauss-Legendre nodes is used for numerical approximation of E [J(z, u)].

Simulation’s results. Due to the linear dependence of the solution of problem (5.1) with respect to the
control variable it is clear that, for the above choice of the initial guess u0, J(z, u0) = (1− z)2∥yT ∥2L2 . Moreover,
due to the choice of the random parameter z, a straightforward computation leads to

P
(
J
(
u0
)
≥ η

)
= 1− 1

2c

∫ 0.9+c

1−
√

2η
∥yT ∥

L2

dz.

Since ∥yT ∥L2 = 0.018, for c = 0.05 and η = 2.2 × 10−6 one gets P
(
J
(
u0
)
≥ η

)
= 0.335, which is very similar

to the value in the first entry in Table 1, the latter being computed by using Monte Carlo integration with 105

random samples. Notice that Monte Carlo is the usual way of procceding when explicit computations of the
probability cannot be carried out, as would be the case in most of the situations of practical interest. Table 1
collects simulation results for problems (2.18) and (3.2) and for two different values of the parameter c, which
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Table 1. Experiment 1: η = 2.2× 10−6. Summary of results for the estimates (2.20) and (3.3)
for different values of the uncertain parameter. Here, u0 denotes the initial guess, u# is the
optimal control of the functional J#, and u⋆ the optimal control for J ⋆.

P
(
J
(
u0
)
≥ η

)
P (J (u⋆) ≥ η) e−2J#(u#)2 e−2J ⋆(u⋆)2

c = 0.05 0.33701 0 3.831× 10−15 4.506× 10−15

c = 0.1 0.41777 0.01443 0.17843 0.17859

accounts for the support of the random parameter z. (2nd column). The following conclusions are derived from
the results of Table 1:

� Comparison of problems (2.18) and (3.2). On the one hand, it is observed that both problems (2.18) and
(3.2) lead to essentially the same results. This is due to the fact that at each iteration k the costs Jmax(u

k)
and Jmin(u

k) range at different scales so that Jmin(u
k) does not play a role during the optimization process.

On the other hand, for c = 0.05 the probability of failure for the control u⋆ equals zero. This is due to the
fact that, for these specific values of the involved parameters, the optimization algorithm is able to shift
the probability density function of J(z, u) to the left of the threshold η. As shown in the first row and the
third and forth columns of Table 1, problems (2.18) and (3.2) essentially do the same job.

� Computational cost. It is well-known [1] that the mapping z 7→ J(z, u) is analytic. As a consequence, the
rate of convergence is exponential for the Gauss-Legendre quadrature rule used for numerical approxima-
tion in the random domain. In addition, due to the strict convexity of z 7→ J(z, u), problems (3.1) and
(4.10) are solved very efficiently. In fact, for each uk, a very few number of iterations (2 or 3 depending
on the iteration for updating the control) is needed to compute the associated zmax(u

k) which, in turn,
is a clear numerical indication that the mapping u 7→ zmax(u) is continuous. Concerning the number of
iterations needed to compute the optimal u⋆, it is equal to 9 for the case c = 0.05 and 11 for c = 0.1. All
in all, the computational cost required for solving (2.18) and (3.2) is extremely low compared to Monte
Carlo method, where rate of convergence is of the order of O( 1√

m
), with m the number of samples.

The same explicit computations that we made before for the initial guess u0 may be carried out for a constant
control uexact(x) = 1.1, x ∈ O. In this case, we get that P (J (uexact) ≥ η) = 0, which shows that uexact is an
optimal control for this problem. Except for numerical errors in the boundary of the control region O, the
numerical algorithm is able to capture this control (see Fig. 1b).

Remark 5.1. For the same data as before we have carried out a numerical experiment by imposing the
contraints m = 0.5, M = 1 on the control variable. In this case, the numerical algorithm provides the constant
control u∗(x) = 1, x ∈ O, which is the expected one taking into acount the results of the unconstrained case.

5.2. Numerical example 2: structural topology optimization

In this numerical example we study a typical benchmark used in the context of stochastic topology optimiza-
tion. As an illustration, we shall consider the case of a single surface load. The mechanical properties of the
solid are deterministic and given by

µ = 1Pa; λ =
4

3
Pa. (5.2)

The experimental set up of this example is observed in Figure 2, where the solid structure is subjected to a
surface load with magnitude 2.5× 10−4 and Gaussian variation in the angle of application.

The underlying Finite Element discretization is comprised of 100 divisions along the X axis and 200 along
the Y axis. Bilinear interpolation of the displacement field has been considered (i.e. Q1 interpolation), yielding
a total of 40602 DOF for the displacement field. Using the anisotropic sparse grid configuration, each topology
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Figure 2. Experiment 2: problem configuration.

optimization iteration solves 4 different occurrences of the state equation, which are solved making use of parallel
computing on a cluster.

Figure 3 shows the different optimal topologies obtained for the different cases considered. In the first case
(i.e. Figure 3a), the design corresponds with the minimization of the expected value of the compliance. The
remaining cases correspond with the maximization of the functional J ⋆ in (3.2) for increasing values of η. It can
be observed that, in order to decrease the probability for the compliance to exceed an ever increasing threshold
value η, the topologies of the optimal designs gradually decrease the thickness of the two structural bars, whilst
increasing the angle of separation between them. This result is indeed in agreement with those reported in [20],
where the excess probability was considered as a metric for structural robustness.

Crucially, Table 2 shows the values of the objective function J ⋆ in problem (3.2) for the six optimal designs
in Figure 3 and for different values of η

η⋆ . In all the cases, η⋆ corresponds with the value of E[J(z, u)] for the

design in 3a. Clearly, for every threshold (see every row in the table), the maximum value of J ⋆ corresponds
with the design that was obtained precisely for that specific threshold. This can be observed from the fact that
for every row, the maximum value of J ⋆ is obtained always in the diagonal elements of the inner 6× 6 sub-table
within Table 2.

Figure 4 sheds some interesting additional information regarding the designs obtained in Figure 3. Specifically,
Figure 4a represents the visual counterpart of Table 2, as it shows the McDiarmid bound, namely e−2(J ⋆)2 , for
each design in Figure 3 and for different values of the threshold η. Finally, Figure 4b shows, for the design in
Figure 3d, the comparison between the McDiarmid bound and the classical variance bound. It can be seen that
below an approximate value of −1.34, the McDiarmid bound yields a smaller value with respect to that of the
variance bound P (J ≥ η) ≤ Var J

(η−E[J])2+
. This indicates that for values of probability of the order of 10−1.34 ≈ 0.046

(i.e. P(J ≥ η) < 0.046), the McDiarmid bound yields a tighter bound than its variance-based counterpart. On
the other hand, for not so strict probability values (above 4.5%), the variance-based bound seems to yield a
tighter bound than the McDiarmid bound. This finding is corroborated by comparing both bounds with respect
to P(J ≥ η), computed by means of a Monte Carlo simulation with 104 random samples. This can be seen in
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Figure 3. Experiment 2: different optimal topologies for: (a) minimization of expected value
of the compliance; Maximization of J ⋆ in (3.2) for (b) η

η⋆ = 1.2; (c) η
η⋆ = 1.4; (d) η

η⋆ = 1.8;

(e) η
η⋆ = 2.2; (f) η

η⋆ = 2.8. In all the cases, η⋆ corresponds with the value of E[J(z, u)] for the
design in (a).

Table 2. Experiment 2: value of the objective function J ⋆ in (3.2) for the six optimal designs
in Figure 3 and for different values of η

η⋆ .

Summary of results for different cases

Case/Design

E[J ] minimization η
η⋆ = 1.2 η

η⋆ = 1.4 η
η⋆ = 1.8 η

η⋆ = 2.2 η
η⋆ = 2.8

J ⋆ for η
η⋆ = 0.9 0.05 0 0 0 0 0

J ⋆ for η
η⋆ = 1.2 0.67 1.48 1.31 0 0 0

J ⋆ for η
η⋆ = 1.4 1.28 3.11 3.67 3.02 0 0

J ⋆ for η
η⋆ = 1.8 2.51 6.42 8.47 10.23 9.54 0

J ⋆ for η
η⋆ = 2.2 3.73 9.74 13.26 17.44 20.35 18.78

J ⋆ for η
η⋆ = 2.8 5.58 14.73 20.51 28.33 36.66 50.52

Table 3. It is observed that the value of P(J ≥ η) is the smallest of the three, and that for low probability values,
the McDiarmid bound represents the tightest approximation to the actual value of the probability.

6. Conclusions

The lack of smoothness and the presence of large flat regions where gradients vanish are very serious difficulties
for the numerical approximation of control and optimization problems which involve probabilities of failure in
their formulation. As a consequence, Monte Carlo (or variants) is the numerical method commonly used in
this type of problems. However, its slow convergence makes Monte Carlo method useless in situations where a
random realization of the objective function is expensive.

In this paper, an alternative approach has been proposed to approximate numerically optimal control prob-
lems where the objective function concerns the probability of exceeding a given threshold parameter and the
state law is a partial differential equation with random input data. Making use of McDiarmid’s inequality, the
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Figure 4. Experiment 2: (a) value of the McDiarmid bound for the six optimal designs in
Figure 3 and for different values of η

η⋆ . In all the cases, η⋆ corresponds with the value of E[J ]
for the design in 3a. (b) Comparison of the McDiarmid bound and the variance bound for
different values of η for the design in Figure 3d.

Table 3. Experiment 2: value of V ar[J]

((η−E[J])+)2
, e

−2((η−E[J])+)2

(D(J))2 and P(J ≥ η) the for the design in

Figure 3d and for different values of η
η⋆ .

Comparison between bounds and Monte Carlo-based probability for different η

V ar[J]

((η−E[J])+)2
e

−2((η−E[J])+)2

(D(J))2 P(J ≥ η)

η
η∗ = 1.74× 10−1 3.4512× 10−2 4.33× 10−2 4.6× 10−3

η
η∗ = 1.77× 10−1 6.04× 10−2 4.85× 10−3 3.4× 10−3

original control problem is relaxed by considering the maximization of an analogous to the so-called confidence
factor in the theory of quantification of margins and uncertainties. The new cost functional then provides a
probabilistic certification criterion for the objective function of the original control problem.

At a theoretical level, well-posedness of a relaxed version of this optimization problem has been established
in Theorem 3.4.

From a numerical viewpoint, the proposed formulation effectively circumvents the above mentioned difficulties
associated to the approximation of probability-based objective functions and their gradients since the new
functional essentially involves the computation of a statistical mean and the resolution of an optimization
problem in the parameter space. Both problems may be solved very efficiently when the output of the state law
is smooth and the system’s variability is convex in the parameter space, as it occurs in a number of practical
problems, e.g., in structural optimization problems when the dominant uncertainty affects volumetric and/or
surface loads [15], Chapter 6.

A comparison study between the proposed McDiarmind concentration-of-measure inequality and the classical
variance-based bound has been carried out in Experiment 2. It is numerically observed that for small values of
the probability of failure, McDiarmid yields a tighter bound than its variance counterpart. In order to reach
an optimal tradeoff between accurate statistical modelling and computability, comparison studies with other
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approaches, e.g. with buffered probability of exceedance [9], would be in order. However, this study exceeds the
scope of this paper and remains as a very interesting open problem.

The case of lack of convexity in the parameter space is not covered by the methology proposed in this paper.
In this situation, the computation of the McDiarmid diameter may be overestimated as the algorithm may
get stuck in local minima. This issue as well as a proper convergence analysis of the numerical algorithm in
Section 4.3 are also very challenging open problems which remain beyond the scope of this paper.
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