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A NEW DIAGONALIZATION BASED METHOD

FOR PARALLEL-IN-TIME SOLUTION OF LINEAR-QUADRATIC

OPTIMAL CONTROL PROBLEMS

Matthias Heinkenschloss1,* and Nathaniel J. Kroeger2

Abstract. A new diagonalization technique for the parallel-in-time solution of linear-quadratic opti-
mal control problems with time-invariant system matrices is introduced. The target problems are often
derived from a semi-discretization of a Partial Differential Equation (PDE)-constrained optimization
problem. The solution of large-scale time dependent optimal control problems is computationally chal-
lenging as the states, controls, and adjoints are coupled to each other throughout the whole time
domain. This computational difficulty motivates the use of parallel-in-time methods. For time-periodic
problems our diagonalization efficiently transforms the discretized optimality system into nt (=num-
ber of time steps) decoupled complex valued 2ny × 2ny systems, where ny is the dimension of the
state space. These systems resemble optimality systems corresponding to a steady-state version of the
optimal control problem and they can be solved in parallel across the time steps, but are complex
valued. For optimal control problems with initial value state equations a direct solution via diagonal-
ization is not possible, but an efficient preconditioner can be constructed from the corresponding time
periodic optimal control problem. The preconditioner can be efficiently applied parallel-in-time using
the diagonalization technique. The observed number of preconditioned GMRES iterations is small and
insensitive to the size of the problem discretization.
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1. Introduction

This paper introduces a new diagonalization technique for the parallel-in-time solution of linear-quadratic
optimal control problems with time-invariant system matrices of the following type. Given

a symmetric positive semidefinite Q ∈ Rny×ny , a symmetric positive definite R ∈ Rnu×nu ,
an invertible M ∈ Rny×ny , A ∈ Rny×ny , B ∈ Rny×nu , y0 ∈ Rny ,
c ∈ L2(0, T ;Rny ), d ∈ L2(0, T ;Rnu), and f ∈ L2(0, T ;Rny ),

(1.1)
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we want to solve

min

∫ T

0

1

2
y(t)TQy(t) + c(t)T y(t) +

1

2
u(t)TRu(t) + d(t)Tu(t) dt, (1.2a)

s.t. M
d

dt
y(t) +Ay(t) +B u(t) = f(t), t ∈ (0, T ), (1.2b)

M y(0) = M y0, (1.2c)

or (1.2) with (1.2c) replaced by the time periodic condition

M y(0) = M y(T ). (1.2d)

We are interested in large-scale versions of (1.2), which are often derived from a semi-discretization of a Partial
Differential Equation (PDE)-constrained optimization problem. The solution of such problems is computation-
ally challenging as the states, controls, and adjoints are coupled to each other throughout the whole time domain.
This computational difficulty motivates the use of parallel-in-time methods. For time periodic problems, our
diagonalization efficiently transforms the discretized optimality system into nt (=number of time steps) decou-
pled complex valued 2ny × 2ny systems, where ny is the dimension of the state space. These systems resemble
optimality systems corresponding to a steady-state version of the optimal control problem and they can be
solved in parallel across the time steps. For optimal control problems with initial value state equations, a direct
solution via diagonalization is not possible, but an efficient preconditioner can be constructed from the corre-
sponding time periodic optimal control problem. The preconditioner can be efficiently applied parallel-in-time
using the diagonalization technique. The observed number of preconditioned GMRES iterations is small and
insensitive to the size of the problem discretization.

Our proposed approach is motivated by the diagonalization approach in [1], which requires A = AT , sym-
metric positive definite Q = M = MT , B = ±M , and R = αM , α > 0. These requirements limit applicability
of the diagonalization approach in [1] to PDE-constrained optimization problems with distributed control, full
observation of the state, and PDEs that lead to symmetric A. In contrast, our approach is applicable to general
linear-quadratic optimal control problems with time-invariant system matrices, and arguably simpler.

Like [1] we consider a time discretization of the optimality system using the θ-scheme, which includes the
backward Euler method and the trapezoidal method as special cases. Because the optimal control problem is
time-invariant and constant time steps are used, the optimality system can be written as a sum of Kronecker
products of matrices related to the time-stepping and of coefficient matrices in the optimal control problem.
If the optimal control problem is time periodic, then the matrices related to the time-stepping can be simul-
taneously diagonalized, which, using Kronecker product properties, directly leads to a block diagonalization of
the discretized optimality system. This block diagonalization can be efficiently computed and used to solve the
optimality system in parallel. The main computational step is the parallel solution of nt (=number of time steps)
complex valued 2ny × 2ny systems, where ny is the dimension of the state space. These systems are related to
optimality systems corresponding to a steady-state version of the optimal control problem. These systems are
a bit more expensive to solve than the 2nt complex valued ny × ny systems that arise in the diagonalization
of [1], and this extra expense is the price for the generality of our proposed scheme. For problems where both
diagonalizations can be applied, the diagonalization of [1] requires a parametric scaling which is not needed
in our approach. If the optimal control problem is not time periodic a direct diagonalization is not possible,
but a diagonalization of a related time periodic problem can be used to derive an efficient parallel-in-time
preconditioner.

The main contribution of this paper is a new diagonalization technique that is applicable to discretized
optimality systems that arise from (1.2), without additional limitations on B, Q, and R. In addition, we also
provide a number of theoretical results on the well-posedness of discretized optimality systems and systems
related to the preconditioner.



A NEW DIAGONALIZATION BASED METHOD FOR PARALLEL-IN-TIME SOLUTION 3

A diagonalization approach related to [1], but for optimal control problems governed by the wave equation is
studied in [2]. Like [1, 2] assumes a specific least squares objective, a specific spatial differential operator, and
distributed control. Extension of our approach to the case of the wave equation but without the assumptions
on the least squares objective, spatial differential operator, and control seems possible, but is beyond the scope
of this paper.

While parallel-in-time diagonalization methods for optimal control are new and limited, these diagonalization
approaches applied to time-dependent PDEs have a longer history. See, e.g., [3–5]. Parallel-in-time diagonal-
ization methods do not view the time stepping method as a series of time steps, but rather as an aggregated
space-time system. If the PDE has time invariant coefficients and if a constant step size is used, this discretized
PDE system can be written as a Kronecker product in which one of the factors is a matrix related to the time
stepping. If this matrix can be diagonalized, Kronecker product properties can be used to block diagonalize the
space-time system, which gives rise to a parallel-in-time direct algorithm to solve such discretized PDEs [3].
Specifically, if the PDE has time invariant coefficients, is periodic-in-time, and if a constant step size is used,
this discretized PDE system can be written as a Kronecker product in which one of the factors is a circulant
matrix. This circulant matrix can be efficiently diagonalized using the Fast Fourier Transform (FFT) as the
change of basis matrix. By using this view, the matrix system corresponding to a periodic-in-time PDE can be
block diagonalized, which gives rise to a direct algorithm to solve such periodic-in-time problems. For initial
value problems, the periodic solution technique can be used as a preconditioner. For initial value problems the
matrix arising from the time discretization is Toeplitz, not circulant, and therefore block diagonalization is not
possible. However, by replacing the Toeplitz matrix with a suitable circulant matrix, one can derive a precon-
ditioner that can be efficiently applied parallel-in-time using block diagonalization. Using circulant matrices as
preconditioners for Toeplitz matrices is discussed, e.g., [6] and [7], but the theory cannot be applied when they
arise in the Kronecker product arising in the context of initial value problems. Instead, it can be argued that
preconditioners based on Kronecker product structure and circulant matrices lead to preconditioned matrices
that are (relatively) low rank perturbations of the identity. See, e.g., [4], Thm. 1 and Section 3.3. The resulting
preconditioners perform well in practice. In the general nonsymmetric case, however, the spectrum of the matrix
may reveal little about the performance of iterative methods, see, e.g., [8]. Therefore, for classes of initial value
problems, [4] introduced a “flip” operator to turn the problem into a symmetric one, which allowed eigenvalue
analysis to give theoretical backing to the time-periodic method’s use as a preconditioner. A software package
containing some of these diagonalization-based methods can be found in [5]. Variations of diagonalization ideas
used to solve PDEs or incorporations of diagonalization methods into other solvers are presented, e.g., in [9] and
[10]. The afore mentioned papers [1, 2] and this paper extend these parallel-in-time diagonalization methods
from the PDE to the optimal control context. The paper [11] also uses the Kronecker product view of the dis-
cretized optimality system but develops low-rank in time techniques for the iterative solution of this optimality
system, which are not parallel-in-time.

This paper is organized as follows. In the next Section 2, we study the optimal control problem (1.2a,b,d)
with periodic-in-time conditions, and we introduce our diagonalization for the θ-scheme discretization of the
optimality system of the optimal control problem (1.2a,b,d) with periodic-in-time conditions. Invertibility of
the matrix arising from the discretization of the optimality conditions is established by analyzing the diag-
onal blocks arising in our diagonalization of the optimality system matrix. We also review the approach of
[1] to show where their additional assumptions enter. In Section 3, we study the optimal control problem
(1.2a-c) with initial conditions. The well-known optimality conditions are reviewed in Section 3.1. The Kro-
necker product form of the discretized optimality system is derived in Section 3.2. Section 3.3 derives our
preconditioner, provides basic estimates of the spectrum of the preconditioned system, and compares our pre-
conditioner with that proposed in [1]. The numerical performance of our preconditioner is illustrated in Section 4.
Appendices A and B contain additional information about the computational application of the proposed pre-
conditioner and additional observations on the spectrum of the preconditioned discretized optimality system,
respectively.
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2. Periodic problem

We first consider the optimal control problem (1.2a,b,d) with periodic in time conditions. We begin by
reviewing existence of solutions and optimality conditions. Then we introduce the θ-scheme for the discretization
of the optimality conditions, and we write the discretized optimality system in Kronecker product form. The
main result of this section is the diagonalization of the discretized optimality system, presented in Sections 2.3
and 2.4. This optimality system diagonalization is based on the diagonalization of circulant matrices and the
structure of the Kronecker product form.

2.1. Problem specification and optimality system

To ensure that the state equation (1.2b,d) has a unique solution for every control u, right hand side f , and
time T > 0, we require that the eigenvalues of M−1A ∈ Rny×ny have strictly positive real parts.

Lemma 2.1. If (1.1) holds and the eigenvalues of M−1A ∈ Rny×ny have strictly positive real parts, then for
every u ∈ L2(0, T ;Rnu), f ∈ L2(0, T ;Rny ), and T > 0, the state equation (1.2b,d) has a unique solution.

Proof. Given u ∈ L2(0, T ;Rnu) the solution of the state equation (1.2b) is

y(t) = exp(−M−1A t)y(0) +

∫ t

0

exp(−M−1A(t− τ))
(
M−1f(τ)−M−1Bu(τ)

)
dτ. (2.1)

The periodicity condition (1.2d) reads

y(0) = exp(−M−1AT )y(0) +

∫ T

0

exp(−M−1A(t− τ))
(
M−1f(τ)−M−1Bu(τ)

)
dτ.

Since the eigenvalues of M−1A ∈ Rny×ny have strictly positive real parts, I − exp(−M−1AT ) is invertible for
any T > 0. Hence

y(0) =
(
I − exp(−M−1AT )

)−1
∫ T

0

exp(−M−1A(t− τ))
(
M−1f(τ)−M−1Bu(τ)

)
dτ.

Standard arguments can now be applied to prove the following existence and uniqueness result.

Theorem 2.2. If (1.1) holds and the eigenvalues of M−1A ∈ Rny×ny have strictly positive real parts, then the
optimal control problem (1.2a,b,d) has a unique solution. Moreover, y ∈ H1(0, T ;Rny ), u ∈ L2(0, T ;Rnu) solve
(1.2a,b,d) if and only if there exists p ∈ H1(0, T ;Rny ) such that

u = −R−1
(
BT p+ d

)
, (2.2)

and

M
d

dt
y(t) +Ay(t)−BR−1BT p(t) = f(t) +BR−1d(t), t ∈ (0, T ), (2.3a)

M y(0) = M y(T ),

−MT d

dt
p(t) +AT p(t) +Qy(t) = −c(t), t ∈ (0, T ), (2.3b)

MT p(0) = MT p(T ).

Proof. The result can be proven by adapting the results in, e.g., [12, 13], Section I.1.3, [14], Section 1.5, [15,
16].
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2.2. Discretized optimality system

We discretize the system (2.3) of necessary and sufficient optimality conditions using the θ-time stepping
scheme, θ ∈ [0, 1], with nt equispaced steps with time step size δt = T/nt. For θ = 1 the scheme is the backward
Euler method and for θ = 1/2 the scheme is the trapezoidal method. Let yk, pk, k = 1, . . . nt, denote the
approximations of y, p at time step tk = k δt, where M y0 = M ynt

, MT p0 = MT pnt
due to the periodicity

condition, and let ck = c(tk), dk = d(tk), fk = f(tk). The time-discretized version of (2.3) is

M(y1 − ynt) + δtA(θy1 + (1− θ)ynt)− δtBR−1BT (θp1 + (1− θ)pnt) (2.4a)

= δtθ(f1 +BR−1d1) + δt(1− θ)(f0 +BR−1d0),

M(yk − yk−1) + δtA(θyk + (1− θ)yk−1)− δtBR−1BT (θpk + (1− θ)pk−1) (2.4b)

= δtθ(fk +BR−1dk) + δt(1− θ)(fk−1 +BR−1dk−1), k = 2, . . . , nt,

MT (pk − pk+1) + δtAT (θpk + (1− θ)pk+1)+δtQ(θyk + (1− θ)yk+1) (2.4c)

= −δt(θck + (1− θ)ck+1), k = 1, . . . , nt − 1,

MT (pnt
− p1) + δtAT (θpnt

+ (1− θ)p1)+δtQ(θynt
+ (1− θ)y1) (2.4d)

= −δt(θcnt
+ (1− θ)cnt+1).

The controls uk can be recovered by using (2.2) at a discrete level:

uk = −R−1
(
BT pk + dk

)
, k = 1, . . . , nt. (2.5)

Next, we put the modified optimality conditions (2.4) into matrix form. The time discretization for periodic-
in-time problems leads to particular circulant matrices. Define the nt × nt matrices

C−1 =




1 −1
−1 1

. . .
. . .

−1 1


 , Cθ =




θ 1− θ
1− θ θ

. . .
. . .

1− θ θ


 , θ ∈ [0, 1]. (2.6)

Using the matrices (2.6), the optimality system (2.4) can be expressed in Kronecker product form

(C−1 ⊗M + Cθ ⊗ δtA)Y − (Cθ ⊗ δtBR−1BT )P = FY , (2.7a)

(CT
θ ⊗ δtQ)Y +

(
CT

−1 ⊗MT + CT
θ ⊗ δtAT

)
P = FP , (2.7b)

where

Y =




y1
...

ynt


 , P =




p1
...

pnt


 , (2.7c)

FY =




δtθ(f1 +BR−1d1) + δt(1− θ)(f0 +BR−1d0)
...

δtθ(fnt
+BR−1dnt

) + δt(1− θ)(fnt−1 +BR−1dnt−1)


 , FP =




−δt(θc1 + (1− θ)c2)
...

−δt(θcnt
+ (1− θ)cnt+1)


 . (2.7d)
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In addition, define the 2nt × 2nt block matrices

C
(−1)
1,1 =

(
C−1 0
0 0

)
, C

(−1)
2,2 =

(
0 0
0 CT

−1

)
∈ R2nt×2nt (2.8a)

and, for θ ∈ [0, 1],

C
(θ)
1,1 =

(
Cθ 0
0 0

)
, C

(θ)
1,2 =

(
0 Cθ

0 0

)
, C

(θ)
2,1 =

(
0 0
CT

θ 0

)
, C

(θ)
2,2 =

(
0 0
0 CT

θ

)
∈ R2K×2K . (2.8b)

With these matrices the discretized optimality conditions (2.7) can be re-written in Kronecker product
form as

Kper

(
Y
P

)
=

(
FY

FP

)
, (2.9a)

where

Kper =C
(−1)
1,1 ⊗M + δtC

(θ)
1,1 ⊗A− δtC

(θ)
1,2 ⊗BR−1BT

+C
(−1)
2,2 ⊗MT + δtC

(θ)
2,2 ⊗AT + δtC

(θ)
2,1 ⊗Q. (2.9b)

The system (2.4) and its equivalent form (2.9) are a discretization of the continuous-in-time optimality
system (2.3). Under the assumptions of Theorem 2.2, the continuous-in-time optimality system (2.3) has a
unique solution. However, we still have to prove that (2.4) and (2.9) are also well-posed.

Theorem 2.3. Assume (1.1) holds and that the eigenvalues of M−1A ∈ Rny×ny have strictly positive real parts.
If θ ∈ [1/2, 1] or if θ ∈ [0, 1/2) and δt < 2Re(λ)/((1 − 2θ)|λ|2) for all eigenvalues λ of M−1A, then Kper in
(2.9b) is invertible.

Proof. We will prove this result using the diagonalization of Kper, which will be introduced in the next
Section 2.3. Diagonalization of Kper and invertibility of the diagonal blocks, which will be established in
Theorem 2.8, immediately imply this result.

2.3. Diagonalization of the optimality system

Next, we discuss the block diagonalization of the Kper in (2.9b). This diagonalization is possible because the
matrices (2.8) are simultaneously diagonalizable. The key result is the diagonalization of the circulant matrix.
This result can be found, e.g., in [17], Thm. 4.8.2, and is stated in the following theorem.

Theorem 2.4. Let γ ∈ C, ω = e−2πi/nt , λk = 1 + γωk−1, k = 1, . . . , nt, and

V =
1√
nt




1 1 · · · 1
1 ω · · · ωnt−1

...
...

. . .
...

1 ωnt−1 · · · ω(nt−1)2


 , Dper(γ) = diag(λ1, . . . , λnt) ∈ Cnt×nt . (2.10)
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The circulant matrix

Cper(γ) =




1 γ
γ 1

. . .
. . .

γ 1


 ∈ Cnt×nt

and its conjugate transpose can be diagonalized as follows

Cper(γ) = V −1Dper(γ)V, Cper(γ)
∗ = V −1Dper(γ)

∗V,

where Dper(γ)
∗ denotes the complex conjugate of Dper(γ).

The previous result and the block structure of the matrices (2.8) imply the following result regarding the
simultaneous diagonalization of the matrices in (2.8).

Corollary 2.5. The matrices (2.8) can be simultaneously diagonalized as follows

C
(−1)
i,i = V−1D

(−1)
i,i V, C

(θ)
i,j = V−1D

(θ)
i,j V, i, j = 1, 2,

where

V =

(
V

V

)
, D

(−1)
1,1 =

(
D−1 0
0 0

)
, D

(−1)
2,2 =

(
0 0
0 D∗

−1

)
, (2.11a)

D
(θ)
1,1 =

(
Dθ 0
0 0

)
, D

(θ)
1,2 =

(
0 Dθ

0 0

)
, D

(θ)
2,1 =

(
0 0
D∗

θ 0

)
, D

(θ)
2,2 =

(
0 0
0 D∗

θ

)
, θ ∈ [0, 1], (2.11b)

and where D−1 = diag(0, 1− ω, . . . , 1− ωnt−1), Dθ = diag(1, θ + (1− θ)ω, . . . , θ + (1− θ)ωnt−1) for θ ∈ [0, 1],
and ω = e−2πi/nt .

Proof. This result follows immediately from Theorem 2.4, the block diagonal structure of V and the block
structures of the matrices (2.8).

Next we use Corollary 2.5 to compute the block diagonalization of Kper in (2.9b).

Theorem 2.6. The matrix Kper in (2.9b) can be re-written as

Kper =
(
V−1 ⊗ Iy

)(
D

(−1)
1,1 ⊗M + δtD

(θ)
1,1 ⊗A− δtD

(θ)
1,2 ⊗BR−1BT

+D
(−1)
2,2 ⊗MT + δtD

(θ)
2,2 ⊗AT + δtD

(θ)
2,1 ⊗Q

)(
V ⊗ Iy

)
, (2.12)

θ ∈ [0, 1], where V, D
(−1)
i,i , D

(θ)
i,j , i, j = 1, 2, are defined in (2.11) and Iy ∈ Rny×ny is the identity matrix.

Proof. The identity (2.12) can be verified through direct calculation. The Kronecker product identity

(A⊗B)(C ⊗D) = (AC)⊗ (BD), (2.13)

implies that for arbitrary (appropriately sized) matrices M1 ∈ R2nt×2nt and M2, Iy ∈ Rny×ny ,

(V−1 ⊗ Iy)(M1 ⊗M2)(V ⊗ Iy) = (V−1M1V)⊗M2. (2.14)

Applying (2.14) to every term on the right hand side of (2.12) and using Corollary 2.5 recoversKper in (2.9b).
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2.4. Diagonalization algorithm for solving periodic OCP

Theorem 2.6 provides an efficient way to solve the optimality system (2.9b). Let ω = e−2πi/nt . Recall from
Corollary 2.5 that k-th diagonal entries of D−1, D

∗
−1, Dθ, D

∗
θ ∈ Cnt×nt , θ ∈ [0, 1], are given by (z denotes the

complex conjugate of the complex scalar z)

d−1,k = 1− ωk−1, d−1,k, dθ,k = θ + (1− θ)ωk−1, dθ,k, k = 1, . . . , nt, (2.15)

respectively. Because of the structure of the matrices D
(−1)
i,i , D

(θ)
i,j , i, j = 1, 2, defined in (2.11), the matrix in

the middle of the right hand side in (2.12) is block diagonal (after re-ordering).
The identity in (2.12) implies that the system (2.9b) can be solved in three steps:

1. Solve

(V−1 ⊗ Iy)

(
Xy

Xp

)
=

(
FY

FP

)
.

2. Let

(
Xy,k

Xp,k

)
∈ C2ny×2ny , k = 1, . . . , nt,

denote the blocks corresponding to time step k. Solve

(
d−1,kM + δtdθ,kA −δtdθ,kBR−1BT

δtdθ,kQ d−1,kM
T + δtdθ,kA

T

)(
Zy,k

Zp,k

)
=

(
Xy,k

Xp,k

)
, k = 1, . . . , nt. (2.16)

3. Solve

(V ⊗ Iy)

(
Y
P

)
=

(
Zy

Zp

)
.

All three of these steps are parallelizable. In step 1, due to the Kronecker product and the structure of the block
matrix V in (2.11), the matrix V has to be applied to ny blocks of length nt of Fy and to ny blocks of length
nt of Fp. These applications can be performed in parallel across the 2ny blocks. Because of the structure of the
matrix V the Fast Fourier Transform (FFT) can be used to apply V . Similarly, in step 3 the matrix V −1 has
to be applied to ny blocks of length nt of Zy and to ny blocks of length nt of Zp. These applications can be
performed in parallel across the number 2ny of blocks and the Inverse Fast Fourier Transform (IFFT) can be
used to apply V −1. Step 2 can be performed in parallel across the nt time steps.

For problems of moderate size, the systems (2.16) can be solved using sparse direct solvers. For larger problems
they have to be solved iteratively. In that case, since the matrix V in (2.10) is unitary, the 2-norm residuals of
the systems (2.16) and the condition numbers of the matrices in (2.16) determine the solution error. For the
iterative solution of (2.16), the following reformulations are useful.

If dθ,k ̸= 0, the systems (2.16) in Step 2 can be rearranged as Hermitian systems

(
δtQ d−1

θ,k

(
d−1,kM

T + δtdθ,kA
T
)

d
−1

θ,k

(
d−1,kM + δtdθ,kA

)
−δtBR−1BT

)(
dθ,kZy,k

dθ,kZp,k

)
=

(
Xp,k

Xy,k

)
, k = 1, . . . , nt. (2.17)
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Defining Zu,k = −R−1BT (dθ,kZp,k) allows one to write the block 2× 2 Hermitian systems (2.17) as block 3× 3
Hermitian systems




δtQ 0 d−1
θ,k

(
d−1,kM

T + δtdθ,kA
T
)

0 δtR δtBT

d
−1

θ,k

(
d−1,kM + δtdθ,kA

)
δtB 0






dθ,kZy,k

Zu,k

dθ,kZp,k


 =



Xp,k

0
Xy,k


 , k = 1, . . . , nt,

(2.18)

which are complex, but share some of the properties of real saddle point (KKT) systems. Thus for larger systems,
iterative methods and preconditioners for real saddle point (KKT) systems [18, 19] could be extended to this
complex case.

Remark 2.7. Note that if θ = 1/2 and nt is even, the eigenvalue dθ,k with index k = 1 + nt/2 of Cθ shown in
(2.15) is zero. Therefore, we need to require that the number of time steps nt is odd if θ = 1/2 to arrange the
systems (2.16) in Step 2 as (2.17) or as (2.18). However, if (1.1) holds and the eigenvalues of M−1A ∈ Rny×ny

have strictly positive real parts, the systems (2.16) in Step 2 are invertible, i.e., our diagonalization is applicable
even if θ = 1/2 and nt is even.

Theorem 2.8. Assume (1.1) holds and that the eigenvalues of M−1A ∈ Rny×ny have strictly positive real parts.
If θ ∈ [1/2, 1] or if θ ∈ [0, 1/2) and δt < 2Re(λ)/((1− 2θ)|λ|2) for all eigenvalues λ of M−1A, then the systems
(2.16) in Step 2 are invertible.

Proof. From the definition (2.15) it follows that d−1,k = 0 if and only if k = 1, and for k = 1, dθ,k = 1. Thus
d−1,k and dθ,k cannot both be zero.

If dθ,k = 0, the system matrix in (2.16) is

(
d−1,kM 0

0 d−1,kM
T

)

with d−1,k ̸= 0. Since M is invertible, the previous block 2× 2 matrix is invertible.
If dθ,k ̸= 0, the system matrix in (2.16) is invertible if and only if the block 3× 3 Hermitian matrix in (2.18) is

invertible. The block 3× 3 Hermitian matrix in (2.18) is invertible if and only if d−1,kM + δtdθ,kA is invertible.
(In this case, we can equivalently write (2.18) as a system in Zu,k, and the assumptions on Q and R imply that
the matrix in this system is Hermitian positive definite).

If dθ,k ̸= 0 and d−1,k = 0 (i.e., k = 1), then d−1,kM + δtdθ,kA = δtdθ,kA is invertible, because M−1A and M
are invertible.

Now, let dθ,k ̸= 0 and d−1,k ̸= 0. The eigenvalues of d−1,kI + δtdθ,kM
−1A are d−1,k + δtdθ,kλ, where λ are

the eigenvalues of M−1A. Now, let λ = α+ iβ, α > 0, be an eigenvalue of M−1A. Using the definition (2.15) of
d−1,k and dθ,k, the corresponding eigenvalue of d−1,kI + δtdθ,kM

−1A is

d−1,k + δtdθ,kλ =1 + δtθλ+
(
− 1 + δt(1− θ)λ

)
ωk−1.

If d−1,k + δtdθ,kλ = 0, then 1 + δtθλ = −
(
− 1 + δt(1− θ)λ

)
ωk−1 and

|1 + δtθλ|2 = | − 1 + δt(1− θ)λ|2|ωk−1|2 = | − 1 + δt(1− θ)λ|2.

However, using λ = α+ iβ, α > 0, gives

|1 + δtθλ|2 =1 + 2δtθα+ δt2θ2(α2 + β2)
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and

| − 1 + δt(1− θ)λ|2 =1 + 2δtθα+ δt2θ2(α2 + β2)− 2δtα+ δt2(1− 2θ)(α2 + β2)

<1 + 2δtθα+ δt2θ2(α2 + β2)

for θ ∈ [1/2, 1] or for θ ∈ [0, 1/2) and δt < 2α/((1− 2θ)(α2 + β2)). Hence d−1,k + δtdθ,kλ ̸= 0.

2.5. Comparison with previous diagonalization approach

In this section, we compare our approach to that of [1] in the case where A = AT , M is symmetric positive
definite, and Q = M , B = ±M , R = αM , α > 0, which is the setting considered in [1]. As before, θ ∈ [0, 1].
Initially, we allow A ̸= AT to highlight where the symmetry of A is needed. If Q = M , B = ±M , R = αM , the
Kronecker product form (2.7) of the discretized optimality system (2.4) becomes

(C−1 ⊗M + Cθ ⊗ δtA)Y − (Cθ ⊗ δtα−1M)P = FY , (2.19a)

(CT
θ ⊗ δtM)Y +

(
CT

−1 ⊗M + CT
θ ⊗ δtAT

)
P = FP , (2.19b)

where Y and P are defined as in (2.7c), and FY and FP are defined as in (2.7d) with B = ±M and R = αM .

Remark 2.9. As already noted in Remark 2.7, if θ = 1/2 and nt is even, the eigenvalue dθ,k with index
k = 1 + nt/2 of Cθ shown in (2.15) is zero. Because [1] use the inverse of Cθ they assume that the number of
time steps nt is odd if θ = 1/2.

The authors [1] then modify (2.19a) by multiplying the first equation by (C−1
θ ⊗ Iy) and multiplying the

second equation by (C−T
θ ⊗ Iy). Using the Kronecker product identity (2.13), the system of equations (2.19)

can be equivalently expressed as

((
C−1

θ C−1 −δtα−1Int

δtInt
C−T

θ CT
−1

)
⊗M + δtI1,1 ⊗A+ δtI2,2 ⊗AT

)(
Y
P

)
=

(
F̃Y

F̃P

)
, (2.20)

with

F̃Y = (C−1
θ ⊗ Iy)FY , F̃P = (C−T

θ ⊗ Iy)FP , I1,1 =

(
Int

0
0 0

)
∈ R2nt×2nt , I2,2 =

(
0 0
0 Int

)
∈ R2nt×2nt ,

where Int ∈ Rnt×nt is an identity matrix.
Finally, [1] introduce a scaling of (2.20) which they use to improve the numerical properties of diagonalization

introduced in the next steps. For given β > 0, the first block of equations in (2.20) is multiplied by β−1 and Y

is replaced by Ŷ = β−1Y to obtain the following system equivalent to (2.20):

((
C−1

θ C−1 −δt(αβ)−1Int

δtβ Int C−T
θ CT

−1

)

︸ ︷︷ ︸
=: G(β)

⊗M + δtI1,1 ⊗A+ δtI2,2 ⊗AT

)(
Ŷ
P

)
=

(
β−1F̃Y

F̃P

)
. (2.21)
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Using Theorem 2.4, G(β) can be decomposed into

G(β) =

(
V −1

V −1

)

︸ ︷︷ ︸
V−1

(
Λ(θ) −δt(αβ)−1Int

δtβ Int
Λ(θ)∗

)

︸ ︷︷ ︸
=: G̃(β)

(
V

V

)

︸ ︷︷ ︸
V

, (2.22)

where

Λ(θ) = D−1
θ D−1, (2.23)

V is given in (2.10), and D−1, and Dθ are given in Corollary 2.5. Because of the structure of I1,1, I2,2 and V,
we can proceed as in Corollary 2.5 to diagonalize the matrix on the left hand side in (2.21):

G(β)⊗M + δtI1,1 ⊗A+ δtI2,2 ⊗AT =
(
V−1 ⊗ Iy

)(
G̃(β)⊗M + δtI1,1 ⊗A+ δtI2,2 ⊗AT

)(
V ⊗ Iy

)
. (2.24)

Because all blocks of the 2 × 2 block matrix G̃(β) in (2.22) are diagonal, G̃(β) can be diagonalized. The

matrix G̃(β) can be symmetrically re-ordered into a block diagonal matrix with blocks in C2×2 and the
eigendecompositions of the matrices C2×2 can be computed analytically. In [1] it is shown that

G̃(β) = W(β)DW(β)−1, (2.25)

where the W(β) and D are specified below. The scaling by β in (2.21) is introduced to improve the conditioning
of W(β), and [1], p. 10 suggests the choice β = 1/

√
α. The matrix W(β) is not block diagonal for any β ̸= 0

and, therefore, W(β) Ii,i W(β)−1 ̸= Ii,i, i = 1, 2. However, if A = AT , then I1,1 ⊗A+ I2,2 ⊗AT = I⊗A, where
I is the 2nt × 2nt identity matrix, and we can diagonalize

G(β)⊗M + δtI⊗A =
(
V−1 ⊗ Iy

)(
G̃(β)⊗M + δtI⊗A

)(
V ⊗ Iy

)

=
(
V−1W(β)⊗ Iy

)(
D⊗M + δtI⊗A

)(
VW(β)−1 ⊗ Iy

)
. (2.26)

For completeness , we state the matrices in (2.25),

W(β) =

(
Int S2(β)

S1(β) Int

)
D̃−1(β), D̃(β) =

(√
Λ(θ) + S1(β) √

Λ(θ)∗ + S2(β)

)
,

D =


Re(Λ(θ)) + i

√
Im2(Λ(θ)) + α−1δt2Int

Re(Λ(θ))− i
√
Im2(Λ(θ)) + α−1δt2Int


 ,

S1(β) = iαβδt

(
Im(Λ(θ)) −

√
Im2(Λ(θ)) + α−1δt2Int

)
, S2(β) = i 1

βδt

(
Im(Λ(θ)) −

√
Im2(Λ(θ)) + α−1δt2Int

)
. As

shown in [1], Rem. 2.6, the introduction of the scaling by β and of the diagonal matrix D̃(β) is crucial to
ensure that V−1W(β) is well conditioned. As mentioned before, [1], p. 10 suggests the choice β = 1/

√
α, but

an optimal choice is not yet known. Our proposed diagonalization (2.12) does not depend on a parameter.

Remark 2.10. In [1], the authors use a version of (2.26) that is scaled by the mass matrix. That is, they set
L = M−1A and consider the factorization

G(β)⊗ Iy + δtI⊗ L =
(
V−1 ⊗ Iy

)(
G̃(β)⊗ Iy + δtI⊗ L

)(
V ⊗ Iy

)

=
(
V−1W(β)⊗ Iy

)(
D⊗ Iy + δtI⊗ L

)(
VW(β)−1 ⊗ Iy

)
.
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3. Initial value problem

With the periodic problem solved, we now turn our attention to the optimal control problem constrained by
an initial-value problem (1.2a,b,c). First, we state the necessary and sufficient optimality conditions. Then, in
Section 3.2, we apply the θ-scheme to discretize the optimality conditions and we write the discretized optimality
conditions in Kronecker product form. In Section 3.3, we use a corresponding periodic in time problem to
develop a preconditioner for the discretized optimality conditions corresponding to the initial-value problem
(1.2a,b,c), and we provide basic estimates for the spectrum of the preconditioned system. The development
of the preconditioner is analogous to that in [1], but it will be applied using the diagonalization developed
in Sections 2.3, 2.4. Since this diagonalization is applicable to a broader class of problems our preconditioner
for the discretized optimality conditions corresponding to the initial-value problem (1.2a,b,c) is applicable to a
broader class of problems than the one in [1].

3.1. Problem specification and optimality system

The following is a standard result on the existence, uniqueness and characterization of the solution of
(1.2a,b,c).

Theorem 3.1. If (1.1) holds, then the optimal control problem (1.2a,b,c) has a unique solution. Moreover,
y ∈ H1(0, T ;Rnu), u ∈ L2(0, T ;Rnu) solve (1.2a,b,d) if and only if there exists p ∈ H1(0, T ;Rnu) such that
u = −R−1(BT p+ d) and

M
d

dt
y(t) +Ay(t)−BR−1BT p(t) = f(t) +BR−1d(t), t ∈ (0, T ), (3.1a)

M y(0) = M y0,

−MT d

dt
p(t) +AT p(t) +Qy(t) = −c(t), t ∈ (0, T ), (3.1b)

MT p(T ) = 0.

Proof. The result can be proven by adapting the results in, e.g., [13], Section I.1.3, [14], Section 1.5, [15, 16].

3.2. Discretized optimality system

Let yk, pk, k = 0, . . . nt, denote the approximations of y, p at time step tk = k δt, where M y0 is given from
(1.2c) and MT pnt

= 0, and let ck = c(tk), dk = d(tk), fk = f(tk). The time-discretized version of (3.1) is

M(yk − yk−1) + δtA(θyk+(1− θ)yk−1)− δtBR−1BT (θpk + (1− θ)pk−1) (3.2a)

= δtθ(fk +BR−1dk) + δt(1− θ)(fk−1 +BR−1dk−1), k = 1, . . . , nt,

MT (pk−1 − pk) + δtAT (θpk−1 + (1− θ)pk)+δtQ(θyk−1 + (1− θ)yk) (3.2b)

= −δt(θck−1 + (1− θ)ck), k = 1, . . . , nt,

where M y0 is given from (1.2c) and MT pnt
= 0. The system (3.2) is a system in the states y1, . . . , ynt

and the
adjoints p0, . . . , pnt−1. Once these yk’s and pk’s are computed, the controls uk can be recovered by using (2.5).

We now put the discretized optimality conditions (3.2) into matrix form. In contrast to the periodic case
where circulant matrices arose, the time discretization now leads to particular Toeplitz matrices. Define the
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nt × nt matrices

T−1 =




1
−1 1

. . .
. . .

−1 1


 , Tθ =




θ
1− θ θ

. . .
. . .

1− θ θ


 , θ ∈ [0, 1], (3.3a)

and

T̃θ =




1− θ
θ 1− θ

. . .
. . .

θ 1− θ


 , θ ∈ [0, 1]. (3.3b)

With these matrices, the discretized optimality conditions (3.2) can be re-written in Kronecker product form as

(T−1 ⊗M + Tθ ⊗ δtA)Y − (T̃T
θ ⊗ δtBR−1BT )P = FY , (3.4a)

(T̃θ ⊗ δtQ)Y +
(
TT
−1 ⊗MT + TT

θ ⊗ δtAT
)
P = FP , (3.4b)

where the unknowns are

Y =




y1
...

ynt


 , P =




p0
...

pnt−1


 , (3.4c)

and the right hand sides are

FY =



δtθ(f1 +BR−1d1) + δt(1− θ)(f0 +BR−1d0) +My0 − δt(1− θ)Ay0

...
δtθ(fnt

+BR−1dnt
) + δt(1− θ)(fnt−1 +BR−1dnt−1)


 , (3.4d)

FP =



−δt(θc0 + (1− θ)c1)− δtθQy0

...
−δt(θcnt−1 + (1− θ)cnt

)


 . (3.4e)

Just as in the periodic case, we can re-write (3.4) using block 2× 2 matrices. Define

T
(−1)
1,1 =

(
T−1 0
0 0

)
, T

(−1)
2,2 =

(
0 0
0 TT

−1

)
∈ R2nt×2nt , (3.5a)

T
(θ)
1,1 =

(
Tθ 0
0 0

)
, T̃

(θ)
1,2 =

(
0 T̃T

θ

0 0

)
, T̃

(θ)
2,1 =

(
0 0

T̃θ 0

)
, T

(θ)
2,2 =

(
0 0
0 TT

θ

)
, θ ∈ [0, 1]. (3.5b)
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With these matrices, the discretized optimality conditions (3.4) can be written as

Kinit

(
Y
P

)
=

(
FY

FP

)
, (3.6a)

where the matrix is

Kinit =T
(−1)
1,1 ⊗M + δtT

(θ)
1,1 ⊗A− δtT̃

(θ)
1,2 ⊗BR−1BT

+T
(−1)
2,2 ⊗MT + δtT

(θ)
2,2 ⊗AT + δtT̃

(θ)
2,1 ⊗Q. (3.6b)

The next result shows that the discretized optimality conditions (3.4) and the equivalent system (3.6a) have
a unique solution if (1.1) holds and M + δtθA is invertible.

Theorem 3.2. If (1.1) holds and M + δtθA is invertible, Kinit in (3.6b) is invertible.

Proof. Consider

Kinit

(
Y
P

)
= 0, (3.7)

where Y and P are given by (3.4c). We will prove that Y = 0 and P = 0, which implies the desired result.
Using the definition of Kinit, the equation (3.7) can be written as

M(yk − yk−1) + δtA(θyk + (1− θ)yk−1)− δtBR−1BT (θpk + (1− θ)pk−1) = 0, k = 1, . . . , nt, (3.8a)

MT (pk−1 − pk) + δtAT (θpk−1 + (1− θ)pk) + δtQ(θyk−1 + (1− θ)yk) = 0, k = 1, . . . , nt, (3.8b)

where y0 = pnt
= 0.

Multiplying (3.8a) and (3.8b) by ((1− θ)pk−1+ θpk)
T and ((1− θ)yk + θyk−1)

T , respectively, and subtracting
the resulting equations gives

((1− θ)pk−1 + θpk)
TM(yk − yk−1)− ((1− θ)yk + θyk−1)

TMT (pk−1 − pk)

= −δt((1− θ)pk−1 + θpk)
TA(θyk + (1− θ)yk−1) + δt((1− θ)yk + θyk−1)

TAT (θpk−1 + (1− θ)pk)

+ δt((1− θ)pk−1 + θpk)
TBR−1BT ((1− θ)pk−1 + θpk) + δt((1− θ)yk + θyk−1)

TQ((1− θ)yk + θyk−1).
(3.9)

By straightforward calculations,

((1− θ)pk−1 + θpk)
TM(yk − yk−1)− ((1− θ)yk + θyk−1)

TMT (pk−1 − pk)

= pTkMyk − pTk−1Myk−1, (3.10a)

−((1− θ)pk−1 + θpk)
TA(θyk + (1− θ)yk−1) + ((1− θ)yk + θyk−1)

TAT (θpk−1 + (1− θ)pk)

= (1− 2θ)
(
pTkAyk − pTk−1Ayk−1

)
. (3.10b)

Since y0 = pnt
= 0,

nt∑

k=1

pTkMyk − pTk−1Myk−1 = pTnt
Mynt

− pT0 My0 = 0,

nt∑

k=1

pTkAyk − pTk−1Ayk−1 = pTnt
Aynt

− pT0 Ay0 = 0.

(3.11)
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Inserting (3.10) into (3.9), summing up, and using (3.11) gives

0 =δt

nt∑

k=1

((1− θ)pk−1 + θpk)
TBR−1BT ((1− θ)pk−1 + θpk)

+ ((1− θ)yk + θyk−1)
TQ((1− θ)yk + θyk−1) ≥ 0, (3.12)

because R is symmetric positive definite and Q is symmetric positive semidefinite. Again because R is symmetric
positive definite and Q is symmetric positive semidefinite, (3.12) implies

BT ((1− θ)pk−1 + θpk) = 0 and Q((1− θ)yk + θyk−1) = 0. (3.13)

With (3.13) the equations (3.8) are

M(yk − yk−1) + δtA(θyk + (1− θ)yk−1) = 0, k = 1, . . . , nt, (3.14)

MT (pk−1 − pk) + δtAT (θpk−1 + (1− θ)pk) = 0, k = 1, . . . , nt, (3.15)

where y0 = pnt
= 0. If M + δtθA is invertible, the previous equations and y0 = pnt

= 0 imply y1 = y2 = . . . =
ynt

= 0 and pnt−1 = pnt−2 = . . . = p0 = 0.

Remark 3.3. In [1], equation (3.2) a system which is different from (3.4) when θ ̸= 1/2 is considered. Instead

of T̃
(θ)
1,2, T̃

(θ)
2,1 define

T
(θ)
1,2 =

(
0 TT

θ

0 0

)
, T

(θ)
2,1 =

(
0 0
Tθ 0

)
. (3.16)

Note that T̃
(θ)
1,2 = T

(θ)
1,2 and T̃

(θ)
2,1 = T

(θ)
2,1 if and only if θ = 1/2. Written in our notation the system [1],

equation (3.2) is

KWZ
init

(
Y
P

)
=

(
FY

FP

)
, (3.17a)

where the matrix is

KWZ
init =T

(−1)
1,1 ⊗M + δtT

(θ)
1,1 ⊗A− δtT

(θ)
1,2 ⊗BR−1BT

+T
(−1)
2,2 ⊗MT + δtT

(θ)
2,2 ⊗AT + δtT

(θ)
2,1 ⊗Q, (3.17b)

the unknowns are (3.4c), the right hand side FY is given by (3.4d), and the right hand side FY is

FP =



−δt(θc0 + (1− θ)c1)− δt(1− θ)Qy0

...
−δt(θcnt−1 + (1− θ)cnt)


 . (3.17c)

The system (3.17) is the matrix representation of

M(yk − yk−1) + δtA(θyk + (1− θ)yk−1)− δtBR−1BT ((1− θ)pk + θpk−1) (3.18a)

= δtθ(fk +BR−1dk) + δt(1− θ)(fk−1 +BR−1dk−1), k = 1, . . . , nt,
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MT (pk − pk+1) + δtAT (θpk + (1− θ)pk+1)+δtQ((1− θ)yk + θyk−1) (3.18b)

= −δt(θck + (1− θ)ck+1), k = 0, . . . , nt − 1,

where M y0 is given from (1.2c) and MT pnt
= 0. Note the term (θpk + (1 − θ)pk−1) in (3.2a) is replaced by

((1− θ)pk + θpk−1) in (3.18a), and the term (θyk + (1− θ)yk−1) in (3.2b) is replaced by ((1− θ)yk + θyk−1) in
(3.18b). If θ = 1/2, then (3.2) and (3.18) are identical, and the systems (3.4) and (3.17) are identical. Otherwise,
they are different.

3.3. Diagonalization algorithm applied as preconditioner for initial-value problem

We want to construct a preconditioner for Kinit defined in (3.6b) that has the same Kronecker product
structure as Kinit. The general preconditioner design is motivated by the following observations.

LetT andM be two generic, nonsingular matrices. Given a square matrixM , we use IM to denote the identity
matrix of the same size as M . With a nonsingular matrix C of the same size as T, we consider C ⊗M as a
preconditioner for T⊗M . The difference between the identity matrix IT⊗M = IT ⊗ IM and the preconditioned
Kronecker product is

IT ⊗ IM −
(
C⊗M

)−1(
T⊗M

)
= IT ⊗ IM −

(
C−1 ⊗M−1

)(
T⊗M

)
= IT ⊗ IM −

(
C−1T⊗ IM

)

=
(
IT −C−1T

)
⊗ IM = C−1

(
C−T

)
⊗ IM .

The eigenvalues of C−1
(
C−T

)
⊗ IM are given by the eigenvalues of C−1

(
C−T

)
, each with multiplicity given

by the size of M . In our application, T is one of the matrices (3.5) in which the non-zero block is defined by
a Toeplitz matrix. For our preconditioner, we will choose a corresponding matrix of the type (2.8), in which
the non-zero block is defined by a circulant matrix. With this choice of C, the difference C−T has only one
non-zero entry (i.e., is a rank one matrix). Consequently, with this choice of C, C−1

(
C − T

)
⊗ IM has only

one non-zero eigenvalue with multiplicity given by the size of M . Unfortunately, the situation is not quite as
nice when we precondition Kinit defined in (3.6b), because Kinit is a sum of Kronecker products. However, our
preconditioner design is motivated by these considerations. Our overall preconditioner design is also similar
to that of [1]. However, [1] consider a scaled system (see Sect. 3.4 below). Moreover, the application of our
preconditioner uses our diagonalization of Sections 2.3 and 2.4. Therefore, our preconditioner is applicable to a
broader class of problems.

Our preconditioner is motivated by the previous observations. In addition to (2.6) and (2.8) define

C̃θ =




1− θ θ
θ 1− θ

. . .
. . .

θ 1− θ


 , C̃

(θ)
1,2 =

(
0 C̃T

θ

0 0

)
, C̃

(θ)
2,1 =

(
0 0

C̃θ 0

)
, θ ∈ [0, 1]. (3.19)

Our preconditioner for Kinit defined in (3.6b) is given by

K̃per =C
(−1)
1,1 ⊗M + δtC

(θ)
1,1 ⊗A− δtC̃

(θ)
1,2 ⊗BR−1BT

+C
(−1)
2,2 ⊗MT + δtC

(θ)
2,2 ⊗AT + δtC̃

(θ)
2,1 ⊗Q. (3.20)

Note that K̃per is different from (2.9b) when θ ̸= 1/2, since in this case C̃
(θ)
1,2 ̸= C

(θ)
1,2 and C̃

(θ)
2,1 ̸= C

(θ)
2,1. However,

K̃per can be diagonalized in a similar way as Kper. See Appendix A for details. This diagonalization can also
be used to prove the invertibility of the preconditioning matrix in (3.20).
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Theorem 3.4. Assume (1.1) holds and that the eigenvalues of M−1A ∈ Rny×ny have strictly positive real parts.

If θ ∈ [1/2, 1] or if θ ∈ [0, 1/2) and δt < 2Re(λ)/((1 − 2θ)|λ|2) for all eigenvalues λ of M−1A, then K̃per in
(3.20) is invertible.

Proof. We will prove this result using the diagonalization of K̃per, which is worked out in Appendix A. Diagonal-

ization of K̃per and invertibility of the diagonal blocks, which will be established in Theorem A.2, immediately
imply this result.

In practice, we will solve the preconditioned system using GMRES or another Krylov subspace method for
general systems. Although in the nonsymmetric case, the spectrum of the preconditioned matrix alone does
not characterize the convergence behavior of the iterative method, see, e.g., [8], in practice the spectrum of the
preconditioned matrix often still provides useful information. We prove that at least 2ny(nt − 1) eigenvalues of

the preconditioned matrix K̃−1
perKinit are equal to one. This result is based on the general observations made

at the beginning of this section and is also the type of result shown and proof used in [1], Section 3.2 for their
preconditioned system.

Theorem 3.5. For any θ, at least 2ny(nt − 1) eigenvalues of the preconditioned matrix K̃−1
perKinit are equal to

one, i.e., at most 2ny eigenvalues are not equal to one.

Proof. Note that I− K̃−1
perKinit = K̃−1

per

(
K̃per −Kinit

)
, where

K̃per −Kinit =

(
(C−1 − T−1)⊗M + δt(Cθ − Tθ)⊗A 0

(C̃θ − T̃θ)⊗Q (C−1 − T−1)
T ⊗MT + δt(Cθ − Tθ)

T ⊗AT

)
. (3.21)

The matrix (3.21) has a rank of 2ny. This is because using the definitions in (3.3) and (3.19), the first block
column

(
(C−1 − T−1)⊗M + δt(Cθ − Tθ)⊗A

(C̃θ − T̃θ)⊗Q

)

has a rank of at most ny because (C−1 − T−1), (Cθ − Tθ) and (C̃θ − T̃θ) all contain their only nonzero entry in
their last column. The second block column

(
0

(C−1 − T−1)
T ⊗MT + δt(Cθ − Tθ)

T ⊗AT

)

also only has a rank of at most ny because (C−1 − T−1)
T and (Cθ − Tθ)

T both contain their only nonzero

entry in their first column. Thus, the whole matrix I− K̃−1
perKinit has a rank of at most 2ny, which implies the

result.

In Appendix B we provide additional observations on the spectrum of I−K̃−1
perKinit. Specifically, we conjecture

that for large nt (small δt) the nonzero eigenvalues of I − K̃−1
perKinit approximate the eigenvalues of a system

defined via differential equations (the system (B.5)). We observe such a behavior in our numerical examples, but

the detailed connection between the non-zero eigenvalues λ ̸= 0 of I − K̃−1
perKinit and this systems defined via

differential equations are missing. Such estimates of the eigenvalues of K̃−1
perKinit would be interesting, but may

not provide an explanation of the convergence behavior of GMRES and other iterative methods. As we have
mentioned before, for general nonsymmetric matrices there is no theoretical connection between the convergence
behavior of GMRES and the eigenvalue distribution of the preconditioned system. See, e.g., [8].
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3.4. Comparison with previous diagonalization preconditioner approach

In this section, we compare our preconditioner to that of [1] in the case whereA = AT ,M is symmetric positive
definite, and Q = M , B = ±M , R = αM , α > 0, which is the setting considered in [1]. As before, θ ∈ [0, 1].
The assumption A = AT is only needed for the final diagonalization step of the preconditioner, analogously to
(2.26), but is not needed to describe the basic approach. Therefore, we initially allow A ̸= AT to highlight
where symmetry of A is needed. If Q = M , B = ±M , R = αM , then the Kronecker product form (3.4) of the
discretized optimality system (3.2) becomes

(T−1 ⊗M + Tθ ⊗ δtA)Y − (T̃T
θ ⊗ δtα−1M)P = FY , (3.22a)

(T̃θ ⊗ δtM)Y +
(
TT
−1 ⊗MT + TT

θ ⊗ δtAT
)
P = FP , (3.22b)

where Y and P are defined as in (3.4c), and FY and FP are defined as in (3.4d) with B = ±M and R = αM .
Since the preconditioner in [1] is built on the diagonalization ideas in Section 2.5, [1] scale the optimality

system. This requires θ ∈ (0, 1] to ensure invertibility of Tθ, and that the number of time steps K is odd if
θ = 1/2 to ensure invertibility of Cθ.

Since the preconditioner in [1] is built on the diagonalization ideas in Section 2.5, [1] multiply the first
equation by (T−1

θ ⊗ I), multiply the second equation by (T−T
θ ⊗ I), and scale by β > 0. With these scalings,

the system of equations (3.22) can be equivalently expressed as

((
T−1
θ T−1 −δt(αβ)−1T−1

θ T̃T
θ

δtβ T−T
θ T̃θ T−T

θ TT
−1

)
⊗M + δtI1,1 ⊗A+ δtI2,2 ⊗AT

︸ ︷︷ ︸
Kinit,scaled

)(
Ŷ
P

)
=

(
β−1F̃Y

F̃P

)
, (3.23)

where Ŷ = β−1Y , F̃Y = (T−1
θ ⊗ I)FY , F̃P = (T−T

θ ⊗ I)FP . The preconditioner of Kinit,scaled is obtained by
replacing the Toeplitz matrices by their corresponding circulant matrices. The preconditioner is

K̃per,scaled =

(
C−1

θ C−1 −δt(αβ)−1C−1
θ C̃T

θ

δtβ C−T
θ C̃θ C−T

θ CT
−1

)

︸ ︷︷ ︸
Gprec(β)

⊗M + δtI1,1 ⊗A+ δtI2,2 ⊗AT . (3.24)

Using Theorem 2.4, Gprec(β) can be decomposed into

(
C−1

θ C−1 −δt(αβ)−1C−1
θ C̃T

θ

δtβ C−T
θ C̃θ C−T

θ CT
−1

)
=

(
V −1

V −1

)(
Λ(θ) −δt(αβ)−1Λ̃(θ)

δtβ Λ̃(θ)∗ Λ(θ)∗

)(
V

V

)
, (3.25)

where Λ(θ) = D−1
θ D−1, Λ̃(θ) = D−1

θ D̃∗
θ , V is given in (2.10), and D−1, and Dθ are given in Corollary 2.5, and

D̃θ = diag(1, (1 − θ) + θω, . . . , (1 − θ) + θωK−1). The block 2 × 2 matrix on the right hand side of (3.25) can

be diagonalized similarly to (2.25). Moreover, if A = AT , then K̃per,scaled can be diagonalized analogously to

(2.26). This diagonalization is used to apply the preconditioner K̃−1
per,scaled.

Remark 3.6. In the following numerical results, we implement Kinit,scaled and corresponding preconditioner

K̃per,scaled as shown in (3.23) and (3.24). As already noted in Remark 2.10, the authors of [1] implement both
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Kinit,scaled and K̃per,scaled by scaling by the mass matrix. That is, they set L = M−1A and use

Kinit,scaled =

(
T−1
θ T−1 −δt(αβ)−1T−1

θ T̃T
θ

δtβ T−T
θ T̃θ T−T

θ TT
−1

)
⊗ Iy + δtI⊗ L,

K̃per,scaled = Gprec(β)⊗ Iy + δtI⊗ L.

We conclude the comparison with the previous approach by highlighting the similarities when θ = 1.

Theorem 3.7. If θ = 1, and A = AT , Q = M = MT , B = ±M , R = αM , α > 0, then the eigenvalues of
K̃−1

perKinit and K̃−1
per,scaledKinit,scaled are identical for any β.

Proof. When θ = 1, Cθ = Tθ = Int
∈ Rnt×nt . Thus, if A = AT , Q = M = MT , B = ±M , R = αM , then K̃per

and Kinit differ from K̃per,scaled and Kinit,scaled solely by the factor β. Specifically, if

B =

(
Int

βInt

)
⊗ Iy,

then the matrices (3.6b), and (3.23) and (3.20), (3.24) satisfyKinit,scaled = BKinitB
−1, K̃per,scaled = BK̃perB

−1,

and K̃−1
per,scaledKinit,scaled = B(K̃−1

perKinit)B
−1 for θ = 1. Thus K̃−1

perKinit and K̃−1
per,scaledKinit,scaled have the same

eigenvalues.

4. Numerical results

The first example is taken from [1] and is used to compare with eigenvalue computations in Figure 8 of [1].
Consider

min
1

2

∫ T

0

∫ 1

0

(y(t, x)− ydes(t, x))
2 dx dt+

α

2

∫ T

0

∫ 1

0

u(t, x)2 dx dt, (4.1a)

s.t.
∂

∂t
y(t, x)− ∂

∂x
(κ

∂

∂x
y(t, x)) = f(t, x) + u(t, x), x ∈ (0, 1), t ∈ (0, T ), (4.1b)

κ
∂

∂x
y(t, 0) = κ

∂

∂x
y(t, 1) = 0, t ∈ (0, T ), y(0, x) = y0(x), x ∈ (0, 1). (4.1c)

We use κ = 1, T = 1, f(t, x) = 0, ydes(t, x) = 1, y0(x) = 0, and, unless noted otherwise, α = 10−5. To semi-
discretize the problem we use a centered finite difference discretization on a uniform grid with mesh size h =
1/(ny − 1). This leads to a problem of the type (1.2a,b,c) with a tridiagonal matrix

A =
κ

h2




1 −1
1 −2 1

. . .
. . .

. . .

1 −2 1
−1 1




∈ Rny×ny ,

M = Iy ∈ Rny×ny , B = −Iy ∈ Rny×ny , Q = Iy ∈ Rny×ny , and R = α Iy ∈ Rny×ny . (For the discretization of
the objective one would use Q = h Iy ∈ Rny×ny , and R = αh Iy ∈ Rny×ny , but we remove this scaling by h to
be consistent with the example set-up in [1]. The scaling of the semi-discretized objective by a constant will not
change the solution of the semi-discretized optimal control problem.)



20 M. HEINKENSCHLOSS AND N.J. KROEGER

18 TITLE WILL BE SET BY THE PUBLISHER

We use κ = 1, T = 1, f (t,x) = 0, ydes(t,x) = 1, y0(x) = 0, and, unless noted otherwise, α = 10−5. To semi-discretize
the problem we use a centered finite difference discretization on a uniform grid with mesh size h = 1/(ny−1). This
leads to a problem of the type (1.2a,b,c) with a tridiagonal matrix

A =
κ
h2




1 −1
1 −2 1

. . . . . . . . .
1 −2 1
−1 1



∈Rny×ny ,

M = Iy ∈ Rny×ny , B = −Iy ∈ Rny×ny , Q = Iy ∈ Rny×ny , and R = α Iy ∈ Rny×ny . (For the discretization of the objective
one would use Q = hIy ∈ Rny×ny , and R = αhIy ∈ Rny×ny , but we remove this scaling by h to be consistent with the
example set-up in [24]. The scaling of the semi-discretized objective by a constant will not change the solution of the
semi-discretized optimal control problem.)

The left and middle plots in Figure 1 show the eigenvalues of K̃−1
perKinit and K̃−1

per,scaledKinit,scaled (introduced in
(3.24)) for θ = 1/2 and different discretizations with constant spatial mesh size ny = 16 and different numbers of time
steps nt . These discretization sizes are the ones used in [24]. Notice that the eigenvalues of the new K̃−1

perKinit are better
clustered than those of K̃−1

per,scaledKinit,scaled. In addition, the eigenvalues of K̃−1
perKinit essentially do not change with

increasing nt while the eigenvalues of K̃−1
per,scaledKinit,scaled do. When θ = 1, Theorem 3.7 proves that the eigenvalues of

K̃−1
perKinit and K̃−1

per,scaledKinit,scaled are identical. These eigenvalues are shown in the right plot in Figure 1. In this θ = 1
case, the eigenvalues cluster slightly better as nt increases. The left and right plots in Figure 1 support our conjecture
that the eigenvalues of K̃−1

perKinit in the limit, as the number of time steps nt increases, approximate values (B.14) that
are obtained from the eigenvalues of the matrix S in (B.10).

FIGURE 1. Eigenvalues of K̃−1
perKinit (left) and K̃−1

per,scaledKinit,scaled (center) for the discretization of
the optimal control problem (4.1) with θ = 1/2, ny = 16 and different numbers of time steps nt .
The eigenvalues of K̃−1

perKinit do not change much as nt increases and are better clustered than the
eigenvalues of K̃−1

per,scaledKinit,scaled which change with the different numbers of time steps nt shown.

When θ = 1, K̃−1
perKinit and K̃−1

per,scaledKinit,scaled have the same eigenvalues (right).

The results of Figure 1 are generated using the temporal and spatial discretizations applied in [24] for comparison
with [24]. However, for a θ = 1/2 time-stepping scheme, the discretization error is O(h2+δt2). Thus it is not practical
to choose δt � h (or in this setting, nt � ny), as was done here. Therefore, we explore the spectrum of K̃−1

perKinit for
θ = 1/2 and δt ≈ h (nt ≈ ny) in Figure 2.

Figure 1. Eigenvalues of K̃−1
perKinit (left) and K̃−1

per,scaledKinit,scaled (center) for the discretiza-

tion of the optimal control problem (4.1) with θ = 1/2, ny = 16 and different numbers of time

steps nt. The eigenvalues of K̃−1
perKinit do not change much as nt increases and are better clus-

tered than the eigenvalues of K̃−1
per,scaledKinit,scaled which change with the different numbers of

time steps nt shown. When θ = 1, K̃−1
perKinit and K̃−1

per,scaledKinit,scaled have the same eigenval-

ues (right).

The left and middle plots in Figure 1 show the eigenvalues of K̃−1
perKinit and K̃−1

per,scaledKinit,scaled (introduced
in (3.24)) for θ = 1/2 and different discretizations with constant spatial mesh size ny = 16 and different numbers
of time steps nt. These discretization sizes are the ones used in [1]. Notice that the eigenvalues of the new

K̃−1
perKinit are better clustered than those of K̃−1

per,scaledKinit,scaled. In addition, the eigenvalues of K̃−1
perKinit

essentially do not change with increasing nt while the eigenvalues of K̃−1
per,scaledKinit,scaled do. When θ = 1,

Theorem 3.7 proves that the eigenvalues of K̃−1
perKinit and K̃−1

per,scaledKinit,scaled are identical. These eigenvalues
are shown in the right plot in Figure 1. In this θ = 1 case, the eigenvalues cluster slightly better as nt increases.
The left and right plots in Figure 1 support our conjecture that the eigenvalues of K̃−1

perKinit in the limit, as
the number of time steps nt increases, approximate values (B.14) that are obtained from the eigenvalues of the
matrix S in (B.10).

The results of Figure 1 are generated using the temporal and spatial discretizations applied in [1] for com-
parison with [1]. However, for a θ = 1/2 time-stepping scheme, the discretization error is O(h2 + δt2). Thus
it is not practical to choose δt ≪ h (or in this setting, nt ≫ ny), as was done here. Therefore, we explore the

spectrum of K̃−1
perKinit for θ = 1/2 and δt ≈ h (nt ≈ ny) in Figure 2.

Figure 2 reveals that the eigenvalues of K̃−1
perKinit differ significantly between odd and even nt before appearing

to settle down to a limiting distribution for larger nt. Recall that the preconditioner proposed by [1] cannot be
used for an even number of time steps nt for θ = 1/2. The eigenvalue plots for nt = 32, 33 are approaching the
eigenvalue plots for nt = 65, 129, 257 seen in the θ = 1/2 case of Figure 1 (left plot). Again, this supports our

conjecture that as the number of time steps nt increases the eigenvalues of K̃−1
perKinit approximate the values

(B.14) that are obtained from the eigenvalues of the matrix S in (B.10).
Since [1] provides plots of the singular values of the preconditioned matrices, we include them in Figure 3.

As expected, most singular values are one.
We now investigate the performance of GMRES on the preconditioned systems with system matrices

K̃−1
perKinit and K̃−1

per,scaledKinit,scaled. GMRES is stopped when the 2-norm of the relative preconditioned residual

is below 10−6 or 1,000 iterations are reached.
Both preconditioners K̃per and K̃per,scaled applied to their respective systems substantially reduce the number

of GMRES iterations. Figure 4 shows that the proposed preconditioner is slightly better in terms of the number
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FIGURE 2. Eigenvalues of K̃−1
perKinit for θ = 1/2, ny = 16, nt = 16,17,32,33. While the eigenvalue

plots for nt = 16 and nt = 17 wildly differ, the eigenvalue plots for nt = 32 and nt = 33 are nearly
identical and resemble those seen in the θ = 1/2 case of Figure 1.

Figure 2 reveals that the eigenvalues of K̃−1
perKinit differ significantly between odd and even nt before appearing to

settle down to a limiting distribution for larger nt . Recall that the preconditioner proposed by [24] cannot be used for
an even number of time steps nt for θ = 1/2. The eigenvalue plots for nt = 32,33 are approaching the eigenvalue plots
for nt = 65,129,257 seen in the θ = 1/2 case of Figure 1 (left plot). Again, this supports our conjecture that as the
number of time steps nt increases the eigenvalues of K̃−1

perKinit approximate the values (B.14) that are obtained from
the eigenvalues of the matrix S in (B.10).

Since [24] provides plots of the singular values of the preconditioned matrices, we include them in Figure 3. As
expected, most singular values are one.

FIGURE 3. Singular values of K̃−1
perKinit (left, and second from right) and K̃−1

per,scaledKinit,scaled (second
from left, and right) for the discretization of the optimal control problem (4.1) with θ = 1/2 (left
two plots), θ = 1 (right two plots), ny = 16, and different numbers of time steps nt .

We now investigate the performance of GMRES on the preconditioned systems with system matrices K̃−1
perKinit and

K̃−1
per,scaledKinit,scaled. GMRES is stopped when the 2-norm of the relative preconditioned residual is below 10−6 or

1,000 iterations are reached.

Figure 2. Eigenvalues of K̃−1
perKinit for θ = 1/2, ny = 16, nt = 16, 17, 32, 33. While the eigen-

value plots for nt = 16 and nt = 17 wildly differ, the eigenvalue plots for nt = 32 and nt = 33
are nearly identical and resemble those seen in the θ = 1/2 case of Figure 1.
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Figure 3. Singular values of K̃−1
perKinit (left, and second from right) and K̃−1

per,scaledKinit,scaled

(second from left, and right) for the discretization of the optimal control problem (4.1) with
θ = 1/2 (left two plots), θ = 1 (right two plots), ny = 16, and different numbers of time steps nt.

of preconditioned GMRES iterations. It is important for us to emphasize here that while we have plotted the
relative preconditioned residuals of both problems together, the relative preconditioned residuals should not
be directly compared - they are, as their name implies, relative to the initial preconditioned residual of their
respective problem. Moreover, the preconditioned residuals are different when computed with the same vector.
Moreover, the costs of the application of conditioners are different. Application of K̃−1

per requires (parallel)

solution of nt complex valued 2ny × 2ny systems, whereas application of K̃−1
per,scaled requires (parallel) solution

of 2nt complex valued ny × ny systems.
The convergence results in Figure 4 appear to correspond to the spectral plots seen in Figure 1. For the

θ = 1/2 case of Figure 1, it was observed that the eigenvalues of K̃−1
perKinit are better clustered than those of

K̃−1
per,scaledKinit,scaled. GMRES improves the relative residual faster for K̃−1

perKinit in this case. For the θ = 1 case
from Figure 1, the eigenvalue distributions are the same. The GMRES convergence plots for the θ = 1 case
match closely. In addition, the performance of GMRES slightly improves as nt increases. The eigenvalue plot
for the θ = 1 case from Figure 1 show that the eigenvalues get slightly more clustered as nt increases.

We do not provide a GMRES analogue for Figure 2 in this example, but will explore the effect of odd vs.
even time step number nt for our preconditioner in next numerical examples.

Finally, we explore the effect of varying the control penalty α on the performance of GMRES for our pre-
conditioned system K̃−1

perKinit. Table 1 shows that as the regularization α approaches 0, the number of GMRES
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Figure 4. GMRES relative residual plots using K̃−1
perKinit (solid) and K̃−1

per,scaledKinit,scaled

(dashed, introduced in [1]) for the discretization of the optimal control problem (4.1) with
θ = 1/2 (left) and θ = 1 (right), ny = 16 and different numbers of time steps nt.

Table 1. Number of preconditioned GMRES iterations needed to reach a relative residual
tolerance of 10−6 for the discretization of the optimal control problem (4.1) with nx = 16,
nt = 257 and varying control regularization parameters α.

α = 10−1 α = 10−3 α = 10−5

θ = 1/2 5 7 11
θ = 1 5 7 14

iterations needed stay small for both θ = 1 and θ = 1/2, but increases slightly. As α approaches 0, the con-
ditioning of the discretized optimality system deteriorates. Recall that the computations reported in Figure 1
to 4 are performed with α = 10−5.

The second problem is derived from a semi-discretization of the following problem, which was also used
in [1]:

min

∫ T

0

∫

Ω

1

2
(y(t, x)− ydes(t, x))

2 +
α

2
u(t, x)2 dx dt, (4.2a)

s.t. ∂ty(t, x)− ∂x1
(e−5x1∂x1

y(t, x))− ∂x2x2
y(t, x) = u(t, x), x ∈ Ω, t ∈ (0, T ), (4.2b)

y(t, x) = 0, t ∈ (0, T ), x ∈ ∂Ω, y(0, x) = y0(x), x ∈ Ω. (4.2c)

For this problem, Ω = (−1/2, 1/2)2, T = 2,

ydes(t, x) =
(x2

1 − 1
4 )(x

2
2 − 1

4 )

x2
1 + x2

2 +
1
10

sin

(
5πx2

1

√
1

2
− x2 + 2πt

)
, y0(x) = ydes(0, x),

and, unless noted otherwise, α = 10−5.
To semi-discretize the problem we use piecewise linear finite elements on a uniform triangulation of the unit

square obtained as follows. First, we decompose Ω = (−1/2, 1/2)2 into squares of size h×h with h = 1/(nx+1),
and then we divide (south–west to north–east) each square into two triangles. This leads to a problem of the
type (1.2a,b,c) with symmetric positive definite Q = M , B = −M , and R = αM and ny = n2

x. In particular,
the preconditioner of [1] can be applied to this problem.
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Figure 5. GMRES relative residual plots using K̃−1
perKinit (solid) and K̃−1

per,scaledKinit,scaled

(dashed, introduced in [1]) for the discretization of the optimal control problem (4.2) with θ =
1/2 (left) and θ = 1 (right), for constant spatial discretization nx = 32 and variable temporal
discretization.

Figure 6. GMRES relative residual plots using K̃−1
perKinit (solid) and K̃−1

per,scaledKinit,scaled

(dashed, introduced in [1]) for the discretization of the optimal control problem (4.2) with
θ = 1/2 (left) and θ = 1 (right), constant nt = 33 and variable spatial discretization.

We begin by comparing our preconditioner K̃−1
perKinit to the preconditioner K̃−1

per,scaledKinit,scaled proposed in

[1]. Again, GMRES is stopped when the 2-norm of the relative preconditioned residual is below 10−6 or 1,000
iterations are reached.

Figure 5 demonstrates the same behavior as the behavior seen in Figure 4. In the θ = 1/2 case, our precondi-
tioner reduces the relative residual slightly faster, presumably due to the better eigenvalue clustering (Fig. 1). In
the θ = 1 case the two preconditioners reduce the relative residual at the same rate, and both get more efficient
as nt increases. Recall that this behavior for the θ = 1 case was seen in Figure 4, but is much more pronounced
here.

In addition to keeping the spatial discretization constant and changing the number of timesteps, we also kept
the number of timesteps constant and varied the spatial discretization, as is shown in the following Figure 6.

Figure 6 shows that both preconditioners are insensitive to the spatial discretization. Note that all solid
lines lie on each other and all dotted lines lie on each other in the θ = 1/2 case. As we have noted before, we

plot preconditioned residuals, which are different in cases K̃−1
perKinit and K̃−1

per,scaledKinit,scaled. Moreover, the
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Figure 7. GMRES relative residual plots using K̃−1
perKinit for the discretization of the optimal

control problem (4.2) with θ = 1/2 (left) and θ = 1 (right), and different problem sizes nx = 32
and varied nt. When θ = 1/2 and the number of time steps nt is odd, the periodic preconditioner
requires fewer iterations. When θ = 1, there is little difference between odd and even time steps.

Table 2. Number of preconditioned GMRES iterations needed to reach relative residual toler-
ance of 10−6 for the discretization of the optimal control problem (4.2) with nx = 32, nt = 65
and varying control regularization parameters α.

α = 10−1 α = 10−3 α = 10−5

θ = 1/2 8 9 12
θ = 1 5 9 39

application of K̃−1
per requires a (parallel) solution of nt complex valued 2ny × 2ny systems, whereas application

of K̃−1
per,scaled requires (parallel) solution of 2nt complex valued ny × ny systems.

The following Figure 7 displays GMRES applied to the preconditioned system K̃−1
perKinit for even and odd

numbers of time steps nt. Recall that in Figure 2, for a 1D-in space optimal control problem, for θ = 1/2 and for
δt ≈ h, the eigenvalue distribution between odd and even nt differed significantly (with the odd nt eigenvalues
significantly better clustered than their even counterparts), but as nt increased the spectrum changed little.

What was seen in Figure 2 is borne out in the GMRES convergence plot in Figure 7. While the odd vs even
nt matter a great deal for the convergence of GMRES in the θ = 1/2 case when h ≈ δt, as nt increases the
difference between even and odd nt becomes increasingly irrelevant. The odd vs even nt is not an issue in the
θ = 1 case. Note that in the θ = 1 case, the dashed and dotted lines of the same color lie on top of each other.
In the θ = 1 case, the improvement to GMRES as nt increases has also been seen in Figures 4 and 5.

Finally, as, was done in the previous numerical example, we examine the effects of varying the control
regularization parameter α for our preconditioned system K̃−1

perKinit. Table 2 shows that as the regularization
α approaches 0, the number of GMRES iterations stays small for both θ = 1 and θ = 1/2, but increases. For
θ = 1/2, the number of iterations increases only slightly, but for θ = 1, the increase in the number of iterations
is larger as α decreases from 10−3 to 10−5. Recall that the computations reported in Figures 5 to 7 are done
with α = 10−5.

Our third and final problem is derived from a semi-discretization of

min
1

2

∫ T

0

∫

Ωobs

(y(t, x)− ydes(t, x))
2 dx dt+

α

2

∫ T

0

∫

Ωc

u(t, x)2 dx dt, (4.3a)
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Figure 8. GMRES relative residual plots using K̃−1
perKinit for the discretization of the optimal

control problem (4.3) with θ = 1/2, 1, κ = 1, 0.01, constant spatial discretization nx = 32
and variable time discretization. For both values of θ, the GMRES iteration count is mostly
independent of nt.

s.t.
∂

∂t
y(t, x)−∇ · (κ∇y(t, x)) + βT · ∇y(t, x) = f(t, x) + u(t, x)χΩc(x), x ∈ Ω, t ∈ (0, T ), (4.3b)

y(t, x) = yd(t, x), t ∈ (0, T ), x ∈ ∂Ω, y(0, x) = y0(x), x ∈ Ω. (4.3c)

In this setting, the domain Ω = (0, 1)2 is the unit square, the control region is Ωc = (0, 0.3]× (0, 0.3], and the
observation region is Ωobs = [0.5, 1)× [0.5, 1). The function χΩc is the indicator function on Ωc. We use κ = 1
or κ = 10−2, β = [1, 1], T = 1, f(t, x) = 0, ydes(t, x) = 1, yd(t, x) = 1, y0(x) = cos(πx1) cos(πx2), and unless
noted otherwise α = 10−5. To semi-discretize the problem we use an upwind finite difference discretization on
a uniform grid with mesh size h1 = 1/(nx1

+ 1), h2 = 1/(nx1
+ 1).

The preconditioner of [1] cannot be applied to this problem. In fact, this problem displays all properties that
make the preconditioner proposed in [1] unusable: limited state observation (Q ̸= M), limited control region
(B ̸= M , R ̸= αM), and the presence of an advection term (A ̸= AT ).

We first study the impact of varying the number of timesteps on the convergence of preconditioned
GMRES.

Note how Figure 8 differs from its counterparts in Figure 7. In Figure 7, recall for the θ = 1/2 case that
there was a large discrepancy between even and odd nt that only resolved as nt became large. In this advection-
diffusion case, there is no difference between even and odd timesteps even for small nt for the θ = 1/2 case.
In addition, for the θ = 1 case, Figure 7 displays an improvement in the performance of GMRES as nt in
increased; here we see no such improvement, although we do note that the performance is already very good.
For the κ = 1.0, θ = 1 case and for the κ = 0.01, θ = 0.5 case, all of the lines lay on each other.

To help explain these differences, we look at eigenvalue distributions of this problem (4.3). Note that because
of the overall problem size, we compute the eigenvalues for coarser discretizations compared to those used for
the GMRES runs in Figure 8. These eigenvalue plots are shown in the following Figure 9.

Figure 9 may help explain the convergence behavior of GMRES seen in Figure 8. For the κ = 1 case, the
eigenvalues are tightly clustered for both θ = 1/2 and θ = 1 for larger nt. This would explain the convergence
of GMRES in 5 iterations for the κ = 1 case. In addition, while there still is a difference between even and
odd nt in the κ = 1 case, they are minor (note the scale on the real axis for the κ = 1, θ = 0.5 cases). This
explains why Figure 8 does not display the same even-odd phenomena in the θ = 1/2 case that Figure 7 does.
It also appears that for this advection-diffusion problem, the eigenvalues converge to their conjectured limiting
distribution given via the eigenvalues of S in (B.10) faster than in the previous problems. One final observation
is that the eigenvalue distributions are nearly identical between the θ = 1/2 and θ = 1 cases. This explains why
GMRES needed roughly the same number of iterations to converge regardless of which θ was used, which was
not the case with Figure 7 (there, θ = 1/2 outperformed θ = 1 by a considerable amount).

Next, we examine the effect of varying the spatial discretization while keeping the number of time steps
constant for this problem. The following Figure 10 is the analogue to Figure 6 in the previous example.



26 M. HEINKENSCHLOSS AND N.J. KROEGER

Figure 9. Eigenvalues of K̃perKinit for the discretization of the optimal control problem (4.3)
with θ = 1/2 or θ = 1, κ = 1 or κ = 0.01, and constant spatial discretization nx = 8 and varied
nt. The eigenvalues are mostly constant with respect to nt in the θ = 1 case. In the θ = 1/2
case, there is a slight difference between odd and even nt that disappears as nt increases.

Figure 10. GMRES relative residual plots using K̃−1
perKinit for the discretization of the optimal

control problem (4.3) with θ = 1/2 or θ = 1, κ = 1 or κ = 0.01, with constant timestep nt = 33
and varied spatial discretization. For both values of θ, the GMRES iteration count is mostly
independent of the spatial discretization.

Table 3. Number of preconditioned GMRES iterations taken to reach relative residual toler-
ance of 10−6 for the discretization of the optimal control problem (4.3) with nx = 32, nt = 33,
θ = 1 (left) and θ = 1/2 (right), and varying control regularization parameters α.

θ = 1 α = 10−1 α = 10−3 α = 10−5

κ = 1 4 4 7
κ = 10−2 8 14 23

θ = 1/2 α = 10−1 α = 10−3 α = 10−5

κ = 1 6 7 8
κ = 10−2 9 17 31

Figure 10 reveals that our preconditioner is insensitive to the spatial discretization in the κ = 1 case for both
values of θ, which is what was also observed in Figure 6 for the previous problem. Note that for the κ = 1.0,
θ = 1.0 case, all lines in the plot lie on each other. In the κ = 0.01 case, the preconditioner is somewhat sensitive
to the spatial discretization for both values of θ.

Finally, we examine the effect of varying the control penalty α for κ = 1 and κ = 10−2 for our preconditioned
system K̃−1

perKinit. Table 3 once again demonstrates what was observed from the previous numerical examples
(Tables 1 and 2): as α decreases, the number of GMRES iterations needed increases slightly, but stays small
overall. Recall that the computations reported in Figure 8 to 10 are done with α = 10−5.
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5. Extensions

The optimal control problems that motivate this work are PDE-constrained optimization problems. In this
case, the formulation (1.2) is obtained from a semi-discretization of the objective function and of the PDE
constraints. This corresponds to the discretize-then-optimize approach. Alternatively, one can also set up the
optimality conditions for the PDE-constrained optimization problem, and then semi-discretize the state PDE,
the adjoint PDE, and other equations, to arrive at a semi-discretized optimality system. This is the optimize-
then-discretize approach. For some spatial semi-discretizations, especially those used for advection dominated
problems the discretize-then-optimize and the optimize-then-discretize approaches can lead to different systems.
See, e.g., [20–22].

Instead of (2.3) and (3.1) one obtains systems of the type

M
d

dt
y(t) +Ay(t)−BR−1B̃p(t) = f(t) +BR−1d(t), t ∈ (0, T ), (5.1a)

M y(0) = M y(T ),

−M̃
d

dt
p(t) + Ãp(t) +Qy(t) = −c(t), t ∈ (0, T ), (5.1b)

M̃p(0) = M̃p(T ).

and

M
d

dt
y(t) +Ay(t)−BR−1B̃p(t) = f(t) +BR−1d(t), t ∈ (0, T ), (5.2a)

M y(0) = M y0,

−M̃
d

dt
p(t) + Ãp(t) +Qy(t) = −c(t), t ∈ (0, T ), (5.2b)

M̃p(T ) = 0.

In both cases the control is u(t) = −R−1(B̃p(t) + d(t)).
The developments in this paper extend to the case where (2.3) and (3.1) are replaced by (5.1) and (5.2). For

example, (5.1) leads to a system (2.9) with (2.9b) replaced by

Kper =C
(−1)
1,1 ⊗M + δtC

(θ)
1,1 ⊗A− δtC

(θ)
1,2 ⊗BR−1B̃

+C
(−1)
2,2 ⊗ M̃ + δtC

(θ)
2,2 ⊗ Ã+ δtC

(θ)
2,1 ⊗Q. (5.3)

Similarly, (5.2) leads to (3.6) with (3.6b) replaced by

Kinit =T
(−1)
1,1 ⊗M + δtT

(θ)
1,1 ⊗A− δtT̃

(θ)
1,2 ⊗BR−1B̃

+T
(−1)
2,2 ⊗ M̃ + δtT

(θ)
2,2 ⊗ Ã+ δtT̃

(θ)
2,1 ⊗Q. (5.4)

The preconditioner for (5.4) is

K̃per =C
(−1)
1,1 ⊗M + δtC

(θ)
1,1 ⊗A− δtC̃

(θ)
1,2 ⊗BR−1B̃

+C
(−1)
2,2 ⊗ M̃ + δtC

(θ)
2,2 ⊗ Ã+ δtC̃

(θ)
2,1 ⊗Q (5.5)
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instead of (3.20). The diagonalization approach proposed in this paper for the diagonalization of (5.3) and

(5.5) extends straightforwardly. One has to make the substitutions MT → M̃ , AT → Ã, and BT → B̃. Such an
extension is not possible with the approach of [1], because of its reliance on a special problem structure.

6. Conclusions

We have introduced a new diagonalization technique for the parallel-in-time solution of linear-quadratic
optimal control problems with time-invariant system matrices. Our proposed approach is motivated by the
diagonalization approach in [1], which is based on requirements that limit its applicability to a smaller subclass
of applications. Our diagonalization approach relaxes these requirements at the cost of being slightly more
expensive to execute each iteration. We have provided new results regarding the well-posedness of the discretized
optimality system and the well-posedness of the proposed preconditioner. In addition, we have provided some
new theoretical results regarding the spectrum of the preconditioned system with our diagonalization technique
used as a preconditioner. However, a complete, detailed analysis of the spectrum of the preconditioned system
is still missing. Finally, our numerical examples show that in terms of GMRES iterations, our diagonalization
method and corresponding preconditioner are at least as competitive as the preconditioning approach seen in
[1] on examples where the two can be directly compared, but our preconditioner can be used for a significantly
broader class of problems.

Appendix A. Diagonalization of the preconditioner

The matrix K̃per defined in (3.20) can be diagonalized in a similar way as Kper defined in (2.9b). The process
is a straightforward generalization of that described in Section 2.4. We state the main steps for completeness.

Theorem A.1. The matrix K̃per in (3.20) can be re-written as

K̃per =
(
V−1 ⊗ Iy

)(
D

(−1)
1,1 ⊗M + δtD

(θ)
1,1 ⊗A− δtD̃

(θ)
1,2 ⊗BR−1BT

+D
(−1)
2,2 ⊗MT + δtD

(θ)
2,2 ⊗AT + δtD̃

(θ)
2,1 ⊗Q

)(
V ⊗ Iy

)
, (A.1)

where V, D
(−1)
i,i , D

(θ)
i,i , i = 1, 2, are defined in (2.11), I ∈ Rny×ny is the identity matrix, and, for θ ∈ [0, 1],

D̃
(θ)
1,2 =

(
0 D̃∗

θ

0 0

)
, D̃

(θ)
2,1 =

(
0 0

D̃θ 0

)
, where D̃θ = diag(1, (1− θ) + θω, . . . , (1− θ) + θωnt−1). (A.2)

Proof. The proof is a minor modification of the proof of Theorem 2.6.

Theorem A.1 provides an efficient way to solve the optimality system

K̃per

(
Y
P

)
=

(
FY

FP

)
. (A.3)

Let ω = e−2πi/nt . The k-th diagonal entries of the matrices D−1, D
∗
−1, Dθ, D

∗
θ , D̃θ, D̃

∗
θ ∈ Cnt×nt , θ ∈ [0, 1], are

given by (again, z denotes the complex conjugate of the complex scalar z)

d−1,k = 1− ωk−1, d−1,k, dθ,k = θ + (1− θ)ωk−1, dθ,k, d̃θ,k = (1− θ) + θωk−1, d̃θ,k, (A.4)

k = 1, . . . , nt, respectively. See Theorem 2.4. Because of the structure of the matrices D
(−1)
i,i , D

(θ)
i,i , D̃

(θ)
i,j , i, j =

1, 2, defined in (2.11) and (A.2), the matrix in the middle of the right hand side in (A.1) is block diagonal (after
re-ordering).
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The identity in (A.1) implies that the system (A.3) can be solved in three steps:

1. Solve

(V−1 ⊗ Iy)

(
Xy

Xp

)
=

(
FY

FP

)
.

2. Let

(
Xy,k

Xp,k

)
∈ C2ny×2ny , k = 1, . . . , nt,

denote the blocks corresponding to time step k. Solve

(
d−1,kM + δtdθ,kA −δtd̃θ,kBR−1BT

δtd̃θ,kQ d−1,kM
T + δtdθ,kA

T

)(
Zy,k

Zp,k

)
=

(
Xy,k

Xp,k

)
, k = 1, . . . , nt. (A.5)

3. Solve

(V ⊗ Iy)

(
Y
P

)
=

(
Zy

Zp

)
.

Again, all three of these steps are parallelizable as described in Section 2.4. For problems of moderate size, the
systems (A.5) can be solved using sparse direct solvers. This is what we do in all examples in Section 4. For
larger problems these systems have to be solved iteratively. As discussed in Section 2.4, the 2-norm residual of
(A.5) and the condition numbers of the matrices in (A.5) determine the solution error in the iterative solution

of (A.3). If the systems (A.5) are solved iteratively, the application of the preconditioner K̃−1
per is inexact. If used

in connection with Krylov subspace methods such as GMRES, the theory of inexact Krylov subspace methods
can be applied. See, e.g., [23, 24].

If the systems (A.5) have to be solved iteratively, their represenations as equivalent Hermitian systems is

useful. If d̃θ,k ̸= 0, the systems (A.5) in Step 2 can be rearranged as Hermitian systems

(
δtQ d̃

−1

θ,k

(
d−1,kM

T + δtdθ,kA
T
)

d̃−1
θ,k

(
d−1,kM + δtdθ,kA

)
−δtBR−1BT

)(
d̃θ,kZy,k

d̃θ,kZp,k

)
=

(
Xp,k

Xy,k

)
, k = 1, . . . , nt. (A.6)

Defining Zu,k = −R−1BT (d̃θ,kZp,k) allows one to write the block 2× 2 Hermitian systems (A.6) as block 3× 3
Hermitian systems




δtQ 0 d̃
−1

θ,k

(
d−1,kM

T + δtdθ,kA
T
)

0 δtR δtBT

d̃−1
θ,k

(
d−1,kM + δtdθ,kA

)
δtB 0






d̃θ,kZy,k

Zu,k

d̃θ,kZp,k


 =



Xp,k

0
Xy,k


 , (A.7)

k = 1, . . . , nt. Note that if θ = 1/2 and nt is even, the eigenvalue d̃θ,k = dθ,k with index k = 1 + nt/2 of Cθ

shown in (2.15) is zero. Therefore, we need to require that the number of time steps nt is odd if θ = 1/2 to
arrange the systems (A.5) in Step 2 as (A.6) or as (A.7). See also Remark 2.7. However, no restriction on the
number of time steps if θ = 1/2 is needed to solve the systems (A.5) in Step 2. Analogously to Theorem 2.8 we
have the following result.



30 M. HEINKENSCHLOSS AND N.J. KROEGER

Theorem A.2. Assume (1.1) holds and that the eigenvalues of M−1A ∈ Rny×ny have strictly positive real
parts. If θ ∈ [1/2, 1] or if θ ∈ [0, 1/2) and δt < 2Re(λ)/((1 − 2θ)|λ|2) for all eigenvalues λ of M−1A, then the
systems (A.5) in Step 2 are invertible.

Proof. From the definition (A.4) it follows that d−1,k = 0 if and only if k = 1, and for k = 1, dθ,k = d̃θ,k = 1.

Thus d−1,k and d̃θ,k cannot both be zero.

If d̃θ,k = 0, the system matrix in (A.5) is

(
d−1,kM + δtdθ,kA 0

0 d−1,kM
T + δtdθ,kA

T

)

with d−1,k ̸= 0. If dθ,k = 0, then invertibility of M implies invertibility of the previous block 2 × 2 matrix.
If dθ,k ̸= 0, then we have shown in the proof of Theorem 2.8 that d−1,kM + δtdθ,kA is invertible. Hence the
previous block 2× 2 matrix is invertible.

If d̃θ,k ̸= 0, the system matrix in (A.5) is invertible if and only if the block 3× 3 Hermitian matrix in (A.7) is
invertible. The block 3× 3 Hermitian matrix in (A.7) is invertible if and only if d−1,kM + δtdθ,kA is invertible,
an the invertibility of d−1,kM + δtdθ,kA was shown in the proof of Theorem 2.8.

Appendix B. Spectrum of the preconditioned matrix

This appendix contains additional results about the spectrum of the preconditioned matrix.
Consider the eigenvalue problem

(
I− K̃−1

perKinit

)
v = λv, or its equivalent form

λ K̃perv =
(
K̃per −Kinit

)
v. (B.1)

Note that

K̃per −Kinit =
(
C

(−1)
1,1 −T

(−1)
1,1

)
⊗M + δt

(
C

(θ)
1,1 −T

(θ)
1,1

)
⊗A− δt

(
C̃

(θ)
1,2 − T̃

(θ)
1,2

)
⊗BR−1BT

+
(
C

(−1)
2,2 −T

(−1)
2,2

)
⊗MT + δt

(
C

(θ)
2,2 −T

(θ)
2,2

)
⊗AT + δt

(
C̃

(θ)
2,1 − T̃

(θ)
2,1

)
⊗Q. (B.2)

Let

v =

(
Y
P

)
,

where Y and P are given by (3.4c), but are generally complex valued. Using the definitions (3.20), (2.8), (3.19),
and (3.5), as well as the identity (B.2), the detailed version of equation (B.1) is

λ
(
M(y1 − ynt

) + δtA(θy1 + (1− θ)ynt
)− δtBR−1BT ((1− θ)p0 + θp1)

)
= −Mynt

+ δt(1− θ)Aynt
,

λ
(
M(yk − yk−1) + δtA(θyk + (1− θ)yk−1)− δtBR−1BT ((1− θ)pk−1 + θpk)

)
= 0, k = 2, . . . , nt − 1,

λ
(
M(ynt

− ynt−1) + δtA(θynt
+ (1− θ)ynt−1)− δtBR−1BT ((1− θ)pnt−1 + θp0)

)
= −δtθ BR−1BT p0,

λ
(
MT (p0 − p1) + δtAT (θp0 + (1− θ)p1) + δtQ((1− θ)y1 + θynt

)
)
= θδtQynt

,

λ
(
MT (pk−1 − pk) + δtAT (θpk−1 + (1− θ)pk) + δtQ((1− θ)yk + θyk−1)

)
= 0, k = 2, . . . , nt − 1,

λ
(
MT (pnt−1 − p0) + δtAT (θpnt−1 + (1− θ)p0) + δtQ((1− θ)ynt

+ θynt−1)
)
= −MT p0 + δt(1− θ)AT p0.

(B.3)
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If λ = 0, the system (B.3) collapses to

(
−M + δt(1− θ)A

)
ynt

= θδtQynt
= 0 and

(
−M + δt(1− θ)A

)T
p0 = δtθ BR−1BT p0 = 0.

Thus, the eigenspace corresponding to λ = 0 contains the vectors with ynt
= p0 = 0 and y1, . . . , ynt−1,

p1, . . . , pnt−1 arbitrary, which implies that λ = 0 is an eigenvalue of the 2ntny × 2ntny matrix I − K̃−1
perKinit

with multiplicity at least 2(nt − 1)ny. This is another proof of Theorem 3.5

If we consider eigenvalues λ ̸= 0 of I− K̃−1
perKinit, then the system (B.3) can be written in a compact form.

If λ ̸= 0, we define

y0 = (1− λ−1)ynt , pnt = (1− λ−1)p0, (B.4a)

and write the system (B.3) as

M(yk − yk−1) + δtA(θyk + (1− θ)yk−1)− δtBR−1BT ((1− θ)pk−1 + θpk) = 0, k = 1, . . . , nt, (B.4b)

MT (pk−1 − pk) + δtAT (θpk−1 + (1− θ)pk) + δtQ((1− θ)yk + θyk−1) = 0, k = 1, . . . , nt. (B.4c)

Bounding the non-zero eigenvalues λ ̸= 0 of I− K̃−1
perKinit via the analysis of (B.4) has not yet been successful.

However, we can shed some light this problem by considering (B.4) for large nt (small δt).

The system (B.4), which characterizes the nonzero eigenvalues of I − K̃−1
perKinit can be interpreted as a

discretization of the system

M
d

dt
y(t) +Ay(t)−BR−1BT p(t) = 0, t ∈ (0, T ), (B.5a)

M y(0) = (1− λ−1)M y(T ), (B.5b)

−MT d

dt
p(t) +AT p(t) +Qy(t) = 0, t ∈ (0, T ), (B.5c)

MT p(T ) = (1− λ−1)MT p(0). (B.5d)

We want to find λ ∈ C \ {0} and functions (y, p) ∈ H1(0, T ;Cny )×H1(0, T ;Cny ) with (y(0), p(T )) ̸= (0, 0), such

that (B.5) holds. We expect that for large nt (small δt) the nonzero eigenvalues of I− K̃−1
perKinit approximate

the λ’s obtained by finding λ ̸= 0 and functions (y, p) ∈ H1(0, T ;Cny )×H1(0, T ;Cny ) with (y(0), p(T )) ̸= (0, 0),
such that (B.5) holds.

We will write the problem (B.5) as a matrix eigenvalue problem. This matrix eigenvalue problem will be
stated in (B.10), (B.11) below, and is based on the mapping of (y0, pT ) ∈ Cny × Cny to the solution y, p of

M
d

dt
y(t) +Ay(t)−BR−1BT p(t) = 0, t ∈ (0, T ), (B.6a)

M y(0) = M y0, (B.6b)

−MT d

dt
p(t) +AT p(t) +Qy(t) = 0, t ∈ (0, T ), (B.6c)

MT p(T ) = MT pT . (B.6d)

Theorem B.1. If (1.1) holds, then for every (y0, pT ) ∈ Cny × Cny there exists a unique solution (y, p) ∈
H1(0, T ;Cny )×H1(0, T ;Cny ) of (B.6).



32 M. HEINKENSCHLOSS AND N.J. KROEGER

Proof. Introduce the function u via

Ru(t) = −BT p(t). (B.7)

The solutions of (B.6a,b) and (B.6c,d) are

y(t) = exp(−M−1A t)y0 −
∫ t

0

exp(−M−1A(t− τ)) M−1B u(τ)dτ, (B.8a)

p(t) = exp(−M−TAT (T − t))pT −
∫ T

t

exp(−M−TAT (s− t)) M−TQy(s)ds. (B.8b)

Inserting (B.8b) and (B.8a) into (B.7) gives

Ru(t) =−BT exp(−M−TAT (T − t))pT +

∫ T

t

BT exp(−M−TAT (s− t)) M−TQ exp(−M−1As)y0ds

−
∫ T

t

BT exp(−M−TAT (s− t)) M−TQ

∫ s

0

exp(−M−1A(s− τ)) M−1B u(τ)dτds

=−BT exp(−M−TAT (T − t))pT +

∫ T

t

BT exp(−M−TAT (s− t)) M−TQ exp(−M−1As)y0ds

−
∫ T

t

BTM−T exp(−ATM−T (s− t)) Q

∫ s

0

exp(−M−1A(s− τ)) M−1B u(τ)dτds.

Thus, given (y0, pT ) ∈ Cny × Cny , the functions (y, p) ∈ H1(0, T ;Cny ) ×H1(0, T ;Cny ) defined by (B.8) solve
(B.6) if and only if u ∈ L2(0, T ;Cnu) solves

Ru(t) + (Hu)(t) = g(t) for almost all t ∈ [0, T ], (B.9)

where H is the bounded linear operator from L2(0, T ;Cnu) to L2(0, T ;Cnu) defined by

u 7→ Hu :=

∫ T

•

∫ s

0

BTM−T exp(−ATM−T (s− •)) Q exp(−M−1A(s− τ)) M−1B u(τ)dτds

and g ∈ L2(0, T ;Cnu) is defined by

g(t) = −BT exp(−M−TAT (T − t))pT +

∫ T

t

BT exp(−M−TAT (s− t)) M−TQ exp(−M−1As)y0ds.

Because
∫ T

0

∫ T

t
....dsdt =

∫ T

0

∫ s

0
....dtds and Q is symmetric positive definite, the operator H satisfies

∫ T

0

u(t)∗(Hu)(t)dt

=

∫ T

0

∫ T

t

u(t)∗BTM−T exp(−ATM−T (s− t)) Q

∫ s

0

exp(−M−1A(s− τ)) M−1B u(τ)dτdsdt

=

∫ T

0

∫ s

0

u(t)∗BTM−T exp(−ATM−T (s− t))dt Q

∫ s

0

exp(−M−1A(s− τ)) M−1B u(τ)dτds ≥ 0.
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Since R is symmetric positive definite,

∫ T

0

u(t)∗
(
Ru(t) + (Hu)(t)

)
dt ≥ λmin(R)

∫ T

0

u(t)∗u(t)dt,

where λmin(R) > 0 is the smallest eigenvalue of R. This implies that (B.9) has a unique solution u ∈
L2(0, T ;Cnu) for every g ∈ L2(0, T ;Cnu).

Corollary B.2. Let (1.1) hold. If λ ∈ C \ {0} and (y, p) ∈ H1(0, T ;Cny ) ×H1(0, T ;Cny ) with (y(0), p(T )) ̸=
(0, 0) satisfy (B.5), then λ ̸= 1.

Proof. If λ = 1, the problem (B.5) is equivalent to (B.6) with y0 = 0 and pT = 0. The unique solution of (B.6)
with y0 = pT = 0 is y = p = 0, which does not satisfy (y(0), p(T )) ̸= (0, 0).

The mapping (y0, pT ) 7→ (y, p) that maps initial/final conditions into the solution of (B.6) is linear. Given
this mapping we can define the matrix S ∈ C2ny×2ny via

Cny × Cny ∋ (y0, pT ) 7→ S(y0, pT ) = (y(T ), p(0)) ∈ Cny × Cny . (B.10)

The problem (B.5) can now be written as the following matrix eigenvalue problem: Find λ ∈ C \ {0} and
(y0, pT ) ∈ Cny × Cny , (y0, pT ) ̸= (0, 0), such that

(1− λ−1) S(y0, pT ) = (y0, pT ). (B.11)

Recall from Corollary B.2 that λ ̸= 1 and we can equivalently state the problem (B.11) as follows: If µ ̸= 0 is
an eigenvalue of S, with eigenvector (y0, pT ) ∈ Cny × Cny ,

S(y0, pT ) = µ (y0, pT ), (B.12)

then µ = (1− λ−1)−1 implies that

λ = (1− µ−1)−1 (B.13)

and (y, p) ∈ H1(0, T ;Cny ) × H1(0, T ;Cny ) satisfy (B.5), where the functions y, p are the solutions of (B.6).

Moreover, we expect that for large nt (small δt) the nonzero eigenvalues of I − K̃−1
perKinit approximate the

eigenvalues (B.13), and the eigenvalues not equal to one of K̃−1
perKinit approximate

1− (1− µ−1)−1 =
1

1− µ
. (B.14)

We observe this in our numerical examples. However, bounds in the eigenvalues µ of S and resulting bounds on
(B.14), as well as the detailed connection between the non-zero eigenvalues λ ̸= 0 of I − K̃−1

perKinit which are
characterized by (B.4) and (B.11) are missing.
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