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A NEW DIAGONALIZATION BASED METHOD
FOR PARALLEL-IN-TIME SOLUTION OF LINEAR-QUADRATIC
OPTIMAL CONTROL PROBLEMS

MATTHIAS HEINKENSCHLOSS"*® AND NATHANIEL J. KROEGER?

Abstract. A new diagonalization technique for the parallel-in-time solution of linear-quadratic opti-
mal control problems with time-invariant system matrices is introduced. The target problems are often
derived from a semi-discretization of a Partial Differential Equation (PDE)-constrained optimization
problem. The solution of large-scale time dependent optimal control problems is computationally chal-
lenging as the states, controls, and adjoints are coupled to each other throughout the whole time
domain. This computational difficulty motivates the use of parallel-in-time methods. For time-periodic
problems our diagonalization efficiently transforms the discretized optimality system into n; (=num-
ber of time steps) decoupled complex valued 2n, X 2n, systems, where n, is the dimension of the
state space. These systems resemble optimality systems corresponding to a steady-state version of the
optimal control problem and they can be solved in parallel across the time steps, but are complex
valued. For optimal control problems with initial value state equations a direct solution via diagonal-
ization is not possible, but an efficient preconditioner can be constructed from the corresponding time
periodic optimal control problem. The preconditioner can be efficiently applied parallel-in-time using
the diagonalization technique. The observed number of preconditioned GMRES iterations is small and
insensitive to the size of the problem discretization.
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1. INTRODUCTION

This paper introduces a new diagonalization technique for the parallel-in-time solution of linear-quadratic
optimal control problems with time-invariant system matrices of the following type. Given

a symmetric positive semidefinite Q € R™*™ = a symmetric positive definite R € R« *"u
an invertible M € R™"v*"™v A € R"*"™ B € R™ X" ¢y € R"v, (1.1)
c€ L*(0,T;R"),d € L?(0,T;R"™), and f € L?(0,T;R™),
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we want to solve

min /O %y(t)TQ y(t) +c(t)Ty(t) + %u(t)TR u(t) + d(t)Tu(t) dt, (1.2a)
s.t. M%y(t) +Ayt) + Bu(t) = f(¢), te(0,T), (1.2b)
M y(0) = M yo, (1.2¢)

or (1.2) with (1.2c) replaced by the time periodic condition
M y(0) = M y(T). (1.2d)

We are interested in large-scale versions of (1.2), which are often derived from a semi-discretization of a Partial
Differential Equation (PDE)-constrained optimization problem. The solution of such problems is computation-
ally challenging as the states, controls, and adjoints are coupled to each other throughout the whole time domain.
This computational difficulty motivates the use of parallel-in-time methods. For time periodic problems, our
diagonalization efficiently transforms the discretized optimality system into n; (=number of time steps) decou-
pled complex valued 2n, x 2n, systems, where n, is the dimension of the state space. These systems resemble
optimality systems corresponding to a steady-state version of the optimal control problem and they can be
solved in parallel across the time steps. For optimal control problems with initial value state equations, a direct
solution wia diagonalization is not possible, but an efficient preconditioner can be constructed from the corre-
sponding time periodic optimal control problem. The preconditioner can be efficiently applied parallel-in-time
using the diagonalization technique. The observed number of preconditioned GMRES iterations is small and
insensitive to the size of the problem discretization.

Our proposed approach is motivated by the diagonalization approach in [1], which requires A = AT, sym-
metric positive definite Q = M = MT, B=+M, and R = M, o > 0. These requirements limit applicability
of the diagonalization approach in [1] to PDE-constrained optimization problems with distributed control, full
observation of the state, and PDEs that lead to symmetric A. In contrast, our approach is applicable to general
linear-quadratic optimal control problems with time-invariant system matrices, and arguably simpler.

Like [1] we consider a time discretization of the optimality system using the #-scheme, which includes the
backward Euler method and the trapezoidal method as special cases. Because the optimal control problem is
time-invariant and constant time steps are used, the optimality system can be written as a sum of Kronecker
products of matrices related to the time-stepping and of coefficient matrices in the optimal control problem.
If the optimal control problem is time periodic, then the matrices related to the time-stepping can be simul-
taneously diagonalized, which, using Kronecker product properties, directly leads to a block diagonalization of
the discretized optimality system. This block diagonalization can be efficiently computed and used to solve the
optimality system in parallel. The main computational step is the parallel solution of n; (=number of time steps)
complex valued 2n, x 2n, systems, where n, is the dimension of the state space. These systems are related to
optimality systems corresponding to a steady-state version of the optimal control problem. These systems are
a bit more expensive to solve than the 2n; complex valued n, X n, systems that arise in the diagonalization
of [1], and this extra expense is the price for the generality of our proposed scheme. For problems where both
diagonalizations can be applied, the diagonalization of [1] requires a parametric scaling which is not needed
in our approach. If the optimal control problem is not time periodic a direct diagonalization is not possible,
but a diagonalization of a related time periodic problem can be used to derive an efficient parallel-in-time
preconditioner.

The main contribution of this paper is a new diagonalization technique that is applicable to discretized
optimality systems that arise from (1.2), without additional limitations on B, @, and R. In addition, we also
provide a number of theoretical results on the well-posedness of discretized optimality systems and systems
related to the preconditioner.
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A diagonalization approach related to [1], but for optimal control problems governed by the wave equation is
studied in [2]. Like [1, 2] assumes a specific least squares objective, a specific spatial differential operator, and
distributed control. Extension of our approach to the case of the wave equation but without the assumptions
on the least squares objective, spatial differential operator, and control seems possible, but is beyond the scope
of this paper.

While parallel-in-time diagonalization methods for optimal control are new and limited, these diagonalization
approaches applied to time-dependent PDEs have a longer history. See, e.g., [3-5]. Parallel-in-time diagonal-
ization methods do not view the time stepping method as a series of time steps, but rather as an aggregated
space-time system. If the PDE has time invariant coefficients and if a constant step size is used, this discretized
PDE system can be written as a Kronecker product in which one of the factors is a matrix related to the time
stepping. If this matrix can be diagonalized, Kronecker product properties can be used to block diagonalize the
space-time system, which gives rise to a parallel-in-time direct algorithm to solve such discretized PDEs [3].
Specifically, if the PDE has time invariant coefficients, is periodic-in-time, and if a constant step size is used,
this discretized PDE system can be written as a Kronecker product in which one of the factors is a circulant
matrix. This circulant matrix can be efficiently diagonalized using the Fast Fourier Transform (FFT) as the
change of basis matrix. By using this view, the matrix system corresponding to a periodic-in-time PDE can be
block diagonalized, which gives rise to a direct algorithm to solve such periodic-in-time problems. For initial
value problems, the periodic solution technique can be used as a preconditioner. For initial value problems the
matrix arising from the time discretization is Toeplitz, not circulant, and therefore block diagonalization is not
possible. However, by replacing the Toeplitz matrix with a suitable circulant matrix, one can derive a precon-
ditioner that can be efficiently applied parallel-in-time using block diagonalization. Using circulant matrices as
preconditioners for Toeplitz matrices is discussed, e.g., [6] and [7], but the theory cannot be applied when they
arise in the Kronecker product arising in the context of initial value problems. Instead, it can be argued that
preconditioners based on Kronecker product structure and circulant matrices lead to preconditioned matrices
that are (relatively) low rank perturbations of the identity. See, e.g., [4], Thm. 1 and Section 3.3. The resulting
preconditioners perform well in practice. In the general nonsymmetric case, however, the spectrum of the matrix
may reveal little about the performance of iterative methods, see, e.g., [8]. Therefore, for classes of initial value
problems, [4] introduced a “flip” operator to turn the problem into a symmetric one, which allowed eigenvalue
analysis to give theoretical backing to the time-periodic method’s use as a preconditioner. A software package
containing some of these diagonalization-based methods can be found in [5]. Variations of diagonalization ideas
used to solve PDEs or incorporations of diagonalization methods into other solvers are presented, e.g., in [9] and
[10]. The afore mentioned papers [1, 2] and this paper extend these parallel-in-time diagonalization methods
from the PDE to the optimal control context. The paper [11] also uses the Kronecker product view of the dis-
cretized optimality system but develops low-rank in time techniques for the iterative solution of this optimality
system, which are not parallel-in-time.

This paper is organized as follows. In the next Section 2, we study the optimal control problem (1.2a,b,d)
with periodic-in-time conditions, and we introduce our diagonalization for the #-scheme discretization of the
optimality system of the optimal control problem (1.2a,b,d) with periodic-in-time conditions. Invertibility of
the matrix arising from the discretization of the optimality conditions is established by analyzing the diag-
onal blocks arising in our diagonalization of the optimality system matrix. We also review the approach of
[1] to show where their additional assumptions enter. In Section 3, we study the optimal control problem
(1.2a-c) with initial conditions. The well-known optimality conditions are reviewed in Section 3.1. The Kro-
necker product form of the discretized optimality system is derived in Section 3.2. Section 3.3 derives our
preconditioner, provides basic estimates of the spectrum of the preconditioned system, and compares our pre-
conditioner with that proposed in [1]. The numerical performance of our preconditioner is illustrated in Section 4.
Appendices A and B contain additional information about the computational application of the proposed pre-
conditioner and additional observations on the spectrum of the preconditioned discretized optimality system,
respectively.
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2. PERIODIC PROBLEM

We first consider the optimal control problem (1.2a,b,d) with periodic in time conditions. We begin by
reviewing existence of solutions and optimality conditions. Then we introduce the #-scheme for the discretization
of the optimality conditions, and we write the discretized optimality system in Kronecker product form. The
main result of this section is the diagonalization of the discretized optimality system, presented in Sections 2.3
and 2.4. This optimality system diagonalization is based on the diagonalization of circulant matrices and the
structure of the Kronecker product form.

2.1. Problem specification and optimality system

To ensure that the state equation (1.2b,d) has a unique solution for every control u, right hand side f, and
time T > 0, we require that the eigenvalues of M ~1A € R™*™ have strictly positive real parts.

Lemma 2.1. If (1.1) holds and the eigenvalues of M~*A € R™v*™ have strictly positive real parts, then for
every u € L2(0,T;R"™), f € L%(0,T;R™), and T > 0, the state equation (1.2b,d) has a unique solution.

Proof. Given u € L?(0,T;R"™) the solution of the state equation (1.2b) is

y(t) = exp(— M—LA£)y(0) + /O exp(— M~ At — 7)) (M~ f(r) — M~ Bu(r))dr. (2.1)

The periodicity condition (1.2d) reads

T
y(0) = exp(—M T AT)y(0) + /0 exp(—M At — 7)) (M~ f(r) — M~ Bu(r))dr.

Since the eigenvalues of M~1A € R™ " have strictly positive real parts, I —exp(—M 1 AT) is invertible for
any 7' > 0. Hence

y(0) = (I—exp(—M_lAT))_l/o exp(~M Y A(t — 7)) (M1 f(7) = M~ Bu(r))dr.

Standard arguments can now be applied to prove the following existence and uniqueness result.

Theorem 2.2. If (1.1) holds and the eigenvalues of M~ A € R™*" hauve strictly positive real parts, then the
optimal control problem (1.2a,b,d) has a unique solution. Moreover, y € H'(0,T;R™), u € L*(0,T;R"™) solve
(1.2a,b,d) if and only if there exists p € H*(0,T;R™) such that

u=-R" (BTp+d), (2.2)
and
M S y(t) + Ay(t) ~ BRBTp(0) = (1) + BRd(1), te(0,7), (2.3a)
My(0) = M y(T),
_MTjt (t) + ATp(t) + Qy(t) = —c(t), t € (0,7), (2.3b)
MT;D(O):M p(T).

Proof. The result can be proven by adapting the results in, e.g., [12, 13], Section I1.1.3, [14], Section 1.5, [15,
16). O
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2.2. Discretized optimality system

We discretize the system (2.3) of necessary and sufficient optimality conditions using the #-time stepping
scheme, 0 € [0, 1], with n; equispaced steps with time step size 6t = T'/n;. For § = 1 the scheme is the backward
Euler method and for 8 = 1/2 the scheme is the trapezoidal method. Let yg,pr, kK = 1,...n;, denote the
approximations of y,p at time step t = k&t, where M yy = M y,,, MTpy = MTp,, due to the periodicity
condition, and let ¢, = ¢(ty),dr = d(tr), fr = f(tx). The time-discretized version of (2.3) is

M(y1 — yn,) + 6tAOy1 + (1 — 0)yn,) — StBR BT (Op1 + (1 — 0)py,) (2.4a)
=8t(f1 + BR™'dy) + 6t(1 — 0)(fo + BR™'dy),
M(yx — yr_1) + 6tA(Oyp + (1 — O)yr_1) — St BRI BT (0py, + (1 — 0)pr_1) (2.4b)
= 6t0(fr, + BR 'dy) + 0t(1 — 0)(fr_1 + BR 'di_1), k=2,... n,
M (py, — pry1) + StAT (Opr + (1 — 0)prr1)+6tQ(Oyx + (1 — 0)yps1) (2.4c)
= —0t(fcr + (1 — O)ckt1), k=1,...,n;— 1,
M7 (pn, —p1) + 0tAT (Op,, + (1 — 0)p1)+6tQ(0yn, + (1 — 0)y1) (2.4d)

= —0t(0cpn, + (1 — 0)cn,11)-
The controls uy can be recovered by using (2.2) at a discrete level:
up, = —R (BTpy + dy,) k=1,...,n. (2.5)

Next, we put the modified optimality conditions (2.4) into matrix form. The time discretization for periodic-
in-time problems leads to particular circulant matrices. Define the n; X n; matrices

1 -1 0 1-0
Ca= . , Cop= . _ , 0elo,1]. (2.6)
-1 1 1-0 0

Using the matrices (2.6), the optimality system (2.4) can be expressed in Kronecker product form

(C_1®M +Cp26tA)Y — (Co @ 5t BR™'BT)P = Fy, (2.7a)
(Cf @atQ)Y + (CT, @ MT + C © 6tA™) P = Fp, (2.7Db)
where
Y1 p1
Y=1|:[. P=| 1, (2.7¢)
Yn, P,
5t9(f1 + BRildl) + 5t(1 - 9)(f0 + BRildo) 7515(961 + (1 — 0)02)
Fy = : , Fp= . (27d)

§t0(fn, + BR™1d,,) + 6t(1 — 0)(fn,—1 + BR™'d,, 1) —0t(fcn, + (1 — 0)cn,41)
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In addition, define the 2n; x 2n; block matrices

- C1 0 1y _ (0 0 nex 2
ci" :( 0 0), cly) = (0 CTl> € R2x2ne (2.8a)

and, for 6 € [0,1],

0 Cy 0 0 0 C 0 0 O 0 0 0
Cg,i = ( 00 0) ’ Cg,% = <0 00> ’ Cg,% = <C‘9T 0) ’ Cé,% = <0 Cél") € RQKX2K' (28b)

With these matrices the discretized optimality conditions (2.7) can be re-written in Kronecker product

form as
Y\ [(Fy
Ko ( P) - ( FP) , (2.90)

where

—1 6 6 _
Ky =CV @ M +6tC) © A - 51C’) © BR-' BT
+C5,") © MT 4+ 610y © AT+ 51CH) © Q. (2.9b)

The system (2.4) and its equivalent form (2.9) are a discretization of the continuous-in-time optimality
system (2.3). Under the assumptions of Theorem 2.2, the continuous-in-time optimality system (2.3) has a
unique solution. However, we still have to prove that (2.4) and (2.9) are also well-posed.

Theorem 2.3. Assume (1.1) holds and that the eigenvalues of M—1A € R™v*"™ have strictly positive real parts.
If 6 € [1/2,1] or if 6 € [0,1/2) and 6t < 2Re(N)/((1 — 20)|\|?) for all eigenvalues X of M~ A, then Kpe, in
(2.9b) is invertible.

Proof. We will prove this result using the diagonalization of Ky, which will be introduced in the next
Section 2.3. Diagonalization of K. and invertibility of the diagonal blocks, which will be established in
Theorem 2.8, immediately imply this result. O

2.3. Diagonalization of the optimality system

Next, we discuss the block diagonalization of the K, in (2.9b). This diagonalization is possible because the
matrices (2.8) are simultaneously diagonalizable. The key result is the diagonalization of the circulant matrix.
This result can be found, e.g., in [17], Thm. 4.8.2, and is stated in the following theorem.

Theorem 2.4. Let v € C, w=e 27/ N\ =1+~yb" 1 k=1,...,n, and

1 ]_ w wnt*l

Ve | : : ’

1 wnt—l w(nt—1)2

V= Dyper(y) = diag(My, ..., Ap,) € CPeX7e, (2.10)
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The circulant matrix

1 v

’-Y 1 ngXn
Cper(7) = —_— e Cmrm

v 1

and its conjugate transpose can be diagonalized as follows

Cper('}’) = Vﬁleer('V)Va Cper(’Y)* = Vﬁleer(”Y)*Vv

where Dper(7)* denotes the complex conjugate of Dper(7y).

The previous result and the block structure of the matrices (2.8) imply the following result regarding the
simultaneous diagonalization of the matrices in (2.8).

Corollary 2.5. The matrices (2.8) can be simultaneously diagonalized as follows

c;V=vip;Vv, ¢ =v DV, ij=1.2

where

\% —1 D_; 0 1 0 0
V:( V), D§,1>:< o o)’ Dg,2>:<o D*_l)’ (2.11a)

0w _(De O @ _ (0 Dg @ (0 O @ (0 O
Dl,l - ( 0 0> ’ D172 - <O 0 ’ D271 - D; 0/’ D272 - 0 D; 5 0 e [0, 1], (211b)

and where D_1 = diag(0,1 —w,...,1 —w™ 1), Dy = diag(1,0 + (1 — O)w,...,0 + (1 — O)w™ 1) for 6 € [0,1],
and w = e~ 2mi/nt,

Proof. This result follows immediately from Theorem 2.4, the block diagonal structure of V and the block
structures of the matrices (2.8). O

Next we use Corollary 2.5 to compute the block diagonalization of Kpe, in (2.9b).
Theorem 2.6. The matriz Kpe, in (2.9b) can be re-written as
Kper = (V' &1, (ngl” @M +5D") ® A- D) © BR™'B"

+D5Y @ MT +6DY) @ AT + 5DY) @ Q) (Val,), (2.12)

0 € [0,1], where V, D(fl), D% i,j = 1,2, are defined in (2.11) and I, € R™*™ is the identity matriz.

1,0 %57

Proof. The identity (2.12) can be verified through direct calculation. The Kronecker product identity
(A® B)(C ® D) = (AC) ® (BD), (2.13)
implies that for arbitrary (appropriately sized) matrices My € R?"*2% and My, I, € R™v*"v,
(V1@ L)M;® M) (VeI)=(V'MV)® M. (2.14)

Applying (2.14) to every term on the right hand side of (2.12) and using Corollary 2.5 recovers K, in (2.9b). O
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2.4. Diagonalization algorithm for solving periodic OCP

Theorem 2.6 provides an efficient way to solve the optimality system (2.9b). Let w = e~ 27/ Recall from
Corollary 2.5 that k-th diagonal entries of D_q, D*,, Dy, D} € C™>*™ 6 € [0,1], are given by (Z denotes the
complex conjugate of the complex scalar z)

dap=1-wF1 dyg, dor=0+1—-0)"t dop, k=1,...,0, (2.15)

respectively. Because of the structure of the matrices Dg_il), DE:QJ.)7 i,7 = 1,2, defined in (2.11), the matrix in

the middle of the right hand side in (2.12) is block diagonal (after re-ordering).
The identity in (2.12) implies that the system (2.9b) can be solved in three steps:

1. Solve

v (5)-(3)
2. Let

X n n
(Xy’k> 6((:2 yx2 v, k:1,...,nt,

p,k

denote the blocks corresponding to time step k. Solve

dtdg Q) d_1,kMT + 5td97kAT Zy Xpx)’ y ey Mg .

3. Solve

von (D)~ (2)

All three of these steps are parallelizable. In step 1, due to the Kronecker product and the structure of the block
matrix V in (2.11), the matrix V has to be applied to n, blocks of length n; of F}, and to n, blocks of length
n: of F},. These applications can be performed in parallel across the 2n, blocks. Because of the structure of the
matrix V the Fast Fourier Transform (FFT) can be used to apply V. Similarly, in step 3 the matrix V! has
to be applied to n, blocks of length n; of Z, and to n, blocks of length n, of Z,. These applications can be
performed in parallel across the number 2n, of blocks and the Inverse Fast Fourier Transform (IFFT) can be
used to apply V1. Step 2 can be performed in parallel across the n; time steps.

For problems of moderate size, the systems (2.16) can be solved using sparse direct solvers. For larger problems
they have to be solved iteratively. In that case, since the matrix V' in (2.10) is unitary, the 2-norm residuals of
the systems (2.16) and the condition numbers of the matrices in (2.16) determine the solution error. For the
iterative solution of (2.16), the following reformulations are useful.

If dg i, # 0, the systems (2.16) in Step 2 can be rearranged as Hermitian systems

ot dy L (d_y 1 . MT + 6tdg 1, AT)\ (d
. Q e,k( 1,k + Te,k ) (da,ka,k> _ (Xp,k> Ck=1.....m. (2.17)
dg 1, (d—1,xM + tdg 1 A) —0tBR™'B do 1k Zp. 1 Xy.k
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Defining Z,, , = —R™'BT(dy 1 Z, x) allows one to write the block 2 x 2 Hermitian systems (2.17) as block 3 x 3
Hermitian systems

5tQ 0 dyp(da M +6tdok AT)\ (dpxZyi X,
0 StR 5tBT Zur =1 0 |, k=1,...,n,
gy (d_1 M + 5tdy ,A) 6B 0 do kZp k Xk
(2.18)

which are complex, but share some of the properties of real saddle point (KKT) systems. Thus for larger systems,
iterative methods and preconditioners for real saddle point (KKT) systems [18, 19] could be extended to this
complex case.

Remark 2.7. Note that if ¢ = 1/2 and n, is even, the eigenvalue dg j, with index k =1+ n,/2 of Cy shown in
(2.15) is zero. Therefore, we need to require that the number of time steps n; is odd if 8§ = 1/2 to arrange the
systems (2.16) in Step 2 as (2.17) or as (2.18). However, if (1.1) holds and the eigenvalues of M~1A € R™*"v
have strictly positive real parts, the systems (2.16) in Step 2 are invertible, i.e., our diagonalization is applicable
even if § = 1/2 and n; is even.

Theorem 2.8. Assume (1.1) holds and that the eigenvalues of M—1A € R™v*™ have strictly positive real parts.
If0 € [1/2,1] orif 0 € [0,1/2) and 5t < 2Re(\)/((1 — 20)|\|?) for all eigenvalues A of M~1A, then the systems
(2.16) in Step 2 are invertible.

Proof. From the definition (2.15) it follows that d_; ; = 0 if and only if k¥ = 1, and for k = 1, dg , = 1. Thus
d_1,; and dg j cannot both be zero.
If dg , = 0, the system matrix in (2.16) is

d_y , M 0
0  dy M7

with d_; ; # 0. Since M is invertible, the previous block 2 x 2 matrix is invertible.

If dg 1, # 0, the system matrix in (2.16) is invertible if and only if the block 3 x 3 Hermitian matrix in (2.18) is
invertible. The block 3 x 3 Hermitian matrix in (2.18) is invertible if and only if d_; M + dtdg 1 A is invertible.
(In this case, we can equivalently write (2.18) as a system in Z,, j, and the assumptions on @ and R imply that
the matrix in this system is Hermitian positive definite).

Ifdpy #0and d_1 =0 (i.e., k = 1), then d_1 M + dtdp A = Stdg A is invertible, because M ~'A4 and M
are invertible.

Now, let dyp # 0 and d_;  # 0. The eigenvalues of d_; I + 6tdg,kM’1A are d_j  + 0tdg A, where X\ are
the eigenvalues of M~ A. Now, let A = a + i3, a > 0, be an eigenvalue of M~ A. Using the definition (2.15) of
d_1 and dp k., the corresponding eigenvalue of d_1 I + dtdg M1 A is

d_1 + Stdg e =1+ 6tOX + (— 1+ 5t(1 — 0) N)w" .
If d_1; + 0tdg xA = 0, then 1+ 5tOX = —( —1+6t(1—9) )\)wk_l and
|1+ 6tON? = | — 1+ 0t(1 — O) AP 1> = | — 1+ 5t(1 — 0) 2.
However, using A = a + i3, a > 0, gives

|1+ 6tON|? =1 4 26tha + 5260 (a® + B?)
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and
| — 1+ 6t(1 — 0) A\ =1 4 26t + 626 (a® + B%) — 26ta + 5t2(1 — 20)(a® + 5?)
<1+ 20tha + 6t20%(a® + ?)
for 6 € [1/2,1] or for 6 € [0,1/2) and 6t < 2a/((1 — 20)(a® + B?)). Hence d_1 y, + tdg x\ # 0. O

2.5. Comparison with previous diagonalization approach

In this section, we compare our approach to that of [1] in the case where A = AT M is symmetric positive
definite, and Q@ = M, B = +M, R = aM, a > 0, which is the setting considered in [1]. As before, 0 € [0, 1].
Initially, we allow A # AT to highlight where the symmetry of A is needed. If Q = M, B = +M, R = aM, the
Kronecker product form (2.7) of the discretized optimality system (2.4) becomes

(C.L@M+Cype5tA)Y — (Cyp @ dta ' M)P = Fy, (2.19a)
(Cf @tM)Y + (CT, ® M + C] @ 6tAT) P = Fp, (2.19Db)

where Y and P are defined as in (2.7¢), and Fy and Fp are defined as in (2.7d) with B = +M and R = aM.

Remark 2.9. As already noted in Remark 2.7, if # = 1/2 and n, is even, the eigenvalue dpj with index
k=14 n:/2 of Cy shown in (2.15) is zero. Because [1] use the inverse of Cy they assume that the number of
time steps n; is odd if 8 = 1/2.

The authors [1] then modify (2.19a) by multiplying the first equation by (C,' ® I,) and multiplying the
second equation by (C, 7 ® I,). Using the Kronecker product identity (2.13), the system of equations (2.19)
can be equivalently expressed as

C;lC,l —(5150171],H T Y B F;
(( 5tI,, C@—Tczl QM4+6thi1 ®A+0tl o ® A pl=\= (2.20)

with

- — - — I’Vlt 0 n n 0 0 n e
Fy =(Cy' @ L)Fy, Fp=(Cym ®@IL,)Fp, Ii= ( 0 O) g R¥mx2mne - Ty = <O 7 > € R,
nt

where I,,, € R™*™ is an identity matrix.

Finally, [1] introduce a scaling of (2.20) which they use to improve the numerical properties of diagonalization
introduced in the next steps. For given 3 > 0, the first block of equations in (2.20) is multiplied by 37! and Y
is replaced by Y = B7LY to obtain the following system equivalent to (2.20):

C;lC_y  —6t(aB) I, \ (Y\ (B 'Fy
((&fﬁlm cTeT, OM + 61, 1 @ A+ 6tlap ® A p) =85 ) (2.21)

=: G(f)



A NEW DIAGONALIZATION BASED METHOD FOR PARALLEL-IN-TIME SOLUTION 11

Using Theorem 2.4, G(8) can be decomposed into

o= (") (@ ()
v = G(B) v
where
A®) =D, 'D_y, (2.23)

V is given in (2.10), and D_;, and Dy are given in Corollary 2.5. Because of the structure of I 1, Iy 2 and V,
we can proceed as in Corollary 2.5 to diagonalize the matrix on the left hand side in (2.21):

GB)OM+6th 1 ®A+dth,® AT = (V' @1, (é(ﬂ) @M +5tl1 1 ® A+ 6tly o ® AT) (Val,). (2.24)

Because all blocks of the 2 x 2 block matrix G(3) in (2.22) are diagonal, G(3) can be diagonalized. The

matrix é(ﬁ) can be symmetrically re-ordered into a block diagonal matrix with blocks in C2*2 and the
eigendecompositions of the matrices C2*? can be computed analytically. In [1] it is shown that

G(f) =W(B)DW(3)™", (2.25)

where the W(8) and D are specified below. The scaling by 8 in (2.21) is introduced to improve the conditioning
of W(p), and [1], p. 10 suggests the choice 8 = 1/+4/a. The matrix W(/3) is not block diagonal for any 8 # 0
and, therefore, W(3) L, ; W(B)~! #1,,,i = 1,2. However, if A = AT thenI; 1 ® A+ I, ® AT =1® A, where
I is the 2n; x 2n; identity matrix, and we can diagonalize

GB)OM+iIoA= (V! ®Iy)(é(6) ®M+6tI®A> (Ve )

= (V'W(B) &I, (D ® M+ 0tI® A) (VW) @1,). (2.26)
For completeness , we state the matrices in (2.25),

wi = (g7 57D, B = (VA

Re(A(0)) + iy/Im*(A(9)) + a~ 15121,

VAWO) + 52(5)) 7

D=

Re(A(0)) — iy/Im*(A(0)) + o~ 16121,

$1(8) = 1% (Tm(A(6)) \/Im?(A(0)) + 016121, ), Sa(8) = ik (Tm(A(6)) - \/Im?(A(0)) + o112, ). As

shown in [1], Rem. 2.6, the introduction of the scaling by 8 and of the diagonal matrix ﬁ(ﬂ) is crucial to
ensure that V-'W(3) is well conditioned. As mentioned before, [1], p. 10 suggests the choice 3 = 1/\/a, but
an optimal choice is not yet known. Our proposed diagonalization (2.12) does not depend on a parameter.

Remark 2.10. In [1], the authors use a version of (2.26) that is scaled by the mass matrix. That is, they set
L = M~'A and consider the factorization

G @I, +oe L= (V' eL)(G@) e, +aL)(Vel,)

(VII'W(B) ® 1) (D ® I, + 0l ® L) (VW(B) ' ®1,).
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3. INITIAL VALUE PROBLEM

With the periodic problem solved, we now turn our attention to the optimal control problem constrained by
an initial-value problem (1.2a,b,c). First, we state the necessary and sufficient optimality conditions. Then, in
Section 3.2, we apply the #-scheme to discretize the optimality conditions and we write the discretized optimality
conditions in Kronecker product form. In Section 3.3, we use a corresponding periodic in time problem to
develop a preconditioner for the discretized optimality conditions corresponding to the initial-value problem
(1.2a,b,c), and we provide basic estimates for the spectrum of the preconditioned system. The development
of the preconditioner is analogous to that in [1], but it will be applied using the diagonalization developed
in Sections 2.3, 2.4. Since this diagonalization is applicable to a broader class of problems our preconditioner
for the discretized optimality conditions corresponding to the initial-value problem (1.2a,b,c) is applicable to a
broader class of problems than the one in [1].

3.1. Problem specification and optimality system

The following is a standard result on the existence, uniqueness and characterization of the solution of
(1.2a,b,c).

Theorem 3.1. If (1.1) holds, then the optimal control problem (1.2a,b,c) has a unique solution. Moreover,
y € HY(0,T;R™), u € L?(0,T;R™) solve (1.2a,b,d) if and only if there ewists p € H'(0,T;R™) such that
u=—-RYBTp+d) and

M%y(t) + Ay(t) — BR™'BTp(t) = f(t) + BR™d(t), t€(0,7), (3.1a)
M y(0) = M ypo,
M7 (1) + ATp(1) + Qult) = —(r), te(0,T), (3.1b)
MTp(T) = 0.

Proof. The result can be proven by adapting the results in, e.g., [13], Section 1.1.3, [14], Section 1.5, [15, 16]. O

3.2. Discretized optimality system

Let yi,px, K =0,...n¢, denote the approximations of y, p at time step ¢ = k dt, where M y is given from
(1.2¢) and MTp,, =0, and let c; = c(ty,),dr, = d(tx), fx = f(tx). The time-discretized version of (3.1) is

M(yr, — yp—1) + 0t A(Byp+(1 — )y _1) — 6tBR BT (6py + (1 — O)pr_1) (3.2a)
= 0t0(fr, + BR™'dy,) + 6t(1 — 0)(fx—1 + BR *dy_1), k=1,...,n,
MT(pkq —pr) + 5tAT(9pk,1 + (1 = 0)pr)+5tQ(Oyr—1 + (1 — 0)yx) (3.2b)
= *5t(00k—1 +(170)Ck), k=1,...,ny,

where M vy is given from (1.2c) and M7Tp,,, = 0. The system (3.2) is a system in the states y1,...,y,, and the
adjoints po, ..., pn,—1. Once these y;’s and py’s are computed, the controls uy can be recovered by using (2.5).

We now put the discretized optimality conditions (3.2) into matrix form. In contrast to the periodic case
where circulant matrices arose, the time discretization now leads to particular Toeplitz matrices. Define the
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ny X Ny matrices

and

13

(3.3b)

With these matrices, the discretized optimality conditions (3.2) can be re-written in Kronecker product form as

(T, @M+Ty®0tA)Y — (T @ tBR™'BT)P = Fy,
(To @ 6tQ)Y + (TTy @ MT + T © 6tAT) P = Fp,

where the unknowns are

hn Po
ynt Pnt71
and the right hand sides are

§t0(f1 + BR™dy) + 6t(1 — 0)(fo + BR™Ydo) + Myo — dt(1 — 0) Ayo
Fy = :
StO(fn, + BR™Yd,,) + 6t(1 — 0)(fn,—1 + BR 1d,, 1)
—0t(0co + (1 — 0)cr) — 6t0Qyo
Fp = :
—6t(0cp,—1 + (1 —O)cy,)

Just as in the periodic case, we can re-write (3.4) using block 2 x 2 matrices. Define

—1 T, 0 —1 0 0 e X210
ng_(Ol 0>7 T;_;_(O TT1)6R2 xane

@ _ (To 0 o _ (0 TF ~@0)_ (0 0 @ _ (0 0
Tl,l(o 0)’ T1,2<0 0 ’ T2,17 Tg 0 ) T2,27 0 TGT ’ 96[07”

(3.4c)

(3.4d)

(3.4e)

(3.5a)

(3.5b)
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With these matrices, the discretized optimality conditions (3.4) can be written as

Kinit (‘;) = (?;) , (3.6a)

where the matrix is

Kinie =TV @ M + 6T} © A - 6tT\") © BR™'B”
+ T, @ MT +6tTY) @ AT + 6tTY) © Q. (3.6b)

The next result shows that the discretized optimality conditions (3.4) and the equivalent system (3.6a) have
a unique solution if (1.1) holds and M + 6t6A is invertible.

Theorem 3.2. If (1.1) holds and M + 6tOA is invertible, K, in (3.6b) is invertible.
Proof. Consider

Kint C;) —o, (3.7)

where Y and P are given by (3.4c). We will prove that Y = 0 and P = 0, which implies the desired result.
Using the definition of K, the equation (3.7) can be written as

My, — yr—1) + 6tAOyx + (1 — O)yr_1) — tBR' BT (0pr, + (1 — O)pr_1) =0, k=1,...,n;,  (3.8a)
M7 (pr_1 — pr) + 6t AT Opr_1 + (1 — 0)pr) + 6tQ(Oyp_1 + (1 — O)yr) = 0, k=1,...,n, (3.8b)
where yo = pp, = 0.

Multiplying (3.8a) and (3.8b) by ((1—8)pr_1 +0px)T and ((1 —0)yx +0yx_1)T, respectively, and subtracting
the resulting equations gives

(1 = 0)pr—1 + Ope) " M (yr, — yr—1) — (1 — Oy + Oyp—1)" M (pr—1 — pr)
= —0t((1 = 0)pr—1 + Opi) " A(Oyr, + (1 — O)yk—1) + (1 — Ok + Oye—1)" A" (Opr—1 + (1 — 0)px)
+0t((1 = 0)pr—1 + 0pr)" BR™'BT (1 = O)pr—1 + Opx) + 5t((1 — O)yx + Oyr—1)" Q((1 — O)yk + Oy—1)-

(3.9)
By straightforward calculations,
(1 = O)pr—1 + Opr) " M (g — yr—1) — (L = Oy + Oyx—1)" M (pr—1 — pr)
= pE Myy — pF_ Myg_1, (3.10a)
—((1 = 0)pr—1 + Opr) " AOyr. + (1 = O)yr—1) + (1 — O)yx + Oyr—1)" A" (Opr—1 + (1 — )py.)
= (1-20) (pfAyk — pf_lAyk_l). (3.10b)
Since Yo = pn, =0,
> Pk My — pi_  Myx—1 = p, Myn, —pg Myo =0, > p{ Ay — p{_1 Ayx—1 = pr, Ayn, — g Ayo = 0.
k=1 k=1

(3.11)
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Inserting (3.10) into (3.9), summing up, and using (3.11) gives

Nt

0=t ((1—0)pr—1+0px) " BR™'B"((1 — 0)pr_1 + bp)
k=1

+ (1= 0)yk + yr—1)" Q((1 = O)yk + Oyr—1) > 0, (3.12)

because R is symmetric positive definite and @) is symmetric positive semidefinite. Again because R is symmetric
positive definite and @Q is symmetric positive semidefinite, (3.12) implies

BT((1— Opkr +6p) =0 amd QU1 — O)ys + By 1) = 0. (3.13)
With (3.13) the equations (3.8) are

M(yx — yr—1) + 6tA(Oyr + (1 — 0)yr—1) = 0, k=1,...,ny, (3.14)

MT(pk,1 —pk)—&—étAT(ka,l—k(l—G)pk) =0, k=1,...,n4, (315)

where yo = p,, = 0. If M + §tAA is invertible, the previous equations and yo = p,, =0 imply y1 =yo = ... =
Yn, =0 and pp,—1 = pp,—2 = ... =po = 0. O

Remark 3.3. In [1], equation (3.2) a system which is different from (3.4) when 6 # 1/2 is considered. Instead
of Tg?%, Té?i define

o _ (0 Tf @ _ (0 0
T!) = <0 7). =1, o) (3.16)
Note that Tge% = Tg% and ’i‘éei = Tg? if and only if # = 1/2. Written in our notation the system [1],
equation (3.2) is
Y F
Wz _ [ty
Kinit (P) = <FP) ) (3.17a)

where the matrix is
KW =T\ " o M +6tT) © A - tT\) © BR™' BT
+ T, @ MT + 61T} © AT + 6tTY) © Q, (3.17D)
the unknowns are (3.4c), the right hand side Fy is given by (3.4d), and the right hand side Fy is

—6t(fco + (1 —0)cr) — 6t(1 — 0)Quo
Fp = : . (3.17¢)
—6t(0cp,—1 + (1 = 0)cy,)

The system (3.17) is the matrix representation of

M (yr — yk—1) + 0tA(Oyx + (1 — O)yr—1) — 5tBR_1BT((1 — Opr + Opr—1) (3.18a)
= 6t0(fx + BR™'dy) + 6t(1 — 0)(fx—1 + BR™'d)_1), E=1,...,n,
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MT(pk - pk+1) + 5tAT(9pk» + (1 — e)pk+1)+5tQ((1 — G)yk + ka_l) (3.18b)
= —5t(90k+(1—9)6k+1), k’:07...,7’lt —1,

where M g is given from (1.2¢) and M7Tp,, = 0. Note the term (0pi + (1 — 0)pr_1) in (3.2a) is replaced by
(1 = 0)pr + Opk_1) in (3.18a), and the term (Qyx + (1 — 0)yx_1) in (3.2b) is replaced by ((1 — 0)yx + Oyx_1) in
(3.18b). If # = 1/2, then (3.2) and (3.18) are identical, and the systems (3.4) and (3.17) are identical. Otherwise,
they are different.

3.3. Diagonalization algorithm applied as preconditioner for initial-value problem

We want to construct a preconditioner for K defined in (3.6b) that has the same Kronecker product
structure as Kjyi;. The general preconditioner design is motivated by the following observations.

Let T and M be two generic, nonsingular matrices. Given a square matrix M, we use I; to denote the identity
matrix of the same size as M. With a nonsingular matrix C of the same size as T, we consider C ® M as a
preconditioner for T @ M. The difference between the identity matrix Itgy = IT ® I3 and the preconditioned
Kronecker product is

It@Iy - (CoM) (ToM)=Ir@ly - (C oM ) (TeM)=Iro Iy - (CT'T®Iy)
=(Ir-C'T)®Iy=C'(C-T)®Iuy.

The eigenvalues of C~* (C — T) ® Iy are given by the eigenvalues of C~1 (C — T), each with multiplicity given
by the size of M. In our application, T is one of the matrices (3.5) in which the non-zero block is defined by
a Toeplitz matrix. For our preconditioner, we will choose a corresponding matrix of the type (2.8), in which
the non-zero block is defined by a circulant matrix. With this choice of C, the difference C — T has only one
non-zero entry (i.e., is a rank one matrix). Consequently, with this choice of C, C~! (C — T) ® Iy has only
one non-zero eigenvalue with multiplicity given by the size of M. Unfortunately, the situation is not quite as
nice when we precondition Kjp;; defined in (3.6b), because Kiyit is a sum of Kronecker products. However, our
preconditioner design is motivated by these considerations. Our overall preconditioner design is also similar
to that of [1]. However, [1] consider a scaled system (see Sect. 3.4 below). Moreover, the application of our
preconditioner uses our diagonalization of Sections 2.3 and 2.4. Therefore, our preconditioner is applicable to a
broader class of problems.
Our preconditioner is motivated by the previous observations. In addition to (2.6) and (2.8) define

1-6 0

Our preconditioner for K,y defined in (3.6b) is given by

Koo =C" @ M +6tCl”) @ A - 6tC\%) © BR™'B”
+C5LY @ M+ 6tCY) © AT + 6tCY) @ Q. (3.20)

Note that K., is different from (2.9b) when 6 # 1/2, since in this case 659% # Cg?% and 659{ # Cgﬁ. However,

Kper can be diagonalized in a similar way as Kper. See Appendix A for details. This diagonalization can also
be used to prove the invertibility of the preconditioning matrix in (3.20).
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Theorem 3.4. Assume (1.1) holds and that the eigenvalues of M—1A € R"v*™ have strictly positive real parts.
If 6 € [1/2,1] or if 6 € [0,1/2) and 6t < 2Re(N)/((1 — 20)|A|?) for all eigenvalues X of M~ A, then Kpe, in
(3.20) is invertible.

Proof. We will prove this result using the diagonalization of err, which is worked out in Appendix A. Diagonal-
ization of Ky, and invertibility of the diagonal blocks, which will be established in Theorem A.2, immediately
imply this result. O

In practice, we will solve the preconditioned system using GMRES or another Krylov subspace method for
general systems. Although in the nonsymmetric case, the spectrum of the preconditioned matrix alone does
not characterize the convergence behavior of the iterative method, see, e.g., [8], in practice the spectrum of the
preconditioned matrix often still provides useful information. We prove that at least 2n,(n; — 1) eigenvalues of
the preconditioned matrix K;eHKinit are equal to one. This result is based on the general observations made
at the beginning of this section and is also the type of result shown and proof used in [1], Section 3.2 for their

preconditioned system.

Theorem 3.5. For any 0, at least 2n,(n; — 1) eigenvalues of the preconditioned matriz IN(;eHKim-t are equal to
one, i.e., at most 2n, eigenvalues are not equal to one.

Proof. Note that I — f{;cHKinit = K;clr(

Rper - Kinit)» where

~ (Co1—T_1) @M +6t(Co —Tp) ® A 0

Kper — Kinit = ~ - . (3.21
P ! ( (Co—Ty)®Q (Co1 =TT @MT +6t(Cy — Ty)T @ AT (3:21)

The matrix (3.21) has a rank of 2n,. This is because using the definitions in (3.3) and (3.19), the first block

column

<(O_1 — T_l)@ Mj— 5t(09 — Tg) (%9 A)
(Co—Tp) ®Q

has a rank of at most n, because (C_1 —T_1), (Cg — Tp) and (Cy — Tp) all contain their only nonzero entry in
their last column. The second block column

0
((0_1 — T_l)T QMT + 0t(Cy — Tg)T ® AT>

also only has a rank of at most n, because (C_1 — T_1)T and (Cy — Ty)" both contain their only nonzero

entry in their first column. Thus, the whole matrix I — f{;eHKinit has a rank of at most 2n,, which implies the
result. O

In Appendix B we provide additional observations on the spectrum of I — f{;;rKimt. Specifically, we conjecture

that for large n; (small §t) the nonzero eigenvalues of I — K;eHKinit approximate the eigenvalues of a system
defined via differential equations (the system (B.5)). We observe such a behavior in our numerical examples, but

the detailed connection between the non-zero eigenvalues A % 0 of T — ngHKinit and this systems defined via

differential equations are missing. Such estimates of the eigenvalues of K;eHKinit would be interesting, but may
not provide an explanation of the convergence behavior of GMRES and other iterative methods. As we have
mentioned before, for general nonsymmetric matrices there is no theoretical connection between the convergence

behavior of GMRES and the eigenvalue distribution of the preconditioned system. See, e.g., [8].
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3.4. Comparison with previous diagonalization preconditioner approach

In this section, we compare our preconditioner to that of [1] in the case where A = AT M is symmetric positive
definite, and Q@ = M, B=+M, R = oM, a > 0, which is the setting considered in [1]. As before, 6 € [0, 1].
The assumption A = ATis only needed for the final diagonalization step of the preconditioner, analogously to
(2.26), but is not needed to describe the basic approach. Therefore, we initially allow A # AT to highlight
where symmetry of A is needed. If Q = M, B=+M, R = aM, then the Kronecker product form (3.4) of the
discretized optimality system (3.2) becomes

(T1 @ M + Ty @ 6tA)Y — (Tff @ dta™"M)P = Fy, (3.22a)
(To @ StM)Y + (TT, @ MT + T © 5tAT) P = Fp, (3.22D)

where Y and P are defined as in (3.4c), and Fy and Fp are defined as in (3.4d) with B = +M and R = oM.
Since the preconditioner in [1] is built on the diagonalization ideas in Section 2.5, [1] scale the optimality
system. This requires § € (0,1] to ensure invertibility of Ty, and that the number of time steps K is odd if
6 = 1/2 to ensure invertibility of Cy.
Since the preconditioner in [1] is built on the diagonalization ideas in Section 2.5, [1] multiply the first
equation by (T}, ! ® I'), multiply the second equation by (T, T @ I), and scale by § > 0. With these scalings,
the system of equations (3.22) can be equivalently expressed as

Ty, —bt(aB) AT, ' T T <}7> B~ Fy
~ M + 6t A+ 6t A = —~ 3.23
( <5tﬂ 7,  onrrn, )Mo At J(p) =g ) B

Kinit,scaled

where ¥ = B8y, }7;/ = (TQ_1 ® I)Fy, ﬁ; = (TO_T ® I)Fp. The preconditioner of Kinit scaled 18 Obtained by
replacing the Toeplitz matrices by their corresponding circulant matrices. The preconditioner is

. ( C;lCl,  —ot(ap)tC, O

Koo = L M + 6t1 A+ 6t1 AT 3.24
per,scaled (Sf,ﬁ CQ_TCG CH_TCTl > ® + 1,1 & + 2,2 ® ( )

Goprec(B)

Using Theorem 2.4, Gprec(8) can be decomposed into

Cp'Coy —t(ap)'CyIC _ (V! A)  —ot(aB) 1RO (V

where A() = D;lD,l, /~X(9) = D;lﬁg, V is given in (2.10), and D_1, and Dy are given in Corollary 2.5, and
Dy = diag(1, (1 — 6) + 0w, ..., (1 — 0) + 6wE~1). The block 2 x 2 matrix on the right hand side of (3.25) can

be diagonalized similarly to (2.25). Moreover, if A = AT then Iw{per,scaled can be diagonalized analogously to
ro—1
per,scaled”

(2.26). This diagonalization is used to apply the preconditioner K

Remark 3.6. In the following numerical results, we implement Kiyi¢ scaled and corresponding preconditioner
Kper scaled as shown in (3.23) and (3.24). As already noted in Remark 2.10, the authors of [1] implement both
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Kinit scaled and f{pemcaled by scaling by the mass matrix. That is, they set L = M 1A and use

T —ot(eB) T T
Kinit,scaled = —TF —TT
5t T; T T, 7,777,

IA{pcr,scalcd = Gprcc (ﬂ) ® Iy + otl ® L.

>®Iy+5tI®L,

We conclude the comparison with the previous approach by highlighting the similarities when 6 = 1.

Theorem 3.7. If 6 =1, and A= AT, Q=M = M", B=+M, R=aM, a > 0, then the eigenvalues of
K 1K, and K} Kinit,scalea are identical for any (.

per per,scaled

Proof. When 0 =1, Cg = Tp = I,,, € R"*™_ Thus, if A= AT, Q=M = M?, B=+M, R=aM, then err
and Kiyi differ from Kper scaled and Kinit scaled Solely by the factor 8. Specifically, if

I,
B= ( Bm) ®h

then the matrices (3.6b), and (3.23) and (3.20), (3.24) satisfy Kinit scaled = BKinitB™!, Kper scated = BKper B,

-1 -1 -1 -1 -1
and ernscaledKinitvscaled = B(errKinit)B for @ = 1. Thus K, Kinit and err,scaledKinimscaled have the same
eigenvalues. O

4. NUMERICAL RESULTS

The first example is taken from [1] and is used to compare with eigenvalue computations in Figure 8 of [1].
Consider

1 /T 1 o (T

min 7/ / (y(t, ) — Yges(t, x))? da dt + —/ / u(t,2)? de dt, (4.1a)
2Jo Jo 2Jo Jo
d

s.t. &y(t,x) — %(na%y(t,m)) = f(t,z) +u(t,x), z€(0,1),te(0,T), (4.1b)
ff(,%y(tﬂ) = m(%y(t, 1)=0, te(0,7T), y(0,2) = yo(x), x € (0,1). (4.1c)

We use k =1, T =1, f(t,z) = 0, yges(t,z) = 1, yo(z) = 0, and, unless noted otherwise, a = 1075. To semi-
discretize the problem we use a centered finite difference discretization on a uniform grid with mesh size h =
1/(ny — 1). This leads to a problem of the type (1.2a,b,c) with a tridiagonal matrix

1 -1
1 -2 1
A:% ERnyxny7
1 -2 1

-1 1

M=1I,e R B=—-], ¢ Rv*™ Q=1I,cR"*" and R=«al, € R™*". (For the discretization of
the objective one would use @ = h I, € R™*™ and R = ah I, € R"*" but we remove this scaling by h to
be consistent with the example set-up in [1]. The scaling of the semi-discretized objective by a constant will not
change the solution of the semi-discretized optimal control problem.)
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F1GURE 1. Eigenvalues of ererlt (left) and K;er scalod Kinit,scaled (center) for the discretiza-

tion of the optimal control problem (4.1) with = 1/2, n,, = 16 and different numbers of time

steps n;. The eigenvalues of K- ! Kini¢ do not change much as n; increases and are better clus-

per

tered than the eigenvalues of K- Kinit scaled Which change with the different numbers of

per scaled
time steps n; shown. When 0 = 1, K L o Kinit and K-
ues (right).

per, gcaledKinit,scaled have the same eigenval-

The left and middle plots in Figure 1 show the eigenvalues of ererlt and err scaled Kinit,scaled (introduced
in (3.24)) for # = 1/2 and different discretizations with constant spatial mesh size n, = 16 and different numbers
of time steps n;. These discretization sizes are the ones used in [1]. Notice that the eigenvalues of the new
K Kmlt are better clustered than those of K= Kinit,scaled- In addition, the eigenvalues of K Kmlt

per, scaledKlnltvscalcd do. When 0=1,

Theorem 3.7 proves that the eigenvalues of Kpchlmt and err scaled Kinit,scaled are identical. These eigenvalues
are shown in the right plot in Figure 1. In this 6 = 1 case, the eigenvalues cluster slightly better as n; increases.
The left and right plots in Figure 1 support our conjecture that the eigenvalues of ererlt in the limit, as
the number of time steps n; increases, approximate values (B.14) that are obtained from the eigenvalues of the
matrix S in (B.10).

The results of Figure 1 are generated using the temporal and spatial discretizations applied in [1] for com-
parison with [1]. However, for a § = 1/2 time-stepping scheme, the discretization error is O(h? + §t2). Thus
it is not practical to choose 6t < h (or in this setting, n; > n,), as was done here. Therefore, we explore the

spectrum of Kfl - Kinit for  =1/2 and 6t = h (n; ~ n,) in Figure 2.

per scaled

essentlally do not change with increasing n; while the eigenvalues of K-

Figure 2 reveals that the eigenvalues of ererlt differ significantly between odd and even n; before appearing
to settle down to a limiting distribution for larger n;. Recall that the preconditioner proposed by [1] cannot be
used for an even number of time steps n; for § = 1/2. The eigenvalue plots for n; = 32,33 are approaching the
eigenvalue plots for n; = 65,129,257 seen in the § = 1/2 case of Figure 1 (left plot). Again, this supports our
conjecture that as the number of time steps n; increases the eigenvalues of K;eHKinit approximate the values
(B.14) that are obtained from the eigenvalues of the matrix S in (B.10).

Since [1] provides plots of the singular values of the preconditioned matrices, we include them in Figure 3.
As expected, most singular values are one.

We now 1nvest1gate the performance of GMRES on the preconditioned systems with system matrices
K- I Kinit and K Kinit,scaled- GMRES is stopped when the 2-norm of the relative preconditioned residual

per per scaled
is below 1075 or 1,000 iterations are reached.
Both preconditioners err and err scaled applied to their respective systems substantially reduce the number

of GMRES iterations. Figure 4 shows that the proposed preconditioner is slightly better in terms of the number
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F1GURE 2. Eigenvalues of IN(;CIYKinit for § =1/2, n, = 16, n, = 16,17, 32, 33. While the eigen-
value plots for n; = 16 and n; = 17 wildly differ, the eigenvalue plots for n; = 32 and n; = 33
are nearly identical and resemble those seen in the § = 1/2 case of Figure 1.
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FIGURE 3. Singular values of R;eHKinit (left, and second from right) and f{;elr’scale aKinit,scaled

(second from left, and right) for the discretization of the optimal control problem (4.1) with
6 = 1/2 (left two plots), & = 1 (right two plots), n, = 16, and different numbers of time steps n;.

of preconditioned GMRES iterations. It is important for us to emphasize here that while we have plotted the
relative preconditioned residuals of both problems together, the relative preconditioned residuals should not
be directly compared - they are, as their name implies, relative to the initial preconditioned residual of their
respective problem. Moreover, the preconditioned residuals are different when computed with the same vector.

Moreover, the costs of the application of conditioners are different. Application of K;elr requires (parallel)

solution of n; complex valued 2n, x 2n, systems, whereas application of Rgelr’scaled requires (parallel) solution
of 2n; complex valued n, X n, systems.

The convergence results in Figure 4 appear to correspond to the spectral plots seen in Figure 1. For the
0 = 1/2 case of Figure 1, it was observed that the eigenvalues of KgcHKinit are better clustered than those of

K;elr,scaledKinit,scaled- GMRES improves the relative residual faster for R;eHKinit in this case. For the # = 1 case
from Figure 1, the eigenvalue distributions are the same. The GMRES convergence plots for the § = 1 case
match closely. In addition, the performance of GMRES slightly improves as n; increases. The eigenvalue plot
for the # = 1 case from Figure 1 show that the eigenvalues get slightly more clustered as n; increases.

We do not provide a GMRES analogue for Figure 2 in this example, but will explore the effect of odd vs.
even time step number n; for our preconditioner in next numerical examples.

Finally, we explore the effect of varying the control penalty a on the performance of GMRES for our pre-

conditioned system ngHKinit- Table 1 shows that as the regularization « approaches 0, the number of GMRES
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FIGURE 4. GMRES relative residual plots using IN(;eHKinit (solid) and Rgclr’scalchinit,scaled

(dashed, introduced in [1]) for the discretization of the optimal control problem (4.1) with
0 =1/2 (left) and 6§ =1 (right), n, = 16 and different numbers of time steps n;.

TABLE 1. Number of preconditioned GMRES iterations needed to reach a relative residual
tolerance of 1076 for the discretization of the optimal control problem (4.1) with n, = 16,
ny = 257 and varying control regularization parameters a.

a=10"' a=10"% a=10"°

7 11
7 14

ot Ot

iterations needed stay small for both § = 1 and 6 = 1/2, but increases slightly. As a approaches 0, the con-
ditioning of the discretized optimality system deteriorates. Recall that the computations reported in Figure 1
to 4 are performed with oo = 107°.

The second problem is derived from a semi-discretization of the following problem, which was also used
in [1]:

T 1 «
win [ [ 30000) — yast0))? + Jult.0)? de
o Ja?2 2

s.t. Owy(t,x) — 8x1(675x18x1y(t,x)) — Oppury(t, ) = u(t,z), z€Q,te(0,T),
y(t,z) =0, te€(0,T),z€d,  y0,2)=yo(x), =

For this problem, Q = (—1/2,1/2)%, T = 2,

(2f — D@3 —3) . 1
ydes(t7x) = ;2 +4£C§ _'2_ i4 S 57‘-1‘% 5 — T2 + 27Tt 9 yo(m) = ydes(07$)a
1 10

and, unless noted otherwise, o = 107°.

To semi-discretize the problem we use piecewise linear finite elements on a uniform triangulation of the unit
square obtained as follows. First, we decompose 2 = (—1/2,1/2)? into squares of size h x h with h = 1/(n, + 1),
and then we divide (south—west to north—east) each square into two triangles. This leads to a problem of the
type (1.2a,b,c) with symmetric positive definite Q = M, B = —M, and R = aM and n, = n2. In particular,

the preconditioner of [1] can be applied to this problem.
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FiGURE 5. GMRES relative residual plots using K;eHKinit (solid) and err scaled Kinit,scaled

(dashed, introduced in [1]) for the discretization of the optimal control problem (4.2) with 6 =
1/2 (left) and 6 =1 (right), for constant spatial discretization n, = 32 and variable temporal
discretization.
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FIGURE 6. GMRES relative residual plots using ererlt (solid) and err scaleq Kinit,scaled

(dashed, introduced in [1]) for the discretization of the optimal control problem (4.2) with
0 =1/2 (left) and # = 1 (right), constant n, = 33 and variable spatial discretization.

We begin by comparing our preconditioner K Kmlt to the preconditioner Kp er scale 1 Kinit,scaled Proposed in
[1]. Again, GMRES is stopped when the 2—n0rm of the relative preconditioned residual is below 10~¢ or 1,000
iterations are reached.

Figure 5 demonstrates the same behavior as the behavior seen in Figure 4. In the § = 1/2 case, our precondi-
tioner reduces the relative residual slightly faster, presumably due to the better eigenvalue clustering (Fig. 1). In
the 8 = 1 case the two preconditioners reduce the relative residual at the same rate, and both get more efficient
as n; increases. Recall that this behavior for the # = 1 case was seen in Figure 4, but is much more pronounced
here.

In addition to keeping the spatial discretization constant and changing the number of timesteps, we also kept
the number of timesteps constant and varied the spatial discretization, as is shown in the following Figure 6.

Figure 6 shows that both preconditioners are insensitive to the spatial discretization. Note that all solid
lines lie on each other and all dotted lines lie on each other in the § = 1/2 case. As we have noted before, we

plot preconditioned residuals, which are different in cases K JKinie and err scaled Kinit,scaled- Moreover, the
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FIGURE 7. GMRES relative residual plots using ererlt for the discretization of the optimal
control problem (4.2) with # = 1/2 (left) and § = 1 (right), and different problem sizes n, = 32
and varied n;. When 6 = 1/2 and the number of time steps n; is odd, the periodic preconditioner
requires fewer iterations. When 6 = 1, there is little difference between odd and even time steps.

TABLE 2. Number of preconditioned GMRES iterations needed to reach relative residual toler-
ance of 107° for the discretization of the optimal control problem (4.2) with n, = 32, n; = 65
and varying control regularization parameters a.

a=10"' a=10"% a=10"°

9 12
9 39

v co

application of Kpcr requires a (parallel) solution of n; complex valued 2n, x 2n, systems, whereas application
of err <ealoq Tequires (parallel) solution of 2n; complex valued n, X n, systems.

The following Figure 7 displays GMRES applied to the preconditioned system ererlt for even and odd
numbers of time steps ny. Recall that in Figure 2, for a 1D-in space optimal control problem, for = 1/2 and for
0t = h, the eigenvalue distribution between odd and even n; differed significantly (with the odd n; eigenvalues
significantly better clustered than their even counterparts), but as n; increased the spectrum changed little.

What was seen in Figure 2 is borne out in the GMRES convergence plot in Figure 7. While the odd vs even
ny matter a great deal for the convergence of GMRES in the 6 = 1/2 case when h & §t, as n; increases the
difference between even and odd n; becomes increasingly irrelevant. The odd vs even n; is not an issue in the
0 = 1 case. Note that in the § = 1 case, the dashed and dotted lines of the same color lie on top of each other.
In the 6 = 1 case, the improvement to GMRES as n; increases has also been seen in Figures 4 and 5.

Finally, as, was done in the previous numerical example, we examine the effects of varying the control
regularization parameter « for our preconditioned system ererlt Table 2 shows that as the regularization
a approaches 0, the number of GMRES iterations stays small for both § = 1 and 6§ = 1/2, but increases. For
6 = 1/2, the number of iterations increases only slightly, but for § = 1, the increase in the number of iterations
is larger as o decreases from 1073 to 107°. Recall that the computations reported in Figures 5 to 7 are done
with a = 1075,

Our third and final problem is derived from a semi-discretization of

min / / y(t, ) — Yaes(t,2))? do dt + = / / (t,r)* dz dt, (4.3a)
Qobs
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FicUrRE 8. GMRES relative residual plots using IN{;eHKinit for the discretization of the optimal
control problem (4.3) with § = 1/2, 1, K = 1, 0.01, constant spatial discretization n, = 32
and variable time discretization. For both values of 6, the GMRES iteration count is mostly

independent of n;.

s.t. %y(t,x) — V- (Vy(t,2)) + BT - Vy(t,z) = f(t,z) +u(t,)xa.(r), z€Q,tec(0,T), (4.3b)
y(t,z) =yq(t,x), t€(0,T),z € 09, y(0,2) = yo(z), =z €. (4.3¢)

In this setting, the domain Q = (0,1)? is the unit square, the control region is Q. = (0,0.3] x (0,0.3], and the
observation region is Qops = [0.5,1) % [0.5,1). The function xgq,_ is the indicator function on .. We use k = 1
or k =1072, B =[1,1], T =1, f(t,z) = 0, yaes(t,z) = 1, ya(t,x) = 1, yo(x) = cos(mz1) cos(rzz), and unless
noted otherwise a@ = 107°. To semi-discretize the problem we use an upwind finite difference discretization on
a uniform grid with mesh size hy = 1/(ny, + 1), ha = 1/(ng, +1).

The preconditioner of [1] cannot be applied to this problem. In fact, this problem displays all properties that
make the preconditioner proposed in [1] unusable: limited state observation (Q # M), limited control region
(B # M, R # aM), and the presence of an advection term (A4 # AT).

We first study the impact of varying the number of timesteps on the convergence of preconditioned
GMRES.

Note how Figure 8 differs from its counterparts in Figure 7. In Figure 7, recall for the § = 1/2 case that
there was a large discrepancy between even and odd n; that only resolved as n; became large. In this advection-
diffusion case, there is no difference between even and odd timesteps even for small n; for the § = 1/2 case.
In addition, for the # = 1 case, Figure 7 displays an improvement in the performance of GMRES as n; in
increased; here we see no such improvement, although we do note that the performance is already very good.
For the k = 1.0, # = 1 case and for the x = 0.01, § = 0.5 case, all of the lines lay on each other.

To help explain these differences, we look at eigenvalue distributions of this problem (4.3). Note that because
of the overall problem size, we compute the eigenvalues for coarser discretizations compared to those used for
the GMRES runs in Figure 8. These eigenvalue plots are shown in the following Figure 9.

Figure 9 may help explain the convergence behavior of GMRES seen in Figure 8. For the k = 1 case, the
eigenvalues are tightly clustered for both # = 1/2 and 6 = 1 for larger n;. This would explain the convergence
of GMRES in 5 iterations for the kK = 1 case. In addition, while there still is a difference between even and
odd n; in the k = 1 case, they are minor (note the scale on the real axis for the kK = 1,0 = 0.5 cases). This
explains why Figure 8 does not display the same even-odd phenomena in the § = 1/2 case that Figure 7 does.
It also appears that for this advection-diffusion problem, the eigenvalues converge to their conjectured limiting
distribution given wvia the eigenvalues of S in (B.10) faster than in the previous problems. One final observation
is that the eigenvalue distributions are nearly identical between the § = 1/2 and 6 = 1 cases. This explains why
GMRES needed roughly the same number of iterations to converge regardless of which 6§ was used, which was
not the case with Figure 7 (there, § = 1/2 outperformed 6 = 1 by a considerable amount).

Next, we examine the effect of varying the spatial discretization while keeping the number of time steps
constant for this problem. The following Figure 10 is the analogue to Figure 6 in the previous example.
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FIGURE 9. Eigenvalues of Ko Kinit for the discretization of the optimal control problem (4.3)
withd =1/20r 0 =1, k =1 or k = 0.01, and constant spatial discretization n, = 8 and varied
ng. The eigenvalues are mostly constant with respect to n; in the § = 1 case. In the § = 1/2
case, there is a slight difference between odd and even n; that disappears as n; increases.

k=1.0,6= 05 k=1.0,6= 1.0 k= 0.01,6= 0.5
100/

k= 0.01,6= 1.0

10-2|

-
5
d

e 5 E ~. ]
b=l 3 3 \ b1
2 2 2 \ 3
g, L10-4 4 . o
2107 2 2 \ H
k<t = 5 \ 5
] 2 ] | \ o
-6 RN -6 \ \ -6 [
107 k=16, 16)nt =33\ NN — nx = (16, 16), nt = 33 07 x=(16,16),nt=33 | i 107 x = (16,16), nt = 33 \
~-- nx=(32,32),nt =33 \ | "7 x=(32,32),nt =33 ~-- nx=(32,32),nt =33 : ~-- nx=(32,32),nt =33
—-- nx = (64, 64), nt = 33 1071 —.- nx = (64, 64), nt = 33 —-- nx = (64, 64), nt = 33 —-- nx = (64, 64), nt = 33
10-¢ 10-¢ 10-¢
0 a 6 8 0 2 4 6 0 10 20 30 40 0 5 10 15 20 25
iteration number iteration number iteration number iteration number

FiGURE 10. GMRES relative residual plots using K;eHKinit for the discretization of the optimal
control problem (4.3) with # = 1/2 or § = 1, K = 1 or k = 0.01, with constant timestep n; = 33
and varied spatial discretization. For both values of 6, the GMRES iteration count is mostly

independent of the spatial discretization.

TABLE 3. Number of preconditioned GMRES iterations taken to reach relative residual toler-
ance of 1076 for the discretization of the optimal control problem (4.3) with n, = 32, n, = 33,
0 =1 (left) and 6 = 1/2 (right), and varying control regularization parameters a.

0=1 a=10"t a=10"3 a=10"° 0=1/2 a=10"' a=10"2% a=10"°
k=1 4 4 7 k=1 6 7 8
k=10"2 8 14 23 k=10"2 9 17 31

Figure 10 reveals that our preconditioner is insensitive to the spatial discretization in the k = 1 case for both
values of 8, which is what was also observed in Figure 6 for the previous problem. Note that for the x = 1.0,
0 = 1.0 case, all lines in the plot lie on each other. In the x = 0.01 case, the preconditioner is somewhat sensitive
to the spatial discretization for both values of 6.

Finally, we examine the effect of varying the control penalty o for k = 1 and kK = 10~2 for our preconditioned
system K;eHKinit. Table 3 once again demonstrates what was observed from the previous numerical examples
(Tables 1 and 2): as « decreases, the number of GMRES iterations needed increases slightly, but stays small

overall. Recall that the computations reported in Figure 8 to 10 are done with av = 107°.
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5. EXTENSIONS

The optimal control problems that motivate this work are PDE-constrained optimization problems. In this
case, the formulation (1.2) is obtained from a semi-discretization of the objective function and of the PDE
constraints. This corresponds to the discretize-then-optimize approach. Alternatively, one can also set up the
optimality conditions for the PDE-constrained optimization problem, and then semi-discretize the state PDE,
the adjoint PDE, and other equations, to arrive at a semi-discretized optimality system. This is the optimize-
then-discretize approach. For some spatial semi-discretizations, especially those used for advection dominated
problems the discretize-then-optimize and the optimize-then-discretize approaches can lead to different systems.
See, e.g., [20-22].

Instead of (2.3) and (3.1) one obtains systems of the type

M(i (t) + Ay(t) — BR™'Bp(t) = f(t) + BR™'d(t), te(0,7), (5.1a)
My(0) = My(T),
=M p(t) + Ap(t) + Qu(t) = —c(t), te (0.7), (5.1b)
Mp(0) = Mp(T).
and
M Sty + Ay(t) ~ BRBplt) = [(1) + BR™d(1) te (0,7), (5.2a)
My(0) = M yo,
N300+ Aple) + Quit) = —(0), te (.1), (5.20)
Mp(T):O.

In both cases the control is u(t) = —R~1(Bp(t) + d(t)).
The developments in this paper extend to the case where (2.3) and (3.1) are replaced by (5.1) and (5.2). For
example, (5.1) leads to a system (2.9) with (2.9b) replaced by

err_c11 @M +6tC¥) @ A— 6tC )® BR™'B
+CS 1)®M+6tC ®A+6tc ) ®Q. (5.3)

Similarly, (5.2) leads to (3.6) with (3.6b) replaced by

K =TV @ M+ 6T) @ A— 5tT) @ BR™'B
+ TS5, @ M + (StTZ2 ® A+ 6tT2,1 ® Q. (5.4)

The preconditioner for (5.4) is

Kper =C\ 1V @ M +6tC") © A - tCY) © BR™'B
+C5LY @ M+ 6tCl) @ A+ 6tCY) © Q (5.5)
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instead of (3.20). The diagonalization approach proposed in this paper for the diagonalization of (5.3) and
(5.5) extends straightforwardly. One has to make the substitutions M7 — M, AT — A, and BT — B. Such an
extension is not possible with the approach of [1], because of its reliance on a special problem structure.

6. CONCLUSIONS

We have introduced a new diagonalization technique for the parallel-in-time solution of linear-quadratic
optimal control problems with time-invariant system matrices. Our proposed approach is motivated by the
diagonalization approach in [1], which is based on requirements that limit its applicability to a smaller subclass
of applications. Our diagonalization approach relaxes these requirements at the cost of being slightly more
expensive to execute each iteration. We have provided new results regarding the well-posedness of the discretized
optimality system and the well-posedness of the proposed preconditioner. In addition, we have provided some
new theoretical results regarding the spectrum of the preconditioned system with our diagonalization technique
used as a preconditioner. However, a complete, detailed analysis of the spectrum of the preconditioned system
is still missing. Finally, our numerical examples show that in terms of GMRES iterations, our diagonalization
method and corresponding preconditioner are at least as competitive as the preconditioning approach seen in
[1] on examples where the two can be directly compared, but our preconditioner can be used for a significantly
broader class of problems.

APPENDIX A. DIAGONALIZATION OF THE PRECONDITIONER

The matrix IN{pCr defined in (3.20) can be diagonalized in a similar way as Kpe, defined in (2.9b). The process
is a straightforward generalization of that described in Section 2.4. We state the main steps for completeness.

Theorem A.l. The matriz I~{pe,, in (3.20) can be re-written as

f{,,erz(V—1®Iy)(D§j1”®M+5tD ©A—6tD\") ® BR™' BT

+D5Y @ MT +6DY) @ AT + 5DY) @ Q) (Val,), (A.1)

where 'V, D( R D(e)

1,2 7

i=1,2, are defined in (2.11), I € R™*™ is the identity matriz, and, for 6 € [0,1],

f)(leg = (8 DO;) ; f)éei = (g 8) . where Dy = diag(1, (1 —0) + 0w, ..., (1—0) + 0™ 1). (A.2)
’ 0

Proof. The proof is a minor modification of the proof of Theorem 2.6. O

Theorem A.1 provides an efficient way to solve the optimality system

o (1) (5). a9

Let w = e~27/7¢_ The k-th diagonal entries of the matrices D_y, D*,, Dy, D}, Dy, Dj € C™*™ € [0,1], are
given by (again, Z denotes the complex conjugate of the complex scalar z)

doyp=1-w"t doyg, dep=0+1-0)w" 1 doy, dos=(1—0)+6"1 39,1@, (A.4)

)

k=1,...,n, respectively. See Theorem 2.4. Because of the structure of the matrices D( b Dgi), D(a-) i,] =
1,2, deﬁned in (2.11) and (A.2), the matrix in the middle of the right hand side in (A.1) i is block dlagona (after

re-ordering).
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The identity in (A.1) implies that the system (A.3) can be solved in three steps:

v (E)- ()

1. Solve

2. Let

X
vk e (C2””X2”?f, k=1,...,ny,
Xp,k

denote the blocks corresponding to time step k. Solve

d,1’kM~+ 5td9’kA —5t§g,kBR_1BT <Zy,k:) _ (Xy,k) =1 ng (A 5)
otdg 1@ a,l,kMT + (5ta‘97kAT Zp.k X, 7 7 ’

p.k

3. Solve

ven(h)-(5)

Again, all three of these steps are parallelizable as described in Section 2.4. For problems of moderate size, the
systems (A.5) can be solved using sparse direct solvers. This is what we do in all examples in Section 4. For
larger problems these systems have to be solved iteratively. As discussed in Section 2.4, the 2-norm residual of
(A.5) and the condition numbers of the matrices in (A.5) determine the solution error in the iterative solution
of (A.3). If the systems (A.5) are solved iteratively, the application of the preconditioner I~(;elr is inexact. If used
in connection with Krylov subspace methods such as GMRES, the theory of inexact Krylov subspace methods
can be applied. See, e.g., [23, 24].

If the systems (A.5) have to be solved iteratively, their represenations as equivalent Hermitian systems is

useful. If chl'g’k # 0, the systems (A.5) in Step 2 can be rearranged as Hermitian systems

=1 _ — 7
- 0tQ dy g, (d-1 kM7 + 5tdg  AT) | (DoxZyr| _ <Xp’k) , k=1...n.  (A6)
dy (A1 kM + Stdp 1. A) ~§tBR™'B” dosZps)  \Kuk

Defining Z, = fR*IBT(ZM.ZM) allows one to write the block 2 x 2 Hermitian systems (A.6) as block 3 x 3
Hermitian systems

—1

(StQ 0 g@,k (3_17;€MT + 6t397kAT) de,ka,k Xp,k
0 OtR 5tBT :Zu,k = o ], (A.7)
d9_,11f (d_lka + 5td97kA) otB 0 dG,kZp,k Xy,k

k=1,...,n;. Note that if § = 1/2 and n; is even, the eigenvalue (%’k = dg with index k =1+ n/2 of Cy
shown in (2.15) is zero. Therefore, we need to require that the number of time steps n; is odd if § = 1/2 to
arrange the systems (A.5) in Step 2 as (A.6) or as (A.7). See also Remark 2.7. However, no restriction on the
number of time steps if § = 1/2 is needed to solve the systems (A.5) in Step 2. Analogously to Theorem 2.8 we
have the following result.



30 M. HEINKENSCHLOSS AND N.J. KROEGER

Theorem A.2. Assume (1.1) holds and that the eigenvalues of M~*A € R™*™ have strictly positive real
parts. If 0 € [1/2,1] or if 0 € [0,1/2) and 5t < 2Re(\)/((1 — 20)|\|?) for all eigenvalues X of M~1A, then the
systems (A.5) in Step 2 are invertible.

Proof. From the definition (A.4) it follows that d_q, = 0 if and only if k =1, and for k =1, dp y = glvg,k =1.
Thus d_1 ; and dp ;. cannot both be zero.
If dp ;, = 0, the system matrix in (A.5) is

d_1 kM + dtdy A 0
0 d_y , M7T + btdg 1 AT

with d_1,, # 0. If dp, = 0, then invertibility of M implies invertibility of the previous block 2 x 2 matrix.
If dg . # 0, then we have shown in the proof of Theorem 2.8 that d_; ;M + dtdp A is invertible. Hence the
previous block 2 x 2 matrix is invertible.

If dp 1, # 0, the system matrix in (A.5) is invertible if and only if the block 3 x 3 Hermitian matrix in (A.7) is
invertible. The block 3 x 3 Hermitian matrix in (A.7) is invertible if and only if d_; M + 0tdy A is invertible,
an the invertibility of d_; M + dtdy 1A was shown in the proof of Theorem 2.8. O

APPENDIX B. SPECTRUM OF THE PRECONDITIONED MATRIX

This appendix contains additional results about the spectrum of the preconditioned matrix.
Consider the eigenvalue problem (I — K;eHKinit)v = A\v, or its equivalent form

AKperv = (Kper — Kinit) V. (B.1)
Note that
Kpor — Kinie =(C{ 1Y = T0) @ M+ 5¢(C) = ) @ A — 5¢(CY) — TV)) ® BR™ BT
+ (05 — T e MT 4 at(CY) — TY)) @ AT +6t(CY) - TY)) © Q. (B.2)
Let

—(2).

where Y and P are given by (3.4¢c), but are generally complex valued. Using the definitions (3.20), (2.8), (3.19),
and (3.5), as well as the identity (B.2), the detailed version of equation (B.1) is

/\<M(y1 — Yn,) + LAy + (1 — O)yn,) — 5tBR_1BT((1 —0)po + 0p1) ) = —Myy,, + 6t(1 — 0)Ay,,,

)\(M(yk —yp_1) + 0tAOyr + (1 — O)yr_1) — StBR™* BT ((1 — 0)pr_1 + Opy.) 0, E=2...,n — 1,
—6t0d BR™'BTpy,
06t Qyn, ,

0, k=2...,m—1,

A(M (Y, = yn—1) + LAByn, + (1= )y, 1) = SLBR™ BT (1 = 0)pa, 1 + Opo)

/\(MT(po —p1) + StAT (Opo + (1 — O)p1) + 6tQ((1 — O)y1 + Oyn,)
)\(MT(PICA —pi) + 0tAT (Op—1 + (1 — O)pr) + 5tQ((1 — O)ys, + Oys—_1)

/\(MT(pn,,—l —po) + 6tAT (Opn,—1 + (1 — O)po) + 6tQ((1 — O)yn, + OYn, 1)

N——’ N e N N N
I

= —MTpy +6t(1 — ) AT pq.
(B.3)



A NEW DIAGONALIZATION BASED METHOD FOR PARALLEL-IN-TIME SOLUTION 31

If A = 0, the system (B.3) collapses to
(=M +6t(1-0)A)y,, =05tQyn, =0 and (— M +6t(1— H)A)Tpo =6t BR™'BTpy = 0.

Thus, the eigenspace corresponding to A = 0 contains the vectors with y,, = po = 0 and y1,...,Yn,—1,
Di,-.-,Pn,—1 arbitrary, which implies that A = 0 is an eigenvalue of the 2n;n, x 2n;n, matrix I — K;eHKinit
with multiplicity at least 2(n; — 1)n,. This is another proof of Theorem 3.5

If we consider eigenvalues A # 0 of I — erHKmm then the system (B.3) can be written in a compact form.
If A # 0, we define

o= (1=A")yn,, o, = (1= 2" )po, (B.4a)
and write the system (B.3) as

M (yi — yo—1) + 6tAOyr + (1 — 0)yr—1) — StBR BT (1 — 0)pe—1 + Opi) = 0, kE=1,...,n;  (B.4b)
MT(pk,l —pr)+ 5tAT(9pk,1 + (1 —=0)pr) +0tQ((1 — O)yx + Oyr—1) =0, k=1,...,n. (B.4c)

Bounding the non-zero eigenvalues A # 0 of I — erHKlmt via the analysis of (B.4) has not yet been successful.
However, we can shed some light this problem by considering (B.4) for large n; (small §¢).
The system (B.4), which characterizes the nonzero eigenvalues of I — K 1K,y can be interpreted as a

per
discretization of the system

M:ft (t)+ Ay(t) = BR'BTp(t) = te(0,7), (B.5a)
My(0) = < M y(T), (B.5b)
—MT%p@HAT(HQy(t) 0, te (0,7), (B.50)
Tp(T) = (1= A" M7 p(0). (B.5d)

We want to find A € C\ {0} and functions (y,p) € H*(0,T;C") x H'(0,T;C") with (y (0), p( )) # (0,0), such
that (B.5) holds. We expect that for large n; (small 6t) the nonzero eigenvalues of I — K L Kinit approximate
the \’s obtained by finding A # 0 and functions (y,p) € H'(0,T;C") x H'(0,T;C") with ( (0),p(T)) # (0,0),
such that (B.5) holds.

We will write the problem (B.5) as a matrix eigenvalue problem. This matrix eigenvalue problem will be
stated in (B.10), (B.11) below, and is based on the mapping of (yg, pr) € C™ x C™¥ to the solution y, p of

M S yt) + Ay(t) ~ BRBTp() = 0, te(0,1), (B.6a)
M y(0) = My, (B.6b)

M7 S p(0) + ATp(1) + Q1) =0, te.7) (3.60)
MTp(T) = M pr. (B.6d)

Theorem B.1. If (1.1) holds, then for every (yo,pr) € C™ x C™ there exists a unique solution (y,p) €
HY(0,T;C™) x H'(0,T;C™) of (B.6).
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Proof. Introduce the function u via

Ru(t) = —BTp(t). (B.7)
The solutions of (B.6a,b) and (B.6¢,d) are
¢
y(t) = exp(=M T At)yy — / exp(—MYA(t — 7)) M~ Bu(r)dr, (B.8a)
0
T
p(t) = exp(—M~TAT (T — t))pr — / exp(—M~TAT (s — t)) M~TQy(s)ds. (B.8b)
t
Inserting (B.8b) and (B.8a) into (B.7) gives
T

Ru(t) = — BT exp(-M~TAT(T — t))pr + / BT exp(—M~TAT (s —t)) M~TQexp(—M ' As)yods

t

T s
- / BT exp(—M~TAT (5 — 1)) M-TQ/ exp(—M~1A(s — 7)) M~ B u(r)drds
t 0
T

=— BT exp(-M~TAT(T — t))pr + / BT exp(—M~TAT (s —t)) M~ TQexp(—M ' As)yods

t

- /t BTM T exp(—ATM (s —1t)) Q/Os exp(—MtA(s — 7)) M~ Bu(r)drds.

Thus, given (yo,pr) € C™ x C"v, the functions (y,p) € H(0,T;C™) x H'(0,T;C") defined by (B.8) solve
(B.6) if and only if u € L?(0, T; C™) solves

Ru(t) + (Hu)(t) = g(t) for almost all t € [0,T], (B.9)

where H is the bounded linear operator from L2(0,T;C") to L?(0,T;C™) defined by
T s
ur Hu = / / BYM T exp(=ATM (s — @) Qexp(—M *A(s — 7)) M~ Bu(r)drds
. 0
and g € L%(0,T;C") is defined by
T
g(t) = =BT exp(~M~TAT(T — t))pr + / BT exp(—M~TAT (s —t)) M~TQexp(—M ' A s)yods.
t
Because fOT ftT ....dsdt = fOT g ----dtds and Q is symmetric positive definite, the operator H satisfies
T
/ w(t)* (Hu)(t)dt
0
T T s
= / / w(t)*BTM~T exp(=ATM =T (s — t)) Q/ exp(—MYA(s — 7)) M~ Bu(r)drdsdt
0o Jt 0

- /T /5 u(t)* BT M =T exp(—ATM~T (s —t))dt Q /S exp(— M~ A(s — 7)) M~ B u(r)drds > 0.
0 0 0
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Since R is symmetric positive definite,

T T
/ u(t)* (Ru(t) + (Hu)(t))dt > )\mm(R)/ w(t)*u(t)dt,
0 0
where Apin(R) > 0 is the smallest eigenvalue of R. This implies that (B.9) has a unique solution u €
L?(0,T;C") for every g € L?(0,T;C"). O

Corollary B.2. Let (1.1) hold. If A € C\ {0} and (y,p) € H*(0,T;C") x H'(0,T;C"™) with (y(0),p(T)) #
(0,0) satisfy (B.5), then X # 1.

Proof. If A = 1, the problem (B.5) is equivalent to (B.6) with yo = 0 and pyr = 0. The unique solution of (B.6)
with yo = pr =0 is y = p = 0, which does not satisty (y(0),p(T")) # (0,0). O

The mapping (yo,pr) — (y,p) that maps initial/final conditions into the solution of (B.6) is linear. Given
this mapping we can define the matrix S € C2™*2™ via

C™ x €™ 3 (yo, pr) = S(yo, pr) = (y(T), p(0)) € C™ x C™. (B.10)

The problem (B.5) can now be written as the following matrix eigenvalue problem: Find A € C\ {0} and
(yo,pr) € C™ x C™, (yo,pr) # (0,0), such that

(1=27") S(yo,pr) = (30, P7)- (B.11)

Recall from Corollary B.2 that A # 1 and we can equivalently state the problem (B.11) as follows: If u # 0 is
an eigenvalue of S, with eigenvector (yo, pr) € C™ x C"v,

S(yO>pT) = (y07pT)7 (B12)
then g = (1 — A71)~! implies that
A=(1—-pHt (B.13)

and (y,p) € HY(0,T;C™) x H'(0,T;C") satisfy (B.5), where the functions y, p are the solutions of (B.6).
Moreover, we expect that for large n; (small §t) the nonzero eigenvalues of I — ngHKinit approximate the

eigenvalues (B.13), and the eigenvalues not equal to one of IN(;eHKinit approximate

1

1-(1—pH = T (B.14)

We observe this in our numerical examples. However, bounds in the eigenvalues p of S and resulting bounds on
(B.14), as well as the detailed connection between the non-zero eigenvalues A # 0 of I — KljcHKinit which are
characterized by (B.4) and (B.11) are missing.
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