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OPTIMAL CONTROL OF INFINITE-DIMENSIONAL

DIFFERENTIAL SYSTEMS WITH RANDOMNESS AND

PATH-DEPENDENCE AND STOCHASTIC PATH-DEPENDENT

HAMILTON–JACOBI EQUATIONS

Jinniao Qiu and Yang Yang*

Abstract. This paper is devoted to the stochastic optimal control problem of infinite-dimensional
differential systems allowing for both path-dependence and measurable randomness. As opposed to
the deterministic path-dependent cases studied by Bayraktar and Keller [J. Funct. Anal. 275 (2018)
2096–2161], the value function turns out to be a random field on the path space and it is characterized
by a stochastic path-dependent Hamilton-Jacobi (SPHJ) equation. A notion of viscosity solution is
proposed and the value function is proved to be the unique viscosity solution to the associated SPHJ
equation.
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1. Introduction

The purpose of this paper is to characterize the value function of a certain class of path-dependent stochastic
optimal control problems in an infinite dimensional setting as the unique solution to the corresponding stochastic
path-dependent Hamilton-Jacobi (SPHJ) equation. These equations in finite dimensional set up have been
studied by Qiu ([1]). However, our extension to the infinite dimensional spaces is nontrivial.

Let (Ω,F , {Ft}t≥0,P) be a complete filtered probability space. The filtration {Ft}t≥0 satisfies the usual
conditions and is generated by an m-dimensional Wiener process W = {W (t) : t ∈ [0,∞)} together with all the
P-null sets in F . Let V ⊆ H ⊆ V∗ be a Gelfand triple, where V is a separable reflexive Banach space with a
continuous, dense, and compact embedding into a separable Hilbert space H.

Throughout this work, the number T ∈ (0,∞) denotes a fixed deterministic terminal time and the
set C([0, T ];H) represents the space of H-valued continuous functions on [0, T ]. For each x ∈ C([0, T ];H),
denote by xt its restriction to time interval [0, t] for each t ∈ [0, T ] and by x(t) its value at time
t ∈ [0, T ].
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Consider the following stochastic optimal control problem

min
θ∈U

E

[∫ T

0

f(s,Xs, θ(s)) ds+G(XT )

]
, (1.1)

subject to 
dX(t)

dt
= AX(t) + β(t,Xt, θ(t)), t ≥ 0;

X0 = x0 ∈ H.
(1.2)

Here, we denote by U the set of all the U -valued and {Ft}t∈[0,T ]-adapted processes with U being a nonempty

compact set. The process (X(t))t∈[0,T ] is the state process, governed by the control θ ∈ U . The notationXr,xr;θ(t)
for 0 ≤ r ≤ t ≤ T may be used to indicate the dependence of the state process on the control θ, the initial time
r, and initial path xr. Here A : V → V∗ is a linear time-constant operator1 and β(t,Xt, θ(t)) takes values in H.
For the well-posedness of the state system, we apply the following assumptions on operator A.

(i) (Coercivity) There exists c1 ∈ R, c2 ∈ R+ such that for all v ∈ V,

2 · V∗⟨Av, v⟩V ≤ c1∥v∥2H − c2∥v∥2V.

(ii) (Boundedness) There exists c3 ≥ 0 such that for all v ∈ V,

∥Av∥V∗ ≤ c3∥v∥V.

In this paper, we consider the non-Markovian cases where the coefficients β, f may depend not only on time
and control but also explicitly on ω ∈ Ω and the path/history of the state process. The function G is random
and path-dependent as well. Such problems arise naturally from controlled partial differential equations allowing
for path-dependent and random coefficients. An example is sketched as follows.

Example 1.1. Let O ⊆ Rd be a bounded domain with smooth boundary ∂O. Denote by W k,p
0 (O) the k-th

order Sobolev spaces on O with elements vanishing at ∂O, for k ∈ Z, p ∈ (1,∞). We consider the following
control problem

min
θ∈U

E

[∫ T

0

f̃(s, X̃s, θ(s)) ds+ G̃(X̃T )

]
,

subject to

X̃(t) = x0 +

∫ t

0

(∆X̃(s) + β̃(s, X̃s, θ(s))) ds+ η̃(t) t ≥ 0, x0 ∈ H,

where V = W 1,2
0 (O) is dense and compactly embedded into H = L2

0(O), and V∗ = W−1,2
0 (O). f̃ and G̃ are

functions taking values in R. β̃ is taking values in H, while η̃ may be any (Ft)t≥0-adapted W 2,2
0 (O)-valued

stochastic process with or without rough paths, including integrals with respect to Wiener processes, fractional
Brownian motions, and general semimartingales, and so on. And the Laplace operator ∆ is linearly mapping
W 1,2

0 (O) ontoW−1,2
0 (O). Set X(t) = X̃(t)− η̃(t), for any t ∈ [0, T ]. The control problem above could be written

1Under certain conditions, our results may be extended to operators A that are time and path-dependent, and even nonlinear.
To avoid cumbersome arguments, we consider a time-constant linear operator A herein.
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equivalently as (1.1)–(1.2), while the associated coefficients (f, β)(s,Xs, θ(s)) = (f̃ , β̃)(s, (X + η̃)s, θ(s)) and
G(XT ) = G̃((X + η̃)T ) are obviously random.

Back to the control problem (1.1)–(1.2), we define the dynamic cost functional:

J(t, xt; θ) = EFt

[∫ T

t

f(s,Xt,xt;θ
s , θ(s))ds+G(Xt,xt;θ

T )

]
, t ∈ [0, T ], (1.3)

and the value function V is given by

V (t, xt) = essinf
θ∈U

J(t, xt; θ), t ∈ [0, T ]. (1.4)

Due to the randomness and path-dependence of the coefficients, the value function V (t, xt) is a function of
time t, path xt, and ω ∈ Ω. In this work, it is in fact proven to be the unique viscosity solution to the following
stochastic path-dependent Hamilton-Jacobi (SPHJ) equation:{

−dtu(t, xt)−H(t, xt,∇u(t, xt)) = 0, (t, xt) ∈ [0, T )× C([0, T ];H),

u(T, xT ) = G(xT ), xT ∈ C([0, T ];H),
(1.5)

with

H(t, xt, p) = essinf
v∈U

{V∗⟨Ax(t), p⟩V + V∗⟨β(t, xt, v), p⟩V + f(t, xt, v)}, for p ∈ V, (1.6)

where ∇u(t, xt) denotes the vertical derivative of u(t, xt) at the path xt (see Def. 2.1) and the unknown adapted
random field u is confined to the following form:

u(t, xt) = u(T, xt,T−t)−
∫ T

t

dsu(s, xt,s−t)ds−
∫ T

t

dωu(s, xt,s−t)dW (s), (1.7)

where xt,r−t(s) = xt(s)1[0,t)(s) + xt(t)1[t,r](s) for 0 ≤ t ≤ r ≤ T , 0 ≤ s ≤ r. The semimartingale decomposition
theorem indicates the uniqueness so that the pair (dt, dω) is well-defined as two linear operators; in finite
dimensional cases, the operators are consistent with those differential operators defined in [2], Section 5.2
and [3], Theorem 4.3 for instance. Comparing (1.5)–(1.7), we can rewrite the SPHJ equation formally as a
path-dependent backward stochastic partial differential equation (BSPDE):{

−du(t, xt) = H(t, xt,∇u(t, xt))dt− ψ(t, xt)dW (t), (t, xt) ∈ [0, T )× C([0, T ];H)

u(T, xT ) = G(xT ), xT ∈ C([0, T ];H)
(1.8)

where the pair (u, ψ) = (u, dωu) is unknown.

The notion of viscosity solutions for deterministic partial differential equations can be traced back to early
works (see [4–8] for the finite dimensional cases, and [8–10] for the infinite dimensional cases, to name a few).
The optimal control problem with deterministic path-dependent coefficients is first studied in [11] with a viscos-
ity solution approach under the finite dimensional setup. The Hamiltonian is non-anticipatory and the existence
and uniqueness theorems are proved. Other cases with similar setups can be found in [12–14]; for theories of
general deterministic path-dependent PDEs, please refer to [2, 14–16] to mention but a few. When it comes to
the extension of optimal control problems under an infinite dimensional framework, a wellposedness result is
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provided in [17] for the viscosity solution to the HJB equations in Banach spaces with state-dependent, deter-
ministic coefficients and controls; another study with path-dependent setup is provided by [18] for a class of fully
nonlinear path-dependent PDEs with nonlinear, monotone and coercive operators in Hilbert spaces. The work
is focused on the wellposedness and stability of minimax solutions while some discussion of the viscosity solution
approach is included as well. Under the finite dimensional framework, when the coefficients are state-dependent
and possibly random (see [19–21]), the value function is proved to be the solution to a backward stochastic
partial differential equation (BSPDE); for more research work in general BSPDEs, please see [22–25] among
many others. When the coefficients are both possibly random and path-dependent, a class of optimal control
problems have been studied in [1] under the finite dimensional framework. Our work is a nontrivial extension
of [1] in the infinite dimensional setup. Inspired by early works of viscosity solution in [18, 26, 27], we use a
Gelfand triple V ⊂ H ⊂ V∗, where the continuous and compact embedding is set as usual and helps to deal
with the lack of local compactness issue in the path space caused by both the path-dependence and the infinite
dimensional spaces the state process takes values in. Meanwhile the dense and compact embedding argument,
along with the bounded and coercive assumptions of operator A helps us handle the possible unboundedness
in A : V → V or V → H as well as the local compactness issue. It is worthwhile to point out that in [26], the
viscosity solution approach is discussed under one or more continuously and densely embedded Gelfand triples
while both V and H are Hilbert spaces. In contrast to our setup, the state dynamics is deterministic and state-
dependent, with an extra diffusion term. And the linear operator A is possibly depending on both time and the
admissible control. In general, our theory makes it possible to employ the dynamic programming and viscosity
solution approach to study optimal control problems for a fairly general class of stochastic path-dependent
Hamilton-Jacobi equations in infinite dimensional spaces. In this setting, the control problems (1.1), (1.2) and
the associated path-dependent stochastic Hamilton-Jacobi equation (1.5), to the best of our knowledge, have
never been studied in the literature.

The main obstacles in our paper are three-folded. First the operator A : V → V∗ and the path-dependence
make it hard to directly obtain an appropriate uniform-in-time stability estimation of the state processes in
space V or H, because for a.e. t ∈ [0, T ], X(t) ∈ V, AX(t) takes value in V∗. It is thus difficult to achieve
uniform convergence of its own finite dimensional projections. Although eventually we manage to resolve such
issues in the uniqueness discussion of the viscosity solution, the unboundedness of A : V → V or V → H, which
leads to weaker estimations of path distance within the Gelfand triple as shown in Lemma 3.3, further causes
trouble in ensuring uniform convergence of the finite-dimensional approximations of other coefficients f , β, and
G (see (4.5)). For the same reason, we need to introduce further assumptions to ensure the existence of viscosity
subsolution. This is different from the result under a finite dimensional framework. Second, the coefficients and
thus the solution u are random and path-dependent. The lack of local compactness in the path space, which
is caused not just by the infinite dimensional setup for the state process but also by the path-dependence of
the coefficients, drives us to define the random test functional spaces as sequences of compact subspaces using
compact embedding and stopping time theories. A similar technique is adopted as in [12, 13] to replace the
pointwise extremality in the standard definition of viscosity solutions by the corresponding extremality in the
context of optimal stopping problems. However, in contrast to the finite dimensional case [1], not only the
definition of viscosity solutions needs to be changed accordingly, but we can only obtain an even weaker version
of comparison principle that is associated with infinite sequences of integers {kn}n∈N+ and has an explicit initial
state dependence. This is different from the deterministic nonlinear path-dependent cases (for instance [11, 12])
and the stochastic state-dependent cases (for instance [20, 21]). Third, we did not define any topology in the
measurable space (Ω,F ). As a result, it is inappropriate to express our coefficients, test functionals as well
as viscosity solutions pointwisely w.r.t. ω ∈ Ω, although they may be explicitly dependent on it. Instead, both
the test functions and viscosity solutions are parametrized by Ωτ ∈ Fτ for each point (τ, ξ), where τ may be
a stopping time and ξ valued in C([0, τ ];V). The combination of path-dependence and measurable randomness
prompts us to take a different approach via dense and compact embedding arguments, as well as a weak version
of comparison principle, other than the conventional variable-doubling techniques, in solving our stochastic
path-dependent Hamilton-Jacobian equations.
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Our paper is organized as follows. In Section 2, we show some preliminary notations and main assumptions.
Then we bring in certain regularity conditions to our test functional spaces, under which we are able to introduce
the definition of the viscosity solutions. In Section 3, we first introduce the well-posedness results on the state
process and some of its important estimates. Then we move on to the regularity analysis of the cost functional
and the value function. Applying stopping time techniques, a generalized dynamic programming principle is
proved, and a generalized Itô-Kunita formula is given under the path-dependent setup. In the end of this
section, we prove that the value function is a viscosity solution to the associated SPHJ equation. In Section 4, a
weak version of comparison principle is proved followed by some stronger assumptions and a finite dimensional
approximation lemma. At last, we are able to prove the uniqueness of the viscosity solution to the SPHJ
equation using finite dimensional approximations. In the appendix, one may find the proofs of Lemma 3.3 and
Proposition 3.4.

2. Preliminaries and definition of viscosity solution

2.1. Preliminaries

Let B be a Banach space equipped with norm ∥ · ∥B. For each r ∈ [0, T ], let space Λ0
r(B) := C([0, r];B) be the

set of all B-valued continuous functions on [0, r] and Λr(B) := D([0, r];B) the space of B-valued càdlàg (right
continuous with left limits) functions on [0, r]. Define

Λ0(B) = ∪r∈[0,T ]Λ
0
r(B),Λ(B) = ∪r∈[0,T ]Λr(B).

Throughout this paper, for each path X ∈ ΛT (B) and t ∈ [0, T ], denote by Xt = (X(s))0 ≤ s ≤ t its restriction
to time interval [0, t], while using X(t) to represent its value at time t. For each (xr, xt) ∈ Λr(B)× Λt(B) with
0 ≤ r ≤ t ≤ T ,

∥xr∥0,B = sup
s∈[0,r]

∥xr(s)∥B;

d0,B(xr, xt) =
√

|t− r|+ sup
s∈[0,t]

{∥xr(s)− xt(s)∥B1[0,r)(s) + ∥xr(r)− xt(s)∥B1[r,t](s)}.

Here for each t ∈ [0, T ], (Λ0
t (B), ∥ · ∥0,B) and (Λt(B), ∥ · ∥0,B) are Banach spaces, while (Λ0

t (B), d0,B) and
(Λt(B), d0,B) are complete metric spaces. For each xt ∈ Λt(B) (respectively for xt ∈ Λ0

t (B)), we may define,
correspondingly, x ∈ ΛT (B) (respectively for x ∈ Λ0

T (B)) with x(s) = xt(t ∧ s) for s ∈ [0, T ]. In addition, we
shall use B(Λ0(B)), B(Λ(B)), B(Λ0

t (B)), B(Λt(B)) to denote the associated Borel σ-algebras.
For each xt ∈ Λt(V∗) and any h ∈ V∗, we denote its vertical perturbation xht ∈ Λt(V∗) with xht (s) =

xt(s)1[0,t)(s) + (xt(s) + h)1t(s) for s ∈ [0, t]. Note that this vertical perturbation may not be time continuous
at the end point.

Definition 2.1. Given a functional ϕ : Λ(V∗) → R and xt ∈ Λt(V∗), ϕ is said to be vertically differentiable at
xt if the function

ϕ(x·t) : V∗ → R
h→ ϕ(xht )

is differentiable at 0 in a Gateaux derivative sense. The gradient ∇ϕ(xt) is V-valued and defined by

V⟨∇ϕ(xt), h⟩V∗ = lim
λ→0

ϕ(xλht )− ϕ(xt)

λ

for all h ∈ V∗.
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Let B′ be another Banach space equipped with norm ∥ · ∥B′ . The continuity of functionals on metric spaces
Λ0(B) and Λ(B) can be defined in a standard way. Given xt ∈ Λ(B), we say a mapping ϕ : Λ(B) → B′ is
continuous at xt if for any ϵ > 0 there exists some δ > 0 such that for any xr ∈ Λ(B) satisfying d0,B(xr, xt) < δ,
it holds that ∥ϕ(xr)− ϕ(xt)∥B′ < ϵ. If the B′-valued functional ϕ is continuous and bounded at all xt ∈ Λ(B), ϕ
is said to be continuous on Λ(B) and denoted by ϕ ∈ C(Λ(B);B′). Similarly we define C(Λ0(B);B′), C([0, T ]×
Λ(B);B′), and C([0, T ]× Λ0(B);B′).

Throughout this paper, as usual the measurability of non-separable space-valued random functions is in a
strong sense, i.e., such measurable functions may be approximated point-wisely (a.e. if a measure is given)
by simple functions. For each t ∈ [0, T ], denote by L0(Ω × Λt(B),Ft ⊗ B(Λt(B));B′), the space of B′-valued
Ft ⊗ B(Λt(B))-measurable random variables. For each measurable function

u : (Ω× [0, T ]× Λ(B),F ⊗ B([0, T ])⊗ B(Λ(B))) → (B′,B(B′)),

we say u is adapted if for any time t ∈ [0, T ], u is Ft ⊗ B(Λt(B))-measurable. For p ∈ [1,∞], denote by
Sp(Λ(B);B′) the set of the adapted functions u : Ω × [0, T ] × Λ(B) → B′ such that for almost all ω ∈ Ω, u
is valued in C([0, T ]× Λ(B);B′) and

∥u∥Sp(Λ(B);B′) :=

∥∥∥∥∥ sup
(t,xt)∈[0,T ]×Λt(B)

∥u(t, xt)∥B′

∥∥∥∥∥
Lp(Ω,F ,P)

<∞.

For p ∈ [1,∞), denote by Lp(Λ(B);B′) the totality of all the adapted functions X : Ω× [0, T ]×Λ(B) → B′ such
that for almost all (ω, t) ∈ Ω× [0, T ], X is valued in C(Λ(B);B′), and

∥X∥Lp(Λ(B);B′) :=

∥∥∥∥∥∥
(∫ T

0

sup
xt∈Λt(B)

∥X (t, xt)∥pB′dt

)1/p
∥∥∥∥∥∥
Lp(Ω,F ,P)

<∞.

Obviously (Sp(Λ(B);B′), ∥ · ∥Sp(Λ(B);B′)) and (Lp(Λ(B);B′), ∥ · ∥Lp(Λ(B);B′)) are Banach spaces. In a similar
way, we define spaces L0(Ω×Λ0

t (B),Ft ⊗B(Λ0
t (B));B′), (Sp(Λ0(B);B′), ∥ · ∥Sp(Λ0(B);B′)), and (Lp(Λ0(B);B′), ∥ ·

∥Lp(Λ0(B);B′)).
For each δ > 0, 0 ≤ τ ≤ t ≤ T , Banach space B ⊂ B′, and ξ ∈ Λ0

τ (B), define the neighbourhood of ξ in the
space Λ0

t (B′) as BB′

δ (ξ) being the family of x ∈ Λ0
t (B′) satisfying

sup
r∈[0,t]

∥x(r)− ξ(r ∧ τ)∥B′ < δ.

Within the Gelfand triple, there exists c > 0 such that

∥ · ∥V∗ ≤ c∥ · ∥H ≤ c2∥ · ∥V,

i.e., for all h ∈ V,

∥h∥V∗ ≤ c∥h∥H ≤ c2∥h∥V.

W.l.o.g, we assume c = 1. Following is the assumption we use throughout this paper.
(A1) G ∈ L∞(Ω;FT ;C(ΛT (V∗);R)).

(i) for each v ∈ U , f(·, ·, v), β(·, ·, v) is adapted;
(ii) for almost all (ω, t) ∈ Ω× [0, T ], f(t, ·, ·), β(t, ·, ·) is continuous on Λt(V∗)× U ;



OPTIMAL CONTROL OF INFINITE-DIMENSIONAL DIFFERENTIAL SYSTEMS WITH RANDOMNESS 7

(iii) there exists L > 0 such that for all xT , xT ∈ ΛT (H), and t ∈ [0, T ], there hold

esssup
ω∈Ω

|G(xT )|+ esssup
ω∈Ω

sup
v∈U

|f(t, xt, v)|+ esssup
ω∈Ω

sup
v∈U

∥β(t, xt, v)∥H ≤ L,

esssup
ω∈Ω

|G(xT )−G(xT )|+ esssup
ω∈Ω

sup
v∈U

|f(t, xt, v)− f(t, xt, v)|

+ esssup
ω∈Ω

sup
v∈U

∥β(t, xt, v)− β(t, xt, v)∥V∗ ≤ L(∥xT − xT ∥0,H + ∥xt − xt∥0,H).

2.2. Definition of viscosity solutions

For δ ≥ 0, xt ∈ Λt(V∗), we define the horizontal extension xt,δ ∈ Λt+δ(V∗) by setting xt,δ(s) = xt(s ∧ t) for
all s ∈ [0, t+ δ].

Definition 2.2. For u ∈ S2(Λ(V∗);R) with ∇u ∈ L2(Λ(V∗);V), we say u ∈ C1
F if

(i) there exists (dtu, dωu) ∈ L2(Λ(V∗);R)× L2(Λ(V∗);Rm) such that for all 0 ≤ r ≤ τ ≤ T , xr ∈ Λr(V∗)

u(τ, xr,τ−r) = u(r, xr) +

∫ τ

r

dsu(s, xr,s−r)ds+

∫ τ

r

dωu(s, xr,s−r)dW (s), a.s.;

(ii) there exists a constant ρ ∈ (0,∞) such that for almost all (ω, t) ∈ Ω × [0, T ] and all xt ∈ Λ0
t (V∗), there

holds ∥∇u(t, xt)∥V ≤ ρ;
(iii) there exists a constant α ∈ (0, 1) and a finite partition 0 = t0 < t1 < ... < tn = T , for integer n ≥ 1, such

that∇u is a.s. valued in C((tj , tj+1)×Λ(V∗);V) for j = 0, ..., n−1, and for any 0 < δ < min0≤j≤n−1 |tj+1−
tj |, there exists Lδ

α ∈ (0,∞) satisfying a.s for almost all t ∈ ∪0≤j≤n−1(tj , tj+1 − δ] and all xt, yt ∈ Λ0
t (V∗),

|u(t, xt)− u(t, yt)|+ ∥∇u(t, xt)−∇u(t, yt)∥V ≤ Lδ
α∥xt − yt∥α0,V∗ ,

|dtu(t, xt)− dtu(t, yt)|+ ∥dωu(t, xt)− dωu(t, yt)∥Rm ≤ Lδ
α∥xt − yt∥α0,V∗ .

We call the constant α is the exponent associated to u ∈ C1
F and 0 = t0 < t1 < ... < tn = T the associated

partition.

Each u ∈ C1
F can be thought of as an Itô process and thus a semi-martingale parameterized by x ∈

Λ(V∗). Doob-Meyer decomposition theorem ensures the uniqueness of the integrable pair (dtu, dωu) at points
(ω, t, xs,t−s) for 0 ≤ s < t ≤ T , and a standard denseness argument may yield the uniqueness of the pair
(dtu, dωu) in L2(Λ(V∗);R) × L2(Λ(V∗);Rm). In finite dimensional cases, this makes sense of the two linear
operators dt and dω which are consistent with the differential operators in [2], Section A.2 and [3], Theorem 4.6.
Particularly, if u(t, x) is a deterministic function on the time-state space [0, T ]×V∗, we may have dωu ≡ 0 and
dtu coincides with the classical partial derivative in time; if the random function u on Ω× [0, T ]×V∗ is regular
enough (w.r.t. ω) in the sense of Malliavin’s calculus, the term dωu is just the Malliavin’s derivative. In addition,
the operators dt and dω are different from the path derivatives (∂t, ∂ω) via the functional Itô formulas (see [28]
and [29], Sect. 2.3); if u(ω, t, x) is smooth enough w.r.t. (ω, t) in the path space, for each x, we have the relation

dtu(ω, t, x) = (∂t +
1

2
∂2ωω)u(ω, t, x), dωu(ω, t, x) = ∂ωu(ω, t, x),

which may be seen from [29], Section 6 and [28].
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Let T t be the set of stopping times τ valued in [t, T ] and T t
+ the subset of T t such that for each τ ∈ T t

+, τ > t.
Then for each τ ∈ T 0 and Ωτ ∈ Fτ , we denote by L0(Ωτ ,Fτ ; Λ

0
τ (B))2 the set of Λ0

τ (B)-valued Fτ -measurable
functions defined on Ωτ .

Now, for each k ∈ N+, 0 ≤ t ≤ s ≤ T , ξ ∈ Λ0
t (V), we define

Λ0,k;ξ
t,s (V) =

{
x ∈ Λ0

s(H) ∩ L2(0, s;V) : x(τ) = ξ(t ∧ τ) +
∫ τ

t∧τ

Ax(r) + g(r)dr, τ ∈ [0, s], for some

g ∈ L∞(0, T ;H) with ∥g∥L∞(0,T ;H) ≤ k

}
,

and in particular , we set Λ0,k
0,t (V) = ∪ξ∈VΛ

0,k;ξ
0,t (V) for each t ∈ [0, T ]. Then obviously Λ̃0

0,t(V) := ∪k∈N+ ∪ξ∈V

Λ0,k;ξ
0,t (V) is dense in Λ0

t (H). We also note that by [18], Proposition 2.10, the path space Λ0,k;ξ
0,t (V) is compactly

embedded into Λ0
t (H).

We now introduce the notion of viscosity solutions. For each (u, τ) ∈ S2(Λ(V∗);R) × T 0, Ωτ ∈ Fτ with
P(Ωτ ) > 0 and ξ ∈ L0(Ωτ ,Fτ ; Λ

0
τ (V)), we define for each k ∈ N+,

Gu(τ, ξ; Ωτ , k) :=

{
ϕ ∈ C1

F : there exists τ̂k ∈ T τ
+ such that

(ϕ− u)(τ, ξ)1Ωτ
= 0 = essinf

τ∈T τ
EFτ

[
inf

y∈Λ0,k;ξ
τ,τ∧τ̂k

(V)
(ϕ− u)(τ ∧ τ̂k, y)

]
1Ωτ

a.s.

}
,

Gu(τ, ξ; Ωτ , k) :=

{
ϕ ∈ C1

F : there exists τ̂k ∈ T τ
+ such that

(ϕ− u)(τ, ξ)1Ωτ = 0 = esssup
τ∈T τ

EFτ

 sup
y∈Λ0,k;ξ

τ,τ∧τ̂k
(V)

(ϕ− u)(τ ∧ τ̂k, y)

 1Ωτ a.s.

}
,

Throughout this work, by saying (s, x) → (t+, ξ) for some (t, ξ) ∈ [0, T )× Λ0
t (V), we mean that there exists

k ∈ N+ such that (s, x) → (t+, ξ) with s ∈ (t, T ], x ∈ Λ0,k;ξ
t,s (V), and supr∈[t,s] ∥x(r)− ξ(t)∥V∗ → 0. The definition

of viscosity solutions then comes as follows.

Definition 2.3. We say u ∈ S2(Λ0(H);R) is a viscosity subsolution (resp. supersolution) of SPHJ
equation (1.5), if u(T, y) ≤ (resp. ≥)G(y) for all y ∈ Λ0

T (H) a.s., and for any K0 ∈ N+, there exists k ≥ K0

such that for any τ ∈ T 0, Ωτ ∈ Fτ with P(Ωτ ) > 0 and ξ ∈ L0(Ωτ ,Fτ ; Λ
0
τ (V)) and any ϕ ∈ Gu(τ, ξ; Ωτ , k)(resp.

ϕ ∈ Gu(τ, ξ; Ωτ , k)), there holds,

ess lim inf
(s,x)→(τ+,ξ)

{−dsϕ(s, x)−H(s, x,∇ϕ(s, x))} ≤ 0, for ω ∈ Ωτ a.s. (2.1)

( resp. ess lim sup
(s,x)→(τ+,ξ)

{−dsϕ(s, x)−H(s, x,∇ϕ(s, x))} ≥ 0, for ω ∈ Ωτ a.s. ) (2.2)

2Here we actually mean L0(Ωτ ,Fτ ∩ Ωτ ; Λ0
τ (B)), where Fτ ∩ Ωτ := {B ∩ Ωτ : B ∈ Fτ}. For simplicity, we just denote

L0(Ωτ ,Fτ ; Λ0
τ (B)) = L0(Ωτ ,Fτ ∩ Ωτ ; Λ0

τ (B)).
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The function u is a viscosity solution of SPHJ equation (1.5) if it is both a viscosity subsolution and a viscosity
supersolution of (1.5).

The test function space C 1
F is expected to include the L2-solutions of ordinary backward stochastic differential

equations which are space-invariant and have dtu allow for time-discontinuity and just measurability in time t.
On the other hand, as (s, x) → (τ+, ξ), we have x ∈ Λ0,k;ξ

τ,s (V) for some k ∈ N+ and thus x ∈ L2(0, s;V) which is
well defined a.e. but not pointwisely on [0, s] as V-valued functions; consequently, Ax(r) and H(r, x,∇ϕ(r, x)) for
τ ≤ r ≤ s are not pointwisely but a.e. well defined. Also, the involved functions and terms are just measurable
w.r.t. ω ∈ Ω and all such measurability features motivate us to use essential limits in (2.1) and (2.2).

Remark 2.4. In the above definition, we can see that each viscosity subsolution (resp. supersolution) of SPHJ
equation (1.5) is associated to an infinite sequence of integers 1 ≤ k1 ≤ · · · ≤ kn ≤ · · · (resp. 1 ≤ k1 ≤ · · · ≤ kn ≤
· · · ) such that the required properties in Definition 2.3 are holding for all the test functions in Gu(τ, ξ; Ωτ , ki)
(resp. Gu(τ, ξ; Ωτ , ki)) for ∀ i ∈ N+.

Throughout this paper we define for ∀ϕ ∈ C1
F , v ∈ U , t ∈ [0, T ], and xt ∈ Λ̃0

0,t(V),

Lvϕ(t, xt) = dtϕ(t, xt) + V∗⟨Ax(t),∇ϕ(t, xt)⟩V + V∗⟨β(t, xt, v),∇ϕ(t, xt)⟩V.

Remark 2.5. In view of (A1), for each ϕ ∈ C1
F , there exists an (Ft)t≥0-adapted process ζϕ ∈ L2(Λ(V∗);R)

such that for a.e. (ω, t) ∈ Ω× [0, T ], and all xt ∈ Λ̃0
0,t(V), we have

| − dtϕ(t, xt)−H(t, xt,∇ϕ(t, xt))| ≤ sup
v∈U

|Lvϕ(t, xt) + f(t, xt, v)| ≤ ζϕt + c3ρ∥x(t)∥V.

So the essential limits in the above definition is well defined. Meanwhile, there exists a finite partition 0 = t0 <
t1 < · · · < tn = T , such that for any min0≤j≤n−1 |tj+1− tj | > δ > 0, and for almost all t ∈ ∪0≤j≤n−1(tj , tj+1−δ],
k ∈ N+, ξ ∈ V and all xt, xt ∈ Λ0,k;ξ

0,t (V), it holds that

|{−dtϕ(t, xt)−H(t, xt,∇ϕ(t, xt))} − {−dtϕ(t, xt)−H(t, xt,∇ϕ(t, xt))}|
≤ sup

v∈U
|(Lvϕ(t, xt) + f(t, xt, v))− (Lvϕ(t, xt) + f(t, xt, v))|

≤ (Lδ
α + L)

[
(L+ 1)∥xt − xt∥α0,V∗ + (1 + ρ)∥xt − xt∥0,H

]
+ sup

v∈U
|V∗⟨Ax(t),∇ϕ(t, xt)⟩V − V∗⟨Ax(t),∇ϕ(t, xt)⟩V|

where α is the exponent associated to ϕ ∈ C1
F .

Notice that here on contrary to the finite dimensional case, we have extra A operator terms in the functions
Lvϕ(t, xt) and Lvϕ(t, xt). They may be unbounded according to our set up, thus we need to consider them
separately. Applying triangular inequality and the coercivity of A operator, we have the following result,

sup
v∈U

|V∗⟨Ax(t),∇ϕ(t, xt)⟩V − V∗⟨Ax(t),∇ϕ(t, xt)⟩V|

= sup
v∈U

|V∗⟨A(x(t)− x(t)),∇ϕ(t, xt)⟩V + V∗⟨Ax(t),∇ϕ(t, xt)−∇ϕ(t, xt)⟩V|

≤ ∥A(x(t)− x(t))∥V∗ ∥∇ϕ(t, xt)∥V + ∥Ax(t)∥V∗ ∥∇ϕ(t, xt)−∇ϕ(t, xt)∥V
≤ c3ρ ∥x(t)− x(t)∥V + c3L

δ
α ∥x(t)∥V · ∥xt − xt∥α0,V∗ .



10 J. QIU AND Y. YANG

3. Existence of the viscosity solution

3.1. Some auxiliary results

For any T > 0, denote by S2
([0, T ];H) the space of (Ft)t≥0-adapted H-valued time continuous stochastic

processes u : Ω× [0, T ] → H, such that for any u ∈ S2
([0, T ];H), we have

∥u∥S2
([0,T ];H)

:=

(
E

[
max
t∈[0,T ]

∥u(t)∥2H

]) 1
2

<∞.

Similarly, denote by L
2
(0, T ;V) the space of (Ft)t≥0-adapted V-valued stochastic processes v : Ω× [0, T ] → V,

such that for any v ∈ L
2
(0, T ;V), we have

∥v∥
L

2
(0,T ;V) :=

(
E

∫ T

0

∥v(t)∥2V dt

) 1
2

<∞.

Definition 3.1. An (Ft)t≥0-adapted process X ∈ S2
([0, T ];H) ∩ L2

(0, T ;V) is called a solution of (1.2) if we
have P-a.s.

X(t) = X0 +

∫ t

0

AX(s) + β(s,Xs, θ(s))ds, ∀t ∈ [0, T ], (3.1)

where both sides are thought of as V∗-valued (Ft)t≥0-adapted processes.

Theorem 3.2. Given X0 ∈ H, θ ∈ U , under Assumption (A1), the stochastic differential equation (1.2) admits
a unique solution X in the sense of Definition 3.1.

Proof. For each X0 ∈ H, θ ∈ U , T0 ∈ [0, T ], and any given X̃ ∈ S2
([0, T0];H) ∩ L

2
(0, T0;V), the following

stochastic differential equation 
dX(t)

dt
= AX(t) + β(t, X̃t, θ(t)),

X(0) = X0,
(3.2)

admits a unique solution ([27], Thm. 4.2.4)

X ∈ L
2
(0, T0;V) ∩ S2

([0, T0];H).

Therefore, we may define the solution map

M : L
2
(0, T0;V) ∩ S2

([0, T0];H) → L
2
(0, T0;V) ∩ S2

([0, T0];H)

X̃ →MX̃ ,

where X is the unique solution of (3.2) associated to X̃.

For each X̃, Ỹ ∈ L
2
(0, T0;V) ∩ S2

([0, T0];H), we set

X =MX̃ , Y =MỸ .
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Applying the Itô’s formula introduced by [27], Theorem 4.2.5, we have

∥Y (t)−X(t)∥2H
= ∥MỸ (t)−MX̃(t)∥2H

=

∫ t

0

2⟨A(Y (s)−X(s)), Y (s)−X(s)⟩+ 2⟨β(s, Ỹs, θ(s))− β(s, X̃s, θ(s)), Y (s)−X(s)⟩ds

≤
∫ t

0

c1 ∥Y (s)−X(s)∥2H − c2 ∥Y (s)−X(s)∥2V ds

+ 2

∫ t

0

∥∥∥β(s, Ỹs, θ(s))− β(s, X̃s, θ(s))
∥∥∥
V∗

∥Y (s)−X(s)∥V ds

≤
∫ t

0

c1 ∥Y (s)−X(s)∥2H − c2 ∥Y (s)−X(s)∥2V + 2L
∥∥∥Ỹs − X̃s

∥∥∥
0,H

∥Y (s)−X(s)∥V ds

≤
∫ t

0

c1 ∥Y (s)−X(s)∥2H − c2
2
∥Y (s)−X(s)∥2V ds+

2L2

c2

∫ t

0

∥∥∥Ỹs − X̃s

∥∥∥2
0,H

ds,

where c1 ∈ R and c2 > 0 by the coercivity assumption of operator A.
Put c+1 = max{0, c1}, and c̃2 := c2

2 > 0. We have

max
s∈[0,t]

∥Y (s)−X(s)∥2H + c̃2

∫ t

0

∥Y (s)−X(s)∥2Vds

≤
∫ t

0

c+1 ∥Y (s)−X(s)∥2H ds+
2L2t

c2
max
s∈[0,t]

∥∥∥Ỹ (s)− X̃(s)
∥∥∥2
H
,

which, by Grönwall’s inequality, gives

max
s∈[0,T0]

∥Y (s)−X(s)∥2H + c̃2

∫ T0

0

∥Y (s)−X(s)∥2Vds

≤ 2L2T0
c2

max
s∈[0,T0]

∥∥∥Ỹ (s)− X̃(s)
∥∥∥2
H
· e

∫ T0
0 c+1 ds

≤ L2T0
c̃2

· eT0c
+
1 max

s∈[0,T0]

∥∥∥Ỹ (s)− X̃(s)
∥∥∥2
H
.

If we choose proper T0 > 0 such that L2T0

c̃2
· eT0c

+
1 < 1, we can prove that the mapping M is a contraction. By

Banach fixed point theorem, it admits a unique fixed point. Such fixed point is the unique solution of (3.2)
over the time interval [0, T0]. Note that T0 depends only on c+1 , c̃2, and L. Similarly, we may obtain the unique
solution over time intervals [T0, 2T0] and recursively after finite steps, we may obtain the unique solution over
the whole time interval [0, T ]. The proof is complete.

Under assumption (A1), the following assertions hold.

Lemma 3.3. Let (A1) hold. Given θ ∈ U , the stochastic ordinary differential equation (1.2) admits a unique
solution, and there exists a constant K > 0 such that, for any 0 ≤ r ≤ t ≤ s ≤ T , and ξ ∈ L0(Ω,Fr; Λr(H)),

(i) the two processes (Xr,ξ;θ
s )t≤s≤T and (X

t,Xr,ξ;θ
t ;θ

s )t≤s≤T are indistinguishable;

(ii) maxr≤l≤T ∥Xr,ξ;θ(l)∥2H +
∫ T

r
c2 · ∥Xr,ξ;θ(l)∥2Vdl ≤ K2(1 + ∥ξ∥20,H) a.s.;

(iii) d0,V∗(Xr,ξ;θ
s , Xr,ξ;θ

t ) ≤ K(1 + ∥ξ∥0,H)|s− t|1/2 a.s.;
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(iv) given another ξ̂ ∈ L0(Ω,Fr; Λr(H)),

max
r≤l≤T

∥Xr,ξ;θ(l)−Xr,ξ̂;θ(l)∥2H + c2

∫ T

r

∥∥∥Xr,ξ;θ(l)−Xr,ξ̂;θ(l)
∥∥∥2
V
dl ≤ K2∥ξ − ξ̂∥20,H a.s.;

(v) if we further assume ξ ∈ L0(Ω,Fr; Λr(V)) with Aξ ∈ L0(Ω,Fr; Λr(H)), then we have

max
r≤l≤s

∥∥Xr,ξr;θ(l)− ξ(r)
∥∥2
H + c2

∫ s

r

∥∥Xr,ξr;θ(l)− ξ(r)
∥∥2
V dl ≤ K(1 + ∥Aξ(r)∥2H) · |s− r|2 a.s.;

(vi) the constant K only depends on the choice of c, c+1 , c2, c3, L, and T , and is independent of the control
process.

We postpone the cumbersome calculations for the proof to the appendix.

Proposition 3.4. Let (A1) hold.
(i) For each t ∈ [0, T ], ϵ ∈ (0,∞), and ξ ∈ L0(Ω,Ft; Λt(H)), there exists θ ∈ U such that

E
[
J(t, ξ; θ)− V (t, ξ)

]
< ϵ.

(ii) For each (θ, x0) ∈ U ×H,
{
J(t,X0,x0;θ

t ; θ)− V (t,X0,x0;θ
t )

}
t∈[0,T ]

is a supermartingale, i.e., for any 0 ≤

t ≤ t̃ ≤ T ,

V (t,X0,x0;θ
t ) ≤ EFt

V (t̃, X0,x0;θ

t̃
) + EFt

∫ t̃

t

f(s,X0,x0;θ
s , θs)ds, a.s.. (3.3)

(iii) For each (θ, x0) ∈ U ×H,
{
V (s,X0,x0;θ

s )
}
s∈[0,T ]

is a continuous process.

(iv) With probability 1, V (t, x) and J(t, x; θ) for each θ ∈ U are continuous on [0, T ]× Λ(H) and

sup
(t,x)∈[0,T ]×Λ(H)

max {|V (t, xt)|, |J(t, xt; θ)|} ≤ L(T + 1) a.s..

(v) There exists LV > 0 such that for each (θ, t) ∈ U × [0, T ],

|V (t, xt)− V (t, yt)|+ |J(t, xt; θ)− J(t, yt; θ)| ≤ LV ∥xt − yt∥0,H, a.s., ∀xt, yt ∈ Λt(H),

with LV depending only on T and L

Again we postpone the proof to the Appendix. Then we prove the following dynamical programming principle.

Theorem 3.5. Let (A1) hold. For any stopping times τ, τ̂ with τ ≤ τ̂ ≤ T , and any ξ ∈ L0(Ω,Fτ ; Λ
0
τ (V)), we

have

V (τ, ξ) = essinf
θ∈U

EFτ

[∫ τ̂

τ

f(s,Xτ,ξ;θ
s ; θ(s))ds+ V (τ̂ , Xτ,ξ;θ

τ̂ )

]
a.s.

Proof. This proof is similar to [20], Theorem 3.4, but with some delicate compactness argument about path
subspaces and the infinite dimensional expansion.
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Denote the right hand side by V (τ, ξ). By Proposition 3.4 (iv), (v), we can see that both V (τ, ξ) and V (τ, ξ)
are lying in the space S∞(Λ(H);R) and thus the continuity indicates that it is sufficient to prove Theorem 3.5
when τ , τ̂ , and ξ are deterministic.

For ∀ ϵ > 0, by Proposition 3.4 (v), there exists δ = ϵ/LV > 0 s.t. whenever ||xτ̂ − yτ̂ ||0,H < δ for xτ̂ , yτ̂ ∈
Λτ̂ (H), it holds that

|J(τ̂ , xτ̂ ; θ)− J(τ̂ , yτ̂ ; θ)|+ |V (τ̂ , xτ̂ )− V (τ̂ , yτ̂ )| ≤ ϵ a.s.,∀ θ ∈ U .

Note that Λ0,L;ξ
τ,τ̂ (V) is compactly embedded into Λ0

τ̂ (H). There exists a sequence {xj}j∈N+ ∈ Λ0,L;ξ
τ,τ̂ (V) s.t.

∪j∈N+(Λ0,L;ξ
τ,τ̂ (V) ∩BH

δ/3(x
j)) = Λ0,L;ξ

τ,τ̂ (V). Denote D1 = Λ0,L;ξ
τ,τ̂ (V) ∩BH

δ/3(x
1), and

Dj = (BH
δ/3(x

j)− (∪j−1
i=1B

H
δ/3(x

i))) ∩ Λ0,L;ξ
τ,τ̂ (V), j > 1.

Then {Dj}j∈N+ is a partition of Λ0,L;ξ
τ,τ̂ (V) with diameter diam(Dj) < δ, i.e., Dj ⊂ Λ0,L;ξ

τ,τ̂ (V), ∪j∈N+Dj =

Λ0,L;ξ
τ,τ̂ (V), Di ∩Dj = ∅ if i ̸= j, and for any x, y ∈ Dj , ∥x− y∥0,H < δ.

Then the rest of the proof is similar to that of [20], Theorem 3.4. For each j ∈ N+, take xj ∈ Dj , and a
straight forward application of Proposition 3.4 (i) leads to some θj ∈ U satisfying

0 ≤ J(τ̂ , xj ; θj)− V (τ̂ , xj) := αj a.s., with E
[
αj
]
<

ϵ

2j
.

Thus for each x ∈ Dj , with triangular inequality and results above, it holds that

J(τ̂ , x; θj)− V (τ̂ , x)

≤ |J(τ̂ , x; θj)− J(τ̂ , xj , θj)|+ |J(τ̂ , xj ; θj)− V (τ̂ , xj)|+ |V (τ̂ , xj)− V (τ̂ , x)|
≤ ϵ+ αj , a.s..

Further by the uniform boundedness of coefficient β introduced by (A1) (iii), for ∀ θ ∈ U , Xτ,ξ;θ
τ̂ ∈ Λ0,L;ξ

τ,τ̂ (V)
a.s. We then introduce the following control

θ̃(s) =

{
θ(s), if s ∈ [0, τ̂);∑

j∈N+ θj(s)1Dj (Xτ,ξ;θ
τ̂ ), if s ∈ [τ̂ , T ].

Then if follows that

V (τ, ξ) ≤ J(τ, ξ; θ̃)

= EFτ

[∫ τ̂

τ

f(s,Xτ,ξ;θ
s , θ(s))ds+ J(τ̂ , Xτ,ξ;θ

τ̂ ; θ̃)

]

≤ EFτ

∫ τ̂

τ

f(s,Xτ,ξ;θ
s , θ(s))ds+ V (τ̂ , Xτ,ξ;θ

τ̂ ) +
∑
j∈N+

αj

+ ϵ,

where αj is independent of the choices of the control process θ. Then take expectation on both hand side, we
are going to obtain

EV (τ, ξ) ≤ EV (τ, ξ) + 2ϵ,
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which by the arbitrariness of ϵ and together with the obvious relation

V (τ, ξ) ≥ V (τ, ξ),

yields the equality

V (τ, ξ) = V (τ, ξ) a.s.

3.2. Existence of the viscosity solution

Due to our path-dependence setting, we shall compose the random fields and stochastic differential equations
by generalizing an Itô-Kunita formula [30], pp. 118–119. Recall that for each ϕ ∈ C1

F , v ∈ U , t ∈ [0, T ], xt ∈
Λ̃0
0,t(V), we have

Lvϕ(t, xt) = dtϕ(t, xt) + V∗⟨Ax(t),∇ϕ(t, xt)⟩V + V∗⟨β(t, xt, v),∇ϕ(t, xt)⟩V.

Lemma 3.6. Let Assumption (A1) hold. Suppose u ∈ C1
F with the associated partition 0 = t0 < t1 < ... < tn =

T , then for each θ ∈ U , it holds a.s. that for each tj ≤ ρ ≤ τ < tj+1, j = 0, ..., n− 1 and xρ ∈ Λ0
ρ(V),

u(τ,Xρ,xρ;θ
τ )− u(ρ, xρ) =

∫ τ

ρ

Lθ(s)u(s,Xρ,xρ;θ
s )ds+

∫ τ

ρ

dωu(s,X
ρ,xρ;θ
s )dW (s) a.s. (3.4)

We will again postpone the proof to the Appendix.

Theorem 3.7. Let (A1) hold and VA := {η ∈ V : Aη ∈ H} be dense in V. The value function V defined by
(1.4) is a viscosity solution of the SPHJ equation (1.5).

Proof. We prove the value function V is both a viscosity supersolution and a viscosity subsolution. Obviously
by Proposition 3.4 (iv), the value function V ∈ S∞(Λ(H);R).

Step 1. To prove V is a viscosity subsolution, we only need to prove (2.1) holds.
Suppose it does not hold, i.e. suppose for any k ∈ N+, k ≥ K0 for some K0 ∈ N+, there exists ϕ ∈

GV (τ, ξτ ; Ωτ , k) with τ ∈ T 0, Ωτ ∈ Fτ , P(Ωτ ) > 0, and ξτ ∈ L0(Ωτ ,Fτ ; Λ
0
τ (V)) such that there exists ϵ, δ̃ > 0,

τ ′ ∈ T τ
+ and Ω′ ⊂ Ωτ satisfying P(Ω′) > 0, Ω′ ⊂ {τ < τ ′}, and a.e. on Ω′,

essinf
s∈[τ,(τ+δ̃2)∧τ ′],x∈BV∗

δ̃
(ξτ )∩Λ0,k;ξτ

τ,s∧T (V)
{−dsϕ(s, x)−H(s, x,∇ϕ(s, x))} ≥ 3ϵ, (3.5)

Choose k ∈ Z+ s.t. k > L and let τ̂k be the stopping time corresponding to the test function ϕ ∈ GV (τ, ξτ ; Ωτ , k).
Here for any t ∈ [0, T ], set ξ(t) = ξ(τ ∧ t) and we have ξ ∈ Λ0

T (V).
Recall that, for ϕ ∈ C1

F , there is a partition 0 = t0 < t1 < . . . < tn = T . W.l.o.g., we assume that there exists

δ̃ ∈ (0, 1) with 2δ̃2 < min0≤j≤n−1(tj+1− tj) such that Ω′ = {[τ, τ +2δ̃2] ⊂ [tj , tj+1)} for some j ∈ {0, . . . , n− 1}.
W.l.o.g., we take τ̂k = τ ′.

By the continuity assumption (A1) (ii) and the measurable selection theorem, there exists θ ∈ U such that
for almost all ω ∈ Ω′, it holds that

−Lθ(s)ϕ(s, ξs)− f(s, ξs, θ(s)) ≥ −dsϕ(s, ξs)−H(s, ξs,∇ϕ(s, ξs))−
ϵ

2
, (3.6)

for almost all s satisfying τ ≤ s < (τ + δ̃2) ∧ τ̂k.
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By the continuity argument regarding the path dependence in Proposition 3.4 (iv) and Definition 2.2, for
each h ∈ (0, δ̃2), t ∈ [τ, (τ + h) ∧ T ], there exist δ1 > 0 such that for any ξ̃t ∈ Λ0

t (H) satisfying∥∥∥ξt − ξ̃t

∥∥∥
0,H

≤ δ1,

it holds that ∣∣∣(ϕ− V ) (t, ξt)− (ϕ− V ) (t, ξ̃t)
∣∣∣ ≤ ϵ

4
h.

Similarly by Lemma 3.3 (iv), for each h ∈ (0, δ̃2), t ∈ [τ, (τ + h) ∧ T ], there exist δ2 > 0 such that for any
ξτ ∈ Λ0

τ (H) satisfying ∥∥ξτ − ξτ
∥∥
0,H ≤ δ2,

it holds a.s. that ∣∣∣(ϕ− V ) (t,Xτ,ξτ ;θ
t )− (ϕ− V ) (t,X

τ,ξτ ;θ
t )

∣∣∣ ≤ ϵ

4
h.

By the denseness of VA in V and the Hölder continuity argument in Remark 2.5, for each ϵ > 0, there exists
ξ̂ with ξ̂(s) := ξ(s)1[0,τ)(s) + ξ̂(τ)1[τ,T ](s) such that,

(1) ξ̂(τ) takes value in VA,
(2) for each δ1, δ2 > 0 mentioned above,

∥∥∥ξ(τ)− ξ̂(τ)
∥∥∥
V
≤
[

ϵ

6(1 + c3)(1 + ρ)(1 + L+ Lδ
α)(1 + (L+ 1)(L+ Lδ

α) + c3Lδ
α∥ξ(τ)∥V)

] 1
α

∧ δ1 ∧
δ2

K + 1
, (3.7)

where the constant K > 0 is introduced in Lemma 3.3 (iv). Thus by Remark 2.5, for almost all ω ∈ Ω and
all τ ≤ s < (τ + h) ∧ τ̂k,∣∣∣−Lθ(s)ϕ(s, ξs)− f(s, ξs, θ(s)) + Lθ(s)ϕ(s, ξ̂s) + f(s, ξ̂s, θ(s))

∣∣∣ ≤ ϵ

2
.

Note that by Lemma 3.3 (iv), we have

max
s∈[τ,(τ+h)∧τ̂k]

∥∥∥Xτ,ξτθ(s)−Xτ,ξ̂τ ;θ(s)
∥∥∥
H
≤ K∥ξ − ξ̂∥0,H.

By the dynamic programming principle, (3.6), Lemma 3.6, and the time continuous property of state process
under (A1) we have

0 ≥ 1

h
EFτ

[
(ϕ− V )(τ, ξτ )− (ϕ− V )((τ + h) ∧ τ̂k, Xτ,ξτ ;θ

(τ+h)∧τ̂k
)
]

=
1

h
EFτ

[
(ϕ− V )(τ, ξτ )− (ϕ− V )(τ, ξ̂τ ) + (ϕ− V )(τ, ξ̂τ )− (ϕ− V )((τ + h) ∧ τ̂k, Xτ,ξ̂τ ;θ

(τ+h)∧τ̂k
)
]

− 1

h
EFτ

[
(ϕ− V )((τ + h) ∧ τ̂k, Xτ,ξτ ;θ

(τ+h)∧τ̂k
)− (ϕ− V )((τ + h) ∧ τ̂k, Xτ,ξ̂τ ;θ

(τ+h)∧τ̂k
)
]
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≥− ϵ

2
+

1

h
EFτ

[
(ϕ− V )(τ, ξ̂τ )− (ϕ− V )((τ + h) ∧ τ̂k, Xτ,ξ̂τ ;θ

(τ+h)∧τ̂k
)
]

≥− ϵ

2
+

1

h
EFτ

[
ϕ(τ, ξ̂τ )− ϕ((τ + h) ∧ τ̂k, Xτ,ξ̂τ ;θ

(τ+h)∧τ̂k
)−

∫ (τ+h)∧τ̂k

τ

f(s,Xτ,ξ̂τ ;θ
s , θ(s))ds

]

=− ϵ

2
+

1

h
EFτ

∫ (τ+h)∧τ̂k

τ

[
−Lθ(s)ϕ(s,Xτ,ξ̂τ ;θ

s )− f(s,Xτ,ξ̂τ ;θ
s , θ(s))

]
ds

≥− ϵ

2
+

1

h
EFτ

∫ (τ+h)∧τ̂k

τ

[
−Lθ(s)ϕ(s, ξs)− f(s, ξs, θ(s))

]
ds

− 1

h
EFτ

∫ (τ+h)∧τ̂k

τ

∣∣∣−Lθ(s)ϕ(s, ξ̂s)− f(s, ξ̂s, θ(s)) + Lθ(s)ϕ(s, ξs) + f(s, ξs, θ(s))
∣∣∣ ds

− 1

h
EFτ

∫ (τ+h)∧τ̂k

τ

∣∣∣−Lθ(s)ϕ(s, ξ̂s)− f(s, ξ̂s, θ(s)) + Lθ(s)ϕ(s,Xτ,ξ̂τ ;θ
s ) + f(s,Xτ,ξ̂τ ;θ

s , θ(s))
∣∣∣ ds

≥− ϵ

2
+ 2ϵ · EFτ

[
(τ + h) ∧ τ̂k − τ

h

]
− 1

h
EFτ

∫ (τ+h)∧τ̂k

τ

∥Xτ,ξ̂τ ;θ
s − ξ̂s∥α0,V∗((L+ 1)(L+ Lδ

α) + c3L
δ
α∥ξ̂(s)∥V)ds

− 1

h
EFτ

∫ (τ+h)∧τ̂k

τ

(L+ Lδ
α)(1 + ρ)∥Xτ,ξ̂τ ;θ

s − ξ̂s∥0,H + c3ρ∥Xτ,ξ̂τ ;θ(s)− ξ̂(s)∥Vds

≥− ϵ

2
+ 2ϵ · EFτ

[
(τ + h) ∧ τ̂k − τ

h

]
− 1

h
EFτ

∫ (τ+h)∧τ̂k

τ

Kα(1 + ∥ξ̂∥0,H)αh
α
2 ((L+ 1)(L+ Lδ

α) + c3L
δ
α∥ξ̂(τ)∥V)ds

− 1

h
EFτ

∫ (τ+h)∧τ̂k

τ

(L+ Lδ
α)(1 + ρ)∥Xτ,ξ̂τ ;θ

s − ξ̂s∥0,H + c3ρ∥Xτ,ξ̂τ ;θ(s)− ξ̂(s)∥Vds

≥− ϵ

2
+ 2ϵ · EFτ

[
(τ + h) ∧ τ̂k − τ

h

]
− EFτ

[
Kα(1 + ∥ξ̂∥0,H)αh

α
2 ((L+ 1)(L+ Lδ

α) + c3L
δ
α∥ξ̂(τ)∥V)

− (L+ Lδ
α)(1 + ρ)K

1
2 · (1 + ∥Aξ̂(τ)∥H)h

− c3ρ√
c2h

(
EFτ

[∫ (τ+h)∧τ̂k

τ

c2∥Xτ,ξ̂τ ;θ(s)− ξ̂(τ)∥2Vds

]) 1
2

· h 1
2

]

≥− ϵ

2
+ 2ϵ · EFτ

[
(τ + h) ∧ τ̂k − τ

h

]
− EFτ

[
Kα(1 + ∥ξ̂∥0,H)αh

α
2 ((L+ 1)(L+ Lδ

α) + c3L
δ
α∥ξ̂(τ)∥V)

− (L+ Lδ
α)(1 + ρ)K

1
2 (1 + ∥Aξ̂(τ)∥H)h− c3ρ√

c2
K

1
2

(
1 + ∥Aξ̂(τ)∥2H

) 1
2 · h 1

2

]

→3ε

2
> 0, as h→ 0+.
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This gives us a contradiction. Thus the value function V is indeed a viscosity subsolution.
Step 2. To prove the value function V is a viscosity supersolution, similarly we assume the opposite and

argue with contradiction like what we did for proving viscosity subsolution. Assume that for any k ∈ N+

with k ≥ K0 for some K0 ∈ N+, there exists ϕ ∈ GV (τ, ξτ ; Ωτ , k) with τ ∈ T 0, Ωτ ∈ Fτ , P (Ωτ ) > 0, and
ξτ ∈ L0(Ωτ ,Fτ ; Λ

0
τ (V)) such that there exist ϵ, δ̃ > 0, τ ′ ∈ T τ

+ and Ω′ ∈ Fτ with Ω′ ⊂ Ωτ , Ω
′ ⊂ {τ < τ ′},

P (Ω′) > 0, satisfying a.e. on Ω′,

esssup
s∈(τ,(τ+δ̃2)∧τ ′],x∈BV∗

δ̃
(ξτ )∩Λ0,k;ξτ

τ,s∧T (V)
{−dsϕ(s, x)−H(s, x,∇ϕ(s, x))} ≤ −ϵ.

By Definition 2.2, for ϕ ∈ C1
F , there is a partition 0 = t0 < t1 < . . . < tn = T . W.l.o.g., we assume that

there exists δ̃ ∈ (0, 1) such that 2δ̃2 < min0≤j≤n−1(tj+1 − tj) and Ω′ = {[τ, τ + 2δ̃2] ⊂ [tj , tj+1)} for some
j ∈ {0, . . . , n − 1}. Also, w.l.o.g., we assume τ̂k = τ ′ where τ̂k is the stopping time associated to the test
function ϕ ∈ GV (τ, ξτ ; Ωτ , k).

For each θ ∈ U , define τθ = inf{s > τ : Xτ,ξτ ;θ
s /∈ BV∗

δ̃
(ξτ )}. Then for any h ∈ (0, δ̃

2

4 ), by Chebyshev’s
inequality, we have

EFτ
[1τθ<τ+h] = EFτ

[
1maxτ≤s≤τ+h ∥Xτ,ξτ ;θ(s)−ξ(τ)∥V∗+

√
h>δ̃

]
≤ 1

(δ̃ −
√
h)8

EFτ

[
max

τ≤s≤τ+h
∥Xτ,ξτ ;θ(s)− ξ(τ)∥8V∗

]
≤ K8(1 + ∥ξ∥0,H)8

(δ̃ −
√
h)8

(√
h
)8

≤ 256K8(1 + ∥ξ∥0,H)8

δ̃8
h4

≤ C̃h4 a.s.

Here K is the constant in Lemma 3.3, being independent of the choice of control process θ. Hence C̃ does not
depend on the control process as well.

By the definition of GV (τ, ξτ ; Ωτ , k), Lemma 3.6, Theorem 3.5, Hölder’s inequality, Remark 2.5, and the

approximation above, we have for any h ∈ (0, δ̃
2

4 ) and almost all ω ∈ Ωτ ,

0 =
V (τ, ξτ )− ϕ(τ, ξτ )

h

=
1

h
essinf
θ∈U

EFτ

[∫ τ̂k∧(τ+h)

τ

f(s,Xτ,ξτ ;θ
s , θ(s))ds+ V (τ̂k ∧ (τ + h), Xτ,ξτ ;θ

τ̂k∧(τ+h))− ϕ(τ, ξτ )

]

≥ 1

h
essinf
θ∈U

EFτ

[∫ τ̂k∧(τ+h)

τ

f(s,Xτ,ξτ ;θ
s , θ(s))ds+ ϕ(τ̂k ∧ (τ + h), Xτ,ξτ ;θ

τ̂k∧(τ+h))− ϕ(τ, ξτ )

]

=
1

h
essinf
θ∈U

EFτ

[∫ τ̂k∧(τ+h)

τ

(Lθ(s)ϕ(s,Xτ,ξτ ;θ
s ) + f(s,Xτ,ξτ ;θ

s , θ(s)))ds

]

≥ 1

h
essinf
θ∈U

EFτ

[∫ τθ∧(τ+h)∧τ̂k

τ

(
Lθ(s)ϕ(s,Xτ,ξτ ;θ

s ) + f(s,Xτ,ξτ ;θ
s , θ(s))

)
ds

− 1{τ̂k>τθ}∩{τ+h>τθ}

∫ (τ+h)∧τ̂k

τ

∣∣∣Lθ(s)ϕ(s,Xτ,ξτ ;θ
s ) + f(s,Xτ,ξτ ;θ

s , θ(s))
∣∣∣ ds]
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≥ 1

h
essinf
θ∈U

EFτ

[∫ (τ+h)∧τ̂k

τ

(
Lθ(s)ϕ(s,Xτ,ξτ ;θ

s∧τθ ) + f(s,Xτ,ξτ ;θ
s∧τθ , θ(s))

)
ds

− 1{τ̂k>τθ}∩{τ+h>τθ}

∫ (τ+h)∧τ̂k

τ

∣∣∣Lθ(s)ϕ(s,Xτ,ξτ ;θ
s∧τθ ) + f(s,Xτ,ξτ ;θ

s∧τθ , θ(s))
∣∣∣ ds

− 1{τ̂k>τθ}∩{τ+h>τθ}

∫ (τ+h)∧τ̂k

τ

∣∣∣Lθ(s)ϕ(s,Xτ,ξτ ;θ
s ) + f(s,Xτ,ξτ ;θ

s , θ(s))
∣∣∣ ds]

≥ EFτ

[
(τ̂k ∧ (τ + h))− τ

h

]
· ϵ− 1

h
esssup
θ∈U

(
EFτ

[
1{τ+h>τθ}

]) 1
2

·

EFτ

∣∣∣∣∣
∫ (τ+h)∧τ̂k

τ

∣∣∣Lθ(s)ϕ(s,Xτ,ξτ ;θ
s∧τθ ) + f(s,Xτ,ξτ ;θ

s∧τθ , θ(s))
∣∣∣ ds∣∣∣∣∣

2
1/2

− 1

h
esssup
θ∈U

(
EFτ

[
1{τ+h>τθ}

])1/2
·

EFτ

∣∣∣∣∣
∫ (τ+h)∧τ̂k

τ

∣∣∣Lθ(s)ϕ(s,Xτ,ξτ ;θ
s ) + f(s,Xτ,ξτ ;θ

s , θ(s))
∣∣∣ ds∣∣∣∣∣

2
1/2

≥ EFτ

[
(τ̂k ∧ (τ + h))− τ

h

]
· ϵ− 2hC̃1/2

(
EFτ

[∫ (τ+h)∧τ̂k

τ

∣∣ζϕs + c3ρ∥Xτ,ξτ ;θ(s)∥V
∣∣2 ds])1/2

≥ EFτ

[
(τ̂k ∧ (τ + h))− τ

h

]
· ϵ− 2

√
2hC̃1/2

·

(
EFτ

[∫ (τ+h)∧τ̂k

τ

∣∣ζϕs ∣∣2 ds+ c23ρ
2

c2

∫ (τ+h)∧τ̂k

τ

c2∥Xτ,ξτ ;θ(s)∥2Vds

])1/2

≥ EFτ

[
(τ̂k ∧ (τ + h))− τ

h

]
· ϵ

− 2
√
2hC̃1/2

(
EFτ

[∫ (τ+h)∧τ̂k

τ

∣∣ζϕs ∣∣2 ds+ c23ρ
2K2

c2

(
1 + ∥ξ∥20,H

)])1/2

→ ϵ, as h→ 0+,

Hence a contradiction occurs. Then the value function V is proved to be a viscosity supersolution.

Remark 3.8. By Theorem 3.2, the state process X is continuous in H but only L2-integrable in V. Then the
lack of uniform boundedness and continuity of X in space V make the Hölder continuity discussed in Remark 2.5
inapplicable in the proof in Step 1. To overcome it, we use the following assumption for the existence of viscosity
subsolution

VA := {η ∈ V : Aη ∈ H} is dense in V.

In fact, most of the differential operators we have encountered in partial differential equation theories, in
particular the Laplacian, satisfy the above assumption (see Ex. 1.1, where VA =W 2,2

0 (O).).
This is different from the finite dimensional case studied in [1]. However, this assumption is not necessary in

proving the existence of viscosity supersolution. This is because the definition of the Hamilton function (1.6)
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imposes a one-sided preference of the inequalities, making the proof of the existence of viscosity subsolution
harder than that of the viscosity supersolution.

4. Uniqueness

4.1. A weak comparison principle

Proposition 4.1. Assume (A1) holds and u is a viscosity subsolution (resp. supersolution) of SPHJ
equation (1.5). Then there is an infinite sequence of integers 1 ≤ k1 < k2 < · · · < kn < · · · (resp., 1 ≤ k1 <
k2 < · · · < kn < · · · ), such that for each i ∈ N+, x(0) ∈ V, ϕi ∈ C1

F satisfying ϕi(T, x) ≥ (resp. ≤)G(x) for all
x ∈ Λ0

T (H) a.s. and

ess lim inf
(s,x)→(t+,y)

{−dsϕi(s, x)−H(s, x,∇ϕi(s, x))} ≥ 0, a.s.,

(resp. ess lim sup
(s,x)→(t+,y)

{−dsϕi(s, x)−H(s, x,∇ϕi(s, x))} ≤ 0, a.s.)

for each t ∈ [0, T ) with y ∈ Λ
0,ki;x(0)
0,t (V) (resp., y ∈ Λ

0,ki;x(0)
0,t (V)), it holds a.s. that u(t, x) ≤ (resp., ≥) ϕi(t, x),

for each t ∈ [0, T ] with x ∈ Λ
0,ki;x(0)
0,t (V) (resp. x ∈ Λ

0,ki;x(0)
0,t (V)).

Proof. We only need to prove the case when u is a viscosity supersolution. For the viscosity subsolution the
proof will be similar.

Given i ∈ N+, we assume that u(t, x̄t) < ϕi(t, x̄t) with a positive probability at some point (t, x̄t) with

t ∈ [0, T ) and x̄t ∈ Λ
0,ki;x(0)
0,t (V) for some x(0) ∈ V.

Note that we do not need to include t = T since, by Definition 2.3, the terminal condition clearly disagrees
with our assumption here. Without any loss of generality, we assume x(0) = 0. Then, there exists δ > 0 such
that P(Ωt) > 0 with Ωt := {ϕi(t, x̄t)− u(t, x̄t) > δ}.

We know Λ0,k;ξ
t,s (V) is compactly embedded in the space Λ0

s(H). Then applying the measurable selection

theorem, there exists ξki
t ∈ L0

(
Ωt,Ft; Λ

0,ki;0
0,t (V)

)
such that

ϕi(t, ξ
ki
t )− u(t, ξki

t ) = max
xt∈Λ

0,ki;0
0,t (V)

{ϕi(t, xt)− u(t, xt)} ≥ δ for almost all ω ∈ Ωt.

W.l.o.g., we take Ωt = Ω in what follows. For each s ∈ (t, T ], choose an Fs-measurable and Λ
0,ki;ξ

ki
t

t,s (V)-valued
variable ξki

s such that

(
ϕi(s, ξ

ki
s )− u(s, ξki

s )
)+

= max

xs∈Λ
0,ki;ξ

ki
t

t,s (V)

(ϕi(s, xs)− u(s, xs))
+
, a.s., (4.1)

and set Y ki(s) = (ϕi(s, ξ
ki
s )− u(s, ξki

s ))+ + δ(s−t)
3(T−t) , and Z

ki(s) = esssupτ∈T s EFs [Y
ki(τ)]. Here, recall that T s

denotes the set of stopping times valued in [s, T ]. As (ϕi − u)+ ∈ S2(Λ0
T (H);R), there follows obviously the

time-continuity of

max

xs∈Λ
0,ki;ξ

ki
t

t,s (V)

(ϕi(s, xs)− u(s, xs))
+
,



20 J. QIU AND Y. YANG

and thus that of
(
ϕi(s, ξ

ki
s )− u(s, ξki

s )
)+

, although the continuity of process (ξki
s )s∈[t,T ] (as path space-valued

process) in space V might not be ensured. Therefore, the process (Y ki(s))t≤s≤T has continuous trajectories.

Define τki = inf{s ≥ t : Y ki(s) = Zki(s)} as a stopping time. In view of the terminal condition, it is obvious
that

EFt

[
Y ki(T )

]
=
δ

3
< δ ≤ Y ki(t).

Then by definition of Zki(t) and the fact that Y ki(t) is Ft-measurable, we have

Zki(t) ≥ EFt

[
Y ki(t)

]
= Y ki(t).

Further with the optimal stopping theory, we have

EFt
Y ki(T ) =

δ

3
< δ ≤ Y ki(t) ≤ Zki(t) = EFt

[
Y ki(τki)

]
= EFt

[
Zki(τki)

]
,

which gives that P(τki < T ) > 0. As

(
ϕi(τ

ki , ξki

τki
)− u(τki , ξki

τki
)
)+

+
δ(τki − t)

3(T − t)
= Zki(τki) ≥ EF

τki

[
Y ki(T )

]
=
δ

3
, (4.2)

we have

P
(
(ϕi(τ

ki , ξki

τki
)− u(τki , ξki

τki
))+ > 0

)
> 0.

Define

τ̂ki = inf
{
s ≥ τki : (ϕi(s, ξ

ki
s )− u(s, ξki

s ))+ ≤ 0
}
.

Obviously, τki ≤ τ̂ki ≤ T . Put Ω
τki

=
{
τki < τ̂ki

}
. Then Ω

τki
∈ F

τki
and in view of relation (4.2), and the

definition of τ̂ki , we have Ω
τki

=
{
τki < T

}
and P(Ω

τki
) > 0.

Set

Φi(s, xs) = ϕi(s, xs) +
δ(s− t)

3(T − t)
− EFs

Y ki(τki).

Then Φi ∈ C1
F since ϕi ∈ C1

F . For each τ̄ ∈ T τki
, we have for almost all ω ∈ Ω

τki
,

(Φi − u) (τki , ξki

τki
) = 0 = Zki(τki)− Y ki(τki) ≥ EF

τki

[
Y ki(τ̄ ∧ τ̂ki)

]
− Y ki(τki)

≥ EF
τki

 max

y∈Λ
0,ki;ξ

ki

τki

τki ,τ̄∧τ̂ki
(V)

(Φi − u)(τ̄ ∧ τ̂ki , y)

 ,
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where we have used the obvious relation Λ
0,ki;ξ

ki

τki

τki ,τ̄∧τ̂ki
(V) ⊂ Λ

0,ki;ξ
ki
t

t,τ̄∧τ̂ki
(V). This together with the arbitrariness of τ̄

implies that Φi ∈ Gu
(
τki , ξki

τki

; Ω
τki
, ki

)
. In view of the correspondence between the viscosity supersolution u

and the infinite sequence
{
k1, k2, · · · , kn, · · ·

}
and Definition 2.3, we have for almost all ω ∈ Ω

τki
,

0 ≤ ess lim sup
(s,x)→((τki )+, ξ

ki

τki
)

{−dsΦi(s, x)−H(s, x,∇Φi(s, x))}

= − δ

3(T − t)
+ ess lim sup

(s,x)→((τki )+, ξ
ki

τki
)

{−dsϕi(s, x)−H(s, x,∇ϕi(s, x))}

≤ − δ

3(T − t)
,

which is a contradiction.

Remark 4.2. This is an even weaker version of the weak comparison principle than that introduced in the
finite dimensional case (see [1], Prop. 4.1). Under the infinite dimensional framework, we need to fix the initial
state x(0) in order to deal with the lack of compactness of the path space when taking the essential supremum
in Lem. 4.4 below. The proof of uniqueness of the viscosity solution will need to be adjusted accordingly.

4.2. Uniqueness

Since H is an infinite dimensional separable Hilbert space, it has a standard orthogonal basis {ei}i∈N+ such
that H = span{e1, e2, e3, · · · }. Thus for any h ∈ H, its d-dimensional projection is defined as

(dP )h =

d∑
i=1

⟨ei, h⟩ · ei, d ∈ N+.

Of course, such definition can be extended to space V∗ by defining

V∗⟨(dP )h∗, h⟩V = V∗⟨h∗, (dP )h⟩V,

for any h ∈ V, h∗ ∈ V∗.
It is critical to point out that although by denseness, for any i ∈ N+, ei ∈ V holds, {ei}i∈N+ might not be

the standard orthogonal basis for space V because V is only a Banach space, and for any i ∈ N+, ∥ei∥V = 1
does not necessarily hold. Let (dP )Ax(t), (dP )β(t, xt, v) be such projection of Ax(t), β(t, xt, v) for any v ∈ U ,
t ∈ [0, T ], x(t) ∈ V, and xt ∈ Λt(V). Notice here we need to consider Ax(·) as a whole when we are computing
the finite dimensional projection. Likewise, for the path dependence of f(t, ·, v), β(t, ·, v), G(·), we choose not to
do projection of the path inside these functions to avoid changes in these functions every time the projection
dimension d is changed. Later we will see that the projection of the path process itself is not necessary.

Indeed one can argue that for any t ∈ [0, T ], x(t) ∈ V, the finite dimensional projection of the coefficient Ax(t),
which originally appears in the infinite dimensional cases, will then be combined with the projection of β. It
does not hurt if we keep the projection of this term from the beginning in Ĥd, where Ĥd := span{e1, e2, · · · , ed}.
Then the finite dimensional approximation method would ensure us a similar result in the infinite dimensional
case.

We need to further introduce the following assumptions.
(A2) The linear operator A satisfies

(i) (dP )A = A(dP ), for any d ∈ N+;
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(ii) there exists L > 0 such that for all xT , xT ∈ ΛT (V∗), and t ∈ [0, T ], there holds

esssup
ω∈Ω

|G(xT )−G(xT )|+ esssup
ω∈Ω

max
v∈U

|f(t, xt, v)− f(t, xt, v)|

+ esssup
ω∈Ω

max
v∈U

∥β(t, xt, v)− β(t, xt, v)∥V∗ ≤ L(∥xT − xT ∥0,V∗ + ∥xt − xt∥0,V∗).

(iii) for each v ∈ U , f(·, ·, v) ∈ S∞ (Λ(H);R) and β(·, ·, v) ∈ S∞ (Λ(H);H).

Remark 4.3. In addition to the uniform Lipschitz assumption in (A1), introducing Assumption (A2) (ii)
eliminates certain cases, for instance in Example 1.1 when β̃(X̃t) = C ·DX̃(t), with C being a constant vector
and D the usual gradient operator. This issue can be avoided if we further introduce a new Gelfand triple
V1 ⊆ V ⊆ V∗

1, where V1 is another reflexive Hilbert space and is continuously, densely, and compactly embedded
into space V. In that case, in addition to Example 1.1, we could further set V1 :=W 2,2

0 (O) and V∗
1 := L2

0(O) as
an example.

Lemma 4.4. Let (A1) and (A2) hold. For each ε > 0, there exist d ∈ N+ and a partition 0 = t0 < t1 < · · · <
tN−1 < tN = T for some N > 3 and functions

(GN , fN , βN ) ∈ C1(RmN ×HN+1;R)× C(U ;C1([0, T ]× RmN ×HN+1;R))
×C(U ;C1([0, T ]× RmN ×HN+1;H))

such that given x(0) ∈ H, for each k ∈ N+,

fεk(t)

:= esssup
(x,v)∈Λ

0,k;x(0)
0,t (V)×U

∣∣fN (W (t1 ∧ t), . . . ,W (tN ∧ t), t, x(t0 ∧ t), . . . , x(tN ∧ t), v)− f(t, x, v)
∣∣ ,

βε
k(t)

:= esssup
(x,v)∈Λ

0,k;x(0)
0,t (V)×U

∥∥dPβN (W (t1 ∧ t), . . . ,W (tN ∧ t), t, x(t0 ∧ t), . . . , x(tN ∧ t), v)− β(t, x, v)
∥∥
V∗ ,

Gε
k

:= esssup
x∈Λ

0,k;x(0)
0,T (V)

∣∣GN (W (t1), . . . ,W (tN ), x(t0), . . . , x(tN ))−G(x)
∣∣ are Ft-adapted with

∥Gε
k∥L2(Ω,FT ;R) + ∥fεk∥L2(Ω×[0,T ];R) + ∥βε

k∥L2(Ω×[0,T ];R) < ε(1 + k) (1 + ∥x(0)∥H) . (4.3)

Moreover, GN , fN , and (dP )βN are uniformly Lipschitz-continuous in the space variable x in H with an identical
Lipschitz-constant Lc independent of N , k, d, and ε.

Note that since β(t, x, v) are of infinite dimensions, the proof of Lemma 4.4 is not as trivial as the finite
dimensional case ([1], Lem. 4.2). Not only do we need to perform approximations of β(t, x, v) regarding the path
dependence applying the partition in t, we are also using finite dimensional projection of the infinite dimensional
functions and thus a uniform convergence of such projections is required to make sense of the finite dimensional
approximation method. As for the coefficients f and G, the uniform convergence is also required because of the
infinite dimensional path dependence, regardless of the fact that these coefficients themselves take value in R.

Sketched proof of Lemma 4.4. We consider the approximations for the function f first. For any l ∈ N+, let us
introduce the time partition of [0, T ] as 0 = t0 ≤ t1 ≤ · · · ≤ tl = T . Then for any ω ∈ Ω, t ∈ [0, T ], v ∈ U ,
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xt ∈ Λ
0,k;x(0)
0,t (V), by assumption (A2) (iii) and dominated convergence theorem, the following approximation

works as l → ∞

f(ω, t, xt, v) ∼ f(ω, 0, x0, v)1[0,t1](t) +

l−1∑
j=1

f(ω, tj , xtj , v)1(tj ,tj+1](t),

where the time-continuity introduced in assumption (A2) (iii) can be further relaxed to left continuity with
right limit.

Note here the right hand side is not time continuous. We will work on this issue later. Next, by [31],

Lemma 1.3, for any j ∈ N+, ω ∈ Ω, tj ∈ [0, T ], xtj ∈ Λ
0,k;x(0)
0,tj

(V), and v ∈ U , we have

f(ω, tj , xtj , v) ∼
lj∑
i=1

1Aj
i
(ω)f̃ ji (xtj , v),

with Aj
i ∈ Ftj , i = 1, 2, · · · , ltj , f̃

j
i ∈ C

(
U ;C1

(
Λ
0,k;x(0)
0,tj

(V)
))

. For each j ∈ N+, Aj
i are not necessarily disjoint.

Of course, since by (A1) f is uniformly bounded and Lipschitz continuous in the path variable, f̃ ji functions can

be chosen to satisfy such assumptions as well, i.e. for any v ∈ U and any t ∈ [0, T ], xt, yt ∈ Λ
0,k;x(0)
0,t (V) with

y(0) = x(0),

∣∣∣f̃ ji (v, xt)∣∣∣ ≤ L+ 1,∣∣∣f̃ ji (v, xt)− f̃ ji (v, yt)
∣∣∣ ≤ (L+ 1)∥xt − yt∥0,V∗ .

Then, by [32], Lemma 4.3.1, we have the following approximation in L2(Ω,Ftj )

1Aj
i
(ω) ∼ gji

(
W (t̃1), · · · ,W (t̃lji

)
)
,

where gji ∈ C∞
c

(
Rm×lji

)
, t̃r ∈ [0, tj ], r = 1, 2, · · · , lji .

For the approximation of f̃ ji regarding the path dependence, let us introduce the following path approxima-
tion. For any tj ∈ [0, T ] and s ∈ [0, tj ], the following point-wise convergence holds

xtj (s) ∼ (PM )(xtj )(s),

where

(PM )(xtj )(s) :=

2M∑
n=1

xtj

(
(n− 1)tj

2M

)
1[ (n−1)tj

2M
,
ntj

2M

)(s) + xtj (tj)1{tj}(s). (4.4)

Then by (A2) and Lemma 3.2 (iii), we have for any tj ∈ [0, T ] and any v ∈ U ,



24 J. QIU AND Y. YANG∣∣∣f̃ ji (v, xtj )− f̃ ji (v, (P
M )(xtj ))

∣∣∣
≤
{
(L+ 1)

∥∥xtj − (PM )(xtj )
∥∥
0,V∗

}
=

{
(L+ 1) sup

s∈[0,tj ]

∥∥xtj (s)− (PM )(xtj )(s)
∥∥
V∗

}

=

(L+ 1) sup
n

sup
s∈

[
(n−1)tj

2M
,
ntj

2M

)
∥∥∥∥xtj (s)− x

(
(n− 1)tj

2M

)∥∥∥∥
V∗


≤

{
(L+ 1)K ·

(
tj
2M

) 1
2

(1 + ∥x(0)∥H)

}
(4.5)

→0, as M → ∞.

In addition, for any t ∈ [0, T ], 1(tj ,tj+1](t) can be increasingly approximated by compactly-supported smooth

functions ϕj(t).
Let l = N . To sum up, the function f may be approximated by functions of the following form:

fN (W (t1 ∧ t), · · · ,W (tN ∧ t), t, x(0), x(t1 ∧ t), · · · , x(tN ∧ t), v)

=

N∑
j=1

Nj∑
i=1

gji (W (t1), · · · ,W (tj)) f̃
j
i (v, x(0), x(t1 ∧ t), · · · , x(tj ∧ t))ϕ

j (t) .

The required approximation for G can be obtained in a similar but simplified way since it does not have time
dependence. Note the approximation error above is given by ε(1+ k)(1+ ∥x(0)∥H) and the k-dependence comes
from the path space.

Therefore it is easy to prove that for any xt ∈ Λ
0,k;x(0)
0,t (V) and any N > 1, there exists ε > 0 such that

∥Gε
k∥L2(Ω,FT ;R) + ∥fεk∥L2(Ω×[0,T ];R) < ε(1 + k)(1 + ∥x(0)∥H).

For the function β, notice for any xt ∈ Λ
0,k;x(0)
0,t (V), β is uniformly bounded in H, which is dense and compactly

embedded in V∗. Denote by I the identity operator in V∗, we have

∥(dP )βN − β∥V∗ = ∥(dP )βN − (dP )β + (dP − I)β∥V∗

≤ ∥(dP )βN − (dP )β∥V∗ + ∥(dP − I)β∥V∗

≤ ∥βN − β∥V∗ + ∥(dP − I)β∥V∗

= B1 +B2

where

B1 = ∥βN − β∥V∗ , B2 = ∥(dP − I)β∥V∗ .

Again by applying the same approach in the above discussion for f function, we can prove B1 ≤ ε(1 + k)(1 +
∥x(0)∥H), so we only need to work on B2. It is sufficient to prove the following uniform convergence:

esssup
v∈U,xt∈Λ

0,k;x(0)
0,t (V)

∥∥(djP − I)β(t, xt, v)
∥∥
V∗ → 0 a.e. (ω, t) ∈ Ω× [0, T ], as dj → ∞, (4.6)

where {dj}j∈N ⊆ N+ is an infinite subsequence with d1 < d2 < · · · .
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Since, by (A1), β is uniformly bounded in H, then for any t ∈ [0, T ], xt ∈ Λ0
t (H), and v ∈ U , β(t, xt, v) takes

value in BH
L(0), where B

H
L(0) ⊂ H ⊂ V∗, BH

L(0) is bounded in H and compactly embedded in V∗. It is sufficient
to prove the following uniform convergence holds

esssup
h∈BH

L(0)

∥∥(djP − I)h
∥∥
V∗ → 0, (4.7)

where we consider the operator

dP − I : V∗ → V∗.

Define

gd(h) =
∥∥(dP − I)h

∥∥
V∗ ,

and let space dPB be the set of d-dimensional projections (dP )y of all y ∈ B, where B is any Banach space. And
for any space B, we define B∗ as its dual space. Thus for any linear map Ψ : dPV → (dPV)∗, by Hahn-Banach
theorem, there exists Ψ : V → V∗ such that for any h ∈ V

Ψ((dP )h) = V∗⟨Ψ, (dPh)⟩V,
= V∗⟨Ψ, (dP )(dPh)⟩V,
= V∗⟨(dP )Ψ, (dPh)⟩V.

Thus dPV∗ = (dPV)∗. Similarly since V is reflexive, we could obtain (dPV∗)∗ = dPV∗∗ = dPV. So ((dPV)∗)∗ =
dPV and ((dPV∗)∗)∗ = dPV∗, i.e. for any d ∈ N+,

(
dPV, ∥ · ∥V

)
and

(
dPV∗, ∥ · ∥V∗

)
are both reflexive spaces.

For any d ∈ N+, h ∈ V, we have

∥∥(dP )h∥∥V = sup
b∈dPV∗

V∗⟨b, dPh⟩V
∥b∥V∗

= sup
b∈dPV∗

V∗⟨b, h⟩V
∥b∥V∗

≤ sup
b∈V∗

V∗⟨b, h⟩V
∥b∥V∗

= ∥h∥V.

Then for any d ∈ N+, h ∈ V, h∗ ∈ V∗,

V∗⟨(dP )h∗, h⟩V = V∗⟨h∗, (dP )h⟩V,
≤ ∥h∗∥V∗ · ∥(dP )h∥V,
≤ ∥h∗∥V∗ · ∥h∥V.

Then we must have

∥∥(dP )h∗∥∥V∗ = sup
h∈V

V∗⟨(dP )h∗, h⟩V
∥h∥V

≤ ∥h∗∥V∗ .



26 J. QIU AND Y. YANG

This grants us equicontinuity of the function g(·) by

gd(h) =
∥∥(dP − I)h

∥∥
V∗ ≤ 2∥h∥V∗ ,

where h ∈ V∗. Recall BH
L(0) is compactly embedded in V∗. Combined with the obvious pointwise convergence,

{gd(·)}d∈N+ , contains a subsequence {gdj
(·)}, for j = 1, 2, 3, · · · , that converges to 0 uniformly, i.e. if we pick

d = d1, d2, d3, · · · , (4.7) and thus (4.6) holds.

Remark 4.5. The approximation lemma above differs from that of the finite dimensional case [1], Lemma 4.2
in two ways. On the one hand, the initial state x(0) needs to be fixed in order to make sense of the uniform
convergence introduced by (4.4). This is caused by the unboundedness of A : V → V or V → H. This directly
leads to the initial state dependence in not only Lemma 4.4 but Proposition 4.1. On the other hand, by applying
the finite dimensional approximation method, an additional layer of uniform convergence of (4.6) needs to be
satisfied due to the infinite dimensional setup.

It is worthwhile to mention that the x(0)-dependence in Proposition 4.1 and Lemma 4.4 can be avoided if
we alternatively introduce a stronger uniform boundedness assumption to the coefficients. For instance, assume
further there exists L > 0 such that for all xT ∈ ΛT (V∗), t ∈ [0, T ] and x̃t ∈ Λt(V∗), there holds

esssup
ω∈Ω

|G(xT )|+ esssup
ω∈Ω

max
v∈U

|f(t, x̃t, v)|+ esssup
ω∈Ω

max
v∈U

∥β(t, x̃t, v)∥H ≤ L

1 + ∥x(0)∥H ∨ ∥x̃(0)∥H
.

In this case, the approximation of the coefficients introduced by (4.4) also works in a uniform sense.

Theorem 4.6. Let Assumptions (A1) and (A2) hold. The viscosity solution to SPHJ equation (1.5) is unique.

Proof. For each k ∈ N+ and ξ ∈ V, we define

Vk(ξ) = {ϕ ∈ C1
F : ϕ(T, x) ≥ G(x) ∀x ∈ Λ0

T (H), a.s., and for each t ∈ [0, T ) with y ∈ Λ0,k;ξ
0,t (V),

ess lim inf
(s,x)→(t+,y)

[−dsϕ(s, x)−H(s, x,∇ϕ(s, x))] ≥ 0, a.s.},

Vk(ξ) = {ϕ ∈ C1
F : ϕ(T, x) ≤ G(x) ∀x ∈ Λ0

T (H), a.s., and for each t ∈ [0, T ) with y ∈ Λ0,k;ξ
0,t (V),

ess lim sup
(s,x)→(t+,y)

[−dsϕ(s, x)−H(s, x,∇ϕ(s, x))] ≤ 0, a.s.}.

Set

uk(t, y) = essinf
ϕk∈Vk(ξ),ξ∈V

ϕk(t, y), uk(t, y) = esssup
ϕk∈Vk(ξ),ξ∈V

ϕk(t, y),

and

u = lim
k→+∞

uk, u = lim
k→+∞

uk.

By Proposition 4.1 and Theorem 3.7, the viscosity solution V satisfies u ≤ V ≤ u on ∪∞
k=1 ∪ξ∈V Λ0,k;ξ

0,T (V), which
is dense in Λ0

T (H). For the purpose of proving the uniqueness of the viscosity solution, we only need to verify

u = V = u on ∪∞
k=1 ∪ξ∈V Λ0,k;ξ

0,T (V).
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Step 1. Like what we do with viscosity subsolutions and supersolutions, we construct functions from Vk(ξ)
and Vk(ξ) to dominate the value function V from above and below, respectively. Let (Ω′,F ′, {F ′

t}t≥0,P′) be
another completely filtered probability space on which an d dimensional standard Brownian motion B = {B(t) :
t ≥ 0} is well defined. The filtration {F ′

t}t≥0 is generated by B and augmented by all P′-null sets in F ′.
For simplicity we put

(Ω̃, F̃ , {F̃t}t≥0, P̃) = (Ω× Ω′,F × F ′, {Ft × F ′
t}t≥0,P⊗ P′),

and denote by U the set of all U -valued and F̃t-adapted processes. Then we have two independent Brownian
motions B(t) and W (t) and all the previous results still hold on the enlarged probability space.

For each ξ ∈ V and any ϵ ∈ (0, 1) and k ∈ N+, choose (Gϵ
k, f

ϵ
k, β

ϵ
k) and (GN , fN , (dP )βN ) as defined in

Lemma 4.4. By the theory of BSDEs ([33]), we have the pairs (Y ϵ
k , Z

ϵ
k) and (y, z) be the unique adapted

solutions to the BSDEs

Y ϵ
k (s) = Gϵ

k +

∫ T

s

(f ϵk(t) + C1β
ϵ
k(t))dt−

∫ T

s

Zϵ
k(t)dW (t),

and

y(s) = ∥BT ∥0,H +

∫ T

s

∥Br∥0,Hdr −
∫ T

s

z(r)dB(r),

respectively, with C1 ≥ 0, which will be determined later.

For each s ∈ [0, T ) and xs ∈ Λ0,k
0,s(V), define xds := (dP )(xs) ∈ (dP )

(
Λ0,k
0,s(V)

)
as the d-dimensional projection

of the corresponding path xs. Let

V ϵ(s, xds) = ess inf
θ∈U

EFs

[∫ T

s

fN
(
W ((t1 ∧ t)), · · · ,W (tN ∧ t), t,Xs,xd

s ;θ,N (0), Xs,xd
s ;θ,N (t1 ∧ t), · · · ,

Xs,xd
s ;θ,N (tN ∧ t), θ(t)

)
dt

+GN
(
W (t1), · · · ,W (tN ), Xs,xd

s ;θ,N (0), Xs,xd
s ;θ,N (t1), · · · , Xs,xd

s ;θ,N (tN )
)]

,

where Xs,xd
s ;θ,N (t) ∈ C([0, T ]; Ĥd) satisfies the following finite dimensional stochastic differential equation

dX(t) =dP (AX(t))dt

+dPβN (W (t1 ∧ t), · · · ,W (tN ∧ t), t,X(0), X(t1 ∧ t), · · · , X(tN ∧ t), θ(t)) dt

+ δ

d∑
i=1

eidB
i(t), t ∈ [s, T ];

X(t) =xds(t), t ∈ [0, s]

with δ ∈ (0, 1) as an arbitrary constant. For each s ∈ [tN−1, T ], xs ∈ Λ0,k
0,s(V), let

V ϵ(s, xds) = Ṽ ϵ(W (t1), · · · ,W (tN−1),W (s), s, xd(0), · · · , xd(tN−1), x
d(s))
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with

Ṽ ϵ(W (t1), · · · ,W (tN−1), ỹ, s, x
d(0), · · · , xd(tN−1), x̃)

= essinf
θ∈U

EFs,W (s)=ỹ,xd
s(s)=x̃

[∫ T

s

fN (W ((t1)), · · · ,W (tN−1),W (t), t, · · · , xd(tN−1),

Xs,xd
s ;θ,N (t), θ(t))dt+GN (W (t1), · · · ,W (tN ), xd(0), · · · , Xs,xd

s ;θ,N (T ))

]
.

For simplicity, we will write xd(tj) = xds(tj) for j = 0, · · · , N − 1 because for s ∈ (tN−1, T ], they are fixed with
the terminal condition. By the viscosity solution theory of fully nonlinear parabolic PDEs([8]), the function
Ṽ ϵ(W (t1), · · · ,W (tN−1), ỹ, s, x

d(0), · · · , xd(tN−1), x̃) satisfies the following HJB equation:

−Dtu(ỹ, t, x̃) =
1

2
tr(Dỹỹu(ỹ, t, x̃)) +

δ2

2
tr(Dx̃x̃u(ỹ, t, x̃))

+ ess inf
v∈U

{[(dPAxd(t))′

+ ((dP )βN )′(W (t1), · · · ,W (tN−1), ỹ, t, x
d(0), · · · , xd(tN−1), x̃, v)]Dx̃u(ỹ, t, x̃)

+ fN (W (t1), · · · ,W (tN−1), ỹ, t, x
d(0), · · · , xd(tN−1), x̃, v)};

u(ỹ, T, x̃) = GN (W (t1), · · · ,W (tN−1), ỹ, t, x
d(0), · · · , xd(tN−1), x̃).

Thus the regularity of viscosity solutions ([34], Thm. 6.4.3) gives for each x(ti) ∈ Λ0,k
0,T (V), i = 0, · · · , N − 1,

Ṽ ϵ(W (t1), · · · ,W (tN−1), ·, ·, xd(0), · · · , xd(tN−1), ·)

∈ ∩t∈[tN−1,T )L
∞(Ω,FtN−1

;C1+α
2 ,2+α([tN−1, t]× Rm × Ĥd)),

for some α ∈ (0, 1), where the time − space Hölder space C1+α
2 ,2+α([tN−1, t] × Rm × Ĥd) is defined as usual.

The above arguments can be extended similarly on time interval [tN−2, tN−1] with the previously computed
V ϵ(tN−1, x

d) as the terminal value, and it goes recursively on [tN−3, tN−2], · · · , [0, t1].
On t ∈ [tN−1, T ], by applying the Itô-Kunita formula ([30], pp. 118–119) to V ϵ, for any xt ∈ Λ0,k

0,t (V) and

xT ∈ Λ0,k
0,T (V), we can have the following differential equation

− dV ϵ

(
t, (xd − δ

d∑
i

eiB
i)t

)

=ess inf
v∈U

{
dP (Axd(t))′∇V ϵ

(
t, (xd − δ

d∑
i=1

eiB
i)t

)

+
(
(dP )βN

)′(
W (t1), · · · ,W (t), t, xd(0), · · · , xd(tN−1)− δ

d∑
i=1

eiB
i(tN−1),

xd(t)− δ

d∑
i=1

eiB
i(t), v

)
· ∇V ϵ

(
t, (xd − δ

d∑
i=1

eiB
i)t

)

+ fN

(
W (t1), · · · ,W (t), t, xd(0), · · · ,
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xd(tN−1)− δ

d∑
i=1

eiB
i(tN−1), x

d(t)− δ

d∑
i=1

eiB
i(t), v

)}
dt

−DỹṼ
ϵ

(
W (t1), · · · ,W (t), t, xd(0), · · · ,

xd(tN−1)− δ

d∑
i=1

eiB
i(tN−1), x

d(t)− δ

d∑
i=1

eiB
i(t)

)
dW (t)

+ δ∇V ϵ

(
t, (xd − δ

d∑
i=1

eiB
i)t

)
dB(t),

V ϵ(T, xdT ) = GN

(
W (t1), · · · ,W (T ), xd(0), · · · ,

xd(tN−1)− δ

d∑
i=1

eiB
i(tN−1), x

d(T )− δ

d∑
i=1

eiB
i(T )

)
.

Again it follows similarly on other intervals [0, t1), · · · , [tN−2, tN−1).
Then by Lemma 4.4, Proposition 3.4 (iv), (v) and the definition of the gradient, there exists L̃ > 0 such that

for any t ∈ [0, T ] with xt ∈ Λ0,k
0,t (V),

∥∇V ϵ(t, xdt )∥V ≤ L̃, a.s.

Here L̃ is not dependent of ϵ, d, and N . Hence by Definition 2.2 we have V ϵ(·, · − δB(·)) ∈ C1
F .

Let C1 = L̃ and C2 = 4Lc(L̃+ 1), where Lc is the Lipschitz constant defined in Lemma 4.4. And let

V
ϵ

k(s, x) = V
ϵ

k(s, x
d) = V ϵ

(
s, (xd − δ

d∑
i=1

eiB
i)s

)
+ Y ϵ

k (s) + δC2y(s),

V ϵ
k(s, x) = V ϵ

k(s, x
d) = V ϵ

(
s, (xd − δ

d∑
i=1

eiB
i)s

)
− Y ϵ

k (s)− δC2y(s).

Clearly for any s ∈ [0, T ], x ∈ Λ0,k
0,s(V), and any k ∈ N+, both V

ϵ

k(s, x
d) and V ϵ

k(s, x
d) take value in R. The

uniform Lipschitz continuity assumption in (A1) will grant us

∥∥∥∥∥dPβN (t, xdt , v)− dPβN

(
t, (xd − δ

d∑
i=1

eiB
i)t, v

)∥∥∥∥∥
V∗

≤ δLc∥Bt∥0,H,∣∣∣∣∣fN (t, xdt , v)− fN

(
t, (xd − δ

d∑
i=1

eiB
i)t, v

)∣∣∣∣∣ ≤ δLc∥Bt∥0,H,

for some constant Lc > 0.
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It holds that for all (t, xt) with t ∈ (tN−1, T ) and xt ∈ Λ0,k;ξ
0,t (V) with the corresponding xdt satisfying the

finite dimensional SDE,

− dtV
ϵ

k −H(∇V ϵ

k)

=− dtV
ϵ

k − essinf
v∈U

{
(Ax)′∇V ϵ

k + β′∇V ϵ

k + f
}

=− dtV
ϵ

k − essinf
v∈U

{(dP (Axd))′∇V ϵ

k + ((dP )βN )′∇V ϵ

k + fN + f ϵk + L̃βϵ
k + δC2∥Bt∥0,H

+ (Ax)′∇V ϵ

k − (dP (Axd))′∇V ϵ

k + β′∇V ϵ

k − ((dP )βN )′∇V ϵ

k − βϵ
kL̃+ f − fN

− f ϵk − δC2∥Bt∥0,H}
≥ − dtV

ϵ

k − essinf
v∈U

{(dP (Axd)))′∇V ϵ

k + ((dP )βN )′∇V ϵ

k + fN + f ϵk + L̃βϵ
k + δC2∥Bt∥0,H}

=− dt

[
V ϵ

(
t, (xd − δ

d∑
i=1

eiB
i)t

)
+ Y ϵ

k (t) + δC2y(t)

]
− essinf

v∈U
{(dP (Axd))′∇V ϵ

k + ((dP )βN )′∇V ϵ

k + fN + f ϵk + L̃βϵ
k + δC2∥Bt∥0,H}

=− dtV
ϵ

(
t, (xd − δ

d∑
i=1

eiB
i)t

)
− dt

[
Gϵ

k +

∫ T

t

(f ϵk(s) + C1β
ϵ
k(s))ds−

∫ T

t

Zϵ
k(s)dW (s)

]
− δC2y

′(t)− essinf
v∈U

{
(dP (Axd))′∇V ϵ

k + ((dP )βN )′∇V ϵ

k + fN + f ϵk + L̃βϵ
k + δC2∥Bt∥0,H

}
≥− dtV

ϵ

(
t, (xd − δ

d∑
i=1

eiB
i)t

)
− essinf

v∈U

{(
dP (Axd)

)′ ∇V ϵ

k +
(
(dP )βN

)′ ∇V ϵ

k + fN
}

≥− dtV
ϵ

(
t, (xd − δ

d∑
i=1

eiB
i)t

)
− essinf

v∈U

{(
dP (Axd)

)′ ∇V ϵ
k +

(
(dP )βN

)′ ∇V ϵ
k + fN

}
=− dtV

ϵ

(
t, (xd − δ

d∑
i=1

eiB
i)t

)
+ dtV

ϵ

(
t, (xd − δ

d∑
i=1

eiB
i)t

)
= 0.

Here the first equality comes straight from the definition of the Hamilton function, and the first inequality is
the direct result of Lemma 4.4 and the above result∥∥∇V ϵ(t, xdt )

∥∥
V ≤ L̃, a.s.,

since (
Ax− dP (Axd)

)′ ∇V ϵ

k +
(
β − (dP )βN

)′ ∇V ϵ

k − βϵ
kL̃+ f − fN − f ϵk − δC2∥Bt∥0,H

=
(
Axd

)′ ∇V ϵ

k −
(
dP (Axd)

)′ ∇V ϵ

k + β′∇V ϵ

k −
(
dPβN

)′ ∇V ϵ

k − βϵ
kL̃+ f − fN − f ϵk

− δC2∥Bt∥0,H
=
(
Axd

)′ ∇V ϵ

k −
(
Axd

)′
(dP )(∇V ϵ

k) + β′∇V ϵ

k −
(
(dP )βN

)′
(∇V ϵ

k)− βϵ
kL̃+ f − fN − f ϵk

− δC2∥Bt∥0,H
=
(
Axd

)′ ∇V ϵ

k −
(
Axd

)′ ∇V ϵ

k + β′∇V ϵ

k −
(
(dP )βN

)′
(∇V ϵ

k)− βϵ
kL̃+ f − fN − f ϵk

− δC2∥Bt∥0,H
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≤
∣∣f − fN

∣∣− f ϵk − δC2∥Bt∥0,H
≤− δC2∥Bt∥0,H
≤ 0

Likewise, it follows similarly on intervals (tN−2, tN−1), · · · , [0, t1) that

−dtV
ϵ

k −H(∇V ϵ

k) ≥ 0,

which together with the terminal condition relation V
ϵ

k(T ) = Gϵ
k +G

N + δC2∥BT ∥0,H ≥ G, we have V
ϵ

k ∈ Vk(ξ).
Similarly we obtain V ϵ

k ∈ Vk(ξ).

Step 2. Let Bs,0
t (r) = B(r) − B(r ∧ s) for 0 ≤ s ≤ t ≤ T for any r ∈ [0, t]. And for any t ∈ [0, T ], define

δN (t) = Xs,xd
s ;θ,N (t) − Xs,xs;θ(t), where xs ∈ Λ0,k;ξ

0,s (V). Then by Lemma 4.4 and Itô’s formula, we have for
∀ θ ∈ U , ∥∥∥Xs,xd

s ;θ,N (t)−Xs,xs;θ(t)
∥∥∥2
H

=
∥∥xd(s)− x(s)

∥∥2
H + 2

∫ t

s
V∗⟨AXs,xd

s ;θ,N (r)−AXs,xs;θ(r), δN (r)⟩Vdr

+ 2

∫ t

s
V∗⟨(dP )βN (r,X

s,xd
s ;θ,N

r , θ(r))− β(r,Xs,xs;θ
r , θ(r)), δN (r)⟩Vdr

+

∫ t

s

δ2dr + 2

∫ t

s

⟨δ
d∑

i=1

eidB
i(r), δN (r)⟩H.

Let

B̃1(t) =

∫ t

s

δ2dr + 2

∫ t

s

⟨δ
d∑

i=1

eidB
i(r), δN (r)⟩H.

Then by Lemma 4.4, Assumption (A2), we have∥∥∥Xs,xd
s ;θ,N (t)−Xs,xs;θ(t)

∥∥∥2
H

≤
∥∥xd(s)− x(s)

∥∥2
H + 2

∫ t

s
V∗⟨AXs,xd

s ;θ,N (r)−AXs,xs;θ(r), δN (r)⟩Vdr

+ 2

∫ t

s

∥δN (r)∥V ·
∥∥(dP )βN (r,Xs,xs;θ,N

r , θ(r))− (dP )βN (r,Xs,xs;θ
r , θ(r))

∥∥
V∗ dr

+ 2

∫ t

s

∥δN (r)∥V ·
∥∥(dP )βN (r,Xs,xs;θ

r , θ(r))− β(r,Xs,xs;θ
r , θ(r))

∥∥
V∗ dr + B̃1(t)

≤
∥∥xd(s)− x(s)

∥∥2
H + c1

∫ t

s

∥δN (r)∥2Hdr − c2

∫ t

s

∥δN (r)∥2Vdr

+ 2

∫ t

s

∥δN (r)∥V
(
Lc max

τ∈[0,r]
∥δN (τ)∥H + βε

k(r)

)
dr + B̃1(t)

≤
∥∥xd(s)− x(s)

∥∥2
H + c1

∫ t

s

∥δN (r)∥2Hdr − c2

∫ t

s

∥δN (r)∥2Vdr
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+ (
c2
4

+
c2
4
)

∫ t

s

∥δN (r)∥2Vdr +
4L2

c

c2

∫ t

s

max
τ∈[0,r]

∥δN (τ)∥2Hdr +
4

c2

∫ t

s

(βε
k(r))

2
dr + B̃1(t)

≤
∥∥xd(s)− x(s)

∥∥2
H + (c+1 +

4L2
c

c2
)

∫ t

s

max
τ∈[0,r]

∥δN (τ)∥2Hdr −
c2
2

∫ t

s

∥δN (r)∥2Vdr

+ B̃1(t) +
4

c2
∥βε

k∥2L2(Ω×[0,T ];R)

Thus by Grönwall’s inequality, we have

EFs

[
sup

s≤t≤T

∥∥∥Xs,xd
s ;θ,N (t)−Xs,xs;θ(t)

∥∥∥2
H

]
≤ C5

(
δ2 + ∥βε

k∥2L2(Ω,[0,T ];R) +
∥∥xd(s)− x(s)

∥∥2
H

)
,

and likewise, here C5 is independent of the choice of s, xs, ξ, δ,N, k, ϵ, d, and θ. Combined with (A2),
Hölder’s inequality, and Lemma 4.4, we have

E
∣∣V ϵ(s, xds)− V (s, xs)

∣∣
≤ E ess sup

θ∈U
EFs

[∫ T

s

(|fN (t,X
s,xd

s ;θ,N
t , θ(t))− f(t,Xs,xs;θ

t , θ(t))|)dt

+ |GN (X
s,xd

s ;θ,N
T )−G(Xs,xs;θ

T )|

]
≤ C

(
(δ2 + ∥βϵ

k∥2L2(Ω×[0,T ];R) +
∥∥xd(s)− x(s)

∥∥2
H)

1
2 + ∥f ϵk∥L2(Ω×[0,T ];R) + ∥Gϵ

k∥L2(Ω;R)

)
≤ C6

(
ϵ(1 + k)(1 + ∥ξ∥H) +

∥∥(dP − I)x(s)
∥∥
H + δ

)
.

Likewise, the constant C6 does not depend on the choice of N, θ, ϵ, d, k, δ, ξ, and (s, xs).
And since V is compactly embedded into the Hilbert space H, the proof of the uniform convergence

lim
d→∞

∥∥(dP − I)x(s)
∥∥
H = 0

is standard for any s ∈ [0, T ] and x(s) ∈ V. Then by definition of V
ϵ

k and V ϵ
k, for ∀s ∈ [0, T ] and xs ∈ Λ0,k;ξ

0,s (V),
we have the following convergence

lim
δ→0,d→∞

E|V ϵ
(s, xds)− V (s, xs)|+ lim

δ→0,d→∞
E|V ϵ(s, xds)− V (s, xs)| = 0.

Since the value function V is a viscosity solution, there exist two infinite series of increasing positive integers
{kn}n∈N+ and {kn}n∈N+ satisfying

lim
n→∞

kn = lim
n→∞

kn = +∞,

such that for each n ∈ N+, t ∈ [0, T ] and xt ∈ Λ0,kn;ξ
0,t (V) it holds

V (t, xt) ≤ V
ϵ

kn
(t, xdt ), a.s.,
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and respectively for all n ∈ N+, t ∈ [0, T ] and xt ∈ Λ
0,kn;ξ
0,t (V) it holds

V ϵ
kn
(t, xdt ) ≤ V (t, xt), a.s.

Note the above equalities hold by the arbitrariness of ϵ, δ, ξ, and kn (respectively kn). Further combined with

the denseness of ∪∞
n=1 ∪ξ∈V Λ0,kn;ξ

0,T (V) in Λ0
T (H) and respectively ∪∞

n=1 ∪ξ∈V Λ
0,kn;ξ
0,T (V) in Λ0

T (H), we have

lim
δ→0,d→∞

u(t, xdt ) = V (t, xt) = lim
δ→0,d→∞

u(t, xdt ) a.s.,

for all choice of t ∈ [0, T ] and xt ∈ Λ0
t (H).

Remark 4.7. The above proof is inspired by but different from the conventional Perron’s method, for instance,
in [12, 20, 28], and extending the space from Rd into infinite dimensional Hilbert space does bring up tremendous
challenges. The main difference is two-folded. For one thing, in an infinite dimensional set up, we need to carefully
ensure the compactness of the state space because of the possibly unbounded operator A : V → V or V → H.
The operator A is only bounded V → V∗; for the other, finite dimensional approximation would be applied to
prove the uniqueness of the viscosity solution. On the other hand, by enlarging the original filtered probability
space with an independent Brownian motion B, we have actually constructed the regular approximations of
the value function V with a regular perturbation induced by δB, which corresponds to approximation to the
optimization (1.1)–(1.2) with piecewise Markovian stochastic controls. Such approximation seems interesting
even for the case where all the coefficients β, f, and G are just deterministic and path-dependent.

Appendix A

A.1 Proof of Lemma 3.3

Proof. (i) comes naturally with the uniqueness of the solution of (1.2). As of (ii), for each τ, l ∈ [r, T ], Itô’s
formula of square norms yields that

∥Xr,ξ;θ(τ)∥2H

= ∥Xr,ξ;θ(r)∥2H +

∫ τ

r

2V∗⟨AXr,ξ;θ(s), Xr,ξ;θ(s)⟩Vds+
∫ τ

r

2V∗⟨β(s,Xr,ξ;θ
s , θ(s)), Xr,ξ;θ(s)⟩Vds

≤ ∥ξ∥20,H +

∫ τ

r

c1∥Xr,ξ;θ(s)∥2H − c2∥Xr,ξ;θ(s)∥2Vds+ 2

∫ τ

r

∥β(s,Xr,ξ;θ
s , θ(s))∥H∥Xr,ξ;θ(s)∥Hds.

It follows that

∥Xr,ξ;θ
T (τ)∥2H +

∫ τ

r

c2 · ∥Xr,ξ;θ(s)∥2Vds

≤∥ξ∥20,H +

∫ τ

r

c+1 · ∥Xr,ξ;θ(s)∥2Hds+ L

∫ τ

r

2∥Xr,ξ;θ(s)∥Hds

≤∥ξ∥20,H +

∫ τ

r

c+1 · ∥Xr,ξ;θ(s)∥2Hds+ L

∫ τ

r

(
1 + ∥Xr,ξ;θ(s)∥2H

)
ds

≤∥ξ∥20,H + LT + (L+ c+1 )

∫ τ

r

max
q∈[r,s]

∥Xr,ξ;θ(q)∥2H +

(∫ s

r

c2
∥∥Xr,ξ;θ(q)

∥∥2
V dq

)
ds.
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Then by Gronwall’s inequality, for some K1 = max{2, 2LT}, K1,K > 0, K2 = K1e
2(L+c+1 )T we have

max
l∈[r,T ]

∥Xr,ξ;θ(l)∥2H +

∫ T

r

c2 · ∥Xr,ξ;θ(s)∥2Vds

≤2
[
∥ξ∥20,H + LT

]
e
∫ T
r

2(L+c+1 )ds

≤K1e
2(L+c+1 )(T−r)(1 + ∥ξ∥20,H)

≤K1e
2(L+c+1 )T (1 + ∥ξ∥20,H)

=K2(1 + ∥ξ∥20,H).

For (iii), we use the similar approach as in (ii). By definition

d0,V∗(Xr,ξ;θ
s , Xr,ξ;θ

t ) = |s− t| 12 + sup
τ∈[t,s]

∥∥∥Xr,ξ;θ
s (τ)−Xr,ξ;θ

t,s−t(t)
∥∥∥
V∗
.

And we know that for 0 ≤ r ≤ t ≤ τ ≤ s ≤ T ,

Xr,ξ;θ
t (t) = Xr,ξ;θ

t (r) +

∫ t

r

AXr,ξ;θ(p) + β(p,Xr,ξ;θ
p , θ(p))dp

= ξ(r) +

∫ t

r

AXr,ξ;θ(p) + β(p,Xr,ξ;θ
p , θ(p))dp,

Xr,ξ;θ
τ (τ) = Xr,ξ;θ

τ (r) +

∫ τ

r

AXr,ξ;θ(p) + β(p,Xr,ξ;θ
p , θ(p))dp

= ξ(r) +

∫ τ

r

AXr,ξ;θ(p) + β(p,Xr,ξ;θ
p , θ(p))dp.

It follows that

Xr,ξ;θ
s (τ)−Xr,ξ;θ

t,s−t(t) = Xr,ξ;θ(τ)−Xr,ξ;θ(t) =

∫ τ

t

AXr,ξ;θ(p) + β(p,Xr,ξ;θ
p , θ(p))dp.

Let K̃ =
(
2Tc2L2 +

2c23
c2
K2
) 1

2

. Then by Hölder’s inequality and (ii), it holds that

∥∥∥Xr,ξ;θ
s (τ)−Xr,ξ;θ

t,s−t(t)
∥∥∥
V∗

≤
∫ τ

t

∥∥AXr,ξ;θ(p) + β(p,Xr,ξ;θ
p , θ(p))

∥∥
V∗ dp

≤
(∫ τ

t

∥∥AXr,ξ;θ(p) + β(p,Xr,ξ;θ
p , θ(p))

∥∥2
V∗ dp

) 1
2

· |τ − t| 12

≤ |s− t| 12
(∫ τ

t

2
∥∥AXr,ξ;θ(p)

∥∥2
V∗ + 2

∥∥β(p,Xr,ξ;θ
p , θ(p))

∥∥2
V∗ dp

) 1
2

≤ |s− t| 12
(∫ τ

t

2c23
∥∥Xr,ξ;θ(p)

∥∥2
V + 2c2 · L2 dp

) 1
2
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≤ |s− t| 12
(
2c2L2|s− t|+ 2c23

c2
K2
(
1 + ∥ξ∥20,H

)) 1
2

≤ |s− t| 12
(
2Tc2L2 +

2c23
c2
K2

) 1
2

(1 + ∥ξ∥0,H)

= K̃ (1 + ∥ξ∥0,H) |s− t| 12 .

Letting K = 1 + K̃, we have

d0,V∗(Xr,ξ;θ
s , Xr,ξ;θ

t ) ≤K̃ (1 + ∥ξ∥0,H) |s− t| 12 + |s− t| 12

≤ K (1 + ∥ξ∥0,H) |s− t| 12 .

Here K depends on c, c2, c3, T, L, and is independent of the control process θ.
For (iv), given another ξ̂ ∈ L0(Ω,Fr; Λr(H)), by similar approach, the Itô’s formula of square norms implies

that

∥Xr,ξ;θ(l)−Xr,ξ̂;θ(l)∥2H

= ∥ξ(r)− ξ̂(r)∥2H +

∫ l

r

2⟨A(Xr,ξ;θ(s)−Xr,ξ̂;θ(s)), Xr,ξ;θ(s)−Xr,ξ̂;θ(s)⟩ds

+

∫ l

r

2⟨β(s,Xr,ξ;θ
s , θ(s))− β(s,Xr,ξ̂;θ

s , θ(s)), Xr,ξ;θ(s)−Xr,ξ̂;θ(s)⟩ds

≤ ∥ξ − ξ̂∥20,H +

∫ l

r

c1∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2H − c2∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2Vds

+ 2

∫ l

r

∥β(s,Xr,ξ;θ
s , θ(s))− β(s,Xr,ξ̂;θ

s , θ(s))∥V∗ · ∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥Vds

≤ ∥ξ − ξ̂∥20,H +

∫ l

r

c1∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2H − c2∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2Vds

+
2

c2

∫ l

r

∥β(s,Xr,ξ;θ
s , θ(s))− β(s,Xr,ξ̂;θ

s , θ(s))∥2V∗ds+
c2
2

∫ l

r

∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2Vds

≤ ∥ξ − ξ̂∥20,H +

∫ l

r

c1∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2H − c2
2
∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2Vds

+
2L2

c2

∫ l

r

∥Xr,ξ;θ
s −Xr,ξ̂;θ

s ∥20,Hds.

Then it holds that

∥Xr,ξ;θ(l)−Xr,ξ̂;θ(l)∥2H +
c2
2

∫ l

r

∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2Vds

≤∥ξ − ξ̂∥20,H +

∫ l

r

(
c1 +

2L2

c2

)
max
τ∈[0,s]

∥Xr,ξ;θ(τ)−Xr,ξ̂;θ(τ)∥2Hds

≤∥ξ − ξ̂∥20,H +

(
2L2

c2
+ c+1

)∫ l

r

max
τ∈[0,s]

∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2Hds
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Setting K =
√
3e

3
2T ( 2L2

c2
+c+1 ), by Grönwall’s inequality we have

max
l∈[r,T ]

∥Xr,ξ;θ(l)−Xr,ξ̂;θ(l)∥2H + c2

∫ T

r

∥Xr,ξ;θ(s)−Xr,ξ̂;θ(s)∥2Vds ≤K2∥ξ − ξ̂∥20,H.

We obtain (iv).
For (v), letting 0 ≤ r ≤ l ≤ s ≤ T , we have

Xr,ξr;θ(l)− ξ(r) =

∫ l

r

[
AXr,ξr;θ(τ) + β(τ,Xr,ξr;θ

τ , θ(τ))
]
dτ.

Applying Itô’s formula gives∥∥Xr,ξr;θ(l)− ξ(r)
∥∥2
H

=

∫ l

r

2V∗⟨AXr,ξr;θ(τ) + β(τ,Xr,ξe;θ
τ , θ(τ)), Xr,ξr;θ(τ)− ξ(r)⟩Vdτ

≤
∫ l

r

2V∗⟨A
(
Xr,ξr;θ(τ)− ξ(r)

)
, Xr,ξr;θ(τ)− ξ(r)⟩Vdτ +

∫ l

r

2V∗⟨Aξ(r), Xr,ξr;θ(τ)− ξ(r)⟩Vdτ

+ 2L

∫ l

r

∥Xr,ξr;θ(τ)− ξ(r)∥Hdτ

≤
∫ l

r

c1∥Xr,ξr;θ(τ)− ξ(r)∥2Hdτ −
∫ l

r

c2∥Xr,ξr;θ(τ)− ξ(r)∥2Vdτ

+ 2

∫ l

r

∥Aξ(r)∥H · ∥Xr,ξr;θ(τ)− ξ(r)∥Hdτ + 2L max
τ∈[r,l]

∥∥Xr,ξr;θ(τ)− ξ(r)
∥∥
H · |l − r|

≤
∫ l

r

c+1 ∥Xr,ξr;θ(τ)− ξ(r)∥2Hdτ −
∫ l

r

c2∥Xr,ξr;θ(τ)− ξ(r)∥2Vdτ

+ 2∥Aξ(r)∥H · |l − r| max
τ∈[r,l]

∥Xr,ξr;θ(τ)− ξ(r)∥H +
1

4
max
τ∈[r,l]

∥Xr,ξr;θ(τ)− ξ(r)∥2H + 4L2|l − r|2

≤
∫ l

r

c+1 ∥Xr,ξr;θ(τ)− ξ(r)∥2Hdτ −
∫ l

r

c2∥Xr,ξr;θ(τ)− ξ(r)∥2Vdτ +
1

2
max
τ∈[r,l]

∥∥Xr,ξr;θ(τ)− ξ(r)
∥∥2
H

+ |l − r|2
(
4L2 + 4∥Aξ(r)∥2H

)
.

Putting K̃ := max
{
8L2, 8

}
, we have

1

2
max
τ∈[r,l]

∥∥Xr,ξr;θ(τ)− ξ(r)
∥∥2
H + c2

∫ l

r

∥Xr,ξr;θ(τ)− ξ(r)∥2Vdτ

≤
∫ l

r

2c+1 ∥Xr,ξr;θ(τ)− ξ(r)∥2Hdτ + K̃(1 + ∥Aξ(r)∥2H) · |l − r|2.

By Grönwall’s inequality, it holds that

1

2
max
l∈[r,s]

∥∥Xr,ξr;θ(l)− ξ(r)
∥∥2
H + c2

∫ s

r

∥Xr,ξr;θ(l)− ξ(r)∥2Vdl ≤ K̃(1 + ∥Aξ(r)∥2H) · |s− r|2 · e2c
+
1 T ,

from which we obtain (v).
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Clearly the constants K above only depends on c+1 , c2, c3, L and T . It is not dependent on the control
process θ.

A.2 Proof of Proposition 3.4

Proof. We follow a similar approach as in [35]. (v) follows directly from Assumption (A1) and (iv) of Lemma
3.3 since the coefficients f(t,Xt, θ) and G(XT ) are uniformly Lipschitz continuous in Λt(H) and in ΛT (H),
respectively.

For each (t, ξ, θ) ∈ [0, T ]× L0(Ω,Ft; Λt(H))× U , we denote

J(t, ξ, θ) :=
{
J(t, ξ, θ) : θ ∈ U , J(t, ξ, θ) ≤ J(t, ξ, θ)

}
.

Clearly this set is non-empty since it contains at least one element J(t, ξ, θ). And J(t, ξ, θ) is uniformly bounded
since the coefficients f , G are uniformly bounded under Assumption (A1). Then by [36], Thm. A.3, V (t, ξ) =
essinfθ∈U J(t, ξ, θ) exists.

For any J(t, ξ, θ̃), J(t, ξ, θ̂) ∈ J(t, ξ, θ), we construct a control process

θ(s) =
[
θ̃ · 1J(t,ξ,θ̃)≤J(t,ξ,θ̂) + θ̂ · 1J(t,ξ,θ̃)>J(t,ξ,θ̂)

]
· 1[t,T ](s) + θ(s) · 1[0,t)(s).

Clearly θ takes values in U and is (Ft)t∈[0,T ]-adapted. This shows that J(t, ξ, θ) is closed under pairwise min-

imization for each t ∈ [0, T ], ξ ∈ L0(Ω,Ft; Λt(H)), θ ∈ U . Thus there exists a sequence of controls {θn}n∈Z+

such that J(t, ξ, θn) converges decreasingly to V (t, ξ) with probability 1. Then (i) follows naturally.
For each (θ, x0) ∈ U ×H, and any 0 ≤ t ≤ t̃ ≤ T , by dominated convergence theorem, we have

EFt
V
(
t̃, X0,x0;θ

t̃

)
+ EFt

∫ t̃

t

f
(
s,X0,x0;θ

s , θ(s)
)
ds

= EFt
lim
n→∞

J
(
t̃, X0,x0;θ

t̃
, θn

)
+ EFt

∫ t̃

t

f
(
s,X0,x0;θ

s , θ(s)
)
ds

= lim
n→∞

EFt
J
(
t̃, X0,x0;θ

t̃
, θn

)
+ EFt

∫ t̃

t

f
(
s,X0,x0;θ

s , θ(s)
)
ds

= lim
n→∞

EFt

[∫ T

t̃

f

(
s,X

t̃,X
0,x0;θ

t̃
;θn

s , θn(s)

)
ds+G

(
X

t̃,X
0,x0;θ

t̃
;θn

T

)
+

∫ t̃

t

f
(
s,X0,x0;θ

s , θ(s)
)
ds

]

≥ ess inf
θ∗∈U

EFt

[∫ T

t

f

(
s,X

t,X
0,x0;θ
t ;θ∗

s , θ∗(s)

)
ds+G

(
X

t,X
0,x0;θ
t ;θ∗

T

)]
=V

(
t,X0,x0;θ

t

)
,

where θ∗ ∈ U is the optimal control process. Thus (ii) is proved.

For (iii), with any 0 ≤ t ≤ t̃ ≤ T , θ, θ̃ ∈ U , X0,x0;θ
t ∈ Λt(H), X0,x0;θ

t̃
∈ Λt̃(H), we have

EFt
V
(
t̃, X0,x0;θ̃

t̃

)
=EFt

[
essinf
θ∈U

EFt̃

[∫ T

t̃

f

(
s,X

t̃,X
0,x0;θ̃

t̃
;θ

s , θ(s)

)
ds+G

(
X

t̃,X
0,x0;θ̃

t̃
;θ

T

)]]

≤ essinf
θ∈U

EFt

[∫ T

t̃

f

(
s,X

t̃,X
0,x0;θ̃

t̃
;θ

s , θ(s)

)
ds+G

(
X

t̃,X
0,x0;θ̃

t̃
;θ

T

)]
.
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Then by (ii), assumption (A1), and Lemma 3.3 (i), (iv), we have

L|t̃− t|

=EFt

∫ t̃

t

Lds

≥EFt

∫ t̃

t

f
(
s,X0,x0;θ̃

s , θ(s)
)
ds

≥V (t,X0,x0;θ̃
t )− EFtV

(
t̃, X0,x0;θ̃

t̃

)
≥ essinf

θ∈U
EFt

[∫ T

t

f

(
s,X

t,X
0,x0;θ̃
t ,θ

s , θ(s)

)
ds+G

(
X

t,X
0,x0;θ̃
t ,θ

T

)]

− essinf
θ∈U

EFt

[∫ T

t̃

f

(
s,X

t̃,X
0,x0;θ̃

t̃
;θ

s , θ(s)

)
ds+G

(
X

t̃,X
0,x0;θ̃

t̃
;θ

T

)]

≥ essinf
θ∈U

EFt

[∫ T

t̃

f

(
s,X

t,X
0,x0;θ̃
t ;θ

s , θ(s)

)
− f

(
s,X

t̃,X
0,x0;θ̃

t̃
;θ

s , θ(s)

)
ds

+

∫ t̃

t

f

(
s,X

t,X
0,x0;θ̃
t ;θ

s , θ(s)

)
ds+G

(
X

t,X
0,x0;θ̃
t ;θ

T

)
−G

(
X

t̃,X
0,x0;θ̃

t̃
;θ

T

)]

≥ essinf
θ∈U

EFt

[∫ t̃

t

−Lds+
∫ T

t̃

(−L)
∥∥∥∥Xt,X

0,x0;θ̃
t ;θ

s −X
t̃,X

0,x0;θ̃

t̃
;θ

s

∥∥∥∥
0,H

ds

− L

∥∥∥∥Xt,X
0,x0;θ̃
t ;θ

T −X
t̃,X

0,x0;θ̃

t̃
;θ

T

∥∥∥∥
0,H

]

≥− esssup
θ∈U

[
L|t̃− t|+ (L+ L|T − t̃|)

∥∥∥∥Xt,X
0,x0;θ̃
t ;θ

T −X
t̃,X

0,x0;θ̃

t̃
;θ

T

∥∥∥∥
0,H

]

=− esssup
θ∈U

L|t̃− t|+ (L+ L|T − t̃|)

∥∥∥∥∥∥X t̃,X
t,X

0,x0;θ̃
t ;θ

t̃
;θ

T −X
t̃,X

t,X
0,x0;θ̃
t ;θ̃

t̃
;θ

T

∥∥∥∥∥∥
0,H


≥− esssup

θ∈U

[
L|t̃− t|+K(L+ L|T − t̃|)

∥∥∥∥Xt,X
0,x0;θ̃
t ;θ

t̃
−X

t,X
0,x0;θ̃
t ;θ̃

t̃

∥∥∥∥
0,H

]
.

Let ξ = X0,x0;θ̃
t . Then for any 0 ≤ t ≤ s ≤ t̃, by Ito’s formula and Hölder’s inequality,∥∥∥Xt,ξ;θ

t̃
(s)−Xt,ξ;θ̃

t̃
(s)
∥∥∥2
H

= 2

∫ s

t

〈
A
(
Xt,ξ;θ

t̃
(r)−Xt,ξ;θ̃

t̃
(r)
)
, Xt,ξ;θ

t̃
(r)−Xt,ξ;θ̃

t̃
(r)
〉
dr

+ 2

∫ s

t

〈
β
(
r,Xt,ξ;θ

r , θ(r)
)
− β

(
r,Xt,ξ;θ̃

r , θ̃(r)
)
, Xt,ξ;θ

t̃
(r)−Xt,ξ;θ̃

t̃
(r)
〉
dr

≤ c1

∫ s

t

∥∥∥Xt,ξ;θ

t̃
(r)−Xt,ξ;θ̃

t̃
(r)
∥∥∥2
H
dr − c2

∫ s

t

∥∥∥Xt,ξ;θ

t̃
(r)−Xt,ξ;θ̃

t̃
(r)
∥∥∥2
V
dr

+ 4L

∫ s

t

∥∥∥Xt,ξ;θ

t̃
(r)−Xt,ξ;θ̃

t̃
(r)
∥∥∥
H
dr

≤ 2L|s− t|+ (c+1 + 2L)

∫ s

t

∥∥∥Xt,ξ;θ

t̃
(r)−Xt,ξ;θ̃

t̃
(r)
∥∥∥2
H
dr − c2

∫ s

t

∥∥∥Xt,ξ;θ

t̃
(r)−Xt,ξ;θ̃

t̃
(r)
∥∥∥2
V
dr
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Thus denoting K = 4L · e2T (c+1 +2L), by Grönwall’s inequality, we have

max
s∈[t,t̃]

∥∥∥Xt,ξ;θ

t̃
(s)−Xt,ξ;θ̃

t̃
(s)
∥∥∥2
H
+ c2

∫ t̃

t

∥∥∥Xt,ξ;θ

t̃
(r)−Xt,ξ;θ̃

t̃
(r)
∥∥∥2
V
dr

≤4L|t̃− t| · e2(c
+
1 +2L)T

≤K|t̃− t|.

Letting K̃ = K ·K
1
2 , we have

L|t̃− t|

≥V (t,X0,x0;θ̃
t )− EFtV

(
t̃, X0,x0;θ̃

t̃

)
≥− esssup

θ∈U

[
L|t̃− t|+K(L+ L|T − t̃|)

∥∥∥∥Xt,X
0,x0;θ̃
t ;θ

t̃
−X

t,X
0,x0;θ̃
t ;θ̃

t̃

∥∥∥∥
0,H

]
≥− esssup

θ∈U

[
L|t̃− t|+ K̃(L+ L|T − t̃|)|t̃− t| 12

]
→ 0, as |t̃− t| → 0.

Thus by taking expectation on each side of the above inequality, we obtain the time-continuity of

E
[
V
(
t,X0,x0;θ

t

)]
. This result, along with the regularity of super-martingale, implies the right continuity of

V (t,X0,x0;θ
t ). And by the backward stochastic differential equation theory, EFt

V
(
t̃, X0,x0;θ

t̃

)
is continuous in

t ∈ [0, t̃]. Combined with the obvious fact that |t̃− t| is continuous in t, the left time-continuity of V (t,X0,x0;θ
t )

follows.
For (iv), the joint continuity comes naturally by (iii) and (v). For any (t,Xt) ∈ [0, T ]× Λt(H),

|V (t,Xt)| =

∣∣∣∣∣essinfθ∈U
EFt

[∫ T

t

f(s,Xt,Xt;θ
s , θ(s))ds+G(Xt,Xt;θ

T )

]∣∣∣∣∣
≤

∣∣∣∣∣esssupθ∈U
EFt

[∫ T

t

f(s,Xt,Xt;θ
s , θ(s))ds+G(Xt,Xt;θ

T )

]∣∣∣∣∣
≤ esssup

θ∈U
EFt

[∫ T

t

∣∣f(s,Xt,Xt;θ
s , θ(s))

∣∣ ds+ ∣∣∣G(Xt,Xt;θ
T )

∣∣∣]
≤L(T − t) + L

≤L(T + 1).

Analogously, we can get |J(t,Xt, θ)| ≤ L(T + 1) for any θ ∈ U as well.

A.3 Proof of Lemma 3.6

Proof. W.l.o.g., we only need to prove that (3.4) holds for any τ ∈ (0, t1), ρ = 0 and x0 = x ∈ V. Then for each
N ∈ N+, N > 2, let ti =

iτ
N with i = 0, ..., N . In this way we obtain a partition of [0, τ ] with 0 = t0 < t1 < ... <

tN = τ . And notice that here we have two partitions: partition of [0, T ] with tj , j = 0, 1, · · · , n, and partition
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of [0, τ ] with ti, i = 0, 1, · · · , N . For each θ ∈ U , let

NX(t) =

N−1∑
i=0

X0,x;θ(ti)1[ti,ti+1)(t) +X0,x;θ(τ)1{τ}(t), t ∈ [0, τ ]

NXt−(s) =
NX(s)1[0,t)(s) + lim

r→t−

NX(r)1{t}(s), 0 ≤ s ≤ t ≤ r.

Easily for any t ∈ [0, τ ], we have the approximation hold as following:

lim
N→∞

(∥∥∥X0,x;θ
t − NXt

∥∥∥
0,V∗

+
∥∥∥X0,x;θ

t − NXt−

∥∥∥
0,V∗

)
= 0.

For each i ∈ 0, ..., N − 1, we have

u(ti+1,
NXti+1

)− u(ti,
NXti)

= u
(
ti+1,

NXti+1−

)
− u

(
ti,

NXti

)
+ u

(
ti+1,

NXti+1

)
− u

(
ti+1,

NXti+1−

)
: = Ii1 + Ii2,

where by u ∈ C1
F , and Definition 2.2 (i),

Ii1 = u
(
ti+1,

NXti+1−

)
− u

(
ti,

NXti

)
=

∫ ti+1

ti

dsu
(
s,NXs−

)
ds+

∫ ti+1

ti

dωu
(
r,NXr−

)
dW (r),

Ii2 = u
(
ti+1,

NXti+1

)
− u

(
ti+1,

NXti+1−

)
.

For the first term of Ii2, by the definition of vertical perturbation, we have

u
(
ti+1,

NXti+1

)
= u

(
ti+1,

NX
NX(ti+1)−NX(ti+1− )

ti+1−

)
= u

(
ti+1,

NX
X(ti+1)−X(ti)

ti+1−

)
.

Thus

Ii2 = u
(
ti+1, X

X(ti+1)−X(ti)
ti+1−

)
− u

(
ti+1,

NXti+1−

)
.

Then by the definition of vertical derivative and integration by parts formula,

Ii2 =

∫ ti+1

ti

∇u
(
ti+1,

NX
X(s)−X(ti)

ti+1−

) [
AX0,x;θ(s) + β

(
s,X0,x;θ

s , θ(s)
)]
ds.

Recall that

u
(
τ,NXτ

)
− u (0, x) =

N−1∑
i=0

(Ii1 + Ii2).



OPTIMAL CONTROL OF INFINITE-DIMENSIONAL DIFFERENTIAL SYSTEMS WITH RANDOMNESS 41

Letting N → ∞, by the dominated convergence theorem we complete the proof.
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