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OPTIMAL CONTROL OF INFINITE-DIMENSIONAL
DIFFERENTIAL SYSTEMS WITH RANDOMNESS AND
PATH-DEPENDENCE AND STOCHASTIC PATH-DEPENDENT
HAMILTON-JACOBI EQUATIONS

JINNIAO QIU AND YANG YANG™

Abstract. This paper is devoted to the stochastic optimal control problem of infinite-dimensional
differential systems allowing for both path-dependence and measurable randomness. As opposed to
the deterministic path-dependent cases studied by Bayraktar and Keller [J. Funct. Anal. 275 (2018)
2096-2161], the value function turns out to be a random field on the path space and it is characterized
by a stochastic path-dependent Hamilton-Jacobi (SPHJ) equation. A notion of viscosity solution is
proposed and the value function is proved to be the unique viscosity solution to the associated SPHJ
equation.
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1. INTRODUCTION

The purpose of this paper is to characterize the value function of a certain class of path-dependent stochastic
optimal control problems in an infinite dimensional setting as the unique solution to the corresponding stochastic
path-dependent Hamilton-Jacobi (SPHJ) equation. These equations in finite dimensional set up have been
studied by Qiu ([1]). However, our extension to the infinite dimensional spaces is nontrivial.

Let (Q,.%,{%}t>0,P) be a complete filtered probability space. The filtration {.%};>¢ satisfies the usual
conditions and is generated by an m-dimensional Wiener process W = {W(t) : t € [0,00)} together with all the
P-null sets in .%. Let V C H C V* be a Gelfand triple, where V is a separable reflexive Banach space with a
continuous, dense, and compact embedding into a separable Hilbert space H.

Throughout this work, the number T € (0,00) denotes a fixed deterministic terminal time and the
set C([0,T];H) represents the space of H-valued continuous functions on [0,7]. For each z € C([0,T]; H),
denote by z; its restriction to time interval [0,t¢] for each ¢ € [0,T] and by z(¢) its value at time
t € 10,77.
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Consider the following stochastic optimal control problem

T
min £ / f(s,Xs,0(s))ds+ G(Xr)| , (1.1)
oeu 0
subject to
dX(t)
Xog=xp € H.

Here, we denote by U the set of all the U-valued and {.7; };c[o,r}-adapted processes with U being a nonempty
compact set. The process (X (t));e[0,7 is the state process, governed by the control § € U. The notation X" (t)
for 0 < r <t < T may be used to indicate the dependence of the state process on the control 8, the initial time
r, and initial path z,.. Here A : V — V* is a linear time-constant operator! and §(t, X;,6(t)) takes values in H.
For the well-posedness of the state system, we apply the following assumptions on operator A.

(i) (Coercivity) There exists ¢; € R, ¢co € RT such that for all v € V,
2+ (Av,v)y < er|lvllfs — ealvlf5
(ii) (Boundedness) There exists c3 > 0 such that for all v € V,
[ Av[lv- < esflo]lv.

In this paper, we consider the non-Markovian cases where the coefficients 3, f may depend not only on time
and control but also explicitly on w € 2 and the path/history of the state process. The function G is random
and path-dependent as well. Such problems arise naturally from controlled partial differential equations allowing
for path-dependent and random coefficients. An example is sketched as follows.

Example 1.1. Let O C R? be a bounded domain with smooth boundary 9O. Denote by Wég’p((’)) the k-th
order Sobolev spaces on O with elements vanishing at 900, for k € Z, p € (1,00). We consider the following
control problem

min F
oeu

/0 F(s, %o, 0(s)) ds + G(Xr) |

subject to

X(t) =z + /O(Af((s) + B(s, X5,0(s))) ds +7i(t) t > 0,20 € H,

where V = Wj?(0) is dense and compactly embedded into H = L§(0), and V* = Wy ?(0). f and G are
functions taking values in R. § is taking values in H, while 77 may be any (#,);>o-adapted VVO2 ’2((9)—Va1ued
stochastic process with or without rough paths, including integrals with respect to Wiener processes, fractional
Brownian motions, and general semimartingales, and so on. And the Laplace operator A is linearly mapping
W 2(0) onto Wy 2(0). Set X (t) = X (t) —j(t), for any t € [0, T]. The control problem above could be written

%. age . .
Under certain conditions, our results may be extended to operators A that are time and path-dependent, and even nonlinear.

To avoid cumbersome arguments, we consider a time-constant linear operator A herein.
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equivalently as (1.1)-(1.2), while the associated coefficients (f, 8)(s, Xs,0(s)) = (f,8)(s, (X + 7)s,0(s)) and

G(X7) = G((X +7)7) are obviously random.
Back to the control problem (1.1)—(1.2), we define the dynamic cost functional:

T
J(t,2:0) = Es, / f(s, X620 0(s))ds + G(XL™?)| | ¢ € 0,7, (1.3)
¢
and the value function V is given by
V(t,z) = EESizI}f J(t,z;0), t €10,T7. (1.4)
€

Due to the randomness and path-dependence of the coefficients, the value function V (¢, x;) is a function of
time ¢, path x;, and w € 2. In this work, it is in fact proven to be the unique viscosity solution to the following
stochastic path-dependent Hamilton-Jacobi (SPHJ) equation:

(1.5)

—osu(t,xs) — H(t, 2, Vult,z:)) =0, (t,z¢) €[0,T) x C([0,T]; H),
w(T,zr) = G(zr), zr € C([0,T];H),

with
H(t, xe,p) = ezbéirrjlf{v* (Az(t), p)yv + v+ (B(t, ¢, v), p)v + f(t,2,v)}, for p €V, (1.6)

where Vu(t, z;) denotes the vertical derivative of u(t, ;) at the path x; (see Def. 2.1) and the unknown adapted
random field u is confined to the following form:

T T
u(t,xy) = uw(T, o r—t) — / 0 u(s, xys—¢)ds — / v,u(s, s )dW (s), (1.7)
¢ t

where ¢, +(s) = 24(5)10,4)(5) + 24 (t) 1 (s) for 0 <t < < T, 0 < s <r. The semimartingale decomposition
theorem indicates the uniqueness so that the pair (0;,0,) is well-defined as two linear operators; in finite
dimensional cases, the operators are consistent with those differential operators defined in [2], Section 5.2
and [3], Theorem 4.3 for instance. Comparing (1.5)—(1.7), we can rewrite the SPHJ equation formally as a
path-dependent backward stochastic partial differential equation (BSPDE):

7du(t7 xt) = H(tv Lt vu(t7 xt))dt - ’l/)(ta xt)dW(t)v (ta xt) € [Oa T) X C([()) T]a H) (1 8)
w(T,z7) = G(zr), zr € C([0,T];H) '

where the pair (u, ) = (u, d,u) is unknown.

The notion of viscosity solutions for deterministic partial differential equations can be traced back to early
works (see [4-8] for the finite dimensional cases, and [8-10] for the infinite dimensional cases, to name a few).
The optimal control problem with deterministic path-dependent coefficients is first studied in [11] with a viscos-
ity solution approach under the finite dimensional setup. The Hamiltonian is non-anticipatory and the existence
and uniqueness theorems are proved. Other cases with similar setups can be found in [12-14]; for theories of
general deterministic path-dependent PDEs, please refer to [2, 14-16] to mention but a few. When it comes to
the extension of optimal control problems under an infinite dimensional framework, a wellposedness result is
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provided in [17] for the viscosity solution to the HIB equations in Banach spaces with state-dependent, deter-
ministic coefficients and controls; another study with path-dependent setup is provided by [18] for a class of fully
nonlinear path-dependent PDEs with nonlinear, monotone and coercive operators in Hilbert spaces. The work
is focused on the wellposedness and stability of minimax solutions while some discussion of the viscosity solution
approach is included as well. Under the finite dimensional framework, when the coefficients are state-dependent
and possibly random (see [19-21]), the value function is proved to be the solution to a backward stochastic
partial differential equation (BSPDE); for more research work in general BSPDEs, please see [22-25] among
many others. When the coefficients are both possibly random and path-dependent, a class of optimal control
problems have been studied in [1] under the finite dimensional framework. Our work is a nontrivial extension
of [1] in the infinite dimensional setup. Inspired by early works of viscosity solution in [18, 26, 27], we use a
Gelfand triple V C H C V*, where the continuous and compact embedding is set as usual and helps to deal
with the lack of local compactness issue in the path space caused by both the path-dependence and the infinite
dimensional spaces the state process takes values in. Meanwhile the dense and compact embedding argument,
along with the bounded and coercive assumptions of operator A helps us handle the possible unboundedness
in A: V—=YVorV— H as well as the local compactness issue. It is worthwhile to point out that in [26], the
viscosity solution approach is discussed under one or more continuously and densely embedded Gelfand triples
while both V and H are Hilbert spaces. In contrast to our setup, the state dynamics is deterministic and state-
dependent, with an extra diffusion term. And the linear operator A is possibly depending on both time and the
admissible control. In general, our theory makes it possible to employ the dynamic programming and viscosity
solution approach to study optimal control problems for a fairly general class of stochastic path-dependent
Hamilton-Jacobi equations in infinite dimensional spaces. In this setting, the control problems (1.1), (1.2) and
the associated path-dependent stochastic Hamilton-Jacobi equation (1.5), to the best of our knowledge, have
never been studied in the literature.

The main obstacles in our paper are three-folded. First the operator A : V — V* and the path-dependence
make it hard to directly obtain an appropriate uniform-in-time stability estimation of the state processes in
space V or H, because for a.e. t € [0,T], X(t) € V, AX(t) takes value in V*. It is thus difficult to achieve
uniform convergence of its own finite dimensional projections. Although eventually we manage to resolve such
issues in the uniqueness discussion of the viscosity solution, the unboundedness of A : V — V or V — H, which
leads to weaker estimations of path distance within the Gelfand triple as shown in Lemma 3.3, further causes
trouble in ensuring uniform convergence of the finite-dimensional approximations of other coefficients f, 8, and
G (see (4.5)). For the same reason, we need to introduce further assumptions to ensure the existence of viscosity
subsolution. This is different from the result under a finite dimensional framework. Second, the coefficients and
thus the solution u are random and path-dependent. The lack of local compactness in the path space, which
is caused not just by the infinite dimensional setup for the state process but also by the path-dependence of
the coefficients, drives us to define the random test functional spaces as sequences of compact subspaces using
compact embedding and stopping time theories. A similar technique is adopted as in [12, 13] to replace the
pointwise extremality in the standard definition of viscosity solutions by the corresponding extremality in the
context of optimal stopping problems. However, in contrast to the finite dimensional case [1], not only the
definition of viscosity solutions needs to be changed accordingly, but we can only obtain an even weaker version
of comparison principle that is associated with infinite sequences of integers {k, },cn+ and has an explicit initial
state dependence. This is different from the deterministic nonlinear path-dependent cases (for instance [11, 12])
and the stochastic state-dependent cases (for instance [20, 21]). Third, we did not define any topology in the
measurable space (€,.%). As a result, it is inappropriate to express our coefficients, test functionals as well
as viscosity solutions pointwisely w.r.t. w € ), although they may be explicitly dependent on it. Instead, both
the test functions and viscosity solutions are parametrized by €, € %, for each point (7,¢), where 7 may be
a stopping time and £ valued in C([0, 7]; V). The combination of path-dependence and measurable randomness
prompts us to take a different approach via dense and compact embedding arguments, as well as a weak version
of comparison principle, other than the conventional variable-doubling techniques, in solving our stochastic
path-dependent Hamilton-Jacobian equations.
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Our paper is organized as follows. In Section 2, we show some preliminary notations and main assumptions.
Then we bring in certain regularity conditions to our test functional spaces, under which we are able to introduce
the definition of the viscosity solutions. In Section 3, we first introduce the well-posedness results on the state
process and some of its important estimates. Then we move on to the regularity analysis of the cost functional
and the value function. Applying stopping time techniques, a generalized dynamic programming principle is
proved, and a generalized It6-Kunita formula is given under the path-dependent setup. In the end of this
section, we prove that the value function is a viscosity solution to the associated SPHJ equation. In Section 4, a
weak version of comparison principle is proved followed by some stronger assumptions and a finite dimensional
approximation lemma. At last, we are able to prove the uniqueness of the viscosity solution to the SPHJ
equation using finite dimensional approximations. In the appendix, one may find the proofs of Lemma 3.3 and
Proposition 3.4.

2. PRELIMINARIES AND DEFINITION OF VISCOSITY SOLUTION

2.1. Preliminaries

Let B be a Banach space equipped with norm || - ||g. For each r € [0, T], let space A2(B) := C([0,7]; B) be the
set of all B-valued continuous functions on [0,7] and A, (B) := D([0,7];B) the space of B-valued cadlag (right
continuous with left limits) functions on [0, r]. Define

A°(B) = Ure[o,T]A(r) (B), A(B) = Urepo,rAr(B).

Throughout this paper, for each path X € Ar(B) and ¢ € [0,T], denote by X; = (X (s))o < s < ¢ its restriction
to time interval [0, ¢], while using X (¢) to represent its value at time ¢. For each (z,,%:) € A-(B) x A¢(B) with
0<r<t<T,

[zrllop = sup [lz(s)le;
se[0,r

dop(wr, %) = V|t = 7| + sup {ler s) = Xe(s)l[B10,r) (8) + [z (r) = Xe(5) 8111 () }-

s€[0,t]

Here for each ¢ € [0,T], (AY(B),] - [os) and (A¢(B),| - |lop) are Banach spaces, while (A?(B),dop) and
(A¢(B),dor) are complete metric spaces. For each z; € A¢(B) (respectively for z; € AY(B)), we may define,
correspondingly, X € Ap(B) (respectively for x € A%(B)) with X(s) = z4(t A 5) for s € [0,T]. In addition, we
shall use B(A°(B)), B(A(B)), B(A?(B)), B(A+(B)) to denote the associated Borel o- algebras
For each x; € A;(V*) and any h € V*, we denote its vertical perturbation z! € A;(V*) with z/(s) =
x¢(8)1j0,4)(8) + (x¢(8) 4+ h)1¢(s) for s € [0, t] Note that this vertical perturbation may not be time continuous
at the end point.

Definition 2.1. Given a functional ¢ : A(V*) — R and z; € A(V*), ¢ is said to be vertically differentiable at
x; if the function

o(z;) : V* = R
h— ¢(xlh)

is differentiable at 0 in a Gateaux derivative sense. The gradient V¢(x;) is V-valued and defined by

Ah
9(Vo(a), By = lim M

for all h € V*.
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Let B’ be another Banach space equipped with norm || - ||p. The continuity of functionals on metric spaces
A°(B) and A(B) can be defined in a standard way. Given x; € A(B), we say a mapping ¢ : A(B) — B’ is
continuous at z; if for any € > 0 there exists some § > 0 such that for any x, € A(B) satisfying do p(z,, x) < 0,
it holds that ||¢(x,) — ¢(x¢)||p < €. If the B'-valued functional ¢ is continuous and bounded at all z; € A(B), ¢
is said to be continuous on A(B) and denoted by ¢ € C(A(B);B’). Similarly we define C(A°(B);B’), C([0,7] x
A(B);B’), and C([0,T] x A°(B); B').

Throughout this paper, as usual the measurability of non-separable space-valued random functions is in a
strong sense, i.e., such measurable functions may be approximated point-wisely (a.e. if a measure is given)
by simple functions. For each t € [0,T], denote by L°(2 x A:(B),.7; @ B(A;(B));B’), the space of B’-valued
F @ B(A¢(B))-measurable random variables. For each measurable function

w: (% [0,T] x A(B), # ® B([0,T]) ® B(A(B))) — (B, B(B')),
we say u is adapted if for any time t € [0,7T], u is % ® B(A:(B))-measurable. For p € [1,00], denote by

SP(A(B);B’) the set of the adapted functions u : Q x [0,7] x A(B) — B’ such that for almost all w € Q, u
is valued in C(]0,T] x A(B);B’) and

< 00.
LP(Q,Z ,P)

sup [[ult, 1) [er

lullsea@)m) =
(t,z¢)€[0,T]x Ay (B)

For p € [1,00), denote by LP(A(B); B’) the totality of all the adapted functions X' : Q x [0,T] x A(B) — B’ such
that for almost all (w,t) € Q x [0,T], X is valued in C'(A(B);B’), and

T 1/p
Xl e (aB)Br) = (/ sup ||X(f,$t)||§fdt> < oo.
0 z€A:(B)
LP(Q,7,P)

Obviously (SP(A(B);B),]| - lsr(ae)m)) and (LP(A(B);B'), [ - || zr(aes)m)) are Banach spaces. In a similar
way, we define spaces LO(52 x A (B), , © BAL(B)): B'), (S”(AVB):B). | - v ooy, and (L7 (AV(B); ), | -
leraomym)-

For each § > 0, 0 < 7 <t < T, Banach space B C B’, and & € AY(B), define the neighbourhood of ¢ in the
space AY(B') as BY (€) being the family of = € A)(B') satisfying

sup |lz(r) —&(r A7)l < 0.
ref0,t]

Within the Gelfand triple, there exists ¢ > 0 such that

ve <ell-llm < v,

i.e., forall h € V,

IRllv+ < cllblle < 2|l ]lv-

W.lo.g, we assume ¢ = 1. Following is the assumption we use throughout this paper.
(A1) G € L=(Q: Fr; C(Ar(V*); R)).

(i) for each v €U, f(-,-,v), B(-,-,v) is adapted;
(ii) for almost all (w,t) € Q x [0,T], f(¢t,-,-), B(t,-,-) is continuous on A;(V*) x U;
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(iii) there exists L > 0 such that for all 7, Zr € Ar(H), and ¢ € [0, T], there hold

esssup |G (z7)| + esssup sup | f (¢, 2+, v)| + esssup sup 18(t, ¢, 0)|lm < L,
weN we velU we) wve

esssupIG(xT)—G(xT)Hebbsupsuplf(t x4, 0) = f (8, T, 0)]

weN weQ velU
+ esssup sup 18, ze,v) = B(t, T, v)[lv+ < L(llzr = Trllom + |20 — Zellom)-
we velU

2.2. Definition of viscosity solutions

For § > 0, z; € A¢(V*), we define the horizontal extension x5 € Ay5(V*) by setting x; 6(s) = z(s A t) for
all s € [0,¢+ 4]

Definition 2.2. For u € S*(A(V*);R) with Vu € L2(A(V*); V), we say u € C} if

(i) there exists (04u,0,u) € L2(A(V*);R) x L2(A(V*); R™) such that for all 0 <r <7 < T, z, € A,.(V*)
(T, Ty r—p) = u(r, ) +/ o u(s, Ty s—r)ds +/ 0, u(S, Ty s—p)dW (s), a.5.;

(i) there exists a constant p € (0,00) such that for almost all (w,t) € Q x [0,T] and all z; € AY(V*), there
holds ||Vu(t, x¢)|lv < p;

(iii) there exists a constant o € (0,1) and a finite partition 0 = t, < t; < ... <t, =T, for integer n > 1, such
that Vu is a.s. valued in C((¢;,£;41) X A(V*); V) for j = 0,...,n—1, and for any 0 < § < minp<;j<n—1[t; 41—
t;|, there exists L € (0, 00) satisfying a.s for almost all t € Uo<j<n—1(tj,t;q — 0] and all z;,y, € AD(V*),

ut, ) — u(t,ye)| + | Vult, ze) — Vault,yo)llv < L |lze — yell§y-
[0eu(t, z¢) — pult, yr)| + [[uult, x¢) — dult, yi)|

re < L |lwe — el -

We call the constant « is the exponent associated to u € C% and 0 =t, < t; < ... <, = T the associated
partition.

Each u € CL can be thought of as an It6 process and thus a semi-martingale parameterized by z €
A(V*). Doob-Meyer decomposition theorem ensures the uniqueness of the integrable pair (d;u,d,u) at points
(w,t,x54—s) for 0 < s <t < T, and a standard denseness argument may yield the uniqueness of the pair
(04u, 0u) in L2(A(V*);R) x L2(A(V*);R™). In finite dimensional cases, this makes sense of the two linear
operators 9; and ?,, which are consistent with the differential operators in [2], Section A.2 and [3], Theorem 4.6.
Particularly, if u(t, z) is a deterministic function on the time-state space [0,7] x V*, we may have 9,u = 0 and
0u coincides with the classical partial derivative in time; if the random function v on Q x [0,T] x V* is regular
enough (w.r.t. w) in the sense of Malliavin’s calculus, the term 9, is just the Malliavin’s derivative. In addition,
the operators 9; and ?,, are different from the path derivatives (9;, 9,,) via the functional It6 formulas (see [28]
and [29], Sect. 2.3); if u(w, t, x) is smooth enough w.r.t. (w,t) in the path space, for each z, we have the relation

du(w, t,x) = (0 + Lo Ju(w, t,z), du(w,t,z) = dou(w,t,z),

wa

which may be seen from [29], Section 6 and [28].
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Let 7" be the set of stopping times 7 valued in [t, T] and T the subset of 7" such that for each 7 € T}, 7 > t.
Then for each 7 € 79 and Q, € .Z,, we denote by L°(,,.Z,; A2(B))? the set of A%(B)-valued .#,-measurable

functions defined on 2.
Now, for each k € NT, 0 <t <s< T, &€ AY(V), we define

A?V’f;g(V) = {a: e A2(H) N L%(0,5;V) s (1) = E(tAT) —|—/ Az(r) + g(r)dr,7 € [0, s], for some
tAT
g € L>(0,T;H) with ||g]| e (0,7m) < k},

and in particular , we set Ag:f(V) = UgeVAgf;g (V) for each ¢ € [0,T]. Then obviously /~\87t(V) = Ugen+ Ugev
/\8:?§ (V) is dense in AP (H). We also note that by [18], Proposition 2.10, the path space Ag:f;g(V) is compactly
embedded into AY(H).

We now introduce the notion of viscosity solutions. For each (u,7) € S2(A(V*);R) x 79, Q, € .Z, with
P(Q,) > 0 and & € LO(Q,, Z,; AY(V)), we define for each k € NT,

Gu(t,&Q., k) :{QS € Cl : there exists 73, € T such that

(¢ —u)(1,€)1lq, =0 =essinf Eg, inf (¢ —uw)(TATEY)| la, as.p,
TETT™ yeAgi/ka (V)

Gu(t, & Q0. k) :{qb € Cly : there exists 7, € T, such that

(¢ —u)(1,8)1q, =0 =esssup Eg_ sup (¢ —uw)(TATr,y)| la, a.s.p,
FETT yGA?_"_;fﬂA_k \%)

Throughout this work, by saying (s, z) — (¢tT,&) for some (¢,£) € [0,T) x A(V), we mean that there exists
k € Nt such that (s,z) — (¢t7,€) withs € (¢,T],z € A?”f;f(V), and sup,.¢(; o [2(r) = &£(t)[[v+ — 0. The definition
of viscosity solutions then comes as follows.

Definition 2.3. We say u € S*(A°(H);R) is a viscosity subsolution (resp. supersolution) of SPHJ
equation (1.5), if u(T,y) < (resp. >)G(y) for all y € A%.(H) a.s., and for any K, € N*, there exists k > Ko
such that for any 7 € 79, Q, € .Z, with P(Q,) > 0 and £ € L°(Q.,, Z,; AY(V)) and any ¢ € Gu(r,&; Q,, k) (resp.
¢ € Gu(T,£;Q,,k)), there holds,

ess  liminf ){—DS¢(S,9€) —H(s,z,V(s,z))} <0, for w e 2, as. (2.1)

(s,2)=>(7F,¢

(resp. ess limsup {—0,¢(s,x) — H(s,z,Vo(s,z))} >0, for w € Q, as. ) (2.2)

(s,2)=(771,¢)

2Here we actually mean L°(Q,, % N Q-;A2(B)), where #r N Qr := {BNQ, : B € %;}. For simplicity, we just denote
LO(Qr, Fr; AO(B)) = LO(Qr, Zr N Q7 A2(B)).
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The function w is a viscosity solution of SPHJ equation (1.5) if it is both a viscosity subsolution and a viscosity
supersolution of (1.5).

The test function space (ﬁglz is expected to include the L2-solutions of ordinary backward stochastic differential
equations which are space-invariant and have 0,u allow for time-discontinuity and just measurability in time ¢.
On the other hand, as (s, z) — (71,£), we have x € A2%¢(V) for some k € N* and thus « € L?(0, s; V) which is
well defined a.e. but not pointwisely on [0, s] as V-valued functions; consequently, Az(r) and H(r, z, Vo(r, z)) for
7 < r < s are not pointwisely but a.e. well defined. Also, the involved functions and terms are just measurable
w.r.t. w € Q and all such measurability features motivate us to use essential limits in (2.1) and (2.2).

Remark 2.4. In the above definition, we can see that each viscosity subsolution (resp. supersolution) of SPHJ
equation (1.5) is associated to an infinite sequence of integers 1 < k; < --- <k, <--- (resp. 1 < k; <--- <k, <
-+) such that the required properties in Definition 2.3 are holding for all the test functions in Gu(r,&; 2, k;)
(resp. Gu(T, & Q, k;)) for Vi e NT.
Throughout this paper we define for V¢ € CL, v € U, t € [0,7], and z; € Ag’t(VL

LGt xt) = 0:9(t, 1) + v (Az(t), VO(t, 7¢))v + v+ (B(t, 74, v), VO (t, 24))v-

Remark 2.5. In view of (A1), for each ¢ € CL, there exists an (%;);>0-adapted process (¢ € L2(A(V*);R)
such that for a.e. (w,t) € Q x [0,T], and all z; € Af ,(V), we have

| - Dt¢(t7xt) - ,H(tvxtv V¢(t7xt))| < SUB |£U¢(taxt) + f(t7l't,11)| < Ctd) + C3pHx(t)HV'
ve

So the essential limits in the above definition is well defined. Meanwhile, there exists a finite partition 0 = ¢, <
t, <--- <t, =T,such that for any ming<j<n—1 [t; —§j| > § > 0, and for almost all t € Uogjgnq@j,,jﬂ — 4],

ke Nt, ¢ €V and all 2,7 € AD(V), it holds that
0,t

|{_at¢(t7 xt) - H(t7 Tt, v¢(t7 xt))} - {_at(b(tft) - H(LEta qu(taft))}‘
S 22‘8 |(£U¢(t7‘rt) + f(taxtvv)) - (‘Cv(b(taft) + f(taftvv)”

< (L4 L) [(L+Dllze — Tel§ v + 1+ p)llwe — Zellou]
+ sup [ (Az(t), Vo(t, 1)) v — v (AZ(t), VO(t,T¢)) v

where « is the exponent associated to ¢ € C}.

Notice that here on contrary to the finite dimensional case, we have extra A operator terms in the functions
LYP(t, x¢) and LYP(t,T¢). They may be unbounded according to our set up, thus we need to consider them
separately. Applying triangular inequality and the coercivity of A operator, we have the following result,

Sup [v- (Az(t), Vo(t, ze))v — v (AZ(t), VO(t, T1))v|
= Sup fv- (A(z(t) = (1)), Vo(t, ze))v + v (AZ(L), VO(t, 21) = Vo (t, T1))v ]

< A @) =Z(@))llv- Vot zo)lly + | AT ()]
< esplla(t) =Ty + s L, [Ty - o — ]

v¢(ta th) - V(b(ta ft) ||V

«
0,v*

v




10 J. QIU AND Y. YANG

3. EXISTENCE OF THE VISCOSITY SOLUTION
3.1. Some auxiliary results

For any T > 0, denote by 32([0,T]; H) the space of (%;);>0-adapted H-valued time continuous stochastic
processes u : 0 x [0, 7] — H, such that for any u € 32([0,T];]HI), we have

1
Pp— 2 ?
ol gy = (] o Iut0)2] ) < oo

Similarly, denote by f2(07 T;V) the space of (%#)>0-adapted V-valued stochastic processes v : Q x [0,T] — V,
such that for any v € 7’ (0,T;V), we have

1

T 2
2
I0lz2 0 ) = (E / ||v<t>|vdt) < 0.

Definition 3.1. An (%);>¢-adapted process X € 32([0,T];H) ﬁf2(O,T; V) is called a solution of (1.2) if we
have P-a.s.

X(t) = Xo + /OtAX(S) + B(s, Xs,0(s))ds, Vte[0,T], (3.1)

where both sides are thought of as V*-valued (.%;);>¢-adapted processes.

Theorem 3.2. Given Xy € H, 0 € U, under Assumption (A1), the stochastic differential equation (1.2) admits
a unique solution X in the sense of Definition 3.1.

Proof. For each Xo € H, § € U, Ty € [0,T], and any given X € 32([0,T0];H) ﬂfz(O,To;V), the following
stochastic differential equation

ax(t) 7
5 = AX (1) + Bt X, 001)), (3.2)
X(O) - XOa

admits a unique solution ([27], Thm. 4.2.4)
X € X0, Ty; V) N S°([0, To); H).
Therefore, we may define the solution map

M T20,Ty; V) N S([0, To); H) — L0, To; V) N S ([0, Ty); H)
X — Mf(’

where X is the unique solution of (3.2) associated to X.
For each X,Y € ZQ(O,TO;V) QEQ([O,TO];H), we set

X =Mg,Y = M;.
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Applying the Itd’s formula introduced by [27], Theorem 4.2.5, we have

1Y (t) - X (&)
= || My (t) — Mg (t)||2

:/0 2(A(Y (s) = X(5)), Y (5) = X(s)) +2(B(s, Ys, 0(s)) — B(s, X, 0(s)), Y (s) — X (s))ds
S/ e [|Y(s) = X(5)llg — c2 1Y (s) — X (s)ll5 ds

0

+2A

S/ e Y (s) = X (s)llgg — e2 1Y (s) = X ()5
0

Bls, Vs 05)) = Bls, K, 00) |1V () = X(5)]1 ds

V*

V()= X ()]l ds

t
2 C2 2
S/O e [Y(s) = X(s) g — 5 1Y (s) = X(s)lly ds ds,
where ¢; € R and ¢ > 0 by the coercivity assumption of operator A.
Put ¢f = maz{0,c¢1}, and & := £ > 0. We have
Y(s Y(s d
s 1Y) = XG)E e [ I7(6) = X(6) s
t

2L%t ~ ~ 2
<[t vis) = X(s)|2d HY X H
< [t 1) = Xl ds + 2 mae [V - %00

which, by Gréonwall’s inequality, gives

To
max ||Y(s) — ($)||fﬂ+52/0 1Y (s) = X (s)[[5ds

11

s€[0,To]
2 . 2

L TO max s) H . e.fOTDCiFdS
Co  s€[0,To) H

L?T, ~ ~ 2

< 220 gToel ax Y(s)— X(S)H .
Co s€[0,To] H
If we choose proper Ty > 0 such that L TO ceToel < 1, we can prove that the mapping M is a contraction. By

Banach fixed point theorem, it admlts a unique ﬁxed point. Such fixed point is the unique solution of (3.2)
over the time interval [0, Ty]. Note that Ty depends only on ¢, &, and L. Similarly, we may obtain the unique
solution over time intervals [Tp, 27p] and recursively after finite steps, we may obtain the unique solution over

the whole time interval [0,7]. The proof is complete.

Under assumption (A1), the following assertions hold.

O

Lemma 3.3. Let (A1) hold. Given 6 € U, the stochastic ordinary differential equation (1.2) admits a unique

solution, and there exists a constant K > 0 such that forany 0<r<t<s<T,and&c L°(Q, F.; A.(H)),

(i) the two processes (X 1€ )t<S<T and (X0 = e)tgng are indistinguishable;

(ii) mazr<1<r| XSO D)2 + [ ex - X002l < K2(1+ [|€]3 ) 5.
iii) do v (X760, XIS < K(1+ ||€]lom)|s — t]M? a.s.;
( ) 5 s t 3
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(iv) given another & € LO(Q,.%,; A,.(H)),

S 2 ~
x50 = Xm0 dt < K2~ €l as.;

A T
r,&;0 _ oyl 2
s [X00) = XD +eo [

(v) if we further assume & € L°(Q2, Z; A (V) with A¢ € L°(Q,.Z,; A.(H)), then we have

max || X"659(1) — £(r)||5, + CQ/ | X750 0) = £(r)||5 dl < K1+ [ AE(R)|R) - |s — r[* a.s.;

r<i<s
(vi) the constant K only depends on the choice of ¢, ¢, ca, c3, L, and T, and is independent of the control
process.
We postpone the cumbersome calculations for the proof to the appendix.
Proposition 3.4. Let (A1) hold. B
(i) For each t € [0,T], € € (0,00), and £ € LO(Q, F; A;(H)), there exists § € U such that

E[J(t.&0) - V(8] <e

(i) For each (0,x9) € U x H, {J(t,XtO’zo;g;ﬂ) - V(t,XE’mo;e)} o011 is a supermartingale, i.e., for any 0 <
te[o,

t<t<T,
_ t
V(t, X") < Bz, V(T X277 +E%/ f(s, X270 9)ds, a.s.. (3.3)
t

(i11) For each (0,x0) € U x H, {V(s7X27I0;9)}S€[0 7]
(iv) With probability 1, V(t,z) and J(t,x;0) for each 8 € U are continuous on [0,T] x A(H) and

1S @ conlinuous process.
sup max {|V(t,z¢)|, | J(t,x4;0)|} < L(T+1) a.s..
(t,z)€[0,T] x A(H)
(v) There exists Ly > 0 such that for each (6,t) € U x [0,T],
|V(t7xt) - V(ta yt)| + |J(t7xt7 9) - J(t?yh 9)‘ S LVHJ"t - ytHOJHI? a.s., vxtvyt S At(H)7

with Ly depending only on T and L
Again we postpone the proof to the Appendix. Then we prove the following dynamical programming principle.

Theorem 3.5. Let (A1) hold. For any stopping times 7,7 with 7 <7 < T, and any & € L°(Q, F; A%(V)), we
have

V(r, &) = egsigllf Eg. / f(s, X759, 0(s))ds + V (7, X;’g;e) a.s.
€ T

Proof. This proof is similar to [20], Theorem 3.4, but with some delicate compactness argument about path
subspaces and the infinite dimensional expansion.
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Denote the right hand side by V (7, £). By Proposition 3.4 (iv), (v), we can see that both V (7, &) and V (1, €)
are lying in the space S°(A(H);R) and thus the continuity indicates that it is sufficient to prove Theorem 3.5
when 7, 7, and £ are deterministic.

For V ¢ > 0, by Proposition 3.4 (v), there exists 6 = ¢/Ly > 0 s.t. whenever ||z; — yz|jom < 0 for z;,y; €
A+ (H), it holds that

|'](7A—amf'30) - J(%ay‘f'vo)‘ + |V(7ﬁax‘f') - V(%7y71)| <e CL.S.,V bel.

Note that Agf “(V) is compactly embedded into A2(H). There exists a sequence {7} ;cn+ € A?zf;g(V) s.t.
Ujen+ (AR F (V) N B 5(27)) = AYF(V). Denote Dy = ATES(V) 0 Bl (21), and

D;j = (BJ5(a?) — (U] Bi)s(a") NAZZS(V), j> 1.

Then {D;};en+ is a partition of A2Z(V) with diameter diam(D7) < 8, i.e., DI € AYE4(V), Ujens D7 =
Ag:ﬁ;g(V), D'NDI =0ifi+#j, and for any x,y € D7, ||z — ylom < 4.

Then the rest of the proof is similar to that of [20], Theorem 3.4. For each j € NT, take #/ € D7, and a
straight forward application of Proposition 3.4 (i) leads to some 67 € U satisfying

0< J(HT07) —V(#7) =0 as,with E[of] < 2%
Thus for each 2 € D7, with triangular inequality and results above, it holds that

J(#,2;67) = V(7, )
S |J(7A—7x70]) - J(’f_vfjaaj” + ‘J(%vfj;aj) - V(%afj)‘ + |V(7ﬁafj) - V(%ax”

<e+al, as.
Further by the uniform boundedness of coefficient 3 introduced by (A1) (iii), for V 6 € U, X;’&g € Agzﬁ;f (V)
a.s. We then introduce the following control
~ 0 if 0,7);
0(s) = (#) j ,6;6 1 °€ [A7T)7
> jen+ 07 (s)1ps (X°7), if s € [7,T).
Then if follows that
V(7,8 < J(7,60)

= Eg. /f(s,X;af;Q’e(s))ds—i—J(%,X;’w;é)

<Bs | [ ST 06)ds + VXTI 1 3 o | e
T jENT

where o is independent of the choices of the control process #. Then take expectation on both hand side, we
are going to obtain

EV(r,€) < EV(1,€) + 2¢,
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which by the arbitrariness of € and together with the obvious relation

V(7. §) =2 V(7.9),
yields the equality

V(r,&) =V(1,€) a.s.

3.2. Existence of the viscosity solution

Due to our path-dependence setting, we shall compose the random fields and stochastic differential equations
by generalizing an It6-Kunita formula [30], pp. 118-119. Recall that for each ¢ € CL, v € U, t € [0,T)], 24 €
A3 ,(V), we have

£U¢(t7 mt) = at¢(t7 xt) + v+ <A$(t), v¢(ta xt)>V + v <6(ta Tt ’l)), V¢(t, ‘rt)>V'

Lemma 3.6. Let Assumption (A1) hold. Suppose u € CL, with the associated partition 0 =t, < t, < ... <t, =
T, then for each 6 € U, it holds a.s. that for eacht; <p <7 <1l;1y,j=0,..,n—1andz, € AS(V),

u(r, X200 —u(p,x,) :/ £9<S)u(s,X§”%;9)d8+/ o,u(s, X0 AW (s) a.s. (3.4)
P P

We will again postpone the proof to the Appendix.

Theorem 3.7. Let (A1) hold and VA := {n € V: An € H} be dense in V. The value function V defined by
(1.4) is a viscosity solution of the SPHJ equation (1.5).

Proof. We prove the value function V' is both a viscosity supersolution and a viscosity subsolution. Obviously
by Proposition 3.4 (iv), the value function V € S (A(H); R).

Step 1. To prove V is a viscosity subsolution, we only need to prove (2.1) holds.

Suppose it does not hold, i.e. suppose for any k € NT, k > Kj for some Kg € NT, there exists ¢ €
GV (7,&:Q, k) with 7 € T9, Q, € Z,, P(Q,) > 0, and &, € LO(Q, Z,; AY(V)) such that there exists 6,5 >0,
€ T] and ¥ C Q; satisfying P(') > 0, @ C {7 < 7'}, and a.e. on (',

essinf {=0:0(s,2) — H(s,z,Vo(s,z))} > 3¢, (3.5)
€[, (T+62)AT'],@eBY (6)NAY ST (V)

7, sAT
Choose k € Z™ s.t. k > L and let 73 be the stopping time corresponding to the test function ¢ € GV (1,&;; Qr, k).
Here for any t € [0,T], set £(t) = (7 A t) and we have £ € A% (V).

Recall that, for ¢ € C}g, there is a partition 0 = ¢, <t; < ... <t, =T. W.lLo.g., we assume that there exists
5 € (0,1) with 20 < ming<;<p—1(t; 41 —t;) such that Q' = {[r,7+262] C [t;,t;,,)} for some j € {0,...,n—1}.
W.lo.g., we take 7, = 7.

By the continuity assumption (A1) (ii) and the measurable selection theorem, there exists # € U such that
for almost all w € €, it holds that

L0 (s, €,) — F(5,€4,0(3)) > —050(s, E5) — H(s, €5, V(5. &) — (3.6)

€
9 9

for almost all s satisfying 7 < s < (7 4 62) A 7.
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By the continuity argument regarding the path dependence in Proposition 3.4 (iv) and Definition 2.2, for
each h € (0,62), t € [1, (T + h) AT, there exist §; > 0 such that for any & € AY(H) satisfying

gtfgt S(sla

0,H

it holds that

(6= V)(t.&) - (6-V)(t.&)] < Sh

NS

_ Similarly by Lemma 3.3 (iv), for each h € (0, 62), t € [1, (T 4+ h) AT], there exist d > 0 such that for any
&, € AY(H) satisfying

€~ e < 02

it holds a.s. that

(6= V) (t, X750 = (6 — V) (1, X7 %)| < Eh

€
4
By the denseness of VA in V and the Hélder continuity argument in Remark 2.5, for each € > 0, there exists
§ with £(s) := &(s)1j0,7)(s) + &(7) 1, (s) such that,

(1) £(7) takes value in V4,
(2) for each 41,02 > 0 mentioned above,

HORG] e [6(1 o)+ )+ L+ L)+ (L+ DL+ L8) + e LA E()]v)
Ad1 A KL-T—:[’ (3.7)

where the constant K > 0 is introduced in Lemma 3.3 (iv). Thus by Remark 2.5, for almost all w € 2 and
all 7 < s < (1 +h) AT,

—L709(5,€) = F(5,60,005)) + L7005, €) + £(5,€,0(5))] < 5.

Note that by Lemma 3.3 (iv), we have

max
sE[T,(T+h)ATk]

X7 () = X7 (5)|| < K€~ Elloa

By the dynamic programming principle, (3.6), Lemma 3.6, and the time continuous property of state process
under (A1) we have

0 z%E% (6= V)(T.&) = (0= V)((r + 1) A7 XI5

=%Ey [(¢ — V)1 6) = (6= V)1 &) + (@ = V(&) — (6= V(7 +h) A, X250 )}

(‘I’-‘rh)/\i’)C
1

=B, |(6=V)((r+h) A XS0 000 = (0= V(7 +0) A XTS5,

(7+h)
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> g + %Eg; {(qb —V)(1.) = (6= V)((T+ h) A fk,X(TTiTh)mk)}

. 1 . R - (T+h)ATK ;5

> =5+ 3Bz [0(n6) = o((r + h) A, X(Tifh)m) — / Fls, X750 G(s))ds
1 (T4+h)ATk _ ;= 7 —

=gt | —£790(s, X740 7) = f(s, X4, 9(s))] ds

(T4+h)ATE _ _
¢ + Eﬁ, / {_‘CG(S)QS(S?&G) - f(sagm 9(8))} ds

2
“n” T
1
ok

(T-‘rh)/\f'k _ —= £ . )
/ —L7O0(s, &) = F(5,€.8(3)) + L7 0, XTET) o (s, X747 (s)) | ds

(T+h)A%k_T]

==

D0(s,€) = F(5,€0,005)) + L79(5, ) + f (5., (5)) | ds

€
>——+4+2-F
2 2-1-6 %[ h

(T+h) AT - R 5 PR,
~iBs [ IXTET - &l (L4 D+ 1) + L3 EG))ds

1 (T+h)ATr s : 3 R : 7 R
2B [ L L)+ PIXTET &l + cap X7 (s) — (5 wds

2_;+QOE%[ﬁ+hW”%—q

h

1 (T—‘rh)/\f’k . N 5 S 12

B [ KO ) B (L4 D+ L) + LSl s

1 (T4+h)A Tk s : 5 R : 5 )

B [ @I IXTET Lo+ capl X T(5) - E(s) s
h

2_;+26E%[h+hww%—q

— Bz, | K1+ [|€llom)*h% (L +1)(L + L) + es Lo () Iv)

— (L+ L)1+ p)K = - (1+ || AE(7)[|a)h

(T4+h)A Tk .o %
. ap 7,6:30 ¢ h3
N (Ey l/ al X7 ()~ E(r >||VdsD h]

(r+h)hA%k—r]

Z—;-I—?E-E%[

— Bz, | K1+ [|€llom)*h% (L +1)(L + L) + es Lo () Iv)

(L4 L)1+ (4 4G [~ S2RH (14 PESIAN h%]

3
—>§>0,ash—>0+.
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This gives us a contradiction. Thus the value function V' is indeed a viscosity subsolution.

Step 2. To prove the value function V' is a viscosity supersolution, similarly we assume the opposite and
argue with contradiction like what we did for proving viscosity subsolution. Assume that for any k € NT
with k& > Ky for some Ky € NT, there exists ¢ € GV (7,&;Q,,k) with 7 € T°, Q, € %, P(Q,) > 0, and
& € LO(Q,, Z,; A%(V)) such that there exist €,6 > 0, 7/ € T7 and @ € ., with Q' C Q,, ' C {r < 7'},
P(Q) > 0, satisfying a.e. on Y/,

esssup {—0s0(s,2) — H(s,2,V¢(s, 1))} < —e.
SE(T,(r4+82) AT ] w€ BY (6, )NAY L (V)

By Definition 2.2, for ¢ € C(la;, there is a partition 0 =¢t, <t; < ... <t, =7T. W.lo.g., we assume that
there exists 0 € (0,1) such that 26* < ming<j<n—1(t; 4, — ;) and Q' = {[r,7 + 26%] C [t;,£;,,)} for some
j €10,...,n —1}. Also, w.lLo.g., we assume 7 = 7' where 7 is the stopping time associated to the test
function ¢ € GV (1,&:;Q7, k). i

For each 6 € U, define 77 = inf{s > 7 : X7¢% ¢ B}’* (&7)}. Then for any h € (0, 64—2), by Chebyshev’s
inequality, we have

Ez [lrocrin] = Bz, [1max7gsg+h anv&r:B(s)fs(r)nw+x/ﬁ>8}
1
<— _E X780 () — ¢(r 8*}
< B | 1K)~ €)1
K3(1 4 [[€llo.)® 8

<= TR0 (Vh
- (0-Vh) ( )
_ 256K5(1+ [€os)®
< Ch* a.s

h4

Here K is the constant in Lemma 3.3, being independent of the choice of control process 6. Hence C does not
depend on the control process as well.
By the definition of GV (7,&;;Q,, k), Lemma 3.6, Theorem 3.5, Hélder’s inequality, Remark 2.5, and the

approximation above, we have for any h € (0, 42 ) and almost all w € Q,,

V(T7 ET) — ¢(Tv gT)

0—
h

1 ) Tk/\(TJrh) 0 . p:

=+ ezselzrllf Eg. /T f(s, X;’gf’ ,0(8))ds + V(7 A (T + h), er/\T(’er ) — o(1,&r)
1 ) . Tk/\(’TJrh) 0 . T&'

> X egselzrzle"% /T f(s, X759 0(s))ds + ¢(7x A (T + h), Tk/((ﬂ_h ) — o(1, &)
1 . Tk/\(‘f‘Jrh) p " "

= T essinf B, / (L9 (s, XTE0) 4 f(s, XT590(s)))ds

>

1 ) TP N(T+h)ATY 0(s) ot ot
Eezselbr}ngr /T (E D5, XT579) + f(s, X7 ,0(5))) ds

(‘I"I’h)/\‘f‘)c
— Liesroyn{r+h>ro} /

L7 4(s, X7 0) 4 f (s, XT47,0(5))| ds]
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1
E Ssmf Eg.

(T4+h)ATk
— L0 {r+h>ro) /

(T+h)ATk
— Lissr0n{rth>ro} /

(T4+h)ATE ) p
[ (90 X580 + £, X750 005)) ) ds

79 (s, XI5 + £ (5, XT3, 009)) | ds

sATE

£79g(s, XT40) 4 f(s, XI47,0(s))| ds]

FA(T+h) -7 1 1

>Egz. ( ( ) €~ 3 esssup (Ez, [1ir4nsr01])?

h h oe

1/2
(T-+h) A%y , 2\ 1/

Egz, / L0 (s, XT3 4 f(5, X750, 0(s ))’d

— lesssup (Eg [1 hsrf ])1/2
hogey v 0T LATHh>TY)

o\ 1/2

£006(s, X75) 15, X750, 0(5)) | ds

(r4+h)A% ) 1/2
[ 1 v el xmet o)) ds

/(T-‘rh)/\f'k

~k _ ~
> Bz {(7‘ A (T4 h)) 7‘} e — opCN/2 (ng

h

> Egz, {(%k ATt h) - T} -e — 2V/2hCY/?

h
: <E5JT

(r+h) A CsP (r+h) A - 1/2
[ s+ S [ st s s
> By {(T (

A T—&-h))—T}e

h
(T4+h)ATE K 1/2
JA O (1+||s||3,H>D

— 2v/2nC1/? (Egz

—e€ ash— 0T,

Hence a contradiction occurs. Then the value function V' is proved to be a viscosity supersolution.

O

Remark 3.8. By Theorem 3.2, the state process X is continuous in H but only L?-integrable in V. Then the
lack of uniform boundedness and continuity of X in space V make the Holder continuity discussed in Remark 2.5
inapplicable in the proof in Step 1. To overcome it, we use the following assumption for the existence of viscosity
subsolution

A= {neV:AneH} is dense in V.

In fact, most of the differential operators we have encountered in partial differential equation theories, in
particular the Laplacian, satisfy the above assumption (see Ex. 1.1, where VA = Wg 2(0).).

This is different from the finite dimensional case studied in [1]. However, this assumption is not necessary in

proving the existence of viscosity supersolution. This is because the definition of the Hamilton function (1.6)
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imposes a one-sided preference of the inequalities, making the proof of the existence of viscosity subsolution
harder than that of the viscosity supersolution.

4. UNIQUENESS
4.1. A weak comparison principle
Proposition 4.1. Assume (Al) holds and u is a viscosity subsolution (resp. supersolution) of SPHJ
equation (1.5). Then there is an infinite sequence of integers 1 < ky < kg < -+ <k, <--- (resp., 1 <k <

ko <+ <k, <--), such that for each i € NT, z(0) € V, ¢; € Cl; satisfying ¢;(T,x) > (resp. <)G(z) for all
x € AO( ) a.s. and

ess liminf {—0,¢i(s,z) — H(s,z,Vi(s,z))} >0, a.s.,

(s,2)=(tt,y)

(resp. ess limsup {—0,¢;(s,z) — H(s,z,Vi(s,2))} <0, a.s.)

(5,2)=(tT,y)

for eacht € [0,T) with y € A0 A5 (0 )(V) (resp., y € A0 k“T(O)(V)), it holds a.s. that u(t,z) < (resp., >) ¢i(t,x),
for each t € [0,T] with x € AO k (0) (V) (resp. x € AO ki x(o)(V)).

Proof. We only need to prove the case when w is a viscosity supersolution. For the viscosity subsolution the
proof will be similar.

Given i € NT, we assume that u(t,z;) < ¢;(t,7;) with a positive probability at some point (¢,7;) with
te[0,T) and Z; € A0 ks 0)( V) for some z(0) € V.

Note that we do not need to include ¢t = T since, by Definition 2.3, the terminal condition clearly disagrees
with our assumption here. Without any loss of generality, we assume 2(0) = 0. Then, there exists § > 0 such
that P(Qt) > 0 with Q; := {d)z'(t, Lft) — U(t,i‘t) > 6}

We know A?y’f “(V) is compactly embedded in the space A(H). Then applying the measurable selection
theorem, there exists £ e L° (ﬁt, F; Ag:f“o(V)) such that

¢i(t,§fi) - u(t,éff') =  max {¢;(t,x;) —u(t,z)} > § for almost all w € Q.
zeeyy )

W.lo.g., we take Q; = € in what follows. For each s € (¢,T], choose an .%,-measurable and AO Rl (V)-valued
variable ¢ such that

(eils 8y —uls,f)) = max  (6i(s,2) —uls,z))", as. (4.1)

1ax.
N 3
€A, LT (V)

and set YFi(s) = (¢i(s, &) — u(s, €8)) T + g((;:tt)), and Z¥i(s) = esssup, . Ez, [Y*(7)]. Here, recall that 7*
denotes the set of stopping times valued in [s,T]. As (¢; — u)™ € S?(A%(H);R), there follows obviously the
time-continuity of

max_ (¢i(s,xs) — U(5a$5))+ )

z,enyF e W)
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- -\t
and thus that of (qﬁi(& EF) — s, ffl)) , although the continuity of process (£¥)sep 7] (as path space-valued

process) in space V might not be ensured. Therefore, the process (Y*i(s));<s<7 has continuous trajectories.
Define 7% = inf{s > ¢ : Y*i(s) = Z¥i(s)} as a stopping time. In view of the terminal condition, it is obvious
that

Es, [YE‘ (T)] = g <5 <YRi(0).
Then by definition of Z¥ (¢) and the fact that Y*i(¢) is .#,-measurable, we have
ZF(t) > Eg, [YR (t)} —YFi(1).
Further with the optimal stopping theory, we have

Ez YR (T) = g <6 SYR() < Z8(0) = Bz, [YH()] = s, | 255,

which gives that P(% < T) > 0. As

(i, €5 —u €5 )+ ‘Lf(T_f)) = 7R 2 B [YR@) =) (4.2)
we have
P ((@(TE’{L) —u(rF Ryt > O) >0
Define

#Fi = inf {s > ki (¢i(sa§§i) - u(s,f?)ﬁ < O} )

Obviously, ki < #hi <T.Put Q5 = {TE < %E}. Then € 5, € ﬁTgi and in view of relation (4.2), and the

definition of %Eh we have Q) 7, = {TE' < T} and IP’(QTE) > 0.
Set

(I)i(S,T/s) = ¢i(5,133) + ?(j((;_% _ Eygygl(TEI)

Then ®; € CL; since ¢; € CL.. For each 7 € TTki, we have for almost all w € Q 7,

i ockiy 0 i(ki i (ki
(@ — ) (7, €5 ) = 0 = ZF(eF) —YR(F) > B

YR (7 A 7R = YR (TR

>Er | max  (@i-w)(FAfy)|,
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ﬁi;fgi_
where we have used the obvious relation A . 7;1} (V) c AO ks E’ (V). This together with the arbitrariness of 7

implies that ®; € Gu ( ,f L Q% ) In view of the correspondence between the viscosity supersolution u

and the infinite sequence {kl, ko, - ,kn, e } and Definition 2.3, we have for almost all w € Q 5,

0 <ess lim sup {—0:P;(s,x) — H(s,z,VP,;(s,2))}

(s:2) = (i), €7 )

+k

5
= =5/ 5 Tess limsup {_Ds¢i(37x) _H(vaavd)i(s?x))}
3T =1 (s.2) > ((F) T, €58 )

<__9
- 3T -ty

which is a contradiction. O

Remark 4.2. This is an even weaker version of the weak comparison principle than that introduced in the
finite dimensional case (see [1], Prop. 4.1). Under the infinite dimensional framework, we need to fix the initial
state 2(0) in order to deal with the lack of compactness of the path space when taking the essential supremum
in Lem. 4.4 below. The proof of uniqueness of the viscosity solution will need to be adjusted accordingly.

4.2. Uniqueness

Since H is an infinite dimensional separable Hilbert space, it has a standard orthogonal basis {e;};cn+ such
that H = span{ej, e, e3,- - - }. Thus for any h € H, its d-dimensional projection is defined as

d
("P)h = (ei,h)-e;, deNT.

i=1
Of course, such definition can be extended to space V* by defining
ve(("P)h*, h)yy = v (h*, (“P)h)v,

for any h € V, h* € V*.

It is critical to point out that although by denseness, for any i € NT, ¢; € V holds, {e;};cn+ might not be
the standard orthogonal basis for space V because V is only a Banach space, and for any i € NT, |le;||ly = 1
does not necessarily hold. Let (¢P)Ax(t), (“P)B(t,zs,v) be such projection of Az(t), B(t,zs,v) for any v € U,
t€[0,7], z(t) € V, and z; € A¢(V). Notice here we need to consider Az(-) as a whole when we are computing
the finite dimensional projection. Likewise, for the path dependence of f(t,-,v), 8(t,-,v), G(+), we choose not to
do projection of the path inside these functions to avoid changes in these functions every time the projection
dimension d is changed. Later we will see that the projection of the path process itself is not necessary.

Indeed one can argue that for any ¢ € [0, 7], z(¢) € V, the finite dimensional projection of the coefficient Ax(t),
which originally appears in the infinite dimensional cases, will then be combined with the projection of 3. It
does not hurt if we keep the projection of this term from the beginning in Hd where H? := span{ey,ea, -+ ,eq}.
Then the finite dimensional approximation method would ensure us a 51m11ar result in the infinite dimensional
case.

We need to further introduce the following assumptions.

(A2) The linear operator A satisfies

(i) (“P)A = A(“P), for any d € N*;
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(i) there exists L > 0 such that for all xp,Zr € Ar(V*), and ¢ € [0, T, there holds

esssup |G(zr) — G(ZTr)| + esssup max | f (¢, ¢, v) — f(¢, T, v)|
we weQ veU

+ esssup max || B(t, 2, v) — B(t, Tt v)|lv- < L(||ler — Trllo,ve + [|2e — Tello,v)-
wen veEU

(iii) for each v € U, f(-,-,v) € S* (A(H);R) and B(-,-,v) € S™ (A(H); H).

Remark 4.3. In addition to the uniform Lipschitz assumption in (A1), introducing Assumption (A2) (ii)
eliminates certain cases, for instance in Example 1.1 when 3(X;) = C'- DX (t), with C being a constant vector
and D the usual gradient operator. This issue can be avoided if we further introduce a new Gelfand triple
Vi CV C V7§, where V; is another reflexive Hilbert space and is continuously, densely, and compactly embedded
into space V. In that case, in addition to Example 1.1, we could further set V; := W3 *(0) and V3 := L3(O) as
an example.

Lemma 4.4. Let (A1) and (A2) hold. For each £ > 0, there exist d € NT and a partition 0 = to <t < -+ <
tn_1 <ty =T for some N > 3 and functions

(GN, N Ny e CHR™Y x HVTLR) x C(U; CH([0,T) x R™Y x HV T R))
xC(U; CL([0,T] x R™N x HN 1. H))

such that given x(0) € H, for each k € NT,

Ji (@)
= esssup ’fN(W(tl/\t),...,W(tN/\t),t,x(to/\t),...,x(tN/\t),v)—f(t,x,v) ,
(z,0)eAy ¥ O (V) xU
Bi.(t)
= esssup HdPﬁN(W(tl/\t),...,W(tN/\t),t,x(to/\t),...,x(tN/\t)m)—B(t,x,v)}w,
(z0)eAy T O (V)xU
Gy
i=  esssup |GN(W(t1), L W(tn),z(to), - .., x(tn)) — G(z)| are Fi-adapted with
zeAy 5O (V)
Gkl L2, 27:0) + Ikl L2@x 0, 77%) + 1Bl L2(axo,myr) < €1+ K) (1 + [[2(0)]|m) - (4.3)

Moreover, GV, fV, and (*P)BN are uniformly Lipschitz-continuous in the space variable x in H with an identical
Lipschitz-constant L. independent of N, k, d, and €.

Note that since 5(t,x,v) are of infinite dimensions, the proof of Lemma 4.4 is not as trivial as the finite
dimensional case ([1], Lem. 4.2). Not only do we need to perform approximations of 8(¢, z,v) regarding the path
dependence applying the partition in ¢, we are also using finite dimensional projection of the infinite dimensional
functions and thus a uniform convergence of such projections is required to make sense of the finite dimensional
approximation method. As for the coefficients f and G, the uniform convergence is also required because of the
infinite dimensional path dependence, regardless of the fact that these coefficients themselves take value in R.

Sketched proof of Lemma 4.4. We consider the approximations for the function f first. For any | € N*, let us
introduce the time partition of [0,7] as 0 = to < t; < --- <, = T. Then for any w € Q, t € [0,T], v € U,
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Ty € A0 hi2(0) (V), by assumption (A2) (iii) and dominated convergence theorem, the following approximation
works as l — 00

-1

f(wa tv Tty ’U) ~ f(o.), 07 Zo, U)l[O,tl](t) + Z f(wa t]a ‘rtj ) U)l(tj,t_7'+1](t)7

Jj=1

where the time-continuity introduced in assumption (,A2) (iii) can be further relaxed to left continuity with
right limit.

Note here the right hand side is not time continuous. We will work on this issue later. Next, by [31],
Lemma 1.3, for any j € N*, w e Q, t; € [0,T], x4, € Ag:sz(o)(V), and v € U, we have

L
f(watja Itj7’l)) ~ Z 1Ai (w)fi]('rtjav)v
i=1

with A7 e Fryi =12, f] eC (U ct ( A m(o)(V)>). For each j € NT, A7 are not necessarily disjoint.
Of course, since by (A1) f is umformly bounded and Lipschitz continuous in the path variable, ff functions can

be chosen to satisfy such assumptions as well, i.e. for any v € U and any t € [0,T)], z¢,y; € Ag:f;x(o)(V) with
y(0) = (0),

‘fij(v7xt) S L+ 17

P = 9| < L+ Dz — v,

Then, by [32], Lemma 4.3.1, we have the following approximation in L?(€, Fi;)
1Az (OJ) ~ 917 (W(£1)7 e 7W(£lj)) 9
where gf e Cx (R’”Xlg), tr €[0,t;], 7 =1,2,--- Jf.

For the approximation of ff regarding the path dependence, let us introduce the following path approxima-
tion. For any ¢; € [0,7] and s € [0, ], the following point-wise convergence holds

v, (s) ~ (PY)(x1,)(9),

where

oM 5™

(PJVI xt] thJ (n_l) 1[(n—1)tj mj)(S) +.73tj (t])l{tj}(s) (44)

Then by (A2) and Lemma 3.2 (#i%), we have for any ¢; € [0,7] and any v € U,
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T (0, 0,) = J (0, (PM)(ar,)|
(L+1)[foe, = (") (@)l |
(L+1) sup o (5) (PM><:ctj><s>\V*}

oo (50

wror-(55) a4 ||x<o>||H>} (45)

I
~
+
—_
N~—
)
=i
T
)
j==i
T

n (n—1)t; nt; *
Se[ oM ! @Tj) v

In addition, for any ¢ € [0, 77, 1(, +,,,](t) can be increasingly approximated by compactly-supported smooth
functions ¢7(t).
Let [ = N. To sum up, the function f may be approximated by functions of the following form:

fN(W(tl /\t)a aW(tN /\t)atvx(o)v'r(tl /\t)a 7:C(tN /\t)vv)
N N;

=3 g (W(ta), - W) F (0, 2(0), 2t A), -ty A1) (1)

j=1i=1

The required approximation for G' can be obtained in a similar but simplified way since it does not have time
dependence. Note the approximation error above is given by (1 + k)(1 + ||(0)|/m) and the k-dependence comes
from the path space.

Therefore it is easy to prove that for any z; € Ag f -

(© )(V) and any N > 1, there exists ¢ > 0 such that
IGEllL2,20m) + I fEllL2@x0,mm) < (14 E)(1+ [[2(0)]m).

For the function 3, notice for any z; € A0 ki (0) (V), B is uniformly bounded in H, which is dense and compactly
embedded in V*. Denote by I the zdentzty operator in V*, we have

1(4P) ve = [[(“P)BN — (“P)B+ (“P = I)B|v-
< [[(*P)BN = (“P)Bllv+ + [|(*P — I)B|v-
<18 = Bllv- + I(“P - 1)
=B+ B>y

where

v, Ba = [|("P = D)B|lv-.

Again by applying the same approach in the above discussion for f function, we can prove By < e(1+k)(1 +
|2(0)]|m), so we only need to work on Bs. It is sufficient to prove the following uniform convergence:

esssup||(BP = DB(tm,0)]l.
veU,xy EAO ki x(o)(V)

—0 ae. (w,t) €Qx[0,T], as dj = o0, (4.6)

where {d;};en € N* is an infinite subsequence with dy < d < -+
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Since, by (A1), 3 is uniformly bounded in H, then for any t € [0, T], x; € AY(H), and v € U, B(t, z,v) takes
value in BE(0), where B¥(0) C H c V*, B(0) is bounded in H and compactly embedded in V*. It is sufficient
to prove the following uniform convergence holds

esssup H(de - I)h‘
he B (0)

g =0, (4.7)

where we consider the operator
ap_T1:V* =V~
Define

ga(h) = [|("P — D)h|

V*?

and let space ¢ PB be the set of d-dimensional projections (?P)y of all y € B, where B is any Banach space. And
for any space B, we define B* as its dual space. Thus for any linear map V¥ : 4PV — (¢PV)*, by Hahn-Banach
theorem, there exists ¥ : V — V* such that for any h € V

Thus 4PV* = (?PV)*. Similarly since V is reflexive, we could obtain (¢PV*)* = 4PV** = 4PV, So ((*PV)*)* =
4PV and ((*PV*)*)* = 2PV*, i.e. for any d € NT, (*PV,| - |lv) and (“PV*,|| - ||v+) are both reflexive spaces.
For any d € N, h € V, we have

(b,%Ph
JP)n]l, = sup LT
peapys  |bllv-
b h
g 0B
peapys  ||bllv-
< sup v+ (b, h)y
bev* |b||V*
= [|Allv.

Then for any d € Nt, h € V, h* € V*,

v (("P)h*, h)y = = (h*, (“P)h)v,
1B v - [ (“P)h]lv,
< 1B lv - [R]lv

IN

Then we must have

v-{(“P)h*, )

[(4P)R* L <]

= sup

e
hev 12]lv

V*
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This grants us equicontinuity of the function g(-) by

ga(h)

where h € V*. Recall B¥(0) is compactly embedded in V*. Combined with the obvious pointwise convergence,
{94(-) }aen+, contains a subsequence {gq,(-)}, for j = 1,2,3,---, that converges to 0 uniformly, i.e. if we pick
d=dy,ds,ds, -, (4.7) and thus (4.6) holds.

O

Remark 4.5. The approximation lemma above differs from that of the finite dimensional case [1], Lemma 4.2
in two ways. On the one hand, the initial state x(0) needs to be fixed in order to make sense of the uniform
convergence introduced by (4.4). This is caused by the unboundedness of A : V — V or V — H. This directly
leads to the initial state dependence in not only Lemma 4.4 but Proposition 4.1. On the other hand, by applying
the finite dimensional approximation method, an additional layer of uniform convergence of (4.6) needs to be
satisfied due to the infinite dimensional setup.

It is worthwhile to mention that the x(0)-dependence in Proposition 4.1 and Lemma 4.4 can be avoided if
we alternatively introduce a stronger uniform boundedness assumption to the coefficients. For instance, assume
further there exists L > 0 such that for all xp € Ap(V*), t € [0,T] and &y € A(V*), there holds

L
esssup |G(x +esssupmax t, T, v)| 4+ esssup max || 5(t, Ty, v < — .
Seap Gl + esssup gzl (3 vl +essapmar 600 vl < TG v IEO T

In this case, the approximation of the coefficients introduced by (4.4) also works in a uniform sense.
Theorem 4.6. Let Assumptions (A1) and (A2) hold. The viscosity solution to SPHJ equation (1.5) is unique.
Proof. For each k € NT and £ € V, we define

with y € AgPS(V),

Vi(€) ={p €Ch : ¢(T,2) > G(x) Yz € A} (H),a.s., and for each t € [0,T)
| =0, as.},

ess liminf [-0s4(s,x) — H(s,z,VP(s,x))

(s,2)—=(tt,y)

V(&) ={peCh: (T ,z) < G(x) Vo € A% (H),a.s., and for each t € [0,T) with y € Ag:f;g(VL
ess limsup [—05¢(s,x) — H(s,z,Vé(s,z))] <0, as.}.

(s,2)=(tt,y)

Set
ﬂk (ta y) = QSSinf ¢k¢ (ta y)7 Uy (ta y) = €sssup (bk (t7 y)7
PLEVE(E),EEV PrEV, (£),6€V
and
uw= lim g, u= lm wu.
k—4o00 k— 400

By Proposition 4.1 and Theorem 3.7, the viscosity solution V' satisfies u <V <won U2, Ugev Ag:’;«"’&(V), which
is dense in A%(H). For the purpose of proving the uniqueness of the viscosity solution, we only need to verify
u="V =1 on UZ, Usey AgH* (V).
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Step 1. Like what we do with viscosity subsolutions and supersolutions, we construct functions from Vj(€)
and V. (§) to dominate the value function V from above and below, respectively. Let (', #', {#/}i>0,P’) be
another completely filtered probability space on which an d dimensional standard Brownian motion B = {B(¢) :
t > 0} is well defined. The filtration {.%/};>¢ is generated by B and augmented by all P’-null sets in .Z".

For simplicity we put

(Q,.Z {F1}150,P) = (U x Q. F x F' {F x F}50,POP),

and denote by U the set of all U-valued and ﬁzt—adapted processes. Then we have two independent Brownian
motions B(t) and W (t) and all the previous results still hold on the enlarged probability space.

For each ¢ € V and any € € (0,1) and k € N*, choose (G, ff,85) and (GN, fV,(?P)BN) as defined in
Lemma 4.4. By the theory of BSDEs ([33]), we have the pairs (Y}, Z;) and (y, z) be the unique adapted
solutions to the BSDEs

Vi) =G+ [ Ui+ st [ ziaw o,

and

T T
o(s) = [Brlos + [ 1Brlosdr — [ s(r)aB()
S S

respectively, with C; > 0, which will be determined later.
For each s € [0,T) and x5 € Ag:’;(V), define 2¢ := (1P)(x,) € (4P) (Ag:’;(V)) as the d-dimensional projection
of the corresponding path x,. Let

Ve(s,2%) = ess inf Eg,

T
ocu / fN (W((tl /\t))v 7W(tN /\t)vta Xs,zg;O,N(0)7Xs,mg;G,N(tl /\t)v )

Xs,wg;G,N(tN A t)7 G(t)) dt

FEN (W), W Ew), X5ON(0), XWH0N (1), o XN (1)) ] :

where X @%0:N (t) € C([0,T); Hd) satisfies the following finite dimensional stochastic differential equation

dX(t) =¢P(AX (t))dt
+4PBN (W (ty At), - Wty At),t, X(0), X(ty At),--- , X (tny At),0(t))dt

d
+6Y edBi(t), t€[s,T;
i=1

X(t) :Zg(t), te [Oa 5]
with § € (0,1) as an arbitrary constant. For each s € [ty_1,T], s € Agz};(V)7 let

Ve(s, a:f) = \N/G(W(tl), o W(tn—1), W (s),5,2%0), -, 2%(tn_1), z%(s))
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with
VE(W(tl), ) W(thl)v ga S, xd(o)v e 7xd(t1\/71)3 j)
T
= essinf Bz, w(s)=g.08(s)= / YW ((t1), - W (tn—1), W (), t, -z (En 1),
XEON (), 6(8)dt + GV (W (), - W (tn),2(0), -, X=70N (1))
For simplicity, we will write z(t;) = z%(t;) for j =0, — 1 because for s € (tx—_1,T], they are fixed with

the terminal condition. By the viscosity solutlon theory of fully nonlinear parabolic PDEs([8]), the function
VW (t1), -+ ,W(tn_1),7,s,2%0), - ,2%(tny_1), %) satisfies the following HJB equation:

~Dn(.3) = r(Dggu..3) + % tr(Dasu(z . )
+ ess 31615{[((1PA$(1(7§))/
+((P)BYY (W (t), -+ W (tn-1). 9, t.2(0), -+, 2¥(tn-1), 7, v)| Dau(§, 1, 7)
+ AW (), W(tN 1),9:1, xd(o) e (tn-1),%,0)};

u(?% Ta 5:) = GN(W(t1)7 e 7W(tN—1)a Y, t,x (0)7 Y (tN—l)v .13)
Thus the regularity of viscosity solutions ([34], Thm. 6.4.3) gives for each x(¢;) € A ( ),i=0,---

Ve(W(t1)7 to 7W(tN—1)a K 'amd(0)7 to 7xd(tN—1)a )
€ mfe[tN—l,T)Loo(Qv‘FthﬁCl+%’2+a([tN—1aﬂ X R™ x Hd))a

for some @ € (0,1), where the time — space Holder space C'T5:24%([ty_1,7] x R™ x HY) is defined as usual.
The above arguments can be extended similarly on time interval [ty_o,ty—1] with the previously computed
Ve(tn_1,7%) as the terminal value, and it goes recursively on [ty_3,tn_2], -, [0, t1].

On t € [ty—1,T], by applying the It6-Kunita formula ([30], pp. 118-119) to V¢, for any z; € Ag:f(V) and
T € Ag:?(V), we can have the following differential equation

d
—dv© (t, (@ =6)" eiBi)t>
d
=ess inf {dP(Axd(t))’VVE (t, (z? =6 ; eiBi)t>
+((P)sN)’ (W(tl),--- W (@), t,240), -+ 2 (ty_1) 5261 (tn-1)

d
-4 Z e;B'(t), v> -VVe© <t, (z? — (52 eiBi)t>
i=1 1=1

=+ fN <W(t1)7 T 7W(t)ﬂt7xd(0)ﬂ T
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tN 1 —(5261 (tn-1) (526131 )}
— DyVe© (W(tl),m (1), t,24(0), - - -,
tn_1) 5226z (tn-1) 526132 > (t)
+0VV*© (t, (@ =6 eiBi)t> dB(t
=1

VG(T’ (E%) = GN <W(t1)v T 7W(T),{Ed(0), T

d
(tN 1 —(SZGB tN 1 —(SZGZBZ )
i=1
Again it follows similarly on other intervals [0,¢1), -, [ty—2,tN—1).

Then by Lemma 4.4, Proposition 3.4 (iv), (v) and the definition of the gradient, there exists L > 0 such that
for any t € [0,T] with z; € Ag:f (V),

||VV€(t,xf)HV <L, as.

Here L is not dependent of ¢, d, and N. Hence by Definition 2.2 we have V¢(-,- — §B(-)) € CL.
Let C; = L and Cy =4L.(L + 1), where L, is the Lipschitz constant defined in Lemma 4.4. And let

d
Vils,z) =V (s,z) =V© (s, (z? — (52 eiBi)s> + Y5 (s) + 0Cay(s),
i=1

Vi(s,x) = Vi(s,a?) = ( x—éZez s>— () = 6Cay(s).

Clearly for any s € [0,T], z € Agf(V), and any k € N, both V}(s,z%) and V¢(s,2%) take value in R. The
uniform Lipschitz continuity assumption in (A1) will grant us

< 0Lc|[Bllom,
V*

dPBN(t,xfw)—dPBN( x —5261 ,v)
fN(tax(tivU)_ ( T _5261 t )

< 6Lc| Btllo,m

for some constant L. > 0.
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It holds that for all (¢,2;) with ¢t € (txy—1,T) and x; € Ag:f;f(V) with the corresponding x¢ satisfying the
finite dimensional SDE,

:—Dt

=—-0V ( T —5261

>—-oVelt (z —526Z >—essmf{ VVk ((dP)ﬁN)IVVZ-i-fN}
) (i

— 2,V — H(VV})
=0V, — egsei[rjlf {(Ax)/vvz + BV, + f}
= -0V} — egzigf{(dP(Al’d))'VVZ +(("P)BNY VIV + [N+ i+ LBj, + 6Cs||Btlom

+ (Az) VYV, — (“P(Azh)) VYV, + BVV = (PP)BNYVV, = Bl + f —

— fi — 0C2||Btllom}

>0,V — essinf{(dP(Aa:d)))’VVZ + ((P)BNYVV, + N + f£ 4 LB§ + 6Cy||Be|o}

< (x —5261 >+Yk (t) + 6Cyy(t)

— essinf{("P(Az"))'VV + ("P)BY)' YV + [ + fi + LB + 6Ca| Billou}
)

_Dt

T T
Gy + / (FE(5) + C1 B (s))ds — / Zz<s>dw<s>]

— 3Cay (1) —essmf{( P(4a )’VVZJr((dP)BN)’VVZJrfNJrfEJr!iBZ+5Cz||BtHo,H}

) YV ((“P)8Y) v+ V)

— essm

-0 Vet (z —6Z€Z

[«
> - Ve (t, (x —62@
NS

+0, V¢ <t, x —(SZeZBZ >

Here the first equality comes straight from the definition of the Hamilton function, and the first inequality is
the direct result of Lemma 4.4 and the above result

since

HVV€ (t,zd HV <L, as.,

(Az — 2P(Axh) YV, + (8 — (*P)BN) YV, = Bl + f — [N — fi — 6Ca|| Billom

— (AzY)' VV, — (“P(Axh)) YV, + B'VV, — (4PBN) WV, = BiL+ f— N — ff

— 00| Btllom

= (Ax?) YV}, — (Az?) (P)(VV}) + BV, — (PP)BN) (VV) = Bl + f — [N — £

= 6Ca||Btllom

— (AzY)' YV, — (A2?) YV} + BV}, — ((PP)BN) (V) = BeL+ f — N — f;

= 6C2||Btllom



OPTIMAL CONTROL OF INFINITE-DIMENSIONAL DIFFERENTIAL SYSTEMS WITH RANDOMNESS 31

<|f=fN| = fi = 6C2||Billom
< — 0Cs||Belo,u
<0
Likewise, it follows similarly on intervals (¢y_2,tn—1),- - ,[0,%1) that

-0,V —H(VV}) >0,

which together with the terminal condition relation V(T) = G +GN +3Cs | Brlom > G, we have V;, € Vi (€).
Similarly we obtain V3, € V,.(§).

Step 2. Let BY’(r) = B(r) — B(r A's) for 0 < s <t < T for any r € [0,t]. And for any ¢ € [0, 7], define
N(t) = XS@ZZ;O’N(t) — X#9(t), where x € Ag:f;s(V). Then by Lemma 4.4 and Itdé’s formula, we have for
Voel,

2
HXS7$§;9’N(t) o Xs,ws;e(t)HH

~ () - al)|; +2 [ e (AXREON (1) AXP50() Y 1) e
+ 2 /tV* <(dP)ﬂN(r, Xﬁ,wf;@,N’ o(r)) — B(r, Xﬁ,xs;e, o(r)), 5N(7’)>vd7’

t t 4 ,
+/S 52dr+2/s<5;eidBl(r)75N(r)>H.

Let
t t d
Bu(t) :/62dr—|—2/<5ZeidBi(r),6N(r)>H.

Then by Lemma 4.4, Assumption (A2), we have

2
HXs,mf;G,N(t) _ Xs,ms;e(t)HH

t
< |lz%(s) — x(s)H;I + 2/ v+ (AXS’IZ;Q’N(T) — AX 5750 () N (1) )ydr

42 188 Wlly [ (PIBY (r X20N, 0(r)) — (PYBY 1, X2, 0(0)|

. dr

+ 2/ 167 ()l - [[(4P)BN (r, X2%+9, 0(r)) — B(r, X279, 0(r)) |

v dT—FBl(t)
9 t t
<[la(9) ~ 2 +er [ 1w~ cx [ ow(r)|r
t
w2 10l (Lo s 18¥)s + 5500) ) a4+ B )

t t
<|lz4(s) — 2()||*. + x / 165 (r) |2 — 2 / 185 (r) 3
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C2 C2 N
HE24 D) [
4 t

2 L
< e6) — 2+ et + 22 [ o (lar — [ 15013

0,r

masx [|6¥ (7)||dr + — / (B2(r)2 dr + By (1)

412
C2 T€[0,r]
2

~ 4
+ Bi(t) + ;2||5Z|\%2(Qx[o,T];R)

Thus by Gronwall’s inequality, we have
d, s 2 2
Es, [ sup X750 (1) - x "'”“"’“)HH} < C5 (8 + 1632002 + 27(5) —2() )

and likewise, here Cj5 is independent of the choice of s,zs,&, 6, N, k,e,d, and 6. Combined with (A2),
Holder’s inequality, and Lemma 4.4, we have

FE ‘Ve(s,xg) - V(s,xs)’

< EesssupEg,
=

/ T(IfN(t XPON gy — £t X, 0(1)) ) dt

G (X5 - G(X;’“ﬁ)]
<C ((52 + 18RIz @xpomymy + [[29(5) — 2(s) )® + 1l 22 xtomiz + HGEHLQ(Q*RO
< Co (e + K1+ [[€llw) + [|(“P = Dae(s) |z +6) -

Likewise, the constant C does not depend on the choice of N, 0, ¢€,d,k,d,&, and (s, xs).
And since V is compactly embedded into the Hilbert space H, the proof of the uniform convergence

Jim (4P~ Do), =

is standard for any s € [0, 7] and #(s) € V. Then by definition of Vj, and V¢, for Vs € [0, 7] and z, € AO By,
we have the following convergence

lim  E|V (s,z?) = V(s,z5)|+ lim E|V(s,2?) — V(s,z5)| = 0.

6—0,d— 00 §—0,d—o00

Since the value function V' is a viscosity solution, there exist two infinite series of increasing positive integers
{kn}neN+ and {En}nEN‘F satisfying

lim k, = lim k, = +oo,
n—oo n—oo

such that for each n € N*, ¢ € [0,T] and z; € Agf";g(V) it holds

Vit,xy) < V%n (t,z}), as.,
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. 0.k, ; .
and respectively for all n € N*, ¢ € [0,T] and 2, € Ag;™" E(V) it holds
d
Vi (tap) SV (ta), as.

Note the above equalities hold by the arbitrariness of ¢, 4, ¢, and k,, (respectively k,,). Further combined with

the denseness of Uj2; Ugev Ag’gﬁ;5 (V) in A%.(H) and respectively U2 ; Ugey Ag’%;f(V) in AY.(H), we have

li txd) =V(t,z,) = lim  a(t,z}) as.
5—>01,£ln—>oog( ’xt) ( 7xt> 5—)01,31—>oo u( ,th) a5

for all choice of t € [0,7] and z;, € AY(H).
O

Remark 4.7. The above proof is inspired by but different from the conventional Perron’s method, for instance,
in [12, 20, 28], and extending the space from R? into infinite dimensional Hilbert space does bring up tremendous
challenges. The main difference is two-folded. For one thing, in an infinite dimensional set up, we need to carefully
ensure the compactness of the state space because of the possibly unbounded operator A : V — V or V — H.
The operator A is only bounded V — V*; for the other, finite dimensional approximation would be applied to
prove the uniqueness of the viscosity solution. On the other hand, by enlarging the original filtered probability
space with an independent Brownian motion B, we have actually constructed the regular approximations of
the value function V' with a regular perturbation induced by 0 B, which corresponds to approximation to the
optimization (1.1)—(1.2) with piecewise Markovian stochastic controls. Such approximation seems interesting
even for the case where all the coefficients 8, f, and G are just deterministic and path-dependent.

APPENDIX A

A.1 Proof of Lemma 3.3

Proof. (i) comes naturally with the uniqueness of the solution of (1.2). As of (ii), for each 7,1 € [r,T], Ito’s
formula of square norms yields that

X759 (7) |

=||XT’5;9(7“)H%1+/ 2V*<AX"’5*9(8),Xr’w(S)Nds+/ 2y (B(s, X05,6(s)), X" (s))vds

T

< 1I€115 & +/ crl| X7 (s) 1 — eall X4 () [Fds + 2/ 18(s, X2, 0(5)) e | X7 (5) ||zl

r

It follows that

r,&;0 T &;
X2 ()12 + / e - [ X750 (5) 3 s

r

<JIElI2 0 + / ¢F | X0 ()| s + L / 2 X760 (5) s

T

<€+ [ of IXTEIEds+ L [ (141X 6)1R) ds

T e S s 9
<[|€ll3 s + LT + (L +cf) [ max [|X"(q)||% + (/ ez || X ’g’e(q)Hqu) ds.

r 4€[rs]
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Then by Gronwall’s inequality, for some K; = max{2,2LT}, K;,K >0, K? = Ky e2E+DT e have
T
max || X5 ()| +/ eo - | X760 ()| 2ds
le[r,T] .
T ds
<2 [||€]|3 g + LT] el 2E+eD)d
<KX LD T (1 4 |¢]
s
SKleQ(L-F 1 )T(l + H£||(2)7H)
=K1+ €115 )

6.1)

For (iii), we use the similar approach as in (ii). By definition

do,y- (XD9, XP5%) = |s — 1] + sup
TE[t,s]

X7€0(r) = X7

v
And we know that for 0 <r <t<7<s<T,
.0 0 !
XP9(0) = X000+ [ AXTE )+ Bl X, 0(0)dp

t
—£(r) + / AXTE(p) + B(p, XI5, 0(p))dp,

Xp80(r) = X750(r) +/ AX"5(p) + B(p, X5, 0(p))dp
=)+ [ AXTE ) + 50, X, 00)) .
It follows that

XpE0(r) = X (1) = XP90(r) = XmE0(1) = / AXTE(p) + B, X4, 0(0)dp.

t
1
Let K = (2Tc2L2 + %KQ) *. Then by Hélder’s inequality and (ii), it holds that

r.&E: T, ;9
HXs’E’e(T) - Xt,f—t(t)‘

V*

dp

< / 14X () + B(p, X3, 0(p)) .
t

. . . . \} .
= (/ | AXS ) + B(p, X5 0p)) ;. dp) R
t

1
2

<|s—t[? (/ 24X (). + 2| B(p, X550, 0(p))] 5. dp)
t

<Js—t (/Tzcg X0 ) + 262 - 12 dp)2
t
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1
2

2 2
<|s—t|? (202L2|s—t + 3K (14 ||f||(2)H))
C2 ’

1 202 %
<lo-oft (2122 + Z5R2) " (14 felos)
2
g 1
= R+ €llom) s — 11
Letting K = 1+ K, we have

. . g 1 1
dov- (XPS%, XP8%) <K (L+ [|€]lom) s — H2 + |5 — ¢]2
1
< K (1 +[[€llom) |s — t]=.

Here K depends on ¢, ¢, c3, T, L, and is independent of the control process 6.
For (iv), given another ¢ € L°(Q,.%,; A,.(H)), by similar approach, the It&’s formula of square norms implies
that

IX60 (1) — XS0 (1) 13
= |l&(r) — E(r)IIE + / SAXTE(5) — X9 (), X760 (s) — X7E9(5))ds
+ / 2B, X0 0(s)) — (s, XTE? 0(s)), XTE0(5) — X769 (5))dls
< [le - El3w + / el X9 (s) - XTE(8)|3 — ol X5 (s) — X769 (s) s
+2 / 185, XI5 6(s)) — Bs, X759 6(6)) - - [ X769(s) — X769 ()]s
< € — €13 + / el X9 (s) - XTE9(5)[3 — ol X5 (s) — X769 (s) s
#2180, X759,009) — 805, X546 s + 2 [ 1K) X0 s
< 11 — &l + / X7 (s) - X7E0(5) - SIX7E () = X759 (s)[3ds

T

2L [t
+ 22 et - X80 s
Co r ’

Then it holds that
.0 £.9 C2 : ;0 3
IX™0@) = XSO+ 5 / IX75 () = X750 (s) s

l 2
. 2L . e
<l =+ [ (e 25 ) max 1X70() - X760 (r) s

. 212 ! e iy
<l =+ (2 et ) [ s 16760 (6) - X749 s
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sp(2L2 4+ .
Setting K = \/gegT(ch tel ), by Gronwall’s inequality we have

. T . X
s X780 = XSO0 + ez / | X780 (s) = X750 (s)[[Fds <K€ = &[If -
elr r

We obtain (iv).
For (v), letting 0 <r <1 < s <T, we have

l
X)) = [ [AXE0() 4 B, X2, 0(r)] dr

r

Applying It6’s formula gives
- 2
[ X730 (1) — €0

-/ 2 (AXTE0 () + Br, X260, (7)), X7E9(r) — ()i
Tl l
< [ 20 (A (0E0(0) = 60) X ) — €l + [ 24 (A, X6 ) — ()i
l
Lo / 1X760(r) — £(r) s
! l
< / 1| X760 () — () |dr — / e X6 () — () |3dr

l
+2 [ A€ 167 7)€ + 2 s [ X760() €001

l l
< / HIXTE0 () — () |2 — / el X0 (1) — (r) B

. 1 e
+ 20 AL(r) - 1 | max IX7€30(r) = ()l + max [|X E0(r) = () 1f + AL —rf?

l l
. - 1 e 2
< [[HIXE ) €0 — [l X0 - 60) ar + 5 ma X7~ g0
= rf? (422 + 4] A€ )
Putting K := max {8L2,8}, we have

1 r 7,830
5 e X75( HH+02/ 176 (1) — (o) 3

< [(ach X € 0() — el + KO+ ACCIR) -1 o
T
By Gronwall’s inequality, it holds that

~ C+
3 o X700 — €+ ea [IXT0W) — €Rl < RO+ LAGEIE) s = o225

from which we obtain (v).
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Clearly the constants K above only depends on cf, ca, c3, L and T. It is not dependent on the control
process 6. O

A.2 Proof of Proposition 3.4

Proof. We follow a similar approach as in [35]. (v) follows directly from Assumption (A1) and (iv) of Lemma
3.3 since the coefficients f(t, X;,6) and G(Xr) are uniformly Lipschitz continuous in A;(H) and in Ap(H),
respectively.

For each (t,&,0) € [0,T] x L°(Q2, %; Ay(H)) x U, we denote

J(t.6.0) = {J(1,§,0): 0 €U, J(t,£,0) < J(t,£,0)} .
Clearly this set is non-empty since it contains at least one element J(t,&,6). And J(t, &, 6) is uniformly bounded
since the coefficients f, G are uniformly bounded under Assumption (,A1). Then by [36], Thm. A.3, V(¢,§) =

essinfoey J(t, &, 0) exists.
For any J(t,€,0),J(t,&,0) € J(t,&,0), we construct a control process

0(s) = |0 Lyte.dy<aceedy T 0- Litedy>aed| Liry(s) + 0(s) - Lio,)(s)-
Clearly ¢ takes values in U and is (%);c[o,1)-adapted. This shows that J(t,§ ,0) is closed under pairwise min-
imization for each t € [0,7], £ € L°(Q, %;; Ay(H)), 0 € U. Thus there exists a sequence of controls {6y, },ez+

such that J(t,§,0,) converges decreasingly to V' (¢,£) with probability 1. Then (i) follows naturally.
For each (0,z9) € U x H, and any 0 <t <t < T, by dominated convergence theorem, we have

t
Egztv<2?,Xt9’x0;9> —|—Egzt/ £ (5, X000 g(s)) ds
t
n— o0

t
= Ez, lim J(t~7X§’m°;0,9n> +Egt/ f (8, X270 0(s)) ds
t

i
— lim EyJ(f,X?”””;a,en) +E%/ £ (5, X000 0(s)) ds
t

n—00
T 0,2036 . 0,2036 . t
= lim Fg, / f<s x50 g (s )) ds—i—G( b 9”) +/ £ (5, X000 0(s)) ds
n— oo i t
T tX(J.EOGO* tXOJOQG
> ess inf Fg, /f(SX ,9())ds+G( )
o-eu ’

=V (t,X,?’We) ,

where 6* € U is the optimal control process. Thus (ii) is proved.
For (iii), with any 0 <t <#<T, 6,0 e U, X" € A,(H), Xg’m‘”e € A;(H), we have

/{Tf <s X g ))ds+G< tXMO&")H
/{Tf<s T ))ds+G< ”‘M”ﬂ.

Eav (ﬂ X?m;@)

=F essinf F g
Fe | %eu 7

<essinf £
=%eu 7
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Then by (ii), assumption (A1), and Lemma 3.3 (i), (iv), we have
Lt —t|

t
ZEgzt/Lds
t

>Ez, /t { f (s,XS””O?é, 9(5)) ds

>V (t, X)) = B,V (1, X077)

/Tf (s,Xﬁ’Xf’%;e  0(s )) ds+ G ( Xt 9)]

:

/Tf <s XX g )) ds+G< tX“O&")]

t

/{Tf <S7X;’X$7m0;§;0,9(8)) s (S Xt X 0m0f 9,9(5)) s

> essinf E
=%eu 7

— essinf E/
ocu Z

> essinf F g,
ocu

¢ 0 mo;é t XO ,xg;0 0
>essinf E g, / —Lds + / xb 0 X" ds
ocu t -
0,203 9 XO ,x0;0 0
0,H
[ - £, x0=0: g fxro .9
> —esssup |L|t —t|+ (L + LIT —#) || X7 7 =X, 7
ocu -
0,20;6 0,20:0 5
fo'X‘ ,9’0 {’Xt’xt ‘9;0
= —esssup |L|t —t|+ (L+ LT —#) || X, 7 ~xb
ocu
- 0,H
~ ~ 0,200 0,20:0.5
> —esssup |L|t —t|+ K(L+ LT —t|) HXE,Xt ;0 7X§,Xt ;0 )
oeu L -

Let £ = Xto’mo;é- Then for any 0 < ¢t < s < ¢, by Ito’s formula and Hélder’s inequality,
. 2
,€;0 &0
”X; ‘ () = th ‘ (S)HH

= 2/S<A (th,f;e(r) _ X;f’&‘é(r)) ,th’f;e(r) _ th’g;é(r)> dr
t

+ 2/s<5 (r, X759, 0(r)) = 8 (73 Xﬁ’&éﬁ(r)) XEE () th>5;5(7~)> dr

<Cl/HXtE6' ther dT_CQ/Htha the( )Her

v
+4L/

< 2L|s —t| + (cf +2L) / Hth" r) — X450(r)

XP9 ) = XP9 )| dr

= 2
t,£;0 t,£:0
i (r) — Xg (r)

2
dr — cg
H v

U
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Thus denoting K = 4L - e27(¢{ +2L) by Gronwall’s inequality, we have

max

s 7
X580 () — XE50(s H +c /
sE[t,t] t () t (s) H 2 t

<ALJF — 1| . e2(ef+2r)T
<Kl|t—t|.

<2
t,&;0 t,&;0
’Xf (7’)—Xt~ (7‘)Hvdr

. 1
Letting K = K - K*, we have

L|t —t|
SV (t, X000 _ Be v (f, X}W‘;)

~ - 0,z ;5_ 0,z ;9"_~
> — esssup lL|tt| + K(L+ LT —t]) HX?Xt 0%y ;,Xt 005
ocu

O,H]

> — esssup [L|f— t|+ K(L+ L|T —i|)|t — t|%}
ocu

— 0, as|t—t|—0.

Thus by taking expectation on each side of the above inequality, we obtain the time-continuity of
E {V (t, X? ,zo;9>] This result, along with the regularity of super-martingale, implies the right continuity of
V(t, X2*%). And by the backward stochastic differential equation theory, Ez,V <t~, Xg’w°;0> is continuous in

t € [0,7). Combined with the obvious fact that |f — ¢| is continuous in ¢, the left time-continuity of V (£, X0 "**)

follows.
For (iv), the joint continuity comes naturally by (iii) and (v). For any (¢, X;) € [0,T] x A+(H),

T
|V(tﬂXt)‘ = GESig{leyf / f(S7X£’Xt;0,0(5))dS+ G(X;_:Xt,e)‘| ‘
& t
T
<lesssup Ez, / f(S7X£7Xt§0’0(S))dS+G(X;_:Xt;g)
oeu ‘

T
<esssup Bz, / |f(s,X§’X“9, 9(3))| ds + ‘G(X;X“a)‘]
ocu ¢

<L(T—t)+ L
<L(T +1).

Analogously, we can get |J(t, X¢,0)| < L(T + 1) for any 6 € U as well. O

A.3 Proof of Lemma 3.6

Proof. W.lLo.g., we only need to prove that (3.4) holds for any 7 € (0,t;), p = 0 and g = « € V. Then for each
N eNFT, N> 2, let t; = %% with i =0,..., N. In this way we obtain a partition of [0, 7] with 0 =#o <t} < ... <
tn = 7. And notice that here we have two partitions: partition of [0, 7] with ¢;, j = 0,1,--- ,n, and partition
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of [0, 7] with ¢;, ¢ =0,1,--- ,N. For each 6 € U, let

§:<X°$9 it b (&) + X0 (7)1 (1), € [0, 7]

NXi-(8) = VX (s)1p(s) + lm VX (r)1gy(s),0<s <t <

r—t—

Easily for any ¢ € [0, 7], we have the approximation hold as following;:

lim (HXS’M - NXtH + HX?””*’ Ny, H ., ) —0.
0,V* 0,Vv*

N—o00

For each 7 € 0, ..., N — 1, we have

utivr, M Xp,p,) — u(ts, N X4,)
=u ( i+1s Xt +1_> —Uu (tinXti) ( i1, Xt7+1) —Uu (ti-‘rl,NXtH_l—)
c= 11+ 1,

where by u € C%, and Definition 2.2 (i),

tiv1 tit1
1= (b 0 ) — (0 = [ (s s+ [ v (V) aw o)
t

i

Ié-:u(l-‘rla Xt,+1)* (z+1, Xt+l,>-

For the first term of I, by the definition of vertical perturbation, we have

NX(tir1)-NX(t,, - X(tia)—X (L
(2+17 thJrl) :u<ti+17NXt (bi41) (tia )) :u<ti+17NXti( +1)—X( ))

i1 41—
Thus

tip1-

Then by the definition of vertical derivative and integration by parts formula,

) tit1 o)— )
Il = / Vu (ti+1,NXfi ) X(m> [AXO’“”H(S) + (S,XS’I;H,Q(S))] ds.
: i
Recall that

N-1
'LL(T,NX)—UOIL' z:ll—l-f2
=0
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Letting N — o0, by the dominated convergence theorem we complete the proof.

O

Acknowledgements. This work was partially supported by the National Science and Engineering Research Council of
Canada (NSERC). Yang was partially supported by a graduate scholarship through the NSERC-CREATE Program on
Machine Learning in quantitative Finance and Business Analytics (Fin-ML CREATE). The authors also acknowledge
the support of the Banff International Research Station (BIRS) for the Focused Research Group [22frg198] “Novel
perspectives in kinetic equations for emerging phenomena”, July 17-24, 2022, where part of this work was done. In
addition, part of the work was revised during Qiu’s visit to Université Paris Dauphine partially supported by the 2022
PIMS-Europe Fellowship and both the hospitality and supports are gratefully acknowledged.

(1]
2]
(3]
(4]

(5]
(6]

(7]

(8]

(9]
(10]
(11]
(12]
(13]
(14]
(15]
[16]
[17]
(18]
(19]
[20]
(21]
(22]
(23]
24]

[25]
(26]

27]

REFERENCES

J. Qiu, Controlled ordinary differential equations with random path-dependent coefficients and stochastic path-dependent
Hamilton—Jacobi equations. Stochastic Processes Appl. 154 (2022) 1-25.

R. Cont, D.-A. Fournié, et al., Functional It6 calculus and stochastic integral representation of martingales. Ann. Probab. 41
(2013) 109-133.

D. Ledo, A. Ohashi, A.B. Simas, et al., A weak version of path-dependent functional It calculus. Ann. Probab. 46 (2018)
3399-3441.

M.G. Crandall, L.C. Evans and P.-L. Lions, Some properties of viscosity solutions of Hamilton—Jacobi equations. Trans. Am.
Math. Soc. 282 (1984) 487-502.

M.G. Crandall and P.-L. Lions, Viscosity solutions of Hamilton-Jacobi equations. Trans. Am. Math. Soc. 277 (1983) 1-42.
H. Ishii and P.-L. Lions, Viscosity solutions of fully nonlinear second-order elliptic partial differential equations. J. Differ. Equ.
83 (1990) 26-78.

R. Jensen, P.-L. Lions and P.E. Souganidis, A uniqueness result for viscosity solutions of second order fully nonlinear partial
differential equations. Proc. Am. Math. Soc. 102 (1988) 975-978.

P.-L. Lions, Optimal control of diffusion processes and Hamilton—Jacobi-Bellman equations. Part 2: viscosity solutions and
uniqueness. Commun. Part. Differ. Equ. 8 (1983) 1229-1276.

M.G. Crandall and P.-L. Lions, Hamilton—Jacobi equations in infinite dimensions I. Uniqueness of viscosity solutions. J. Funct.
Anal. 62 (1985) 379-396.

P.-L. Lions, Viscosity solutions of fully nonlinear second-order equations and optimal stochastic control in infinite dimensions.
Part I: The case of bounded stochastic evolutions. J. Funct. Anal. (1988).

N.Y. Lukoyanov, On viscosity solution of functional Hamilton—-Jacobi type equations for hereditary systems. Proc. Steklov
Inst. Math. 259 (2007) S190-S200.

I. Ekren, N. Touzi and J. Zhang, Viscosity solutions of fully nonlinear parabolic path dependent PDEs: Part I. Ann. Probab.
44 (2016) 1212-1253.

I. Ekren and J. Zhang, Pseudo-Markovian viscosity solutions of fully nonlinear degenerate PPDEs. Probab. Uncertainty Quant.
Risk 1 (2016) 1-34.

Z. Ren, N. Touzi and J. Zhang, Comparison of viscosity solutions of fully nonlinear degenerate parabolic path-dependent
PDEs. SIAM J. Math. Anal. 49 (2017) 4093-4116.

A. Cosso, S. Federico, F. Gozzi, M. Rosestolato and N. Touzi, Path-dependent equations and viscosity solutions in infinite
dimension. Ann. Probab. 46 (2018) 126-174.

S. Peng and F. Wang, BSDE, Path-dependent PDE and nonlinear Feynman—Kac formula. Sci. China Math. 59 (2016) 19-36.
H. Mete Soner, On the Hamilton—Jacobi-Bellman equations in Banach spaces. J. Optim. Theory Appl. 57 (1988) 429-437.
E. Bayraktar and C. Keller, Path-dependent Hamilton—Jacobi equations in infinite dimensions. J. Funct. Anal. 275 (2018)
2096-2161.

C. Bender and N. Dokuchaev, A first-order BSPDE for swing option pricing. Math. Finance 26 (2016) 461-491.

J. Qiu, Viscosity solutions of stochastic Hamilton—Jacobi-Bellman equations. SIAM J. Control Optim. 56 (2018) 3708-3730.

J. Qiu and W. Wei, Uniqueness of viscosity solutions of stochastic Hamilton—Jacobi equations. Acta Math. Sci. 39 (2019)
857-873.

E. Bayraktar and J. Qiu, Controlled reflected SDEs and Neumann problem for backward SPDEs. Ann. Appl. Probab. 29
(2019) 2819-2848.

P. Cardaliaguet, F. Delarue, J.-M. Lasry and P.-L. Lions, The Master Equation and the Convergence Problem in Mean Field
Games: (AMS-201). Princeton University Press (2019).

Y. Hu, J. Ma and J. Yong, On semi-linear degenerate backward stochastic partial differential equations. Probab. Theory
Related Fields 123 (2002) 381-411.

S. Peng, Stochastic Hamilton—Jacobi-Bellman equations. SIAM J. Control Optim. 30 (1992) 284-304.

G. Fabbri, F. Gozzi and A. Swiech, Stochastic optimal control in infinite dimension. Probability and Stochastic Modelling.
Springer (2017).

C. Prévot and M. Rockner, A Concise Course on Stochastic Partial Differential Equations, Vol. 1905. Springer (2007).



42 J. QIU AND Y. YANG

[28] R. Buckdahn, C. Keller, J. Ma and J. Zhang, Fully nonlinear stochastic and rough PDEs: classical and viscosity solutions.
Probab. Uncertainty Quant. Risk 5 (2020) 1-59.

[29] I. Ekren, N. Touzi and J. Zhang, Viscosity solutions of fully nonlinear parabolic path dependent PDEs: Part II. Ann. Probab.
44 (2016) 2507-2553.

[30] H. Kunita, Some extensions of Ito’s formula, in Séminaire de Probabilités XV 1979/80. Springer (1981) 118-141.

[31] G. Da Prato and J. Zabczyk, Stochastic Equations in Infinite Dimensions. Cambridge University Press (2014).

[32] B. Qksendal, Stochastic Differential Equations. Springer (2003).

[33] P. Briand, B. Delyon, Y. Hu, E. Pardoux and L. Stoica, LP solutions of backward stochastic differential equations. Stochastic
Processes Appl. 108 (2003) 604-618.

[34] N.V. Krylov, Nonlinear Elliptic and Parabolic Equations of the Second Order, Vol. 7. Springer (1987).

[35] J. Qiu, Weak solution for a class of fully nonlinear stochastic Hamilton—Jacobi-Bellman equations. Stochastic Processes Appl.
127 (2017) 1926-1959.

[36] 1. Karatzas, S.E. Shreve, I. Karatzas and S.E. Shreve, Methods of Mathematical FINANCE, Vol. 39. Springer (1998).

Please help to maintain this journal in open access!

\BE T,
%SL“ o] o

S 2o This journal is currently published in open access under the Subscribe to Open model
9 z (S20). We are thankful to our subscribers and supporters for making it possible to publish
3 @ this journal in open access in the current year, free of charge for authors and readers.
'5 ‘:’«5’ Check with your library that it subscribes to the journal, or consider making a personal
o/). é-' donation to the S20 programme by contacting subscribers@edpsciences.org.
5 \s
SLe ope™

More information, including a list of supporters and financial transparency reports,
is available at https://edpsciences.org/en/subscribe-to-open-s2o.



mailto:subscribers@edpsciences.org
https://edpsciences.org/en/subscribe-to-open-s2o

	Optimal control of infinite-dimensional differential systems with randomness and path-dependence and stochastic path-dependent Hamiltonr潴散琠ⴭJacobi equations
	1 Introduction
	2 Preliminaries and definition of viscosity solution
	2.1 Preliminaries
	2.2 Definition of viscosity solutions

	3 Existence of the viscosity solution
	3.1 Some auxiliary results
	3.2 Existence of the viscosity solution

	4 Uniqueness
	4.1 A weak comparison principle
	4.2 Uniqueness

	Appendix A 
	A.1 Proof of Lemma 3.3
	A.2 Proof of Proposition 3.4
	A.3 Proof of Lemma 3.6


	References

