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D-OBSERVABILITY FOR A COUPLED SYSTEM OF WAVE

EQUATIONS ON RIGHT ANGLE TRIANGLES

Chengxia Zu*

Abstract. Based on the tiled method, we establish the equivalence between the D-observability for
diagonalizable systems on the rectangular domain and the right angle triangle domain, and then get
the sufficiency of Kalman’s rank condition to the D-observability for diagonalizable systems on some
right angle triangles.
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1. Introduction

Let Ω be a bounded domain in Rd with Lipshitz boundary ∂Ω = Γ1 ∪ Γ0 such that Γ̄1 ∩ Γ̄0 = ∅ and
mes(Γ1)> 0. Let

H0 = L2(Ω), H1 = H1
0(Ω), L = L2(0,+∞; L2(Γ1)).

The dual of H1 is denoted by H−1 = H−1(Ω).
Let

U = (u(1), · · · , u(N))
T
.

Consider the following coupled system of wave equations:
U ′′ −∆U +AU = 0 in (0,+∞)× Ω,

U = 0 on (0,+∞)× Γ0,

U = DH on (0,+∞)× Γ1

(1.1)

with the initial condition

t = 0 : U = Û0, U ′ = Û1 in Ω, (1.2)
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where “′” stands for the time derivative; ∆ =
d∑

k=1

∂2

∂x2
k
is the Laplace operator; the coupling matrix A = (aij) is

of order N and the boundary control matrix D = (dij) is a full column-rank matrix of order N ×M(M ≤ N),
both with constant elements; H = (h(1), · · · , h(M))T denotes the boundary control.

The following definition of approximate boundary null controllability of system (1.1) was introduced by Li
and Rao in [3, 4].

Definition 1.1. System (1.1) is approximately null controllable at the time T > 0, if for any given initial data

(Û0, Û1) ∈ (H0)
N × (H−1)

N , there exists a sequence {Hn} of boundary controls in LM with compact support
in [0, T ], such that the corresponding sequence {Un} of solutions to problem (1.1)–(1.2) satisfies

(Un(T ), U
′
n(T )) → (0, 0) in (H0)

N × (H−1)
N as n → +∞. (1.3)

Let Φ = (ϕ(1), · · · , ϕ(N))
T
. Consider the adjoint system{

Φ′′ −∆Φ+ATΦ = 0 in (0,+∞)× Ω,

Φ = 0 on (0,+∞)× ∂Ω
(1.4)

with the initial data

t = 0 : Φ = Φ̂0, Φ′ = Φ̂1 in Ω, (1.5)

where the initial data (Φ̂0, Φ̂1) ∈ (H1
0(Ω))

N × (L2(Ω))N .

Definition 1.2. [3, 4] The adjoint system (1.4) is D-observable on the interval [0, T ], if the following partial
Neumann observation

DT∂νΦ ≡ 0 on [0, T ]× Γ1, (1.6)

∂ν being the outward normal derivative, implies that (Φ̂0, Φ̂1) = (0, 0), then Φ ≡ 0.

Remark 1.3. To avoid the confusion, we will use “the D-observability of system (1.4) on [0, T ] × Γ1 in the
space (H1

0(Ω))
N × (L2(Ω))N” instead of “the D-observability of system (1.4) on [0, T ]” to indicate the observable

boundary and the initial space.

Definition 1.4. For any given γ ⊂ ∂Ω and V × H ⊆ (H1
0(Ω))

N × (L2(Ω))N , the adjoint system (1.4) is
D-observable on [0, T ]× γ in the space V ×H, if the following partial Neumann observation

DT∂νΦ ≡ 0 on [0, T ]× γ (1.7)

implies that (Φ̂0, Φ̂1) = (0, 0), and then Φ ≡ 0, where Φ is the solution to problem (1.4)–(1.5) with initial data

(Φ̂0, Φ̂1) ∈ V ×H and ∂ν is the outward normal derivative on γ.

The relationship between the approximate boundary null controllability of system (1.1) and the
D-observability of the adjoint system (1.4) was given by Li and Rao in [3, 4] as follows.

Theorem 1.5. [3, 4] System (1.1) is approximately null controllable at the time T > 0 if and only if the adjoint
system (1.4) is D-observable on the interval [0, T ].

Theorem 1.5 shows the importance of D-observability for the adjoint system (1.4) in the study of approximate
boundary null controllability for the coupled system (1.1) of wave equations. So far, the necessary condition of
D-observability for the system (1.4) is clear.
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Theorem 1.6. [3, 4] Assume that the adjoint system (1.4) is D-observable. Then we have necessarily the
following Kalman’s rank condition:

rank (D,AD, · · · , AN−1D) = N. (1.8)

However, in the study of D-observability for the adjoint system (1.4), Kalman’s rank condition (1.8) is not
sufficient in general, otherwise, noting that Kalman’s rank condition (1.8) is independent of the observation
time T > 0, if system (1.4) is D-observable on the interval [0, T ], then for any given time t > 0, it should be
D-observable on the interval [0, t]. Thus, the D-observability of the adjoint system (1.4) can be obtained almost
immediately, which contradicts the finite speed of wave propagation. Hence, Kalman’s rank condition (1.8) is
not enough to ensure the D-observability of the adjoint system (1.4). We should require the observation time
T large enough at least. But even if the above two requirements are satisfied, they are still not sufficient to
guarantee the D-observability not only on the finite time interval [0, T ], but also on the infinite time interval
[T,+∞) (see Thm. 3.2 in [3]). However, in some special cases, such as N ×N cascade systems, 2× 2 systems,
diagonalizable systems (i.e., the coupling matrix A is diagonalizable) in one-space-dimensional case, and in
higher dimensional case on spherical domain and annular domain on the finite time interval [0, T ], Kalman’s
rank condition (1.8) is always sufficient to the D-observability of the adjoint system (1.4), provided that the
observation time T is large enough (see [3, 8, 9]). However, for the general case, it is not clear whether the
system (1.4) is D-observable.

Recently, some scholars are interested in the observability for the wave equation on triangle domain. Chris-
tianson and Stafford considered the boundary observability for a single wave equation with Dirichlet boundary
condition on any given triangle domain and obtained the observability for any one side of the triangle with initial
data in (H1

0(Ω) ∩H3(Ω))× (H1
0(Ω) ∩H2(Ω)) (see [1]). Lai considered the internal observability on special right

angle triangle domain. He established the relation between the internal observability of the wave equation in a
domain Ω and the internal observability in the tiled domain by Ω. Taking a right angle triangle domain T with
vertices (0, 0), (0, 1), ( 1√

3
, 0) as an example, Lai transformed the internal observability for the wave equation on

the right angle triangle domain T into that on the rectangular domain R = (0,
√
3)× (0, 1)(see [2]). Inspired by

Lai, we will establish the relationship between the D-observability of system (1.4) on the rectangular domain
R and the right angle triangle domain T . Thus, the results of D-observability on the rectangular domain can
be transferred to that on the unstudied right angle triangle domain.

We consider the D-observability of system (1.4), in which Ω is a right angle triangle domain with vertices
(0, 0), (a, 0), (0, b) denoted by T hereinafter and the coupling matrix AT satisfying.

(H1) A is a diagonalizable matrix with s eigenvalues

−λ2
1 < δ1 < δ2 < · · · < δs, (1.9)

where λ2
1 is the smallest eigenvalue of −∆ in Ω.

(H2) There exists a positive constant C such that ∥A−CI∥ is small enough, or the elements of A are rational
numbers and a, b are both algebraic numbers.

If the eigenfunction of the −∆ is known, the solution of system (1.4) can be obtained by separating variables
(see [3]) and then it is easy to determine whether the system (1.4) is D-observable. However, it is so complicated
to compute the eigenfunctions of the −∆ on T that this method is not suitable to apply directly. Lai gave the
definition of tiling and obtained the eigenfunctions of −∆ on the right angle triangle domain T with vertices
(0, 0), (0, 1), ( 1√

3
, 0) through that on the rectangular domain (see [2, 6, 7]). For i = 1, 2, we will establish the

relation between the D-observability of system (1.4) on [0, T ] × Γi and the D-observability of system (2.1)
on [0, T ] × Γ̄i,j , where j = 1, 2, Γ1 = (0, a) × {0},Γ2 = {0} × (0, b) are the legs of T , respectively and Γ̄1,1 =
(0, a) × {0}, Γ̄1,2 = (0, a) × {b}, Γ̄2,1 = {0} × (0, b) Γ̄2,2 = {a} × (0, b) are the sides of rectangular domain
R = (0, a) × (0, b) (see Fig. 1). Then we will transform the D-observability of system (1.4) on the right angle
triangle domain T into the D-observability of system (2.1) on the rectangular domain R. However, for the
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Figure 1. The boundary of the right angle triangle domain T and the rectangular domain R.

hypotenuse Γ3 = {(x1, x2)|x2 = b
a (a − x1), 0 < x1 < a} of T , the observation on Γ3 cannot reflect on the

boundary ofR in general. Therefore, we cannot obtain theD-observability of system (1.4) on T in general, except
the special right angle triangle domain T with vertices (0, 0), (0, 1), (1, 0) and with vertices (0, 0), (1, 0), (0,

√
3).

We point out that for the right angle triangle domain T and the rectangular domain R in consideration,
the tiling chosen can be different, which not only affects choosing the observation boundary of the right angle
triangle domain T , but also the estimation of the observation time T , even for the same observation boundary
of T .

Comparing with the results of Christianson and Stafford in [1], for the adjoint system (1.4) with coupling
matrix AT satisfying (H1)–(H2), we reduce the regularity of initial data and the number of observations on
boundary. The initial data is only required in the space (H1

0(T ))N × (L2(T ))N and the observable matrix D
is only required to satisfy the Kalman’s rank condition (1.8). However, due to the limitation of the existing
results, it is impossible to obtain the relevant results to theD-observability of the system (1.4) on other triangular
domains by tiling.

In this paper, we consider the D-observability of system (1.4) on the right angle triangle domain T . To
transform the D-observability on T into the D-observability on the rectangular domain R, we first give the
D-observability of system (2.1) in Section 2. Noting the fact that the right angle triangle domain T tiles the
rectangular domain R in different way, we give the definition and corresponding properties of tiling and then
establish the relation between the D-observability of system (1.4) on domain Ω and Ω̃ where Ω tiles Ω̃ in
Sections 3 and 4. Applying this result, we show that for i = 1, 2, the Kalman’s rank condition (1.8) is sufficient
for the D-observability of system (1.4) with Ω = T on [0, T ]× Γi in the space (H1

0(T ))N × (L2(T ))N , provided
that T is large enough in Section 5. In Section 6, we further show that the Kalman’s rank condition is sufficient
for the D-observability of system (1.4) on [0, T ]×Γ in the space (H1

0(Ω))
N × (L2(Ω))N , provided that T is large

enough, where Ω is a sector domain and Γ is the circular side of Ω.

2. D-observability on the rectangular domain

Let R = (0, a)× (0, b). Consider the following adjoint system:{
Φ̄′′ −∆Φ̄ +AT Φ̄ = 0 in (0,+∞)×R,

Φ̄ = 0 on (0,+∞)× ∂R
(2.1)

with the initial condition

t = 0 : Φ̄ = Φ̄0, Φ̄′ = Φ̄1 in R, (2.2)

where (Φ̄0, Φ̄1) ∈ (H1
0(R))N × (L2(R))N .
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The following equivalent condition of Kalman’s rank condition is useful to obtain the D-observability of
system (2.1) (see [3, 4]).

Lemma 2.1. Let k ≥ 0 be an integer, A be a matrix of order N and D be a full column-rank matrix of order
N ×M(M ≤ N). The Kalman’s rank condition

rank (D,AD, · · · , AN−1D) = N − k

holds if and only if the largest dimension of invariant subspace of AT , contained in ker (DT ), is equal to k.

Recalling that R is a rectangular domain, the eigenfunctions of −∆ in H1
0(R), corresponding to the eigenvalue

λ̄2
m,n := π2

(
m2

a2
+

n2

b2

)
, (2.3)

is given by

ēm,n(x1, x2) =
ab

mnπ2
sin(

mπx1

a
) sin(

nπx2

b
), m ∈ N, n ∈ N. (2.4)

The outward normal derivative of ēm,n(x1, x2) on the boundary ∂Ω is given by

∂ν ēm,n(x1, x2) =



− a

mπ
sin(

mπx1

a
) on Γ̄1,1,

(−1)n
a

mπ
sin(

mπx1

a
) on Γ̄1,2,

− b

nπ
sin(

nπx2

b
) on Γ̄2,1,

(−1)m
b

nπ
sin(

nπx2

b
) on Γ̄2,2.

(2.5)

Similar to the proof of Theorems 1.2 and 1.3 in [5], we have

Lemma 2.2. Let R = (0, a) × (0, b) be the rectangular domain and ēm,n(x1, x2) be the eigenfunction of −∆
corresponding to λ̄2

m,n. Assume that A satisfies (H1)–(H2). Then

λ̄2
m,n + δk = λ̄2

m′,n′ + δl, (m,n, k) ̸= (m′, n′, l)

implies m ̸= m′ and n ̸= n′.

Remark 2.3. In the case Ω = R = (0, a)× (0, b), the condition (H1) means the s eigenvalues of A satisfying

−λ̄2
1,1 < δ1 < δ2 < · · · < δs, (2.6)

where λ̄2
1,1 is given by (2.3).

The following examples show the necessity of condition (H2).

Example 2.4. Take the coupling matrix A = diag(0, 3π2) in system (2.1), a = b = 1 and the observable matrix
D = (1,−1)T . Let

Φ =

(
ei
√
4+n2πtē2,n(x1, x2)

ei
√
4+n2πtē1,n(x1, x2)

)
. (2.7)
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It is easy to check that Φ is a solution of system (2.1), and the observation of Φ on [0,+∞)× Γ̄2,1 is given by

DT∂νΦ|x2=0 = DT

 ei
√
4+n2πt ∂ē2,n(x1, x2)

∂x1

ei
√
4+n2πt ∂ē1,n(x1, x2)

∂x1


= (1,−1)

(
− 1

nπ e
i
√
4+n2πt sinnπx2

− 1
nπ e

i
√
4+n2πt sinnπx2

)
= 0.

(2.8)

Therefore, for any given T > 0, system (2.1) is not D-observable on [0, T ] × Γ̄2,1 in the space (H1
0(R̃))N ×

(L2(R̃))N .

Example 2.5. Take the coupling matrix A = diag(0, 3) in system (2.1), a = π, b = 1 and the observable
matrix D = (1,−1)T . Then Φ given by (2.7) is also the solution of system (2.1). By (2.8), system (2.1) is not

D-observable on [0, T ]× Γ̄2,1 in the space (H1
0(R̃))N × (L2(R̃))N .

Remark 2.6. (i) Example 2.4 shows that the condition “∥A − CI∥ is small enough” and “the elements of A
are rational numbers” in (H2) is necessary for the D-observability of system (2.1).

(ii) Example 2.5 shows that the condition “a, b are both algebraic numbers” in (H2) is necessary for the
D-observability of system (2.1).

Lemma 2.7. [3, 4] Let Z∗ denote the set of all non-zero integers and {β(l)
n }n∈Z∗;1≤l≤s be a strictly increasing

real sequence:

· · · < β
(1)
−1 < β

(2)
−1 < · · · < β

(s)
−1 < β

(1)
1 < β

(2)
1 < · · · < β

(s)
1 < β

(1)
2 < · · · .

Assume that there exist positive constants c, τ and γ such that

β
(l)
n+1 − β(l)

n ≥ sγ

and

c

|n|τ
≤ β(l+1)

n − β(l)
n ≤ γ,

for all n ∈ Z∗ and |n| large enough. Then the following condition

∑
n∈Z∗

s∑
l=1

a(l)n eiβ
(l)
n t ≡ 0 on [0, T ]

with

∑
n∈Z∗

s∑
l=1

|a(l)k |2 < +∞,

implies

a(l)n = 0, n ∈ Z∗; 1 ≤ l ≤ s,
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provided that T > 2πD+, where D+ is the upper density of the sequence {β(l)
n }n∈Z∗;1≤l≤s, defined by

D+ = lim sup
R→+∞

N(R)

2R
,

where N(R) denotes the number of {β(l)
n }n∈Z∗;1≤l≤s contained in the interval [−R,R].

Theorem 2.8. Let R = (0, a)× (0, b) be a rectangular domain and A satisfying (H1)–(H2).
(i)For j = 1, 2, Kalman’s rank condition (1.8) is sufficient to the D-observability of system (2.1) on [0, T ]×

Γ̄1,j in the space (H1
0(R))N × (L2(R))N , provided that T > 2bs.

(ii)For j = 1, 2, Kalman’s rank condition (1.8) is sufficient to the D-observability of system (2.1) on [0, T ]×
Γ̄2,j in the space (H1

0(R))N × (L2(R))N , provided that T > 2as.

Proof. Let ω
(µ)
l (1 ≤ µ ≤ µl) be the eigenvectors of AT , corresponding to the eigenvalue δl, i.e.

ATω
(µ)
l = δlω

(µ)
l , 1 ≤ l ≤ s, 1 ≤ µ ≤ µl

with

∥ω(µ)
l ∥RN = 1

and

s∑
l=1

µl = N.

(i) Choose Γ̄1,1 as the observable boundary. Define

{
β̄
(l)
m,n =

√
λ̄2
m,n + δl, l = 1, 2, · · · , s, m ∈ N, n ∈ N,

β̄
(s−l+1)
m,−n = −β̄

(l)
m,n, l = 1, 2, · · · , s, m ∈ N, n ∈ N

(2.9)

and

E
(µ)
m,n,l(x1, x2) =

(
1

iβ̄
(l)
m,n

ēm,n(x1, x2)ω
(µ)
l

ēm,n(x1, x2)ω
(µ)
l

)
, m ∈ Z, n ∈ Z∗, 1 ≤ l ≤ s, 1 ≤ µ ≤ µl,

where ēm,−n(x1, x2) = ēm,n(x1, x2) for any given n ∈ N. Thanks to (2.6), {β̄(l)
m,n} is a real sequence. Since

the eigenfunctions given by {ēm,n}m∈N;n∈N are orthogonal in (L2(R))N as well as in (H1
0(R))N , the linear

hull Span{E(µ)
m,n,l}1≤l≤s;1≤µ≤µl

with finite dimension N are mutually orthogonal for all m ∈ N;n ∈ N. On the

other hand, {E(µ)
m,n,l}m∈Z,n∈Z∗, 1≤l≤s, 1≤µ≤µl

is complete in (H1
0(R))N × (L2(R))N , so it forms a Hilbert basis

of (H1
0(R))N × (L2(R))N .

For any given initial data (Φ̄0, Φ̄1) ∈ (H1
0(R))N × (L2(R))N , it can be decomposed by

(
Φ̄0

Φ̄1

)
=
∑
m∈Z

∑
n∈Z∗

∑
1≤l≤s

µl∑
µ=1

a
(µ)
m,n,lE

(µ)
m,n,l,
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with

∑
m∈Z

∑
n∈Z∗

∑
1≤l≤s

µl∑
µ=1

|a(µ)m,n,l|
2 < +∞.

Then the corresponding solution of problem (2.1)–(2.2) is given by

Φ̄ =
∑
m∈Z

∑
n∈Z∗

s∑
l=1

µl∑
µ=1

a
(µ)
m,n,l

iβ̄
(l)
m,n

ω
(µ)
l ēm,n(x1, x2)e

iβ̄(l)
m,nt in (0, T )×R.

By the observation (1.6) and (2.5), we have

0 ≡ −
∑
m∈N

∑
n∈Z∗

s∑
l=1

µl∑
µ=1

a
(µ)
m,n,l

iβ̄
(l)
m,n

a

mπ
sin(

mπx1

a
)DTω

(µ)
l eiβ̄

(l)
m,nt on Γ̄1,1. (2.10)

Similar to the proof in [8], by Lemma 2.2 and the orthogonality of {sin(mπx1

a )}m∈N, for any given m ∈ N, we
have

∑
n∈Z∗

s∑
l=1

µl∑
µ=1

a
(µ)
m,n,l

iβ̄
(l)
m,n

eiβ̄
(l)
m,ntDTω

(µ)
l ≡ 0 on [0, T ]. (2.11)

For any given m ∈ N, the sequence {β̄(l)
m,n}n∈Z∗;1≤l≤s satisfies all the requirements of Lemma 2.7 by Lemma 2.2

and taking γm =
π

bs
, τm = 1 and D+

m =
bs

π
in Lemma 2.7. Applying Lemma 2.7 to each line of (2.11), by

Lemma 2.1, (1.8) and the linear independence of {ω(l,µ)}1≤µ≤µl
, we get

a
(µ)
m,n,l = 0, m ∈ N, n ∈ Z∗, 1 ≤ l ≤ s, 1 ≤ µ ≤ µl,

and then Φ̄ ≡ 0, provided T > 2bs. Namely, system (2.1) isD-observable on [0, T ]× Γ̄1,1 in the space (H1
0(R))N ×

(L2(R))N , provided that T > 2bs.
Choosing Γ̄1,2 as the observable boundary, by the observation (1.6) and (2.5), we have

0 ≡
∑
m∈N

∑
n∈Z∗

s∑
l=1

µl∑
µ=1

a
(µ)
m,n,l

iβ̄
(l)
m,n

(−1)na

mπ
sin(

mπx1

a
)DTω

(µ)
l eiβ̄

(l)
m,nt on Γ̄1,2. (2.12)

The rest of proof is the same as in the case of Γ̄1,1. Namely, system (2.1) is D-observable on [0, T ]× Γ̄1,2 in the
space (H1

0(R))N × (L2(R))N , provided that T > 2bs.
(ii) Choose Γ̄2,1 or Γ̄2,2 as the observable boundary. Define{

β̃
(l)
m,n =

√
λ̄2
m,n + δl, l = 1, 2, · · · , s, m ∈ N, n ∈ N,

β̃
(s−l+1)
−m,n = −β̃

(l)
m,n, l = 1, 2, · · · , s, m ∈ N, n ∈ N.

(2.13)

For any given n ∈ N, the sequence {β̄(l)
m,n}m∈Z∗;1≤l≤s satisfies all the requirements of Lemma 2.7 using Lemma 2.2

and taking γn =
π

as
, τn = 1 and D+

n =
as

π
in Lemma 2.7. Similar to the proof of (i), for given j = 1, 2, system
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Figure 2. Some examples of tilings.

(2.1) is D-observable on [0, T ]× Γ̄2,j in the space (H1
0(R))N × (L2(R))N , provided that T > 2as. The proof is

complete.

3. Tiled domain and related properties

Based on the definition of tiled domain given by Lai (see [2]), we give

Definition 3.1. Let Ω and Ω̃ be two open bounded subsets of Rd. The domain Ω tiles Ω̃, if there exists a set of
rigid transformations (composite transformation of translations, flips and rotations) {Kh}kh=1 in Rd such that

Ω̃ =

k⋃
h=1

Kh(Ω), (3.1)

and

Kh(Ω) ∩Kj(Ω) = ∅, ∀h, j = 1, · · · k, h ̸= j, (3.2)

where Ω denotes the closure of Ω.

Remark 3.2. We point out that every rigid transformation Kh is invertible. In particular, since transla-
tions, flips and rotations are orthogonal transformation, the rigid transformation Kh is also an orthogonal
transformation. Then the Jacobi matrix of Kh given by

Jh = (Jh
ij)d×d =


∂(Kh(x))1

∂x1
· · · ∂(Kh(x))1

∂xd

...
. . .

...
∂(Kh(x))d

∂x1
· · · ∂(Kh(x))d

∂xd

 , (3.3)

is an orthogonal matrix.

We next give the prolongation of function ϕ : Ω → R and the folding of ϕ̃ : Ω̃ → C with spatial variables
under the tiling (Ω, {Kh}kh=1).

Definition 3.3. Let (Ω, {Kh}kh=1) be a tiling of Ω̃ and ϱ = (ϱ1, · · · , ϱk) ∈ {−1, 1}k with ϱh :
def
= |Jh|(h =

1, · · · , k). The prolongation Pϱϕ : Ω̃ → C of a function ϕ : Ω → C with coefficient ϱ given by

Pϱϕ(Khx) = ϱhϕ(x), ∀h = 1, · · · , k, ∀x ∈ Ω.



10 CHENGXIA ZU

The folding Fϱϕ̄ : Ω → C of a function ϕ̃ : Ω̃ → C with coefficient ϱ given by

Fϱϕ̃(x) =
1

k

k∑
h=1

ϱhϕ̃(Khx), ∀h = 1, · · · , k, ∀x ∈ Ω. (3.4)

Remark 3.4. (i) The definition of Fϱ in this paper and that [2] are equal up to a multiplicative constant. We
only change the constant coefficient of (3.4) to make calculations more concise.

(ii) For any given function ϕ : Ω → C, it is easy to check that

Fϱ(Pϱϕ)(x) =
1

k

k∑
h=1

ϱhPϱϕ(Khx) =
1

k

k∑
h=1

ϱ2hϕ(x) = ϕ(x), ∀x ∈ Ω. (3.5)

Remark 3.5. The map Pϱ is not a surjective from (H1
0(Ω))

N to (H1
0(Ω̃))

N in general. For instance, choosing

the tiling {Kh}2h=1 in Figure 1 and let Ũ(x1, x2) ∈ (H1
0(Ω̃))

N satisfying Ũ(x1,
b
a (a− x1)) ̸= 0, it is impossible to

find U(x1, x2) ∈ (H1
0(Ω))

N such that PϱU(x1, x2) = Ũ(x1, x2).

Denote {e(j)n (x)}n∈N,1≤j≤jn the series of the unit eigenfunctions of −∆, satisfying

{
−∆e

(j)
n (x) = λ2

ne
(j)
n (x) in Ω,

e
(j)
n (x) = 0 on ∂Ω,

(3.6)

where the eigenvalue λn with multiplicity jn satisfies

0 < λ1 < λ2 < · · · < λn < · · · .

Let (Ω, {Kh}kh=1) be a tiling of Ω̃. We introduce the properties of the prolongation Pϱe
(j)
n (x) of e

(j)
n (x) with

coefficient ϱ.

Theorem 3.6. Let (Ω, {Kh}kh=1) be a tiling of Ω̃. Then {Pϱe
(j)
n (x)}n∈N,1≤j≤jn ⊂ H1

0(Ω̃), being the eigenfunc-

tions of −∆ in the space H1
0(Ω̃), forms a complete basis of PϱL

2(Ω).

In particular, for any given n ∈ N and any given 1 ≤ j ≤ jn, if a
(j)
n is the expansion coefficient of ϕ ∈ L2(Ω)

corresponding to the eigenfunction e
(j)
n , then it is also the expansion coefficient of Pϱϕ corresponding to the

eigenfunction Pϱe
(j)
n (x).

Proof. We first show that {Pϱe
(j)
n (x)}n∈N,1≤j≤jn ⊂ H1

0(Ω̃) are the eigenfunctions of −∆ in the space H1
0(Ω̃).

Recalling that e
(j)
n satisfies (3.6), we immediately have Pϱe

(j)
n (x) ∈ H1

0(Ω̃). Since

∇Kh(x) =
( d∑

i=1

J
(h)
1i ∂xi

, · · · ,
d∑

i=1

J
(h)
di ∂xi

)
,
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we have

∆Kh(x) = ∇Kh(x) · ∇Kh(x) =

d∑
l=1

( d∑
i=1

J
(h)2
li ∂xixi + 2

d∑
i ̸=j

J
(h)
li J

(h)
lj ∂xixj

)

=

d∑
i=1

( d∑
l=1

J
(h)2
li

)
∂xixi + 2

d∑
i ̸=j

( d∑
l=1

J
(h)
li J

(h)
lj

)
∂xixj

=

d∑
i=1

(JT
h Jh)ii∂xixi + 2

d∑
i ̸=j

(JT
h Jh)ij∂xixj

=

d∑
i=1

∂xixi = ∆x.

(3.7)

Therefore,

∆Kh(x)Pϱe
(j)
n (Kh(x)) = ∆xϱhe

(j)
n (x) = −λ2

nϱhe
(j)
n (x) = −λ2

nPϱe
(j)
n (Kh(x)), x ∈ Ω,

which implies {
−∆Pϱe

(j)
n (x) = λ2

nPϱe
(j)
n (x) in Ω̃,

Pϱe
(j)
n (x) = 0 on ∂Ω̃.

We next show that {Pϱe
(j)
n (x)}n∈N,1≤j≤jn is complete in the space PϱL

2(Ω).
For any given ũ ∈ PϱL

2(Ω), there exists a unique u(x) ∈ L2(Ω) such that ũ = Pϱu(x). Therefore, we have

∫
Ω̃

Pϱu(x)Pϱe
(j)
n (x) dx =

k∑
h=1

∫
Kh(Ω)

Pϱu(x)Pϱe
(j)
n (x) dx

=

k∑
h=1

∫
Ω

ϱ2hu(x)e
(j)
n (x)|ϱh|dx

= k

∫
Ω

u(x)e(j)n (x) dx.

(3.8)

Then {Pϱe
(j)
n (x)}n∈N,1≤j≤jn ⊆ H1

0(Ω̃) is a complete basis of PϱL
2(Ω). Noting that∫

Ω̃

|Pϱe
(j)
n (x)|2 dx = k

∫
Ω

|e(j)n (x)|2 dx = k, (3.9)

if a
(j)
n is the expansion coefficient of u(x) ∈ L2(Ω) corresponding to the eigenfunction e

(j)
n (x), i.e.∫

Ω

u(x)e(j)n (x) dx = a(j)n , (3.10)

then by (3.8), (3.9) and (3.10), we have∫
Ω̃

Pϱu(x)Pϱe
(j)
n (x) dx = ka(j)n = a(j)n

∫
Ω̃

|Pϱe
(j)
n (x)|2 dx.
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Namely, a
(j)
n is the expansion coefficient of Pϱu(x) corresponding to the eigenfunction Pϱe

(j)
n (x). The proof is

complete.

Remark 3.7. Noting (3.7), the Laplace operator ∆ is invariant under the rigid transformation Kh, which is
the main reason why the D-observability of system (1.4) on Ω can be transformed into the D-observability of

system (1.4) on the tiled domain Ω̃ through the tiled method.

Next we respectively give the prolongation and folding of Φ :
(
R+ × Ω

)N → CN and Φ̃ :
(
R+ × Ω̃

)N → CN

with time variables, respectively. The prolongation of Φ :
(
R+ × Ω

)N → CN is given by

PϱΦ(t,Khx) = ϱhΦ(t, x), ∀h = 1, · · · , k, ∀t ∈ R+, ∀x ∈ Ω;

while, the folding of Φ̃ :
(
R+ × Ω̃

)N → CN is given by

FϱΦ̃(t, x) =
1

k

k∑
h=1

ϱhΦ̃(t,Khx), ∀h = 1, · · · , k, ∀t ∈ R+, ∀x ∈ Ω.

Denote

Pϱ(L
2(Ω))N := {PϱU |U ∈ (L2(Ω))N}

and

Pϱ(H
1
0(Ω))

N := {PϱU |U ∈ (H1
0(Ω))

N}.

We will show that Pϱ(L
2(Ω))N ⊆ (L2(Ω̃))N and Pϱ(H

1
0(Ω))

N ⊆ (H1
0(Ω̃))

N .
In fact, for the function U ∈ (H1

0(Ω))
N , by the definition of PϱU , we have PϱU |∂Ω̃ = 0. Moreover, by the

definition of tiling, we have

∫
Ω̃

|PϱU(x)|2 dx =

k∑
h=1

∫
Kh(Ω)

|PϱU(x)|2 dx =

k∑
h=1

∫
Ω

|ϱhU(x)|2 dx = k∥U(x)∥2L2(Ω)

and ∫
Ω̃

|∇PϱU(x)|2 dx =

k∑
h=1

∫
Kh(Ω)

|∇PϱU(x)|2 dx

=

k∑
h=1

∫
Ω

|∇Kh(x)ϱhU(x)|2 dx

=

k∑
h=1

∫
Ω

d∑
k=1

∣∣∣ d∑
i=1

J
(h)
ki ∂xi

U(x)
∣∣∣2 dx

=

k∑
h=1

∫
Ω

d∑
i=1

( d∑
k=1

J
(h)2
ki

)∣∣∂xi
U(x)

∣∣2
+

d∑
i̸=j

( d∑
k=1

J
(h)
ki J

(h)
kj

)(
∂xi

U(x)∂xjU(x)
T
+ ∂xiU(x)∂xjU(x)T

)
dx.

(3.11)
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Recalling that the Jh is a orthogonal matrix, we have

d∑
k=1

J
(h)
ki J

(h)
kj = (JT

h Jh)ij = δij ,

where δij is the Kronecker symbol. Then (3.11) becomes

∫
Ω̃

|∇PϱU(x)|2 dx =

k∑
h=1

∫
Ω

d∑
i=1

∣∣∂xi
U(x)

∣∣2 dx = k

∫
Ω

|∇U(x)|2 dx,

which implies that

PϱU(x) ∈ (H1
0(Ω̃))

N , ∥PϱU(x)∥2
(L2(Ω̃))N

= k∥U(x)∥2(L2(Ω))N

and

∥PϱU(x)∥2
(H1

0(Ω̃))N
= k∥U(x)∥2(H1

0(Ω))N ,

namely, we have Pϱ(L
2(Ω))N ⊆ (L2(Ω̃))N and Pϱ(H

1
0(Ω))

N ⊆ (H1
0(Ω̃))

N .

Remark 3.8. Lai gave the definition of “admissible tiling” in [2] to make sure that Fϱϕ ∈ H1
0(Ω) for all

ϕ ∈ H1
0(Ω̃). Since Pϱ(H

1
0(Ω)) ⊆ H1

0(Ω̃) naturally, we consider the prolongation prolongation Pϱe
(j)
n (x) of e

(j)
n (x)

in this paper to avoid discussing “admissible tiling”.

4. D-observability on tiled domains

Consider the prolongation system{
Φ̃′′ −∆Φ̃ +AT Φ̃ = 0 in (0,+∞)× Ω̃,

Φ̃ = 0 on (0,+∞)× ∂Ω̃
(4.1)

with the initial condition:

t = 0 : Φ̃(t, x) = PϱΦ̂0, Φ̃′(t, x) = PϱΦ̂1 in Ω̃, (4.2)

where the initial data (PϱΦ̂0,PϱΦ̂1) belongs to the space Pϱ(H
1
0(Ω))

N × Pϱ(L
2(Ω))N ⊆ (H1

0(Ω̃))
N × (L2(Ω̃))N .

Let (Φ̂0, Φ̂1) ∈ (H1
0(Ω))

N × (L2(Ω))N . We first give the relation between the solutions of problem (1.4)–(1.5)
and the prolongation problem (4.1)–(4.2).

Theorem 4.1. Let (Ω, {Kh}kh=1) be a tiling of Ω̃. Assume that A satisfies (H1) and Φ(t, x) is the solution of
problem (1.4)–(1.5), then PϱΦ(t, x) is the solution of the prolongation problem (4.1)–(4.2).

Conversely, if Φ̃ is the solution of the prolongation problem (4.1)–(4.2), then FϱΦ̃ is the solution of the
original problem (1.4)–(1.5). Moreover, for any given h = 1, · · · , k, we have

FϱΦ̃(t, x) = ϱhΦ̃(t,Khx), ∀x ∈ Ω. (4.3)



14 CHENGXIA ZU

Proof. Denote δl > −λ2
1 be the eigenvalue of AT , satisfying

ATω
(µ)
l = δlω

(µ)
l , 1 ≤ l ≤ s, 1 ≤ µ ≤ µl,

where the multiplicity µl of eigenvalue δl satisfies

s∑
l=1

µl = N.

Define {
βn,l =

√
λ2
n + δl, l = 1, 2, · · · , s, n ∈ N,

β−n,s−l+1 = −βn,l, l = 1, 2, · · · , s, n ∈ N,
(4.4)

where λ2
n > 0 is given by (3.6). Thanks to condition (H1), {βn,l} is a real sequence. Then we have

(−∆+AT )ω
(µ)
l e(j)n (x) = β2

n,lω
(µ)
l e(j)n (x).

Take

∥e(j)n (x)∥L2(Ω) = 1 and ∥ω(µ)
l ∥RN = 1. (4.5)

Define

E
(j,µ)
n,l (x) =

(
1

iβn,l
e
(j)
n (x)ω

(µ)
l

e
(j)
n (x)ω

(µ)
l

)
, n ∈ Z∗, 1 ≤ l ≤ s, 1 ≤ j ≤ jn, 1 ≤ µ ≤ µl,

where e
(j)
−n(x) = e

(j)
n (x) for any given n ∈ N and any given 1 ≤ j ≤ jn. Then by [4], {E(j,µ)

n,l }n,l,j,µ forms a Hilbert

basis in (H1
0(Ω))

N × (L2(Ω))N .
For any given

(
Φ̂0

Φ̂1

)
=
∑
n∈Z∗

∑
1≤l≤s

jn∑
j=1

µl∑
µ=1

a
(j,µ)
n,l E

(j,µ)
n,l ,

with

∥Φ̂0∥2(H1
0(Ω))N + ∥Φ̂1∥2(L2(Ω))N =

∑
n∈Z∗

∑
1≤l≤s

jn∑
j=1

µl∑
µ=1

|a(j,µ)n,l |2 < +∞.

The corresponding solution of problem (1.4)–(1.5) is given by

Φ =
∑
n∈Z∗

s∑
l=1

jn∑
j=1

µl∑
µ=1

a
(j,µ)
n,l

iβn,l
ω
(µ)
l e(j)n (x)eiβn,lt in (0, T )× Ω.
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By Theorem 3.6, the expansion coefficients of (PϱΦ̂0,PϱΦ̂1) are given by {a(j,µ)n,l }, then the solution of problem
(4.1)–(4.2) is given by

PϱΦ(t, x) =
∑
n∈Z∗

s∑
l=1

jn∑
j=1

µl∑
µ=1

a
(j,µ)
n,l

iβn,l
ω
(µ)
l Pϱe

(j)
n (x)eiβn,lt in (0, T )× Ω̃.

Conversely, assume that

Φ̃(t, x) =
∑
n∈Z∗

s∑
l=1

jn∑
j=1

µl∑
µ=1

ã
(j,µ)
n,l

iβn,l
ω
(µ)
l Pϱe

(j)
n (x)eiβn,lt in (0, T )× Ω̃

is the solution of problem (4.1)–(4.2). Let a
(j,µ)
n,l = ã

(j,µ)
n,l . Then

Φ(t, x) := FϱΦ̃(t, x)

= Fϱ

∑
n∈Z∗

s∑
l=1

jn∑
j=1

µl∑
µ=1

ā
(j,µ)
n,l

iβn,l
ω
(µ)
l Pϱe

(j)
n (x)eiβn,lt

=
∑
n∈Z∗

s∑
l=1

jn∑
j=1

µl∑
µ=1

a
(j,µ)
n,l

iβn,l
ω
(µ)
l e(j)n (x)eiβn,lt in (0, T )× Ω

is the solution of problem (1.4)–(1.5). Finally, noting that |ϱh| ≡ 1, for any given h = 1, · · · , k, we have

FϱΦ̃(t, x) =
∑
n∈Z∗

s∑
l=1

jn∑
j=1

µl∑
µ=1

ã
(j,µ)
n,l

iβn,l
ω
(µ)
l eiβn,lte(j)n (x)

= ϱh
∑
n∈Z∗

s∑
l=1

jn∑
j=1

µl∑
µ=1

ã
(j,µ)
n,l

iβn,l
ω
(µ)
l eiβn,ltϱhe

(j)
n (x)

= ϱh
∑
n∈Z∗

s∑
l=1

jn∑
j=1

µl∑
µ=1

ã
(j,µ)
n,l

iβn,l
ω
(µ)
l eiβn,ltPϱe

(j)
n (Khx)

= ϱhΦ̃(t,Khx) x ∈ Ω.

Then we get (4.3). The proof is complete.

The aim of this section is to establish the relation between the D-observability of system (1.4) and system
(4.1). By Theorem 4.1, Φ is the solution of problem (1.4)–(1.5) if and only if PϱΦ is the solution of the
prolongation problem (4.1)–(4.2). In particular, Φ ≡ 0 if and only if PϱΦ ≡ 0.

Let (Ω, {Kh}kh=1) be a tiling of Ω̃. We next show that the D-observability of system (1.4) on [0, T ] × Γ in

the space (H1
0(Ω))

N × (L2(Ω))N is equivalent to the D-observability of system (4.1) on [0, T ]× Γ̃ in the space

Pϱ(H
1
0(Ω))

N × Pϱ(L
2(Ω))N , where Γ̃ ⊂ ∂Ω̃ and Γ defined by

Γ =

k⋃
h=1

K−1
h (Γ̃) ∩ ∂Ω. (4.6)



16 CHENGXIA ZU

Remark 4.2. Noting that Pϱ(H
1
0(Ω))

N ⊆ (H1
0(Ω̃))

N and Pϱ(L
2(Ω))N ⊆ (L2(Ω̃))N , then the D-observability

of system (4.1) on [0, T ]× Γ̃ in the space (H1
0(Ω̃))

N × (L2(Ω̃))N implies the D-observability of system (4.1) on

[0, T ]× Γ̃ in the space Pϱ(H
1
0(Ω))

N × Pϱ(L
2(Ω))N .

Theorem 4.3. Let (Ω, {Kh}kh=1) be a tiling of Ω̃. Assume that Γ̃ ⊂ ∂Ω̃ and Γ is given by (4.6). Then the
system (1.4) is D-observable on [0, T ]× Γ in the space (H1

0(Ω))
N × (L2(Ω))N if and only if the system (4.1) is

D-observable on [0, T ]× Γ̃ in the space Pϱ(H
1
0(Ω))

N × Pϱ(L
2(Ω))N .

Proof. Assume that Φ is the solution of problem (1.4)–(1.5), then the prolongation PϱΦ of Φ is the solution of

problem (4.1)–(4.2). Since Ω tiles Ω̃, defining Γh := K−1
h (Γ̃) ∩ ∂Ω, we have

Γ =

k⋃
h=1

Γh, and Γ̃ =

k⋃
h=1

Kh(Γh).

Denote ∂νh
, ∂ν̃ and ∂ν̃h

the outward normal derivative on Γh, Γ̃ and Kh(Γh), respectively. By |ϱh| ≡ 1 and
Remark 3.2, we have

∫ T

0

∫
Γ̃

|DT∂ν̃PϱΦ(t, x)|2 dΓ̃ dt ≤
k∑

h=1

∫ T

0

∫
Kh(Γh)

|DT∂ν̃h
PϱΦ(t, x)|2 dΓ′ dt

=

k∑
h=1

∫ T

0

∫
Γh

|DT∂Kh(νh)PϱΦ(t,Khx)|2 dΓdt

=

k∑
h=1

ϱ2h

∫ T

0

∫
Γh

|DT∂Kh(νh)
1

ϱh
PϱΦ(t,Khx)|2 dΓdt

=

k∑
h=1

∫ T

0

∫
Γh

|DT∂νh
Φ(t, x)|2 dΓdt

≤k

∫ T

0

∫
Γ

|DT∂νΦ(t, x)|2dΓdt

(4.7)

and

∫ T

0

∫
Γ

|DT∂νΦ(t, x)|2dΓdt ≤
k∑

h=1

∫ T

0

∫
Γh

|DT∂νh
Φ(t, x)|2 dΓdt

=

k∑
h=1

∫ T

0

∫
Γh

|DT∂Kh(νh)
1

ϱh
PϱΦ(t,Khx)|2 dΓdt

=

k∑
h=1

∫ T

0

∫
Kh(Γh)

|DT∂ν̃h
PϱΦ(t, x)|2 dΓ′ dt

≤k

∫ T

0

∫
Γ̃

|DT∂ν̃PϱΦ(t, x)|2 dΓ̃ dt.

(4.8)

Therefore,

DT∂νΦ ≡ 0 on [0, T ]× Γ (4.9)
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if and only if

DT∂ν̃PϱΦ ≡ 0 on [0, T ]× Γ̃. (4.10)

Finally, by Theorem 3.6, we have

∥PϱΦ̂0∥2(H1
0(Ω̃))N

= k∥Φ̂0∥2(H1
0(Ω))N and ∥PϱΦ̂1∥2(L2(Ω̃))N

= k∥Φ̂1∥2(L2(Ω))N .

Then Pϱ is a bijection from (H1
0(Ω))

N × (L2(Ω))N to Pϱ(H
1
0(Ω))

N ×Pϱ(L
2(Ω))N . Hence, the partial Neumann

observation (1.6) of system (1.4) in the space (H1
0(Ω))

N × (L2(Ω))N is equivalent to the partial Neumann
observation of the prolongation system (4.1) in the space Pϱ(H

1
0(Ω))

N × Pϱ(L
2(Ω))N :

DT∂ν̃Φ̃ ≡ 0 on [0, T ]× Γ̃. (4.11)

It follows that the D-observability of system (1.4) on [0, T ]× Γ in the space (H1
0(Ω))

N × (L2(Ω))N is equivalent

to the D-observability of system (4.1) on [0, T ] × Γ̃ in the space Pϱ(H
1
0(Ω))

N × Pϱ(L
2(Ω))N . The proof is

complete.

Remark 4.4. We point out that Theorem 4.3 and Theorem 4.6 below are valid for arbitrary coupling matrix
A.

The following example shows that the D-observability of system (1.4) on [0, T ]× Γ in the space (H1
0(Ω))

N ×
(L2(Ω))N does not imply the D-observability of the prolongation system (4.1) on [0, T ] × Γ̃ in the space
(H1

0(Ω))
N × (L2(Ω))N .

Example 4.5. Taking Ω = (0, π)× (0, π) and Ω̃ = (0, π)× (0, 2π), (Ω, {Kh}2h=1) tiles Ω̃(see Fig. 3), where the
transformation Kh from Ω to Kh(Ω) is defined by

K1 := id; K2 : (x1, x2) → (x1, 2π − x2).

Let m,n ∈ N. The eigenfunction of −∆ on the domain Ω is given by

em,n = sin(mx1) sin(nx2),

corresponding to the eigenvalue λm,n =
√
m2 + n2; while the eigenfunction of −∆ on the domain Ω̃ is given by

ẽm,n = sin(mx1) sin(
nx2

2
),

corresponding to the eigenvalue λ̃m,n =
√
m2 + n2

4 .

Noting that λm,n = λ̃m,2n and

Pϱem,n(x1, x2) =

{
sin(mx1) sin(nx2), (x1, x2) ∈ (0, π)× (0, π),

sin(mx1) sin(n(2π − x2)), (x1, x2) ∈ (0, π)× (π, 2π),

=sin(mx1) sin(nx2), (x1, x2) ∈ (0, π)× (0, 2π),

we have Pϱem,n = ẽm,2n.
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Figure 3. The rectangular domain Ω tiles the rectangular domain Ω̃.

Take the coupling matrix A = diag( 54 , 2) in system (1.4) and the prolongation system (4.1), the observation

boundary Γ = Γ̃ = (0, π)× {0} and the observable matrix D = (1,−1)T . Let

Φ =

(
ei

√
13
2 tẽ1,2(x1, x2)

2ei
√

13
2 tẽ1,1(x1, x2)

)
.

It is easy to check that Φ is a solution of the prolongation system (4.1), and the observation of Φ on [0,+∞)×
(0, π)× {0} is given by

DT∂νΦ|x2=0 = DT

 −ei
√

13
2 t ∂ẽ1,2

∂x2
|x2=0

−2ei
√

13
2 t ∂ẽ1,1

∂x2
|x2=0


= (1,−1)

(
−ei

√
13
2 t sinx1

−ei
√

13
2 t sinx1

)
= 0.

Therefore, for any given T > 0, the prolongation system (4.1) is not D-observable on [0, T ] × Γ̃ in the space

(H1
0(Ω̃))

N × (L2(Ω̃))N .
We next show that system (1.4) is D-observable on [0, T ]× Γ in the space (H1

0(Ω))
N × (L2(Ω))N , provided

that T > 4π.
Define {

β
(l)
m,n =

√
λ2
m,n + δl, l = 1, 2, m ∈ N, n ∈ N,

β
(3−l)
m,−n = −β

(l)
m,n, l = 1, 2, m ∈ N, n ∈ N,

where δ1 =
5

4
, δ2 = 2. It is easy to check that

β(l)
m,n = β

(l′)
m,n′ ⇐⇒ n = n′, l = l′,

for any given m ∈ N.
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Similar to the proof of Theorem 4.1, for any given initial data (Φ(0),Φ′(0)) ∈ (H1
0(Ω))

2 × (L2(Ω))2, there
exist {am,n,l} ∈ L2 such that

(
Φ(0)
Φ′(0)

)
=
∑
m∈N

∑
n∈Z∗

2∑
l=1

am,n,l

 1

iβ
(l)
m,n

em,n(x)ωl

em,n(x)ωl

 ,

where ω1 = (1, 0)T and ω2 = (0, 1)T are the eigenvectors of A corresponding to the eigenvalues δ1 =
5

4
and

δ2 = 2, respectively. Then the solution of prolongation system (4.1) is given by

Φ(t, x) =
∑
m∈N

∑
n∈Z∗

2∑
l=1

am,n,l

iβ
(l)
m,n

em,n(x)ωle
iβ(l)

m,nt.

Consider the observation of Φ on [0, T ]× (0, π)× {0}

0 ≡
∑
m∈N

∑
n∈Z∗

2∑
l=1

nam,n,l

iβ
(l)
m,n

eiβ
(l)
m,nt sin(mx1)D

Tωl on [0, T ].

By the orthogonality of functions {sin(mx1)}m∈N in the space L2(0, π), we have

∑
n∈Z∗

2∑
l=1

nam,n,l

iβ
(l)
m,n

eiβ
(l)
m,ntDTωl = 0 on [0, T ]. (4.12)

For any given m ∈ N, taking the positive constants γn =
1

2
, τn = 1 and D+

n = 2 respectively, the sequence

{β(l)
m,n}n∈Z∗;1≤l≤2 satisfies all the requirements of Lemma 2.7. Appling Lemma 2.7 to each line of (4.12), we

have

am,n,l = 0, m ∈ N, n ∈ Z∗, l = 1, 2,

provided that T > 4π. Thus, system (1.4) is D-observable on [0, T ]× Γ in the space (H1
0(Ω))

N × (L2(Ω))N .

By Remark 4.2 and Theorem 4.3, we immediately have

Theorem 4.6. Let (Ω, {Kh}kh=1) be a tiling of Ω̃. Assume that Γ̃ ⊂ ∂Ω̃ and Γ is defined by (4.6). If the

prolongation system (4.1) is D-observable on [0, T ]× Γ̃ in the space (H1
0(Ω̃))

N × (L2(Ω̃))N , then system (1.4) is
D-observable on [0, T ]× Γ in the space (H1

0(Ω))
N × (L2(Ω))N .

5. D-observability on the right angle triangle domain

Let T be a right angle triangle domain with vertices (0, 0), (a, 0), (0, b). Consider the adjoint system (1.4)

with the initial condition (1.5), where Ω = T and the initial data (Φ̂0, Φ̂1) ∈ (H1
0(T ))N × (L2(T ))N .

Denote Γ1 = (0, a)×{0} and Γ2 = {0}×(0, b) be the two legs of the right angle triangle domain T , respectively
and Γ3 = {(x1, x2)|x2 = b

a (a− x1), 0 < x1 < a} be the hypotenuse of T .
For i = 1, 2, we first consider the D-observability of system (1.4) on [0, T ]× Γi.
The right angle triangle domain T tiles the rectangular domain R (see Fig. 4).
By Theorem 1.6, Theorem 2.8 and Theorem 4.6, we have
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Figure 4. The right angle triangle domain T tiles the rectangular domain R.

Figure 5. The special right angle triangle domain T tiles the rectangular domain R.

Theorem 5.1. Let T be a right angle triangle domain with vertices (0, 0), (a, 0), (0, b). Assume that A satisfies
(H1)–(H2).

(i) Assume that T > 2bs, then system (1.4) is D-observable on [0, T ]×Γ1 in the space (H1
0(T ))N × (L2(T ))N

if and only if the Kalman’s rank condition (1.8) holds.
(ii) Assume that T > 2as, then system (1.4) is D-observable on [0, T ]×Γ2 in the space (H1

0(T ))N × (L2(T ))N

if and only if the Kalman’s rank condition (1.8) holds.

We next consider the D-observability of system (1.4) on [0, T ]× Γ3.
In general, it is hard to transform the hypotenuse Γ3 of T into the partial boundary of R through rigid

transformation. Therefore, we can not establish the D-observability of the adjoint system (1.4) on [0, T ]× Γ3.
However, for special right angle triangle domain T with vertices (0, 0), (1, 0), (0,

√
3) or with vertices (0, 0),

(1, 0), (0, 1), the adjoint system (1.4) is D-observable on [0, T ]× Γ3.
Let T be a right angle triangle domain with vertices (0, 0), (0,

√
3), (1, 0). Then the right angle triangle

domain T tiles R = (0, 2)× (0,
√
3) (see Fig. 5(a)). By Theorem 1.6, Theorem 2.8 and Theorem 4.6, we have
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Theorem 5.2. Let T be a right angle triangle domain with vertices (0, 0), (0,
√
3), (1, 0). Assume that A

satisfies the condition (H1). Assume furthermore that there exists a positive constant C such that ∥A−CI∥ is
small enough, or the elements of A are rational numbers.

(i) Assume that T > 2
√
3s, then for i = 1, 3, system (1.4) is D-observable on [0, T ] × Γi in the space

(H1
0(T ))N × (L2(T ))N if and only if the Kalman’s rank condition (1.8) holds, where Γ1 = {(x1, x2)|x2 = 0, 0 <

x1 < 1} is a leg of T and Γ3 = {(x1, x2)|x2 =
√
3−

√
3x1, x1 ∈ [0, 1]} is the hypotenuse of T .

(ii) Assume that T > 4s, then system (1.4) is D-observable on [0, T ]×Γ2 in the space (H1
0(T ))N × (L2(T ))N

if and only if the Kalman’s rank condition (1.8) holds, where Γ2 = {(x1, x2)|x1 = 0, 0 < x2 <
√
3} is another

leg of T .

Remark 5.3. Assume that T > 2s. Assume furthermore that T is a right angle triangle domain with vertices
(0, 0), (0,

√
3), (1, 0). Under the assumptions of Theorem 5.1, in the tiling given by Figure 4, system (1.4) is

D-observable on [0, T ]×Γ2 in the space (H1
0(T ))N × (L2(T ))N if and only if the Kalman’s rank condition (1.8),

where Γ2 = {(x1, x2)|x1 = 0, 0 < x2 < 1} is a leg of T . Therefore, the bound of observation time T maybe
different in different tilings.

Let T be a right angle triangle domain with vertices (0, 0), (0, 1), (1, 0). Then the right angle triangle domain
T tiles R = (0,

√
2)× (0,

√
2) (see Fig. 5(b)). By Theorem 1.6, Theorem 2.8 and Theorem 4.6, we have

Theorem 5.4. Let T be a right angle triangle domain with vertices (0, 0), (0, 1), (1, 0). Assume that A satisfies
the condition (H1). Assume furthermore that there exists a positive constant C such that ∥A − CI∥ is small
enough, or the elements of A are rational numbers. Assume that T > 2

√
2s, then system (1.4) is D-observable

on [0, T ]× Γ3 in the space (H1
0(T ))N × (L2(T ))N if and only if the Kalman’s rank condition (1.8) holds, where

Γ3 = {(x1, x2)|x2 = 1− x1, x1 ∈ (0, 1)} is the hypotenuse of T .

Remark 5.5. Assume that T is a right angle triangle domain with vertices (0, 0), (0, 1), (1, 0). Theorem 5.4 is
obtained in the tiling given by Figure 5(b). In particular, we can not get the D-observability of system (1.4) on
[0, T ]× Γ3 in the tiling given by Figure 4, while for i = 1, 2, we can not get the D-observability of system (1.4)
on [0, T ]× Γi in the tiling given by Figure 5(b).

Remark 5.6. For the general right angle triangle domain T , it is hard to transform the hypotenuse Γ3 of
T into the partial boundary of R through rigid transformation. As a consequence, it is not clear whether the
system (1.4) is D-observable on [0, T ]× Γ3 for the general right angle triangle domain. Figure 5 just shows two
possibilities that the hypotenuse Γ3 of T can transformed into the partial boundary of R.

Choosing different tilings, we will get different estimation of the observation time T . Under the above
mentioned tilings, choosing the smallest bound of observation time T , we have.

Corollary 5.7. Under the assumptions of Theorem 5.2, we have
(i) Assume that T > 2

√
3s, then for i = 1, 3, system (1.4) is D-observable on [0, T ] × Γi in the space

(H1
0(T ))N × (L2(T ))N if and only if the Kalman’s rank condition (1.8) holds, where Γ1 = {(x1, x2)|x2 = 0, 0 <

x1 < 1} is a leg of T and Γ3 = {(x1, x2)|x2 =
√
3−

√
3x1, x1 ∈ [0, 1]} is the hypotenuse of T .

(ii) Assume that T > 2s, then system (1.4) is D-observable on [0, T ]×Γ2 in the space (H1
0(T ))N × (L2(T ))N

if and only if the Kalman’s rank condition (1.8) holds, where Γ2 = {(x1, x2)|x1 = 0, 0 < x2 <
√
3} is another

leg of T .

Corollary 5.8. Under the assumptions of Theorem 5.4, we have
(i) Assume that T > 2s, then for i = 1, 2, system (1.4) is D-observable on [0, T ]×Γi in the space (H1

0(T ))N ×
(L2(T ))N if and only if the Kalman’s rank condition (1.8) holds, where Γ1 = {(x1, x2)|x2 = 0, 0 < x1 <

√
2
2 }

and Γ2 = {(x1, x2)|x1 = 0, 0 < x2 <
√
2
2 } are the legs of T .

(ii) Assume that T > 2
√
2s, then system (1.4) is D-observable on [0, T ] × Γ3 in the space (H1

0(T ))N ×
(L2(T ))N if and only if the Kalman’s rank condition (1.8) holds, where Γ3 = {(x1, x2)|x2 = 1− x1, x1 ∈ [0, 1]}
is the hypotenuse of T .
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Figure 6. The sector domain Ω tiles the circle domain Ω̃.

Remark 5.9. The estimation of the observation time T in Corollary 5.7 and Corollary 5.8 is not optimal. We
may get a smaller observation time T if using another tiling.

Remark 5.10. For the general triangular domain or even other domains, this method does not make the study
of D-observability of system (1.4) any easier. In addition, due to the limitation of the existing results, it is hard
to obtain the relevant results to the D-observability of the system (1.4) by tiled method.

6. D-observability on the sector domain

Let Ω be a sector domain with radius r and central angle
2π

n
, where r > 0 and n ∈ N. Let Ω̃ = {x||x| < r}.

Then Ω tiles Ω̃ (see Fig. 6). By the result in [8], we have

Lemma 6.1. Let Ω̃ = {x : |x| < r} be a bounded domain in Rd, where r ∈ R+ and d ≥ 2. Assume that A is a
diagonalizable matrix with s eigenvalues given by

−λ2
1 < δ1 < δ2 < · · · < δs, (6.1)

where λ2
1 is the smallest eigenvalue of −∆ on Ω̃. Assume furthermore that ∥A∥ is small enough. Then Kalman’s

rank condition (1.8) is sufficient to the D-observability of system (1.4) on [0, T ]× ∂Ω̃ in (H1
0(Ω̃))

N × (L2(Ω̃))N ,
provided that T > 2rs.

By Lemma 6.1, Theorem 1.6 and Theorem 4.6, we have

Theorem 6.2. Let Ω be a sector domain with radius r and central angle
2π

n
, where r > 0 and n ∈ N. Assume

that A is a diagonalizable matrix with s eigenvalues given by (6.1) and ∥A∥ is small enough. Then system (1.4)
is D-observable on [0, T ]×Γ in the space (H1

0(Ω))
N × (L2(Ω))N if and only if the Kalman’s rank condition (1.8)

holds, provided that T > 2rs, where Γ = {(x1, x2) ∈ ∂Ω|x2
1 + x2

2 = r2} is the circular side of Ω.
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[5] T. Li and B. Rao, Asymptotic synchronization of a coupled system of wave equations on a rectangular domain with reflecting

sides. Asymptot. Anal. 128 (2022) 85–102.
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