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D-OBSERVABILITY FOR A COUPLED SYSTEM OF WAVE
EQUATIONS ON RIGHT ANGLE TRIANGLES

CHENGXIA ZU"

Abstract. Based on the tiled method, we establish the equivalence between the D-observability for
diagonalizable systems on the rectangular domain and the right angle triangle domain, and then get
the sufficiency of Kalman’s rank condition to the D-observability for diagonalizable systems on some
right angle triangles.
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1. INTRODUCTION

Let Q be a bounded domain in R? with Lipshitz boundary 99 = I'i UTy such that Ty N Ty = 0 and
mes(I'1) > 0. Let

Ho =L2(Q), Hi=HiQ), L=L*0,+o00;L3T1)).

The dual of H; is denoted by H_; = H71(Q).
Let

U=, .. a7
Consider the following coupled system of wave equations:

U'— AU+ AU =0 in (0,400) x Q,

U=0 on (0,400) x Iy, (1.1)
U=DH on (0,400) x I'y
with the initial condition
t=0: U=Uy,, U =0; in, (1.2)
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d
where “/” stands for the time derivative; A = > % is the Laplace operator; the coupling matrix A = (a;;) is
k=1 "k
of order N and the boundary control matrix D = (d;;) is a full column-rank matrix of order N x M (M < N),
both with constant elements; H = (h(l)7 e 7h(M))T denotes the boundary control.
The following definition of approximate boundary null controllability of system (1.1) was introduced by Li
and Rao in [3, 4].

Definition 1.1. System (1.1) is approximately null controllable at the time T > 0, if for any given initial data

(Uo, Uy) € (Ho)N x (H_1)", there exists a sequence {H,,} of boundary controls in £ with compact support

in [0, 7], such that the corresponding sequence {U,} of solutions to problem (1.1)—(1.2) satisfies
(Un(T),UL(T)) — (0,0) in (Ho)Y x (H_1) asn — +oo. (1.3)

Let & = (¢, . ,gb(N))T. Consider the adjoint system

"~ AD+ AT® =0 in (0, +00) x Q, 14
®=0 on (0, +00) x 9N )
with the initial data
t=0: ®=dy, &' =0, inQ, (1.5)

where the initial data (g, ®1) € (H5(Q))N x (L2(Q))V.
Definition 1.2. [3, 4] The adjoint system (1.4) is D-observable on the interval [0, 7], if the following partial
Neumann observation

DT9,8=0 on[0,T] x Ty, (1.6)

0, being the outward normal derivative, implies that (60, @1) = (0,0), then ® = 0.

Remark 1.3. To avoid the confusion, we will use “the D-observability of system (1.4) on [0,7] x I'; in the
space (H3(2))N x (L2(2))V” instead of “the D-observability of system (1.4) on [0,7]” to indicate the observable
boundary and the initial space.

Definition 1.4. For any given v C 9Q and V x H C (H}(Q))N x (L2(Q))", the adjoint system (1.4) is
D-observable on [0,7] X v in the space V' x H, if the following partial Neumann observation

DT, =0 on[0,T] x v (1.7)
implies that (</I\>0, </I\>1) = (0,0), and then ® = 0, where ® is the solution to problem (1.4)—(1.5) with initial data

(‘50, @1) €V x H and 0, is the outward normal derivative on ~.

The relationship between the approximate boundary null controllability of system (1.1) and the
D-observability of the adjoint system (1.4) was given by Li and Rao in [3, 4] as follows.

Theorem 1.5. [3, 4] System (1.1) is approximately null controllable at the time T > 0 if and only if the adjoint
system (1.4) is D-observable on the interval [0,T].

Theorem 1.5 shows the importance of D-observability for the adjoint system (1.4) in the study of approximate
boundary null controllability for the coupled system (1.1) of wave equations. So far, the necessary condition of
D-observability for the system (1.4) is clear.
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Theorem 1.6. [3, 4] Assume that the adjoint system (1.4) is D-observable. Then we have necessarily the
following Kalman’s rank condition:

rank (D, AD,--- ,AN=1D) = N. (1.8)

However, in the study of D-observability for the adjoint system (1.4), Kalman’s rank condition (1.8) is not
sufficient in general, otherwise, noting that Kalman’s rank condition (1.8) is independent of the observation
time T > 0, if system (1.4) is D-observable on the interval [0, 7], then for any given time ¢ > 0, it should be
D-observable on the interval [0, ¢]. Thus, the D-observability of the adjoint system (1.4) can be obtained almost
immediately, which contradicts the finite speed of wave propagation. Hence, Kalman’s rank condition (1.8) is
not enough to ensure the D-observability of the adjoint system (1.4). We should require the observation time
T large enough at least. But even if the above two requirements are satisfied, they are still not sufficient to
guarantee the D-observability not only on the finite time interval [0, 7], but also on the infinite time interval
[T, +00) (see Thm. 3.2 in [3]). However, in some special cases, such as N x N cascade systems, 2 X 2 systems,
diagonalizable systems (i.e., the coupling matrix A is diagonalizable) in one-space-dimensional case, and in
higher dimensional case on spherical domain and annular domain on the finite time interval [0, 7], Kalman’s
rank condition (1.8) is always sufficient to the D-observability of the adjoint system (1.4), provided that the
observation time T is large enough (see [3, 8, 9]). However, for the general case, it is not clear whether the
system (1.4) is D-observable.

Recently, some scholars are interested in the observability for the wave equation on triangle domain. Chris-
tianson and Stafford considered the boundary observability for a single wave equation with Dirichlet boundary
condition on any given triangle domain and obtained the observability for any one side of the triangle with initial
data in (H{(2) N H3(Q)) x (H{(Q) N H2(Q)) (see [1]). Lai considered the internal observability on special right
angle triangle domain. He established the relation between the internal observability of the wave equation in a
domain 2 and the internal observability in the tiled domain by Q. Taking a right angle triangle domain 7 with
vertices (0,0), (0, 1), (%, 0) as an example, Lai transformed the internal observability for the wave equation on

the right angle triangle domain 7 into that on the rectangular domain R = (0,v/3) x (0, 1)(see [2]). Inspired by
Lai, we will establish the relationship between the D-observability of system (1.4) on the rectangular domain
R and the right angle triangle domain 7. Thus, the results of D-observability on the rectangular domain can
be transferred to that on the unstudied right angle triangle domain.

We consider the D-observability of system (1.4), in which €2 is a right angle triangle domain with vertices
(0,0), (a,0), (0,b) denoted by T hereinafter and the coupling matrix A” satisfying.

(H1) A is a diagonalizable matrix with s eigenvalues

M <8 <y <-ee <D, (1.9)

where A} is the smallest eigenvalue of —A in €.

(H2) There exists a positive constant C such that ||A — CI|| is small enough, or the elements of A are rational
numbers and a, b are both algebraic numbers.

If the eigenfunction of the —A is known, the solution of system (1.4) can be obtained by separating variables
(see [3]) and then it is easy to determine whether the system (1.4) is D-observable. However, it is so complicated
to compute the eigenfunctions of the —A on 7 that this method is not suitable to apply directly. Lai gave the
definition of tiling and obtained the eigenfunctions of —A on the right angle triangle domain 7 with vertices
(0,0),(0,1), (%, 0) through that on the rectangular domain (see [2, 6, 7]). For i = 1,2, we will establish the
relation between the D-observability of system (1.4) on [0,7] x I'; and the D-observability of system (2.1)
on [0,T] x I; ;, where j = 1,2, I'1 = (0,a) x {0},I's = {0} x (0,b) are the legs of T, respectively and I'1; =
(0,a) x {0}, T19 = (0,a) x {b}, Ta1 = {0} x (0,b) T2 = {a} x (0,b) are the sides of rectangular domain
R = (0,a) x (0,b) (see Fig. 1). Then we will transform the D-observability of system (1.4) on the right angle
triangle domain 7 into the D-observability of system (2.1) on the rectangular domain R. However, for the
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F1GURE 1. The boundary of the right angle triangle domain 7 and the rectangular domain R.

hypotenuse I's = {(z1,22)|z2 = 2(a — 21),0 < 21 < a} of T, the observation on I'y cannot reflect on the

boundary of R in general. Therefore, we cannot obtain the D-observability of system (1.4) on T in general, except
the special right angle triangle domain 7~ with vertices (0,0), (0,1), (1,0) and with vertices (0, 0), (1,0), (0, /3).

We point out that for the right angle triangle domain 7 and the rectangular domain R in consideration,
the tiling chosen can be different, which not only affects choosing the observation boundary of the right angle
triangle domain 7, but also the estimation of the observation time 7', even for the same observation boundary
of T.

Comparing with the results of Christianson and Stafford in [1], for the adjoint system (1.4) with coupling
matrix A7 satisfying (H1)—(H2), we reduce the regularity of initial data and the number of observations on
boundary. The initial data is only required in the space (H(7))Y x (L2(7))" and the observable matrix D
is only required to satisfy the Kalman’s rank condition (1.8). However, due to the limitation of the existing
results, it is impossible to obtain the relevant results to the D-observability of the system (1.4) on other triangular
domains by tiling.

In this paper, we consider the D-observability of system (1.4) on the right angle triangle domain 7. To
transform the D-observability on T into the D-observability on the rectangular domain R, we first give the
D-observability of system (2.1) in Section 2. Noting the fact that the right angle triangle domain 7 tiles the
rectangular domain R in different way, we give the definition and corresponding properties of tiling and then
establish the relation between the D-observability of system (1.4) on domain © and © where Q tiles  in
Sections 3 and 4. Applying this result, we show that for ¢ = 1,2, the Kalman’s rank condition (1.8) is sufficient
for the D-observability of system (1.4) with Q =7 on [0,T] x T; in the space (H}(7))™ x (L2(7))¥, provided
that T is large enough in Section 5. In Section 6, we further show that the Kalman’s rank condition is sufficient
for the D-observability of system (1.4) on [0, 7] x T in the space (H}(Q2))V x (L2(2))¥, provided that T is large
enough, where (Q is a sector domain and I' is the circular side of €.

2. D-OBSERVABILITY ON THE RECTANGULAR DOMAIN
Let R = (0,a) x (0,b). Consider the following adjoint system:

O —A® + AT® =0 in (0,4+0) x R, (2.1)
P = on (0,400) x IR '
with the initial condition
t=0: ®=0y, ® =d; inR, (2.2)

where (B¢, ®1) € (H(R))N x (L2(R))V.
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The following equivalent condition of Kalman’s rank condition is useful to obtain the D-observability of
system (2.1) (see [3, 4]).

Lemma 2.1. Let k > 0 be an integer, A be a matriz of order N and D be a full column-rank matriz of order
N x M (M < N). The Kalman’s rank condition

rank (D, AD,--- ,AN"'D) =N —k

holds if and only if the largest dimension of invariant subspace of AT, contained in ker (D), is equal to k.

Recalling that R is a rectangular domain, the eigenfunctions of —A in H§(R), corresponding to the eigenvalue

< m?  n?
X 1= (ag + b2>7 (2.3)
is given by
_ ab . mmzy, .  nmwxs
= . .4
Em.n(T1,22) — sin( ) sin( A ), meN, neN (2.4)

The outward normal derivative of &, ,,(x1, z2) on the boundary 9 is given by

mmxy

—— sin( ) on Ty 1,
mm a
(—1)"—a sin(mmcl) on Iy,
_ mmT
auem,n(‘rly 56'2) = b . NTTy — (25)
—— sin( ) onI'y g,
nn b NTTo —
—1)™—si I'y5.
(-1 — sin( 5 ) onI'y

Similar to the proof of Theorems 1.2 and 1.3 in [5], we have
Lemma 2.2. Let R = (0,a) x (0,b) be the rectangular domain and €, »(v1,z2) be the eigenfunction of —A
corresponding to %, . Assume that A satisfies (H1)—(H2). Then

5‘?n,n + 5’6 = X%L’,n’ + 517 (m7 n, k) 7& (mla nla l)

implies m #m’ andn #n'.

Remark 2.3. In the case =R = (0,a) x (0,b), the condition (H1) means the s eigenvalues of A satisfying
“M <6 <y <<y, (2.6)

where Af | is given by (2.3).
The following examples show the necessity of condition (H2).

Example 2.4. Take the coupling matrix A = diag(0, 372) in system (2.1), a = b = 1 and the observable matrix
D= (1,-1)T. Let
b= ei\/4-§-’r7,27-r1362’n(xl7 x2) (2 7)
el\/4+n2m‘,él7n (xl7 1‘2)
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It is easy to check that ® is a solution of system (2.1), and the observation of ® on [0, +0c) x 'y 1 is given by

ei\/4+n2ﬂ't 862,"(‘Tl7 {172)

DT8,8], _g = DT - O0n
Oy ®la=0 oivaTaznt 9e1n (21, 22)
8x1 (2 8)
_ [ eV sinnmay
J ,nilﬂei\/mm sin nway
=0.

Therefore, for any given T' > 0, system (2.1) is not D-observable on [0,T] x 'y 1 in the space (H(l)(ﬁ))N X
(L2(R)N

Example 2.5. Take the coupling matrix A = diag(0,3) in system (2.1), a = 7, b = 1 and the observable
matrix D = (1,—1)T. Then ® given by (2.7) is also the solution of system (2.1). By (2.8), system (2.1) is not
D-observable on [0, T] x T3 in the space (H§(R))YN x (L2(R))N

Remark 2.6. (i) Example 2.4 shows that the condition “||A — CI|| is small enough” and “the elements of A
are rational numbers” in (H2) is necessary for the D-observability of system (2.1).

(ii) Example 2.5 shows that the condition “a,b are both algebraic numbers” in (H2) is necessary for the
D-observability of system (2.1).

Lemma 2.7. [3, /] Let Z* denote the set of all non-zero integers and {ﬂ,(ll)}nez*;lggs be a strictly increasing
real sequence:

<BN < B << <« gV < g < < B < B <
Assume that there exist positive constants ¢, T and 7y such that
BT(LZJ)H - ﬂr(f) > sy
and

< 50— 50 <

ITLIT B

for all n € Z* and |n| large enough. Then the following condition

Z zs:agf)eiﬁg)t =0 onl0,T]

nezZ* =1
with
S
2 >l ff < oo,
nez* =1
implies

a) =0, nezZ1<i<s,

n
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provided that T > 2w DT, where DT is the upper density of the sequence {555)}nez*;1glgs, defined by

. N(R)
DT =limsu ,
R—>+o£) 2R

where N(R) denotes the number of {BT(LZ)}nGZ*;lglgs contained in the interval [—R, R)].

Theorem 2.8. Let R = (0,a) x (0,b) be a rectangular domain and A satisfying (H1)—(H2).

(i)For j = 1,2, Kalman’s rank condition (1.8) is sufficient to the D-observability of system (2.1) on [0,T] x
[y in the space (HY(R))N x (L%(R))N, provided that T > 2bs.

(it)For j = 1,2, Kalman’s rank condition (1.8) is sufficient to the D-observability of system (2.1) on [0,T] x
Ty ; in the space (H§(R))N x (L2(R))N, provided that T > 2as.

Proof. Let wl(”)(l < 1 < 1) be the eigenvectors of AT, corresponding to the eigenvalue d;, i.e.
ATwl(“):(?lwl(“), 1<i<s, 1< <y
with
ool = 1

and
Z = N.
=1

(i) Choose Ty ; as the observable boundary. Define
g _  /y2 =
o =4/ A2, + 0, =12 ,8, meN, neN,
F(s—1+1) =) (2.9)
B =—lBmmn, [=1,2,---,5, meN, neN

m,—n

and

E(M) 7 (21,22) = "

<1em,n(x17 x2)wl(l‘«)
é?n,n(xh xQ)Wl

iB's'lL)’" >7 mEZanGZ*31§l§571SUSMZ7

where &, _n(21,%2) = € n(21,22) for any given n € N. Thanks to (2.6), {Bﬁ)n} is a real sequence. Since
the eigenfunctions given by {€,.n}mennen are orthogonal in (L2(R))N as well as in (H§(R))Y, the linear

hull SPaH{ET(ri)n,l}lglgs;lgugm with finite dimension N are mutually orthogonal for all m € N;n € N. On the
other hand, {Eﬁ,g,)n,z}mezmez*, 1<i<s, 1<p<u is complete in (HY(R))N x (L2(R))Y, so it forms a Hilbert basis
of (Hy(R)N x LAR)YN.

For any given initial data (®g, ®;) € (HA(R))YN x (L2(R))Y, it can be decomposed by

(I) 122
()= T ¥ e,

meZnelZ* 1<I<s p=1
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with
T Y Yl < e
meZneZ* 1<I<s p=1
Then the corresponding solution of problem (2.1)—(2.2) is given by
s M (#) y =)
=2 223 e, m)d S n (0.7) xR
mezZnez 1=1 u=1 Pm;n
By the observation (1.6) and (2.5), we have
i (1)

B s amm’l a . mmnxy T (M) iBsz)nt _
=30 > >y o sin( ) DTt on Ty, (2.10)

meNnez* i=1 p=1 1Pm;n

mmvl

Similar to the proof in [8], by Lemma 2.2 and the orthogonality of {sin(
have

) }men, for any given m € N, we

s (M)

Z ZZ mnl 1ﬁm)”fDT (H) =0 on [07T] (2.11)

nezx 1=1 u— 115

For any given m € N, the sequence {By(,i),n}nez*;lglgs satisfies all the requirements of Lemma 2.7 by Lemma, 2.2

b
bl,Tm =1 and D} = 2% in Lemma 2.7. Applying Lemma 2.7 to each line of (2.11), by
S

Lemma 2.1, (1.8) and the linear independence of {W(l7“)}13u3u17 we get

and taking v, =

al) =0, meNneZ 1<1<s1<pu<m,
and then ® = 0, provided T' > 2bs. Namely, system (2.1) is D-observable on [0, 7] x Ty ; in the space (H}(R))™ x
(L%(R))™, provided that T' > 2bs.

Choosing T'; 5 as the observable boundary, by the observation (1.6) and (2.5), we have

s (1) n
0= 3 3 303 Gt (U G T 0 500 (212
- 20 mn a 1 1,2- .

meNnezZ* i=1 p=1 1Pm,n

The rest of proof is the same as in the case of T'y ;. Namely, system (2.1) is D-observable on [0,7] x 'y » in the
space (H§(R))N x (L*(R))", provided that T' > 2bs.
(ii) Choose I‘g 1 or I's o as the observable boundary. Define

{*%)n:\/m, l:172’---757m€N,n€N, (213)

ﬁ(q 1+1) ~7(7ll),n’ 1=1,2,---,5, meN, neN.

For any given n € N, the sequence { Br(rlL),n}meZ*;lglgs satisfies all the requirements of Lemma 2.7 using Lemma 2.2

and taking vy, = 1, 7, = 1 and D} = %% i1 Lemma 2.7. Similar to the proof of (i), for given j = 1,2, system
as m
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(a) (b) (c)

FIGURE 2. Some examples of tilings.

(2.1) is D-observable on [0,T] x Iy ; in the space (H§(R))N x (L%(R))", provided that T' > 2as. The proof is
complete. O

3. TILED DOMAIN AND RELATED PROPERTIES

Based on the definition of tiled domain given by Lai (see [2]), we give

Definition 3.1. Let Q and  be two open bounded subsets of R?. The domain € tiles £~2, if there exists a set of
rigid transformations (composite transformation of translations, flips and rotations) {K,}¥_, in R? such that

ok
Q = U Kh(ﬁ)a (31)

and

Ky(Q)NK;(Q)=0, VYh,j=1,---k, h#j, (3.2)
where Q denotes the closure of €.
Remark 3.2. We point out that every rigid transformation K} is invertible. In particular, since transla-

tions, flips and rotations are orthogonal transformation, the rigid transformation K} is also an orthogonal
transformation. Then the Jacobi matrix of K} given by

O(Kn(z))r .. OEw(x))
611 8Zd
In = (J)axa = : : : (3.3)
O(Kn(x))a ... OFEn(x))a
aml axd

is an orthogonal matrix.

We next give the prolongation of function ¢ : £ — R and the folding of qg : Q — C with spatial variables
under the tiling (Q, {K}F_,).

Definition 3.3. Let (Q,{K,}}_,) be a tiling of Q and o = (o1, -, 00) € {~1,1}* with o 4 |Jn|(h =
1,---, k). The prolongation P,¢ : Q@ — C of a function ¢ : Q@ — C with coefficient ¢ given by

Pop(Knz) = ong(z), VYh=1,--- k Vre.
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The folding ]—"Qgg : 1 = C of a function 5 : Q0 — C with coefficient o given by

??‘\»—t

k
Z o(Kpz), Yh=1,--- k, Yz €. (3.4)

Remark 3.4. (i) The definition of F, in this paper and that [2] are equal up to a multiplicative constant. We
only change the constant coefficient of (3.4) to make calculations more concise.
(ii) For any given function ¢ : 2 — C, it is easy to check that

1

k
Fol — Z onPod(Kpz) =

k
= Z:: (z), Yz € Q. (3.5)

??'M—‘

Remark 3.5. The map P, is not a surjective from (H(l)( N to (H(l)(ﬁ))N in general. For instance, choosing
the tiling {Kp}2_, in Figure 1 and let U(z1,22) € (H(l) Q)N satisfying U (1, 5(a—=y)) # 0, it is impossible to
find U(z1,22) € (H§(Q))Y such that P,U(z1,22) = U(x1, 22).

Denote {egbj)(x)}neN,lSjgjn the series of the unit eigenfunctions of —A, satisfying

{—Aegj)(:ﬂ) = )\?Legj)(m) in Q, (3.6)

egzj)(ff) =0 on 012,
where the eigenvalue \,, with multiplicity j, satisfies
D<A < A <o <A < vve

Let (€, {Kp}¥_,) be a tiling of Q. We introduce the properties of the prolongation Pgeglj)(:r) of eglj)(x) with
coefficient o.

Theorem 3.6. Let (€, {Kh}h 1) be a tiling of Q. Then {P, e(J)( z) bneni<j<j, C HE(Q), being the eigenfunc-
tions of —A in the space H{(Q), forms a complete basis of P,L?(12).
In particular, for any given n € N and any given 1 < j < j,, if an) is the expansion coefficient of ¢ € L2(Q)

(J)

corresponding to the eigenfunction ey’, then it is also the expansion coefficient of P,¢ corresponding to the

etgenfunction 739651 )(x)

Proof. We first show that {Pge%)(x)}neN,lngjn C HA(Q) are the elgenfunctlons of —A in the space HE(€).

Recalling that ) satisfies (3.6), we immediately have P 651)( ) e Hl( ). Since

d
i=1
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we have
d
AK;L(;c) = VK!L(JC) : th(l Z (Z J(h)an'Ll’z + 2 Z J(h) J(h)a:[' $J)
=1 276]
d d
= ZJZ(Z Owiw; + 22 S I I owia;
P o (3.7)
= Z(‘]’l Jn)iiOvix; + 22 JET) )ij Oz
i=1 i£]
d
= Z@xm = AE
i=1
Therefore,

Ak, (@) Poed) (Kn(2)) = Aponed) (x) = =Ahoned) (x) = = A2 Poel) (Ki(2)), €,
which implies

A'P e(J)( ) = (J)( ) in 57
Pgen (x)=0 on 9.

We next show that {Pgeg)(a:)}nemlgjgjn is complete in the space P,L%(9).
For any given @ € P,L?(€), there exists a unique u(x) € L?(2) such that @ = P,u(x). Therefore, we have

k
[Pgu(x)Pgeg)(x) dx = Z/ Pou(x)Pyeld) (z) dx
Q W1 En(Q)
—Z/Qh“ Jes?) ()] on| dz (38)
h=1
:k/ u(z)e) (z) de.
Q

Then {Pgeg)(a:)}nemlgjsjn C H} () is a complete basis of P,L2(€2). Noting that
[ Pac @) de =k [ 1 @) do = k. (3:9)
Q Q

()

if a;;’ is the expansion coefficient of u(z) € L2(£2) corresponding to the eigenfunction e(J)( ), i.e.

/ u(z)ed (z) dz = al), (3.10)
Q
then by (3.8), (3.9) and (3.10), we have

ﬁpgu(z)Pgeg)(z) dz = kal)) = a(J)/ |P,e)(z)|? da.
Q
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Namely, aﬁf ) is the expansion coefficient of P,u(z) corresponding to the eigenfunction Pgeglj )(x) The proof is
complete. 0

Remark 3.7. Noting (3.7), the Laplace operator A is invariant under the rigid transformation K}, which is
the main reason why the D-observability of system (1.4) on €2 can be transformed into the D-observability of

system (1.4) on the tiled domain Q through the tiled method.

Next we respectively give the prolongation and folding of ® : (R+ X Q)N —~CN and O : (R+ X Q)N —CN
with time variables, respectively. The prolongation of ® : (R+ X Q)N — CN is given by

P,®(t, Kpx) = op®(t,z), Vh=1,---,k, Vt€ RT, Vo €
while, the folding of & : (R* x )" — C¥ is given by

k
1
EZ ®(t,Kpx), VYh=1,--- k VteR', vz e

Denote
Po(L2(Q)™ = {PU|U € (L*(Q))"}
and
Po(Ho()™ = {P,UIU € (Hp()™}.

We will show that P,(L2(2))N (L2(Q)) and P,(Hy(Q)N C (HL(Q)N
In fact, for the functlon U e (H (Q))", by the definition of P,U, we have P,U|,g = 0. Moreover, by the
definition of tiling, we have

/|P Uz |2dx—Z/ |P,U(x |2dx—2/ lonU (2)|? dz = k|| U (x )||L2(Q
and
/\VPU |2dx—2/ VP, () de
:Z/QWK,I(I)QhU(x)\de
/QZ‘ZJIC?)C%LU ‘ dz (311)

k=1 i=1

;
-3 [ S (et

+ Z (zd: g J(h)> ( U(2)05,U(x) + 8in(x)8ij(m)T) da.

i#£j k=1
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Recalling that the Jp, is a orthogonal matrix, we have
d
h) 7(h
STIP Y = ()i = 63,

k=1

where §;; is the Kronecker symbol. Then (3.11) becomes

k d
/|VPQU(x)|2dx: Z/ Zfain(x)fdm:k/ VU (2)[2 da,
Q h=1"% i=1 Q
which implies that
PU(x) € (HY(Q)N, [|PU(x )H(Lz ~ = kU @)][712 ()~
and
||P9U($)||?H(1J(§))N = k”U(‘r)H?H}J(Q))N?

namely, we have P,(L2())N C (L2(Q))N and P,(H5(Q))N C (HL(Q)N.

Remark 3.8. Lai gave the definition of “admissible tiling” in [2] to make sure that F,¢ € H}(Q2) for all

NS Hl( ). Since P,(H}(2)) C H(l)(Q) naturally, we consider the prolongation prolongation P e(])( ) of e(])( )
in this paper to avoid discussing “admissible tiling”.

4. D-OBSERVABILITY ON TILED DOMAINS

Consider the prolongation system

" —AD+ATS =0 in (0,+00) x Q, (4.1)
=0 on (0, 400) x 9 )
with the initial condition:
t=0: O(t,z) = P,dy, ®'(t,z) =P,d; in €, (4.2)

where the initial data (P,®g, P,®;) belongs to the space P,(Hb(€2))N x P,(L2(Q))N C (HL(Q)N x (L2(Q))N.
Let (®g, ®1) € (HF(Q)N x (L%(Q2))N. We first give the relation between the solutions of problem (1.4)—(1.5)
and the prolongation problem (4.1)—(4.2).

Theorem 4.1. Let (2, {K}5_,) be a tiling of Q. Assume that A satisfies (H1) and ®(t, ) is the solution of
problem (1.4)—(1. d), then P,®(t, x) is the solution of the prolongation problem (4.1)- (4 2).

Conversely, if ® is the solution of the prolongation problem (4.1)-(4.2), then F, ® is the solution of the
original problem (1.4)—(1.5). Moreover, for any given h =1,--- |k, we have

]-"g&)(t, z) = on®(t, Kpz), VxeQ. (4.3)
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Proof. Denote &; > —\? be the eigenvalue of AT, satisfying
ATwl(#) - 5lwl(“), 1<i<s, 1<p<m,

where the multiplicity pu; of eigenvalue §; satisfies

SN
=1
Define

{Bn,l:\/)\%—i_éla l:1727"'785n€Na (44)

ﬂ—n,s—l-‘rl = _/Bn,la l = 17 27 e, 8, nE Na
where A2 > 0 is given by (3.6). Thanks to condition (H1), {f,,} is a real sequence. Then we have

(~A+ AT ed) () = B 1y e ().

Take
le? (@) lr2@y =1 and  [lwf" gy = 1. (4.5)
Define
) 1 e;)( o] (w)
B (@) = B R R A
&

where e () = eg)(a:) for any given n € N and any given 1 < j < j,,. Then by [4], {Er(zj;’lu)}n7l,j7u forms a Hilbert
basis in (H§(2))N x (L2(Q))N
For any given

()~ ¥ S5 twrs

neZ* 1<I<s j=1 p=1
with
R N Jn W ( )
1ollfisa @y + 121l = D D DD lai” < +oo.
neZ* 1<I<s j=1 p=1

The corresponding solution of problem (1.4)—(1.5) is given by

n Ml (J )

o= XS:ZZ "l} WP el ()Pt in (0,T) x Q.

nezZ* 1=1 j=1 p=1
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By Theorem 3.6, the expansion coefficients of (’PQ(/IBO, P9<f> ) are given by {a,;; Uop )} then the solution of problem
(4.1)-(4.2) is given by

s Jn M (J»

ZZZZ o z(“)Pgeif’(sc)eiﬂW in (0,7) x .

neZ* =1 j=1 p=1
Conversely, assume that

In ML "’(]nu')

Z ZZZ lﬁnz Poed) (@)efrit in (0,T) x Q

n€eZ* =1 j=1 p=1
is the solution of problem (4.1)-(4.2). Let agi’l“) = dgi’l“). Then

®(t,x) == F,0(t,x)

s Jn MW —(LN)

ZDIDIIP I XU

nezZ* =1 j=1 p=1

s Jn M (JN

Z ZZZ an (u)eglj)(x)eiﬂmlt in (0,7) x Q

nez* =1 j= l,ul n,!

is the solution of problem (1.4)—(1.5). Finally, noting that |on| = 1, for any given h = 1,--- | k, we have

s Jn i 50H)
fﬂm—ZZZiwl”Www
neZ* =1 j=1 p=1
s Jn G0 . _
S )9 9 ok CRINEDWIE
neZ* =1 j=1 p=1
s Jn 5000 . _
= DD g e )

n€eZ* =1 j=1 p=1
:gh&)(t,Khﬂf) x € .

Then we get (4.3). The proof is complete. O

The aim of this section is to establish the relation between the D-observability of system (1.4) and system
(4.1). By Theorem 4.1, ® is the solution of problem (1.4)—(1.5) if and only if P,® is the solution of the
prolongation problem (4.1)—(4.2). In particular, ® = 0 if and only if P,® = 0.

Let (€, {K;}F_,) be a tiling of Q. We next show that the D-observability of system (1.4) on [0,T] x I in
the space (H}(Q))Y x (L2(Q)V is equivalent to the D-observability of system (4.1) on [0,T] x T in the space
Po(HS(2))N x P,(L2(2))V, where ' C 9Q and T defined by

k
= J K, ') non. (4.6)

h=1
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Remark 4.2. Noting that P,(HE(Q))N C (H5(€)N and P,(L2(2))N C (L2(€2))", then the D-observability
of system (4.1) on [0, T] x T in the space (HO Q)N x ( 2(0))N implies the D-observability of system (4.1) on
[0, 7] x T in the space P,(HE(Q))N x P,(L2(Q))N.

Theorem 4.3. Let (Q,{Kn}F_,) be a tiling of Q. Assume that T C 8Q and T is given by (4.6). Then the
system (1.4) is D-observable on [0,T] x I in the space (HFO)N x (L2(Q)YN if and only if the system (4.1) is
D-observable on [0,T] x T in the space P,(H§(Q))N x P,(L2(Q2))N.

Proof. Assume that @ is the solution of problem (1.4)—(1.5), then the prolongation P,® of ® is the solution of
problem (4.1)-(4.2). Since Q tiles Q, defining T, := K, '(T') N 9%, we have

(Th).

=
Il
!
T
o
B
o,
=
Il
>
1=
=
>

Denote 9,,, 07 and 05, the outward normal derivative on I'p, [ and K (Ty), respectively. By |on| = 1 and
Remark 3.2, we have

/ /|DT8~73 (t,x |2dth<Z/ / | DT85, P,®(t, x)|> I’ dt
Kn(Th)

k
:Z/ / |DT5Kh(uh)7’g<I’(t,Khx)|2dth
Th

k
1
§ / / DTaKh(Vh);PQ‘I)(taKhx)F dr'd¢ (47)
I'n h

k

:Z/ / |DTd,, ®(t,z)|>dl dt
T'pn

gk/ /\DTa,,@(t,x)Fdet
0 r

and
/ /\DTE) D(t, x |2dth<Z/ / |DT8,, ®(t,z)>dl dt
h=1 Tn
T 1
:Z / / DT O, (1) — Pt Kpa)| dT dt
Tn o (4.8)
_Z / / D705, P, (t, z)|? AL’ dt
h=1 Kh(rh)
<k / / |DT9;P,®(t, x)|? dT dt.
o JT
Therefore,

DT9, =0 on[0,T] xT (4.9)
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if and only if
DToyP,®=0 on[0,T] x . (4.10)
Finally, by Theorem 3.6, we have
IPePollfyys @y = FlIPollGryayyy  and  [Pe@1llF gy n = klIPallfagay -

Then P, is a bijection from (H§(2))N x (L2(Q2))N to P,(HL(2))N x P,(L2(R2))". Hence, the partial Neumann
observation (1.6) of system (1.4) in the space (H}(2))" x (L2(2))V is equivalent to the partial Neumann
observation of the prolongation system (4.1) in the space P,(H§(Q))N x P,(L2(Q))V:

DTo;®=0 on[0,T] xT. (4.11)

It follows that the D-observability of system (1.4) on [0, 7] x T in the space (H3(2))" x (L2(Q2))" is equivalent
to the D-observability of system (4.1) on [0,7] x ' in the space P,(H§(Q))Y x P,(L3(Q))Y. The proof is
complete. 0

Remark 4.4. We point out that Theorem 4.3 and Theorem 4.6 below are valid for arbitrary coupling matrix
A.

The following example shows that the D-observability of system (1.4) on [0,7] x I in the space (H{(£2))V x

(L2(Q))Y does not imply the D-observability of the prolongation system (4.1) on [0,7] x I' in the space
(H ()™ = (L2 ()™,

Example 4.5. Taking Q = (0,7) x (0,7) and © = (0,7) x (0,27), (£, {Kp}3_,) tiles Q(see Fig. 3), where the
transformation K, from Q to K5 (Q2) is defined by

Ky :=1id; Ky: (z1,22) = (21,27 — 22).
Let m,n € N. The eigenfunction of —A on the domain {2 is given by
€m,n = sin(mz1) sin(nzs),

corresponding to the eigenvalue A, , = vm? + n?; while the eigenfunction of —A on the domain Q is given by

€m,n = sin(mzq) sin(%)7

corresponding to the eigenvalue S\mm = /m2+ 2

e
Noting that Ay, , = S\m)gn and

sin(ma1 ) sin(nxs), (x1,22) € (0,7) x (0,7),

Pgem,n(l‘ly 1‘2) = {

sin(ma1) sin(n(2m — x2)), (21,22) € (0,7) X (,27),

=sin(ma;) sin(nzs), (x1,22) € (0,7) x (0,27),

we have Pyey, n, = €m 2n.
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21
2
K>(Q)
™
Q
O 71' 3>31

FIGURE 3. The rectangular domain €2 tiles the rectangular domain Q.

Take the coupling matrix A = diag(%, 2) in system (1.4) and the prolongation system (4.1), the observation
boundary I' = T' = (0, 7) x {0} and the observable matrix D = (1,—1)7. Let

i
o — ez '€y a(w1, 22)
- Y134~ )
2e' 2 61’1(‘%1,.@2)
It is easy to check that ® is a solution of the prolongation system (4.1), and the observation of ® on [0, +00) x

(0,7) x {0} is given by

im0t

Ty T O [22=0
D Plp—0 =D L
v |x2_0 i@tael,1|
—z€ 2 =0
6$2 vz
(VT5,
_ —el™2 tsinzy
=(1,-1) VI3,
—el"z tsinz

= 0.

Therefore, for any given T > 0, the prolongation system (4.1) is not D-observable on [0, 7] x [ in the space
(HR(E)N x (L))"

We next show that system (1.4) is D-observable on [0,7] x T in the space (H$(Q))" x (L2(Q))Y, provided
that T > 4.

Define

= /2, 46, 1=1,2, meN, neN,
B = B0, 1=12 meN, neN,

5
where §; = T 0o = 2. It is easy to check that

for any given m € N.
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Similar to the proof of Theorem 4.1, for any given initial data (®(0),®'(0)) € (H§(Q))? x (L2(2))?, there
exist {am 1} € L? such that

(@)
——emn(T)w
(H0) =5 5 S e [ )
meNnezZ* I=1 em,n(T)w)

5
where w1 = (1,0)T and wy = (0,1)7 are the eigenvectors of A corresponding to the eigenvalues &; = 1 and

d2 = 2, respectively. Then the solution of prolongation system (4.1) is given by

DIDY Za"iz?lemn Pt

meNnezs =1 Bmin

Consider the observation of ® on [0,7] x (0,7) x {0}

0= 3 3 3 Mt i) D on 0.7),

(l)
meNneZ* [=1 16

By the orthogonality of functions {sin(mz1)}men in the space L2(0, ), we have

2
3 "a’g)”l B0t DT =0 on [0,7]. (4.12)
nezs =1 Bm,

1
For any given m € N, taking the positive constants ~,, = §,Tn =1 and D} = 2 respectively, the sequence

{Bgn}nez*;lggg satisfies all the requirements of Lemma 2.7. Appling Lemma 2.7 to each line of (4.12), we
have

amny =0, meNneZ*, =12,

provided that T > 4. Thus, system (1.4) is D-observable on [0,7] x I in the space (H§(Q)) x (L2(Q))N.
By Remark 4.2 and Theorem 4.3, we immediately have

Theorem 4.6. Let (Q,{K,}F_,) be a tiling of Q. Assume that T C 9Q and T is defined by (4.6). If the
prolongation system (4.1) is D-observable on [0,T] x T in the space (H§(Q))N x (L2(2))YN, then system (1.4) is
D-observable on [0,T] x T in the space (HY(Q))N x (L2(Q))N

5. D-OBSERVABILITY ON THE RIGHT ANGLE TRIANGLE DOMAIN

Let T be a right angle triangle domain with vertices (0,0), (a,0), (0,b). Consider the adjoint system (1.4)
with the initial condition (1.5), where Q = 7 and the initial data (g, ®1) € (HL(T))N x (L2(T))N

DenoteI'y = (0,a) x {0} and T's = {0} x (0, b) be the two legs of the right angle triangle domain 7T, respectively
and I's = {(z1,22)|z2 = 2(a — 21),0 < 21 < a} be the hypotenuse of T.

For i = 1,2, we first consider the D-observability of system (1.4) on [0,7] x T';.

The right angle triangle domain 7T tiles the rectangular domain R (see Fig. 4).

By Theorem 1.6, Theorem 2.8 and Theorem 4.6, we have
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51721

Ko (T)

2V

(0] a 1

FIGURE 4. The right angle triangle domain 7 tiles the rectangular domain R.

2o
2o ok _
s SR
K2(:7j)// /// \\\ ,,”
. KQ(T)/: A\'\fam
T /,’/K4(7-) ,,"/ K\(T) \\\\
(0] 1 2 5%1 (0] , \/Q 9)51

F1GURE 5. The special right angle triangle domain 7 tiles the rectangular domain R.

Theorem 5.1. Let T be a right angle triangle domain with vertices (0,0), (a,0), (0,b). Assume that A satisfies
(H1)-(H2).

(i) Assume that T > 2bs, then system (1.4) is D-observable on [0, T) x T'y in the space (HS(T))N x (L2(T))N
if and only if the Kalman’s rank condition (1.8) holds.

(ii) Assume that T > 2as, then system (1.4) is D-observable on [0, T] x 'y in the space (H}(T))N x (L2(T))N
if and only if the Kalman’s rank condition (1.8) holds.

We next consider the D-observability of system (1.4) on [0,T] x I's.

In general, it is hard to transform the hypotenuse I's of 7 into the partial boundary of R through rigid
transformation. Therefore, we can not establish the D-observability of the adjoint system (1.4) on [0,7] x I's.
However, for special right angle triangle domain 7~ with vertices (0,0), (1,0), (0,4/3) or with vertices (0,0),
(1,0), (0,1), the adjoint system (1.4) is D-observable on [0,T] x I's.

Let 7 be a right angle triangle domain with vertices (0,0), (0,4/3), (1,0). Then the right angle triangle
domain 7T tiles R = (0,2) x (0,v/3) (see Fig. 5(a)). By Theorem 1.6, Theorem 2.8 and Theorem 4.6, we have
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Theorem 5.2. Let T be a right angle triangle domain with vertices (0,0), (0,4/3), (1,0). Assume that A
satisfies the condition (H1). Assume furthermore that there exists a positive constant C' such that || A — CI|| is
small enough, or the elements of A are rational numbers.

(i) Assume that T > 2v/3s, then for i = 1,3, system (1.4) is D-observable on [0,T] x T'; in the space
(HS(THN x (LE(T))N if and only if the Kalman’s rank condition (1.8) holds, where 'y = {(z1,x2)|z2 = 0,0 <
x1 <1} is aleg of T and Tz = {(w1,22)|z2 = V3 — V321,21 € [0,1]} is the hypotenuse of T.

(ii) Assume that T > 4s, then system (1.4) is D-observable on [0,T] x Ty in the space (H{(T))N x (L3(T))N
if and only if the Kalman’s rank condition (1.8) holds, where T'y = {(x1,x2)|z1 = 0,0 < x5 < \/3} is another
leg of T.

Remark 5.3. Assume that T' > 2s. Assume furthermore that 7 is a right angle triangle domain with vertices
(0,0), (0,4/3), (1,0). Under the assumptions of Theorem 5.1, in the tiling given by Figure 4, system (1.4) is
D-observable on [0, 7] x I'y in the space (H}(7))™ x (L?(T))" if and only if the Kalman’s rank condition (1.8),
where T's = {(z1,22)|r1 = 0,0 < 23 < 1} is a leg of T. Therefore, the bound of observation time 7' maybe
different in different tilings.

Let T be a right angle triangle domain with vertices (0, 0), (0,1), (1,0). Then the right angle triangle domain
T tiles R = (0,v/2) x (0,v/2) (see Fig. 5(b)). By Theorem 1.6, Theorem 2.8 and Theorem 4.6, we have

Theorem 5.4. Let T be a right angle triangle domain with vertices (0,0), (0,1), (1,0). Assume that A satisfies
the condition (H1). Assume furthermore that there exists a positive constant C such that ||A — CI|| is small
enough, or the elements of A are rational numbers. Assume that T > 2v/2s, then system (1.4) is D-observable
on [0,T] x T'z in the space (HY(T))N x (L2(T))N if and only if the Kalman’s rank condition (1.8) holds, where
s = {(z1,22)|z2 =1 — 21,21 € (0,1)} is the hypotenuse of T .

Remark 5.5. Assume that 7 is a right angle triangle domain with vertices (0, 0), (0,1), (1,0). Theorem 5.4 is
obtained in the tiling given by Figure 5(b). In particular, we can not get the D-observability of system (1.4) on
[0,T] x T's in the tiling given by Figure 4, while for ¢ = 1,2, we can not get the D-observability of system (1.4)
on [0,7] x T'; in the tiling given by Figure 5(b).

Remark 5.6. For the general right angle triangle domain 7, it is hard to transform the hypotenuse I's of
T into the partial boundary of R through rigid transformation. As a consequence, it is not clear whether the
system (1.4) is D-observable on [0,T] x I's for the general right angle triangle domain. Figure 5 just shows two
possibilities that the hypotenuse I's of T can transformed into the partial boundary of R.

Choosing different tilings, we will get different estimation of the observation time 7. Under the above
mentioned tilings, choosing the smallest bound of observation time T', we have.

Corollary 5.7. Under the assumptions of Theorem 5.2, we have

(i) Assume that T > 2v/3s, then for i = 1,3, system (1.4) is D-observable on [0,T] x I'; in the space
(HS(T)N x (LA(T))N if and only if the Kalman’s rank condition (1.8) holds, where 'y = {(z1,x2)|z2 = 0,0 <
w1 < 1} is a leg of T and T3 = { (1, z2)|r2 = V3 — V321,21 € [0,1]} is the hypotenuse of T .

(ii) Assume that T > 2s, then system (1.4) is D-observable on [0,T] x Ty in the space (H§(T))N x (L2(T))N
if and only if the Kalman’s rank condition (1.8) holds, where T = {(x1,2z2)]x1 = 0,0 < z2 < \/5} 1s another
leg of T.

Corollary 5.8. Under the assumptions of Theorem 5.4, we have

(i) Assume that T > 2s, then fori = 1,2, system (1.4) is D-observable on [0, T] x T'; in the space (Hy(T))N x
(L2(T))N if and only if the Kalman’s rank condition (1.8) holds, where T'1 = {(z1,22)|x2 = 0,0 < 21 < ?}
and Ty = {(z1,22)|x1 = 0,0 < 29 < %} are the legs of T .

(ii) Assume that T > 2v/2s, then system (1.4) is D-observable on [0,T] x T3 in the space (H{(T))N x
(L2(T)N if and only if the Kalman’s rank condition (1.8) holds, where T's = {(x1,z2)|re = 1 — 21,21 € [0,1]}
is the hypotenuse of T .
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FIGURE 6. The sector domain € tiles the circle domain .

Remark 5.9. The estimation of the observation time 7" in Corollary 5.7 and Corollary 5.8 is not optimal. We
may get a smaller observation time 7T if using another tiling.

Remark 5.10. For the general triangular domain or even other domains, this method does not make the study
of D-observability of system (1.4) any easier. In addition, due to the limitation of the existing results, it is hard
to obtain the relevant results to the D-observability of the system (1.4) by tiled method.

6. D-OBSERVABILITY ON THE SECTOR DOMAIN

2 ~
Let 2 be a sector domain with radius r and central angle —W, where 7 > 0 and n € N. Let Q = {z[|z| < r}.
n

Then © tiles Q (see Fig. 6). By the result in [8], we have

Lemma 6.1. Let Q = {x:|z| <r} be a bounded domain in RY, where r € R* and d > 2. Assume that A is a
diagonalizable matriz with s eigenvalues given by

M <8 <y <<, (6.1)

where \? is the smallest eigenvalue of —A on Q. Assume furthermore that || A|| is small enough. Then Kalman’s
rank condition (1.8) is sufficient to the D-observability of system (1.4) on [0,T] x 9Q in (HE(Q))N x (L2(Q))V,
provided that T > 2rs.

By Lemma 6.1, Theorem 1.6 and Theorem 4.6, we have

2
Theorem 6.2. Let Q) be a sector domain with radius v and central angle —ﬂ-, where r > 0 and n € N. Assume
n

that A is a diagonalizable matriz with s eigenvalues given by (6.1) and ||A|| is small enough. Then system (1.4)
is D-observable on [0,T] x T in the space (H(2))N x (L2(Q))N if and only if the Kalman’s rank condition (1.8)
holds, provided that T > 2rs, where I' = {(x1,22) € 00|23 + 23 = 12} is the circular side of (2.
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