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ON THE IDENTIFICATION AND OPTIMIZATION OF NONSMOOTH
SUPERPOSITION OPERATORS IN SEMILINEAR ELLIPTIC PDES

CONSTANTIN CHRISTOF® AND JULIA KOWALCZYK

Abstract. We study an infinite-dimensional optimization problem that aims to identify the Nemytskii
operator in the nonlinear part of a prototypical semilinear elliptic partial differential equation (PDE)
which minimizes the distance between the PDE-solution and a given desired state. In contrast to
previous works, we consider this identification problem in a low-regularity regime in which the function
inducing the Nemytskii operator is a-priori only known to be an element of H}, (R). This makes the
studied problem class a suitable point of departure for the rigorous analysis of training problems for
learning-informed PDEs in which an unknown superposition operator is approximated by means of
a neural network with nonsmooth activation functions (ReLU, leaky-ReLU, etc.). We establish that,
despite the low regularity of the controls, it is possible to derive a classical stationarity system for
local minimizers and to solve the considered problem by means of a gradient projection method. The
convergence of the resulting algorithm is proven in the function space setting. It is also shown that
the established first-order necessary optimality conditions imply that locally optimal superposition
operators share various characteristic properties with commonly used activation functions: They are
always sigmoidal, continuously differentiable away from the origin, and typically possess a distinct kink
at zero. The paper concludes with numerical experiments which confirm the theoretical findings.
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1. INTRODUCTION
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This paper is concerned with the analysis and numerical solution of optimization problems of the following

type:

Minimize 3y~ yol3a() + 11l 2@ + 2’ — uplFa)
wrt. ye HY(Q), g¢c H..(R),
st. —Ay+gy)=finQ, y=0o0ndQ,
and ¢ >0 a.c. in R,
and ¢(0) = 0.
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Here, Q@ C R%, d € {1,2,3}, is a bounded domain which is convex or possesses a C*'-boundary; yp € L?(Q2),
f e L?(Q)\ {0}, and up € L?(R) are given functions; g’ denotes the weak derivative of g; v; > 0 and v > 0 are
regularization parameters; A denotes the Laplace operator; and the objective function is to be understood as
an extended real-valued function on H'(Q2) x H} (R) with values in [0, 00]. For the precise assumptions on the
quantities in (1.1) and the definitions of the occurring spaces etc., we refer the reader to Sections 2.1 and 2.2.
Note that, by introducing the variable u := ¢, the problem (1.1) can also be formulated in the following, more
convenient form:

. 1 V2
Minimize §||y - yDIIQLQ(Q) + villullLr ) + 5”“ - UDH%%R)
wrt. ye HY(Q), ueL*R),
st. —Ay+gu(y)=finQ, y=0on0dQ, (1.2)
t
and  gy(t) :/ u(s)ds Vt e R,
0

and u© >0 a.e. in R.

The main results of this work — Theorems 4.5, 5.7, 6.17, 7.2, 7.5, 8.13 — establish improved regularity properties
for local solutions of (1.1) and (1.2), first-order necessary optimality conditions of Bouligand- and primal-dual
type, and convergence results for a gradient projection algorithm that makes it possible to solve (1.1) and (1.2)
in a function space setting. For a more detailed overview of our findings, see Section 1.2 below.

1.1. Motivation, background, and relation to prior work

Before we present in detail what we prove for the local minimizers of (1.1) and (1.2) in this paper, let us
briefly discuss why it is worthwhile to consider these problems: Our main motivation for the study of (1.1)
is that this minimization problem can be interpreted as the continuous version of a training problem for a
learning-informed partial differential equation (PDE) which aims to approximate an unknown nonlinearity in a
semilinear model by means of an artificial neural network. Such problems have received considerable attention
in recent years — see, e.g., [1-9] — and typically take the following form if an all-at-once approach with a single
right-hand side f is used for the network training and the same PDE as in (1.1) is studied:

Minimize J1(y) + J2(«)
wrt. ye€ HY(Q), aeD,
st. —Ay+¢Y(a,y)=FfinQ, y=0on0dQ,
and « € Dgq4.

(1.3)

Here, J; is a fidelity term that measures the distance between the PDE-solution y and some given data either in
the whole of 2 or in certain parts of it; ¢»: D X R — R is a neural network with parameter vector « and parameter
space D (defined, e.g., as in [10], Sect. 2); D,q is an appropriately chosen subset of D; and Jo: D — R is a
regularization term acting on «. See, for example, [3], Section 4, [7], Section 2, and [8], Section 3 for particular
instances of problems of the type (1.3). What our model problem (1.1) now represents is — for a prototypical PDE
and a special choice of the fidelity and regularization term that will be discussed in more detail in Section 2.3 —
the continuous optimization problem that is obtained when the Nemytskii operator g is not assumed to be given
in the form of a neural network but allowed to vary freely among all elements of H! (R) that are nondecreasing
and zero at the origin. (Note that the former of these conditions is required to ensure the unique solvability of
the state-equation; see Section 3 below.) In other words, (1.1) is the continuous optimization problem that is
present before a specific ansatz for the unknown nonlinearity g in the governing PDE — in the form of a neural
network of a certain architecture or a comparable approximation instrument with a finite number of parameters
— is decided on. This makes (1.1) an appropriate point of departure for the rigorous analysis and comparison of
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different approaches for the approximation of the unknown Nemytskii operator ¢ in the PDE —Ay + g(y) = f:
Tts solutions are precisely the limit objects that approximate solutions obtained from a discretization of (1.1) by
means of a neural network ansatz or a comparable approach should converge to when the number of degrees of
freedom in the used discretization scheme goes to infinity. In future work, we plan to use the results established
in this paper, for instance, for the derivation of a-priori error estimates for finite-element-based discretizations
of (1.1), for the comparison of finite-element- and neural-network-based approaches for the numerical solution
of (1.1), and for the development of hybrid methods which combine machine-learning components and more
classical instruments to achieve an accurate, fast, and reliable identification of unknown nonlinear terms in
partial differential equations.

We would like to emphasize at this point that the idea to study infinite-dimensional optimization problems
in which an optimization variable enters a governing partial differential equation or variational inequality via
superposition is not new. In the context of the heat equation, for example, this type of problem has already been
considered for the calculation of unknown heat transfer laws in [11-17] and in the context of damage evolution
in quasistatic elasticity in the recent [18]. For seminal works on the identification of Nemytskii operators in
partial and ordinary differential equations, see also [19, 20], which analyze penalty approximation schemes for
elliptic PDEs with convex analysis techniques, and [21], which is concerned with a classical boundary value
problem in one dimension. Moreover, the task of identifying nonlinear model components has, of course, also
been studied quite extensively in the field of inverse problems, e.g., in relation to stability issues and iterative
recovery algorithms; see [7, 22, 23] and the references therein.

What distinguishes our analysis from these earlier contributions is that, in our model problem (1.1) and its
reformulation (1.2), the function g = g, inducing the Nemytskii operator in the governing PDE is a-priori only
known to be in H} _(R) and, thus, merely Holder continuous with exponent 1/2. This nonsmoothness causes
the control-to-state mapping L3 (R) 3 u — y € H(2) to lack the property of directional differentiability and
significantly complicates the derivation of first-order optimality conditions that may serve as a starting point
for the development of numerical solution algorithms — in particular as in (1.1) one also has to deal with the
constraint w = ¢’ > 0 a.e. in R which has to be imposed to ensure the well-posedness of the state-equation.
At least to the best of our knowledge, the derivation of, for instance, primal-dual stationarity systems for
local minimizers in such a low-regularity regime has not been accomplished so far in the literature. Compare,
e.g., with [11, 12, 15, 16, 18, 23] in this context which all assume (at least) C'-regularity of the involved
superposition operators. In view of the applications in the field of learning-informed PDEs outlined at the
beginning of this section and the fact that various of the most popular activation functions in machine learning
are nonsmooth (ReLU, leaky-ReLU, etc.), the requirement of continuous differentiability is very unsatisfactory.
The only contributions we are aware of that contain results which go in a similar direction as our analysis are [21],
[13], and [3]: In the first of these papers, [21], the author is able to establish a variant of a necessary optimality
condition in terms of Clarke’s generalized directional derivative for the identification of a nonsmooth Nemytskii
operator in an ordinary differential equation that only requires Lipschitz continuity; see [21], Theorem 3. This
necessary condition, however, is not amenable to any form of adjoint calculus and thus only of limited use;
see the comments in [21], Section 3.3. It is moreover easy to check that the approach of [21] does not carry
over to the PDE-setting. Second, in [13], Theorem 2, a Fréchet differentiability result is stated for the function
that maps a merely Lipschitz continuous Nemytskii operator in a nonlinear heat transfer law to the solution
of the corresponding heat equation. This theorem requires rather restrictive assumptions as, for instance, that
the right-hand side of the heat equation is zero, that the considered Nemytskii operator only possesses a finite
number of jumps in its derivative, and that the boundary temperature of the solution of the heat equation is
strictly decreasing in time. Lastly, in [3], a necessary optimality condition for training problems of the type
(1.3) involving neural networks with nonsmooth activation functions has recently been derived by means of
a regularization approach and techniques of [24]; see [3], Theorem 6.5. It should be noted that, even for this
special case, where the Nemytskii operator in the governing PDE is known to have a certain structure (namely
that of a neural network), the derivation of stationarity systems is not straightforward as passages to the limit
in compositions of the type g/, (y,) are hard to handle unless convergences in very strong spaces are available for
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the sequences {g},} and {y,}; c¢f. [3], Remark 6.6. In the present work, we are able to circumvent these problems
by exploiting certain regularity properties of the solutions of (1.1) and Stampacchia’s lemma.

1.2. Summary of main results

The first main result of this work — Theorem 5.7 — is concerned with structural properties of local solutions
of (1.2). It establishes that, if up|[_, ] € G[-r,7] (resp., up|_r,,] € BV[—r,r]) holds for a representative of the
desired control up € L?(R) and a number r > 0 that is larger than a computable lower bound rp, then every
local minimizer @ € L?(R) of (1.2) possesses a representative which satisfies

@ = max (O,UD - Vl) a.e. in R\ (=r,7) and a|_,,) € G[-r,r] (vesp., u|_,,) € BV[-r,1]). (1.4)
V2

Here, G[—r,r] and BV[—r,r] denote the spaces of regulated functions and functions of bounded variation
on [—r,r|, respectively, and a vertical bar denotes a restriction. The properties in (1.4) are of fundamental
importance for the analysis of the problem (1.2) for two reasons: First of all, the fact that all local minimizers of
(1.2) are determined completely by up, v1, and v on R\ (—r,r) allows us to reformulate (1.2) as a minimization
problem in L?(—r, r); see Theorem 4.5. This makes it possible to apply standard discretization techniques to solve
(1.2) numerically; see Section 8. Second, the G[—r, r]-regularity in (1.4) implies that every local minimizer @ of
(1.2) admits a representative which has well-defined left and right limits on [—7,7]. As the function g; € H] .(R)
arises from % by integration, this entails that the map gz: R — R is directionally differentiable on [—r,r] and
that the control-to-state operator L2 (R) 2 u — y € H{ () of (1.2) possesses a directional derivative at all local
solutions % of (1.2); see Corollary 6.11. Although the control-to-state mapping u — y of (1.2) does not possess
a directional derivative everywhere, it thus does so at all points that are relevant for the derivation of first-order
necessary optimality conditions. By exploiting this effect, we are able to state a standard Bouligand stationarity
condition for (1.2). This condition can be found in our second main result — Theorem 7.2.

Due to its implicit nature, the concept of Bouligand stationarity is typically not very useful in practice. To
arrive at a more tangible stationarity system, in Sections 7 to 9, we focus on special instances of the problem
(1.2), namely those for which the level sets {f = ¢} of the given right-hand side f € L?(£2) (defined up to sets
of measure zero) have measure zero for all ¢ € R. Our third main result — Theorem 6.17 — establishes that,
under this assumption on f, the control-to-state mapping u +— y of (1.2) is not only directionally differentiable
but even continuously Fréchet differentiable on the space of regulated functions. In combination with (1.4), this
differentiability property allows us to derive the following explicit primal-dual first-order necessary optimality
condition for local minimizers @ of (1.2); see Theorem 7.5:

—Aj+gz(g)=finQ, 7=0o0nddQ, —Apyr+u(g)pr =7 —yp in Q, P =0 on 09,

/ p1dx fa.a. s >0,
{g>s}

—/ prdr  fa.a. s <0,
{7<s}

Here, 4 denotes the state associated with u, the functions p; € H}(Q) N H?(Q) and po € L*(R) are adjoint
variables, and the composition @(7) is defined in a suitable sense; see Definition 6.15. As we will see in Section 7,
for sufficiently smooth up, the system (1.5) implies (among other things) that local solutions @ of (1.2) give
rise to maps gz : R — R that share various characteristic properties with commonly used activation functions
from machine learning: The resulting g; are always sigmoidal, continuously differentiable away from the origin,
and typically possess a distinct kink at zero. We expect that this observation is of particular interest in the
context of the learning-informed PDEs in (1.3). In Section 8, we moreover show that the continuous Fréchet
differentiability of the control-to-state map established in Theorem 6.17 makes it possible to set up a gradient

D2 — 11 (1.5)

1)

Pa(s) = 1 = max (O, up + ) a.e. in R.



OPTIMIZATION OF NONSMOOTH SUPERPOSITION OPERATORS 5

projection method for the numerical solution of (1.2) and to analyze the convergence of the resulting algorithm
in function space. For the main result on this topic, see Theorem 8.13.

1.3. Structure of the remainder of the paper

We conclude this introduction with an overview of the content and the structure of the remainder of the
paper: Section 2 is concerned with preliminaries. Here, we clarify the notation, state our standing assumptions,
and briefly comment on the choice of the regularization term in the problems (1.1) and (1.2); see Section 2.3. In
Section 3, we prove basic results on the control-to-state mapping u — y of (1.2) that are needed for our analysis;
see Theorem 3.4. Section 4 addresses the consequences that the properties in Section 3 have for the problem
(1.2). This section in particular shows that (1.2) indeed admits an equivalent reformulation as an optimization
problem in L?(—r,r) for all large enough r; cf. the comments on this topic in Section 1.2. In Section 5, we
establish the regularity result in (1.4) for the local minimizers of (1.2); see Theorem 5.7. The proof of this key
theorem relies on a relaxation of the nonnegativity constraint in (1.2) and a careful limit analysis. Section 6
demonstrates that the control-to-state operator of (1.2) is directionally differentiable and — under the additional
assumption on f mentioned in Section 1.2 — even continuously Fréchet differentiable on the space of regulated
functions; see Theorem 6.17. In Section 7, we use the differentiability properties from Section 6 and the regularity
results from Section 5 to establish a Bouligand stationarity condition and the primal-dual system (1.5) for the
problem (1.2). Section 8 is concerned with the solution of (1.2) by means of a gradient projection method.
Here, we prove that such an algorithm terminates after finitely many iterations with an e-stationary point. In
Section 9, we conclude the paper with numerical experiments which confirm that the algorithm developed in
Section 8 is also usable in practice.

2. PROBLEM SETTING AND NOTATION

In this section, we introduce basic notation and discuss the assumptions on the quantities in the problems
(1.1) and (1.2) that are supposed to hold throughout our analysis.

2.1. Basic notation

In what follows, we denote norms, scalar products, and dual pairings by the symbols || - ||, (-,-), and (-, -),
respectively, equipped with a subscript that clarifies the considered space. Given a normed space (U, || - ||lv),
we define Bg(u) to be the closed ball of radius p > 0 in U centered at u € U. The closure of a set in U
is denoted by cly(+). If a convex closed nonempty set D C U and a point uw € D are given, then we define
R(u; D) := {s(v—wu) | s > 0,v € D} to be the radial cone to D at v and T (u; D) := cly (R(u; D)) to be the
tangent cone to D at w; cf. [25], Section 2.2.4. For the space of linear and continuous functions H: U — Y
between two normed spaces (U, | - ||v) and (Y, ] - ||y), we use the symbol L(U,Y). In the special case Y = R,
we define U* := L(U,R) to be the dual space of U. If U is continuously embedded into Y (in the sense of [26],
Def. 4.19), then we write U — Y. To denote the strong (respectively, weak) convergence of a sequence in a
normed space, we use the symbol — (respectively, —). Given an arbitrary nonempty set D C U and a function
H:U —Y, we define Range(H) to be the range of H, H|p to be the restriction of H to D, and 1p: U — R to
be the function that is equal to one on D and equal to zero on U \ D. When talking about the level sets of a map
H:U — Y, we use the shorthand notation {H = ¢} := {u € U | H(u) = ¢}, ¢ € Y. Analogous abbreviations are
also used for sublevel sets, superlevel sets, and general preimages. Fréchet, Gateaux, and directional derivatives
of a function H: U — Y are denoted by a prime; see Definition 6.1.

Given a Lebesgue measurable set  C R%, d € N, we denote the vector space of (equivalence classes of)
Lebesgue measurable real-valued functions on Q by L°(€). For the real Lebesgue spaces defined w.r.t. the d-
dimensional Lebesgue measure A% on €2, we use the standard notation (L%(9), ] - llLa(e))s 1 < q < oo; see [27].
When working with elements of the spaces L%(f2), quantities like level sets etc. are understood as being defined
up to sets of measure zero. For simplicity, we denote representatives of elements of L4(Q2) by the same symbols
as their associated equivalence classes. We further define L% () := {u € L9(Q) | u > 0 a.e. in Q}. If Q C R,
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d € N, is an open set, then the symbols W*4(Q), H*(Q), and H}(Q), k € N, ¢ € [1, 00|, refer to the classical
Sobolev spaces on €2, endowed with their usual norms; see [28], Chapter 5. In this situation, we also define
Li,.(Q) and H] () to be the sets of functions that are locally in L' and H' on (, respectively, in the sense
of [29]. For the spaces of continuous, k-times continuously differentiable, and smooth functions on  and Q, we
use the standard symbols C(2), C¥(Q), C>=(Q), C(Q), C¥(Q2), and C>(12), respectively; see [28, 29]. Here,  is
a shorthand notation for the closure of Q w.r.t. the Euclidean norm |- |, i.e.,  := QU 92, where 9(-) denotes
the boundary of a set. When talking about smooth functions with compact support on 2, we write C°(Q2).
Recall that, for open bounded Q C R?¢, C(Q) is a Banach space when equipped with the supremum-norm
| lle@) = Il lloo- As usual, we denote the dual of (H3 (), || - |1 (02)) (interpreted as a space of distributions)
by H~1(Q); see [28], Section 5.2. For the distributional Laplacian, we use the symbol A: Hg(Q) — H~1(2), and
for a weak gradient, the symbol V. Where appropriate, we consider A also as a function A: H2(Q2) — L?(Q).
In the one-dimensional setting, weak and distributional derivatives are denoted by a prime.

Given a,b € R with a < b, we define BV [a, b] and G|a, b] to be the spaces of real-valued functions of bounded
variation and real-valued regulated functions on [a, b], respectively. We emphasize that we understand BV [a, b]
and Gla, b] as spaces of classical functions v: [a,b] — R in this paper, analogously to [30], Defs. 2.1.1, 4.1.1. In
cases in which the transition to equivalence classes in the sense of L>(a,b) becomes necessary, we highlight this
by working with the symbols L¥ (a,b) := {v € L*>(a,b) | v has a representative in G[a,b]} and LE, (a,b) :=
{v € L*™(a,b) | v has a representative in BV]a,b]}. For details on the relationship between the spaces BV [a, b],
Gla,b], L¥ (a,b), and LE,, (a,b), see [31], Section 3.2 and Section 6. Recall that BV [a, b] is a Banach space when
endowed with the norm ||v[| gy (q,p) := |v(a)| + var(v; [a, b]), where var(v; [a, b]) denotes the variation of a function
v: [a,b] — R in the sense of [30], Definition 2.1.1. Analogously, GJ[a,b] is a Banach space when equipped with
the supremum-norm || - ||o0; see [30], Theorem 4.2.1. Due to [30], Remark 4.1.2, we have C([a,b]) C G[a,b] and
BVla,b] C Gla,b]. From the definition of Gla, b], it follows further that every v € Gla, b] possesses well-defined
finite left limits at all points ¢ € (a, b] and well-defined finite right limits at all points ¢ € [a,b). We denote these
limits by v(t—) and v(t+), respectively, i.e., we define

v(t—):= lm w(s) VtEeE (a,b] and v(t+) = lim w(s) Vt€[a,b). (2.1)
la,t)2s—t (t,b]2s—t
At the endpoints of the interval [a,b], we use the conventions v(a—) := 0 and v(b+) := 0 consistent with an
extension by zero; see Section 6. We remark that additional symbols etc. are introduced in the following sections
wherever necessary. This notation is explained on its first appearance in the text.

2.2. The problem under consideration

Since using the weak derivative u := ¢’ as an optimization variable offers various advantages (see Section 2.3
below for details), in the remainder of this paper, we focus on the reformulation (1.2) of the identification
problem (1.1). The problem that we are henceforth concerned with thus reads as follows:

o 1 v
Minimize J(y,u) := §||y - Z/DH%z(Q) + viljull L w) + ;HU - “DH;(R)
wrt. y€ HY(Q), wue L*R),
st. —Ay+gu(y)=finQ, y=0on09QY, (P)
t
and g, (t) :/ u(s)ds VteR,
0

and u >0 a.e. in R.

Here, we have introduced the label (P) for the ease of reference and the letter J to denote the objective function
of (P), i.e.,

1 v
J: L2(Q) x LA(R) — [0, o), (y,u) — §Hy —ypl2(o) + villullLie) + ?2||“ —upl|72 (- (2.2)

For the sake of clarity, we collect our standing assumptions on the quantities in (P) in:
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Assumption 2.1 (Standing Assumptions).

de{1,2,3};

Q C R? is a bounded domain that is convex or of class C1'! (in the sense of [29], Sect. 6.2);
yp € L*(Q) and up € L?(R) are given (the desired state and control);

v1 > 0 and v, > 0 are given Tikhonov parameters;

f € L?(Q) is a given right-hand side that is not identical zero.

We emphasize that the above conditions are always assumed to hold in our analysis, even when not explicitly
mentioned. Regarding the shorthand notation g, in (P), we point out that we will use this symbol not only for
controls u € L?(R) but also for arbitrary u € L} (R), i.e., we set

loc
t
gu: R =R, gu(t) ::/ u(s)ds VteR  Vuc L}, .(R). (2.3)
0
Here and in what follows, we define
0 a b
/ u(s)ds =0 and / u(s)ds == —/ u(s)ds Va,b e R,a < b, Yu € L},.(R).
0 b a

Note that these conventions ensure that g/, = u holds for all u € L}, _(R) in the sense of weak derivatives. With
a slight abuse of notation, we also use the symbol g, to denote Nemytskii operators (with varying domains of
definition and image spaces) that are induced by the scalar functions in (2.3). The function spaces that these
Nemytskii operators act on by superposition will always be clear from the context. For the sake of brevity, we

further introduce the following notation for the differential operator in the governing PDE of (P):
Ay HY(Q) — HH(Q), v —Av 4 gy, (v) Vu € LY(R),2 < g < 0. (2.4)

It will be shown in Lemma 3.3 that the operator A, in (2.4) is indeed well defined as a function from H{ (2) to
H=1(Q) for all uw € LY(R), 2 < ¢ < oo.

2.3. Remarks on the problem setting and the choice of the regularization term

Before we begin with our analysis, we would like to emphasize that we consider (P) as a model problem in
this paper. It is easy to check that the results that we derive in the following can be extended to, e.g., more
general elliptic partial differential operators, more complex objective functions (with some caveats regarding
H?2())-regularity results etc.; see [32], Theorem 3.2.1.2, [29], Theorem 9.15, and Sections 3 and 6), and problems
which also involve an upper control constraint. We do not study these generalizations here since we are mainly
interested in the nonstandard coupling between y and u in (P) and the consequences that this coupling has for
the derivation of optimality conditions in the presence of nonsmooth controls and pointwise constraints.

Regarding the choice of the regularization term vy ||g'|| 11wy + % lg’ — UDH%Z(]R) in (1.1), it should be noted
that a control-cost term that acts solely on the weak derivative of the function g = g, is a very sensible thing
to consider when the aim is to identify an “optimal” Nemytskii operator in a PDE like —Ay + g(y) = f.
Indeed, including, for instance, an L?-term v3l|gllz2r) With v3 > 0 into the objective function of (1.1) would
be completely nonsensical since, in combination with the constraint ¢’ > 0 (which is required to ensure the
well-posedness of the state-equation), such a norm causes the effective admissible set of (1.1) to consist only
of the zero function. A possible work-around for this problem would be to estimate the range of the states y
appearing in (1.1) a-priori, i.e., to determine a constant r > 0 such that Range(y) C [—r,r] holds for all y, to
pose the problem (1.1) in the space H(—r,r), and to then include the regularization term v3llgllz2(=r,r) into
the objective; c¢f. Lemma 3.5. However, if this approach is used, then the solutions of the resulting minimization
problem depend on the initial guess for r (as one may easily check by letting r go to infinity) and the quality
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of the a-priori estimate for the range of the states has a significant impact on the obtained results. This effect
is highly undesirable, both analytically and for the numerical realization.

By considering a regularization term of the form v1(|¢’||1 ) + %" — “D”%%R) in the objective of (1.1),
we can avoid the above problems. As we will see in Section 4, this regularizer automatically ensures that (1.1)
can be reformulated as a problem in L?(—r,7) for all 7 > 0 that are bigger than a computable lower bound
rp without introducing an artificial dependence on the choice of r. Moreover, in the case up = 0, the cost
term in (1.1) naturally gives rise to locally optimal controls @ = g that are “tight” in the sense that they
are supported only on the range of the associated states y and, thus, on precisely those parts of the real line
that are relevant for the PDE —Ag + ga(y) = f; ¢f. Corollary 7.3. As an additional benefit, working with the
optimization variable u = g/, also makes it possible to transform the monotonicity constraint in (1.1) into the
far easier to handle pointwise L?(R)-control constraint in (P). We remark that a possible alternative to the
inclusion of the regularization term v1||g'[| L1 m) + %l9" — u D||2L2(R) is the introduction of an additional upper
control constraint on ¢’ in (1.1); ¢f. [16, 17, 21]. After changing to the variable u = ¢, this approach gives rise
to a problem with classical L?-box constraints that is of bang-bang type. We leave the analysis of the problem
class that is obtained along these lines and in particular the question of whether a regularity result analogous
to (1.4) can be proven for such a variant of (P) for future research.

3. BASIC PROPERTIES OF THE CONTROL-TO-STATE MAPPING

In this section, we prove basic results on the control-to-state mapping u — y of the problem (P). We begin
with the following elementary observation:

Lemma 3.1 (Holder Continuity of g,,). For allu € LI(R), 1 < ¢ < o0, it holds
19u(t1) = gu(t2)] < llullpaylts — t2' =9 Vi1, ta €R. (3.1)

Proof. This follows immediately from Hélder’s inequality (with the usual conventions 1/0c0 := 0 and 0° := 1):

/:2 u(s)ds

Before we study which consequences the last result has for the differential operator A4, in (2.4), we introduce
some additional notation that will be used throughout this work.

|gu(t1) — gu(t2)] = < lullpaylts — t2' 717 Vit €R.

O

Definition 3.2 (Important Constants). Henceforth, we denote:

i) by c¢p > 0 the constant in the inequality of Poincaré-Friedrichs
cP/ v?dr < / |Vv|? do Yo € HY(Q); (3.2)
Q Q

ii) by ep > 0 a constant ep € (0,cp) whose value is fixed at this point once and for all;
iii) by Up C L?(R) the set Up := {u € L*(R) | u > —p a.e. in R};
iv) by yp € HZ(2) N H2(Q) \ {0} the solution of the Poisson problem

—Ayp = fin Q, yp = 0 on 0%); (3.3)

v) by rp > 0 the constant rp := 2||yp||cc-

Note that yp is indeed an element of HE () N H?(Q)\ {0} and C(£2) by our standing assumptions on f, Q, and
d, the regularity results in [29], Theorem 9.15, Lemma 9.17 and [32], Theorems 3.1.3.1, 3.2.1.2, and the Sobolev
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embeddings. More precisely, we obtain from [29, 32] that every function v € HZ () satisfying Av € L%(Q) is an
element of H{ () N H%(Q) and that there exists a constant C' > 0 such that the following estimate is true:

[v]| 72y < CllAV| 12(0) Yo € HY(Q) N H?(Q). (3.4)

We can now prove:

Lemma 3.3 (Properties of A,). For every u € LI(R), 2 < q < 00, the operator A, (v) := —Av + g, (v) in (2.4)
is well defined as a function A,: HE () — H~1(Q). Moreover, the following is true:

i) There exists a constant C > 0 such that, for all u € LY{(R), 2 < g < oo, we have
[Au(v) = Au(v2)ll g-1(q) < Cllvr = v2llmr(@) + [[ullLar) vy — U2|\L§1£7q(m Yo, ve € Hy ().
1) There exists a constant ¢ > 0 such that, for all uw € Up, it holds
(Au(v1) = Au(v2), v1 = v2) g1y 2 cllvr = v2llFp(q)  Yoi,v2 € Hg(9).

Proof. For all u € LI(R), 2 < ¢ < 0o, and v € Hi (), we have —Av € H~(Q) and, due to (3.1) and g¢,,(0) = 0,
2 _ 2 < 1-1/q 2 dz — 2 2-2/q
lgu()llze@ = | guw)dz < | {[lullzal & = |ullzom) 1072227 ) (3-5)

Because of the embeddings H}(Q) <« L?(Q) — L?>2/1(Q), ¢ > (3 5) yields that g,(v) € L*(Q) ¢ H~1(Q)
holds and that A, is well defined as a function from H{(2) to H=1(2) for all u € LY(R), 2 < g < co. This
proves the first assertion of the lemma. Next, we note that (3.1) 1mphes

[Au(v1) = Au(V2)ll 1) < =A@ = v2) |l -1 (0) + 19u(v1) = gu(v2)]lL2(q)

9 1/2
< Cllor — val (@) + </ (lllzacmylon — val=2/7) dx)
Q

1-1
= Cllvr = vallm () + lull o llor = v2ll 12207, g

for all u € LI(R), 2 < ¢ < oo, and v1,v2 € H}(Q), where C > 0 denotes the operator norm of the Laplacian
A: H}(Q) — H~1(). This establishes i). It remains to prove ii). To this end, let us assume that u € Up is
given. From the definition of g,,, we obtain that the function gyax(0,4): R — R is nondecreasing, that the function
Jmin(0,u) - R — R is nonincreasing, and that g, = gmax(0,u) + Jmin(0,«) holds. By exploiting these properties, (3.1),
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and the definitions of Up, cp, and £p, we obtain
(Au(v1) = Au(va),v1 = v2) iy = [ V(01 —v2)Pdz+ [ (gu(v1) — gu(v2))(v1 — v2) da
0 () o o
= [[V(v1 — v2)[1 32000 + /Q(gmin(O,u) (V1) = Gmin(0,u) (V2))(v1 — v2) dz

+ A(gmax(o,u) (Ul) — 9max(0,u) (1)2))(1)1 - UQ) dz

> ||V(v1 — U2)||%2(Q)d - / | Gmin(0,u) (V1) = Gmin(0,u) (v2)] [v1 — v2| d
Q
cp — € ep+t+c
> 29 01 ) Eagaye + g on — valfaey — e [ (01 - 00)*d
2Cp 2 Q
Cp —€p

= m”’l}l — ’U2||2Hl(Q) v’Ul,UQ S H&(Q)

(3.6)
This establishes ii) and completes the proof. O
Using standard results and Lemma 3.3, we obtain:
Theorem 3.4 (Properties of the Control-to-State Mapping). The partial differential equation
“Ay+guly)=finQ,  y=0ondY, (3.7)

possesses a unique solution y € Hg(Q) N H?*(Q) for allu € Up. The solution operator S: Up — HE(Q) N H?(),
u +— Yy, associated with the PDE (3.7) possesses the following properties:

i) The map S is completely continuous as a function from Up C L*(R) to H?(), i.e.,
{un} C Up,u, — u in L*(R) = S(un) — S(u) in H*(Q).
i1) There exists a constant M > 0 such that
S(Up) C {ve Hy(Q)NH*(Q) | [[v]|lg2@) < M}. (3.8)

iii) There exists a constant ¢ > 0 such that
() = S(u2) sy < [ guamas (Sw)(Swn) — S(u))ds Vs, s € Up.
Q

iv) There exists a constant C' > 0 such that, for all 2 < q < oo, it holds
[S(u1) = S(u2)lmr () < Cllur —u2llpawy — Vui,us € Up N LYR).

Proof. Let u € Up be given. From Lemma 3.3, the continuous embedding HJ (Q2) < L?(Q2), and the identity
A,(0) = 0, we obtain that A,: H}(Q) — H~ () is a continuous, coercive, and strongly monotone operator.
In combination with [33], Theorem 4.1, this implies that there exists a unique y € H} () satisfying A,(y) = f
in H=1(Q2). The PDE (3.7) thus possesses a unique weak solution y = S(u) € Hg(£). To see that we even have
y € H%(Q), we note that g,(y) is an element of L?(2) by (3.5) and that —Ay = f — g, (y) holds in H=1(2) by
the definition of A,. Since f € L?(Q), this allows us to invoke (3.4) to obtain y € H?(Q) as desired.
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It remains to prove the properties of the solution map S: u — y in i) to iv). To this end, we first note that
(3.7), the identity A,(0) =0, and Lemma 3.3ii) imply that there exists a constant ¢ > 0 such that

cllylli @) < (Au(®) ¥ 1y () = /nydév < Az lyll e @ (3.9)

holds for all u € Up and y = S(u). This shows that the set S(Up) is bounded in H'(Q). Suppose now that
a sequence {u,} C Up satisfying u,, — u in L?(R) for some u € L?(R) is given and define y,, := S(u,). Then
it follows from the lemma of Mazur that u is an element of Up. From the boundedness of the sequence {y,}
in H'(Q), the theorem of Banach-Alaoglu, and the Rellich-Kondrachov embedding theorem, we further obtain
that we can pass over to a subsequence (denoted the same) such that {y,} converges weakly in H}(Q) and
strongly in L?() to a function y € H (). In combination with (3.1), the embedding L?(2) < L(Q), the fact
that u,, — u in L?(R) implies gy, —(t) — 0 for all ¢ € R, the boundedness of {u,} in L?(R), the majorization
estimate

(9w~ < ltn —ullZoglyl  ae in

obtained from (3.1), and the dominated convergence theorem, this yields

194(¥) = Gu,, W)l 120) = 196(¥) = G (¥) + Gu (¥) = Gu, (Yn)l £2(0)
< N1gu—wn Wl £2(0) + 190, ¥) = Gun (Yn) I p2(0) (3.10)

1/2
< N gumun @ 20y + Nunll 2@y lly = vl itg) = 0

for n — oo. Since the Laplacian —A: H(2) — H~1(Q) is linear and continuous and since A,,, (y,) = f holds
by the definition of y,,, the above implies

0= Aun(yn) - f = _Ayn +gun(yn) - f - _Ay+gu(y) - f = Au(y) - f in H_I(Q)

The limit y of the sequence {y,, } thus satisfies A, (y) — f = 0 and we may conclude that y = S(u) holds and that
S(uy) converges weakly in Hg(2) to S(u) for n — oo. As the above arguments can be repeated along arbitrary
subsequences of the initial {u,} C L?(R), it follows from a trivial contradiction argument that the convergence
S(un) — S(u) in H} () also holds for the whole original sequence of controls {u,}; cf. [26], Lemma 4.16. This
proves that S is weakly continuous as a function from Up C L*(R) to Hi (). To see that we even have strong
convergence of the states in H2({)), we note that the estimates (3.4) and (3.10) imply that there exists a constant
C > 0 such that

lyn — ylla2@) < Cll = Ayn + Ayl 2) = Cllgu(¥) = gu, (Yn)llL2@) — 0

holds for n — oo. We thus indeed have S(u,) — S(u) in H?(Q) for all {u,,} C Up that satisfy u,, — u in L?(R)
for some u € L%(R). This completes the proof of i).

To prove ii), let us assume that u € Up N L>°(R) is given. From the identity gu = gmax(0,u) T Jmin(0,u) and
(3.7), we obtain that y := S(u) is the (necessarily unique) weak solution of the semilinear PDE

_Ay + gmax(O,u) (y) = f~ in Q7 Yy = 0 on an (311)
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whose right-hand side f is defined by f := f — Imin(0,u)(Y) € L?(Q2). Note that the definition of Up, (3.5), and
the estimate (3.9) imply that || min(0, )|~ ®) < ep holds and that f satisfies

11220 < 1220 + I gminoa0 @l 2@y < I Fll2(ey + I min(0, w)ll o ) 1yl 2@ < (142 1 ll2(e-
(3.12)
From the L*-regularity of u, the definition of the function g,, the regularity y € H}(Q) N H%(Q) C C(Q),
and [34], Theorem 2.1.11, it follows further that the map gmax(o,u): R — R is globally Lipschitz continuous,
that gmax(0,4)(0) = 0 holds, and that v := gimax(0,u)(y) is an element of Hg(Q) whose weak gradient is given by
Vo = max(0,u(y))Vy a.e. in Q. In combination with (3.11), the last identity yields

[v[l72(q) < /Qmax(ovu(y))‘Vdex_F||U||2L2(Q) = /QV?J'VU+gmax(o,u)(y)Udﬂf = /vadx < o2l fllz2 (-

We thus have [|v||z2(q) < ||‘]EHL2(Q). By revisiting (3.11), by exploiting (3.12), and by again invoking the estimate
(3.4), we now obtain that there exists a constant C' > 0 independent of u satisfying

~ ~ €P
lyllz20) < CIf —vll2@) < 20| fllL2@) < 2C (1 + ?) 1fllz2 )

This proves the bound in ii) with M := 2C (1 + =£) || f||.2(q) for all u € Up N L>(R). Since the set Up N L>(R)
is dense in Up w.r.t. convergence in L?(R) and since S is continuous as a function from Up C L?(R) to H?(Q)
by i), the assertion of ii) now follows immediately.

To establish iii), we note that, for all uy,us € Up with associated states y; := S(u1) and yo := S(usg), we
obtain from (3.7) and Lemma 3.3ii) that

cllyr — yz”%p(sz) < (Au,y (1) us (Y2), Y1 — y2>H01(Q)
= (Au, (1) us (Y2), Y1 — y2>H3(Q) + (Aus (11) = Auy (1), 91 — y2>Hé(Q) (3.13)

= 0+/Q(gu2(y1) = 9u (1)) (11 — y2) dz = /quz—m(yl)(yl —y2)dz.

—A
—A

This proves iii).
To finally obtain iv), we note that, for all uy,us € Up N LI(R), 2 < g < 0o, we can use (3.5) to continue the
estimate (3.13) as follows:

1—1
cllyr — v2llin o) < v — vallz@) I 9us—uw W) llz2 @) < lvr — vallmr @ llur — UzHLq(R)Hy1||L27£?q(Q)~

In combination with ii), this establishes iv) and completes the proof of the theorem. O

Note that the boundedness of the set S(Up) C H?(Q2) in Theorem 3.4ii), our assumption d € {1,2,3}, and
the Sobolev embeddings imply that there exists a constant r > 0 such that ||S(u)||cc < 7 holds for all u € Up.
This property will later on allow us to restate (P) as a problem in L?(—7,r); see Theorem 4.5. Unfortunately, the
precise value of the bound r on the maximum-norm of the states S(u), u € Up, obtained from (3.8) is hard to
calculate precisely as it depends on cp and various embedding constants. This is a problem since, for an efficient
numerical solution of (P), a bound on the range of the appearing states is required that is as sharp as possible.
The following lemma shows that, for the nonnegative controls in (P), a much more tangible || - || o-estimate can
be obtained in terms of the solution yp = S(0) of the Poisson equation in (3.3).
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Lemma 3.5 (|| - ||oo-Bound). The solution operator S: Up — HE(Q) N H2(Q), u— y, of (3.7) satisfies
1S(u)|lx < 7P V0 <ue L*(R). (3.14)

Here, rp =2 ||lyp||,, denotes the constant from Definition 3.2v) and yp the solution of (3.3).

Proof. From Theorem 3.4 and the Sobolev embeddings, it follows that yp satisfies yp = S(0) € C(Q). Consider
now a control 0 < u € L*(R) with state y := S(u) € H(Q) N H?(Q) C C(Q). We define z := y — yp and
w =z — min(||lyp|| ., ,max(— |lyp|l., ,2)). Due to their construction and the lemma of Stampacchia (see [35],
Thm. I1.A.1 and [28], Thm. 5.8.2), the functions z and w satisfy z,w € H} (),

/ Vz-Vu+g,(y)vde =0 Vv € HJ (), (3.15)
Q

and

2= lyplle if 2> [lyplls
w=10 if —|lyplle <2< llypllw:
z+llyple if 2 < —llyply -

By choosing w as the test function in (3.15) and by exploiting the formulas in [28], Theorem 5.8.2, we obtain

Oz/Vz-de:E+/gu(y)wdx:/ |Vw|2dx+/gu(y)wdx2/ |Vw|? d. (3.16)
Q Q Q Q Q

Here, the last inequality follows from the implications

w>0 = y—yp=2>|yprl. = y>2yp+lyrlle = v¥=0,
w<0 = y-yp=2<-|yrllo0 = v<yr—lyrll, = y=<0,

the fact that g, is nondecreasing, and the identity g,(0) = 0. Due to (3.2), (3.16) yields w = 0 and, by the
definition of w, yp — |lyr|l <y < yp + ||yp||- This establishes (3.14) and completes the proof. O

Remark 3.6. Inequality (3.14) is not true anymore in general when the factor two in the definition of
rp is dropped. Indeed, numerical evidence suggests that the estimate [S(u)l. < 2||yp|l, for all u €
L% (R) is optimal.

4. FIRST CONSEQUENCES FOR THE OPTIMIZATION PROBLEM

Having studied the properties of the state-equation (3.7), we now turn our attention to the analysis of the
optimization problem (P). Henceforth, with the letters S and J, we always refer to the control-to-state mapping
S: Up — HE(Q) N H?(Q2) introduced in Theorem 3.4 and the function J defined in (2.2). For the definitions of
the quantities ep, rp, and Up appearing in the following, see Definition 3.2. We first state:

Definition 4.1 (Local and Global Solutions). A function 0 < @ € L?(R) is called a local minimizer/local
solution/locally optimal control of (P) if there exists a number p > 0 (the radius of optimality) such that

J(S(u),u) > J(S(@),a)  V0<ue BY®(a). (4.1)

If p can be chosen as oo, then we call @ a global minimizer/global solution/globally optimal control of (P).
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It is easy to check that a control @ can only be a local minimizer of (P) if J(S(@),4) < oo holds. In the
case v1 > 0, all local solutions of (P) thus satisfy 4 € L!(R). For the various variants of the problem (P) that
appear in the following sections, the notions of local and global optimality are defined analogously to (4.1). By
exploiting the complete continuity of the map S in Theorem 3.4i), we obtain:

Theorem 4.2 (Solvability of (P)). The problem (P) possesses at least one globally optimal control i € L?(R).

Proof. This follows immediately from the direct method of the calculus of variations. Indeed, the admissible set
of the problem (P) is clearly nonempty (as it contains the zero function) and we can find nonnegative controls
{u,} C L*(R) with associated states y, := S(u,) such that the function values J(y,,u,) are finite and such
that the sequence {J(yn,un)} converges to the infimal value of (P). Due to the structure of J, the sequence
{u,} is bounded in L?(R) and we may assume w.l.o.g. that u, — % holds in L?(R) for some (necessarily
nonnegative) @ € L?(R). Since the function L*(R) 5 u > vilullp1r) + % [u — up|[F2 g € [0, 00] is convex and
lower semicontinuous by the lemma of Fatou and, as a consequence, weakly lower semicontinuous by the lemma
of Mazur, and since the map Up > u+— 1||S(u) — yDH%mz) € R is completely continuous by Theorem 3.4i), we

obtain that liminf, oo J(S(up), un) > J(S(@), @) holds. Due to the choice of {uy,}, this proves the claim. O

As already mentioned in Section 3, the || - ||co-bound in (3.14) makes it possible to recast (P) as a minimization
problem in L?(—r,r) for all large enough r > 0. To formulate this result rigorously, we introduce:

Definition 4.3 (Restriction and Extension by Zero). Given a number r > 0, we define:

i) uD 6 L?(—r,r) to be the function up := up|_r;

ii) E.: L?(—r,7) — L?(R) to be the map that extends elements of L?(—r,r) by zero to elements of L*(R);
iii) UpT to be the set Up, := {u € L*(—r,r) | u > —ep ae. in (—r,r)} = {u € L*(—r,r) | E, (1) € Up};
iv) S, to be the operator S,: Up, — H(Q) N H%(Q), S, (1) := S(E,.(u));

v) F,. to be the function

T

1
Fri UP,T — R7 Fr(u) = 5”57‘(”) — yD”%?(Q) +/ V1u+

-

5 (u— lLD) dt.

Here and in what follows, the typesetting u is used to emphasize that we talk about functions on a subinterval
(=r,r) and not about controls u on the whole real line as appearing in the original problem formulation (P).
Note that, due to the structure of the PDE (3.7), we have:

Lemma 4.4 (Truncation Invariance). The operators S and S, satisfy
S(u) =5 (L—pmu) =S, (ul(—rr)) Vo<ue L*R)  Vr>rp. (4.2)

Proof. Let 0 <wu € L?(R) and r > rp be given. By the definition of S, the function y = S(u) € H(Q) N H?()
is the weak solution of the PDE

—Ay+gu(y) =finQ,  y=0on0dQ,
and from (3.14), we obtain that the continuous representative of y satisfies Range(y) C [-rp,rp| C [-7,7]. In
combination with (2.3), this implies that g, (t) = g1, .(t) holds for all ¢ € [~r, 7] and that y is also the weak
solution of

Ay +g1_,.,,u(y) =finQ, y = 0 on 9.

Thus, S(u) =S (1, u) as claimed. The second identity S (1(_,,yu) = Sy (u|(_rr) in (4.2) follows from the
definition of S,.. This establishes the assertion. O
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We can now prove:

Theorem 4.5 (Reformulation of (P)). Let r > rp and u € L*(R) be given. Then w is a local solution of (P)
with radius of optimality p if and only if the following two conditions are satisfied:

i) It holds

4 = max <0,uD - Z1> a.e. in R\ (—r,7). (4.3)
2

ii) The restriction U := u|(_,,) € L2(—r,7) is a local solution with radius of optimality p of the problem

1 T
Minimize F,.(u) = §||Sr(u) —ypll72 (0 —i—/ v+ %(u —up)?dt

P,
w.rt. uwe L*(—rr), (Pr)

st. u>0 ae in(—rr).

Proof. Suppose that @ € L?(R) is a local solution of (P) and that v € L'(R) N L?(R) is an arbitrary function
satisfying v = 0 a.e. in (—r,r) and @ + sov > 0 a.e. in R for some so > 0. Then it holds 0 < @ + sv € L?(R)
for all 0 < s < sg, it follows from the local optimality of @ that, for all sufficiently small s > 0, we have
J(S(a + sv),u + sv) > J(S(u),u), and we obtain from @+ sv = 4 a.e. in (—r,r), » > rp, and (4.2) that
S(u+ sv) = S(@) holds for all 0 < s < sp. In combination with the definition of .J, this implies

1 1%
J(S(u+ sv),u+ sv) = §||S(ﬂ) - ?JD||2L2(Q) +v1|a+ svllpw) + ;Hﬂ +sv — UD||2L2(R)

4.4)
. 1 ar- _ vy (
> J(S(u),u) = §||S(U) - ?JD||2L2(Q) +vi|tllp ) + EHU - UDH%Q(]R)
for all sufficiently small s > 0 and, as a consequence,
/Vlsv—&—%(ﬂ—i—sv—qu—%(ﬂ—u[)fdxzo. (4.5)
R

Here, we have exploited the nonnegativity of the functions % and u + sv to rewrite the L!-norms in (4.4). If we
use the binomial identities in (4.5), divide by svq, and let s go to zero, then (4.5) yields

/RCZ—uD—i—u)vdsz. (4.6)

By considering functions v of the form v = 1(g>.1AR\(—r,yw With arbitrary € > 0 and w € LY(R) N L>=(R) in
(4.6), we obtain that @ satisfies & = up — v1/v2 a.e. in { > 0} "R\ (—r,r), and by considering functions of the
form v = 1{z—o1rRr\ (—r,mw with 0 < w € LY(R) N L*(R), that up — 1 /v2 < 0 holds a.e. in {u = 0} NR\ (=7, 7).
This establishes the identity (4.3) in condition i).

Next, we prove that @ also satisfies ii): Denote the radius of local optimality of @ with p > 0 and assume
that 0 < u € L*(—r,r) is an arbitrary function such that || — u||;2(_,,) < p holds for # := a|_,,). We
define u := E,(#) + I\ (4. By construction, the function u satisfies 0 < u € L*(R) and |lu — @l 2®) =
|2t — u||z2(—pry < p. In combination with the definition of p, this yields

1 12 1 _ _ Vo, _
IS5 () — yoll 72 +villullLie) + - llu = uplZam) = 5 15(@) = yplF2o) + villl @) + 5 lla = up||72(r)-
(@7)
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Since u is identical to @ a.e. in R\ (=r,7), since S(@) = Sy(i|(_,,) holds for all 0 < @ € L*(R) by (4.2), and
since v and @ are nonnegative, the inequality (4.7) can be recast as F,.(u#) > F.(#). As u was arbitrary, this
shows that & = 4|, ) € L?*(—r,r) is indeed a local solution of (P,) (with the same radius of optimality p as
@). This completes the proof of the direction “=" in the asserted equivalence.

It remains to prove the reverse implication. To this end, let us assume that a function 4 € L?(R) satisfying
the conditions i) and ii) is given. For such a function u, we obtain from the properties in i) and ii) that @ > 0
holds a.e. in R and from (4.3) and a simple pointwise calculation that

Vo 2
Vl””HLl(R\(fr,r)) + ?”u - UD”Lz(R\(fT’T)) (4 8)
_ Vg, _ .
> vl @ re + 5 18— uplFa@yrry) YOS uE AR\ (—r,r).

Consider now some 0 < u € L*(R) that satisfies ||u — @[/ 2(r) < p for the radius of local optimality p > 0 of
U= 1|,y € L*(—r,r) in (P,). We define u := u|(_,,). For this u, it clearly holds 0 < u € L*(—r,r) and
|t — u|[r2(—pr) < p and we obtain from condition ii) that

1)

D) Hu - uD”%/z(—r,r)

1
Fo(u) = 5118 () = yoliz() + villllr (—rm +

_ 1 _ _ Vg, _
> F(u) = §||Sr(u) - yD”%?(Q) + vl L=y + 3”” - uD||%2(7m)~

Due to (4.2) and the definitions of u, %, and up, the above inequality can be rewritten as

1 Vo
§||S(U) - ?JD||2L2(Q) +villullLr(—rr) + ?HU - UJDH%P(fnr)

_ _ vV
> S|S(a) - yDH%2(Q) +villall oy + 5\\11 - UDH%?(—r,ry

DN | =

In combination with (4.8), this yields J(S(u),u) > J(S(u),u). Since 0 < u € L?(R) was an arbitrary function
satisfying |lu — 4| 2@y < p, we may now conclude that % is indeed a local solution of (P) with radius of
optimality p. This establishes the implication “<” of the asserted equivalence and completes the proof. O

Note that the inequality » > rp in Theorem 4.5 is only needed for proving the equivalence of the problems
(P) and (P;). For (P,) to be sensible, it suffices to assume that r is positive. In what follows, when studying
the problem (P,.), we work with the relaxed assumption r > 0 whenever possible. For later use, we prove:

Proposition 4.6 (Enforcing Global Optimality). Letr > 0 be given and let 0 < u € L*(—r,r) be a local solution
of the problem (P,.). Then there exists a constant Cy > 0 such that # is the unique global solution of the problem

Ci _
Minimize F.(u)+ 7””11 - uHiz(,m)
w.r.t. we€ L*(—rr), (Pr.a)

st. u>0ae in(—rr).
Proof. Due to the local optimality of # in (P,.), we know that there exists p > 0 satisfying

Fo(u)>F.(w) YO<ue L*(—rr),|lu—ulr2—rm < p. (4.9)



OPTIMIZATION OF NONSMOOTH SUPERPOSITION OPERATORS 17

Define Cy := 1+ 2F,(%)/p?. Then it follows from the nonnegativity of F, on L2 (—r,r) that

. C Cy _ Cy _
@) < 2 < ol il < Fol) + Pl 2l (4.10)
holds for all 0 < u € L*(—r,r) with ||u — &||2(_,,) > p. By combining (4.9) and (4.10) and by distinguishing
cases, the assertion of the proposition follows. O

Since the function g, is only Hélder continuous with exponent 1/2 for arbitrary u € L?(R), we cannot state
first-order necessary optimality conditions for the problems (P), (P,), and (P, z) at this point. To do so, we
require additional information about the regularity properties of local minimizers.

5. REGULARITY OF OPTIMAL CONTROLS

The purpose of this section is to prove that minimizers of the problems (P) and (P,.) are regulated if up is
a smooth enough function. As we will see in Sections 6 to 8, this type of regularity is crucial for the derivation
of stationarity conditions and the design of numerical solution algorithms. We consider the following situation:

Assumption 5.1 (Standing Assumptions for Section 5). Throughout this section, we assume that:

rp, ep, and Up are defined as before (see Definition 3.2);

7 is a given positive number;

up, E., Up,, Sy, and F, are defined as in Definition 4.3;

up satisfies up € LE(—r,r);

0 < u € L*(—r,r) is a given local solution of the problem (P,.);

C3% > 0 is a constant such that # and Cy satisfy the assertion of Proposition 4.6;
n: (—ep,0) — R is defined by n(t) := min(0,¢)?/(t + ep) for all t € (—ep, 00).

Note that, for the function 7, we have:

Lemma 5.2 (Properties of n). The function n satisfies n € C1((—ep,00)), n(t) = 0 for all t € [0,00), n(t) >

min(0,¢)?/ep for allt € (—ep,0), and n(t) — oo for (—ep,00) 3 t — —ep. Further, 1 is conver.

Proof. This can be checked with trivial calculations and estimates. O
The main idea of the subsequent analysis is to relax the constraint # > 0 a.e. in (—r,7) in (P, ;) by means of

the barrier function f7: (—ep,00) = R, 8 > 0, to establish a BV-regularity result for the adjoint variables of

the resulting family of approximate problems, and to transfer this BV -regularity to the original problem (P, z)
by passing to the limit § — oco. For a given 3 > 0, we thus consider the following problem:

07 B T
Minimize Fr(u) + 7u||u — u||%2(7r’r) + /877(”) dt
-

P,
w.I.t. u€L2(—7‘,7‘), (Pra,6)

st. w>—epae. in (—rr).
We remark that, for optimal control problems governed by variational inequalities, regularization approaches
similar to that developed in this section have already been used, e.g., in [36]. We first note:
Proposition 5.3 (Solvability of (P, z3)). For every 8> 0, (P, u3) possesses a global solution tig € L*(—r,r).

Proof. This follows completely analogously to the proof of Theorem 4.2 from the direct method of the calculus of
variations, the results on the control-to-state mapping S: Up — Hg(£2) N H%(Q) in Theorem 3.4, the definitions
of the functions S, and Fi., and the properties of 7. O

Due to the Cy-term in the objective of (P, ; ) and Proposition 4.6, we have:



18 C. CHRISTOF AND J. KOWALCZYK

Proposition 5.4 (Convergence of Approximate Solutions). Consider for every 8 > 0 a global solution ug €
L3(=r,7) of (P, ap). Then it holds ug — w in L*(—r,r) for 8 — oo.

Proof. From the global optimality of #g in (P, ; g), the inequality #g > —ep a.e. in (—r,r), the nonnegativity
of u, the definition of F;., and the properties of  in Lemma 5.2, we obtain that

_ _ Cuy-  _ " _
Fyi) = By (i) + =l + [ B

| Bn(ug) dt

-r

_ Cy, _
> Fr(uﬁ) + Tuuuﬁ - uH%Z(fr,r) +

1 _ _ Vo Cy, _ _ _
= §||Sr(u5) —ypll72(0) +/ vitg + 52(”/3 —up)?dt + 71; ity — || T2_ypy + | Bnlig)dt

-r

Ca, - - " _
727"1/161) + %Hug - uH%Z(_M) + Eﬂ min((), ug)z dt VB > 0.
P

-Tr

%

As F,.(u) is finite (cf. the comments after Definition 4.1), the above shows that the family {#3} is bounded in
L?(—r,r) and that the functions min(0, #g) converge strongly to zero in L?(—r,r) for 8 — co. This implies in
particular that, by passing over to a sequence {8,} C (0,00) with 8, — oo for n — oo, we can achieve that
ug, — i holds in L?(—r,r) for some # € L?(—r,r) as n tends to infinity. Due to the convergence min(0, #g) — 0
in L2(—r,r), we know that # is nonnegative a.e. in (—r,r) and, thus, admissible for (P, ;). Since # solves (P, z),
since S is completely continuous by Theorem 3.4i), since convexity and lower semicontinuity imply weak lower
semicontinuity, and again by the global optimality of ug in (P, z ), it now follows that

. Cu, . _ _ Cu, . _
FT(”’) + ?uHu - uH%ﬁ(—r,r) > FT(”’) + 7"”11 - u||%2(—7‘,7‘)

. _ Cu. - _ " _
> timsup (P, + s, i3+ [ untin,) o)

n— 00 —r

~ o Cyo, _ _ o Cay.
> By (i) + St timsup (s, — 8132,y ) 2 Fr(i) + i = e .
n—oo

The above can only be true if all appearing inequalities are identities. Since # is the unique global solution of
(P,.u), this implies, on the one hand, that # = % holds and, on the other hand, that

lim sup (||ﬁgn - ﬁH%Z(—T,T)) =|u— ﬁ||2L2(—r,r) =0.
n—oo

The sequence {ug, } thus converges strongly in L?(—r,7) to #. Since the above arguments can be repeated for all
sequences {ug, } satisfying #1g, — i for some @& € L?(—r,r) and (0,00) > 8, — oo for n — oo, the convergence of
the whole family {#3} to u for § — oo now follows from a trivial contradiction argument; cf. [26], Lemma 4.16.
This completes the proof. O

By exploiting the estimate in Theorem 3.4iii), we can prove the following for the relaxed problems (P, z 3):

Proposition 5.5 (L%, -Regularity of Adjoint Variables). Let 8 > 0 be given and suppose that ug is a local
solution of (P,.u). Denote with pg the element of LY(—r,r) defined by

p{g =1+ Z/Q(l_Lﬁ - ll«D) + Oﬁ(aﬁ - l_l') + 577/(1_%)-



OPTIMIZATION OF NONSMOOTH SUPERPOSITION OPERATORS 19

Then it holds ps € L%y, (—r,r) and pg admits a BV [—r,r]-representative that satisfies

||Pﬂ||BV[7r,r] < K (51)

for a constant K > 0 which depends only on r, yp, 2, and the numbers M,c > 0 in Theorem 3.4.

Proof. Consider some z € L*(—r,7) and define z, := l(z,>_c,41/n}%, 7 € N. Then it holds

_ =1 > — e in {ug < — 1/nj, -
ug—szn{ p e ae.in ity < —ep+1/n} V0 < s < (2n)|2llpecrm 1) (5.2)

> —ep+1/(2n) ae. in {ug > —ep+1/n},

and it follows from the local optimality of #g in (P, 3 3) and the definition of F, that us satisfies

r

1 _ _ Vo, _ Ci . _ _ _
2 1:2) = ooy + [ it + 22 s = )P+ s = )+ )

T

_ _ Vo, _ Cy, _ _
S, (s — 520) — yp||72(0) +/ vi(tg — s2n) + ;(”ﬁ — 52, — up)” + 7”(11/3 — 52, — 1)

—-r

<

DN | =

+ 577(1_‘/3 - Szn) dt

for all small enough s > 0. If we use the binomial identities in the above, divide by s, and rearrange, then we
obtain that

S

_ S, (g — 52,) — Sy (1h3) s Sp(itg — s2) — Sp(it5)\”
§/Q(S,,(u5)—yp) dx—l—z/ﬂ( ) dz.

S S

/ 1z + (g —up)z — 2552+0ﬁ(ﬁ5—ﬁ)z
{ug=—ep+1/n} 2 (5.3)

Due to Theorem 3.4iii), the linearity of g, in u, the inequality of Cauchy-Schwarz, and the definition of S,., we
know that there exists a constant ¢ > 0 independent of 5 and s such that

_ _ s _ _
15 (815 = s20) = Si(#s) || 22(0) < — 198, (2) (S (#6)) [ 22(0) V0 < s < (2n] 2]l oo (- +1) 7

In combination with the properties of 7, the second inequality in (5.2), the dominated convergence theorem,
and (2.3), the above allows us to bound the right-hand side of (5.3) and to subsequently pass to the limit s — 0.
This yields

_ _ _ _ 1 _ _
/ vz +va(tis — up)z + Caltg — )z + B (ug) 2 dt < —[1Sr(#3) — yp |l 2(9)19E, (5,) (Sr (#)) | L2(0)-
{ug>—ep+1/n} C

(5.4)
Since ||S-(u43) — ypllr2(0) < M + |lypllz2(o) holds for the constant M > 0 in (3.8) and since the function
v1 + vo(g — up) + Culug — ) + Bn/(ug) € L°(—r,r) appearing on the left-hand side of (5.4) is equal to pg by
definition, we may now conclude that, for all z € L (—r,r) and all n € N, we have

1/2

- 2
M + Sr(ug)(x)
/ pozdr < Mol / / (E,zo)(t)dt| dz| . (5.5)
{up>—ep+1/n} ¢ Q \Jo
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Recall that, due to Theorem 3.4ii) and the embedding H?(Q2) < C(Q), there exists a constant R = R(M,€) > 0
independent of § satisfying ||S;(4g)||cc < R. If we use this bound in (5.5) and consider the special situation
z :=sgn(pg) € L>(—r,r), then it follows that

" M + |lypllL2 o
/ Pslla,>—cprimdt <R <C() @Y vneN. (5.6)

Due to the lemma of Fatou and since #3 > —ep holds a.e. in (—r,7), we may let n go to oo in (5.6). This yields
that || pgllz1(—rr) < K1 holds for the constant

M +
Ky = Kl(C, MagvyD) =R (|yCD|L2(Q)) )\d(Q)l/Q.

By exploiting this L'-regularity of ps, the dominated convergence theorem, and again the fact that ug > —ep
holds a.e. in (—r,7), we can pass to the limit n — oo in (5.5) for arbitrary z € L>(—r,r) to obtain

1/2

M Sy (i) (@) 2
ppzdt < w / (/ (E,2)(t)dt | de Vz € L®(—r,7). (5.7)
Q 0

r

-r

Let us now consider functions z of the form z = v/, v € C*([—r,r]). For such z, it follows from the fundamental
theorem of calculus, the definition of F,., and a trivial distinction of cases that

5. (1)) |9 (S, () (2))| + |2 (0)]  if S,(Tg)(2) € [~r,7],
/ (E.2")(t)dt| << |v(r)| + |2 (0)] if Sp(ug)(x) >, fa.a. z €.
’ |9 (—=1)| + |2 (0)] if S, (#g)(x) < —r,

In combination with (5.7), the above implies

i 2 1/2
" / M+ ||yD||L2(Q) Sr(ug)(z) )
ppridts ————— (E.7)(t)dt | dz
. c A
(5.8)
M + |lypllz2( ) 1/2
= f() /Q Clolle-rm)” dz

= K| vllc(ry Vv ECH[-r1]),

where Ky = Ks(c, M,Q,yp) is the constant defined by

M
Ky =2 ( + ||yD||L2(SZ)> A(Q)12,

C

Using the theorem of Hahn-Banach (see [30], Thm. 8.1.1), we may deduce from (5.8) that the linear map
CY([-r,r]) 2 v+ [' psv’'dt € R can be extended to a linear and continuous functional on C([—r,r]). In
combination with the Riesz representation theorem (see [30], Thm. 8.1.2), this yields that there exists a function
g € BV [—r,r| which satisfies g(—r) = 0, var(q; [-r,7]) < K, and

Tpgv’dt:/r vdg  VYove O [-nr]). (5.9)

—r —r
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Here, the integral on the right has to be understood in the sense of Riemann-Stieltjes. If we choose test functions
v € CP(—r,r) in (5.9) and integrate by parts by means of [30], Theorem 5.5.1, then we obtain that

/ (ps+q)0'dt=0  VoelX(-rr).

-r

This shows that ps + ¢ = const holds a.e. in (—r,7) and that pg possesses a representative that satisfies
ps € BV[—r,r] and var(ps; [—r,r]) = var(q;[—r,7]) < K. Henceforth, with the symbol pg, we always refer
to this representative. Note that, due to the bound ||ps|z1(—rr) < K1, we know that there exists at least one
s € [—r,r] with |pg(s)| < K1/(2r). In combination with the definition of the variation var(pg; [—r,r]) and our
previous estimates, this allows us to conclude that

_ - _ _ _ K
125l vi-ra) = [Ba(=r)| + var(Bs: [=r.7]) < [Ps(s)| + 2var(ps: [-r,7]) < - + 20,

If we define K := % + 2K5, then the last estimate takes precisely the form (5.1). This completes the proof of
the proposition. ]

We are now in the position to prove the main result of this section:

Theorem 5.6 (L¥- and L% -Regularity of u). It holds u € L¥(—r,r). If up is an element of Ly, (—r, 1),
then we even have u € L, (—r,r).

Proof. Consider some globally optimal controls u#z of (P, ). From Proposition 5.4, we know that us — u
holds in L?(—r,r) for B — oo, and from Proposition 5.5, that there exist representatives of %, g, and up such
that the functions pg := vy + va(tg — up) + Ci(ug — u) + Bn'(ug) satisfy ||ps| pvi—r,ry < K for a constant K
that is independent of . In combination with the Helly selection theorem (see [30], Thm. 2.7.4) and classical
results on L2-convergence, this allows us to find a sequence {3,,} C (0, 00) satisfying 3, — oo for n — oo and a
function p € BV [—r,r] such that u#g, — % holds pointwise a.e. in (—r,r) and such that pg, (t) — p(t) holds for
all t € [—r,r] as n tends to infinity. Due to the definition of pg, , the fact that n'(s) = n(s) = 0 holds for all s > 0,
and the fact that 7/(s) < 0 holds for all s € (—ep,0), the convergence properties of #g, and pg, imply that there
exists a function ¢ € L?(—r,r) such that pg, —v1 —va(ug, —up) — Cy(tig, — ) = B,n'(115,) — ¢ holds pointwise
a.e. in (—r,r) for n — oo with ( <0 a.e. in (—r,r) and ¢ = 0 a.e. in {# > 0}. Passing to the limit now yields the
identity p— 11 +1v2up = et +( a.e. in (—r, ) and, after taking the positive part on the left and the right of this
equality — keeping in mind the complementarity between # and ¢ — that & = max(0, p — v1 + veup)/vs. Since
p € BV[—r,r] C G[—r,7] holds and since the function R 3 s — max(0, s) € R is globally Lipschitz continuous,
the asserted regularity properties of # now follow immediately; see [30], Definition 4.1.1 and [37], Theorem 4. O

Next, we state the consequences that Theorem 5.6 has for our original problem (P). For the ease of reference,
we formulate this result such that it is independent of Assumption 5.1.

Theorem 5.7 (L¥- and L% -Regularity for (P)). Suppose that r > rp is given and that up|(—,,) € Lg (—r,7)
(resp., up|(—yr) € L3y (—r,7)) holds. Then every local solution u € L*(R) of (P) satisfies

4 = max (0, up — ?) a.e. in R\ (—r,r) and Ul(—r,ry € LE (=r,7) (resp., () € Ly (—1,7)).
2

Proof. This follows immediately from Theorem 4.5 and Theorem 5.6. O

As we will make frequent use of Theorems 5.6, 5.7 in Sections 7 and 8, we conclude this section by introducing
a shorthand notation for the regularity assumption on up needed in these results:
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Definition 5.8 (Condition (A1)). Given r > 0, we say that condition (A1) holds if up|_,,y € L (—r,7).

6. DIFFERENTIABILITY PROPERTIES OF THE CONTROL-TO-STATE MAP

In this section, we show that the operator S,.: Up, — H{(2) N H?(2), u + y, introduced in Definition 4.3 is
Hadamard directionally differentiable at all points u € L¥ (—r,7) N Up, in all directions z € T (u;Up,.). Note
that, due to the identity (4.2), the differentiability results that we establish for S, in the following carry over
immediately to the solution map S: u — y of (3.7); see Corollary 6.10 below. We focus on S, in our analysis
since this is the operator that appears in the gradient projection algorithm of Section 8. To clarify which notions
of differentiability we are concerned with, we recall (see [25], Sect. 2.2.1, [38], Def. 1.1.2):

Definition 6.1 (Notions of Differentiability). Let U and Y be normed spaces. Assume that a convex, closed,
nonempty set D C U and a function H: D — Y are given. Then H is called:

i) directionally differentiable at u € D in direction z € R(u; D) if there exists H'(u;z) € Y (the directional
derivative) such that, for all {s,} C (0, 00) satisfying s,, — 0 and u + s,z € D for all n, we have

lim H(utspz) — H(u) = H'(u;2);

n—00 Sn,

ii) Hadamard directionally differentiable at w € D in direction z € T (u; D) if there exists H'(u;2) € Y (the
Hadamard directional derivative) such that, for all {s,} C (0, 00) and {z,} C U satisfying s, — 0, z,, — z,
and u + sz, € D for all n, we have

lim H(u + snzn) B H(’LL) _ H’(u; Z);

n—oo Sn

ili) Hadamard-Géateaux differentiable at u € D if H is Hadamard directionally differentiable in all directions
z € T(u; D) at u and if the derivative H'(u;-) can be extended to a function H'(u;-) =: H'(u) € L(U,Y);
iv) Fréchet differentiable at u € D if there exists a map H'(u) € L(U,Y) satisfying

[ H (u+2) = H(u) = H'(u)z]ly

=0.
0<||zllu =0, u+=z€D 2|l

If one of the above conditions holds for all © € D and all relevant z € U, then we drop the reference to v and z
and say that H possesses the respective differentiability property on D. If H is Fréchet differentiable on D and
D>u— H'(u) € L(U,Y) is a continuous function, then we call H continuously Fréchet differentiable on D.

For the discussion of the differentiability properties of the operator S,., we require some preliminary results.
We begin by introducing (cf. Def. 4.3ii)):

Definition 6.2 (Extension by Zero in G[—r,r]). Given r > 0 and u € G[—r,r], we define &.(u) to be the
extension of u by zero, i.e.,

u(t) ifte[-rr],

0 ifte R\ [—r, 7] (6.1)

E(u): R - R, E-(u)(t) == {

The next lemma analyzes how the extensions of two different G[—r, r]-representatives of the same element of
L¥ (—r,r) are related to each other.

Lemma 6.3 (Extension of Regulated Representatives). Let r > 0 be fized and suppose that uy, uy € G[—r,7]
are given such that w1 (t) = up(t) holds for a.a. t € (—r,r). Then the following is true:
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i) It holds E.(11)(t—) = E-(u2)(t—) and E-(111)(t+) = E-(u2)(t+) for all t € R.
it) There exists an at most countable set Z C R such that E.(u1)(t) = E-(wm)(tx) = & (1) (tE) = E-(u2)(t)
holds for allt € R\ Z.

Here, with E.(u;)(t£), i = 1,2, we denote the left/right limit of the function £.(4;): R — R at t € R; ¢f. (2.1).

Proof. Suppose that functions u, up € G[—r,r| as in the lemma are given. Then it holds &, () (t) = &, (u2)(t)
for a.a. t € R by the definition of &, and we obtain from (6.1) and [30], Definition 4.1.1 that the functions
E-(11) and &, (up) have well-defined left and right limits at all points ¢ € R. By combining these properties with
the fact that the complement of a null set is dense, we arrive at the identities &, (u)(t—) = &.(u2)(t—) and
E-(m)(t+) = E-(12)(t+) for all t € R as desired; ¢f. (2.1). This proves i). To establish ii), we note that (6.1) and
[30], Theorem 4.1.8 entail that there exists an at most countable set Z C R such that &.(u) and &, (uz) satisfy
Er(m)(t—) =& (m)(t) = E(m)(t+) and & () (t—) = & (12)(t) = E-(12)(t+) for all £ € R\ Z. In tandem with
i), this yields ii) and completes the proof. O

Note that Lemma 6.3 implies that all G[—r,r]-representatives of a control u € L (—r,r) yield the same
left and right limits after an extension by zero. This shows that it makes sense to talk about the functions
E-(w)(-—):R—Rand &(u)(-+): R — R of a control u € L (—r,r). In what follows, we call &, (u)(-—) and
Eq(u)(-+) the left- and the right-continuous representative of the L?(R)-extension E,.(u), respectively.

Definition 6.4 (Left- and Right-Continuous Representative of E,(#)). Given r > 0 and u € LF(—r,r), we
define & (u)(-—): R —» Rand &.(u)(-+): R — R to be the functions that are obtained by extending an arbitrary
G[—r, r]-representative of # by zero in the sense of (6.1) and by subsequently taking left /right limits.

For the functions &.(#)(-—): R = R and & (#)(-+): R = R, we have:
Lemma 6.5 (Stability of Left- and Right-Continuous Representatives). Let r > 0 be given. Then it holds

suﬂg) |5T(lt1)(ti) — 5T(u2)(ti)| = ||lL1 — ugHLoo(,r’r) Vltl, Uy € LOGO(—T, 7"). (62)
te

Proof. The inequality “>” in (6.2) follows straightforwardly from (6.1), Lemma 6.3, and the definition of the
norm | - || e (—pry. To establish “<”, one can use the exact same arguments as in the proof of Lemma 6.3. [

We remark that (6.2) does not hold for arbitrary representatives of E,.(u1), E.(u2) € L?(R), even if they
are regulated. Indeed, by modifying the function &.(u)(-+) — &-(u2)( - =) at a single point, one can make the
supremum-norm on the left of (6.2) arbitrarily large while keeping the L% (—r,r)-norm on the right of (6.2)
constant. As a straightforward consequence of Lemma 6.5, we obtain:

Corollary 6.6 (Closedness of L¥ (—r,r)). Let r > 0. The set LF (—r,r) is a closed subspace of L>(—r,r). In
particular, (LE (—=r,7),| - || (=rr)) i a Banach space.

Proof. That L (—r,r) is a subspace is trivial. To see that L (—r,r) is closed, suppose that {u,} C LF (—r,7)
is a sequence which satisfies 4, — u in L°°(—r,r) for some u € L>°(—r,r). From (6.1) and (6.2), it follows that

S |Er (ttn) (t4) = & () (E4) | = [t — thn || oo (<) (6.3)
e|l—r,r

holds for all m,n € N. Since {u, } converges in L>(—7,7) and since the functions &, (u,)( - +)|[—r,,] are regulated
by [30], Corollary 4.1.9, (6.3) shows that the sequence {&.(un)( - +)|(=rr} is Cauchy in (G[—7,7],[ - [|oc). As
(G[=r,7], ] |lo) is a Banach space, this implies that there exists & € G[—r, ] such that &, (u,)(t+) — #(t) holds
for all ¢ € [—r,7]. From Lemma 6.3, we obtain further that the functions &, (u,)(-+)|/—y,) are representatives
of u, and, thus, that &, (u,)(t+) — u(t) holds for a.a. ¢ € (—r,r). In summary, this yields # = # a.e. in (—r,1).
The limit u of {u,} thus admits a G[—r, r]-representative, it holds u € L¥ (—r,r), and the claim is proven. [
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We are now in the position to study the differentiability properties of the operator S,.. The point of departure
for our analysis is the following observation.

Lemma 6.7 (Hadamard Directional Differentiability of gg, (4)). Let 7 > 0 be fived and let u € LF(—r,r) be
given. Then the function gg () R — R is Hadamard directionally differentiable on R with derivative

, ) E(w)t=)z ifz <0,
95, w(t2) = {&(u)(tﬂz 20 VzeR  VteR. (6.4)

Proof. Choose an arbitrary G[—r, r]-representative of u € L (—r,r) (denoted by the same symbol) and suppose
that ¢ € R and z > 0 are given. Then (2.3), the definition of the right limit &, (u)(¢+) of the function &.(u): R —
R at ¢, and the fact that &,.(u) is a representative of E,.(x) € L%(R) imply that

timsup | 22052 =950 gy~ timsup 1t/¢+szﬁa<ux<>-—s;<uxt+>d<’
0<s—0 S 0<s—0 | S t
) 1 t+sz
~imswp 2 [ a@ﬂ@—&ww+m4

Stimsup  sup |6, (w)(C) — £ (w)(t+)]]2] = 0.
0<s—0 ¢e(t,t+sz2)

This shows that the function gg, (4 is directionally differentiable in all nonnegative directions z at all ¢ € R
with derivative &, (u)(t+)z. The directional differentiability in negative directions is obtained analogously. To
see that gp, () is even Hadamard directionally differentiable, it suffices to note that g _(,) is globally Lipschitz
continuous due to the L>-regularity of # and to invoke [25], Proposition 2.49. This completes the proof. O

In combination with Lemma 6.3, Lemma 6.7 yields:

Corollary 6.8 (Exceptional Set of gg (4)). Let 7 > 0 be fized and let u € L (—r,r) be given. Then there exists
an at most countable set Z C R such that the function gg, ) : R — R is Fréchet differentiable at allt € R\ Z.

Proof. From Lemma 6.3ii) and Definition 6.4, we obtain that there exists an at most countable set Z C R such
that & (u)(t—) = &-(1)(t+) holds for all £ € R\ Z. In view of the properties in Lemma 6.7, this implies that
9E, (v is Hadamard-Gateaux differentiable at all t € R\ Z. As gg, (4 is a map between finite-dimensional spaces,
this implies the asserted Fréchet differentiability; see the comments after [25], Proposition 2.49. O

Since the function S, is, by definition, the solution operator Up, > u + y € H(Q) N H2() of the partial
differential equation

Ay + g, w(y) = fin Q, y =0 on 09,

we can use the properties in Lemma 6.7 to prove:

Theorem 6.9 (Hadamard Directional Differentiability of S,.). Let r > 0 be given. The function S,: Up, —
H} () N H%(Q) is Hadamard directionally differentiable at all points u € L (—r,r) N Up, in all directions
z € T(u;Up,) C L3(—r,7) in the following sense: For all u € LE(—r,r) N Up, and all z € T(u;Up,), there
exists a unique S.(u;z) € HE(Q) N H2(Q) such that, for all {z,} C L*(—r,7) and {s,} C (0,00) satisfying
zn — z in L2(=r,7), s, = 0 in R, and u + 5,2, € Up,. for alln € N, it holds

Sp(v+ spnzn) — Sp(1)
Sn

— S/ (u; 2) in H*(Q) for n — oo. (6.5)
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Further, the directional derivative & := S.(u;z) € H}(2) N H?(Q) of S at a point u € L¥ (—r,r) N Up, with
state y := Sy(u) in a direction z € T(u;Up,) is uniquely characterized by the condition that it is the weak
solution of the partial differential equation

—A6 + (1) (y+) max(0,0) + &-(u)(y—) min(0,6) = —gg, (2)(y) in Q, 0 =0 on 9. (6.6)

Here, £.(w)(-—) and E.(u)(-+) denote the left- and the right-continuous representative of E,(u) € L*(R).

Proof. Suppose that u € L¥ (—r,r) NUp, and z € T (u;Up,) are given; define y := S,.(u) € H}(2) N H*(Q);
assume that {z,} C L?*(—r,r) and {s,} C (0,00) are sequences that satisfy z, — z in L?(—r,7), s, — 0 in R,
and u + spz, € Up, for all n; and denote the difference quotients on the left-hand side of (6.5) with d,,. Then
it follows from the definition of S, and Theorem 3.4iv) that the sequence {d,,} C HE(Q2) N H?(Q) is bounded
in H}(Q) and we obtain by subtracting the PDEs satisfied by S, (# + s,,2,) and S, (%) and by rearranging the
resulting equation that &, € H}(Q) N H?(L) is the weak solution of

98, ()Y + 5n0n) — 9. () (V)
Sn

—Ad, + + 98, (z,) (Y + sn0,) = 0 in Q, dp, = 0 on 0N (6.7)

Because of the boundedness of {4,,} in Hj(2) and the theorems of Banach-Alaoglu and Rellich-Kondrachov,

we can pass over to a subsequence of {4, } (for simplicity denoted by the same symbol) which converges weakly

in H}(Q) and strongly in L?(Q2) to some § € HZ(f2). In combination with the fact that F,(u) is essentially

bounded, the estimate (3.1), and the dominated convergence theorem, this yields

‘ 9B, ()Y + 500n) — 9B, (w)(Y)
Sn

— 95, (w¥: 0)

£2(Q)
98, () (Y + 500) — 9B, () (Y)

Sn

9B, () (Y + 500n) = 9B, () (y + 5n0)

Sn

> - g/ET(u)(y76)

< ‘

L2(Q)
9E, () (Y + 510) — 95, () (Y)
S

L2(Q)

— 0
L2(Q)

< B ()] o 190 — 812y + \ g (4:9)

1/2 1/2
and ||gEr(zn)(y + S’ﬂ(s’ﬂ) - gEr(z)(y)HL2(Q) < ||Er(zn)||L2(]R)Sn/ H(STLHL/I(Q) + HgET(anz) (y)||L2(Q) — 0 for n — oo.

Due to (6.7), the above implies, on the one hand, that ¢ is a weak solution of
—AS + g, (1) (Y3 0) + 9B, (2)(y) = 0 in Q, d =0 on 09, (6.8)

and, on the other hand, after subtracting (6.7) and (6.8) and invoking the regularity estimate (3.4), that ¢ is
an element of H}(Q) N H?() which satisfies

[0n — 6l m2(0) < C|| — Adp + Al 12(q)

9E, ()Y + 5n0n) — 95, (Y)
Sn

<c|

— 95, (; 0) H +C |95, (20 W + 500n) = 95,2 W) 120
L2(@)

—0

for n — oo with a constant C' > 0. The sequence {8, } thus converges even strongly in H?({) to 6. Next, we
show that (6.8) can have at most one weak solution. To see this, let us suppose that 6,6 € HL(Q) are two weak
solutions of (6.8). Then, by using 6 — & as a test function in the weak formulation for § and § — & as a test
function in the weak formulation for ¢, by adding the resulting identities, by employing (6.4), and by using
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that the bound # > —¢ep a.e. in (—r,r), Definition 6.4, and the definition of the left and right limit imply that
E-(u)(t+) > —ep holds for all t € R, we obtain that

0= /Q V(6 — )2 + & (u) (y+) (max(0, 6) — max(0,8)) (8 — 6) + & (u)(y—) (min(0, 5) — min(0,8)) (8 — 6) dw

> /Q V(6 — 8)* — ep(max(0, ) — max(0,)) (8 — §) — ep(min(0,5) — min(0,5)) (5 — &) dz

_ /Q V(6= )2 —ep(6 — 8)2da > (cp — )16 — 81220y

Since cp — ep > 0 holds by Definition 3.2, the above shows that § and § are identical and that (6.8) possesses
precisely one weak solution, namely the limit § € H}(Q) N H2(Q) of the difference quotients d,,. Note that
the unique solvability of the partial differential equation (6.8) also implies that the limit of the subsequence
chosen after (6.7) is independent of the choice of the subsequence. In combination with a trivial contradiction
argument (see [26], Lem. 4.16), this yields that the whole original sequence of difference quotients {d,,} converges
in Hi(Q) N H?(Q) to the weak solution & of (6.8). By combining all of the above, by setting S’.(u; z) := J, and
by invoking Lemma 6.7, the claim of the theorem follows immediately. O

Note that the extension operator &, in (6.6) can be dropped if the bound r and the control u € L¥ (—r,7) N
Up, satisfy u > 0 a.e. in (—r,7) and r > rp. Indeed, for such u and r, it follows from the definition of S, and
Lemma 3.5 that the range of the state y = S,.(u) € H} () N H2(2) € C(Q) is a subset of the interval [—rp,rp]
and we obtain from Definition 6.4 and, in the case r = rp, our conventions for the left and the right limits of
G[—r,r]-functions at +r that &.(u)(t+) = u(t+) holds for all ¢ € Range(y), where the left/right limit u(t+)
has to be understood as being defined w.r.t. an arbitrary G[—r, r]-representative of u. The last identity allows
us to recast the PDE (6.6) as

Y
ZAS + u(y+) max(0, ) + u(y—) min(0,8) = — / Z(t)dtinQ,  §=0on 00, (6.9)
0

without introducing any ill- or undefined terms. By exploiting this observation, we can also state the following
tangible corollary for the original solution operator S of (3.7):

Corollary 6.10 (Hadamard Directional Differentiability of S). Suppose that a control 0 < u € L?(R) is given
such that ul|(_,,y € LE(—r,r) holds for some r > rp. Then the solution operator S of (3.7) is Hadamard
directionally differentiable at w in all directions z € T (u; L% (R)). Moreover, the state y := S(u) € C(Q) satisfies
Range(y) C [~rp,rp] C [-r,r] and the directional derivative & := S'(u;z) € HYH(Q) N H?*(Q) of S at u in a
direction z € T (u; L2 (R)) is uniquely characterized by the partial differential equation

—AS + u(y+) max(0, §) + u(y—) min(0, 6) = —g,(y) in Q, 0 =0 on 0. (6.10)
Here, u(-—): [-r,r] = R and u(-+): [-r,r] = R denote the left and right limit function in the sense of (2.1)
of an arbitrary G[—r,r]|-representative of u|(_,,y € LEF (—r,r) (acting as a Nemytskii operator).
Proof. The assertions of the corollary follow straightforwardly from Lemmas 3.5, 4.4 and Theorem 6.9. O
As a direct consequence of Theorems 5.7, 6.9 and Corollary 6.10, we obtain:

Corollary 6.11 (Hadamard Directional Differentiability at Local Minimizers). Suppose that there exists v > rp
such that up € L?(R) satisfies condition (A1). Then the solution operator S: Up — HE(Q) N H?(Q) of (3.7) is
Hadamard directionally differentiable in the sense of Corollary 6.10 at all local minimizers w € L% (R) of (P)
in all directions z € T (u; L% (R)). Moreover, the map S,: Up, — Hg(Q) N H*(Q) is Hadamard directionally
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differentiable in the sense of Theorem 6.9 at all points u € L?(—r,r), that are obtained by restricting a local
minimizer @ of (P) to the interval (—r,r), in all directions z € T (1;Up,).

Proof. This follows immediately by combining Theorems 5.7, 6.9 and Corollary 6.10. O

As T (u; L% (R)) is the tangent cone of the set of admissible controls of (P) at @, Corollary 6.11 gives rise to
a Bouligand stationarity condition for local solutions of (P) in a straightforward manner. Before we turn our
attention to this topic, we study the differentiability properties of the maps S and S, in a particularly nice
situation, namely that in which the following additional assumption is satisfied:

Definition 6.12 (Condition (A2)). We say that condition (A2) holds if the given right-hand side f € L?(£2)
of the partial differential equation (3.7) satisfies A({f = c}) = 0 for all ¢ € R.

Note that (A2) is an assumption on the problem data of (P) that can be checked a-priori and not on the
problem solution. This distinguishes (A2) from similar conditions found in the literature on optimal control of
nonsmooth PDEs; cf. [4-6]. Condition (A2) is, for example, automatically satisfied if f is a nonconstant, real-
analytic function; see [39], Proposition 1. The main motivation for considering (A2) is the following observation:

Lemma 6.13 (Level Sets of States). Suppose that (A2) holds. Then, for everyy € S(Up) and every c € R, the
level set {y = ¢} has measure zero.

Proof. Let y € S(Up) be given and let u € Up be a control that satisfies y = S(u). From the definition of S
and Theorem 3.4, we obtain that y is an element of H}(Q) N H?(£) that satisfies

—Ay + gu(y) = f a.e. in Q, (6.11)

where the Laplacian is understood in the strong sense, i.e., in the sense of second weak derivatives. Suppose
now that (A2) holds and that ¢ € R is given. Then, by [40], Lemma 4.1 and due to the definition of g,,, we have
Ay =0 a.e. on {y = ¢} and g,(y) = gu(c) = const a.e. on {y = ¢}. In combination with (6.11), these equations
imply that —Ay + g, (y) = gu(c) = f = const holds a.e. on {y = c}. Because of (A2), the last identity can only
be true if the measure of the set {y = ¢} is zero. This proves the claim. O

As an immediate consequence of Lemmas 6.3, 6.13, we obtain:

Lemma 6.14 (G[—r,r]-Representatives and States). Suppose that (A2) holds and that r >0, y € S(Up), and
uy, uy € G[—r,7r] satisfying w1 (t) = ua(t) for a.a. t € (—r,r) are given. Then it holds

En(m)(y) = & (m)(y+) = & () (y—) = E(m)(y) = & () (y+) = & (12)(y—) a.e. in Q. (6.12)

Proof. From Lemma 6.3ii), we obtain that there exists an at most countable set Z C R satisfying &, () (¢) =
Er(m)(tE) = E(up)(tE) = E-(u2)(t) for all t € R\ Z, and from Lemma 6.13, we know that AY({y = ¢}) = 0 holds
for all ¢ € Z. If we combine these two observations with the fact that a countable union of sets of measure zero
is still of measure zero, then (6.12) follows immediately. Note that, as regulated functions are Borel measurable
and (every representative of) y is Lebesgue measurable, no measurability problems arise here. O

Analogously to Definition 6.4, we obtain from Lemma 6.14 that, under condition (A2), it makes sense to talk
about the composition &, (u)(y) € L>(2) of a control u € L¥ (—r,r) and a state y € S(Up).

Definition 6.15 (Control-State-Composition). Suppose that r > 0 is given and that (A2) holds. For all u €
L¥(—r,r) and all y € S(Up), we define &, (u)(y) to be the element of L () that is obtained by extending an
arbitrary G[—r, r]-representative of u by zero in the sense of (6.1) and by composing the resulting function with
y. If the C(Q)-representative of y satisfies Range(y) C [—7,7], then we also write u(y) instead of &.(u)(y).

By combining Theorem 6.9 and Lemma 6.14, keeping in mind Definitions 6.4, 6.15, we arrive at:
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Proposition 6.16 (Hadamard-Gateaux Differentiability of S,.). Let r > 0 be given and suppose that con-
dition (A2) holds. Then the function S,: Up, — H§(Q) N H?(Y) is Hadamard-Gateauz differentiable at all
points u € LE(—r,r) N Up, in the sense that, for every u € LF(—r,r) N Up,, the Hadamard directional
derivative S.(u;-): T(u;Up,) — HE(Q) N H2(Q) in (6.5) can be extended to a linear and continuous func-
tion SL(w): L?(—r,r) — H} () N H?(Q). Moreover, for every u € L¥ (—r,r) N Up, with state y := S, (u), the
Hadamard-Gateaux derivative S.(u) € L(L?*(—r,r), H3 () N H?(Q)) is precisely the solution operator z — & of
the linear elliptic partial differential equation

—A6+E-(1)(y)0 = —9gE,(2)(y) in Q, 0 =0 on 0f. (6.13)

Here, the composition E.(1)(y) € L () is understood in the sense of Definition 6.15.

Proof. Consider some u € L°°( r,r) N UP»,- with state y := S,.(#). From Definitions 6.4, 6.15 and Lemma 6.14,
we obtain that &.(u)(y) = &-(u)(y+) = E-(u)(y—) holds a.e. in Q. This identity implies that the weak formu-
lations of the PDEs (6.6) and (6.13) are identical and that the directional derivatives S..(u; z), z € T (u;Up,),
are indeed characterized by (6.13). To complete the proof, it remains to check that the solution operator z — §
of the PDE (6.13) is linear, continuous, and well-defined as a function from L?(—r,7) to H}(Q) N H%(Q). Since
the inequality u > —ep a.e. in (—r,7) implies that &.(u)(t+) > —ep holds for all t € R (see the proof of The-
orem 6.9), due to the definition of &,.(u)(y), and due to (6.12), we know that &,(u)(y) > —ep holds a.e. in Q.
Analogously to (3.6), this allows us to conclude that the operator H}(Q) > v — —Av + &.(u)(y)v € H~1(Q)
satisfies the coercivity estimate

24 ¢p —¢p 2 1
<—A’U +57’(u)( )’U ’U>H1(Q / |Vv\ 1' — €PLU d.’IJ = m“@||H1(Q) V’U S HO (Q) (614)

Since the mapping H}(Q) > v — —Av + &.(u)(y)v € H~() is continuous and since

95,2 @)l z2@) < W50yl 212 (<) (6.15)

holds for all z € L?(—r,r) by (3.5), it follows from the lemma of Lax-Milgram (see [33], Lem. 2.2) that (6.13)
possesses a linear and continuous solution operator L?(—r,7) 3 z + § € H}(Q2). Due to (3.4) and again (6.15),
we further obtain that there exists a constant C' > 0 such that the solution § of (6.13) satisfies

181120y < CIEN) )8 + g1, 0y 2y < C (IE W)@ 61200 + 91y I 2az ) - (6:16)

In combination with the already established continuity and linearity of the map z +— § as a function from
L?(—r,r) to HE(Q), the above shows that the solution mapping of the PDE (6.13) is indeed an element of
L(L*(—r,7), HY(Q) N H2(2)). This completes the proof of the proposition. O

We remark that regularization effects similar to that in Proposition 6.16 have already been exploited in [40]
for the analysis of multi-objective optimal control problems governed by nonsmooth semilinear elliptic equations
and in [41] for the optimal control of nonsmooth quasilinear PDEs. (In both of these contributions, the appearing
nonsmooth superposition operator is fixed, though, and the control enters via the right-hand side.)

We further would like to point out that it is crucial to work with the G[—r,r]-extension operator &, in
Proposition 6.16, and not with the L?(—7,r)-extension operator E, introduced in Definition 4.3ii). Indeed,
only by restricting the attention to regulated representatives, we obtain from Lemmas 6.3, 6.13, 6.14 that the
composition &(u)(y) of the control and the state in (6.13) is well defined. If we write, for example, E,(u)(y),
then it is not clear anymore whether this expression is sensible as changing the L?(R)-representative of E,.(u)
on an uncountable null set might affect the composition E,.(u)(y) on a nonnegligible subset of €2, even when all
level sets of y have measure zero. Compare also with the comments in [13], Section 5 in this context.
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By considering S, as an operator on the Banach space (Lg (=7, 7), || - || Lo (—r,r)), We can refine Proposition 6.16
as follows:

Theorem 6.17 (Continuous Fréchet Differentiability of S, on LE (—r,7)NUp,.). Letr > 0 be given and suppose
that condition (A2) holds. Consider the map S, as a function S.: L (—r,r) N Up, — H}(2) N H%(Q), i.e.,
as an operator defined on a subset of the space (L (—r,7),|| - ||Loo(=rr)). Then S, is continuously Fréchet
differentiable on LF (—r,r) N\ Up, with the derivatives S,.(u) from Proposition 6.16 in the following sense:

i) For all sequences {u,} C L (—r,r)NUp, satisfying w, — u in L>(—r,r) for some u € LF (—r,r)NUp,,
it holds S (u,) — SL(w) in L(L*(—r,7), H}(Q) N H2()).
it) For every u € LF(—r,r)NUp,, it holds

i 1S (u + 2) — Sr(4) — S(1) 2l 2@
im =

0. (6.17)
0< 12l Loo () =0, u+2ELE (—7,7)NUp, 2]l 2 (=rr

Proof. We begin with the proof of i): Let {w,} C L¥(—r,7)NUp, be a sequence satisfying u,, — © in L>(—r,r)
for some u € LF(—r,r) N Up, and let {z,} C L*(—r,r) be given such that |2,/ 2(_,,) < 1 holds for all n.
Define y,, := S, (u,) and y := S,.(#). From Theorem 3.4i) and the definition of S,., we obtain that y,, — y holds
in H2(Q), and from (6.12), (6.13), and Definitions 6.4, 6.15, that the functions 6, := S.(%,)2n, 7n = S.(4) 20,
and g, := J,, — ny, satisfy (in the weak sense)

— Ay +E (W) () pin = [Er (1) (y+) — Er(100) (Yn )] 0n + 98, (2,)(¥) = 9B, (5) (Yn) In @, = 0 on IN. (6.18)

Due to (3.1), the convergence y, — y in H*(Q2), and the bound ||z, 12(—r,) < 1, we know that

1/2 1/2
HgE,,(z,L)(y) - gE,.(zn)(yn)HLz(Q) < HE7'(Zn)HL2(R)||y - y’ﬂHL/l(Q) <lly- ynHL/l(Q) —0

holds for n — oo. Using the estimates (6.14) and (6.15), the PDE (6.13), and again the bound ||z, ||2(—pr) <1,
it is further easy to check that d,, = S, (i, )z, satisfies

1/2 1/2
10nllzr () < CllgE, o) Wn)llz22) < Cllyml iy | 2nllL2(<rry < Cllynll i,

for all n with a constant C' > 0 that is independent of n. In combination with the same bootstrapping argument
as in (6.16), Theorem 3.4ii), Lemma 6.5, and the convergence u,, — # in L (—r,r), this shows that the sequence
{6,} is bounded in H?() and that

IEr () (ynt) = & () (Yn+)] Onll L2y < NEr () (ynt) = Er () (Yn+) Lo (@10l L2(02)
< sup £ (u)(t+) — & (1) (t4)1110n | 2 0
€
= ||u =ty oo (=) |0n || L2(0) — O
holds for n — oco. Let us now consider the differences [&,(u)(y+) — &-(#)(yn+)]0n. Since the function
E(u)(-+): R — R is continuous at all points t € R\ Z with an at most countable exceptional set Z C R

by Lemma 6.3 and Definition 6.4, since y,, — y holds in C(Q) due to the convergence y,, — y in H?(Q) and the
Sobolev embeddings, and since all level sets of y have measure zero by Lemma 6.13, we have

E(u)(y+) — & (W) (ynt) = Liygzy (& () (y+) — E(w)(yn+)) = 0 ae. in €
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In combination with the boundedness of {4,} in H%(Q) < C(Q), the fact that & (u)(y+) — & (1)(yn+)
is essentially bounded, and the dominated convergence theorem, this yields that [E,(u)(y+) — &-(1)(yn+)]0n
converges strongly to zero in L?(£2). In total, we have now proven that

1160 () () — € (1) (nH)] 8 + 9, (20) @) = 95, () W) | 2
<195, (2) @) = 9.2 () | 2 2y + NEH @) Wnt) = En(t) (n )] bl 200
+ 1[E-(1) (y+) — E-(1) (Yn+)] Onll L2 (q)
—0

holds for n — co. Due to the PDE (6.18), the estimate (6.14), and the lemma of Lax-Milgram (see [33],
Lem. 2.2), this shows that u,, converges to zero in H'({2) and, again by the bootstrapping argument in (6.16),
that p, — 0 holds in H2(Q2). As u, satisfies w, = 8, — 1, = S..(u,)z, — S.(4)z, by definition, this yields
1S (ttn) 2 — S} (1) 2n|| 2 () — 0. As {z,} was an arbitrary sequence satisfying ||z, || 2(—y ) < 1, it follows that
S!(u,) — S/(u) holds in L(L?(—r,7), H}(Q) N H?(Q)). This completes the proof of i).

It remains to establish ii): Suppose that u € L¥(—r,r) N Up, and a sequence {z,} C L¥(—r,r) satisfying
0 < [|znllpoe(—ry — 0 and u+ 2, € LF(—r,7) N Up, for all n are given. From i), Proposition 6.16, and the
convexity of the set L (—r,r) NUp,., we obtain that the map [0,1] 3 s — S,.(u+ sz,) € H}(Q) N H?(Q) is well-
defined and Hadamard-Géteaux differentiable on [0, 1] with a derivative that depends continuously on s € [0, 1].
By applying the mean value theorem to this function (see [42], Thm. 3.2.6), we obtain that

1S (4 + 2n) = Sp(#) — Sp () 2nll 20

||ZTL||L2(—7‘,T)

1 1
= Tolorn / Sl (u+ sz,)z,ds — Sl (u)z,
m || L2(—r,r) 0 H2(Q)
1 1
= ol / [S/(u+ sz,) — Sl(u)|z, ds
Zp L2(—r,r) 0 H2(Q)
< sup 1S5 (u+ 2) — Svl"(u)”L(L?(—'r,r),H?(Q)) .

ZGLOGO(*"';T):HZHLOO(—r,r)SHanLoo(—r,r) au+ZEL%O(7T7T)mUPJ'

Since ||z, o (—r,) — 0 holds by assumption and due to i), the right-hand side of the last estimate goes to zero
for n — oco. As the sequence {z,} was arbitrary, this establishes ii) and completes the proof. O

Note that, by combining the Fréchet differentiability property in point ii) of Theorem 6.17 with the elementary
estimate |z p2(—p ) < V27| 2| poo(—r,p for all z € L(—r,7), we obtain

1Sr(u + 2) — S (#) — Sp(W) 2l r2@)

lim
0< |2l oo (_r,my =0, u+2ELE (—1,7)NUhp, |2l Loo (—r,r)
Sp(u+2)—S.(u)— S (u)z
S\/ﬂ li H T( + ) T( ) r( ) HH’%Q)
0<lzll oo (= rory =0, u+2ELE (—r,m)Up, 2]l 2 (=r.r)

=0.



OPTIMIZATION OF NONSMOOTH SUPERPOSITION OPERATORS 31

Completely analogously, one can also check that the convergence S’(u,) — S.(u) in L(L*(—r,7), H}(2) N
H?(Q)) proven in point i) of Theorem 6.17 implies that S/.(1#,) — S.(%) holds in L(LE (—r,r), H} () N H?(R)).
In summary, this shows that Theorem 6.17 establishes a notion of continuous Fréchet differentiability for the
operator S,: L¥ (—r,7) N Up, — HL(Q) N H?(2) that is stronger than the classical one for a function defined
on a subset of (L (—r,7), || - || Lo (=r,y) With values in (Hg(Q2) N H*(Q), | - || g2(0)); ¢f. Definition 6.1iv).

We remark that Proposition 6.16 and Theorem 6.17 again give rise to corresponding results for the solution
operator S of (3.7), similarly to the relationship between Theorem 6.9 and Corollary 6.10. We omit stating
these reformulations here and instead turn our attention to the consequences that Theorem 6.17 has for the
reduced objective function F,.: Up, — R of the problem (P,):

Corollary 6.18 (Continuous Fréchet Differentiability of F;. on L (—r,7)NUp,). Letr > 0 be given and suppose
that (A2) holds. Consider the map F, introduced in Definition 4.3v) as a function F,: LE (—r,r)NUp, — R,
i.e., as a map defined on a subset of the Banach space (L (—r,7),|| - || Lo (—rr)) with values in R. Then F, is
continuously Fréchet differentiable on the set LE (—r,r) N Up, in the sense of Definition 6.1iw). Further, for
all w e LY (—r,r) NUp, with associated state y := S,(u), the evaluation F)(u)z € R of the Fréchet derivative
Fl(u) € LE¥(—r,7)* of F, at u in direction z € LF (—r,r) is given by

FT/,(IL)Z - (*PZ + v+ VQ(u - uD)a Z)LQ(fr,r) ) (619)

where pa: [—r,r] = R is the function defined by the system

[ maeiselon,
. {y>s}
—Ap1+ & W) (y)pr =y —yp inQ, p; =0 on 0N, pa(s) = (6.20)

—/ prdz  if s € [-r,0).
{y<s}

Proof. From Theorem 6.17 and the structure of F,. (or, alternatively, the chain rule), we obtain that the function
F.: LE¥(—r,r) NUp, — R is continuously Fréchet differentiable in the sense of Definition 6.1 (with U :=
LE(—r,r), Y =R, and D := L (—r,r) NUp,) and that the derivatives of F, satisfy

Fi(u)z = (S-(1) — yp, S;(4)2) 12 (q) +/ vz +uw(u—up)zds Yue LE(—r,r)NUp, Vz € LF(—rr).
(6.21)
Consider now some u € L¥ (—r,r) N Up, with associated state y := S,(u). Using the same arguments as in
the proof of Proposition 6.16, one checks that the elliptic PDE in (6.20) possesses a unique solution p; €
H} () N H?(Q) C C(Q). If we choose functions S.(u)z € Hi(Q) N H%(Q), z € LF(—r,7), as test functions in
the weak form of the PDE for p; and exploit (6.13), then we obtain

/ (v — yp)S.(w)zda = / V1 - VSL(u)z + & () (y)p SL(w) 5 da = — / s Wpde  Vze LF(—rr).
N N . (6.22)
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By plugging in the definition of gg, (), by invoking the theorem of Fubini (see [27], Thm. 3.4.4), by exploiting
Lemma 6.13, and by using the definition of ps, we can rewrite the right-hand side of (6.22) as follows:

0
/gE (2 W)p1de = — / / s)dspi(x dx+/ / E,.(z)(s)dspi(z)dz
{y>0} {y<0}

_ / / Loy (o) (5) Er(2)(s) ds p1 () dz + / / Ly (001 (5)Er(2)(s) ds p1 () do
{y>0} /R {y<0} /R
= /RET(Z)(S) <— /{y>0}]l[o,y(z)](5)l71(x) dx+/{y<0}]1[y(z),o](5)]91($) dx) ds

- [ B@)0 (—n<o,oo><s> /{ P (o) /{ o d:c) s

- / Cop()ds Vo LF(-nn).

B (6.23)
In combination with (6.21) and (6.22), this establishes (6.19) and completes the proof. O

Analogously to the map S,.: L (—r,7) NUp, — H}(Q) N H?(Q), the function F,.: LF (—r,r) N Up, — Ris,
in fact, continuously Fréchet differentiable in a sense that is slightly stronger than that in Definition 6.1. Indeed,
from (6.21) and points i) and ii) of Theorem 6.17, it follows immediately that we not only have F)(u,) — F/ (%)
in L (—r,r)* for all sequences {u,} C LF(—r,r)NUp, which satisfy u, — u for some u € L (—r,r)NUp, in
L*(—r,7), but even F!(u,) — F'(u) in L?(—r,7)* = L?(—r,r), and that we may even divide by the L?(—r,r)-
norm in the definition of Fréchet differentiability, and not only by the L% (—r,r)-norm; cf. (6.17). We omit
stating these properties in a separate result here because they are not needed for the subsequent analysis.

Note that, because of the L?(—r,r)-scalar product in (6.19), the function po: [—r,r] — R in (6.20) can be
redefined on a set of measure zero without affecting the validity of the formula for the Fréchet derivative F) ().
In particular, we could also interpret p, as an element of L>(—r,r) in Corollary 6.18 (where the essential
boundedness of p follows from the regularity properties of p;). We have introduced p» as a classical function
and not as an element of L (—r,r) here because the representative in (6.20) enjoys very convenient additional
regularity properties. We collect these in:

Lemma 6.19 (Regularity Properties of the Adjoint Variable py). Let r > 0 be given and suppose that (A2)
holds. Assume that a control u € LF(—r,r) N Up, with associated state y := S,(u) is given and that p; €
H}(Q)N H?(Q) and po: [—r,r] = R are defined as in (6.20). Then the following is true:

i) pa is continuous at every point s € [—r,r] \ {0} and right-continuous at s = 0.
ii) ps is an element of the space BV [—r,r].
i4i) The distributional derivative of py is the Borel measure on [—r,r] given by

P = ( [ o dm) o — (817 ) (). (6.24)

Here, o is the Dirac measure at zero and ([y]",)«(p1A\?) denotes the image (a.k.a. pushforward) of the
weighted Lebesgue measure pi A\ in the sense of [27], Section 3.6 under the continuous representative of

r ify >,
[yl = max(0,min(r, y)) + min(0, max(-r,y)) =y ify e (-rr),
—r ify < -—r.
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i) If r and u satisfy r > rp and u >0 a.e. in (—r,7), then ps is identical zero in [—r,r]\ (—rp,rp) and the
formula (6.24) holds with [y]", replaced by y.

Proof. Consider a sequence {s,} C [0,r] that satisfies s,, — s for some s € [0,r]. We claim that the functions
14y>s,1 converge pointwise a.e. in Q to 1y, for n — oco. To see this, let us assume that the maps 1y,>,,; and
1>y are defined w.r.t. some representative of y. Then, for every x € Q with y(z) > s, it holds y(x) > s,, for
all sufficiently large n and, thus, 1> (2) = 1{,>,,1(2) = 1. Analogously, we obtain that, for every x €  with
y(x) < s, we have y(z) < s, for all large enough n and, thus, 1> (2) = 1y>,,3(z) = 0. Since the set {y = s}
has measure zero by Lemma 6.13, this shows that the sequence 1y,>,, ) indeed satisfies 1y,>5.3 = L(,>4) a.e.
in  for n — co. By exploiting that p; € H}(Q) N H?() is essentially bounded by the Sobolev embeddings and
by invoking the dominated convergence theorem, we may now deduce that

lim po(s,) = lim Tiy>s,yp1de = / Liy>syp1de = pa(s).
Q Q

n—roo n—oo

This shows that p is continuous on (0, 7] and right-continuous at s = 0. As the above arguments can also be
used to establish the continuity of p; on [—r,0), i) now follows immediately.
To prove ii), we revisit (6.23) in the special case z = v/, v € C1([—r,r]). This yields

/_T ps ds_/{y>0}/ s) dspi (x )dx—/{w}/yl E(v')(s) ds py(2) da

min(r,y(z))
S o)) dspr ()~ [ / o)(s) dsp () da
{y>0} {y<0} Jmax(—r,y(x))

—/ [2(min(r, y(z))) — 2(0)] p1(z )dx—/ [2(0) — v(max(—r,y(z)))] p1(z)dz
{y>0} {y<o0}

= —v(0) /Qpl dx + /Q v([y]",)p1 dx Yo € CH([~r,r]).

(6.25)
Here, in the last step, we have exploited that the level set {y = 0} has measure zero by Lemma 6.13 and that
[y]", = max(0, min(r,y)) + min(0, max(—r,y)) holds by definition. By proceeding along the exact same lines as
in the proof of Proposition 5.5, i.e., by invoking the theorem of Hahn-Banach (see [30], Thm. 8.1.1), the Riesz
representation theorem (see [30], Thm. 8.1.2), and the integration by parts formula for the Riemann-Stieltjes
integral (see [30], Thm. 5.5.1), we obtain from (6.25) that there exists a function g € BV[—r,r] which satisfies
g = p2 a.e. in (—r, 7). Since we already know that p, is continuous in [—r,7] \ {0}, since elements of BV [—r, ]
are regulated, and since the complement of a set of Lebesgue measure zero is dense, the last equality implies that
q(t+) = p2(t+) = pa2(t) = p2(t—) = q(t—) holds for all t € (—r,r)\ {0}. Recall that, as an element of BV [—r, 7],
the function g can be written as the sum of a step function ¢ and a function ¢ € BV[—r,r| N C([—r,1]);
see [30], Theorem 2.6.1. Due to the identity g(t+) = gq(t—) for all t € (—r,r) \ {0} derived above, we know
that q(t+) — q(t—) = q1(t4+) — g1 (t—) = 0 holds for all t € (—r,r) \ {0}. This shows that there exist constants
¢1,¢2 € R which satisfy q1(t4+) = qi(t—) = ¢1 for all t € (—r,0) and ¢ (t+) = qi(t—) = ¢z for all ¢ € (0,7);
see the formulas in [30], equations (2.5.3) and (2.5.7). We thus have py(t) = q(t) + ¢1 for all t € (—r,0) and
p2(t) = q2(t) + o for all t € (0, 7). In summary, we may now conclude that

=g+ (p(=7) — (=)L} + c1l(—r0) + (p2(0) — (0)) Loy + c2l(o.) + (p2(r) — §2(r)) Ly

holds on [—r,r]. This proves that ps is the sum of functions of bounded variation and that p, € BV [—r,r] holds
as claimed in ii).
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To establish iii), it suffices to note that (6.25) and [27], Theorem 3.6.1 (which is applicable here due to the
comments on [27], p. 191) imply

/ " Y (5)p(s)ds = —0(0) [ mdet [ 0@ gpde=—o(0) [ praos [ v d [(Ig]7,)s (1 AY)]

-T

Vo € CY([-r,7]).

This yields iii) as desired; see [28], Definition 2.2.4.

To finally prove iv), we recall that, in the case r > rp and u# > 0 a.e. in (—r,r), we obtain from Lemmas 3.5,
6.13 and the definition of S, that the continuous representative of y satisfies Range(y) C [~7p,7p] and A ({y =
rp}) = M{y = —rp}) = X{y >rp}) = X({y < —rp}) = 0. In combination with (6.20) and the definition of
[y]",., these properties immediately yield the assertions of iv). This completes the proof. O

As we will see in the next section, the properties of the adjoint variable p, established in Lemma 6.19 carry
over to the local minimizers of (P) and (P,) in many situations. Point ii) of Lemma 6.19 further makes it
possible to interpret the adjoint variable po in (6.20) as an element of the space L%, (—r,7) C L¥(—r,r). We
will exploit this observation when setting up the gradient projection algorithm in Section 8.

7. FIRST-ORDER OPTIMALITY CONDITIONS OF BOULIGAND
AND PRIMAL-DUAL TYPE

With the results of Sections 4 to 6 at hand, the derivation of first-order necessary optimality conditions for
the problems (P) and (P,.) is straightforward. We begin by stating Bouligand stationarity conditions:

Theorem 7.1 (Bouligand Stationarity Condition for (P,)). Let r > 0 be given, suppose that up satisfies (Al),
and assume that u is a local solution of (P,) with state § := S,.(#) € H(Q) N H?(Q). Then u is an element
of LE(—r,r), the function S.: Up, — H}(Q) N H?(Q) is Hadamard directionally differentiable at @ in all
directions z € T (u;Up,.) in the sense of Theorem 6.9, and it holds

T

(¥ = yp, S;(#; 2)) 12 —|—/ nz+uv(—up)zdt >0  Vz e T(wLi(-rr)). (7.1)

-Tr

Proof. The regularity u# € L (—r,r) has been proven in Theorem 5.6 and the Hadamard directional differen-
tiability of S, at u in all directions z € T (u#;Up,) follows from Theorem 6.9. To establish (7.1), let us suppose
that z € T (#; L2 (—r,r)) is given. From the definition of the tangent cone 7 (i; L% (—r,7)), we obtain that there
exist sequences {z,} C L?(—r,r) and {s,} C (0,00) which satisfy s,, — 0 and z, — z in L?(—r,r) for n — oo
and % + s, 2, € L% (—r,r) for all n; see [25], Section 2.2.4. In combination with the local optimality of % and
the chain rule for Hadamard directionally differentiable functions (see [25], Prop. 2.47), this yields

. F(u+s,2z,) — F-(u _ _ " _
0< nhﬁn;o (85 . ) (&) = (y—yp, S, (u; 2)) 20 +/ vz + ot — up)zdt. (7.2)
As z € T(u; L2 (—r,r)) was arbitrary, (7.2) implies (7.1) and the proof is complete. O

Theorem 7.2 (Bouligand Stationarity Condition for (P)). Suppose that up € L*(R) satisfies (A1) for some
r > rp and assume that u € L*(R) is a local solution of (P) with state § := S(u). Then it holds u|(_, ) €
LE(—r,r), the solution operator S: Up — H(Q) N H*(Q) of (3.7) is Hadamard directionally differentiable at
@ in all directions z € T (u; L2 (R)), and @ satisfies

(¥ —yp, S’ (u; 2))r2(0) / vz +ve(t—up)zdt >0 Vz € L*(R) N T (@; L2 (R)). (7.3)
R
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Proof. The proof is along the lines of that of Theorem 7.1 and thus omitted. O

Note that, in the case vy = 0, the assumption 2z € L!(R) in (7.3) can be dropped. An immediate consequence
of Theorem 7.2 is the following result:

Corollary 7.3 (Tight Controls). In the case up = 0, every local solution @ € L*(R) of (P) satisfies 4 =0 a.e.
in R\ Range(y). Here, Range(y) denotes the range of the continuous representative of the state § := S().

Proof. This follows straightforwardly from the Bouligand stationarity condition (7.3) and the observation that
S’(u; z) = 0 holds for all z € T (u; L3 (R)) that vanish a.e. in Range(y); see (6.10) and (2.3). O

As already mentioned in Section 1.2, the notion of Bouligand stationarity is rarely helpful in practice. Under
assumption (A2), we can establish optimality systems that are far more suitable for applications.

Theorem 7.4 (Primal-Dual Stationarity System for (P,.)). Let r > 0 be given, suppose that up and f satisfy
(A1) and (A2), and assume that % is a local solution of (P,). Then there exist adjoint variables p1 and ps such
that uw and its state y satisfy the stationarity system

ue Ly (—rr), g,p1 € H(Q) N H?*(Q), P2 € LBy (—r,1),
Ay +9e,@@) = finQ, y=0on0dQ,
—Ap1 +&(u)(y)pr =y —yp in Q, p1 =0 on 09,

- d s> 0,
) /{y>s}p1 v sz (7.4)
Pa(s) = = fa.a. s € (—r,r),
7/ D1 dx ZfS <0,
{g<s}

fb(s)’“) fa.a se(—rr).

Vo

#(s) = max (()7 up(s) +

Here, E, and &, are defined as in Definitions 4.3, 6.2 and the composition E.(1)(§) is understood in the sense
of Definition 6.15. If up = up|(—yrr) € Ly (—r,7) holds, then we additionally have u € L3y, (—r,7).

Proof. From the local optimality of # in (P,), Theorem 5.6, Corollary 6.18, and the convexity of the set
LE(—r,r) N L2 (—r,r), it follows that # is a solution of the variational inequality

weLE(—rr)n Lﬁ_(—r, ), (—}_72 +uv+uva(—up), u— ﬁ)LZ(_m) >0 VYueLF(—r,r)N Li(—r,r),
(7.5)
where py € LE, (—r,r) is defined by the relations in (7.4). Using a simple contradiction argument and a pointwise
distinction of cases, one easily checks that (7.5) can admit at most one solution # and that the function
max(0, up + (P2 —v1)/1v2) solves (7.5). Thus, & = max(0, up + (p2 —v1)/v2) as claimed. Note that this projection
formula also implies that u € L%, (—r,7) holds if up satisfies up|(_, ) € LFy (—r,7). By collecting all of the
available information, (7.4) now follows and the proof is complete. O

Theorem 7.5 (Primal-Dual Stationarity System for (P)). Suppose that up satisfies (A1) for some r > rp
and that (A2) holds. Then, for every local solution i € L?(R) of the problem (P) with state ij, the range of the
continuous representative of § satisfies Range(y) C [—rp,rp] C [—r,7] and there exist p1 and P2 such that the
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following stationarity system holds true:

P2 € LQ(R), yp1 € Hé(Q) n HQ(Q)’ a'(*’”ﬂ‘) € LOGO(_T7 T)7 Ij2|(*7‘,7“) € LOBSV(_Ta T)a
—Ay+gz:(g)=f inQ, 7=0 on 09,
—Ap1 +u(@)pr =y —yp inQ, p1 =0 on I,
p1 dx if s >0,
/{ﬂ>8}pl foz (7.6)

fa.a. s eR,
—/ prdx  if s <0,
{7<s}

1)

p2(s) =

u(s) = max (O,uD(S) +

Here, the composition u(y) = u|(—pr(y) is defined as in Definition 6.15. If up|(—y,y € LEy (—r,7) holds, then
the inclusion @|(_, .y € Lg (—r,r) in (7.6) can be replaced by u|(—,,y € L&y (—r,7).

Proof. This follows straightforwardly from Lemma 3.5 and Theorems 4.5, 7.4. Note that p, vanishes by definition
a.e. in R\ [—-rp,rp]. O

The primal-dual stationarity systems (7.4) and (7.6) are not only appropriate points of departure for the
design and analysis of numerical solution procedures but also provide interesting insights into the structural
properties of locally optimal controls «. From Lemma 6.19, we obtain, for example, the following:

Corollary 7.6 (Similarities Between Optimal Superposition Operators and Activation Functions). Suppose
that (A2) is satisfied and that up € C(R) N LY (R) holds. Assume further that @ is a local solution of (P). Then
the function gz : R — R associated with u possesses the following properties:

i) gu ts Hadamard directionally differentiable on R;
i) gu is continuously differentiable in R\ {0};
iii) ga is sigmoidal in the sense that it is nondecreasing, satisfies gz(0) = 0, and admits well-defined and finite
limits gz (—00) :=limy—, oo ga(t) and gz(00) := lims—, o0 ga(t).

Proof. Due to the regularity up € C(R), we know that (Al) holds for all » > 0. This allows us to invoke
Theorem 7.5 and points i), ii), and iv) of Lemma 6.19 to obtain that the function pz € L*(R) in (7.6) possesses
a representative which is continuous in R\ {0}, identical zero in R\ [-rp,rp], and regulated on [—rp,rp].
Since up is an element of C'(R) and since & = max(0,up + (p2 — v1)/v2) holds by (7.6), the properties of py
imply that @ possesses a representative that is continuous in R\ {0} and regulated in every neighborhood of
the origin. As gy arises from @ by integration, the assertions i) and ii) of the corollary now follow immediately;
¢f. Lemma 6.7. It remains to establish iii). To this end, we note that gz: R — R is trivially nondecreasing and
zero at the origin by the definition of g; and the inequality @ > 0 a.e. in R. From (7.6) and the fact that p, has
a compact essential support, we further obtain that 4 € L'(R) holds. Again by the definition of g; and due to
the dominated convergence theorem, this yields

oo
tliglo gut) = tli>Holo (0.00) Lonuds = /0 uds
and
0
tilznoogﬂ(t) = tlggo - o) T puds=— /_OO @ds.

The limits gz (—o00) and gz (00) thus exist and the proof is complete. O



OPTIMIZATION OF NONSMOOTH SUPERPOSITION OPERATORS 37

Note that, from Lemma 6.13 and the stationarity system (7.6) (or, alternatively, from the expression for
the distributional derivative in (6.24)), we obtain that ps can only possess a continuous representative in the
situation of Corollary 7.6 if p; satisfies

/ pldx‘i‘/ }51d$:/ﬁ1d1‘=0.
{g>0} {g<0} Q

Since cases in which p; has zero mean are exceptional, this shows that the control 4 = max(0,up + (p2 —v1)/v2)
tends to possess a proper jump at zero (unless, of course, the parameters up, v1, and v, are such that the jump
is removed by the projection formula). In particular, one has to expect that the function gz arising from an
optimal control @ of (P) has a proper kink at the origin. In Section 9, we will see that such a nondifferentiability
at zero is indeed what is typically observed in practice and that solving a problem of the type (P) usually gives
rise to a “ReLU-like” sigmoidal function gz: R — R.

Regarding the variable v in (7.6), we would like to point out that this parameter promotes sparsity properties
of the optimal controls @ of the problem (P). In fact, using the bound in Theorem 3.4ii), the form of the adjoint
equation for P; in (7.6), and the estimate (6.14), it is easy to check that there exists a constant C' > 0, which
depends only on Q, yp, ep, and the bound M > 0 in Theorem 3.4ii), such that every ps € L?(R) associated with
a local solution @ € L*(R) of (P) satisfies ||p2|| ) < C. Due to the projection formula in (7.6), this implies
that, in the case up € L>(R), there exists a value 7; > 0 such that (P) is solved only by @ = 0 for all vy > 7.
In the numerical experiments of Section 9, we will demonstrate that this effect is also present in practice and
that the essential support of the optimal controls of (P) shrinks as 14 goes to infinity.

8. A GRADIENT PROJECTION ALGORITHM AND ITS CONVERGENCE ANALYSIS

In this section, we demonstrate that the differentiability results in Section 6 not only make it possible to
derive first-order necessary optimality conditions for problems of the type (P) and (P,) but also to set up
numerical solution algorithms for the calculation of local minimizers. To be able to cover the control-discrete
and the control-continuous case simultaneously, we henceforth consider the following variant of problem (P,.):

T

1
Minimize Fr(u) = 5”57«(1!) - yDH%2(Q) +/ U+ %(ll — uD)2 dt

-

wrt. uwel, (Pru)

st. u>0ae in (—r7).

We collect our assumptions on the quantities in (P,.z/) in:
Assumption 8.1 (Standing Assumptions for Section 8). Throughout this section, we assume that:

e 1 is a given positive number;

e up, £, S,, Up,, and F, are defined as in Definition 4.3;

e up satisfies condition (A1);

e f satisfies condition (A2);

e U is either the Banach space (L (—7,7),[ - |z (—rr)) or a finite-dimensional control space of piecewise
constant finite element functions subordinate to a grid —r =rg <r; <ro < ..<ry =71, N €N, i.e.,

U={ueL>®(—rr)| u=const ae. on (rp_1,7) Yn=1,..., N} C LF(—r,71). (8.1)
In addition, up, yp, 2, d, v1, Vo, and f are, of course, still assumed to satisfy the conditions in Assumption 2.1.

Note that, by setting up a numerical algorithm for the solution of (P, ), we also obtain a solution method
for our original identification problem (P) due to Theorem 5.6 and the equivalence in Theorem 4.5. Using
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Theorem 5.6 and the direct method of the calculus of variations, one further easily checks that (P, ;) possesses
at least one global solution # € . To discuss the first-order necessary optimality condition of (P,;/) and the
associated gradient projection method in an adequate manner, we introduce:

Definition 8.2 (L?-Projection onto U). We define PZ/L,Q : LY (—r,r) — U to be the function that maps a given
u € LY (—r,r) to the unique solution szz(u) of the variational problem

PﬁQ(u) eu, (u - PﬁQ(u),z>L2(_T o 0 Vzel.

Note that, in the case U = L (—r,r), the function PZ/L,Q is just the identity map on L (—r,r). (In particular,
it is not a problem in this case that & = L (—r,r) is not a closed subspace of (L?(—r,7), || - || 12(=r)) as would
normally be required to define the orthogonal projection in L?(—r,r).) If U is a finite element space as in (8.1),
then U is a closed subspace of L%(—r,r) and 7752 : LF (—r,r) = U is the restriction of the orthogonal projection
in L(—r,r) onto U to the set L (—r,r) C L*(—r,r). As a further preparation for our analysis, we introduce
an abbreviation for the L?-gradient of the reduced objective function F, of (Pru):

Definition 8.3 (L?-Gradient of F.). Given a control 0 < u € U, we define V2 F,.(1) € U to be the function
VL2Fr(u) = /Pl{iz (—pg + v + Vg(ll — llD)) . (82)

Here, p» € LYy, (—r,7) is characterized by the system (6.20) with y = S, (u).

Recall that p, is indeed an element of L%, (—r,r) in the situation of Definition 8.3 by Lemma 6.19. In
combination with the regularity of # and assumption (A1), this implies that —po +1v1 +vo(u—up) € LF (-7, 1)
holds and that the right-hand side of (8.2) is well defined. Due to the properties of 73152 and the identity (6.19),
we further have

Fl(w)z=(—p2+v1+1v2(u— uD),z)Lz(

)

= (7)&2 (—p2+yl+ug(u—uD)),z) = (V2 Fr(4),2) 2y Yz el Yo<uel,

L2(—r,r)

where F/(u) € LE(—r,r)* denotes the Fréchet derivative of F,: L¥(—r,r) NUp, — R at u in the sense of
Corollary 6.18. The function V2 F,.(%) is thus indeed the L2-gradient of F. at u. For later use, we note:

Lemma 8.4 (Boundedness of Adjoint Variables). There exists a constant C > 0 such that, for all0 < u el
with associated adjoint functions p1 € H}(Q) N H?(Q) and p» € LYy, (—r,7) as in (6.20), it holds

o1l () + |22/l e oy < C-

Proof. Let 0 < u € U with associated y,p; € H}(Q) N H?() and p» € LS5, (—7r,7) as in (6.20) be given. From
Lemma 3.5, we obtain that ||y|[ (o) < rp holds. In combination with the PDE characterizing p; in (6.20), the
fact that 0 < &,.(u)(y) € L*=(Q) holds, and standard a-priori estimates for elliptic equations, this implies that
there exists a constant C7 > 0 satisfying [|p1||g1(q) < C1. Due to the definition of p, and the boundedness of
Q, we may now deduce that there exists a constant Cy > 0 satisfying || pa|zoc(—r,r) < Callp1llz2(0) < C1Co. In
summary, this yields [|p1[| ;1) + [|P2llz (—rr < C1(1 + C2) which proves the claim. O

Lemma 8.5 (Continuity of Gradients). Suppose that a sequence {u,} CU satisfying 0 < u, — u in L>=(—r,r)
for some u € L°(—r,r) is given. Then it holds 0 < u € U and V2 F.(u,) — V2 F.(u) in L*(—r, 7).
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Proof. Assume that a sequence {u,} C U as in the assertion of the lemma is given. Then it follows from
Corollary 6.6 and the finite-dimensionality of spaces of the form (8.1) that 0 < u € Y. From Theorem 6.17,
Corollary 6.18, and the structure of the objective F,., we further obtain that

-
(Sr(un) — yp, S;(un)z)Lz(Q) +/ 1z + v, — up)zdt = F/ ()2 = (—pa,n + 11 + va(tt, — up), z)Lz(im)

(8.3)
holds for all n and all z € L (—r, ), where S..(u,) € L(L*(—r,r), Hj () N H*(2)) denotes the Gateaux deriva-
tive of S, at u, in the sense of Theorem 6.17 and p» , € LE, (—r,7) the function that is associated with u, via the
system (6.20). Note that, as S/.(u,) is a linear and continuous operator from L?(—r,7) to Hg () N H%(Q) for all
n, the equality between the left- and the right-hand side of (8.3) remains true for all test functions z € L?(—r,r).
Since S/ (u,) — S.(u) holds in £(L?(—r,7), H:(Q) N H?(2)) by Theorem 6.17i) and since S, (u#,) — S, (%) holdb
in H}(Q) N H%(Q) by Theorem 3.4i), this allows us to deduce that

Prn = —8,.(t)" (Sr(n) — yp) = —Si(w)" (Sr(u) — yp) (8.4)

holds strongly in L?(—r,r), where a star denotes an adjoint operator. Using the exact same reasoning as in (8.3),
one obtains that the right-hand side of (8.4) is identical to the function p, € L%, (—r,r) associated with u via
the system (6.20). We thus have pa,, — p2 in L2(—r,7). The assertion of the lemma now follows immediately

from the definition of the L2-gradient of F, and the properties of PLLIZ. This completes the proof. O
Using the L2-gradient, we can formulate the first-order necessary optimality condition of (P,.) as follows:

Theorem 8.6 (First-Order Necessary Optimality Condition for (P,)). Suppose that 0 < u € U is a local
solution of (P,y). Then it holds

>0 ae in{u=0},

=0 a.e in{u>0}. (8:5)

V12 F) (i) {

Proof. From Corollary 6.18 and Definition 8.3, we obtain (analogously to the proof of Theorem 7.4) that u € U
satisfies

11 € Z/[ N Li(*ﬂ T’), (szFr(a), u— a)L2(—r,r) Z 0 Vu e L{ M Lﬁ_(*’l‘,’/‘).

Again analogously to the proof of Theorem 7.4, one checks that, for both the case U = L (—r,r) and the case
where U is of the form (8.1), the above variational inequality implies # = max (0, # — V2 F,.(%)) a.e. in (—r,r).
Using a distinction of cases, (8.5) now follows immediately. O

Motivated by the necessary optimality condition (8.5), we introduce the following measures for the degree of
stationarity of an admissible control:

Definition 8.7 (Stationarity Indicators). Given a control 0 < u € U and a number € > 0, we define
@0(11) = HVL2FT(u)]1{u>O} + min (O, VL2FT(1L)) ]l{u:O} HLZ(—T,T)

and

O.(u) == (/ min (g,vpﬂ(u)) V12 F, () dt>1/2.

-

Here, the min-function appearing in the integral/the norm acts by superposition.
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Using the definitions of ©y and O, one easily establishes:
Lemma 8.8 (Properties of the Stationarity Measures). Let 0 < u € U be given. Then the following is true:

i) u satisfies the first-order condition (8.5) if and only if Og(u) = 0;

ii) u satisfies the first-order condition (8.5) if and only if ©.(u) =0 for one (and thus all) € > 0;
iii) It holds 0 < O, (1) < O, (u) < Og(u) for all €1 > €3 > 0;
iv) It holds © (1) — Og(u) for e — 0.

Proof. Point i) is trivial. To prove the remaining assertions, we note that the nonnegativity of # implies that,
for every € > 0, we have

min (g szFr(u)) Vi F (1)
= min (%, VLzFr(u)> min(0, V2 F.(%)) + min (%, VLzFT(u)) max (0, V2 F.(u))

= min(0, V72 F.(1))? 4+ min (%, max(0, VLzFr(u))) max(0,Vr2F.(u)) a.e. in (—r,7)
and

0 < min(0, V2 F,(1))? + min (E,maX(O, szFr(u))) max(0, V2 Fy (1))
€
< min(0, V2 Fy (1)) 4+ 1450y max(0, V2 F(1))*  ae. in (—r,7).

Using the above identities and inequalities, integration, the dominated convergence theorem, and the definitions
of ©g and O, the assertions in ii), iii), and iv) follow immediately. This completes the proof. O

The stationarity measures O, € > 0, are advantageous from both the analytical and the numerical point of
view because they are more stable w.r.t. small perturbations of # than ©y. Compare also with the convergence
analysis of the standard gradient projection method in finite dimensions in this context; see [43, 44]. We are
now in the position to formulate the algorithm that we use for the numerical solution of the problem (P, /).

Algorithm 8.9 (Gradient Projection Method for the Solution of (P;.)).

1: Choose an initial guess 0 < 1y € U and parameters €1,€e; > 0, ¢ > 0, and w, 6 € (0,1).
2 fori=0,1,2,3,.. do
3:  Calculate V2 F,.(1;) € U by means of the system (6.20) and formula (8.2).

4:  if O, (1) < ez then

5: break

6: end if

7. Initialize og := ¢ and calculate a step size as follows:
8 for j=0,1,2,3,...do

9: Calculate the quantity e; := F,.(1;) — F,.(max(0, 4; — 0;V 2 F.(1;))) — 0,00, ()2,
10: if e; < 0 then

11: Define 041 := woj.

12: else

13: Define 7; := o; and break

14: end if

15:  end for
16:  Define %11 := max(0, &; — 7, V2 F,.(1;)).
17: end for

We emphasize that the max-functions in steps 9 and 16 of Algorithm 8.9 again act by superposition. The
next two lemmas show that Algorithm 8.9 is sensible.
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Lemma 8.10 (Finite Termination of the Line-Search). Suppose that numbers 1,63 > 0, 0 > 0, and w,0 € (0,1)
and a function 0 < u; € U satisfying O, (4;) > €2 are given. Then the line-search procedure in lines 7 to 15 of
Algorithm 8.9 terminates after finitely many steps with a step size 1; > 0.

Proof. Suppose that a function 0 < u; € U satisfying O, (#;) > €2 is given and that the line-search does not
terminate after finitely many steps. Then it holds e; < 0 for all j € Ny and, as a consequence,

Fr(max(0, u; — 0;V 2 Fr(15))) — Fr (1)

gj

> —0961(111')2 > —9@0(111')2 Vj € Ny

with 0 < g; — 0 for j — co. Here, the inequality involving ©¢(#;) follows from Lemma 8.8iii). Let us define

Z = max(0, u; — aj(TVLzFr(ui)) — max(0, u; — ajVszr(tg)) — max(0, uz-)7 ieN. (8.6)
J J

Using Lebesgue’s dominated convergence theorem and the directional differentiability and global Lipschitz
continuity of the function R 3 s — max(0, s) € R, it is easy to check that z; — z holds in L*(—r,r) with

z = _szFr(lH)ﬂ{m>0} + max (0, —VL?,FT(lLL‘)) ]l{ui:O}- (87)
In view of Theorem 6.9 and Proposition 6.16, this implies that

Sy (w; + 052;) — Sr(:)

I .
p — S (w)z

holds in H?(Q) for j — oo, where S/(u;) € L(L*(—r,r), H}(Q) N H%(Q)) denotes the Hadamard-Gateaux
derivative of S, at u#; in the sense of Proposition 6.16. Due to the structure of F;., it follows that

pog()? < Lrmax(0 s — 03V 12 Fr (1)) — Fy (1)

_ EF(uwit+o0,z) - F ()

9j

9j
.

= (S (1) — yp, Sp(4:)2) 12(q) +/ vz +va(u; —up)zdt  for j — oco.

-T

Note that, for all z € LF(—r,r), the Fréchet differentiability properties in Theorem 6.17 and Corollary 6.18
imply that

(Sr () = yp. S;.(4)2) 12 () +/ nz+ (it — up)zdt = Fl(1;)2 = (—pai + v1 + v — uD),E)L,Z(_m)

- (8.8)
with po; € L35, (—r, 1) defined via the system (6.20) for u;. As S.(w;) € L(L*(—r,r), H} () N H*(2)) holds, by
approximation, we obtain that the equality between the left- and the right-hand side of (8.8) remains true for
all z € L?(—r,r). In particular, we have

—000(14;)* < (—p2i +v1 + va(; — up), Z)L2(_T7T) -
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In the case U = L¥(—r,r), the above inequality, the definitions of the functions z and V2F, (%), and the
identity —po; + 11 +vo(1; — up) = Pf(—pg,i + v1 + vo(1; — up)) imply that

000 (1) < (Vi Fy (1), 8) oy = — 812y = ~O0(1)°. (8.9)

In the case where U is a space of piecewise constant finite element functions as in (8.1), it follows from (8.7)
that z € U holds, and we may exploit the properties of 7752 and argue analogously to (8.9) to obtain that

_960(141')2 < (—P2,i + v+ V?(u’i - uD)’Z)L2(—'r,T) = (szFT(lI’IJ)7Z)L2(7T,T) = _”z‘liz(fr,r) = —@0(111‘)2.

In both of the above cases, one arrives at the inequality —00g(1;)? < —0¢(1;)? which is impossible due to the
assumptions O, (#;) > €2 > 0 and 0 € (0,1) and the inequality O, (%) < ©¢(1;). The line-search algorithm
thus has to terminate after finitely many steps as claimed. O

Note that it is necessary to take the detour via Theorem 6.9 and Proposition 6.16 in the proof of Lemma 8.10
as the sequence {z;} in (8.6) only converges in LI(—r,r) for all ¢ € [1,00) but not in L*°(—r,r) in general (as
one may easily check by means of examples). This makes it impossible to invoke the Fréchet differentiability
result in, e.g., Corollary 6.18 directly. Next, we clarify that the update of #; in Algorithm 8.9 is sensible.

Lemma 8.11 (Well-Definedness of Iterates). Suppose that a function 0 < u; € U with associated gradient
Vi2F.(u;) €U and a number 7; > 0 are given. Then ;1 := max(0, u4; — 7; V2 F.(1;)) satisfies 0 < u;1 €U.

Proof. From (8.2) and the comments after Definition 8.3, we obtain that V2F,.(1;) € U. This also implies
that u; — 7,V 2 F.(14;) € U. In the case U = L (—r,r), the inclusion #;1 = max (0, ; — 7,V 2 F,.(1;)) € U now
follows from the fact that the positive part of a regulated function is again regulated. In the case where U is a
finite element space as in (8.1), it is trivially true that the Nemytskii operator induced by R 5 s — max(0,s) € R
maps U into itself, so 1,11 € U again follows. Since we trivially have ;11 > 0, this completes the proof. O

We emphasize that the above lemma is crucial as it shows that updates with the L?(—r,r)-gradient do not
cause the sequence of iterates {u;} to leave the set L (—r,7) N Up, where the derivatives of the functions S,
and F,. are known to exist. Having checked that Algorithm 8.9 is sensible, we can now turn our attention to the
convergence analysis. We start with:

Lemma 8.12 (Descent Behavior). Suppose that the termination criterion in line 4 of Algorithm 8.9 is not
triggered in iteration © € Ng. Then it holds

Fr(1) 2 Fr(thig1) +7300¢, (15)* 2 Fr (1) (8.10)
Proof. This follows immediately from the line-search procedure in Algorithm 8.9 and Lemma 8.8. O
We are now in the position to prove our main convergence result for Algorithm 8.9.

Theorem 8.13 (Finite Convergence of the Gradient Projection Method). Algorithm 8.9 — executed with arbi-
trary parameters €1, €a,0 > 0 and w,0 € (0,1) and with an arbitrary initial guess 0 < uy € U — terminates after
finitely many iterations with a final iterate u; that satisfies O, (1;) < €s.

Proof. We argue by contradiction: Suppose that Algorithm 8.9 does not terminate after finitely many steps. Then
it produces a sequence of iterates 0 < u; € U which satisfies F,.(1;) > Fy.(141) + 700, (14)? and O, (1) > e
for all i € Ny due to the termination criterion in line 4 of Algorithm 8.9 and Lemma 8.12. As F,.(%;) > 0 holds
for all 7 € Ny by the definition of F;. and the nonnegativity of u;, this yields

n—1 n—1
F(ug) > Fr(wn) + Y 100, (1)* > Y 7ifes  VneNg
i=0 i=0

and, thus, >7° 7 < 00.
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We now first prove that the sequence of iterates {1;,} C U is bounded in L (—r,r). To this end, we note that
the update formula in line 16 of Algorithm 8.9, Definition 8.3, and the properties of PLL{Q imply that

[tti1 ]| oo () = | max (0, 25 = 73V 2 By (#4)) || oo (1)

< th — Tﬂ)z,]f (—pz,i + v +vo(u — uD))Hp@(f |

2
= H(l — VoTi) Ui — Tﬂ’ﬁ (_PQ,i +v — VQuD) H
Lo (=r,r)

holds for all i € Ny. Here, po; € L%, (—r,7) is again defined via the system (6.20) for #. Since > .o, 7; < o
holds, we know that 7; > 0 converges to zero. This implies that there exists an index m € N such that |1 —ve7;| <
1 holds for all 4 > m. Using the fact that PZ/L,2 is just the identity map in the case U = LZ (—r,r) and given by
the cell-wise averaging operator

1 n
PLLﬁ(v) = 7/ v(s)ds ae.in (rp—1,75) Vn=1,..,N Vo e LE(—r,7)

Tn — Thn—1 Tr_1

in the case where U is a finite element space of the form (8.1) (as one may easily check), we further obtain that

PG O ey SN2l e (8.11)

holds for all v € L¥ (—r,r). In combination with Lemma 8.4, all of this allows us to conclude that

2
i1l oo (—rry < ||(1 = vori)u; — P4 (—pri+ 11 — veup
Loo(

—r,r)
<1 —vory ||ui||L°°(—r,r) +7i H_vai T VZuDHLOO(*"’T)

< ||lLi||Loo(,T7r) +C1; Vi>m

holds with some constant C > 0. After a trivial induction, the above yields

00
||ui||L°°(7'r77‘) S ||um||L°C(—r7r) + CZT]‘ < 0 Vi Z m.
=0

The sequence of iterates {u;} C U is thus indeed bounded in L>°(—r,r) as claimed.

Next, we show that the sequence {1;} C U even converges in L™ (—r,r) to a limit function 0 < % € Y. To this
end, we note that the update formula in line 16 of Algorithm 8.9, the global Lipschitz continuity of the function
R 5 s — max(0, s) € R, the nonnegativity of the iterates u;, Definition 8.3, the boundedness of the sequence
{1;} in L>®(—r,r), Lemma 8.4, and again the stability estimate (8.11) imply that there exists a constant C' > 0
satisfying

Vi1 — ey = [ 8 (0, 5 — 75V 22 B (1)) — max(0, )| o (-
< HTivLQFr(ui)HLOC(—T,r)

2 12
,PLI] (_PZ,i + v+ 1/2(141‘ — llD)) H (8 )

<7

Loo(—r,r)
§ CTi VZ S NQ,
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o0

where pa; € L3, (—r,7) is defined as before. Due to the estimate > .~ 7; < 0o, the above shows that

0
Hu*m_un”Lw(fr,r) SCZTZ' Vm,nEN, mZﬂa

i=n

holds with } ;2 7, — 0 for n — co. The sequence {u#;} C U is thus Cauchy in L>(—r,r). Since, for both the
case U = Ly (—r,r) and the case where U is of the form (8.1), (U, | - ||po(—rr)) is complete (see Cor. 6.6), it
now follows that there indeed exists # € U such that u, — # holds in L°°(—r,r) for i — oo as claimed. That
this limit # is nonnegative is obvious.

Having established that {u;} C U satisfies 0 < u; — @ in L*>°(—r,r) for a function 0 < u € U, we can now
produce a contradiction as desired: Since 7; — 0 holds, we know that there exists n € N such that 7, < ¢ and
7;/w < €1 holds for all i > n. In view of the line-search procedure in lines 7 to 15 of Algorithm 8.9, this implies
that the step size 7;/w was rejected in line 10 and, as a consequence, that

By (max (0,1 = 2V B (1)) ) = Folm) > =200, ()” > —200,, 1, (w)®  Vi>m, (8.13)

where the last estimate follows from Lemma 8.8iii) and the inequality 7, /w < €1. As F,.: L¥(—r,r)NUp, = R
is continuously Fréchet differentiable on L (—r,7) N Up, by Corollary 6.18, we can apply the mean value
theorem [42], Theorem 3.2.6 and Definition 8.3 to rewrite (8.13) as

— 9@Ti/w(lli)2
o (F (max (0, U — %szFr(ui))) - Fr(uz-)>

%

IN

= /01 F! ((1 — 5)u; + smax (0, uw — ngzFr(ui))) (max (0,1 — &V 2 F (1)) — w) N

T /W
1 - w (8.14)
= —/ (VL2F7- ((1 — s)#; + smax (0, u; — —ZVLQFT.(lg)» ,min (lL;,VL'zFT(ui))) ds
0 w Ti L2(—r,r)
(Ve ) min (L0, VeEw)) o
v L2(—r,r)
= 7@7'1-/0.1(”1')2 + 0 Vi > n,
where the last line holds by Definition 8.7 and where p; denotes the remainder term
! T w
0; = / (VLQFT (1) — V12 F, (uz — smin (uL JVLQFT(W)» ,min (uz-,va,.(ui))) ds.
o w Ti L2(—nr,r)
(8.15)

Note that, due to the convergence u; — u in L°°(—r,r), the estimates in (8.12), and the nonnegativity of u;,
we know that

. Ti — — . Ti
HuZ — smin (ui7 ;VLzFT(uZ-)) - uH <l — u||Loo(_m,) + Hmm (ui7 ;VLzFT(uZ-)) H

Lo (—r,r) Leo(=rr)

_ 1 8.16
<t ey + - I 22 () g (8.16)

=0 fori > 00  Vse[0,1].
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In combination with Lemma 8.5, this implies that
Vi:F, (1) — V2 F, (m _ smin (uz %V,—gF,(tg))) s V2 F, (i) — V2 Fy (i) = 0

holds in L?(—r,r) for all s € [0,1] as i goes to infinity. By exploiting the formula (8.2), the stability estimate
(8.11), Lemma 8.4, the boundedness of {1} in L>°(—r, r), and the same estimates as in (8.16), we further obtain
that there exist constants C7,Csy, C5 > 0 independent of ¢ and s € [0, 1] satisfying

HVL2Fr (m — smin (ui, EVLzFr(ui))) H
w Loo(—r,r)

§C’1+HV1+V2 (m—smin (W,EVpFr(ui))) —uguDH o
w Lo (—r,r

<Cy+1s Hmiﬂ (Ui, %VHFT(W))

< (s Vs € [0,1] Vi e N.

H Loo(—mr,r)

Again due to the nonnegativity of the iterates 1;, we may now conclude that there exist constants Cy, Cs, Cg > 0
independent of s € [0,1] and ¢ € N such that

| <VL2FT (1) — V12 F, (m — smin (w %szFr(ui)» , min (:Ju? vLQFT(w)»

L2(—r,r)

< Cy

min <:_Ju1, VLzFT(uZ-)>

L2(—r,r)
< Cs

holds for all s € [0,1] and all 4 € N and such that

<VL2FT (1;) = V2 F, (m — smin (m, %VLzFr(ui)» , min (:u“ VLzFr(m)>)

L2(—r,r)

<Cs HVLQFr (w;) = V2 F, (uz — smin (u“ %VLQF’“(%»)‘

— 0

L2(—r,r)

holds for all s € [0,1] as i goes to infinity. If we combine all of the above with (8.15) and invoke the dominated
convergence theorem, then it follows that p; — 0 holds for i — oo. Due to the estimate in (8.14) and the fact
that €3 < O, (1;)* < O, /,(1;)* holds for all large enough i (cf. (8.13)), this yields

0<(1—0)e; < (1-0)0,,/,(1)* <0 —0 for i — oo,

which is impossible. Algorithm 8.9 thus has to terminate after finitely many iterations as claimed in the theorem
and the proof is complete. O

We would like to point out that — for the control space U = L (—r,r) — it is crucial to establish the existence
of the limit # in the proof of Theorem 8.13 wia the summability condition > ;°7; < co that is obtained in
the case of nonfinite convergence from the sufficient decrease condition (8.10). Indeed, only by exploiting this
summability, we are able to prove that the sequence {u;} is convergent in L>°(—r,r) and, thus, convergent in a
topology for which continuity results for the gradient are available by Lemma 8.5. If one tries, for example, to
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exploit that the coercivity properties of the objective function F,. imply that sequences of iterates generated by
a gradient descent method for the numerical solution of (P,;,) possess weak accumulation points in L?(—r,r),
then this turns out to be not very useful since it is completely unclear how to establish that these accumulation
points are stationary in a meaningful sense if the space U is infinite-dimensional. (For a finite-dimensional space
U of the type (8.1), these issues related to the topologies are, of course, completely irrelevant.)

9. NUMERICAL EXPERIMENTS

We conclude this paper with numerical experiments that validate the analytical results of Sections 3 to 8.
As examples, we consider two different instances of the problem

r

1 12
Minimize iHSr(u) - yD||2L2(Q) -|-/ vit+ 52(11 —up)?dt

wrt. ue LE(—rr), (9-1)
st. uw>0ae. in (—r,r),
studied in Section 8.
9.1. Example 1: a test case with a known analytical solution
In our first test configuration, the parameters in (9.1) are chosen as
r=3, Q=(0,1)2, v =0, vy =1073,
yp(x1,x2) = sin(2mzy ) sin(27rxy) fa.a. (x1,2:)" € Q, 9.2)

up(s) =1faa.se (—nrr),

f(x1,22) = (872 + 1) sin(2mx; ) sin(27x2) fa.a. (21, 22) " € Q.
Note that, for the above choice of f, the solution yp of the Poisson problem (3.3) is given by

(872 +1)

o2 sin(27z; ) sin(2mxo) fa.a. (x1,29)" € Q.
™

yP(Cﬂhxz) =

In particular, we have 7p = 2||yp|loo = (872 +1)/(47?) ~ 2.0253 and, as a consequence, r > rp. In combination
with Theorems 4.5 and 5.6, the L (—r,r)-regularity of up, and the fact that the right-hand side f in (9.2)
satisfies (A2) by [39], Proposition 1, this shows that (9.1) can be reformulated as a problem of the type (P,) or
(P), respectively, (with up € L?(R) as an arbitrary extension of up to the whole real line) and that the setting
(9.2) is covered by the results of Sections 3 to 8. Using the formulas for yp, #p, and f, one further easily checks
that (9.1) possesses the unique global solution # = up =1 in the situation of (9.2) and that the optimal value
of (9.1) is zero. A known analytical solution is thus indeed available under the assumptions of (9.2). We remark
that the configuration in (9.2) is a rather exceptional one since, for the chosen up and yp, the adjoint variables
p1 and po in the stationarity system (7.4) satisfied by # and y are zero and the coefficient in front of the Dirac
measure in the formula for the distributional derivative of p, vanishes; see (6.24). This is a consequence of the
construction that we have used in (9.2) to obtain an instance of (9.1) with a known analytical solution.
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9.2. Example 2: a test case without a known analytical solution

In our second example, we suppose that the quantities in (9.1) are given by

r=2 Q=(0,1) noelo,— ! N I vy =10"%
- I ! 74096 2048 1024 512" 256 128 [’ °T ’
yp(x1,9) = —0.125 + 0.275 sin(27z; ) sin(27x2) fa.a. (v1,22)" € Q, (9.3)

up(s) =0ta.a.se (—rr),

f(x1,x2) = 8% sin(27xy ) sin(2mas) fa.a. (z1,20)" € Q.

For this configuration, one easily checks that rp = r = 2 holds, that up is an element of LF (—r,r), and that f
satisfies condition (A2). The problem (9.1) can thus again be recast in the form (P,.) or (P), respectively, (with
up = 0 € L2(R)) and all of the results in Sections 3 to 8 are applicable. To our best knowledge, an analytical
solution is not available for the problem (9.1) in the situation of (9.3).

9.3. Details on the numerical realization

To be able to solve the problem (9.1) numerically, one has to discretize the control space L (—r,r) and
the governing PDE (3.7). For the discretization of the controls %, we consider piecewise constant finite element
functions on an equidistant mesh of width h, = (2r)/N,, N, € N, i.e., we replace L (—r,r) with the space

Uy, :={u € L>®(—r,r) | u=const a.e. on ((n — 1)hy —r,nhy —r)Vn=1,...,N,} C LF(—r,r).

Note that, if we discretize the controls u in (9.1) along the above lines and keep the exact PDE, then the
resulting semidiscrete minimization problem still satisfies the assumptions of Section 8; c¢f. (8.1). This means
that the convergence result established for Algorithm 8.9 in Theorem 8.13 applies to (9.1) in both the fully
continuous and the control-discrete (but state-continuous) setting. For the discretization of the PDE, this is
different. In fact, it is easy to check that the results in Sections 6 to 8 do not carry over to the state-discretized
setting; see the arguments used in the proof of Lemma 6.13. At the end of the day, this means that the algorithm
that is run in practice in the numerical experiments presented below should not be interpreted as a gradient
descent algorithm for a control- and state-discrete version of (9.1) but rather as a gradient descent algorithm
for a control-discrete and state-continuous version of (9.1) that is executed with inexact gradient and function
value evaluations where the inexactness arises from the discretization of the governing PDE (first optimize
— then discretize; cf. [45-47]). As we will see in Section 9.4, these peculiarities of the discretization are also
reflected by the numerical results. To keep it simple, in what follows, we restrict our attention to the case where
the state y and the governing PDE are discretized by means of globally continuous and piecewise affine finite
element functions on Friedrichs-Keller triangulations of width h, = 1/N,, N, € N. For the solution of the state
equation and the PDE in (6.20), that has to be solved to evaluate the L2-gradient V2 F,.(%;) € Uy, in step 3 of
Algorithm 8.9, we use the exact same scheme as in [24, 40], i.e., we employ mass lumping in the terms associated
with the semilinearity and solve the resulting nonlinear system of equations with a semismooth Newton method.
We remark that a very delicate point in the numerical realization of Algorithm 8.9 is the computation of the
integrals appearing in (6.20). In our experiments, we evaluate the integrals in the formula for p, in (6.20) by
rewriting them as L2(£2)-scalar products and by subsequently employing a quadrature rule based on the mass-
matrix of the finite element space used for the discretization of y. For the cell-wise averaging that is necessary
to calculate the L?(—r,r)-projection onto Uy, in (8.2), we use the quadrature rule

1 nh,—r

Q .
1 j >
— v(s)ds ~ — v((n—1h,—7+—=—"—h, |, n=1,.., Ny, QeN. 9.4
hu Jn—1)hy—r (=) Q; <( ha Q+1" " (94)
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FIGURE 1. Value of the objective function (left) and the stationarity measure O, (1;) (right) as
functions of the iteration counter ¢ of Algorithm 8.9 in the case of Example 1 for different widths
hy and hy. The legend refers to both figures. It can be seen that the reduction of the objective
value and stationarity measure stagnates at a threshold that depends on the discretization level.
This reflects that, by discretizing the involved PDEs, one introduces an error and, thus, causes
Algorithm 8.9 to run with inexact gradient and function value evaluations; see Section 9.3.

Note that this rule avoids evaluating the integrand at the endpoints of the cells where the elements of U}, are
discontinuous. Numerical experiments suggest that it is advantageous to determine the L?(—r, r)-projection onto
Uy, in (8.2) by means of quadrature rules whose evaluation points are relatively far away from the discontinuities
of the controls. (This is most likely caused by an interaction with the quadrature rule used in (6.20).)

9.4. Numerical results

The results that are obtained when Algorithm 8.9 is applied to problem (9.1) in the situation of Example 1
and the discretization described in Section 9.3 is used for the numerical realization can be seen in Figures 1
and 2 and Tables 1 and 2 below. In all of these experiments, the line-search in Algorithm 8.9 was performed
with the parameters o = 512 and w = 6 = 0.8, the semismooth Newton method used for the state equation
was run with the tolerance 1072, the initial iterate uy was zero, the relaxation parameter €, appearing in the
stationarity measure O, was set to 10716, and the number of cell-wise quadrature points in (9.4) was chosen
as Q = 5. Figures 1 and 2 and Table 1 depict the convergence behavior of Algorithm 8.9 in the case where the
tolerance €5 in the termination criterion is set to zero. (We stopped the algorithm in these experiments when
the step size 7; in the line-search loop of Algorithm 8.9 became smaller than 1071%). As Figure 1 shows, in
this test configuration, the level that our gradient projection algorithm can drive the objective value and the
stationarity measure to depends greatly on the widths used for the discretization. For the test case with the
largest widths (h, = h, = 1/32), Algorithm 8.9 only achieves a final objective value of ~ 1.424 - 1075 and a
final stationarity measure of ~ 7.580 - 10~ 7. If the widths are reduced, then the ultimately obtained accuracy
improves significantly until, for the smallest widths (h, = h, = 1/1024), we arrive at a final objective value of
~1.397-107!! and a final stationarity measure of ~ 1.522 - 10711, Note that the latter values are equal to the
objective value/stationarity measure of the exact solution # = 1 (namely, zero) up to an error that is not much
larger than the tolerance 10~'2 of the semismooth Newton method used for the solution of the state equation.
At this level of accuracy, the tolerance of the Newton method and the quadrature errors begin to limit the gains
that are obtained by choosing smaller widths h, and h,; see the last two lines in the second plot of Figure 1.

We remark that the above observations are consistent with the interpretation of the implemented algorithm
as a gradient descent method for a control-discrete and state-continuous version of (9.1) that is executed with
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FIGURE 2. Approximations of the optimal control u obtained from Algorithm 8.9 at the end of
the calculations depicted in Figure 1 for different mesh widths h, and h, (left) and resulting
optimal state g for h, = h, = 1/128 (right).

TABLE 1. Final objective value (second row), stationarity measure (third row), and L (—r,r)-
error between the approximate solution obtained from Algorithm 8.9 and # = 1 (fourth row)
at the end of the computations depicted in Figure 1 for different widths h, and h, (first row).
The measured L>°(—r, r)-errors suggest that, for this test case, the convergence is quadratic.

hy = hy 1/32 1/64 1/128 1/256 1/512 1/1024
F, 1.424-107°  9.095-10~7 5.715-107% 3.577-107° 2.236-10"10 1.397.10"!
o, 7.580-1077 4.672-107% 2.781-107° 21231070 1.875-107'! 1.522.10"!

L>®-error 5.373-1072 1.404-10"2 3.580-1073 9.033-10"%  2.268-107%  5.684 1077

inexact gradient and function value evaluations; see Section 9.3: If the discretization is too coarse, then the
level of inexactness is too high and the perturbation of the gradients prevents the method from reducing O,
to acceptable levels. Only once the widths are small enough, the approximations of the “real” gradients of the
control-discrete and state-continuous objective function obtained from the FE-discretization of the involved
PDEs are sufficiently accurate to achieve an adequate reduction. We remark that, by varying the width A, in
the situation of Figures 1 and 2, one can check that the width h, is decisive for the final accuracy level while
the choice of h, only has little influence. This reflects that the discretization of the PDEs is indeed the source
of the inexactness of the gradients as described in Section 9.3. Compare also with the analysis in Section 8 in
this context which is completely unaffected by the discretization of the control space.

A further important feature of Algorithm 8.9 visible in Figure 1 is the property of asymptotic mesh indepen-
dence: As can be seen in Figure 1, the graphs that depict how the objective value and the stationarity measure
decrease with the iteration number initially all have the same slope and only branch off once the maximum
accuracy of the respective discretization level is reached. In practice, this means that, if the goal is to calculate
a control whose stationarity measure O, is smaller than a given tolerance e; > 0, then Algorithm 8.9 is able
to accomplish this with a number of iterations that does not tend to infinity as h, and h, go to zero but is
effectively constant for all widths that are sufficiently small; see Table 2.

As a final observation, we would like to point out that, even though the analytical solution # is continuous
in the situation of Example 1, the approximate solutions calculated by Algorithm 8.9 possess discontinuities at
the origin; see Figure 2. This illustrates that problems of the type (P) indeed promote a jump at zero and that
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cases with continuous solutions are exceptional and typically instable w.r.t. small perturbations. We remark
that this can also be seen in the formula (6.24) in which the coefficient in front of the Dirac measure only
vanishes if p; has mean value zero. Note that, in the limit A, — 0 and h, — 0, the discontinuities in Figure 2
vanish and the approximate solutions converge to the exact optimal control # = 1. For the finest discretization,
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TABLE 2. Number of gradient projection steps needed to drive the stationarity measure O,

below €5 = 1078 in the situation of Example 1 for different hy and h,. It can be seen that the
convergence is mesh-independent for all b, that are smaller than ~ 1/110; cf. Figure 1.

NI/SQ 1/64 1/128 1/256 1/512 1/1024
Y

25

20

value of optimal control

(&)

0

FIGURE 3. Approximations of the optimal control # (left) and the superposition function gg, (a)
(right) obtained from Algorithm 8.9 in the situation of Example 2 for different values of 14 and

interval (-r,r)

interval (-r,r)

1/80 00 00 ) 00 00 00
1/90 37 38 00 00 00 00
1/100 32 32 33 34 34 34
1/110 32 32 32 32 32 32
1/120 32 32 32 32 32 32
1/130 32 32 32 32 32 32
10 .
vy = 0
8r v, = 1/4096
sl v, = 1/2048
v, = 11024
S a4t v, = 1/512
g’ v, = 1/256
o 2 v, =1/128
| I
=0
ok
4+
. . Lo ) . . . 6 , , , , , ,
2 15 4 05 0 05 1 15 2 15 -1 05 0 05 15

hy = hy = 1/512. The legend refers to both figures. It can be seen that the L'-regularization

promotes sparsity properties; cf. the stationarity system (7.4). For the highest value v; = 1/128,

the optimal control is zero.

the L (—r,r)-error between the approximate and the exact solution is ~ 5.684 - 10~5; see Table 1.

and the controls and states were discretized as described in Section 9.3 with @ = 10.

Having demonstrated that Algorithm 8.9 works and is able to reproduce the analytical solution # = 1 in the
situation of Example 1, we now turn our attention to Example 2 for which no analytical solution is available.
The results that we have obtained for Example 2 can be seen in Figures 3 and 4 and Table 3 below. In all of
the depicted experiments, the parameters in Algorithm 8.9 were chosen as ¢ = 2048, w = 0 = 0.8, ¢; = 10716,
and €5 = 10~8; the tolerance of the semismooth Newton method was set to 10712; the initial guess was uy = 0;
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FIGURE 4. Depiction of the (essential) support of the optimal control # (left) and contributions
of the tracking term and the L!(—r,r)- and L?(—r,r)-regularization terms to the final objective
function value (right) in the situation of Figure 3. It can be seen that the essential support of
the optimal control # shrinks as 14 increases. For the highest value v; = 1/128, it vanishes.

TABLE 3. Number of gradient projection steps needed to drive the stationarity measure O,
below the tolerance ez = 107® in the situation of Example 2 for different mesh widths h, and
hy and v =1/1024. It can again be seen that the convergence is mesh-independent for all h,,
that are sufficiently small. Compare with Figure 1 and Table 2 in this context.

N1/32 1/64 1/128 1/256 1/512 1/1024
Y

1/64 45 00 46 47 49 48
1/128 46 46 46 46 46 46
1/256 46 46 46 46 46 46
1/512 46 46 46 46 46 46
1/1024 46 46 46 46 46 46

As Table 3 shows, when applied to Example 2, Algorithm 8.9 exhibits an asymptotically mesh-independent
convergence behavior that is analogous to that observed for Example 1 in Figure 1 and Table 2. In Figure 3, one
can further see that the optimal superposition functions gg, () calculated in Example 2 are indeed ReLU-like
and “tight” in the sense that they are sigmoidal, continuously differentiable away from the origin, possess a
distinct kink at zero, and have a vanishing derivative outside of the range of the optimal state. This confirms
the predictions made by Corollaries 7.3, 7.6 and shows that (P) indeed promotes properties that are present
in popular activation functions from machine learning. In Figures 3 and 4, one can also see that the L'-
regularization term in the objective function of (9.1) causes the optimal controls to be sparse in the sense that
they are supported on a set whose measure decreases as vy increases. This behavior is in good accordance with
the influence that the parameter 14 has on the system (7.4); cf. [48]. We remark that the derivation of a-priori
error estimates for problems of the type (9.1) is an interesting topic. We leave this field for future research.
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